
THE SPECIFICATION OF ABSTRACT MAPPINGS AND THEIR
 

IMPLEMENTATION AS B+-TREES
 

El izabeth Fielding 

Technical Monograph PRG-18
 
September 1980
 

Oxford University Ccxnputing Laboratory,
 
ProgranTTling Research Group,
 
~5, Banbury Road,
 
OXFORD. OX2 bPE.
 



ACKNOWLEDGEMENTS 

I am most grateful to Cliff JoneB for Buggesting and 

supervising this project. His unfailing interest and guidance 

helped to make this work. both a pleasant: and worthwhile exper ience. 

I also appreciate the help given to me by Jim Kaubisch and 

Malco1rn Harper in using the UCSD eyst:em and the Sanders printer. 



CONTENTS	 PAGE 

INTRODUCTION	 1
 

~ THE RIGOROUS METHOD OF SPECIFICATION AND DEVELOPMENT 3
 

3 REPRESENTATION OF	 ABSTRACT MAPPINGS AS BINARY TREES 10
 

3.1 Specification	 10
 

3.2 Representation 1	 10
 

3.2.1 Proofs of correctness	 12
 

3.3 Representation 2	 17
 

3.4 Realization	 18
 

4 REPRESENTATION OF	 ABSTRACT MAPPINGS AS a+-TREES 20
 

4.1 Description of B-trees	 20
 

4.2 Specification	 28
 

4.3 Representation 1	 28
 

4.3.1 Data Structure	 and Data Type Invariant 2. 

4.3.2 The Retrieve function	 30
 

4.3.3	 The Operations: FIND1 31
 

INSERT1 31
 

DELETE 1 32
 

4.3.4 Proofs of correctness	 34
 

4.3.4.1	 Data Type Proofs:
 

Totality of the retrieve function 34
 

Adequacy 35
 



PAGE 

4.3.4.2	 Operation Correctness Proofs;
 

FINDI 36
 

3.INSERT1
 

DELETE1	 47
 

4.4 Rspresentation 2	 55
 

4.4.1 Data structure	 and Data Type Invariant 55
 

4.4.2 The Retrieve Punction	 57
 

4.4.3	 The operations I FIHDP 57
 

INSERTP 57
 

DELETEP 59
 

4.4.4 Proofs of correctness	 61
 

4.4.4.1	 Data Type Proofs I
 

Totality of the retrieve function 61
 

Adequacy 61
 

4.4.4.2	 Operation Correctness Proofs:
 

PINDP 62
 

INSERTP 64
 

DELETEP 69
 

4.5 Realization	 71
 

5 Conclusion	 73
 

REFERENCES 

APPENDIX 

75 



1. rHTRODUCTrON 

The purpose of -this project was -to use -the "rigorous approach" 

[5] 'to Bof"tware deve10pmen-t -to deve10p an imp1emen-ta-tion of a -type 

of B-1:ree as a s-tructure for s-toring mappings 1"rom keys 1:0 da1:a. A 

B-1:ree is a generalised binary -tree. lor which -there exis1: 

algori1:hms 1"or inser-ting and dele1:ing keys which ensure tha1: 1:he 

-tree remains balanced. The par-ticular 1:ype ol B-1:ree specified. 

known as a B+--tree. was chosen because i1: can a110w random access 

-to any key as wel~ as sequential access to keys. as all keys reside 

in 1:he leaves. 

rni1:i.a11y, t:he simpler prob1EWl'l ol represen1:ing abs-trac1: 

mappings as binary trees was -tackled (and is shown) in order 1:0 

i11us1:rate and unders1:and -the en1:ire refinement process, from 

abstrac1: specification down 1:0 corresponding program code. on1y 

1:he find opera1:ion was considered. 

The B+-'tree development: s1:ar-ts wi-th an abs1:rac-t specification 

of a mapping from keys -to da1:a, with opera-tions defined for 

finding, inserting and de1e-ting a key. Then, two 1evels of 

speCifica-tion 1"ollow. each less abs1:rac1:, which represen1: • 
mapping as a -tree struc-ture and have corresponding opera-tions for 

1"inding, inser1:i.on and de1e1:ion. which model the operat:ions of 1:he 

ini'tia1 specification, The first of 1:hese 1eve1s, Represen1:a1:ion 

1, represents a -tree as a s~ of nested se-ts, wit:h -the 1eaves of 
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the tree consisting of mappings from keys to data, The second 

leve1, Representa:tion 2, represents the tree by using lists each 

non-terminal node consisting of an ordered list of keys and a list 

of nodes, and each terminal node again consisting of a mapping from 

keys to da"ta, 

Each stage of the refinement is related to the preceeding stage 

by a retrieve function and is sho\ofTl to be correct with respect to 

the preceeding stage in accordance 'W'i1..h Data Type and operation 

Proof Rules for Refinement [5J, as described in Chapter 2, AS the 

structure of the data types and operations of Representation 3 are 

similar to those of Representation 2, the correctness proofs ror 

Representation 2 are appealed to in the arguments or the 

correc"tness of Representation 3, 

The final stage of the development is the corresponding 

realization - running PASCAL code 'W'hich implements the data types 

and operations, Included in the code as an indication of its 

correc"tness are weakest pre-condition type assertions [2J [3J. 



2. THE RIGOROUS METHOD OP SPECIFICATION AND DEVELOPMENT. 

What folloW"s has been sWlllTlarized from reference [5], which 

should be consulted £or a comple~e exposi~ion, 

In t.he rigorous me~hod, a specificat.ion is wri~~en as a 

cons~ruc~ive specificat.ion of a data ~ype, Development can ~hen 

proceed ei~her by operation decomposit.ion or by da~a refinement. 

Wha~ is described below is the ~erminology and not.a~ion used in 

comllrucflve- ItPfJCl'ICIIICNI a.nd developmen~ by dltl r,rlflfHl1,nt, 

A program is considered co be an operation (or operations) on 

a .ttl" of a par ticular class, An operl/ion can change che values of the 

componen~s (or variables) tha~ comprise a s~at.e, but. cannot. alter 

i~s structure. 

In order to specify a program, a class of s~at.es must be 

de£ined, and i~ is best t.o design the structure of t.he s~a~es by 

choosing a data type which ma~ches ~he problem as closely as 

possible. Such a da~a t.ype is one which probably cannot be 

implement.ed directly, and this is known as an Ib.ttrlcf dill typtt and is 

considered to be characterized by its operacions. The notation 

used in defining state descriptions is Ib4lrlct .tynflll (for a description 

see [5J, Ch. 14), and set., list. and mapPing no~a~ions are also used 

for describing abst::ract data types, An example of a .I.f. dNcrip4iOf/ is: 

Studc :: N:Student.-name-set Y:Student.-name-se~ 

which defines a class of states 
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stude «n, y> rn, y e s'tuden't-name-se1:::} 

Thi.s means 'tha't any objec't i.n 'the class of s'ta'tes S'tudc has "two 

var iables, 'Wi'th names Nand Y, and in any par'ticular s'tai:e 'these 

'Will each be a sei: of s"tuden't names. 

