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A(i, j) = B(i, j, k) · c(k)

<latexit sha1_base64="u4MLGuwKxm6/BCaaPACIUKI5FPQ="></latexit>

DISTAL: Compiling Tensor 
Algebra to Distributed Machines
Rohan Yadav, Fred Kjolstad, Alex Aiken



Tensor computations are ubiquitous

2

Scientific Computing

Machine Learning

Data Analytics



Key Challenge:
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Correctness Productivity Performance



Why is achieving good performance hard?
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Optimizations are 
intertwined with 

correctness
Performance 

doesn’t compose
Variability of target 

architectures



DSLs and compilation-based approaches have 
been successful 

Halide, TVM, TACO (and many more!)



How can compilers help?
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Optimizations are 
intertwined with 

correctness
Performance 

doesn’t compose
Variability of target 

architectures

* Computation described 
abstractly 

* Algorithm described through 
schedules 

* Optimizations preserve 
correctness

* Perform global optimizations * Separate schedule for each 
backend 



What about distributed systems?
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Distributed systems exacerbate prior problems. 
We need compilers for this case too!

8

Optimizations are 
intertwined with 

correctness
Performance 

doesn’t compose
Variability of target 

architectures

* Inter-address space 
communication 

* Expensive data movement 
* Reorganize data to fit library 

interfaces

* Machines are heterogenous
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What are the right abstractions for distributed 
tensor compilation?

Simpler for end users 

Capture existing algorithms 

Generalize to all tensor programs



DISTAL

Expression

Data Distribution

Computation Distribution

Partition A, B, C into tiles

Owner Computes
Distribute i,j loops

Communicate B, C in chunks CPU

GPU

Supercomputer
A(i, j) = B(i, k) · C(k, j)

<latexit sha1_base64="WhjKX1ptmS+xQLd28qVqVjk8vEs=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAILUhJpKIbobYblxXsBdpQJpNJO2aSCTMToZQu3fgqblwo4tZHcOfbOGmz0NYfBj7+cw5nzu/GjEplWd/G0vLK6tp6biO/ubW9s2vu7bckTwQmTcwZFx0XScJoRJqKKkY6sSAodBlpu0E9rbcfiJCUR3dqFBMnRIOI+hQjpa2+eXRdpKfwvgSvYC2loAR72OMK1otB6vfNglW2poKLYGdQAJkaffOr53GchCRSmCEpu7YVK2eMhKKYkUm+l0gSIxygAelqjFBIpDOeHjKBJ9rxoM+FfpGCU/f3xBiFUo5CV3eGSA3lfC01/6t1E+VfOmMaxYkiEZ4t8hMGFYdpKtCjgmDFRhoQFlT/FeIhEggrnV1eh2DPn7wIrbOyXSmf31YK1VoWRw4cgmNQBDa4AFVwAxqgCTB4BM/gFbwZT8aL8W58zFqXjGzmAPyR8fkDXj6VxQ==</latexit>
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DISTAL: The Distributed Tensor Algebra Compiler
Decouple computation, performance optimizations, and data distribution



Modeling Machines

11

DISTAL

Expression

Data Distribution

Computation Distribution

Partition A into tiles
Replicate B onto all nodes

Place C onto only some nodes 

Owner Computes
Distribute i,j loops

Communicate in chunks

CPU

GPU

Supercomputer
A(i, j) = B(i, k) · C(k, j)

<latexit sha1_base64="NFU5cTl6x6q5AjetwlqsE/JyfEQ=">AAACB3icbZDLSsNAFIYnXmu9RV0KMliEFkpJpKIbobYblxXsBdpQJpNpO81kEmYmQgndufFV3LhQxK2v4M63cdpmoa0/DHz85xzOnN+NGJXKsr6NldW19Y3NzFZ2e2d3b988OGzKMBaYNHDIQtF2kSSMctJQVDHSjgRBgctIy/Vr03rrgQhJQ36vxhFxAjTgtE8xUtrqmSc3eVocFeA1rGqAfgF2sRcqWMv7RTgq9MycVbJmgstgp5ADqeo986vrhTgOCFeYISk7thUpJ0FCUczIJNuNJYkQ9tGAdDRyFBDpJLM7JvBMOx7sh0I/ruDM/T2RoEDKceDqzgCpoVysTc3/ap1Y9a+chPIoVoTj+aJ+zKAK4TQU6FFBsGJjDQgLqv8K8RAJhJWOLqtDsBdPXobmeckuly7uyrlKNY0jA47BKcgDG1yCCrgFddAAGDyCZ/AK3own48V4Nz7mrStGOnME/sj4/AEEQ5Wb</latexit>

a = B(i, j, k) · C(i, j, k)

<latexit sha1_base64="TZQ2Sr+PPD5SA96Jwc44JRVyc9c=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahQikzUtGNUNqNywr2Ae1QMpm0jc0kQ5IRytClG3/FjQtF3PoJ7vwb03YQrR64cDjnXu69x48YVdpxPq3M0vLK6lp2PbexubW9Y+/uNZWIJSYNLJiQbR8pwignDU01I+1IEhT6jLT8UW3qt+6IVFTwGz2OiBeiAad9ipE2Us8+RPASVgu0CG+LcHQCuzgQGta+hZ6dd0rODPAvcVOSBynqPfujGwgch4RrzJBSHdeJtJcgqSlmZJLrxopECI/QgHQM5Sgkyktmj0zgsVEC2BfSFNdwpv6cSFCo1Dj0TWeI9FAtelPxP68T6/6Fl1AexZpwPF/UjxnUAk5TgQGVBGs2NgRhSc2tEA+RRFib7HImBHfx5b+keVpyy6Wz63K+Uk3jyIIDcAQKwAXnoAKuQB00AAb34BE8gxfrwXqyXq23eWvGSmf2wS9Y71+LTZXg</latexit>

A(i, l) = B(i, j, k) · C(j, l) ·D(k, l)

<latexit sha1_base64="F4v+GGqeTOiLYeDfFzIJYb2rHz0=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VooZREKroRauvCZQXbCm0pk8mknWbyYGYilNDfcOOvuHGhiEtd+TdO0iy09cDAuefcy517rJBRIQ3jW8utrK6tb+Q3C1vbO7t7+v5BRwQRx6SNAxbwewsJwqhP2pJKRu5DTpBnMdK13Gbidx8IFzTw7+Q0JAMPjXzqUIykkoa6cVWiFcjK8BI2EjapQLcM+9gOJGyWJqk1r65LblIN9aJRNVLAZWJmpAgytIb6Z98OcOQRX2KGhOiZRigHMeKSYkZmhX4kSIiwi0akp6iPPCIGcXrZDJ4oxYZOwNXzJUzV3xMx8oSYepbq9JAci0UvEf/zepF0LgYx9cNIEh/PFzkRgzKASUzQppxgyaaKIMyp+ivEY8QRlirMggrBXDx5mXROq2atenZbK9YbWRx5cASOQQmY4BzUwQ1ogTbA4BE8g1fwpj1pL9q79jFvzWnZzCH4A+3rB6jOmyY=</latexit>

A(i, j, l) = B(i, j, k) · C(k, l)

<latexit sha1_base64="LLkPCxCMaI9i+Fe4OPGcKcg9yCI=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XQQimJVHQj1HbjsoJ9QBvKZDJpx0wezEyEEvoFbvwVNy4UcevanX/jpM1CWw9cOHPOvcy9x44YFdIwvrXc2vrG5lZ+u7Czu7d/oB8edUUYc0w6OGQh79tIEEYD0pFUMtKPOEG+zUjP9lqp33sgXNAwuJPTiFg+GgfUpRhJJY300nWZVuF9FbIKvILN7OFV4BA7oYStspdaI71o1Iw54CoxM1IEGdoj/WvohDj2SSAxQ0IMTCOSVoK4pJiRWWEYCxIh7KExGSgaIJ8IK5mfM4MlpTjQDbmqQMK5+nsiQb4QU99WnT6SE7HspeJ/3iCW7qWV0CCKJQnw4iM3ZlCGMM0GOpQTLNlUEYQ5VbtCPEEcYakSLKgQzOWTV0n3rGbWa+e39WKjmcWRByfgFJSBCS5AA9yANugADB7BM3gFb9qT9qK9ax+L1pyWzRyDP9A+fwCbPJdx</latexit>

A(i, j) = B(i, j, k) · c(k)

