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Abstract

This thesis concerns the relationship between continuous and discrete mod-
elling paradigms for timed concurrent systems, and the exploitation of this
relationship towards applications, in particular model checking. The frame-
work we have chosen is Reed and Roscoe’s process algebra Timed CSP, in
which semantic issues can be examined from both a denotational and an
operational perspective. The continuous-time model we use is the timed fail-
ures model; on the discrete-time side, we build a suitable model in a CSP-like
setting by incorporating a distinguished tock event to model the passage of
time. We study the connections between these two models and show that
our framework can be used to verify certain specifications on continuous-time
processes, by building upon and extending results of Henzinger, Manna, and
Pnueli’s. Moreover, this verification can in many cases be carried out directly
on the model checker FDR!. Results are illustrated with a small railway level
crossing case study. We also construct a second, more sophisticated discrete-
time model which reflects continuous behaviour in a manner more consistent
with one’s intuition, and show that our results carry over this second model
as well.

'FDR is a commercial product of Formal Systems (Europe) Ltd.
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Chapter 1

Introduction

The motivations for undertaking the work presented in this thesis originate
from two distinct sources. The more abstract was a desire to embark on a
project with some relevance, however vague, to the ‘real world’. Real-time
concurrent systems, composed of several components interacting with each
other subject to timing constraints, certainly seemed a good candidate to
fulfill this ambition: after all, such systems appear in an increasingly large
number of applications, from kitchen appliances to nuclear power, telecom-
munications, aeronautics, and so on. Moreover, in many instances it is in
fact crucial that these systems behave exactly as they were intended to, lest
catastrophic consequences ensue. Unfortunately, the complexities involved
often mean that it is very difficult—if not impossible—to satisfy oneself that
a system will indeed always behave as intended.

The field of formal methods, which seeks to apply rigorous mathematical
techniques to the understanding and analysis of computerised systems, was
therefore an exciting area in which to undertake research. A prominent mod-
elling paradigm within formal methods is that of process algebra, which in
the case of timed systems splits into two branches, according to whether time
is modelled in a discrete or continuous/dense fashion.

Although much work has been carried out in both the discrete and con-
tinuous instances, much less is known about the relationship between them.
This fact provided a second incentive for the author to immerse himself into
the subject.

The question remained of which framework to choose. Reed and Roscoe’s
timed failures model for Timed CSP [RR86, Ree88, RR99, Sch00] seemed an
excellent candidate to act as the continuous-time process algebra represen-
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tative. Not only was it already quite well understood, having been the focus
of a considerable amount of prior work, but it also encompassed most of
the salient features found in other timed process algebras, and often more; it
boasts, for instance, congruent denotational and operational models, whereas
many process algebras are predicated solely upon an operational semantics.

An additional advantage of Timed CSP was that it is a natural extension
of Hoare’s CSP [Hoa85, Ros97], which Roscoe had used to describe discrete-
time systems with the help of a CSP-coded fictitious clock. The project
quickly evolved into one aimed at elucidating the relationship between these
two distinct methods for modelling time.

One of the foremost applications of this research lies in model checking.
Model checking consists in a (usually automated) graph-theoretic analysis of
the state space of a system, with the goal of establishing whether or not a
given specification on the system actually holds. Its main overall aim is to
ensure reliability and correctness, properties which we argued earlier can be
of paramount importance.

Model checking has a rich history, with one of the first reported instances
of it dating back almost twenty years [QS81]. It has achieved a number
of spectacular successes, yet formidable obstacles still remain in its path.
The situation is yet worse when time is considered, as the following example
demonstrates. Consider a trivial process such as a — STOP: it can commu-
nicate the event a at any time, and then deadlock. Under a continuous-time
interpretation, this process has an uncountable number of behaviours, and
hence an uncountably large state space. Mechanical exploration of the lat-
ter will therefore not be possible until some drastic reductions are effected.
These sorts of difficulties explain why the first model checking algorithm for
continuous-time systems only arose approximately a decade ago, fruit of the
pioneering work of Alur, Courcoubetis, and Dill [ACD90, ACD93].

Discrete-time modelling, being a much more straightforward extension
of untimed modelling, poses considerably fewer problems: model checking
techniques developed for the untimed world are reasonably easy to extend to
discrete-time frameworks. In particular, our proposed enterprise potentially
entailed that one could employ the CSP model checker FDR to verify spec-
ifications on continuous-time systems described in Timed CSP. Although
Jackson [Jac92] gave an algorithm, based on that of Alur et al.’s, to model
check continuous-time processes written in a significantly restricted subset
of Timed CSP, no actual implementation of his or any other approach exists
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to this day.!

The object of this thesis is therefore twofold: the first goal is to study
the relationship between continuous-time and discrete-time models for timed
process algebras, focussing on (Timed and untimed) CSP-based formalisms;
the second goal is to apply the results gathered thus towards applications, in
particular model checking.

The thesis is structured as follows:

In Chapter 2 we introduce the basic notation and concepts of Timed CSP
and semantic modelling, and list a number of definitions and conventions
which apply throughout the thesis.

Chapter 3 is devoted to the timed failures model and its congruent op-
erational counterpart. We establish a crucial result, the digitisation lemma,
which says that the continuous-time operational behaviour of any Timed
CSP process is so-called closed under digitisation; this fact is the main in-
gredient allowing us later on to relate the discrete-time and continuous-time
denotational behaviours of processes to each other. We conclude Chapter 3
by discussing process specification and verification.

Chapter 4 presents and considers the main issues which arise when one
attempts to emulate as faithfully as possible the timed failures model in a
discrete CSP-based setting.

Building on these observations, we then carefully construct a suitable
discrete-time denotational model in Chapter 5. A congruent operational
semantics is also given, and specifications as well as verification and the
applicability of the model checker FDR are discussed.

Chapter 6 addresses the central question of the relationship between our
discrete-time model and the continuous-time model of Chapter 3, and the
impact of this relationship on verification. An intuitive and straightforward
approach is first presented, providing insight and interesting results, but
found to be wanting in certain respects. We then offer a more sophisti-
cated (if more specialised) verification method which builds upon, and sub-
sequently extends, a result of Henzinger, Manna, and Pnueli’s. This prob-
ably constitutes the most important and significant application of our work
to continuous-time system verification. A small railway level crossing case
study is presented to illustrate our findings.

'However, a small number of continuous-time model checking tools, such as
CosPAN [AK96], UppAAL [BLL'96], KrRoNos [DOTY96], and HyTEcH [HHWT97] have
since been developed in settings other than Timed CSP.
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In Chapter 7, we build a second discrete-time model which circumvents
some shortcomings observed in the first model with respect to our ‘straight-
forward” approach to verification. The treatment is similar to that of Chap-
ter 5, if brisker.