A data 'type could be defined /mpJlcJtly, by using axioms 'to relai:e 

i'ts operations 'to each o"ther, bu't 'the ccn6l.rucllYe approach, 'Which is 

wha't has been used, speCifies 'Wha't 'the effec'ts of -the opera'tions 

'Wi.ll be in 'terms of the underlying sta'te. 

apera'tions are specified by using predica.-tes; pre- and 

pos't-condi'tions, as this produces shor'ter specif.i.cai:ions 'Which 

embody the proper'ties required 'Wi'thou't specifying ho'W 'they are 'to 

be achieved. 

An opera'tion is specified by 40 clauses, in the follo'Wing 

format: 

1) S'tates: s 

This specifies the name of 'the class of e'ta'tes for 'the operai:ion. 

2) Type: al ... an ~ rl rm 

~is specifies the 'types of any argumen'ts accep-ted and resuli:s 

produced. 

3) pre-OP: S'tate al ... an ~ Bool 

'.t'hie is a predicate of a s'ta'te which specifies over 'Whai: subse't 

of the class of e'ta'tes 'the opera'tion should work. 

4) post-OP: sta'te al. an 9'ta'te rl .. rm -I> Bool 

'.t'h1s is a predica'te of 't'Wo s'tates and defines i:he required 

relationship be'tveen 'the ini'tial and final s'tai:e. 

An example of implici't opera'tion definition: 

(Using the s'ta'te stude, 'the operation RES tes'ts whether a si:udeni: 



REs 

states: Stude 

Type: si..udent-name _ Bool
 

pre-RES «n,y>,nm) e run l3 (n U y)
 

post-RES «n,y>,nm, <n' ,y'>,b) en' '" n atld y' y and b -=- (run 6 y)
 

No.... that the spec.i:ficat.ion style and de:finii..ions have been 

defined, the method of stepwise development. called dat. ,.rmement can 

be described. 

The initial stage is a speciL.icat.ion which is chosen to be as 

abstract as possible, but must capture the required properties of 

the problem to be spec.iLied. A good abstraction ....ill shorten and 

clarify the speci f.icat.ion. A data type IIIYII,;lInl is a predicate which m'Uet 

be true of all s-t.ates wh.ich can be created by an operation in a 

spec~fication. (SUCh states are said to be Valid) The cho.ice of data 

type 1s made so as to minimize any data type invari.ant requi.red. 

An example of a data type invariant which might be required for 

states of class Stude, could state that a student name could not be 

a member of both the Nand Y sets simultaneously: 

.inv-studc«n,y) e. n n y = ( J 

The need to record a data type invariant ar~ses beca\.lse, 

although it may be ev.ident from the specification and reality, it 

w~ll be requ.ired explic.itly in later development correctness 

proofs and ~t w.i11 also prevent errors in future alterations to the 
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speci:fication. After the operations have been epeci:fied. ea.ch 

operation must be shown to preserve any data type invariant which 

might exist. The rule for prfMervsJIOII of v~ldftr is: 

(V s){inv(s) and pre-OP(S,args) and post-op(s,arga,s'.res) ~ 

inv(s'» (A) 

RafJnf)f'I&Il1 is t.he term given to creating a less abs-Lract ff)s/izsllOll :for 

an ahstract data type, which USAS a more concrete data type, known 

as a rppre8fNlt/lftion, and has new operations which model those of the 

specification. Refinement ~s also concerned with relat.ing a 

realization to its specification and proof or It" cc:vrl'(:rne"". The 

operations of the representation should be proved to preserve the 

validity according to rule (A) for the ~nvariant and states of the 

representation, 

Refinement is an iterative process, consisting of a series of 

developments, each of which is success~vely more concrete and is 

proved to be correct with respect to the stage preceed~ng, Should 

earlier ~nvariants prove inadecruate, backtracking may be required. 

A. rtlnf)vf) luner,on relates a representation to its abstraction and is 

the hasis for data refinement proofs. Objects of a representat~on 

may contain more information than those of the abetra.ction and so 

a retrieve funct~on operates on a state of the representat.~on and 

retr~eves the necessary information for the correa~onding state in 

the abstraction. 

An example of a representation for Studc might be based on a 
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cLass of s1...ates con1...aining lists of st.udent. names: 

St.udCl NL; St.udent.-name-list BL: Bool-list 

and aS9um~ng a da1...a type invariant: 

~nv-studCl«nl,bl>} e len nl ifNI bl 

l...he corresponding retrieve function might. be: 

retr-Studc: studel ~ Stude 

retr-studc«nl,yl» " «nl(~) 11 ( i ( /"" nl andnd bl(i)}, 

[nl(i) 11. (i (/." nllVld bl(i)p 

The first. par-t of a fertnemenl proof is proof of d.l. type correctness. 

Two rules ex~st for this. 

The first of these rules is used ~o prove ~he ~otality of ~he 

re~rieve function over valid states of ~he represen~ation, I~ has 

the form; 

(No~e; a suffix of 1 indica~es tha~ the function or objec~ is an 

element of ~he realiza~ion) 

(\I Bl) (invl. (sl) =- (} s) (s retr(sl) IVId inv(retr(sl»» (E) 

The second o£ the data type proof rules is concerned wi1...h the 

concept of adequacy. That is, 

~for each (valid) element of the abstract data type l...here must 
exist at least. one value of the representation which is mapped by 



the retrieve function onto the abst.ract. value". ([5], p183) 

There may exist more than one value. The formal proof rule to show 

adequacy is: 

(V s) (inv(s) ~ (} 81) (invl (sl) Nld a retr (al») (e) 

The second part of a refinement proo! is concerned with opw,(ian 

mode/f/ng. Two rules exist for proving that each operation of" -the 

realization models the corresponding one 0:[ t.he epeci!ication, 

The first rule, t.he domeln' rul., shows 'that. t.he pre-condition is 

SUfficient:ly wide and has the form: 

(V Sl) (invl(sl) /J/Id pre-OP(retr(Bl),args) ::::::;> pre-opI(Sl,argS» 

(D) 

The second rule is known as the retllJl" rull, and statea t.hat given 

any state satisfying the pre-condition oE OP1, and the result state 

after being operated on by OPI (i.e. a atate satisEying the 

POst:-condition of OPI), this pair of .states must sat~sfy the 

post:-condition of OP when viewed through the ret.rieve function. 

The form of this rule is: 

(V sl) (invl(sl) Nld pre-OP1(sl,argS) Nld post-OP1(Sl.,arga,sl',res) 

::::::;> post-op(ret.r(Sl),args,retr(sl'),res» (E) 

The ref"inement step of providing a realization and proving it 

correct: may be repeated until a sufficiently concrete stage is 



reached. }l.s 'the method is flgcKOOlJ. ra'ther 'Lhan fOrTTlal, 1.he re!inemen'L 

proofs need not be done formal1y if an informa1 arqumen t:: can show 

their truth satiefactori1y. In t::he development of e+-trees which 

follows, the proofs of the first:: st::age ot refinement are fairly 

forma1~y presented whereas those of the seCOnd stage indicate how 

the proof could be written (often by appeal to the st::ruct::ure of the 

ear1ier proofs) 

The final deve10pment stage is that of operation decomposit::ion. 

