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Minimal Constraint Networks

Montanari 1974:

To each binary constraint network N, there exists a unique
equivalent complete network M(N) such that each pair of
values of a constraint in M(N) belongs to some solution.

This minimal network M(N) can be computed by projecting
sol(N) to all pairs of distinct variables.
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Binary constraint network N

A B B C A C cCD
al bl bl cl al c2 cl d2
al b2 | pq bl c2 | |a2 cl c2 di
al b3 b2 c2 a3 cl
a2 bl b3 cl a3 c2
a3 b4 b4 cl
\
A B CD
al bl c2 dil
al b2 c2 d1| sol(N)
a2 bl cl d2
a3 b4 cl d2
A B B C A C A D B D C D
al b1l bl cl al c2|]al di||bl d1]]|cl d2
al b2 bl c2 a2 cl|]a2 d2||b1l d2]]|c2 d1
a2 bl b2 c2 a3 cl||a3 d2| |b2 d1
a3 b4 b4 cil b4 d2

Minimal network M(N)

(A—(8B)
N,
)



Binary constraint network N

Definition generalizes to>

k-ary constraint networks...

A B B C A C cCD
al bl bl cl al c2 cl d2
al b2 | pq bl c2 | |a2 cl|p |c2 dl
al b3 b2 c2 a3 cl
a2 bl b3 cl a3 c2
a3 b4 b4 cl
\
A B CD
al bl c2 di
al b2 c2 d1| sol(N)
a2 bl cl d2
a3 b4 cl d2
A B B C A C A D B D C D
al b1l bl cl al c2|]al di||bl d1]]|cl d2
al b2 bl c2 a2 cl|]a2 d2||b1l d2]]|c2 d1
a2 bl b2 c2 a3 cl||a3 d2| |b2 d1
a3 b4 b4 cil b4 d2

Minimal network M(N)

(A—(8B)
N,
)



Facts about minimal networks

By definition, sol(M(N)) = sol(N)
M(N) is empty iff N has no solution.

Computing M(N) from N is NP-hard [Montanari; Mackworth]

Recognizing minimality of a network NP-hard [Gaur-95]



More Facts about minimal networks

* |dempotency of M-operator: M(M(N)) = M(N)

* M(N) is the intersection of all networks equivalent to M(N)
(defined over the same complete schema as M(N) )

 M(N) is the intersection of all networks weaker than M(N)
(defined over the same complete schema as M(N) )



Usefulness of minimal networks:
Knowledge Compilation

e k-variable queries can be answered in PTIME based on
the k-ary minimal network:

IxVy (partof(y,x) 2 —samecolor(x,y))

e Relevant to product configuration problems (e.g. k=3)

cartype= suv, engine=gas, make=(volvo or vw)

Polynomial space!



Usefulness of minimal networks:
Knowledge Compilation

* k-variable queries can be answered in PTIME based on
the k-ary minimal network:

dxVy (partof(y,x) 2 —samecolor(x,y))
e Relevant to product configuration problems (e.g. k=3)

cartype= suv, engine=gas, make=(volvo or vw)

You have
three wishes!




Usefulness of minimal networks:
Knowledge Compilation

* k-variable queries can be answered in PTIME based on
the k-ary minimal network:

IxVy (partof(y,x) 2 —samecolor(x,y))

e Relevant to product configuration problems

cartype= suv, engine=gas, make=(volvo or vw)

Express three wishes, and
| will check them in
polynomial time!




Main Problem Studied

Given a nonempty minimal constraint network N,
compute one solution to N.

How complex is this problem?

70es-90es: Many believed it to be tractable.

Some even believed all solutions to N can be
generated by simple backtrack-free search.

But this is not the case.



Binary constraint network N

A B B C A C cCD
al bl bl cl al c2 cl d2
al b2 | pq bl c2 | |a2 cl|p |c2 dl
al b3 b2 c2 a3 cl
a2 bl b3 cl a3 c2
a3 b4 b4 cl
\
A B C D
al bl c2 di
al b2 c2 d1| sol(N)
a2 bl cl d2
a3 b4 cl d2
A B9 B C A C A D B D C D
21 b1y [b1 c1| [al c2||al d1||bl d1]|cl d2
al b2 bl c2 a2 cl|]a2 d2||b1l d2]]|c2 d1
a2 bl b2 c2 a3 cl a3 d2 b2 dil
a3 b4 b4 cil b4 d2

Minimal network M(N)