Chapter 8, likewise, offers a streamlined version of Chapter 6 in which we
discuss the connections between this new model and the timed failures model,
as well the upshots in terms of verification. We derive a crisper qualitative
understanding of the scope and limitations of our discrete-time approach to
modelling continuous-time systems, as well as of the costs associated with
more faithful discrete-time modelling.

Lastly, we sum-up the entire enterprise in Chapter 9, compare our re-
sults with related work appearing in the literature, and propose a number of
avenues for further research.

The reader will also find three appendices, regrouping technical proofs, a
presentation of a model checking algorithm for our discrete-time models, and
a congruent operational semantics for the more sophisticated timed failures-
stability model for Timed CSP. The latter is referred to in the ‘further work’
section of Chapter 9.

This thesis is essentially self-contained. However, some basic familiarity
with CSP would be useful, particularly in Chapter 4.



Chapter 2

Notation and Basic Concepts

We begin by laying out the syntax of Timed CSP and stating a few con-
ventions. We then continue with some remarks on semantic modelling, and
conclude by introducing some standard notation about sequences.

2.1 Timed CSP

We assume that we are given a finite! set of events ¥, with tock ¢ X and
v ¢ 3. We write ¥ to denote ¥ U {v'}, Yje to denote ¥ U {tock}, and
Y . to denote YU {v/, tock}. In the notation below, we have a € ¥, A C 3,
and B C ¥¥. The parameter n ranges over the set of non-negative integers
N. f represents a function f : ¥ — ; it can also be viewed as a function
2y — Xy ., lifted in the obvious way. The variable X is drawn from
a fixed infinite set of process variables VAR = {X,Y, Z,...}.

Timed CSP terms are constructed according to the following grammar:

P = STOP | SKIP | WAIT n | Pit> P, |
CL—>P|CI,IA—>P(CL)|P1DP2|P1[—|P2|
Png’P2 | P[P | PP | P\A |

fHP) | f(P) | X | uX.P [if Pis time-guarded for X].

These terms have the following intuitive interpretations:

LOur restriction that ¥ be finite is perhaps not absolutely necessary, but is certainly
sensible from a practical (i.e., automated verification) point of view.
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e STOP is the deadlocked, stable process which is only capable of letting
time pass.

e SKIP intuitively corresponds to the process v — STOP, i.e., a pro-
cess which at any time is willing to terminate successfully (the latter
being represented by communication of the event v'), and then do
nothing.

e WAIT nis the process which will idle for n time units, and then become
SKIP (and offer to terminate).

e a — P initially offers at any time to engage in the event a, and subse-
quently behaves like P; note that when the process P is thus ‘activated’,
it considers that time has just started, even if the occurrence of a took
place some positive amount of time after one first started to observe
a — P—in other words, P is not ‘turned on’ until a is witnessed.
The general prefixed process a : A — P(a) is initially prepared to en-
gage in any of the events a € A, at the choice of the environment, and
thereafter behave like P(a); this corresponds to STOP when A = ().

« P> @ is the process that initially offers to become P for n time units,
after which it silently becomes @ if no visible event (necessarily from
P) has occurred. P is initially turned on, and @) gets turned on after n
time units if P has failed to communicate any event in the meantime.

e P M @ represents the nondeterministic (or internal) choice between
P and Q. Which of these two processes P M () chooses to become
is independent of the environment, and how this choice is resolved is
considered to be outside the domain of discourse. This choice is effected
without delay.

e P 0O (@, on the other hand, denotes a process which is willing to behave
either like P or like @), at the choice of the environment. This decision is
taken on the first visible event (and not before), and is nondeterministic
only if this initial event is possible for both P and ). Both P and @)
are turned on as soon as P O () is.

e The parallel composition P, || P, of P, and P,, over the interface set
B

B, forces P; and P, to agree and synchronise on all events in B, and

to behave independently of each other with respect to all other events.

When v ¢ B, P, || P, terminates (and makes no further communi-
B

cations) as soon as either of its subcomponents does. P; and P, are



2.1 Timed CSP 7

turned on throughout. P ||| P, corresponds to parallel composition over
an empty interface—each process behaves independently of the other,
except again for termination, which halts any further progress alto-
gether. Note however that it is assumed that time flows at a universal
and constant rate, the same for all processes that are turned on.

e P () corresponds to the sequential composition of P and @): it denotes
a process which behaves like P until P chooses to terminate (silently),
at which point the process seamlessly starts to behave like (). The
process ( is turned on precisely when P terminates.

e P\ Aisaprocess which behaves like P but with all communications in
the set A hidden (made invisible to the environment); the assumption of
maximal progress, or T-urgency, dictates that no time can elapse while
hidden events are on offer—in other words, hidden events happen as
soon as they become available.

e The renamed processes f~1(P) and f(P) derive their behaviours from
those of P in that, whenever P can perform an event a, f~!(P) can
engage in any event b such that f(b) = a, whereas f(P) can perform

f(a).

e The process variable X has no intrinsic behaviour of its own, but can
imitate any process P under certain conditions—it is however best
interpreted as a formal variable for the time being.

e Lastly, the recursion p X . P represents the unique solution to the equa-
tion X = P (where the variable X usually appears freely within P’s
body). The operator p X binds every free occurrence of X in P. The
condition (“if P is time-guarded for X”) ensures that the recursion is
well-defined and has a unique solution; the formal definition of time-
guardedness follows shortly.

Following [DS95], we will normally refer to the closed terms? of the free
syntactic algebra thus generated as programs, rather than processes, reserving
the latter terminology for the elements of the denotational models we will be
considering. The two concepts are very closely related however, and since the
distinction between them is often not explicitly made in the literature, we
will on occasion abuse this convention ourselves and refer to both as processes
(as we have done above).

2A closed term is a term with no free variable: every process variable X in it is within
the scope of a u X operator.
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We will occasionally use the following derived constructs: abbreviating

a — STOP as simply a, and writing a — P instead of « — WAIT n ; P,

and similarly for the general prefix operator. P || Q stands for P || Q. In
>

the case of hiding a single event a, we write P \ a rather than P \ {a}. The
‘conditional choice’ construct T <bool} F' denotes the process T' if bool is
true, and the process F' otherwise. Lastly, from time to time, we express
recursions by means of the equational notation X = P, rather than the
functional p X . P prescribed by the definition.

Except where explicitly noted, we are only interested in well-timed pro-
grams (the definition of which we give below). Recall also that we require

all delays (parameter n in the terms WAIT n and Py > P,) to be integral.
This restriction (in the absence of which the central problems considered in
this thesis become theoretically intractable?) is in practice extremely benign,
because of the freedom to scale time units—its only real effects are to forbid,
within a single program, either incommensurable delays (e.g., rational and
irrational), or infinite sets of delays with arbitrarily small modular fractional
differences?; both cases would clearly be unrealistic when dealing with real-
world programs. For these reasons, many authors adopt similar conventions.