Examples of forma~ proofs by weakest pre-condi tions (2) [3], were 

fol1owed ~n 'Lhis step vhich uses "decora1:ing assertions" in the 

program code as a rigorous argument of its correctness. 
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3. REPRESENTATION OF ABSTRACT M1\PPINGS AS DIN~Y TREES 

3. l. speclficat~on 

S~nce i1.. is in"lended 1..0 use a binary 1..ree as a s1..ruc1..ure in 

which 1..0 81..ore a mapping from keys 1..0 da1..a" uS.1.ng a mapping as l..he 

da1..a "lype in l..he ~ni1..ial. specit:ica1..ion is a good a..bs1..rac1..ion. 11.. 

alloW's "lhe find opera1..ion 1..0 be specified in l..erme ot: it.s effec1.. 

wi1..hou1.. prescribing how i1.. is 1..0 work. 

SPE~lf.~Allq~ 

so = Key _ Oetlll 

APPLYO 

Stlltes: SO 
Type: Kay _ Delli 

pre- APPLYIXiI(),kl 9 II; e do," SO 

poet--APPLYIX'OoIl."o',r) 9 '0' = SO end r = SO (1) 

o3 • .z Representation 1 

This stage ot: l..he refinemen1.. represen1..s a mapping as a binary 

tree. If l..he t.ree is no1.. emp t.y , each node of l..he 1..-ree con1..ains a 

key and i1..$ associa"led da1..a as well as a pair of poin1..ers (eit.her 

or both of which may be null), 1..0 a lef1.. and righ"l sub1..ree 

respec"lively. A.ll. l..he keys oCC1J.rring in l..he 1e:£1.. sub"lree of a 

part.icular node will have values less l..han l..he value ot: l..he key .1.n 

t.he node, and 'the values of l..he keys of l..he right.. sub1..ree w.1.11 be 

grea,1..er l..han l..he node key. This .1.8 s1..a1..ed .1.n -Lhe da-La l..ype 

invarian1.. . 



$1 = [Btl] 
Btl $1 I(ey Data $1 

In'o'$l $1 _ Bool 

1n'o'$1(51) e 111 '" nil or (lei <It,k,o,rt> = 111 In 

tv Ik 6 ltka(lt)XIl< < III and inY$1(It) enO' 

tv rk 6 lIk8(rt)Xrk > k} end "'Y$1(rtJJ 

where Ilks: $ 1 _ I(erset 

JIl,ks(sl) e " III =. nil 
IhWl I )
 
&l8e let <h.k,o,rt> = $1 In
 

{kl U Union {1lks(lt). 1I1u1(rtl) 

whert! UntO(!: (X'1Ied'1let --+ )(-eel 

umon(n) Ii'! {e I (] s 6 "s)(e 6 II)} 

retrSO: $1 _ SO 

r8trSO(II1) e If .\11 " nil 
then [ ] 

elM 1&1 <It,k"d.rt> '" IT In 

[k _ d) U mllmon {relrSOUt), relrSO(rtll 

where mUnlon: {Key _Oa~l-8et _ {I(ey _ Datal 

pre-mllnlon{mel e (y m1,m2 G mllMO'cm ml n ciom 1712 :: { I Of' 1711 :: m2) 

l7Iun'Oil(mal 101 [k ---+ 01 (] m 6 mllMk 6 dom m (VIa 0 :: /TI{k)l] 

NOTE 3.1: pre-I7II1n10n III rUltilll!lod Irom retrSO because 01 the In'o'arlant ,n'o'$l. 

APPlY1 

$tstes: $1 
Type I(ey _ Data 

po'e-APPLY1(81,kJ e k 6- JIl,ks(sl) 

polIt-APPLY1{Sl,k,Sf,d) e a" :: Sl (VIa d :: appytl(s,.kJ 

where applytl: Bt1 I(ey --+ Data 

pre-applyt1(Sl,k) '9 k 6 lIks(sl) 

appl)'tl{sl,lll e lei <It,k',o,rt> :: Sl m 
II l< :: k' 

then d 

81""k<k' 
then appiytl(lt,k) 

elae aw)'fl(rt,kl 

NOTE 3,~ applyfl Ul'lnat be undenned becev.e 01 tile pre-conoitlOn, pre-applyt1, arn;! 

the lI""arrant, mY$l. 
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Two !unc~ions which are o~ use in ~he correc~ness proo~s which 

follow are: 

IS-pdllj: ex.....tHIlIt --+ 8001
 

lS-pdIIJ(SI) '5! (y i,J 6 {1 .. 1M ~r} Ii" jXil-disjCslli), sl(I)}
 

where 11rd11J. X-set X-set --+ Bool 

is-dlSjltl,l2) 5! 11 n s2 = { 1 

3.2,1 Proofs .-2%~he _correct.n~~__Q.~ _R~2r~s~n~a~A.on_ 1 

The re~~nement proofs wh~ch follow show ~ha~ Representa~ion 1 

is Correct with respect to the specifica~ion g~ven in Section 3.1. 

(A) Preservat.ion of the invarian~: 

The rule t.o be proved is: 

pr,-'-'PPlY1{11,kj and i/lvS1\s') and post-APPLY1(s',k,.Il'.dj ~ invS1(1"} 

Since APPLYl is an identi~y operatJ.on on B1. l...he preserva~ion 

of ~he invariant follows immedia~ely. 



(8) Totalit.y o:f tq.e retrieve :(unCt.-.!5JD 

The rule t.o be proved is: 

(1) rv 81 6 51)(lnv51(81) ==- (] 80 e 50)(80 = retrSO(81)JJ 

Proo:(: By structural ~nduct~on on 81 

BASIS 
(2) 81 = rill 

(3) InvS1(81) 

(4) sa = [ J = r.tr-SO(.tl) which concludes t.he basis. 

INDUCTIVE HYPOTHESIS 
I:( 81 = <1t,1I'.d,rt> assuzne 
(5) InvSllIt):=:;o (} 80 e SO)(SO = retrSOCltl) 

(6) InvSllrt) ==;> (] 80 e SO)(SO = retrSOCrt) 

It :folloW's immed3.-ately :from (5) and (6), 'that. :(or 
81 = <It,II',d,rt> 

since 
<n InvS1{sl):=:;O 18-pdI8J«dom retrSOCIt/.ltom retrSOCrtJ,(II») 

that. 
(8) InVS1(81):=:;O 

I} sO e so)(so = [II' --+ dJ U IYtUrtlon IretrSOClU.retrSO(rtl}) IcE. NOTE 3.1) 

that ~s 

(9) InvS1(I1):=:;O (] 80 e SO)(80 = relrSOCI1)) 



(C) Ad~ 

The rule to be proved ~s: 

OJ (V sO e 6O)(eJ 81 6 S1)(inv5Hsll alld sO :: retrSOl(81))) 

Proof: By induction on dom SO 
BASIS 
(2) dom SO:[} 
In 'this case
 
(3JSO::[]
 

(41 81::; nil e 51 and IOvS1(,1)
 

(5J so:: relrSO(81) :: [] which concludes 1.he basis
 

INDUCTIVE: HYPOTHESIS 
Assume tha1:. if 

dOl'1l .to i' { } and k a dom sO then 
(6) (V SO' e [.I 6 50 I dom 8 ~ (dom so - (Jo:}l}J (f} 81' 6 51)(IIw51(81') and SO' :: 
relrSO(S1111 

I't	 now remains 'to be shown tha1. so can be represen1..ed. 
Le~ 

(IS,(kl"') be a par'ti1:.ion o! dam sO such 1.ha1. 
(V e 0 Is)(l, < kl and (¥ e 6 rs)(e > k) 

1:.hen under 1.he induction hypothesis (6): 
110 r 1& can be represen1.ed by It G 51 such 1.ha1. 

