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ProposiQonal	
  SaQsfiability	
  Problem(SAT)

• Given	
  a	
  CNF	
  formula	
  F
(a	
  ∨	
  b	
  ∨	
  c)	
  (¬a	
  ∨	
  b)	
  (¬b	
  ∨	
  c)	
  (¬c	
  ∨	
  a)

• F	
  admits	
  a	
  model	
  ?
– F	
  is	
  SaQsfiable	
  :	
  a	
  =	
  true,	
  b	
  =	
  true,	
  c	
  =	
  true

– F	
  ∧	
  (¬a	
  ∨	
  ¬b	
  ∨	
  ¬c)	
  is	
  UnsaQsfiable

• Bad	
  news:	
  SAT	
  is	
  NP-­‐Complete	
  [Cook	
  71]

• Good	
   news:	
   Modern	
   SAT	
   solvers	
   can	
   solve	
   instances	
   with
million	
  of	
  variables	
  and	
  clauses	
  in	
  few	
  seconds

=>	
  Widely	
  used	
  in	
  formal	
  verificaQon,	
  planning,
bioinformaQcs,	
  cryptography,	
  ...
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An	
  example
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Instance	
  name:	
  post-­‐cbmc-­‐zfcp-­‐2.8-­‐u2.cnf
p	
  cnf	
   11	
  483	
  52511	
  483	
  525	
  	
  (variables) 32	
  697	
  150	
  (clauses)
1	
  -­‐3	
  0
2	
  -­‐3	
  0
-­‐1	
  -­‐2	
  3	
  0
.
.
.
-­‐11482897	
  -­‐11483041	
  -­‐11483523	
  0
11482897	
  11483041	
  -­‐11483523	
  0
11482897	
  -­‐11483041	
  11483523	
  0
-­‐11482897	
  11483041	
  11483523	
  0
-­‐11483518	
  	
  11483524	
  0
-­‐11483519	
  	
  11483524	
  0
-­‐11483520	
  	
  11483524	
  0
-­‐11483521	
  	
  11483524	
  0
-­‐11483522	
  	
  11483524	
  0
-­‐11483523	
  	
  11483524	
  0
11483518	
  11483519	
  11483520	
  11483521	
  11483522	
  11483523	
  -­‐11483524	
  0

Solved in less than 1 minute !!

x3 = (x1 ∧  	
  x2)

x7 = (x8 v … v	
  x13)

(x4 <=> x5  <=> x6)



Modern	
  SAT	
  solvers:	
  four	
  basic	
  break

1. 	
  Heavy	
  tailed	
  phenomena	
  [Gomes	
  et	
  al.	
  97]

→	
  	
  Restarts

1. 	
  ResoluQon	
  based	
  conflict	
  analysis	
  [Marques	
  Silva	
  et	
  al.	
  96]
→	
  Learning

1. AcQvity-­‐based	
  heurisQcs	
  [Brisoux	
  &	
  Sais	
  99,	
  Moskewicz	
  et	
  al.	
  01]

→	
  VSIDS

1. Efficient	
  Boolean	
  Constraint	
  propagaQon	
  (BCP)	
  [Zhang	
  et	
  al.	
  97,
Moskewicz	
  et	
  al.	
  01]

→	
  Watched	
  literals

– Four	
  components	
  proposed	
  in	
  four	
  years
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Modern	
  SAT	
  solvers:	
  architecture
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(2)	
  ImplicaQon	
  graph

(3)	
  Conflict-­‐clause

Backtrack	
  friendly

(1)	
  Literal

(3)	
  conflict-­‐clause

(3)	
  AcQvity

(4)	
  Conflict

(Learning)
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Why	
  should	
  we	
  move	
  to	
  Parallel	
  SAT?
• SequenQal	
  solvers	
  looks	
  difficult	
  to	
  improve	
  (minor
improvements,	
  no	
  orders	
  of	
  magnitude).

SAT	
  2011	
  CompeQQon:	
  applicaQon	
  category

• SAT	
  is	
  applied	
  to	
  larger	
  and	
  more	
  ambiQous	
  problems
which	
  cannot	
  be	
  solved	
  in	
  reasonable	
  Qme.
– ~90%	
  of	
  the	
  industrial	
  problems	
  solved	
  in	
  less	
  than	
  15min.

– ~10%	
  of	
  the	
  industrial	
  problems	
  solved	
  in	
  1h.

– ~30%	
  of	
  problems	
  are	
  open	
  !
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Divide-­‐and-­‐conquer

• Principle:	
  allocate	
  independent	
  sub-­‐trees	
  to
different	
  resources.
– Use	
  a	
  set	
  of	
  constraints	
  (a.k.a.	
  guiding	
  paths)	
  to	
  split
the	
  original	
  search	
  space.