The following definitions are adapted from [Sch00]. A term is time-active
if some strictly positive amount of time must elapse before it terminates. A
term is time-guarded for X if any execution of it must consume some strictly
positive amount of time before a recursive call for X can be reached. Lastly,
a program is well-timed when all of its recursions are time-guarded. Note
that, because all delays are integral, some “strictly positive amount of time”
in this context automatically means at least one time unit.

Definition 2.1 The collection of time-active terms is the smallest set of
terms such that:
e STOP is time-active;

o WAIT n is time-active for n > 1;

3As an example, let v denote the famous Euler-Mascheroni constant, and consider the

processes N = WAITl;(ngandE: WAIT*y;ELgE. If welet P =N | E,
deciding whether or not P can communicate an a is equivalent to deciding whether or not
v is rational, a well-known open problem.

4This second situation could in fact only occur were we to allow infinite (parameterised)
mutual recursion.
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If P is time-active, then so area — P, P || Q,Q | P, P;Q,
{(VIUA {(VIUA

Q;P, P\ A, [7YP), f(P), uX.P, as well as P 5 Q forn > 1;

If P, and Py are time-active, then so are Py g P, PLOP, PPN P,
Plgp% (I’ﬂdpl |||P2,

If P(a) is time-active for each a € A, then a : A — P(a) is time-
active.

Definition 2.2 For any program variable X, the collection of terms which
are time-guarded for X is the smallest set of terms such that:

STOP, SKIP, WAIT n, and u X . P are time-guarded for X ;
Y # X is time-guarded for X;

If P is time-guarded for X, then so area — P, P\ A, f~(P), f(P),
wY o P, as well as P &> Q forn>1;

If P, and Py are time-guarded for X, then so are P o> P, P, O Py,
PPy, P By, P1]|3|P2; and P || Py;

If P(a) is time-quarded for X for each a € A, then a : A — P(a) is
time-guarded for X ;

If P is time-guarded for X and time-active, then P ; Q) is time-guarded

for X.

Definition 2.3 A term is well-timed if every subterm of the form u X . P
is such that P is time-guarded for X.

The collection of well-timed Timed CSP terms is denoted TCSP, whereas
the set of well-timed Timed CSP programs is written TCSP. Note that
our grammar only allows us to produce well-timed terms; thus it is always
understood that terms and programs are well-timed unless explicitly stated
otherwise.
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2.2 Semantic Modelling

Semantic models for process algebras come in many different flavours, the
main characteristics of which we briefly sketch below.

e An algebraic semantics attempts to capture the meaning of a program
through a series of laws which equate programs considered different
only in an ‘inessential’ way. Omne such law, for example, might be
SKIP ; P = P. Surprisingly little work has been carried out on alge-
braic semantics for Timed CSP; we will briefly examine the question
later on.

e An operational semantics typically models programs as labelled tran-
sition systems, with nodes corresponding to machine states and edges
corresponding to actions. This semantics represents most concretely
the possible executions of a program, and figures prominently in the de-
sign of model checking algorithms. This semantics is often augmented
with some notion of bisimulation which provides a mechanism for deter-
mining when two processes are equivalent. We will present and study
several operational semantic models for Timed CSP in this thesis.

e A denotational semantics maps programs into some abstract model
(typically a structured set or a category). This model is itself equipped
with the operators present in the language, and the map is required
to be compositional, i.e., it must be a homomorphism preserving these
operators. In other words, the denotational value, or meaning, of any
program is entirely determined by the meanings of its subcomponents.
A denotational semantics is often predicated upon an algebraic or oper-
ational semantics, and the relationship between these models is usually
carefully studied. Denotational semantics have typically been the main
modelling devices for CSP-based languages, and figure prominently in
this work. In essence, a Timed CSP program is represented by its set
of behaviours, which are timed records of both the communications the
program has been observed to engage in as well as those it has shunned.

e Other types of semantics, such as testing and game semantics, are not
dealt with in this work.

One of the first decisions to take when modelling timed systems is whether
time will be modelled in a dense (usually continuous), or discrete, fashion.
Since the aim of this thesis is to study the interplay between these two
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paradigms, we naturally consider models of both types. The timed failures
model M rp, first described in [RR86, Ree88|, augmented with an opera-
tional semantics in [Sch95], and presented in the Chapter 3, serves as the
continuous-time representative. Time is modelled by a global continuous
clock, and recorded via a non-negative real-numbered timestamp on commu-
nicated or refused events.

We also develop denotational and operational semantics for two discrete-
time models, the discrete-time refusal testing model M p and the discrete-
time unstable refusal testing model M yg, in which time is modelled by the
regular communication of the special event tock®, which processes are re-
quired to synchronise on. These models are developed in Chapters 5 and
7 respectively, and their relationship to the timed failures model studied in
Chapters 6 and 8.

2.3 Notation

We list a number of definitions and conventions. These apply throughout the
thesis, with further, more specific definitions introduced along as needed.

Sequences and sequence manipulations figure prominently in our models,
thus the need for a certain amount of notation. Sequences can be either finite

or infinite. We will primarily write (a1, as, . .., ax) to denote a finite sequence
of length k£ comprising the elements ay, as, ..., a, although on occasion we
will also use the notation [a1,as,...,ag], to distinguish between different

types of sequences. In the context of operational semantics we will even
represent executions by sequences devoid of any brackets. Most of what
follows applies equally to all three types of notation, with the context usually
clarifying any ambiguity.

The empty sequence is written () (or [], etc.).

Let u = (ay,a9,...,a5) and v = (b, by, ..., bp). Their concatenation
u v is the sequence (aj,as,...,ag, b, by, ... bp). If w is infinite we let
u” v = u. v can also be infinite, with the obvious interpretation.

We now define an exponentiation operation as follows: for u a sequence,
we let

5¢tock’ rather than ‘tick’, since the latter could be confused with the termination event
V.
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k+1

b
)

We also let u® =u 0 u” .. ..

The sequence u is a prefiz of the sequence v if there exists a sequence u’
such that ©~u' = v. In this case we write u < v.

The sequence u appears in the sequence v if there exist sequences v’ and
u” such that ' u " u” = v. In this case we write u in v.

For u = (ay,as,...,a;) a non-empty finite sequence, @ = (as, as, ..., ax)
and @ = (ay, ag, ..., ax_1) represent respectively v minus its first element and
u minus its last element. We will never apply these operators to empty or
infinite sequences.

The operator f returns the number of elements in a given sequence (tak-
ing on the value oo if the sequence is infinite), including repetitions. Thus

ﬂ<a1,a2, ce ,ak> = k.