(7)	 invS 1(11} and sO r I,:: retrSO(ltJ 

so , r, can be represen'ted by rt G 51 such 1.ha1. 
(8) InvS1(rt] IIId so r rs:: rBlrSO(rtJ 

From this i't follows 'tha't 
so can be represented by s1 :: <1t,k,sO(lu,rt> and 

(9)	 (V IJo: e xk.s(ltl)(lk<kJ and (Y 111 a xk.s(rt))(k<rk) 

atId Inv51(1U alld mv51(rtl 

and Illl : [k-+d] U mUllion (retrSO(It), retrSOl:rtl} 

'Which is exac1.1y 
(10) Inv51(s1) IIId SO :: retrSO(slJ, and this concludes 1.he proof. 



Operation proofs 

(D) Doma~ns Rule 

The rule to be proved is: 

(I) (Y "I S 51lMYS1{"1) and prll-APPLY(rlltrSO(s1),k) ~ pl'1I-APPLY1{s1,k)) 

Rewriting ~his using the def:ini~ions of: pre-APPLY and pre-APPLYl 
gives: 

(2) (Y 81 S 51){lnYSHs1) and k S 110m rlllrSO(lt) ~ k e llks(lm 

Proof: By structural induction on ,1 

BASIS 
(JJ '1 '" fill 

In i.his case (2) becomes
 
(oCI h G { I ~ h e {} which is obviously ~rue.
 

INDUCTIVE rTYFOTHESIS 
If ", : <Iloh',d,rt> then assume that 
(5) InvS1(11) 8J'l11 h S 110m retrSO(lt) ~ he )(ks(Il) and 
(6) Ill",s1(rl) and h G dom retrSO(rt) ~ II 8 ll.k.t(rt) 

It now remains to be shown that (2) is "lrue of:
I' '" <Iloll',d,rt> 

(n In"'5Hsl) ~ InYS1{1t) .m1 lnvS1(rtl 

thy def:ini"lion of: In"'51) 

(8) ,"",51(91) ~ lI-pd"J« (k"), xk.t(ll), ll.k.t(rt)) 

(9) h e 110m retrSO(sll '" 

h e (h'} U Ufllot'I (l1am rlllrSO(ll), 110m retrSO(rlll 

(10) h S xks(s1J -=- k S (k') U uniOil (llks(It), l(ks(rt)}
 

Under the induction hypoi.hesis (5) and (6) ,
 
ttl InvS1{S1) Inl1 k e 110m retrSO(nl ~ k e xks(s1) {by tn and (8))
 

-15



(E) ~esults Rule 

The rule to be proved J..S: 

0) (Y1lll1 EI Sl)(lnvS1(Il) Ind pte-APPLYHl1,kJ VItJ polht,PPLYHll,k,Sl',d) 

~ po8t-APPLY(tettSO(I11.k,telrSO(s1'l,d» 

Expanding this gives: 
(2) (Y 11 EI Slll)nvS1(I') end k 6 lIks(.lI1) ,"d 11'=,1 aIId d"'lW1)'l'Hsl,k) 

~ retrSOb1')::tetrSO(IU end d"relrSCl(.')(k» 

It follows immediately from 
.lI1'=.lI1 

that 
reltSObl'l"rettSO(I1) 

so what must be proved is: 

(3) ~ S1 e S1XinvSu,1) I"d k EI ..M(sl) ~ Ipplyfl(sl,kl " rettSO(l1Xkl) 

Proof: By structural induction on II 

BASIS 
(,,) .lI1" <flI1 ,ll', d, flU > 
In th.1s case, 
(5) in'o'5l(40 and k e IlM(Sl) ~ k""k, 

hence 
(6) appl)'l'1(4I,Il)" rettSO(I1)(1U ::: d which proves "the basis. 

INDUCTIVE HYPOTHESIS 
If 11 "<It,k',d,rt> assume 
(7) In'o'5Tl/l} end k G lIM(tU ~ appl)'l'IOl,kl "" rettsootxkl and 
(S) in'o'5l(rt1 end k e xk$Crt) ~ applyf1(rt,kl " rettSO(rl)(k) 

Now for 81 "" <rl,k',d,rt> 

Case 1: 
(9) k " k' IIld ,nvS1(In /IDd II e lI11a(al) 

As :Cor the basis, appl)'l'1(I1,1l) " t8ltSO(I'Xkl " d (by mvSlfn» 

case 2: 
(10) II < k' end ,n'o'5l(I') /IDd k 6 lka(el)
 

In this case II G lM(It) (by invS1(s1»
 

(11) applyll(al,kJ " applyt1(lt,kl and 

(12) retrsa,1Xkl " retrSO(lt)(kl
 

under the induction hypothesis (7) and (13) "these are equivalent,
 
case 3:
 
(13) k > k' aIId inVS1(sl) aIId k 6 IM(.1)
 

This case is proved similarly "to case 2, which co~ple"tes "the proof
 
of the results rule.
 



This leve~ of refinement ~odels an array, and in effect maps a 

b1.nary tree onto ~ inear storage. 

REPRESENTATION 2 

52 : ROOT:[Ptr] AflRAy:Pt.r -+ Node:! 