<latexit sha1_base64="/GcUn8ghDgoPgqdrZIYp4CM4U2g=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAILZSSSEU3Qq0blxXsBdpQJpNJO2YyCTMToZQu3fgqblwo4tZHcOfbOGmz0NYfBj7+cw5zzu/GjEplWd/G0vLK6tp6biO/ubW9s2vu7bdklAhMmjhikei4SBJGOWkqqhjpxIKg0GWk7QbXab39QISkEb9To5g4IRpw6lOMlLb65tFVkZbhfQlewvqUyjAowR72IgVxMSj1zYJVsaaCi2BnUACZGn3zq+dFOAkJV5ghKbu2FStnjISimJFJvpdIEiMcoAHpauQoJNIZTw+ZwBPteNCPhH5cL5C6vyfGKJRyFLq6M0RqKOdrqflfrZso/8IZUx4ninA8+8hPGFQRTFOBHhUEKzbSgLCgeleIh0ggrHR2eR2CPX/yIrROK3a1cnZbLdTqWRw5cAiOQRHY4BzUwA1ogCbA4BE8g1fwZjwZL8a78TFrXTKymQPwR8bnD40eleU=</latexit>



View machines as hyper-rectangular grids of processors, where each processor 
has a local memory


Expose locality in the physical machine


Structure machine like target computations

12
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Distributing Data

DISTAL

Expression

Data Distribution

Computation Distribution

Partition A into tiles
Replicate B onto all nodes

Place C onto only some nodes 

Owner Computes
Distribute i,j loops

Communicate in chunks

CPU

GPU

Supercomputer
A(i, j) = B(i, k) · C(k, j)

<latexit sha1_base64="NFU5cTl6x6q5AjetwlqsE/JyfEQ=">AAACB3icbZDLSsNAFIYnXmu9RV0KMliEFkpJpKIbobYblxXsBdpQJpNpO81kEmYmQgndufFV3LhQxK2v4M63cdpmoa0/DHz85xzOnN+NGJXKsr6NldW19Y3NzFZ2e2d3b988OGzKMBaYNHDIQtF2kSSMctJQVDHSjgRBgctIy/Vr03rrgQhJQ36vxhFxAjTgtE8xUtrqmSc3eVocFeA1rGqAfgF2sRcqWMv7RTgq9MycVbJmgstgp5ADqeo986vrhTgOCFeYISk7thUpJ0FCUczIJNuNJYkQ9tGAdDRyFBDpJLM7JvBMOx7sh0I/ruDM/T2RoEDKceDqzgCpoVysTc3/ap1Y9a+chPIoVoTj+aJ+zKAK4TQU6FFBsGJjDQgLqv8K8RAJhJWOLqtDsBdPXobmeckuly7uyrlKNY0jA47BKcgDG1yCCrgFddAAGDyCZ/AK3own48V4Nz7mrStGOnME/sj4/AEEQ5Wb</latexit>

a = B(i, j, k) · C(i, j, k)

<latexit sha1_base64="TZQ2Sr+PPD5SA96Jwc44JRVyc9c=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahQikzUtGNUNqNywr2Ae1QMpm0jc0kQ5IRytClG3/FjQtF3PoJ7vwb03YQrR64cDjnXu69x48YVdpxPq3M0vLK6lp2PbexubW9Y+/uNZWIJSYNLJiQbR8pwignDU01I+1IEhT6jLT8UW3qt+6IVFTwGz2OiBeiAad9ipE2Us8+RPASVgu0CG+LcHQCuzgQGta+hZ6dd0rODPAvcVOSBynqPfujGwgch4RrzJBSHdeJtJcgqSlmZJLrxopECI/QgHQM5Sgkyktmj0zgsVEC2BfSFNdwpv6cSFCo1Dj0TWeI9FAtelPxP68T6/6Fl1AexZpwPF/UjxnUAk5TgQGVBGs2NgRhSc2tEA+RRFib7HImBHfx5b+keVpyy6Wz63K+Uk3jyIIDcAQKwAXnoAKuQB00AAb34BE8gxfrwXqyXq23eWvGSmf2wS9Y71+LTZXg</latexit>

A(i, l) = B(i, j, k) · C(j, l) ·D(k, l)

<latexit sha1_base64="F4v+GGqeTOiLYeDfFzIJYb2rHz0=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VooZREKroRauvCZQXbCm0pk8mknWbyYGYilNDfcOOvuHGhiEtd+TdO0iy09cDAuefcy517rJBRIQ3jW8utrK6tb+Q3C1vbO7t7+v5BRwQRx6SNAxbwewsJwqhP2pJKRu5DTpBnMdK13Gbidx8IFzTw7+Q0JAMPjXzqUIykkoa6cVWiFcjK8BI2EjapQLcM+9gOJGyWJqk1r65LblIN9aJRNVLAZWJmpAgytIb6Z98OcOQRX2KGhOiZRigHMeKSYkZmhX4kSIiwi0akp6iPPCIGcXrZDJ4oxYZOwNXzJUzV3xMx8oSYepbq9JAci0UvEf/zepF0LgYx9cNIEh/PFzkRgzKASUzQppxgyaaKIMyp+ivEY8QRlirMggrBXDx5mXROq2atenZbK9YbWRx5cASOQQmY4BzUwQ1ogTbA4BE8g1fwpj1pL9q79jFvzWnZzCH4A+3rB6jOmyY=</latexit>

A(i, j, l) = B(i, j, k) · C(k, l)

<latexit sha1_base64="LLkPCxCMaI9i+Fe4OPGcKcg9yCI=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XQQimJVHQj1HbjsoJ9QBvKZDJpx0wezEyEEvoFbvwVNy4UcevanX/jpM1CWw9cOHPOvcy9x44YFdIwvrXc2vrG5lZ+u7Czu7d/oB8edUUYc0w6OGQh79tIEEYD0pFUMtKPOEG+zUjP9lqp33sgXNAwuJPTiFg+GgfUpRhJJY300nWZVuF9FbIKvILN7OFV4BA7oYStspdaI71o1Iw54CoxM1IEGdoj/WvohDj2SSAxQ0IMTCOSVoK4pJiRWWEYCxIh7KExGSgaIJ8IK5mfM4MlpTjQDbmqQMK5+nsiQb4QU99WnT6SE7HspeJ/3iCW7qWV0CCKJQnw4iM3ZlCGMM0GOpQTLNlUEYQ5VbtCPEEcYakSLKgQzOWTV0n3rGbWa+e39WKjmcWRByfgFJSBCS5AA9yANugADB7BM3gFb9qT9qK9ax+L1pyWzRyDP9A+fwCbPJdx</latexit>

A(i, j) = B(i, j, k) · c(k)

<latexit sha1_base64="/GcUn8ghDgoPgqdrZIYp4CM4U2g=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAILZSSSEU3Qq0blxXsBdpQJpNJO2YyCTMToZQu3fgqblwo4tZHcOfbOGmz0NYfBj7+cw5zzu/GjEplWd/G0vLK6tp6biO/ubW9s2vu7bdklAhMmjhikei4SBJGOWkqqhjpxIKg0GWk7QbXab39QISkEb9To5g4IRpw6lOMlLb65tFVkZbhfQlewvqUyjAowR72IgVxMSj1zYJVsaaCi2BnUACZGn3zq+dFOAkJV5ghKbu2FStnjISimJFJvpdIEiMcoAHpauQoJNIZTw+ZwBPteNCPhH5cL5C6vyfGKJRyFLq6M0RqKOdrqflfrZso/8IZUx4ninA8+8hPGFQRTFOBHhUEKzbSgLCgeleIh0ggrHR2eR2CPX/yIrROK3a1cnZbLdTqWRw5cAiOQRHY4BzUwA1ogCbA4BE8g1fwZjwZL8a78TFrXTKymQPwR8bnD40eleU=</latexit>



Tensor Distribution Notation
Describe how dimensions of a tensor     map onto a machine     T

<latexit sha1_base64="Trl04Corczb24Cj9modot/Qt6es=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+peo3792Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4Aj8WRcg==</latexit>

M

<latexit sha1_base64="Qslk45o8MXors0UmQlwtuuoiWPo=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe4365UOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4UikWs=</latexit>

Name each dimension of       and  M

<latexit sha1_base64="Qslk45o8MXors0UmQlwtuuoiWPo=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe4365UOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4UikWs=</latexit>

T

<latexit sha1_base64="Trl04Corczb24Cj9modot/Qt6es=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+peo3792Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4Aj8WRcg==</latexit>

Dimensions of      are partitioned by dimensions of          with the same nameT

<latexit sha1_base64="Trl04Corczb24Cj9modot/Qt6es=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+peo3792Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4Aj8WRcg==</latexit>

M

<latexit sha1_base64="Qslk45o8MXors0UmQlwtuuoiWPo=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe4365UOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4UikWs=</latexit>
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T xy 7!x M

<latexit sha1_base64="GoEe2pP85pf+x6pqOIHxpBGfOLM="></latexit>



15

T

<latexit sha1_base64="Trl04Corczb24Cj9modot/Qt6es=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+peo3792Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4Aj8WRcg==</latexit>

M

<latexit sha1_base64="Qslk45o8MXors0UmQlwtuuoiWPo=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe4365UOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4UikWs=</latexit>

T x 7!x M

<latexit sha1_base64="GlOojykMuRUePHdmvFs9Wwg9WMI="></latexit>
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T