The operator [ denotes the restriction of a sequence to elements of a given
set. Specifically, if A is a set, then we define inductively

O0ra =
(@) u) A = (@) (u]A) ifac A
({(a)"u) A = ulA if a ¢ A.

(This definition can be extended in the obvious way to infinite sequences,
although we will not need this.) If A is the singleton {a} we write u [ a
instead of u [ {a}. We will further overload this notation in Chapters 3, 5,
and 7; the context, however, should always make clear what the intended
meaning is.

If A and B are sets of sequences, we write AB to denote the set {u™ v|u €
A Nwve B}

Lastly, if A is a set, we write A* to represent the set of finite sequences
all of whose elements belong to A: A* = {u|fu < oo AV(a) inu.a € A}.



Chapter 3

The Timed Failures Model

The timed failures model was developed by Reed and Roscoe as a continuous-
time denotational model for the language of Timed CSP, which they had pro-
posed as an extension of CSP [RR86, RR87, Ree88]. A number of different
semantic models in the same vein have since appeared, with fundamentally
minor overall differences between them; references include, in addition to
the ones just mentioned, [Sch89, Dav91l, DS95, RR99, Sch00]. The denota-
tional model M 1 which we present here incorporates the essential features
common to all of these continuous-time models.

M rr also has a congruent operational semantics, given by Schneider in
[Sch95], which we reproduce along with a number of results and a synopsis of
the links to the denotational model that it enjoys. A particularly important
result for us is the digitisation lemma (Lemma 3.11), which we present in a
separate section.

Lastly, we review the notions of refinement, specification, and verification.
In addition to the sources already mentioned, [Jac92] provided a slice of the
material presented here.

Our presentation is expository in nature and rather brief—the only state-
ment we prove is the digitisation lemma, which is original and requires a
significant amount of technical machinery. We otherwise refer the reader to
the sources above for a more thorough and complete treatment.
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3.1 Denotational Semantics

We lay out the denotational model M r for Timed CSP and the associ-
ated semantic function Fr[-] : TCSP — M rp. Sources include [Ree8§],
[RR99], and [Sch00].

Timed failures are pairs (s, R), with s a timed trace and X a timed refusal.
A timed trace is a finite sequence of timed events (t,a) € R* x ¥£¥, such that
the times are in non-decreasing order. A timed refusal is a set of timed events
consisting of a finite union of refusal tokens [t,t') x A (with 0 <t <t < o0
and A C ¥¥). A timed failure (s,R) is interpreted as an observation of a
process in which the events that the process has engaged in are recorded
in s, whereas the intervals during which other events have been refused are
recorded in N. The set of timed traces is denoted by TT, the set of timed
refusals by RSET, and the set of timed failures by TF'.

We define certain operations on these objects. We overload some opera-
tors, although context usually makes clear what the intended meaning is. In

what follows s € TT, X € RSET, t,t' € Rt U{oo}, AC XY, and a € XV

st = s[[0,4] xX2¥
sht = s10,t)x%”
sTA = s[[0,00) x A
s\A = s (2-4)
o(s) = fals{a} #(}
begin(() = oo
begin({(t,a))"s) = t
end(()) = 0
end(s™((t,a))) = t
R[[t,t) = RNt)x %’
X[t = RI[0,0)
N[TA = NNJ[0,00) x 4
(%) = {a|R]{a} £0}
begin(R) = inf({¢t| Ja.(t,a) € N} U{o0})
end(X) = sup({t| Ja.(t,a) € R} U{0})
N[t = (sTLR])
begin((s,N)) = min(begin(s), begin(X))
end((s,N)) = max{begin(s), begin(X)}.
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We also define the information ordering < on timed failures as follows:
(s',N) < (s,N) if there exists s” € TT such that s = ¢s” and ¥ C X |
begin(s").

Definition 3.1 The timed failures model M is the set of all P C TF
satisfying the following axioms, where s,s' € TT, X,N € RSET, a € ¥,
and t,u € RT.

TF1 ((),0)e P
TF2 ((s,R) e PA (s N)<(s,N))= (¢, N)eP
TF3 ((s,8) e PAu>0)=

IN € RSET .RC X A (s5,X) € PAY(t,a) €[0,u) x 8.
((t,a) ¢ N = (s [t7((t,a)), X' [ 1) € P) A
(t>0ANPe>0.[t—e,t) x {a} CN) =

(sIt7((t,a), N[ t) € P)

TF4, Vt>0.3neN.((s,R) € PAend(s) <t)=14(s) <n
TF5 (s {(t,v)) s, Ny e P=s =),

These axioms have the following intuitive interpretations:

TF1:

TF2:

TFS:

The least we can observe about a process is that it has communicated
no events and refused none.

Any observation could have been replaced by another observation con-
taining less information.

Tells us how observations can be extended, and postulates the existence
of complete behaviours up to time u (for any w), which are maximal
observations under the information ordering <. Specifically, this axiom
says that any event not refusable at a certain time could have been
performed at that time (albeit possibly only ‘after’ a number of events
also occurring at that precise time); however, if the event in question
was not refusable over some interval, however small, leading to the time
in question, then that event could have been the ‘first’ to occur at that
time. The fact that complete behaviours always exist also indicates that
any behaviour can be extended to one in which no event is infinitely
repeatedly offered and withdrawn over a finite period of time, since
refusals are finite unions of refusal tokens.
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TF}: A process cannot perform infinitely many events in a finite time. This
axiom (known as finite variability) precludes such anomalies as Zeno
Processes.

TF5: Stipulates that a process which has terminated may not communicate
any further.

Note that Axiom TF3 implies that processes (can be observed to) run
indefinitely. In other words, M 1z processes cannot exhibit timestops.

We will return to these axioms later on when building our discrete-time
models and compare them to their discrete-time counterparts.

We now list a few more definitions before presenting the denotational
mapping Fr[-].

For s = ((t1,a1), (t2,as),...,(tg,ax)) and t > —begin(s) = —t1, we let
s+t = ((tyi +t,ar), (ta + t,a2),...,(tx + t,ax)). (Of course, s — ¢t means
s+ (=t)). For any ¢t € R, define X +¢ = {(t' + t,a) | (t',a) € XAV > —t}.
Lastly, if ¢t > —begin(s), then (s,R) +¢ = (s + ¢, R+ t).