Node2 ~ [Plr) ,l(ey Dale (ptr] 

Inv52: 52 -+ 8001 

Inv52(s21 e (!9I pm = pmtP<ARRA'I'{s2)) ifl 

Ir f101. (Ufl/Ofl rng pm .s dam pmJ tiler! faJ_ 111_ 
IlttYS-aTe-ordered(ROOTf'~' ARAAY{$~) and haa-IW-IQOps(pm}) 

Where keys-are-ordered: [Ptr] (Plr -+ Node:!) -+ 9001 

pre-keys-are-orderec:l(ptr,m) e Ufl/on mg pm ~ dam pm 

keys-are-orderec:l{ptr,m) e ptr = fl/I or 
Clef <Ip,k,d,rp> = m(ptr} ifl 

(\/ rt< e lIk82(Ip,m)Xlk < liIJ and 

(\/ rll e lIks2(rp,m))(rk > liIJ and 

key.-are-or<feredllp,mJ Wtd 

key$-ere-or<fered(rp,m) 

Where lIks2 [Ptr) (Plr -+ Node:!) -+ KeY-8IIlt 

pre-lIks2(ptr,ml 9 Ufllon rng pm .s dom pm 
lIk82(ptr,m) g ,r pir :: nil 

tit." ( ) 
ela& /eI. <Ip,k.d,rp> :: m(ptr) IfI 

(lei U union {w2(lp,ml, lIks:ll:rp,ml} 

wtlere pmap: (Plr -+ Node2) -+ (Plr --+ Plr-Mt) 

pmtpCml 5! [p - ~ (let <Ip, , ,rp> = m(pl IfI 

{Ip,rp} - ( nil ))1 p G donr m] 

wtlere harno-loop" (Plr ---+ Plr·let) -+ Boot 

pre-hel-no-loopa(pm) '" IJfl/OfI rng pm Eo dom pm 
hu-no-loops(pm) Ii (\/ P e donr pm) 

(p S uniO'l (rNChebleCptr) I ptr e pmCpl)J 

wtlere reachab'e: Plr (Ptr _ Ptr-sel:) -+ Ptr-set 

reacheble<p,pm} e build-aet(p,pm,( }) 

where bUild-tel; Plr (Ptr _ Plr--.etl Plr-sel -+ Ptr-8IIlt 

bulld-set(ptr,pm.ps) 5! if pm(plrl = ( J or plr e ps
 
tiler! P4 111_
 

unlO'l [bUlld-seUp,pm,{ptr) U pa'! p G pm(ptr}} 
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retrS1: S2 -+ S\
 

retrSl(S21 .e rll.lrnSllflOOT(lI.~' AARAY(5~)
 

....here retrnSl' [Ptr] (ptr -+ Nodll21 -+ [Bt1] 

retrnS ltplr,ml Ii! ,f pH " nil 
thfNI ntl 

el~e fel <lp,k,d,rp> " m(ptr) In 

< retrnS 1(Ip,m),k,d,retrnS 1(rp,mP 

APPL.Y2 

stllte.s: S2 

Type; Key ..... DIltll. 

pre-APflLY2hZkJ !S! k e Jlkl2{AOOTl.~, ARAAY(.~) 

POll.t-APPLY2(82-k,1I.2'.d1 Q 92' " 52 and 

d " .pplyf2l:AOOTls~,AAAAY(1I.~,kJ 

where Ilpplyt2 Ptr (ptr -+ Node21 Key -+ DIll. 

pre-lI.ppryt2{ptr,m,kJ e k 6 Jlks"2I:plr,m) 

.pplyf2tplr,m,k) Q /IN <Ip,k',d,rp> '" m(ptr) ,n 
" k '" Iic" 

thfNI d 

81a8 ,f k < k' 

IhfHI .pplyf2l:tp,m,kl 

81118 .ppl)'f2{rp,m,kl 

The proois of the correctness oi Representa~ion 2 w~~h reBpec~ 

to Representation 1 are not shown here. The purpose of ~h~s example 

of abstract: maps on binary t.rees is only ~o i~lu.st.rate ~he data 

refinement me~hod which ~s used in specifying B-+-1..rees, in which 

more camplica~ed dat.a refinemen~ proois are done, 

3. -4 Realization 

This gives the PASCAL code, including asser~ions, corresponding 

to APFLY2. The implementation of ~he ARRAY: Pt.r • Node2 component. 

oE S;2 is ~mplicit in the pointer type variables oE PASCAL. AA 

invar~ant, invS3, corresponding to the invCl-riant invS2, must be 

true af the pointers. 



APpLY: 3 

The following da~a defini~ions are requ~red for ~he procedure 

apply3: 

TYPE data_type ~ 

pte"" "node; 
node "" ~ECO~D 

key: integer;
 
da1.a, da~a-type;
 

lp1..r. rp1.:r I ptr
 
ENOl 

VAR root:p1.r; 
k: integer;
 
res: da1..a-type;
 

The procedure, apply3, is: 

PROC£DU~£ apply3 (root:ptr; k:~n1..eger; res:da1.i!l-~ype)I 

VAR p:ptr; 
node.J';ey; integer; 

B£GIN {APPLY3! {inv53(93) iHld k 6 xk93(root») 
p:~root; 

if p :.. nil
 
then l.ermina~e-error
 

else node_key: "'" P" , key;
 
while node_key <> k do
 

begin {node.J';ey "" p". key and 1. n v 5 3 (s 3) end
 
k G xks3 (p) and node_key ~ k}
 

1.£ k ( node_key
 
then p:~p". lptr
 
else p::..p". rptr;
 

if p ~ nil
 
l.hen ~ermina1..e-error
 

else node_key:"'p",key
 
end; (node.J';ey ~ p".key and ~nv53(s3) Ind 

k G xks3 (P) Ind node.J';ey :.. kJ 
res: ""p". data 

END; {APPLY3J {res:.. applyf2 (re1.r52 (roo~) ,k) t 

Termination follows from dep~h3(p) decreasing on each itera1.1.on of 

the loop (cf, ha.. -no-looPll) 
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4. REPRESENTATION OF ABSTRACT MAPPINGS AS B+-TREES 

4. 1 Description of B trees [~] [6J (7] 

A B-~ree is a usefu1 structure for s~oring large mappings from 

keys ~o da~a, ....here the keys are unique and have some na~ura1 

order. A B-tree is a generaliza.tion of a binary ~ree, and a s+-tree 

is a specia1 form of B-~ree in which all 1.he keys ~nd da~a reside 

,1.n the leaves. A B-tree of:. order m has a1. leas1. m and a~ mos1. 2m 

keys at each non-leaf node o~her than ~he roo1., and one more 

po in1.er to a descendant node than key in each of 1.hese nodes (i. e. 

be1.ween m+l and 2m+~ poin1.ers). The leaves mus~ con1.ain from m 1.0 

2m keys and, in ~he case of a B+-1.ree, 1.he same n\J.l'Ober of pointers 

to data as keys. Thus 1.he nodes are always a~ leas1. half full. A 

B-tree al .... ays rema~ns balanced - all the leaves occur a1. 1.he same 

dep1.h. unless 1.he root is a leaf, i 1. mus1. con1.ain a1. leas1. 1 key 

and 2 pointers. 

A 8-tree can allow 1.he following operations 1.0 be performed: 

(assume ki denotes 1.he ith key and di 1.he associa~ed da1.a) 

find: retrieve data di associated w~th a. g~ven key ki 

insert: add a key, Xi and i1.s da.1.a, di 1.0 the mapping, provided 

that ki is un~que 

de1ete: remove da1.a di associated wi1.h a given key ki 

next: retrieve di+~ g~ven 1.hat di has just been re1.rieved 

A B+-1.ree is organized into an index of non-~eaf nodes, <lind a 

sequence set of leaf nodes, which may be linked sequen1.ially from 

left to right as depic1.ed, which facil~tates the nex1. operat1..on 

which 1..S laborious in an ordinary B-1.ree. 