(A—(8B)
N,
)
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Binary constraint network N

A B B C A C C D
al bl bl cl al c2 cl d2
al b2 | pq bl c2 | |a2 cl c2 di
al b3 b2 c2 a3 cl
a2 bl b3 cl a3 c2
a3 b4 b4 cl
\
A B CD
al bl c2 dil
al b2 c2 d1| sol(N)
a2 bl cl d2
a3 b4 cl1 d2
A B B C A C A D B D CD
wbr (Bl [ar 2| [ardi] eidi] |« e
al b2 bl c2 a2 cl||a2 d2||bl d2|]|c2 di
a2 bl b2 c2 a3 cl]||a3 d2 b2 dil
a3 b4 b4 cl b4 d2 6

Minimal network M(N)

(A—(8B)
N,
)



Computing a solution

Are there more sophisticated efficient algorithms ?

Conjecture [Gaur 95]: Tractable
Conjecture [Dechter 03]: Intractable

The problem has remained open until recently.

Progress made by Bessiere (CP Handbk) using [Cros03]:

Theorem [Bessiere 06]: If solutions to minimal
networks can be computed via polytime backtrack-free
fair strategies, then the Polynomial Hierarchy collapses.



Main Result

Theorem: Computing a solution to a non-empty minimal
network is NP-hard.

Caveat: Promise-problem.
Still, NP-hardness is well-defined.

NP-hardness: If there exists a PTIME algorithm findsol,
that solves the problem, then NP=P.



Proof Sketch

 Show that each SAT instance C can be
transformed in polynomial time into an
“equivalent” constraint network S(C), such
that S(C) is minimal in case C is satisfiable.

* Assume there exists an algorithm findsol that
finds solution to minimal networks in

polynomial time. Apply it to S(C) to obtain a
PTIME SAT-solver.



Proof Sketch

SAT-instance
C={K,,..,K }

S: polytime
transformation

v

candidate
MinCN S(C)

C satisfiable = S(C) minimal & sol(S(C)) = satisfying truth value assignments of C
C unsatisfiable = S(C) arbitrary



SAT-instance
C={K,,..,K }

S: polytime
transformation

v

findsol
candidate
MinCN S(C)

findsol

computes solution (t.v.a) T
if S(c) is minimal and nonempty

C satisfiable = S(C) minimal
C unsatisfiable = S(C) arbitrary



SAT-instance
C={K,,..,K }

S: polytime
transformation

i findsol
candidate
MinCN S(C) polynomial time?
findsol

C satisfiable = S(C) minimal

- g ) computes solution (t.v.a) T
C unsatisfiable = S(C) arbitrary

if S(c) is minimal and nonempty



SAT-instance
C={K,,..,K }

S: polytime
transformation

If findsol was polynomial, we could

build a PTIME SAT-solver!

yes
\ 4
S(C)
candidate empty
MinCN S(C) ?

C satisfiable = S(C) minimal
C unsatisfiable = S(C) arbitrary

no
no
findsol T
has satisfies
es
no utput? y Cc?
yes
indsol
fi c
computes solution (t.v.a) T satisfiable

if S(c) is minimal and nonempty



SAT-instance
C={K,,..,K }

findsol cannot be polynomial
unless NP=P !

yes

S: polytime
transformation

no
v no
S(C) findsol T
Candidate empty has - satisfies
MinCN S(C) ? no utput? c?
yes
findsol
C satisfiable = S(C) minimal . C
computes solution (t.v.a) T satisfiable

C unsatisfiable = S(C) arbitrary If S(c) is minimal and nonempty



Translating C to S(C)

SAT-instance
C={K,,..,K }

S: polytime
transformation

v

Candidate
MinCN S(C)

C satisfiable = S(C) minimal & sol(S(C)) = satisfying truth value assignments of C
C unsatisfiable = S(C) arbitrary



Translation: First Attempt

SAT-instance
C={K,,..,K }

S: polytime
transformation

v

Candidate
MinCN S(C)

C satisfiable = S(C) minimal
C unsatisfiable = S(C) arbitrary

Ki= pv—-qvVvr
K2=—|pV—|C|
K; = q

Each clause K. becomes a variable

Dom(K,)= {p, —q, r}
Dom(K,)= {p, —a}
Dom(K3)= {q}




Translation: First Attempt

Ki= pv—-qvVvr
SAT-instance Ky=—=p v —q
C={K,,..,K } K = q
S: polytime

transformation

v Ky K Ky K; Ky Ks
Candidate P -q P q -p q
MinCN S(C) —4-P rq

- —q
r-p . .
C satisfiable = S(C) minimal r -q minimal?