<latexit sha1_base64="Trl04Corczb24Cj9modot/Qt6es=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+peo3792Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4Aj8WRcg==</latexit>

T xy 7!x M

<latexit sha1_base64="E0/nb7aOW52N0CBBtONpJ082Qig="></latexit>

M

<latexit sha1_base64="Qslk45o8MXors0UmQlwtuuoiWPo=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe4365UOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4UikWs=</latexit>
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T

<latexit sha1_base64="Trl04Corczb24Cj9modot/Qt6es=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+peo3792Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4Aj8WRcg==</latexit>

M

<latexit sha1_base64="Qslk45o8MXors0UmQlwtuuoiWPo=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe4365UOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4UikWs=</latexit>

T xy 7!xy M

<latexit sha1_base64="TieQ2rUIx7uoP9pdF+lV4NNb9JM="></latexit>
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T

<latexit sha1_base64="Trl04Corczb24Cj9modot/Qt6es=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+peo3792Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4Aj8WRcg==</latexit>

M

<latexit sha1_base64="Qslk45o8MXors0UmQlwtuuoiWPo=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe4365UOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4UikWs=</latexit>

T xyz 7!xy M

<latexit sha1_base64="9Sq8FOrF+HfOjDWSSZt6KNzEihU="></latexit>
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T

<latexit sha1_base64="Trl04Corczb24Cj9modot/Qt6es=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+peo3792Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4Aj8WRcg==</latexit>

M

<latexit sha1_base64="Qslk45o8MXors0UmQlwtuuoiWPo=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe4365UOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4UikWs=</latexit>

T xy 7!xy* M

<latexit sha1_base64="zNXHLZcZ0qcHXIz6dhrTNI2eVfg="></latexit>
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T

<latexit sha1_base64="Trl04Corczb24Cj9modot/Qt6es=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+peo3792Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4Aj8WRcg==</latexit>

M

<latexit sha1_base64="Qslk45o8MXors0UmQlwtuuoiWPo=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe4365UOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4UikWs=</latexit>

T xy 7!xy0 M

<latexit sha1_base64="8GueyBeWP4Qm7slUlcUwalYVZqY="></latexit>
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Distributing Computation

DISTAL

Expression

Data Distribution

Computation Distribution

Partition A into tiles
Replicate B onto all nodes

Place C onto only some nodes 

Owner Computes
Distribute i,j loops

Communicate in chunks

CPU

GPU

Supercomputer
A(i, j) = B(i, k) · C(k, j)

<latexit sha1_base64="NFU5cTl6x6q5AjetwlqsE/JyfEQ=">AAACB3icbZDLSsNAFIYnXmu9RV0KMliEFkpJpKIbobYblxXsBdpQJpNpO81kEmYmQgndufFV3LhQxK2v4M63cdpmoa0/DHz85xzOnN+NGJXKsr6NldW19Y3NzFZ2e2d3b988OGzKMBaYNHDIQtF2kSSMctJQVDHSjgRBgctIy/Vr03rrgQhJQ36vxhFxAjTgtE8xUtrqmSc3eVocFeA1rGqAfgF2sRcqWMv7RTgq9MycVbJmgstgp5ADqeo986vrhTgOCFeYISk7thUpJ0FCUczIJNuNJYkQ9tGAdDRyFBDpJLM7JvBMOx7sh0I/ruDM/T2RoEDKceDqzgCpoVysTc3/ap1Y9a+chPIoVoTj+aJ+zKAK4TQU6FFBsGJjDQgLqv8K8RAJhJWOLqtDsBdPXobmeckuly7uyrlKNY0jA47BKcgDG1yCCrgFddAAGDyCZ/AK3own48V4Nz7mrStGOnME/sj4/AEEQ5Wb</latexit>

a = B(i, j, k) · C(i, j, k)

<latexit sha1_base64="TZQ2Sr+PPD5SA96Jwc44JRVyc9c=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahQikzUtGNUNqNywr2Ae1QMpm0jc0kQ5IRytClG3/FjQtF3PoJ7vwb03YQrR64cDjnXu69x48YVdpxPq3M0vLK6lp2PbexubW9Y+/uNZWIJSYNLJiQbR8pwignDU01I+1IEhT6jLT8UW3qt+6IVFTwGz2OiBeiAad9ipE2Us8+RPASVgu0CG+LcHQCuzgQGta+hZ6dd0rODPAvcVOSBynqPfujGwgch4RrzJBSHdeJtJcgqSlmZJLrxopECI/QgHQM5Sgkyktmj0zgsVEC2BfSFNdwpv6cSFCo1Dj0TWeI9FAtelPxP68T6/6Fl1AexZpwPF/UjxnUAk5TgQGVBGs2NgRhSc2tEA+RRFib7HImBHfx5b+keVpyy6Wz63K+Uk3jyIIDcAQKwAXnoAKuQB00AAb34BE8gxfrwXqyXq23eWvGSmf2wS9Y71+LTZXg</latexit>

A(i, l) = B(i, j, k) · C(j, l) ·D(k, l)

<latexit sha1_base64="F4v+GGqeTOiLYeDfFzIJYb2rHz0=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VooZREKroRauvCZQXbCm0pk8mknWbyYGYilNDfcOOvuHGhiEtd+TdO0iy09cDAuefcy517rJBRIQ3jW8utrK6tb+Q3C1vbO7t7+v5BRwQRx6SNAxbwewsJwqhP2pJKRu5DTpBnMdK13Gbidx8IFzTw7+Q0JAMPjXzqUIykkoa6cVWiFcjK8BI2EjapQLcM+9gOJGyWJqk1r65LblIN9aJRNVLAZWJmpAgytIb6Z98OcOQRX2KGhOiZRigHMeKSYkZmhX4kSIiwi0akp6iPPCIGcXrZDJ4oxYZOwNXzJUzV3xMx8oSYepbq9JAci0UvEf/zepF0LgYx9cNIEh/PFzkRgzKASUzQppxgyaaKIMyp+ivEY8QRlirMggrBXDx5mXROq2atenZbK9YbWRx5cASOQQmY4BzUwQ1ogTbA4BE8g1fwpj1pL9q79jFvzWnZzCH4A+3rB6jOmyY=</latexit>

A(i, j, l) = B(i, j, k) · C(k, l)

<latexit sha1_base64="LLkPCxCMaI9i+Fe4OPGcKcg9yCI=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XQQimJVHQj1HbjsoJ9QBvKZDJpx0wezEyEEvoFbvwVNy4UcevanX/jpM1CWw9cOHPOvcy9x44YFdIwvrXc2vrG5lZ+u7Czu7d/oB8edUUYc0w6OGQh79tIEEYD0pFUMtKPOEG+zUjP9lqp33sgXNAwuJPTiFg+GgfUpRhJJY300nWZVuF9FbIKvILN7OFV4BA7oYStspdaI71o1Iw54CoxM1IEGdoj/WvohDj2SSAxQ0IMTCOSVoK4pJiRWWEYCxIh7KExGSgaIJ8IK5mfM4MlpTjQDbmqQMK5+nsiQb4QU99WnT6SE7HspeJ/3iCW7qWV0CCKJQnw4iM3ZlCGMM0GOpQTLNlUEYQ5VbtCPEEcYakSLKgQzOWTV0n3rGbWa+e39WKjmcWRByfgFJSBCS5AA9yANugADB7BM3gFb9qT9qK9ax+L1pyWzRyDP9A+fwCbPJdx</latexit>

A(i, j) = B(i, j, k) · c(k)

<latexit sha1_base64="/GcUn8ghDgoPgqdrZIYp4CM4U2g=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAILZSSSEU3Qq0blxXsBdpQJpNJO2YyCTMToZQu3fgqblwo4tZHcOfbOGmz0NYfBj7+cw5zzu/GjEplWd/G0vLK6tp6biO/ubW9s2vu7bdklAhMmjhikei4SBJGOWkqqhjpxIKg0GWk7QbXab39QISkEb9To5g4IRpw6lOMlLb65tFVkZbhfQlewvqUyjAowR72IgVxMSj1zYJVsaaCi2BnUACZGn3zq+dFOAkJV5ghKbu2FStnjISimJFJvpdIEiMcoAHpauQoJNIZTw+ZwBPteNCPhH5cL5C6vyfGKJRyFLq6M0RqKOdrqflfrZso/8IZUx4ninA8+8hPGFQRTFOBHhUEKzbSgLCgeleIh0ggrHR2eR2CPX/yIrROK3a1cnZbLdTqWRw5cAiOQRHY4BzUwA1ogCbA4BE8g1fwZjwZL8a78TFrXTKymQPwR8bnD40eleU=</latexit>



Iteration Spaces
Hyper-rectangular grid of points representing each point in a set of nested loops
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(i, j) 2 {0, 1, 2}⇥ {0, 1, 2}