{n...iex 

} :e2VeS 

} chta 

.!t P :"~'c' 

The algor~l..hms for inser1..ion and delet.ion ensure l..hat t.he 

B-tree ~lways remains balanced. The find, insert. ~nd delete 

opera1..ions are described below for a basic a-1..ree, wit.h examples, 

and l..he differences ~n the algorit.hms for a+-1..rees are l..hen given 

in each case. 

The find operation 

A .='--:-T",,_' '-'!",:, 



Suppose t.hat. key 67 is t.o be found. The search s1..art.s at. l..he 

root. and 3 possible pa'ths may be t.-aken. For Keys" 50 l..he left.most. 

path would be taken; .for keys:> 50 and" 93 the centre path is 

chosen ar.d for keys 93 the rightmost path is selected. This 

select.l.on process is repeat.ed a1.. each node unt.il an exact. match is 

found or a leaf is reached - which deno1..es t.hat. l..he Key has not 

been found. 

For a B+-t.ree, a find opera1..ion mus1.. search all. t.he way 1..0 a 

leaf, aa all t.he keys reside in l..he leaves, and t.he key values .l.n 

non-leaf nodes simply serve as separa1..ors as l..hese nodes do not 

contain dat.a. 

11 B+- rree o.t onier 

The insert operat.ion 

This occurs in 'two stages. First.ly a f.l.nd operat.ion .l.S carried 

out., which must progress all t.he way down t.o t.he correct. leaf for 

insertion. The insert.ion takes place in l..he leaf and t.he balance of 

the tree is restored, if necessary, by a procedure which works up 

from the leaf 'to the roo't. If t.he find s1..ops at. a leaf t.hat. .l.S not. 

full, the new Key and data are simply inser1..ed. If however, l..he 

leaf is full (i.e. i't con'tains 2m keys) it. must. be IJplit int.o two 

nodes with the smallest m keys and the associated data in one node. 



~he larges~ m keys and da~a in a second node, a~d ~he middle key 1S 

inser~ed in~o t..he keyl1s"t of the paren~ node "to become a separator. 

1 f ~he paren~ node 1.S no~ full, ~he key can be added and t..he 

insert..ion process comp1et..ed. If ~he paren~ node is full, it must be 

spl1.~ in a similar manner. 1f ~he split..1...ing process propaga1...es all 

t..he way ~o ~he root, and i~ also haS ~o be spli~, t..hen the tree 

l.ncreases one level in heigh~ - 1."t grows from ~he root... 

1n ~he case of a B+-~ree, "the 1.nsert..ion algorit..hrn is similar, 

with t..he only difference occurring when a leaf node is split... Then, 

instead of ~he middle key being promoted t..o ~he parent.. node, only 

a copy of ~h1.S key is promot..ed, as all t..he keys must.. reside in the 

leaves. otherwise ~he inser~ opera~ion works in t..he same way as for 

B-~rees. 

F.xamplee 

Insertion in a a-tree of order 1 

S~art1ng wit..h a B-tree of the form: 

45 I, I 73 

11 

Insertl.on of ~he key 12 would yield: 

1.-1 "5 ItI 731 J""
;wPJ\ ~ 
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and insertion of the key 26 would produce: 

45 

12 73 

11 

Insertion in a B+-tree of order I 

lnsertion of the key 56 intol 

x
 
yields: 

54 

S6 

100 

The delete operation 

DeletJ.on also occurs in two stages, startJ.ng WJ.th a find "to 

loca"te "the node containing the key to be deleted. If this key does 

not reside in a lea£, an adjacent key has "to be found in a leaf and 

put in"to the posi"tion of the dele"ted key - thJ.s moves the empty 

position to the leaf. An adJacent key J.S obtaJ.ned 1rom the leftmost 

leaf o£ the right subtree of the deleted key posi~ion. If the leaf 

then has less than m keys, balance must be restored. I£ the sum of 

the keys of a neighbouring leaf and the leaf J.n question is greater 

than 2m, the keys of the two nodes are evenly dJ. vided between the 



nodes and l.he origin"l separa1.or key in l.he paren1. node is replaced 

(rftdI3lrl/;IUI,on) If: l.he sum of l.he keys is less l.han 2m. l.he nodes are 

mergftd (the opposi l.:e of splitting) and the separator key in the 

paren1. node is pulled down and added 1.0 l.he combined node. If 

merging prop"ga1.ea all l.he way up 1.0 l.he roo1. l.he heigh1. of: l.he 

l.ree c"n decrease by one level. 

oele1.~on is slmpler ~n "n'+-1.ree. as non-key values may be 

lef1. in l.he non- ~eaf nodes, and l.he key 1.0 be dele1.ed will reside 

in a leaf. If a redis1.ribu1.ion of l.wo leaf nodes occurs. l.he 

separa1.or key in l.he paren1. node mus1. be overwri1.1.en wi1.h a copy of 

the middle key OL l.he l.wo nodes concerned. If: a merge occurs in l.wo 

leaf nodes, l.he separa1.or key in l.he paren1. node is discarded. In 

l.he res1. of l.he ~ree l.he dele1.e opera1.ion works in exaC1.1y l.he same 

manner as in a basic D-1.ree. 

Examples 
Oeletion ~n a D-~ree of order 2 

The delet~on of key 37 in the tree depicted below, requires that 
~he next sequential key, 42, be found and put into the empty slot. 
The key to swap into position is found in the leftmost leaf of the 
subtree on the right of the empty slot. 

1.1J71-l~ 

2 1 ~ 
/1 1 

,//

02 I 57 I· ·1 

(a) Redistr~but:l.on 

The deletion of key 15 ~n 

\ 

n'o>'{ 6:"f~i,,',{ II 
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Deleting key ~2 produces: 

80 I -l!25 

15 1--1.37 

(0) Merging
 
Now, deleting key ~5 produces:
 

37 

80 1-1-12 

For non-leaf nodes t.he delet.ion processes of redist.riout~on and 

merg~ng are identical "to those processes aci..ing on a a-tree, as 

shown in "the preceeding examples. 
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4.2 .speciiica.... ion 

The specifica .... ion uses .... he same abs .... rac .... da.... a .... ype as was used 

for bi.na.ry trees, bu .... i .... has been ex.... ended by ....he defi..ni. .... ion of two 

fur~her operations, insert and dele ....e. 

SPECIFICATION 

I.f = Key __ Data 

FIND 

Slates: M 
Type: Key _ D&te.
 

pre-FIND(m,k) S! II 6 dom m
 

post-F1ND(m.k,m',d) 51 m' = m .nd d ~ "'(k)
 

INSERT 

Stales: ...
 
Type: Key Dllta __
 

Pf'...-INSERT(m.....cl) Ii! II 6 dom m
 

po.HNSERT(m,k,d.m' e m' = m U [~d]
 

DELETE 
Stales: ... 
Type: Key_
 

pre-DELETE(m,Id 9 Ie e dom m
 
post-DELETElm,k,m' Ie! m' = m\(k}
 

4.3 Representation 1 

This stage uges as a represen .... ation a .... ree s .... ruc1...ure in ~he form 

of nested se .... a. This data type was chosen because i .... cap .... ures the 

essential properties of the node spli ........ ing, merging and 

redistribu .... ing of the e+-tree algori ....hma 'or inser .... ion and 

dele~ion. However the d.e .... ails of ....he ac ....ual organiza.... ion of keys in 

the index part of the tree does no .... have .... 0 be specified. 