Given B C ¥V, we define an untimed merging operator ()

j\EL (\): TT x
TT — P((RT x X¥)*), en route to defining an adequate parallel operator
on timed traces. In what follows, s € (Rt x XY)*, 51, 89, 8),8, € TT, t € R,

and a € XV

<>681]|;L82 & 81 =8 = )
((t,a)) s € s1 ]|;! s9 & (a€ BAs; ={(ta) s]A
sy = {(t,a)) sy A s € sy Jl 55) V
(¢ BAsi={((t,a)) s} As€ S/IESQ) v

(a¢ BAsy={(t,a)) " shAs€Es I S5).
B

We now define () || () : TT x TT — P(TT) by imposing the proper
B

ordering on timed events, and throwing out traces which fail to satisfy Ax-
iom TF5. The notation is as above.

ses | sy & 8681”82/\86 TT A (s=8"{((t,v))"s" =" =()).
B B

We let 51 ||| s2 = 51 || s2, for any s1, s, € TT.
0
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A renaming function f : ¥ —— ¥ has an obvious extension to timed
traces and timed refusals: if s = ((t1,a1), (t2,a2),..., (tx,ar)) € TT and
R € RSET, then f(s) = ((ts, f(ar)), (b2, F(02))s. ., (b Flar)))s FOR) =
{(t,£(@) | (t,a) € N}, and F7I8) = {(a) | (t.f(a) € R}. Here f is
extended to ¥¥ by setting f(v') = V.

The lambda abstraction A x.F(z) formally represents the function F'. For
example, A z.(z%+3) denotes the function F such that, for all x, F(z) = z°+3.

A semantic binding is a function p : VAR — M pp. Given a semantic
binding p and a process P € Mg, we write p[X := P] to denote a further
semantic binding that is the same as p except that it returns P for X instead
of p(X). Naturally, if x is a variable ranging over M rp (i.e., x is a bona
fide variable, not an element of VAR!), Az.p[X := xz] represents a function
which, when fed an element P of M rp, returns a semantic binding (one that
is identical to p but for mapping X to P).

If F: Mpp — Moqr has a unique fixed point, we denote it by fix(F').
(P € My is a fixed point of F'if F(P) = P.)

We now define the function Fr[-] inductively over the structure of Timed
CSP terms. Since a term P € TCSP may contain free variables, we also
require a semantic binding p in order to assign M rp processes to the free
variables of P.! In what follows, s, 51,5, € TT, R, X, 8, € RSET, t € R*,
a€Y, ACY, and B C X¥. The rules are as follows:

fT [[STOP]]p
Fr[SKIP]p

1

v ¢ o(R)juU
R [EZ0AV EaR 1)}
Fr[WAIT n]p vV ¢ c(R ] [n,00))}U
R)[t=nAv Eo® T [n,1))}
5, N) | begin( )< nA(s,R) e Fr[P]pty

) | begin(s) > 1 A ((),R | 1) € Fr[Rp A
(s,X) —t € Fr[P]p}

1§

fT[[Pl lg PQ]]IO

1N
B e T N A e e
/N N N N N /N

In reality, we are actually defining Fr : TCSP x BIND — Mg, where BIND
stands for the set of all semantic bindings. Since our interest ultimately lies exclusively
in the subset TCSP of TCSP (in which case the choice of semantic binding becomes
irrelevant), we shall not be overly concerned with this point.




3.1 Denotational Semantics 18

I

Frla — Plp {(

0.R) [a ¢ oR)}U
{(

)

(t,a)) s, N) [t =0ANaga(X[t)A
begin(s) >t A (s,N) —t € Fr[P]p}
(.R) | ANo(R) =0}U

((t,a)) " s,N)Jac ANt=0A

ANoR [ t) =0 A begin(s) >t A

s, N) —t € Fr[P(a)]p}

), N) [ (O, R) € Fr[P]p N Fr[R]piu
R) s # () A (s,R) € Fr[PpU Fr[Pa]p A
(), N [ begin(s)) € Fr[Pi]p N Fr(P]p}
Fr[P]p U Fr[P]p

{(s,N) | I s1,82,N1,Ngu8 ESIQSQ A

[

Frla:A— P(a)p {(

{(

I

(
Fr[P1 O Pp {(«
{(s

(
Fr[P N P)p
FrP ]\3] P]p

1

Ry [(E=B)=R[(X-B)=R[(E-B)A
R, [ BURNy [ B=R [ BA

(s1, Ry [ begin(s [ {v'})) € Fr[P]p A

(s2, Ry | begin(s [ {v'})) € Fr[P2]p}

FriPi| P2]p = {(s,R)| Is1,82+8 € 51| s2 A
(s1, X [ begin(s [ {v'})) € Fr[P]p A
(s2, X | begin(s [ {v'})) € Fr[P]p}
Fr[Prs Blp = {(s,R¥) [V ¢o(s) A
(s,RU([0,end((s,N))) x {V'})) € Fr[P]p}U
{(s517°82,R) |V & a(s1) A (82,8) =t € Fr[P]p A
(517 (& V), R [tU([0,2) x {v})) € Fr[P1]p}
Fr[P\Alp = {(s \ AR)[(s,RU([0,end((s,X))) x A)) € Fr[P]p}
Frlf (P = {(R) [ (f(s), F(R) € Fr[P]p}
Frlf(P)lp = {(f(s),R)] (s, fH (X)) € Fr[P]p}
Fr[Xlp = p(X)
FripX . Plp = fix(Az.Fr[P](p[X := x])).

The following results are due to Reed [Ree88].

Proposition 3.1 Well-definedness: for any term P, and any semantic bind-
ing p, Fr[Plp € Mrp.
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Proposition 3.2 If P is a Timed CSP program (i.e., P € TCSP), then,
for any semantic bindings p and p', Fr[P]p = Fr[P]y .

We will henceforth drop mention of semantic bindings when calculating
the semantics of programs.

3.2 Operational Semantics

The contents and style of this section derive essentially from [Sch95]. We
present a collection of inference rules with the help of which any TCSP pro-
gram can be assigned a unique labelled transition system, or LTS. Such L'TS’s
are the operational counterparts of denotational process representations. A
fuller and more formal discussion of operational semantics (especially in CSP
contexts) can be found in [Ros97].

An operational semantics can usually ascribe behaviours to programs that
are not necessarily well-timed; moreover, because it is state-based, we must
equip it with a means to describe intermediate computational states which
in certain cases TCSP notation is unable to do. For this reason, we will
consider terms generated by the following less restrictive grammar:

P = STOP | SKIP | WAITt | P> P, |
CL—>P|CLIA—>P(CL)|P1DP2|P1|_|P2|
P1£P2’P1|“P2|P17P2’P\A|

fAP) [ fP) | X | pX. P

Here t can be any non-negative real number, and we have dropped any
requirement of well-timedness.? The remainder of our conventions about
Timed CSP syntax (see Section 2.1) however apply. We denote the set of
terms which this grammar generates by NODErr and the set of closed terms
(not containing free variables) by NODE rp, dropping the subscripts when
no confusion is likely. Elements of NODE are called (open) nodes whereas
elements of NODE are called (closed) nodes. We insist that our inference

2Forgoing well-timedness is not absolutely necessary, but does no harm and certainly
greatly simplifies matters in the presence of fractional delays; in addition, we will see later
on why it is convenient to be able to write certain specifications in terms of non-well-timed
nodes.
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rules only apply to closed nodes. Note that TCSP C NODFE and TCSP C
NODE.