<latexit sha1_base64="YmCbM9DPufZ0Vf6k/aAaxwoXQzk=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOQQAh3IaJl0MYygvmAXAh7m71kdW/v2J0TwpHfYONfsbFQxNbKzn/jJrkiJj4YeLw3w8w8LxJcg23/WJm19Y3Nrex2bmd3b/8gf3jU0mGsKGvSUISq4xHNBJesCRwE60SKkcATrO09XE/99iNTmofyDsYR6wVkKLnPKQEj9fOlIi/j+xJ2ucRuYpexU8ZVd4Jd4AHTi1I/X7Ar9gx4lTgpKaAUjX7+2x2ENA6YBCqI1l3HjqCXEAWcCjbJubFmEaEPZMi6hkpiFvaS2UsTfGaUAfZDZUoCnqmLEwkJtB4HnukMCIz0sjcV//O6MfiXvYTLKAYm6XyRHwsMIZ7mgwdcMQpibAihiptbMR0RRSiYFHMmBGf55VXSqlacWuX8tlaoX6VxZNEJOkVF5KALVEc3qIGaiKIn9ILe0Lv1bL1aH9bnvDVjpTPH6A+sr1+HJ5mk</latexit>

8i a(i) =
X

j

b(j)

<latexit sha1_base64="gHGQ6AUqfgiHVakAjmiIC04RHzI="></latexit>



Execution Spaces
Space of all processors in       cross a time dimension
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M

<latexit sha1_base64="Qslk45o8MXors0UmQlwtuuoiWPo=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe4365UOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4UikWs=</latexit>

(i, j) 2 {0, 1, 2}⇥ {0, 1, 2}

<latexit sha1_base64="YmCbM9DPufZ0Vf6k/aAaxwoXQzk=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOQQAh3IaJl0MYygvmAXAh7m71kdW/v2J0TwpHfYONfsbFQxNbKzn/jJrkiJj4YeLw3w8w8LxJcg23/WJm19Y3Nrex2bmd3b/8gf3jU0mGsKGvSUISq4xHNBJesCRwE60SKkcATrO09XE/99iNTmofyDsYR6wVkKLnPKQEj9fOlIi/j+xJ2ucRuYpexU8ZVd4Jd4AHTi1I/X7Ar9gx4lTgpKaAUjX7+2x2ENA6YBCqI1l3HjqCXEAWcCjbJubFmEaEPZMi6hkpiFvaS2UsTfGaUAfZDZUoCnqmLEwkJtB4HnukMCIz0sjcV//O6MfiXvYTLKAYm6XyRHwsMIZ7mgwdcMQpibAihiptbMR0RRSiYFHMmBGf55VXSqlacWuX8tlaoX6VxZNEJOkVF5KALVEc3qIGaiKIn9ILe0Lv1bL1aH9bnvDVjpTPH6A+sr1+HJ5mk</latexit>

Time

P0

<latexit sha1_base64="M7qFdiCX5JFTb5yE6ffcP4SmUro=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHPxY1/</latexit>

(0, 0) (0, 1) (0, 2) (1, 0) (1, 1) (1, 2) (2, 0) (2, 1) (2, 2)

8i a(i) =
X

j

b(j)

<latexit sha1_base64="gHGQ6AUqfgiHVakAjmiIC04RHzI="></latexit>



Scheduling
Change execution of iteration space through scheduling transformations
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Time

(0, 0) (0, 1) (0, 2)

(1, 0) (1, 1) (1, 2)

(2, 0) (2, 1) (2, 2)

P1

<latexit sha1_base64="WpCoeZtPNYk9u0beZSaZ4VJX/0M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHRSY2A</latexit>

P2

<latexit sha1_base64="h+k5FtoORNYW2+zexeegS+uCmSc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Tf7tX654lbdOcgq8XJSgRzNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF75mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq6Rdq3r16sVdvdK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/SzY2B</latexit>

P0

<latexit sha1_base64="M7qFdiCX5JFTb5yE6ffcP4SmUro=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHPxY1/</latexit>

Time

P0

<latexit sha1_base64="M7qFdiCX5JFTb5yE6ffcP4SmUro=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHPxY1/</latexit>

(0, 0) (0, 1) (0, 2) (1, 0) (1, 1) (1, 2) (2, 0) (2, 1) (2, 2) distribute(i)

distribute
(i, j) 2 {0, 1, 2}⇥ {0, 1, 2}

<latexit sha1_base64="YmCbM9DPufZ0Vf6k/aAaxwoXQzk=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOQQAh3IaJl0MYygvmAXAh7m71kdW/v2J0TwpHfYONfsbFQxNbKzn/jJrkiJj4YeLw3w8w8LxJcg23/WJm19Y3Nrex2bmd3b/8gf3jU0mGsKGvSUISq4xHNBJesCRwE60SKkcATrO09XE/99iNTmofyDsYR6wVkKLnPKQEj9fOlIi/j+xJ2ucRuYpexU8ZVd4Jd4AHTi1I/X7Ar9gx4lTgpKaAUjX7+2x2ENA6YBCqI1l3HjqCXEAWcCjbJubFmEaEPZMi6hkpiFvaS2UsTfGaUAfZDZUoCnqmLEwkJtB4HnukMCIz0sjcV//O6MfiXvYTLKAYm6XyRHwsMIZ7mgwdcMQpibAihiptbMR0RRSiYFHMmBGf55VXSqlacWuX8tlaoX6VxZNEJOkVF5KALVEc3qIGaiKIn9ILe0Lv1bL1aH9bnvDVjpTPH6A+sr1+HJ5mk</latexit>

8i a(i) =
X

j

b(j)

<latexit sha1_base64="gHGQ6AUqfgiHVakAjmiIC04RHzI="></latexit>



Time

P0

<latexit sha1_base64="M7qFdiCX5JFTb5yE6ffcP4SmUro=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHPxY1/</latexit>

(0, 0) (0, 1) (0, 2)

(1, 0) (1, 1) (1, 2)

(2, 0) (2, 1) (2, 2)

P1

<latexit sha1_base64="WpCoeZtPNYk9u0beZSaZ4VJX/0M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHRSY2A</latexit>

P2

<latexit sha1_base64="h+k5FtoORNYW2+zexeegS+uCmSc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Tf7tX654lbdOcgq8XJSgRzNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF75mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq6Rdq3r16sVdvdK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/SzY2B</latexit>

[0]

[1]

[2]

[0]

[1]

[2]

fet
ch

 b[
0]

fet
ch

 b[
1]

fet
ch

 b[
2]

a b
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What about communication?

Insert communication at each iteration space point, as needed

Time

P0

<latexit sha1_base64="M7qFdiCX5JFTb5yE6ffcP4SmUro=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHPxY1/</latexit>

(0, 0) (0, 1) (0, 2)

(1, 0) (1, 1) (1, 2)

(2, 0) (2, 1) (2, 2)

P1

<latexit sha1_base64="WpCoeZtPNYk9u0beZSaZ4VJX/0M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHRSY2A</latexit>

P2

<latexit sha1_base64="h+k5FtoORNYW2+zexeegS+uCmSc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Tf7tX654lbdOcgq8XJSgRzNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF75mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq6Rdq3r16sVdvdK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/SzY2B</latexit>

[0]

[1]

[2]

[0]

[1]

[2]

a b

a x 7!x M

<latexit sha1_base64="up+Rv0+Ewt7q6IaCwPhO64KyTTE="></latexit>

b x 7!x M

<latexit sha1_base64="bAl1idkAY1zXx3y5HmmUWf9cRAs="></latexit>

s.t.8i a(i) =
X

j

b(j)

<latexit sha1_base64="gHGQ6AUqfgiHVakAjmiIC04RHzI="></latexit>



Time

P0

<latexit sha1_base64="M7qFdiCX5JFTb5yE6ffcP4SmUro=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHPxY1/</latexit>

(0, 0) (0, 1) (0, 2)

(1, 0) (1, 1) (1, 2)

(2, 0) (2, 1) (2, 2)

P1

<latexit sha1_base64="WpCoeZtPNYk9u0beZSaZ4VJX/0M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHRSY2A</latexit>

P2

<latexit sha1_base64="h+k5FtoORNYW2+zexeegS+uCmSc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Tf7tX654lbdOcgq8XJSgRzNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF75mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq6Rdq3r16sVdvdK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/SzY2B</latexit>

[0]

[1]

[2]

[0]

[1]

[2]

fet
ch

 b[
0],

    
    

 b[
1],

    
    

b[2
]

a b
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communicate(b, i)

communicate

Time

P0

<latexit sha1_base64="M7qFdiCX5JFTb5yE6ffcP4SmUro=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHPxY1/</latexit>

(0, 0) (0, 1) (0, 2)

(1, 0) (1, 1) (1, 2)

(2, 0) (2, 1) (2, 2)

P1

<latexit sha1_base64="WpCoeZtPNYk9u0beZSaZ4VJX/0M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHRSY2A</latexit>