The ma~n difficulty in ....he refinemen .... proofs for ....his level was 

~n proving ....hat .... he inser .... and dele ....e opera .... ions preserve the 

invarian..... 
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4.3.1 DIlta Structvre and Data Type Invariant 

EHree : . OAOER: Nat TREE: Node 

Node :: Inode I Tnode 
I"ode :: Node-aet 

T"ooe :: Key -+ DIlta 

1"11: B~tree -+ 0001 

,"11(1) " inVl"(OADER(t), TREE(OJ 

wtIere mvr: Nit Node -+ 8001
 

mVr(rn,n) e comrnon-inll(n) MI<1 .ize-mVl"(m,n)
 

wtIer. common-mil: Node --. £1001
 

common-mll(nl Q caaea of n
 
n 6 I"ooe: l<eyaeta-ere--ordered(n) 8llel blItenced(n) 8llel
 

(V ." 6 ")(common-mll(.tn))
 
6 Tnooe: true
 

~d 

where 8Ize-mvr: Nat Node _ 0001 

.tlze-i"vr(m,") e c"aee or n
 

n 6 I"ooe: :1 " aize(n) " 2-m-l 8IId
 
(V sn e n)(.lze -lnll(,,,lJ
 

n e Tnooe: .tlze(n' " 2-m
 
~d 

where .tlza-i"V' Nat Nooe -+ 0001
 

alze-Inll("',n) e c.".a of n
 

n e 'nodw. "'<1 " stze(n) " 2-m'1 tu>eI
 
(V .lin G n)(size-Inll(m,.l""
 

n G Tnod'e: '" " "ze{n) " 2-m 
Md 

NOTE 4.1: The slle Invlrillnt 01 an I"ooe IS releted 10 the number 0' descendant, II can 

have. ",'1 has bee" US"" .so that tlla definitIon, will hold for I tree 01 ""., ordltf ) 1. 
The alze invarle"1 01 a Tnode lpeclhea how many keys can occur In the no4e. 

where "zw. Nooe -+ Nat 

Ilze(n) " ca"." 01 n 

" 6 '"ode: Card" 
" 6 Tnode: carel dom n 

Md 
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Where keysetr--Ire-ordered: Node -+ 8001
 

keyseta-are-ordered(nJ !iI! ea_ of n
 
n 6 rnode: ('t' ",a2£; n)(11 : 12) 01'
 

(colleet-lleyetl1) « eoll8(;t-keys(,2))
 

M
 

Ic.ollect·keys(.sl) » eollecHceyet,2))
 

n 6 Tnode: Il1Ie
 

Md 

where eolleet-~.ya: Nod" -+ KIllY·&81
 

c.olleel-~a,'I(n) e ca_ of n
 

n 6 rnode: un/OIl {eolleet-keys(sn) I,n e n} 
n e Tnode: dom n 

.M 

whe'lII «: Nat-set Nat-sel _ 80cIJ
 

a1 « a2 Q C't' e1 e .slX't' e2 e 12Xe1 < e2)
 

""'ere »: Nat-set Nat-ael _ 8ocI1 

a1 » .2!i1! C't' e1 6 ,1)(V e2 6 12X"1 > 1II11 

where union: (X-.et)-ael _ )(-sel 

unlon(",) Q Ie I(] • 6 lI)(e 6 it)} 

whe'e balanced: Node _ 8001 

barenced!n) 51 c~d depths(n) : 

wh&re depttw. Node --+ Nat-set 

(lltpthlfn) E! eaiMllI or n 
n 6 'node: UntOll (depths(an) I,n 6 n} H 1 
n e Tnode: {1} 

Md 

where H: Int-let Nat _ Int-aet 

a H , Q le"i lee a} 

4.3.2 The Retrieve function 

relr: B-1," --+ (Key _ Datal 

,et,m 51 retrn{TAEE(1)) 

Where retrn: Node _ (K&y _ Data) 

retrn{n) Q ea"ea of n
 

n 6 Inode: /ffUntOll {reUn(anJ I sn 6 nl
 
n e Tnode: n
 

Md 

whe,e rnu..-r. (Key -+ o.ta)-ael -+ (Key _ Dllta) 

pre-l1IIInton(ml) e C't' m1,m2 e ma)(dom m1 n dom m2 " { J Of' m1 : mll 

munlon{ml) e [II -+ d I (J m 6 m,Xk e dam m ~d d : m(lu)] 
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FINDl 

states: B-tree 

Type: Key""'" Data 

pre--FIND1(1,k) 5! k 6 coUe:kkeya(TAEE(l)) 

poat-FrN()(l,k,t'.rl oQ t' = t #lind r .:: tlndlk,TAEE(t)) 

where hnd; Key Node _ Data 

PTe- flnd(k,n) Q k 6 co1Ied-keys(nl 

find(k,n) 5! ceae./ll ot n
 
n 6 lnode: flfld(k,aeleet(n.k,))
 

n e TnOd.: rl(ll)
 

~d 

where se'e<;t Inoc:le Key --. Node 

pre-aelec:t(n,kJ Q II e colleet-keya{n) 

poa\-select(n,k,rl !it r e nand k e colleet-keys{rl 

INSEATl 

St.tes: S-Iree 

Type: Key Deta

pre-INSERTl(l,k,dJ oQ" $; eolled-lleysfTAEE(U) 

po.HNSEATl(l.k,d.I'} 5! QRDER(I'} .:: OADEAlll and 
TREEn'} .:: in.ertr(OADfA/Il.TAEE(t).k,dl 

where Inaertr: Nil Node Key 0.11 -+ Node 

pre· Inaertr(m.n,"'dl !ill .. S coll&e:t-keys(n)
 

Inaertr(m,n....d) iii IH m '" i...sertn(m.n.k,d)
 
if	 ai.r:e(rn) '" 1 

then element(rn) 

else rn 

where lOaertO: Nil Node Key Oat. -+ Inode 

pre-In.ertn{m.n....d) !ill k S colleet-keyfin) 

Inaertn(m.n.k,dl iii caeea ot ... 
n 6 Inode:	 I~ cn '" seleele(n.{kJ) 

lei en• .:: Inaertn(m.cn....d) 

/a! rn .:: n - {cn] U ens 

,1	 o!llze(ml ( 2"m+l 
then {,n} 

ellHI spllb(rn) 

n 6 Tnode: lei rn '" n • [Il-+d] 

If alze(rn) ( 2"m 

then {ml 

elee splrttCml 

Md 

where element: Node -tet _ Node 

pre-element(na) e card ns '"
 

post- elem.nt(n..,) ere ns
 

where seleete: In<Jode Key-set _ Node 

poat-aelecte(n.ktI.') e C} InS,"'ns C nX,s-divI81Orl(n.lns."'ns.{r}) and 

Is-ordered(ln8.colled -keys(rl U ktI.Msl. 
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where is-drYlelon: Inode Node-set Node-eet Node- set -I> 0001 