We list a few notational conventions: a and b stand for (non-tock) visible
events, i.e., belong to ¥¥. A C ¥ and B C ¥¥. pu can be a visible event

or a silent one (u € ¥ U {r}). P -5 P’ means that the closed node P
can perform an immediate and instantaneous p-transition, and become the

closed node P’ (communicating p in the process if p is a visible event). P £

means that P cannot possibly do a p at that particular time. P <% P’ means
that P can become P’ simply by virtue of letting ¢ units of time elapse, where
t is a non-negative real number. If P and () are open nodes and X € VAR,
P[Q/X] represents the node P with @) substituted for every free occurrence
of X.

The inference rules take the general form

tecedent
M [ side condition ]
conclusion

where either antecedents or side condition, or both, can be absent. (The
side condition is an antecedent typically dealing with matters other than
transitions or evolutions.) The rules are as follows.

- (3.1)

STOP ~~ STOP
- (3.2)

SKIP ~~ SKIP

. (3.3)

SKIP — STOP
- [t <u] (3.4)

WAIT u ~» WAIT (u—t)
(3.5)

WAIT 0 — SKIP
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Py~ P
L [t1<u] (3.6)
P> P~ Pll > P
5 - (3.7)
P1 > P2 e P2
P P
s (3.8)
Pi>P, - P >P
P P
e (3.9)
P> P, P
- (3.10)
(a — P) ~ (a — P)
. (3.11)
(¢ — P) — P
t (3.12)
(a:A— P(a)) » (a: A— P(a))
- [be A] (3.13)
(a: A— P(a)) — P(b)
P, <> P Py~ P,
2 (3.14)
P P, P, P
L= 27 (3.15)

P OP, - P OP P OP - P OP,
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PP P, -% P
—— S (3.16)
P1DP2—>P1/ P1|:|P2—>P2/
- . (3.17)
Pll—]PQ—>P1 P1|—]P2—>P2
P, %P P, % P
L (3.18)
PIHPQWP1||P2
B B
P P
o (¢ B,y # V| (3.19a)
P1||P2—>P1HP2
B B
P, L P
——t—— [u g Bt V] (3.19D)
PP ——P|P
B B
P-4 pP pP-%P
L 272 e B] (3.20)
P1||P2—>P1HP2
B B
v v
P P! P. P,
L1 [/ ¢ B] 22 [/ ¢ B] (3.21)
P PP P || PP
B B
P, s P Py~ P
e (3.22)
Py || P~ Py ||| P
.
———— [p# V] (3.23a)
Py P, — P | P
P, % P
[ # V] (3.23Db)

P P, — P P
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P - P P, P, (3.24)
PR~ P PP P, '
p, %P P
e (3.25)
P PQ“")P{ ; P
v /
P P
L (3.26)
P P— P
P P
p [w# V'] (3.27)
P P, — Pll ; P
P P A.P A
vaeA-L oo (3.28)
P\A~ P\ A
gy
— la€ Al (3.20)
P\A— P\ A
Pt p
P (g Al (3.30)
P\A— P\ A
P P
— (3.31)
f(P)~ f(P)
Pt p
p [pe{r.v}] (3.32)
fHP) — [P
f(a) !
pip
— (3.33)

fHUP) = [P



3.2 Operational Semantics 24

P ”? P (3.34)
F(P) - F(P)
PP etroy) (3.35)
F(P) = f(P)
P ﬁ P (3.36)
£(P) 19 5y
(3.37)

uX.P - Pl(pX.P)/X].

The reader may have noticed that Rules 3.25 and 3.28 incorporate nega-
tive premisses (P X and P -+), which could potentially yield an inconsis-
tent definition. This does not occur, for the following reason: notice that the

— relation can be defined, independently of the NS relation, as the smallest
relation satisfying the relevant subset of rules, since no negative premisses
are involved in its definition. Once the —— relation has been defined, the
% relation can then itself be defined. Since the negative premisses are all
phrased in terms of the previously defined (and fixed) — relation, they do
not pose any problem.

We now present a number of results about the operational semantics. We
begin with some definitions.

If P and @) are open nodes, we write P = () to indicate that P and @
are syntactically identical.

If P is a closed node, we define init’..(P) to be the set of visible and silent

events that P can immediately perform: inith,(P) = {u | P <5}. We also
write init7r(P) to represent the set of visible events that P can immediately
perform: inityp(P) = inithp(P) N XY, We will usually write init”(P) and
init(P) for short when no confusion is likely.

For P a closed node, we define an execution of P to be a sequence e =
Py P2 2 P, (with n > 0), where Py = P, the P’s are nodes,

Zit1 . . . . H .
and each subsequence P; — P, in e is either a transition P, — P, (with
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zit1 = p), or an evolution P, s P11 (with z;41 = t). In addition, every such
transition or evolution must be validly allowed by the operational inference
Rules 3.1-3.37. The set of executions of P is written execrp(P), or exec(P)
for short when no confusion with notation introduced later on is likely. By
convention, writing down a transition (or sequence thereof) such as P —— P’
is equivalent to stating that P —%» P’ € exec(P); the same, naturally, goes
for evolutions.

For P a closed node, the P-rooted graph, or labelled transition system,
incorporating all of P’s possible executions is denoted LTS 7z (P), or LTS(P)
if no confusion is likely.

Every execution e gives rise to a timed T-trace abs(e) in the obvious way,
by removing nodes and evolutions from the execution, but recording events’
time of occurrence in agreement with e’s evolutions. (A timed T-trace is a
timed trace over ¥ U {7}.) The formal inductive definition of abs is as
follows:

I

abs(P) ()
abs((P —=)"e) = ((0,p)) abs(e)
abs((P ~+)"¢)

I

abs(e) + t.

The duration of an evolution e is equal to the sum of its evolutions:
dur(e) = end(abs(e)).

We then have the following results, adapted from [Sch95]. (Here P, P’, P"

are closed nodes, t,t" are non-negative real numbers, etc.).

Proposition 3.3 Time determinacy:
(P~ P AP~ P')y= P =P
Proposition 3.4 Persistency—the set of possible initial visible events re-

mains constant under evolution:
P~ P' = init(P) = init(P").
Proposition 3.5 Time continuity:

P poap.plplp



3.2 Operational Semantics 26

Proposition 3.6 Maximal progress, or T-urgency:

Py =Vt>0.AP .P% P,

Corollary 3.7

T

(PLHP s PSP Ty t=t.