• Problem:	
  load	
  imbalance
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core0 core1 core2

x1,	
  x2 x1,	
  ¬x2
¬x1

KS:	
  conflict-­‐clauses



Divide-­‐and-­‐conquer
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Base	
  algorithm Parallel	
  architecture Knowledge
sharing

Psato	
  [Zhang	
  et	
  al.	
  1996] Sato workstaQons Load-­‐balancing

[Bohm	
  et	
  al.	
  1996] ad-­‐hoc workstaQons Load-­‐balancing

Gradsat	
  [Chrabakh	
  et	
  al.	
  2003] zChaff workstaQons Load-­‐balancing,
clause	
  sharing

[Blochinger	
  et	
  al.	
  2003] zChaff workstaQons Load-­‐balancing,
restricted	
  clause
sharing

MiraXT	
  [Lewis	
  et	
  al.	
  2007] Minisat mulQcore Load-­‐balancing,
systemaQc	
  clause
sharing

Pminisat	
  [Chu	
  et	
  al.	
  2008] Minisat mulQcore Load-­‐balancing,
restricted	
  clause
sharing

ManySAT	
  [Hamadi	
  et	
  al.	
  2008] Minisat mulQcore Restricted	
  clause
sharing



¬Divide-­‐and-­‐conquer:	
  ManySAT

• [Hamadi,	
  Jabbour,	
  Sais	
  2008]
• ObservaQon:

– Modern	
  SAT	
  solvers	
  became	
  highly	
  stochasQc.
– They	
  are	
  sensible	
  to	
  their	
  parameters,	
  i.e.,	
  lack	
  of
robustness.

• ManySAT’s	
  principle:	
  let	
  several	
  (differenQated)
DPLLs	
  compete	
  and	
  cooperate	
  to	
  be	
  the	
  first	
  to
solve	
  a	
  given	
  instance.
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¬Divide-­‐and-­‐conquer:	
  ManySAT

• Use	
  different	
  but	
  related	
  strategies.

• CooperaQon	
  through	
  clause-­‐sharing.

• Performance:	
  bewer	
  than	
  the	
  best.
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core0 core1 core2 core3

Parallel	
  Qmec c



ManySAT:	
  internals
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Measuring	
  Performance

• Scalability:	
  how	
  well	
  a	
  parallel	
  system	
  takes	
  advantage	
  of
increased	
  compuQng	
  resources.

• Terms
– SequenQal	
  runQme Ts
– Parallel	
  runQme Tp	
  (with	
  p	
  procs)
– Parallel	
  overhead To	
  =	
  pTp	
  –Ts
– Speedup S	
  =	
  Ts/Tp
– Efficiency E	
  =	
  S/p

• Typical	
  objec_ve:	
  divide	
  the	
  sequenQal	
  runQme	
  by	
  the	
  number	
  of
resources,	
  i.e.,	
  E	
  close	
  to	
  1.



ManySAT	
  performance
• SAT-­‐Race	
  2008

– 4	
  cores

– 100	
  industrial	
  problems

– 900	
  seconds	
  Qmeout

– Absolute	
  speed-­‐up	
  (vs.	
  Minisat	
  2.1,	
  best	
  2008	
  SequenQal).
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ManySAT pMinisat MiraXT

#problems	
  solved 90 85 73

Average	
  speed-­‐up 6.02 3.10 1.83

Minimal	
  speed-­‐up 0.25 0.34 0.04

Maximal	
  speed-­‐up 250.17 26.47 7.56
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Clause	
  sharing

• ParQcular	
  KS	
  mechanism:	
  each	
  unit	
  exchanges
its	
  conflict-­‐clauses.

• Benefit:	
  bewer	
  pruning.

• Problem:	
  exponenQal	
  number	
  of	
  clauses.

• SoluQon:	
  export	
  up	
  to	
  some	
  fixed	
  size	
  limit.

-­‐>	
  reduce	
  the	
  overhead

-­‐>	
  less	
  is	
  more
remember:	
  |c|=k:	
  removes	
  2(n-­‐k)	
  tuples.
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The	
  benefit	
  of	
  clause	
  sharing
(on	
  ManySAT)
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Problems	
  with	
  clause	
  sharing	
  (1)

• Offline	
  tuning	
  of	
  the	
  staQc	
  size	
  limit.
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e

O
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er
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d	
  
si
ze
s

Qme

e too	
  high:	
  full	
  overhead

too	
  low:	
  no	
  sharing



The	
  benefit	
  of	
  clause	
  sharing
(on	
  ManySAT)
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Problems	
  with	
  clause	
  sharing	
  (2)

• Simple	
  experiment	
  with	
  Minisat	
  2.0	
  (sequenQal)
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Average	
  size	
  of	
  learnt	
  clauses	
  is	
  raising:
staQc	
  size	
  limit	
  clause	
  sharing	
  might	
  halt.



Problems	
  with	
  clause	
  sharing	
  (3)

• Exchange	
  between	
  unrelated	
  search	
  efforts:
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Our	
  SoluQon

• Pairwise	
  size	
  limits	
  to	
  control	
  clause	
  sharing.

• Start	
  with	
  high	
  limits	
  to	
  enforce	
  sharing.

• Each	
  unit	
  performs	
  periodic	
  revisions	
  of
incoming	
  pairwise	
  limits.
1. Maintain	
  throughput	
  T	
  (solves	
  (1)	
  and	
  (2)).