P2

<latexit sha1_base64="h+k5FtoORNYW2+zexeegS+uCmSc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Tf7tX654lbdOcgq8XJSgRzNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF75mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq6Rdq3r16sVdvdK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/SzY2B</latexit>

[0]

[1]

[2]

[0]

[1]

[2]

fet
ch

 b[
0]

fet
ch

 b[
1]

fet
ch

 b[
2]

a b

a x 7!x M

<latexit sha1_base64="up+Rv0+Ewt7q6IaCwPhO64KyTTE="></latexit>

b x 7!x M

<latexit sha1_base64="bAl1idkAY1zXx3y5HmmUWf9cRAs="></latexit>

Tradeoff: memory vs communication frequency!

s.t.8i a(i) =
X

j

b(j)

<latexit sha1_base64="gHGQ6AUqfgiHVakAjmiIC04RHzI="></latexit>



Time

P0

<latexit sha1_base64="M7qFdiCX5JFTb5yE6ffcP4SmUro=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHPxY1/</latexit>

(0, 0) (0, 1) (0, 2)

(1, 0) (1, 1) (1, 2)

(2, 0) (2, 1) (2, 2)

P1

<latexit sha1_base64="WpCoeZtPNYk9u0beZSaZ4VJX/0M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHRSY2A</latexit>

P2

<latexit sha1_base64="h+k5FtoORNYW2+zexeegS+uCmSc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Tf7tX654lbdOcgq8XJSgRzNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF75mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq6Rdq3r16sVdvdK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/SzY2B</latexit>

[0]

[1]

[2]

[0]

[1]

[2]

fet
ch

 b[
0]

fet
ch

 b[
1]

fet
ch

 b[
2]

a b

Breaking symmetry with rotate
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Time

P0

<latexit sha1_base64="M7qFdiCX5JFTb5yE6ffcP4SmUro=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHPxY1/</latexit>

(0, 0) (0, 1) (0, 2)

(1, 0) (1, 1) (1, 2)

(2, 0) (2, 1) (2, 2)

P1

<latexit sha1_base64="WpCoeZtPNYk9u0beZSaZ4VJX/0M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHRSY2A</latexit>

P2

<latexit sha1_base64="h+k5FtoORNYW2+zexeegS+uCmSc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Tf7tX654lbdOcgq8XJSgRzNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF75mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq6Rdq3r16sVdvdK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/SzY2B</latexit>

[0]

[1]

[2]

[0]

[1]

[2]

a b

b[0]

b[1]

b[2]

a x 7!x M

<latexit sha1_base64="up+Rv0+Ewt7q6IaCwPhO64KyTTE="></latexit>

b x 7!x M

<latexit sha1_base64="bAl1idkAY1zXx3y5HmmUWf9cRAs="></latexit>

s.t.8i a(i) =
X

j

b(j)

<latexit sha1_base64="gHGQ6AUqfgiHVakAjmiIC04RHzI="></latexit>
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rotate(j, i)

rotate

Time

P0

<latexit sha1_base64="M7qFdiCX5JFTb5yE6ffcP4SmUro=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHPxY1/</latexit>

(0, 0) (0, 1) (0, 2)

(1, 0) (1, 1) (1, 2)

(2, 0) (2, 1) (2, 2)

P1

<latexit sha1_base64="WpCoeZtPNYk9u0beZSaZ4VJX/0M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHRSY2A</latexit>

P2

<latexit sha1_base64="h+k5FtoORNYW2+zexeegS+uCmSc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Tf7tX654lbdOcgq8XJSgRzNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF75mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq6Rdq3r16sVdvdK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/SzY2B</latexit>

[0]

[1]

[2]

[0]

[1]

[2]

a b

b[0]

b[1]

b[2]

Time

P0

<latexit sha1_base64="M7qFdiCX5JFTb5yE6ffcP4SmUro=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHPxY1/</latexit>

(0, 0) (0, 1) (0, 2)

(1, 1) (1, 2) (1, 0)

(2, 2) (2, 0) (2, 1)

P1

<latexit sha1_base64="WpCoeZtPNYk9u0beZSaZ4VJX/0M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHRSY2A</latexit>

P2

<latexit sha1_base64="h+k5FtoORNYW2+zexeegS+uCmSc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Tf7tX654lbdOcgq8XJSgRzNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF75mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq6Rdq3r16sVdvdK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/SzY2B</latexit>

[0]

[1]

[2]

[0]

[1]

[2] b[2]

b[1]

b[0]

b[1]

b[2]

b[1]

a b

a x 7!x M

<latexit sha1_base64="up+Rv0+Ewt7q6IaCwPhO64KyTTE="></latexit>

b x 7!x M

<latexit sha1_base64="bAl1idkAY1zXx3y5HmmUWf9cRAs="></latexit>

s.t.8i a(i) =
X

j

b(j)

<latexit sha1_base64="gHGQ6AUqfgiHVakAjmiIC04RHzI="></latexit>
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rotate(j, i)

rotate

Time

P0

<latexit sha1_base64="M7qFdiCX5JFTb5yE6ffcP4SmUro=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHPxY1/</latexit>

(0, 0) (0, 1) (0, 2)

(1, 1) (1, 2) (1, 0)

(2, 2) (2, 0) (2, 1)

P1

<latexit sha1_base64="WpCoeZtPNYk9u0beZSaZ4VJX/0M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHRSY2A</latexit>

P2

<latexit sha1_base64="h+k5FtoORNYW2+zexeegS+uCmSc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Tf7tX654lbdOcgq8XJSgRzNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF75mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq6Rdq3r16sVdvdK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/SzY2B</latexit>

[0]

[1]

[2]

[0]

[1]

[2] b[2]

b[1]

b[0]

b[1]

b[2]

b[1]

a b

Use the modulus operator!
for j in (0, extent(j)): 

…
for j’ in (0, extent(j)): 

j = j’ + i mod extent(j) 
…



How expressive are these 
abstractions?
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Cannon’s Algorithm

PUMMA

SUMMA

Johnson’s Algorithm

Solomonik’s Algorithm

COSMA



SUMMA Algorithm
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A(i, j) = B(i, k) * C(k, j)
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A xy 7!xy M

<latexit sha1_base64="Morp7b4ySa8j2eDCsBt1sEkYruA="></latexit>

B xy 7!xy M

<latexit sha1_base64="yPlEZdL4qxCsbX8xAVG5NF9hi7Y="></latexit>

C xy 7!xy M

<latexit sha1_base64="niG8o2I93j8oN8UWhNmeKHAgos4="></latexit>

M = Grid(gx, gy)

<latexit sha1_base64="72AsNN3b78oJ/SsJnZxMU8yyGUs="></latexit>
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divide(i, il, in, gx) 
divide(j, jl, jn, gy) 
reorder({in, jn, il, jl})



37

divide(i, il, in, gx) 
divide(j, jl, jn, gx) 
reorder({in, jn, il, jl}) 
split(k, ko, ki, chunkSize) 
reorder(ko, il, jl, ki)



38

divide(i, il, in, gx) 
divide(j, jl, jn, gx) 
reorder({in, jn, il, jl}) 
split(k, ko, ki, chunkSize) 
reorder(ko, il, jl, ki) 
distribute(in, jn)



39

divide(i, il, in, gx) 
divide(j, jl, jn, gx) 
reorder({in, jn, il, jl}) 
split(k, ko, ki, chunkSize) 
reorder(ko, il, jl, ki) 
distribute(in, jn) 
communicate(A, jn) 
communicate({B, C}, ko)
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Compilation Process

DISTAL

Expression

Data Distribution

Computation Distribution

Partition A into tiles
Replicate B onto all nodes

Place C onto only some nodes 

Owner Computes
Distribute i,j loops

Communicate in chunks

CPU

GPU

Supercomputer
A(i, j) = B(i, k) · C(k, j)

<latexit sha1_base64="NFU5cTl6x6q5AjetwlqsE/JyfEQ=">AAACB3icbZDLSsNAFIYnXmu9RV0KMliEFkpJpKIbobYblxXsBdpQJpNpO81kEmYmQgndufFV3LhQxK2v4M63cdpmoa0/DHz85xzOnN+NGJXKsr6NldW19Y3NzFZ2e2d3b988OGzKMBaYNHDIQtF2kSSMctJQVDHSjgRBgctIy/Vr03rrgQhJQ36vxhFxAjTgtE8xUtrqmSc3eVocFeA1rGqAfgF2sRcqWMv7RTgq9MycVbJmgstgp5ADqeo986vrhTgOCFeYISk7thUpJ0FCUczIJNuNJYkQ9tGAdDRyFBDpJLM7JvBMOx7sh0I/ruDM/T2RoEDKceDqzgCpoVysTc3/ap1Y9a+chPIoVoTj+aJ+zKAK4TQU6FFBsGJjDQgLqv8K8RAJhJWOLqtDsBdPXobmeckuly7uyrlKNY0jA47BKcgDG1yCCrgFddAAGDyCZ/AK3own48V4Nz7mrStGOnME/sj4/AEEQ5Wb</latexit>

a = B(i, j, k) · C(i, j, k)