C unsatisfiable = S(C) arbitrary



Translation: First Attempt

SAT-instance
C={K,,..,K }

S: polytime
transformation

v

Candidate
MinCN S(C)

C satisfiable = S(C) minimal
C unsatisfiable = S(C) arbitrary

AN AN AN

1= pVv-—qVr
7= =P VvV —q
3= q

Kl K2 Kl K3 KZ K3

P =4 Qg —-pP q

=0 =D rq

et

r —p Not minimal!

=g Eliminating useless tuples

Is NP-hard in general!



Translation: A Better Idea

SAT-instance
C={K,,..,K }

S: polytime
transformation

v

Candidate
MinCN S(C)

C satisfiable = S(C) minimal
C unsatisfiable = S(C) arbitrary

K= pVv=av IV s supersymmetric
Ky==p Vv —q Vv r

5 C

3= PV g Varvs

ri; = (Dom(K;) x Dom(K;)) — opposite pairs

Kl KZ Kl K3 K2 K3

p —q p P -p 9

p T P q —p —r

-0 —p p - ~q P

-0 —q ~q P -q =r | M(C)
-q r -q r r P

r —p rp roq

r =g rq

r r




Supersymmetry

Definition: A SAT instance C is k-supersymmetric if C is
either unsatisfiable, or if for each k-tuple of propositional
variables p,...p, occurring in C, each arbitrary truth
value assignment to p,...p, can be extended to a
satisfying truth value assignment to C.

supersymmetric = 2-supersymmetric



Symmetry Lemma

Lemma: For each fixed k>2 there is a PTIME

reduction that transforms each 3SAT instance C into
a k-supersymmetric SAT instance C* such that

C* is satisfiable iff C is satisfiable.

Note: A supersymmetric SAT instance C* can be
transformed efficiently into an “equivalent” minimal
constraint network S(C*)

The main Theorem follows.



Symmetry Lemma: Proof Idea (k=2)

Ki= pv—-qvVvr
C K2=—|pV—|q
K; = q

For each atom, we introduce 5 new atoms

P2pP;..Ps 92 ;.0 > ry.re

Replace each positive atom by 3 corresponding new positive atoms

Replace each negative atom by 3 corresponding new negative atoms

in all possible ways



Symmetry Lemma: Proof Idea (k=2)

Ki= pv—-qvVvr
C K2=—|pV—|q
K; = q

1= plvp2vp3 v —qlv—02v—03 Vv rlvr2vr3
,= plvp2vp3d v .qlv—-q2v—-q3 v rlvr2vrai
C* 3= plvp2vp3d v —qlv—=02Vv—-0q3 Vv rlvr2vr>

Kiss= P3vpadvpS v —q2v—-04v—q> v rlvr2vr3

C* supersymmetric, and C satisfiable iff C* satisfiable.

T(p)=true <> t*is true for > 3 variables from p;...p.
1(p)=false <> t*is true for < 3 variables from p,...p:



Putting it all together

SAT-instance
C={K,,..,K }

equi-satisfiable

Supersymmetric
= |
SAT instance NP=hara!
C*
S: polytime
transformation yes
S(C)
candidate empty
MinCN S(C*) ?

C satisfiable = S(C*) minimal
C unsatisfiable = S(C*) arbitrary

no

findsol
has
no utput?

findsol

computes t.v.a. T
If S(c) is nonempty

no

satisfies

yes

C
satisfiable



Further Result

Definition If R is a relation, then I'l,(R) denotes
the projection of R onto all pairs of R-attributes

A B CD
al bl c2 di
R: [|al b2 c2 d1
a2 bl cl d2
a3 b4 cl d2
A B B C A C A D B D C D
. al bl bl c1]| |al c2|]al d1| bl d1||cl d2
HZ(R) al b2 bl c2 a2 cl||a2 d2||bl d2|]|c2 di
a2 bl b2 c2 a3 cl| a3 d2 b2 di
a3 b4 b4 cl b4 d2




Conjecture [Dechter and Pearl 92]: Given a
relation R, it is NP-hard to decide whether
sol(IT,(R))=R, i.e., if R is 2-representable.

Theorem: This problem is co-NP-complete.

Note: Closely related to join-dependency checking
for database instances.