Proposition 3.8 A node P can always evolve up to the time of the next T
action, or up to any time if no T action lies ahead:

thO.(ﬂP/.P«ﬁ-)P’):>(PL>\/E|t/<t7PN.P5;P//;>).

Proposition 3.9 Finite variability—a program P € TCSP cannot perform
unboundedly many actions in a finite amount of time:

Vt>0.3n=n(Pt) e N.Ve € exec(P) .dur(e) <t = fabs(e) < n.

We remark that we owe this result to the fact that programs are well-
timed. Note also that this notion of finite variability is stronger than that
postulated by Axiom TF/, since it concerns both visible and silent events.

In [Sch95], it is shown that the operational semantics just given is congru-
ent to the denotational semantics of Section 3.1, in a sense which we make
precise below. We begin with some definitions.

A set of visible events is refused by a node P if P is stable (cannot perform
a T-transition) and has no valid initial transition labelled with an event from
that set. Thus for A C ¥, we write P ref Aif P 4= A AN init(P) = 0.

An execution e of a node P is said to fail a timed failure (s,R) if the
timed trace s corresponds to the execution e, and the nodes of e can always
refuse the relevant parts of N; we then write e fail (s,X). The relation is
defined inductively on e as follows:

P fail ({),0)

(P )¢ fail (s,R)

(P —)~¢' fail (((0, )5, N)
(P W) ¢ fail (s, R)

true

¢ fail (s, N)

a# 71 A€ fail (§,R)

Pref (N[ ¢) A€ fail (s —t, N —1¢).

t T T

Finally, we define the function ® 7, which extracts the denotational rep-
resentation of a node from its set of executions.
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Definition 3.2 For P € NODE, we set

Orp(P) = {(s,N)| Je € execrp(P) . e fail (s,N)}.
We can now state the chief congruence result:

Theorem 3.10 For any TCSP program P, we have

O rp(P) = Fr[P].

3.3 The Digitisation Lemma

The single result of this section, which we call the digitisation lemma, will
enable us to relate this chapter’s continuous-time semantics for Timed CSP
to the discrete-time semantics introduced in Chapters 5 and 7. We first need
a small piece of notation. Let ¢ € R, and let 0 < € < 1 be a real number.
Decompose t into its integral and fractional parts, thus: ¢t = |t|+¢. (Here |¢]
represents the greatest integer less than or equal to t.) If £ < ¢, let [t]. = [¢],
otherwise let [t]. = [¢]. (Naturally, [¢] denotes the least integer greater than
or equal to t.) The [-]. operator therefore shifts the value of a real number
t to the preceding or following integer, depending on whether the fractional
part of ¢ is less than the ‘pivot’ € or not.

Lemma 3.11 Let P € TCSP, and let e = Py > P, > ... = P, €
execTF(P). For any 0 < € < 1, there exists an execution [e]. = P —

P 2L P € execrr(P) with the following properties:

1. The transitions and evolutions of e and [e]. are in natural one-to-one
. Zit1 . .
correspondence. More preczsely, whenever P; v P,y in e is a tran-

’L+1

sition, then so is P —— P+1 in [e]., and moreover 2., = zi41. On

the other hand, whenever P; AR P11 in e is an evolution, then so is
P — e P! in[e]e, with |21 — 24| < 1.
2. All evolutions in [e]. have integral duration.

3. Py = Py = P; in addition, P! € TCSP and initrp(P]) = inityr () for
all 0<i<n.
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4. For any prefiz e(k) = Py s Py 2 ... =5 Py of e, the corresponding
prefiz le]-(k) of le]e is such that dur([e].(k)) = [dur(e(k))]-.

Executions all of whose evolutions have integral duration are called inte-
gral executions. The integral execution [e]. as constructed above is called the
e-digitisation of e.®> The special case ¢ = 1 is particularly important: each
transition in [e]; happens at the greatest integer time less than or equal to
the time of occurrence of its vis-d-vis in e; for this reason [e]; is termed the
lower digitisation of e.

Proof (Sketch.) The proof proceeds by structural induction over Timed
CSP syntax. Among the tools it introduces and makes substantial use of
figures the notion of indexed bisimulation. It is interesting to note that the
crucial property of P required in the proof is the fact that all delays in P are
integral; well-timedness is irrelevant. Details can be found in Appendix A.

3.4 Refinement, Specification, Verification
An important partial order can be defined on P(TF), as follows:

Definition 3.3 For P,QQ C TF (and in particular for P,QQ € Mrr), we
let PCrp Q if P D Q. For P,QQ € TCSP, we write P Cpr @ to mean
fT[[P]] ;TF fT[[Q]], and P =TF Q to mean fT[[P]] = fT[[Q]]

We may drop the subscripts and write simply P C @, P = () whenever the
context is clear.

This order, known as timed failure refinement, has the following central
property (as can be verified by inspection of the relevant definitions). Here
P and () are processes:

PCQ&ePNQ=P (3.38)

For this reason, C is also referred to as the order of nondeterminism—P C )
if and only if P is ‘less deterministic’ than (), or in other words if and only
if Q’s behaviour is more predictable (in a given environment) than P’s.

3Although [e]. is not necessarily unique for a given execution e, we consider any two
such executions to be interchangeable for our purposes.
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Similar refinement orders (all obeying Equation (3.38) above) can be de-
fined in most other (timed and untimed) CSP models. These orders are
often of significantly greater importance in untimed models as they consti-
tute the basis for the computation of fixed points (whereas timed models are
usually predicated upon ultrametric spaces which rely on a different fixed-
point theory). Refinement orders also play a central rdle as specification
formalisms within untimed or discrete-time CSP models, whereas they can
prove problematic for that purpose in dense timed models (as we demonstrate
below). Nonetheless, because this work specifically studies the relationship
between discrete and continuous modelling paradigms for timed systems, it
is imperative to include refinement in our investigations. In addition, since
P=Q < (PCQAQLC P), a decision procedure for refinement yields a
decision procedure for process equivalence, a central and perennial problem
in Computer Science. (Incidentally, the converse—deciding refinement from
process equivalence—follows from Equation (3.38).)

For P C TF, let TTraces(P) be the set of timed traces of P. Using this,
we define a second notion of refinement—timed trace refinement—between
sets of timed failures (and in particular M rp processes):

Definition 3.4 For any P,QQ C TF, we let P Cpr Q if TTraces(P) 2O
TTraces(Q).

We overload the notation and extend £ 77 to TCSP programs in the obvious
way.

A major aim of the field of process algebra is to model systems so as to
be able to formulate and establish assertions concerning them. Such asser-
tions are usually termed specifications. Depending upon the model under
consideration, specifications can take wide-ranging forms. Our principal in-
terest in this thesis concerns denotational models, and accordingly we will
deal exclusively with specifications expressed in terms of these models.