<latexit sha1_base64="TZQ2Sr+PPD5SA96Jwc44JRVyc9c=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahQikzUtGNUNqNywr2Ae1QMpm0jc0kQ5IRytClG3/FjQtF3PoJ7vwb03YQrR64cDjnXu69x48YVdpxPq3M0vLK6lp2PbexubW9Y+/uNZWIJSYNLJiQbR8pwignDU01I+1IEhT6jLT8UW3qt+6IVFTwGz2OiBeiAad9ipE2Us8+RPASVgu0CG+LcHQCuzgQGta+hZ6dd0rODPAvcVOSBynqPfujGwgch4RrzJBSHdeJtJcgqSlmZJLrxopECI/QgHQM5Sgkyktmj0zgsVEC2BfSFNdwpv6cSFCo1Dj0TWeI9FAtelPxP68T6/6Fl1AexZpwPF/UjxnUAk5TgQGVBGs2NgRhSc2tEA+RRFib7HImBHfx5b+keVpyy6Wz63K+Uk3jyIIDcAQKwAXnoAKuQB00AAb34BE8gxfrwXqyXq23eWvGSmf2wS9Y71+LTZXg</latexit>

A(i, l) = B(i, j, k) · C(j, l) ·D(k, l)

<latexit sha1_base64="F4v+GGqeTOiLYeDfFzIJYb2rHz0=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VooZREKroRauvCZQXbCm0pk8mknWbyYGYilNDfcOOvuHGhiEtd+TdO0iy09cDAuefcy517rJBRIQ3jW8utrK6tb+Q3C1vbO7t7+v5BRwQRx6SNAxbwewsJwqhP2pJKRu5DTpBnMdK13Gbidx8IFzTw7+Q0JAMPjXzqUIykkoa6cVWiFcjK8BI2EjapQLcM+9gOJGyWJqk1r65LblIN9aJRNVLAZWJmpAgytIb6Z98OcOQRX2KGhOiZRigHMeKSYkZmhX4kSIiwi0akp6iPPCIGcXrZDJ4oxYZOwNXzJUzV3xMx8oSYepbq9JAci0UvEf/zepF0LgYx9cNIEh/PFzkRgzKASUzQppxgyaaKIMyp+ivEY8QRlirMggrBXDx5mXROq2atenZbK9YbWRx5cASOQQmY4BzUwQ1ogTbA4BE8g1fwpj1pL9q79jFvzWnZzCH4A+3rB6jOmyY=</latexit>

A(i, j, l) = B(i, j, k) · C(k, l)

<latexit sha1_base64="LLkPCxCMaI9i+Fe4OPGcKcg9yCI=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XQQimJVHQj1HbjsoJ9QBvKZDJpx0wezEyEEvoFbvwVNy4UcevanX/jpM1CWw9cOHPOvcy9x44YFdIwvrXc2vrG5lZ+u7Czu7d/oB8edUUYc0w6OGQh79tIEEYD0pFUMtKPOEG+zUjP9lqp33sgXNAwuJPTiFg+GgfUpRhJJY300nWZVuF9FbIKvILN7OFV4BA7oYStspdaI71o1Iw54CoxM1IEGdoj/WvohDj2SSAxQ0IMTCOSVoK4pJiRWWEYCxIh7KExGSgaIJ8IK5mfM4MlpTjQDbmqQMK5+nsiQb4QU99WnT6SE7HspeJ/3iCW7qWV0CCKJQnw4iM3ZlCGMM0GOpQTLNlUEYQ5VbtCPEEcYakSLKgQzOWTV0n3rGbWa+e39WKjmcWRByfgFJSBCS5AA9yANugADB7BM3gFb9qT9qK9ax+L1pyWzRyDP9A+fwCbPJdx</latexit>

A(i, j) = B(i, j, k) · c(k)

<latexit sha1_base64="/GcUn8ghDgoPgqdrZIYp4CM4U2g=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAILZSSSEU3Qq0blxXsBdpQJpNJO2YyCTMToZQu3fgqblwo4tZHcOfbOGmz0NYfBj7+cw5zzu/GjEplWd/G0vLK6tp6biO/ubW9s2vu7bdklAhMmjhikei4SBJGOWkqqhjpxIKg0GWk7QbXab39QISkEb9To5g4IRpw6lOMlLb65tFVkZbhfQlewvqUyjAowR72IgVxMSj1zYJVsaaCi2BnUACZGn3zq+dFOAkJV5ghKbu2FStnjISimJFJvpdIEiMcoAHpauQoJNIZTw+ZwBPteNCPhH5cL5C6vyfGKJRyFLq6M0RqKOdrqflfrZso/8IZUx4ninA8+8hPGFQRTFOBHhUEKzbSgLCgeleIh0ggrHR2eR2CPX/yIrROK3a1cnZbLdTqWRw5cAiOQRHY4BzUwA1ogCbA4BE8g1fwZjwZL8a78TFrXTKymQPwR8bnD40eleU=</latexit>



Translate to Concrete Index Notation

41

Specified Iteration OrderIteration order unspecified

A(i, j) = B(i, j, k) · c(k)

<latexit sha1_base64="s9a2fVToEiwpR+mf2S5J0opVUr8="></latexit>

8i8j8k A(i, j) += B(i, j, k) · c(k)

<latexit sha1_base64="J8yyiZmP5VpRubL/ccQz0Ej3gCQ="></latexit>



Scheduling operations rewrite Concrete Index Notation

42

Target specific backend handles these constructs now!



Compiling Tensor Distribution Notation

43

T xy 7!x M

<latexit sha1_base64="GoEe2pP85pf+x6pqOIHxpBGfOLM="></latexit>

8x8y T (x, y)

<latexit sha1_base64="97gCAbqjlS4GPap21NpqvDtZNEg="></latexit>

8xo8xi8y T (x, y) s.t. divide(x, xo, xi, gx)

<latexit sha1_base64="1jwWDmG/j315nMG7LHjz3yfvJI4="></latexit>

8xo8xi8y T (x, y) s.t. divide(x, xo, xi, gx), distribute(xo), comm.(T , xo)

<latexit sha1_base64="VVznyCxDx/5OEk4YJqPR2xJIpn4="></latexit>



What’s the backend?

44



Legion
Distributed task-based runtime system


Tasks operate on bulk data


System moves memory between processors for tasks to use


distribute IJ launch a set of tasks 

communicate IJ tell Legion the data to transfer 

rotate IJ perform a loop transformation with modulus

45



Evaluation

46



Comparisons
Distributed GEMM — evaluate performance on a highly optimized kernel


Compare against COSMA, Cyclops Tensor Framework, ScaLAPACK


Higher order tensor kernels — evaluate performance on the long tail


Compare against Cyclops Tensor Framework

47



Results (Methodology)
Experiments run on up to 256 nodes of Lassen (4 V100 GPUs/node, 40 Power9 
CPUs/node, IB interconnect)


All systems configured to use the same BLAS / CuBLAS for GEMM


All experiments are weak-scaling (memory / node stays constant)


Results reported in GFLOP/s (compute bound) and GB/s (bandwidth bound) per 
node

48
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0.95x COSMA’s performance

1.25x ScaLAPACK performance
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0.85x COSMA’s performance



Higher Order Tensor Operations (CPU)
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TTV TTM

InnerProd MTTKRP

Ail = Bijk · Cjl ·Dkl

<latexit sha1_base64="PfivgaoJcn8iOTmijChHhgYQgJw=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARxEVJpKIbobYuXFawF2hDmEwm7TSTCzMToYS8gxtfxY0LRdy6cefbOG0jaOsPA9/85xxmzu/EjAppGF9aYWl5ZXWtuF7a2Nza3tF399oiSjgmLRyxiHcdJAijIWlJKhnpxpygwGGk4/iNSb1zT7igUXgnxzGxAjQIqUcxksqy9ZMrO6Usg5ewrmDkZ7CP3UjChp2O2M/l2k59ltl62agYU8FFMHMog1xNW//suxFOAhJKzJAQPdOIpZUiLilmJCv1E0FihH00ID2FIQqIsNLpThk8Uo4LvYirE0o4dX9PpCgQYhw4qjNAcijmaxPzv1ovkd6FldIwTiQJ8ewhL2FQRnASEHQpJ1iysQKEOVV/hXiIOMJSxVhSIZjzKy9C+7RiVitnt9VyrZ7HUQQH4BAcAxOcgxq4AU3QAhg8gCfwAl61R+1Ze9PeZ60FLZ/ZB3+kfXwD0Yedhg==</latexit>