2. Maintain	
  throughput	
  T	
  of	
  a	
  given	
  quality	
  >=	
  Q
(solves	
  (3)).
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Our	
  SoluQon
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u0

u1

e01

e10

write

read

Qme

c c c

Unit	
  0:

c c cc

tk
-­‐>	
  ek10

Rem:	
  no	
  shared	
  memory	
  lock.

tk+1
-­‐>	
  ek+110

|c|	
  <=	
  ek10	
  |c|	
  <=	
  ek-­‐110	
  



Maintain	
  a	
  throughput	
  T

• T	
  is	
  a	
  number	
  of	
  foreign	
  clauses	
  received	
  in	
  each
Qme	
  interval.

• Unit	
  i,	
  at	
  step	
  tk:
– If	
  Rk	
  <	
  T,	
  uniform	
  increase	
  of	
  ekji	
  limits.
– If	
  Rk	
  >	
  T,	
  uniform	
  decrease	
  of	
  ekji	
  limits.

• How	
  do	
  we	
  update	
  the	
  limits?
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AddiQve	
  Increase	
  MulQplicaQve
Decrease	
  (AIMD)

• Used	
  in	
  TCP	
  congesQon	
  avoidance:

• Guess	
  the	
  available	
  bandwidth,	
  i.e.,	
  find	
  the
communicaQon	
  rate	
  w:
– Slow	
  increase	
  as	
  long	
  as	
  no	
  packet	
  loss:	
  w	
  =	
  w	
  +	
  b/w

• i.e.,	
  probe	
  for	
  ‘available’	
  bandwidth
– ExponenQal	
  decrease	
  if	
  a	
  loss	
  is	
  encountered:	
  w	
  =	
  w	
  –	
  a*w

• i.e.,	
  congesQon:	
  quick	
  decrease	
  for	
  faster	
  recovery.
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Networksender receiver

sender
receiver



AddiQve	
  Increase	
  MulQplicaQve
Decrease	
  (AIMD)

• Clause	
  sharing:
– Any	
  increase	
  of	
  the	
  limits	
  can	
  generate	
  a	
  very	
  large
number	
  of	
  new	
  incoming	
  clauses.

– Slow	
  increase,	
  as	
  long	
  as	
  T	
  not	
  met.

– High	
  decrease,	
  if	
  T	
  is	
  met.
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Maintain	
  a	
  throughput	
  T
of	
  quality	
  >=	
  Q

• VSIDS	
  heurisQc:	
  variables	
  with	
  the	
  best	
  ranking	
  are	
  related	
  to
the	
  current	
  part	
  of	
  the	
  search	
  space.

• Def.
– Maximum	
  VSIDS	
  acQvity:

– Set	
  of	
  acQve	
  literals	
  of	
  a	
  foreign	
  clause	
  c:

– Set	
  of	
  clauses	
  received	
  from	
  j	
  with	
  at	
  least	
  Q	
  acQve	
  literals:

– Quality	
  of	
  clauses	
  received	
  from	
  j	
  at	
  step	
  k:
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Maintain	
  a	
  throughput	
  T
of	
  quality	
  >=	
  Q

• Increase/Decrease:
– Favor	
  units	
  which	
  give	
  good	
  quality	
  clauses.
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Parameters

• 4	
  cores

• α	
  =	
  10000	
  conflicts	
  (tk+1	
  =	
  tk+α)

• T=	
  α/2

• Q=|c|/3

• a=0.125

• b=8

• Offline	
  tuning	
  for	
  α.
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Problems	
  with	
  clause	
  sharing	
  (2)

• Simple	
  experiment	
  with	
  Minisat	
  2.0	
  (sequenQal)
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The	
  dynamic	
  of	
  pairwise	
  limits

January	
  11,	
  2012 32



Performance	
  on	
  Industrial	
  problems
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Performance	
  on	
  Industrial	
  problems
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Performance	
  on	
  Industrial	
  problems
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Performance	
  on	
  CraLed	
  problems	
  (I)
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Conclusion

• SAT	
  allows	
  the	
  efficient	
  encoding/resoluQon
of	
  important	
  problems,	
  e.g.,	
  soLware
verificaQon.

• SequenQal	
  SAT
– Heavily	
  improved	
  in	
  the	
  last	
  decade.

– A	
  few	
  remaining	
  paths	
  to	
  try,	
  don’t	
  expect
another	
  3	
  orders	
  of	
  magnitude	
  gain.

• Parallelism	
  is	
  happening	
  now:	
  mulQcore	
  PCs
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Conclusion

• Knowledge	
  sharing	
  is	
  crucial:
– Bewer	
  than	
  the	
  best
– There	
  are	
  overheads

• Control	
  theory	
  to	
  adapt	
  the	
  rate	
  of	
  p2p
collaboraQon	
  to	
  a	
  given	
  instance.
– AutomaQcally	
  ‘disconnect’	
  unrelated	
  search	
  efforts.
– AutomaQcally	
  reinforce	
  exchanges	
  between	
  related
ones.

– EffecQvely	
  remove	
  one	
  parameter:
• ./manysat.exe	
  –m	
  4	
  –e	
  8
• ./manysat.exe	
  –m	
  4
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  Hamadi,	
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