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DISCLAIMERS

* computer games
* game theory
* games logicians play

* parity games
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TOWARD A MATHEMATICAL
SEMANTICS FOR

COMPUTER LANGUAGES
1 |

this passage. The purpose of a mathematical semantics is to give ‘
a correct and meaningful correspondence between programs and
mathematical entities in a way that is entirely independent of an
implementation. This plan is illustrated in a very elementary A
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PCF (SCOTT/MILNER/PLOTKIN)
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TYPING JUDGMENTS
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TOWARDS MEANINGFUL
EORRESPONDENCES

» Operational semantics Is a compulsory element of a
formal definition of a programming language.

M —s M’

* We shall focus on several meaningful correspondences
between mathematical and operational semantics.
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FCORRECTNESS

If M —s M’ then [M] = [M'].

In particular, if + M :int and M — i then [M] = [7].



> ADEQUACLTE

The following converse would be too strong:

if [M] = [M'] then M —s M'.

Instead one aims for:

Given F M :int, if [M] = [i] then M — 1.



3. DEFINABILITY (NO JUNK)

Suppose [0] is the mathematical object corresponding to 6,
i.e. terms |+ M : 6] can be thought of as elements of [6].

vacE[[@]] EI—J\[m:Q L = |[ = M:U : ‘9]]
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BAILURE OF DEFINABICHSS

Consider the parallel-or function

0 r=0andy=20
porzy=< 1 z=#0,1Lory+#0,_L
1 otherwise

E.g. por00 =0 and porl L =por L1=1.

por turns out to be undefinable:
there is no PCF term M such that

Mdvl —1 M1div—1 MO0O—0
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CONTEXTUAL TESTING

e Contexts

g O M | Mo O
| if C'then M else M | if M then C'else M | if M then M else C
| (G AEG) [Feh

e Testing of M : 0

C|M] : int

If there exists ¢ such that C|M] —* i, we write
C|M] |} (success!).
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Intuitively, two programs should be viewed as equivalent

if they behave in the same way in any context, i.e. they

can be used interchangeably.

o ' M : 0 approxamates I' = M, : 0 if
C|M,] ) implies C|Ms] )

for any context C such that + C|[M;|, C|Ms] : int.
Then we write I' = My & M.

e T'wo terms are equivalent it one approximates the
other, written I' = M; = M,.
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[[Ml]] — [[MQ]] 1f and only 1f M1 = M2

Robin Milner (1977)



SOUNDNESS

Correctness and adequacy turn out to imply:

if [[Ml]] — [[MQ]] then M1 = MQ.

Assume [M;] = [Ms] and suppose My 2 Mo,
i.e. C|M;] |} and C[M;] | for some context C
(OI‘ C[MQ] U and O[Ml] JX)

e Correctness implies [C[M;]] = [¢] for some i.
e Adequacy implies [C[Ms]] # [i] for any .

This is a contradiction, because [M;] = [Ms]
implies [C[M;]] = [C|Ms]] by compositionality.
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My = Afintint=int Gf (£1div) then

(if (f div 1) then
(if (f00) thendivelse 1)
else div)
else div

]\425 )\fint—>int—>int. div

e Because por is not definable, we have M; = M,.

o [Mi](por) # [Mz](por), so [Mi] # [Ma].



INTRINSIC QUOTIENT

In the presence of definability (as well as correctness
and adequacy) one can construct fully abstract models
by quotienting.

This boils down to recasting the idea of contextual
testing inside the model.

Given x1, x5 € [0],
RNOERT )N —> “vye[[ﬁ—ﬁnt]]y(ajl) = y(a;2)”.
Then [---]/ ~ is fully abstract.

This kind of quotienting may be an obstacle in rea-
soning about equivalence, so one should attempt to find
more direct characterizations.



The 2017 Alonzo Church Award

r SIGLOG is delighted to announce that the 2017 Church Award goes to 6 people:
Samson Abramsky, Martin Hyland, Radha Jagadeesan, Pasquale Malacaria, Hanno
Nickau and Luke Ong for [Quoting from the official citation] “providing a fully-abstract
semantics for higher-order computation through the introduction of games models,
thereby fundamentally revolutionising the field of programming language semantics,

Land for the applied impact of these models.” J