Aijl = Bijk · Ckl

<latexit sha1_base64="zzil5N96heEgNNAHmXzkIqQyNy0=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiuCqJVHQj1HbjsoK9QBvCZDJpx04mYWYilJCdG1/FjQtF3PoK7nwbJ20WWv1h4OM/53Dm/F7MqFSW9WWUlpZXVtfK65WNza3tHXN3ryujRGDSwRGLRN9DkjDKSUdRxUg/FgSFHiM9b9LK6717IiSN+K2axsQJ0YjTgGKktOWah1duSu9YBi9hM6dJBofYjxRsuemEZa5ZtWrWTPAv2AVUQaG2a34O/QgnIeEKMyTlwLZi5aRIKIoZySrDRJIY4QkakYFGjkIinXR2RwaPtePDIBL6cQVn7s+JFIVSTkNPd4ZIjeViLTf/qw0SFVw4KeVxogjH80VBwqCKYB4K9KkgWLGpBoQF1X+FeIwEwkpHV9Eh2Isn/4Xuac2u185u6tVGs4ijDA7AETgBNjgHDXAN2qADMHgAT+AFvBqPxrPxZrzPW0tGMbMPfsn4+Ab3BJjB</latexit>

Aij = Bijk · Ck

<latexit sha1_base64="RUvaYhOO8ApwYI85DIHYzakssfk=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFcFUSqehGqO3GZQV7gTaEyWTSjp1MwsxEKCEbN76KGxeKuPUd3Pk2TtostPrDwMd/zuHM+b2YUaks68soLS2vrK6V1ysbm1vbO+buXldGicCkgyMWib6HJGGUk46iipF+LAgKPUZ63qSV13v3REga8Vs1jYkTohGnAcVIacs1D6/clN5l8BI2c5hkcIj9SMGWm04y16xaNWsm+BfsAq qgUNs1P4d+hJOQcIUZknJgW7FyUiQUxYxklWEiSYzwBI3IQCNHIZFOOrsig8fa8WEQCf24gjP350SKQimnoac7Q6TGcrGWm//VBokKLpyU8jhRhOP5oiBhUEUwjwT6VBCs2FQDwoLqv0I8RgJhpYOr6BDsxZP/Qve0ZtdrZzf1aqNZxFEGB+AInAAbnIMGuAZt0AEYPIAn8AJejUfj2Xgz3uetJaOY2Qe/ZHx8A08al9U=</latexit>

a = Bijk · Cijk

<latexit sha1_base64="dBryI0NzzXOmNrvRfK/6Do1Gmco=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2VGKroRSrtxWcE+oB2GTCbTxmaSIckIZShu/BU3LhRx61e4829M21lo64ELJ+fcS+49QcKo0o7zbRVWVtfWN4qbpa3tnd09e/+grUQqMWlhwYTsBkgRRjlpaaoZ6SaSoDhgpBOMGlO/80CkooLf6XFCvBgNOI0oRtpIvn2E4DWs+xm9H01gH4dCw8b85dtlp+LMAJeJm5MyyNH07a9+KHAaE64xQ0r1XCfRXoakppiRSamfKpIgPEID0jOUo5goL5udMIGnRglhJKQpruFM/T2RoVipcRyYzhjpoVr0puJ/Xi/V0ZWXUZ6kmnA8/yhKGdQCTvOAIZUEazY2BGFJza4QD5FEWJvUSiYEd/HkZdI+r7jVysVttVyr53EUwTE4AWfABZegBm5AE7QABo/gGbyCN+vJerHerY95a8HKZw7BH1ifP+XnloA=</latexit>
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Higher Order Tensor Operations (GPU)

TTV TTM

InnerProd MTTKRP

Ail = Bijk · Cjl ·Dkl

<latexit sha1_base64="PfivgaoJcn8iOTmijChHhgYQgJw=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARxEVJpKIbobYuXFawF2hDmEwm7TSTCzMToYS8gxtfxY0LRdy6cefbOG0jaOsPA9/85xxmzu/EjAppGF9aYWl5ZXWtuF7a2Nza3tF399oiSjgmLRyxiHcdJAijIWlJKhnpxpygwGGk4/iNSb1zT7igUXgnxzGxAjQIqUcxksqy9ZMrO6Usg5ewrmDkZ7CP3UjChp2O2M/l2k59ltl62agYU8FFMHMog1xNW//suxFOAhJKzJAQPdOIpZUiLilmJCv1E0FihH00ID2FIQqIsNLpThk8Uo4LvYirE0o4dX9PpCgQYhw4qjNAcijmaxPzv1ovkd6FldIwTiQJ8ewhL2FQRnASEHQpJ1iysQKEOVV/hXiIOMJSxVhSIZjzKy9C+7RiVitnt9VyrZ7HUQQH4BAcAxOcgxq4AU3QAhg8gCfwAl61R+1Ze9PeZ60FLZ/ZB3+kfXwD0Yedhg==</latexit>

Aijl = Bijk · Ckl

<latexit sha1_base64="zzil5N96heEgNNAHmXzkIqQyNy0=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiuCqJVHQj1HbjsoK9QBvCZDJpx04mYWYilJCdG1/FjQtF3PoK7nwbJ20WWv1h4OM/53Dm/F7MqFSW9WWUlpZXVtfK65WNza3tHXN3ryujRGDSwRGLRN9DkjDKSUdRxUg/FgSFHiM9b9LK6717IiSN+K2axsQJ0YjTgGKktOWah1duSu9YBi9hM6dJBofYjxRsuemEZa5ZtWrWTPAv2AVUQaG2a34O/QgnIeEKMyTlwLZi5aRIKIoZySrDRJIY4QkakYFGjkIinXR2RwaPtePDIBL6cQVn7s+JFIVSTkNPd4ZIjeViLTf/qw0SFVw4KeVxogjH80VBwqCKYB4K9KkgWLGpBoQF1X+FeIwEwkpHV9Eh2Isn/4Xuac2u185u6tVGs4ijDA7AETgBNjgHDXAN2qADMHgAT+AFvBqPxrPxZrzPW0tGMbMPfsn4+Ab3BJjB</latexit>

Aij = Bijk · Ck

<latexit sha1_base64="RUvaYhOO8ApwYI85DIHYzakssfk=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFcFUSqehGqO3GZQV7gTaEyWTSjp1MwsxEKCEbN76KGxeKuPUd3Pk2TtostPrDwMd/zuHM+b2YUaks68soLS2vrK6V1ysbm1vbO+buXldGicCkgyMWib6HJGGUk46iipF+LAgKPUZ63qSV13v3REga8Vs1jYkTohGnAcVIacs1D6/clN5l8BI2c5hkcIj9SMGWm04y16xaNWsm+BfsAq qgUNs1P4d+hJOQcIUZknJgW7FyUiQUxYxklWEiSYzwBI3IQCNHIZFOOrsig8fa8WEQCf24gjP350SKQimnoac7Q6TGcrGWm//VBokKLpyU8jhRhOP5oiBhUEUwjwT6VBCs2FQDwoLqv0I8RgJhpYOr6BDsxZP/Qve0ZtdrZzf1aqNZxFEGB+AInAAbnIMGuAZt0AEYPIAn8AJejUfj2Xgz3uetJaOY2Qe/ZHx8A08al9U=</latexit>

a = Bijk · Cijk

<latexit sha1_base64="dBryI0NzzXOmNrvRfK/6Do1Gmco=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2VGKroRSrtxWcE+oB2GTCbTxmaSIckIZShu/BU3LhRx61e4829M21lo64ELJ+fcS+49QcKo0o7zbRVWVtfWN4qbpa3tnd09e/+grUQqMWlhwYTsBkgRRjlpaaoZ6SaSoDhgpBOMGlO/80CkooLf6XFCvBgNOI0oRtpIvn2E4DWs+xm9H01gH4dCw8b85dtlp+LMAJeJm5MyyNH07a9+KHAaE64xQ0r1XCfRXoakppiRSamfKpIgPEID0jOUo5goL5udMIGnRglhJKQpruFM/T2RoVipcRyYzhjpoVr0puJ/Xi/V0ZWXUZ6kmnA8/yhKGdQCTvOAIZUEazY2BGFJza4QD5FEWJvUSiYEd/HkZdI+r7jVysVttVyr53EUwTE4AWfABZegBm5AE7QABo/gGbyCN+vJerHerY95a8HKZw7BH1ifP+XnloA=</latexit>
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Conclusion

DISTAL combines separate specifications of data and computation distribution 

DISTAL can represent many existing algorithms 

DISTAL can achieve high performance 

Future work — extending to sparse tensors. 
Vision: distributed implementations of ANY tensor program with ANY tensor 

formats!

Contact: rohany@cs.stanford.edu

mailto:rohany@cs.stanford.edu


Extra slides
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DISTAL
• Decouple computation, performance optimizations, and data distribution


• Extension to TACO

60

Einsum notation programs

Format-based data distribution

Schedule for compute distribution=
Too many to code by hand!