In general, a specification S = S(P) on processes is simply a predicate
on P; for example it could be S(P): ‘P cannot perform any events’. This
can be expressed in English (as we have done here), mathematically ((s,R) €
P = s = ()), refinement-theoretically (STOP Cpr P or STOP Crp P), or
using some other formalism such as temporal logic. All these formulations
are easily seen to be equivalent over M rr, and in this work we shall not

4An excellent account of the use of temporal logic(s) as a specification formalism in
both Timed and untimed CSP can be found in [Jac92].
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be overly concerned with the particular formalism chosen. We do remark,
however, that expressing specifications in terms of refinement can lead to
problematic situations. For instance, one would naturally want to express the
specification S(P): ‘P cannot perform the event a’ as RUNyv _(,y Err P,
where RUN4y, = a : A — RUN 4. The problem is that RUN 4 is not a
well-timed process, and even if, as we have seen, it can easily be modelled in
an operational semantics, no-one has yet produced a consistent denotational
model in which such Zeno processes could be interpreted.®

Note that even models allowing unbounded nondeterminism (see, e.g.,
[MRS95]) place restrictions disallowing, among others, an internal choice
over the set of processes unable to perform an a. The attempt to express
S(P)as[ {Q € TCSP|Vs € TTraces(Fr[Q]).a ¢ o(s)} Crr P is therefore

also doomed.

Thus while in practice one could conceivably still express, for a given
process P, the desired specification as a refinement between P and a well-
timed process, this example shows that one cannot rigorously do so on a
general basis. We shall return to this question later on.

A process P meets, or satisfies, a specification S, if S(P) is true; in that
case we write P E S.

Specifications fall naturally into certain categories. A timed trace specifi-
cation, for example, is one that can be stated exclusively in terms of timed
traces. We are particularly (though not exclusively) interested in a type of
specifications known as behavioural specifications. A behavioural specifica-
tion is one that is universally quantified over the behaviours of processes. In
other words, S = S(P) is a behavioural specification if there is a predicate
S’(s,R) on timed failures such that, for any P,

PES&V(s,N) € P.5(s,R).

In this case we may abuse notation and identify S with S’. Note that S’
itself may be identified with a subset of TF, namely the set of (s,R) € TF
such that S’(s, W).

A safety property is a requirement that ‘nothing bad happen’. For us
this will translate as a behavioural timed trace specification: certain timed
traces are prohibited.® A liveness property is one that says ‘something good

5Aside from finite variability, the dual requirement that refusals should consist in fi-
nite unions of left-closed, right-open intervals makes embedding M 7 into a domain a
challenging problem. Contrast this with our discussion on the same topic in Section 5.3.
61t can be argued that certain specifications, which cannot be expressed entirely in
terms of timed traces, are in fact safety properties, but we will for simplicity nonetheless
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is not prevented from happening’. Thus a liveness property in general simply
corresponds to a behavioural timed failure specification, although in practice
we expect such a specification to primarily concern refusals.

Any specification S = S(P) which can be expressed, for a fixed process
@, as Q C P, is automatically behavioural. (Note that the reverse refine-
ment, P C @, is not.) Thus behavioural specifications are identified with
requirements: the implementation (P) must have all the safety and liveness
properties of the requirement (Q).

The discussion in the remainder of this section concerns behavioural spec-
ifications exclusively.

A number of techniques have been devised to help decide when a given
Timed CSP process meets a particular specification. Schneider [Sch89] and
Davies [Dav91] have produced complete proof systems, sets of rules enabling
one to derive specification satisfaction, for various models of Timed CSP. A
case study illustrating the use of such proof systems is presented in [Sch94].
These techniques, along with an impressive array of related methodologies,
however require significant prior insight before they can be reasonably applied
to particular problems, and do not appear likely to be mechanisable in their
present form.

Another technique is that of timewise refinement, introduced by Reed
in [Ree88, Reel9] and developed by Schneider in [Sch89, RRS91, Sch97]. It
can sometimes be used to establish certain untimed properties of timed pro-
cesses, by removing all timing information from them, and verifying that the
corresponding (untimed) CSP processes exhibits the properties in question.
Simple criteria exist to decide when this technique can be soundly applied. It
is clearly mechanisable (since the verification of (untimed) CSP processes it-
self is), but suffers from obvious restrictions in its applicability. Nonetheless,
it can prove enormously useful in those cases where it can be employed.

A third approach was taken by Jackson in [Jac92|, in which he devel-
ops full-fledged temporal-logic-based specification languages, and, invoking
the seminal region graphs methods of Alur, Courcoubetis, and Dill [ACD90,
ACD93|, shows how a restricted subset of Timed CSP yields processes for
which the verification of certain temporal logic specifications can always a pri-
ort be model checked. His restrictions on Timed CSP ensure that processes
remain, in a certain sense, finite state. He then translates such processes into
timed graphs, and constructs an equivalence relation which identifies states
that essentially cannot be distinguished by the clocks at hand. This yields a

stick with the proposed terminology in this work.
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finite quotient space which can then be mechanically explored. Some current
disadvantages of this technique are the sharp syntactic restrictions it imposes
on Timed CSP, as well as the constraints on the sort of specifications which
are allowable (excluding, for instance, refinement checks). It should be added
that the complexity of the resulting model checking algorithm is quite high;
we shall return to this point in Chapter 9.



Chapter 4

Discrete-Time Modelling:
Motivation

In this chapter, we aim to provide the intuition behind the constructions of
the discrete-time models presented in Chapters 5 and 7. We will look at each
of the Timed CSP operators in turn, and discuss how best to interpret them
within a CSP-based discrete-time framework. We assume some familiarity
with the standard CSP semantics ([Ros97, Sch00] are two good references),
which we will invoke throughout; however, the rest of this thesis is self-
contained (with the exception of sections 5.4 and 6.7), so that this chapter
may be skipped with no significant loss of continuity.

We will define a ‘translation’ function ¥ converting Timed CSP syntax
into CSP syntax, in such a way that the behaviours of W(P), interpreted
in a CSP framework, approximate as closely as possible those of the TCSP
program P, interpreted in the timed failures model. This translation, in other
words, should preserve as much timing information as possible. (We will not
later explicitly require ¥, nor any other of the constructs introduced in this
chapter, except in sections 5.4 and 6.7, to describe how TCSP programs can
be model checked on the automated tool FDR.)

We define ¥ inductively over Timed CSP syntax in the following few
sections.
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4.1 Event Prefixing

Consider the program () = a — P. Interpreted in M g, this process is
initially prepared to let time pass at will; there is no requirement for a to
occur within any time period. In standard CSP models, however, such a
process is of course incapable of initially communicating any tocks, which we
would interpret as ‘forcing’ a to occur within at most 