DISTAL

Expression

Data Distribution

Computation Distribution

Partition A into tiles
Replicate B onto all nodes

Place C onto only some nodes 

Owner Computes
Distribute i,j loops

Communicate in chunks

CPU

GPU

Supercomputer
A(i, j) = B(i, k) · C(k, j)

<latexit sha1_base64="NFU5cTl6x6q5AjetwlqsE/JyfEQ=">AAACB3icbZDLSsNAFIYnXmu9RV0KMliEFkpJpKIbobYblxXsBdpQJpNpO81kEmYmQgndufFV3LhQxK2v4M63cdpmoa0/DHz85xzOnN+NGJXKsr6NldW19Y3NzFZ2e2d3b988OGzKMBaYNHDIQtF2kSSMctJQVDHSjgRBgctIy/Vr03rrgQhJQ36vxhFxAjTgtE8xUtrqmSc3eVocFeA1rGqAfgF2sRcqWMv7RTgq9MycVbJmgstgp5ADqeo986vrhTgOCFeYISk7thUpJ0FCUczIJNuNJYkQ9tGAdDRyFBDpJLM7JvBMOx7sh0I/ruDM/T2RoEDKceDqzgCpoVysTc3/ap1Y9a+chPIoVoTj+aJ+zKAK4TQU6FFBsGJjDQgLqv8K8RAJhJWOLqtDsBdPXobmeckuly7uyrlKNY0jA47BKcgDG1yCCrgFddAAGDyCZ/AK3own48V4Nz7mrStGOnME/sj4/AEEQ5Wb</latexit>

a = B(i, j, k) · C(i, j, k)

<latexit sha1_base64="TZQ2Sr+PPD5SA96Jwc44JRVyc9c=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahQikzUtGNUNqNywr2Ae1QMpm0jc0kQ5IRytClG3/FjQtF3PoJ7vwb03YQrR64cDjnXu69x48YVdpxPq3M0vLK6lp2PbexubW9Y+/uNZWIJSYNLJiQbR8pwignDU01I+1IEhT6jLT8UW3qt+6IVFTwGz2OiBeiAad9ipE2Us8+RPASVgu0CG+LcHQCuzgQGta+hZ6dd0rODPAvcVOSBynqPfujGwgch4RrzJBSHdeJtJcgqSlmZJLrxopECI/QgHQM5Sgkyktmj0zgsVEC2BfSFNdwpv6cSFCo1Dj0TWeI9FAtelPxP68T6/6Fl1AexZpwPF/UjxnUAk5TgQGVBGs2NgRhSc2tEA+RRFib7HImBHfx5b+keVpyy6Wz63K+Uk3jyIIDcAQKwAXnoAKuQB00AAb34BE8gxfrwXqyXq23eWvGSmf2wS9Y71+LTZXg</latexit>

A(i, l) = B(i, j, k) · C(j, l) ·D(k, l)

<latexit sha1_base64="F4v+GGqeTOiLYeDfFzIJYb2rHz0=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VooZREKroRauvCZQXbCm0pk8mknWbyYGYilNDfcOOvuHGhiEtd+TdO0iy09cDAuefcy517rJBRIQ3jW8utrK6tb+Q3C1vbO7t7+v5BRwQRx6SNAxbwewsJwqhP2pJKRu5DTpBnMdK13Gbidx8IFzTw7+Q0JAMPjXzqUIykkoa6cVWiFcjK8BI2EjapQLcM+9gOJGyWJqk1r65LblIN9aJRNVLAZWJmpAgytIb6Z98OcOQRX2KGhOiZRigHMeKSYkZmhX4kSIiwi0akp6iPPCIGcXrZDJ4oxYZOwNXzJUzV3xMx8oSYepbq9JAci0UvEf/zepF0LgYx9cNIEh/PFzkRgzKASUzQppxgyaaKIMyp+ivEY8QRlirMggrBXDx5mXROq2atenZbK9YbWRx5cASOQQmY4BzUwQ1ogTbA4BE8g1fwpj1pL9q79jFvzWnZzCH4A+3rB6jOmyY=</latexit>

A(i, j, l) = B(i, j, k) · C(k, l)

<latexit sha1_base64="LLkPCxCMaI9i+Fe4OPGcKcg9yCI=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XQQimJVHQj1HbjsoJ9QBvKZDJpx0wezEyEEvoFbvwVNy4UcevanX/jpM1CWw9cOHPOvcy9x44YFdIwvrXc2vrG5lZ+u7Czu7d/oB8edUUYc0w6OGQh79tIEEYD0pFUMtKPOEG+zUjP9lqp33sgXNAwuJPTiFg+GgfUpRhJJY300nWZVuF9FbIKvILN7OFV4BA7oYStspdaI71o1Iw54CoxM1IEGdoj/WvohDj2SSAxQ0IMTCOSVoK4pJiRWWEYCxIh7KExGSgaIJ8IK5mfM4MlpTjQDbmqQMK5+nsiQb4QU99WnT6SE7HspeJ/3iCW7qWV0CCKJQnw4iM3ZlCGMM0GOpQTLNlUEYQ5VbtCPEEcYakSLKgQzOWTV0n3rGbWa+e39WKjmcWRByfgFJSBCS5AA9yANugADB7BM3gFb9qT9qK9ax+L1pyWzRyDP9A+fwCbPJdx</latexit>

A(i, j) = B(i, j, k) · c(k)

<latexit sha1_base64="/GcUn8ghDgoPgqdrZIYp4CM4U2g=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAILZSSSEU3Qq0blxXsBdpQJpNJO2YyCTMToZQu3fgqblwo4tZHcOfbOGmz0NYfBj7+cw5zzu/GjEplWd/G0vLK6tp6biO/ubW9s2vu7bdklAhMmjhikei4SBJGOWkqqhjpxIKg0GWk7QbXab39QISkEb9To5g4IRpw6lOMlLb65tFVkZbhfQlewvqUyjAowR72IgVxMSj1zYJVsaaCi2BnUACZGn3zq+dFOAkJV5ghKbu2FStnjISimJFJvpdIEiMcoAHpauQoJNIZTw+ZwBPteNCPhH5cL5C6vyfGKJRyFLq6M0RqKOdrqflfrZso/8IZUx4ninA8+8hPGFQRTFOBHhUEKzbSgLCgeleIh0ggrHR2eR2CPX/yIrROK3a1cnZbLdTqWRw5cAiOQRHY4BzUwA1ogCbA4BE8g1fwZjwZL8a78TFrXTKymQPwR8bnD40eleU=</latexit>



Legion
Handles many features necessary for performance on modern machines


Overlap of communication and computation


Data movement through deep memory hierarchies


Native support for accelerators


Control over placement of computation and data

61



Legion API
Regions


Tasks


Partitions


Mapping

62

void task(r1 : Region, r2 : Region, r3 : Region) { … }

M

<latexit sha1_base64="Qslk45o8MXors0UmQlwtuuoiWPo=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe4365UOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4UikWs=</latexit>



Lowering Concrete Index Notation to Legion

63

8i 8j Aij += Bij

<latexit sha1_base64="hfcs2PmcwaAtcVQzKCvHMU6rBXQ="></latexit>

8in8jn8il8jl Aij += Bij s.t. div.(i, in, il, gx), div.(j, jn, jl, gy), dist.([in, jn]), comm.([A, B], jn)

<latexit sha1_base64="kR0+BTcBTLpBCc7dDn+c8rmcthM="> NkfnC/GiOza/rUqPTnHmOtpb5/R/4hSme</latexit>



Lowering Concrete Index Notation to Legion

64

8in8jn8il8jl Aij += Bij s.t. div.(i, in, il, gx), div.(j, jn, jl, gy), dist.([in, jn]), comm.([A, B], jn)

<latexit sha1_base64="kR0+BTcBTLpBCc7dDn+c8rmcthM="></latexit>



Cannon’s Algorithm

65
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divide(i, il, in, gx) 
divide(j, jl, jn, gx) 
reorder({in, jn, il, jl}) 
split(k, ko, ki, chunkSize) 
reorder(ko, il, jl, ki) 
distribute(in, jn) 
communicate(A, jn) 
communicate({B, C}, ko)
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divide(i, in, il, gx) 
divide(j, jn, jl, gy) 
divide(k, ko, ki, gx) 
rotate(ko, {in, jn}, kr) 
reorder({in, jn, kr, il, jl, ki}) 
distribute(in, jn) 
communicate(A, jn) 
communicate({B, C}, kr)



Emergence of systolic communication

68

B(0,0) B(0,1) B(0,2)

B(1,1) B(1,2) B(1,0)

B(2,2) B(2,0) B(2,1)

B(0,1) B(0,2) B(0,0)

B(1,2) B(1,0) B(1,1)

B(2,0) B(2,1) B(2,2)

B(0,2) B(0,0) B(0,1)

B(1,0) B(1,1) B(1,2)

B(2,1) B(2,2) B(2,0)

ko = 0 ko = 1 ko = 2

in

jn

in

jn

in

jn

A(i, j) = B(i, k) * C(k, j)


kr = ko + in + jn mod 3
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GEMM (CPU)
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