It diyielOn fn,lns,hns,mns) Iil ,s-pdleJ«lns,hns,mns» and 

tine U mns U hn9 = I'll (ct. Hellon 3.2) 

wt'Iere is-ord8l'ed: Node-sel Key-sel Nodr-aet -I> 9001 

ill-ordered(lns.,ks,hnt) 1iI (coliect-keysClns) « kIJ) IJ/Id
 

kIJ << collect-keYIl(hns»)
 

where epliti: lnode -I> 'nodll-eel 

pre--epliti(nJ Ie 9Iz&(n) ) 2 lind keysets-erll-ordered(n) 

pollt-lIp1ltl(n,nt) lil Union nil = 1'1 IJ/Id cerd ns = 2 IJ/Id
 

keyeels--lIre--ordered(ne) lind I.. {nl,n2' = ns In
 

(siz.&(n1) = elz&(n) dN 2 and lI.tI'(n2) = "z.e(n)
 
tiz&(nl)) 

wt'Iere eplltt Tnodll _ Tnode-set 

pre-eplltt{n) iii tlz&(n) ) 2 

poet-splittfn,ns) E! munlon ne = 1'1 IJ/Id card 1\1 = 2 and 

keyeels-llre-ordered(ne) IU'Id '" {n1,n21 = ne m 

(tlz&(n1) = slz&(n) dlv 2 IU'Id S1l.&(n2) = e'Ulln) 
slz&(n1)) 

DELETE1 

states: a-ITee 
Type: Key_ 

pre-DELETE1(l,kl iii k 13 colleet-keys(TREE(t)) 

pollt-DELETEIll,k,I') lil OADEAU') = OADEA{t) IJ/Id 

TAEEft') = deletel1DRDERltl,TFlEE(t),kl 

where deleter: Net Node Key _ Node 

pre -deletlll1m,n,k) !! " a collect-key_I'll
 

deleler(m,n,kl liI I" rn = deletenfm,n,kl
 
,f m a lnode fUld elz.&(m) = 1
 

IhM element(m)
 

01" m 

where dellltsn: "'lei Node Key _ Node 

prll-deilltenlm,n,k) 9 k a collect-key_I'll
 

deleten<m,n,k) 9 ce"e 01 1'1
 

1'1 6 Inode: lei en = ee'ect(n,k)
 

lei rn = deletenlm,en,kl
 

" SlZ&(rn) ) mmimum- slze(m,rn) 

then 1'1 - {en} U 1m) 
sles 

lei 1'11'1 = ne.ghbour(n,en) 

If slze(m) + siZe(nn) ) 
2"'mintmum-sil.&(m,m) 

th~ 

1'1 - {en,m) U redllJl:rlbl,rt&(m,nn) 

eles 1'1 - len,nn} U merge(rn,nn) 
n a Tnode: n\(k} 

".d 

where min.mum<.il.e: "lilt Node -I> Net 

minimum -elz&(m,n) iii	 ellese 0' 1'1
 

1'1 6 Inode: m+1
 
1'1 a Tnode: m-



•• 
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4.3.4 Proo1s of the Correc~ness of Represen~a~ion 1 

4.3.4.1 Da~a Type Proofs 

(EJ) To~ali~y of ~he Re~rieve Func1..ion 

The rule to be proved ~s: 

(1)	 fV ( e S"lree)(Iny(1) =:> i] kdm E1 (Key _ OIIta»(kdm " retr(tlll 

On	 subsi.J."lu"l:Lng defini1.ions, t.his may be wri ..... 1.en as: 

(2)	 fV t € B-tree)(lnl'rtOROERftJ,TAEEm) ~ 

n ~dm € (Key""'" Data»)(kdm " retrn(TAEE(t)))) 

Proof: 
Case ].. TA[E(I) 0 Tnode 

In l.h:LS case, (2) becomes 

(3) slle(TAEE(tJ)" 2*OADEA{t) ~ (} kdm € IKe'll ---I> Dlta»)(kdm " TREE(tlJ 
Which can :Lmmediately be seen ~o be ~rue. 

Case 2: TA££m G Inode
 
In "lhis case ~he pro01 is by s~ruc~ural induc~ion on TR£E(l)
 
BASIS (V In € TREE(l)(an € Tnode)
 

Equa~ion (2) becomes
 
(4)	 keysetr-are' ordeted<TREE(tJ) ana l:NIlancedcTAEE(tJ) lind 

2 " t1zltiTREEfl) " 2*OROER(t)i 1 end 

('V sn E: TREEft))(OAOEA(t) " stlelan) " 2"OAOEA(t) =:> 

{} kdm 0 (Key ---I> Oalll)(kdm " mun/M (an 1111' G TREE(!)}) 
which can be seen t.o be ~rue because keysets-Ire-ordered guaran1.ees that 
I:he domains of I:he mappings 1:0 be united are disjoint:. 

Now suppose 
('Van € TREE(tJ)(tn e IMde) 

INDUCTIVE HYPOTHESIS 
(5)	 fV sn E: TREE(l)(common-lnY(sn) Ina alle--lnY(an) =:>
 

i} ~dm e {Key ---I> Date)(kdm " relrn(snllJ
 

In	 1.hia case (2) becomes 
(6)	 keyseb-ale-ordered<TREE(lJ) and b11llnced<TAEE(tJ) Ma
 

fV u e TAEE(t})(common~InY(Bn) ana liUle-lny(snJ) and
 

2 " alz«TAEEftJ) " 2"ORDEA(t}-ll ~ 
(] lidm € (Key ---I> D/l,tallfkdm " mumM {retrn(ton) I sn e TAEEft)I) 

which follows from 'lhe Induc~ive Hypot.hesis. because bIIlll.nced enS1.l.res 
tha t there are no nodes w~ I:h mixed Inodes and Tnodes as subnodes. 

NOTE 4,3, The above prool CQuld nol be per'lormed Simply by InductIOn on Noae bftc.ause
 
of the SpllClll( cale of a tree conSisting only 01 a lingle Tnode.
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(C) Adequacy 

The rule to be proved J.S: 

(1) rv kdm 6 (Kay ~ D.te»«(} 1 6 B-IreeXIIlY(!) lind kdm = rett11lll 

On	 subs1..ituting de£ini1..ions, th1.s may be wri1..1..en as 

(2)	 IV kdm 6 (Key ---10 Dale»«(} 1 6 B-treeXlnvr(OFlOEFlm,TREE(t)) IUId 

kdm = retrn(TREE(I)))) 

Proo£: This is shown by an in£ormal argumen1... 

Clearly, any mapping, 

kdm such 1..ha1.. card dam kdm " 2"OROEFllt) 
can bs represented by 
TREE(I) = kdm 

and this satisfies 
Invr(OROERII),TFlEE/uJ and ltdm = relrn(TAEE(t)) 

For a mapping, kdm, such that 
cllrd dam kdm ) 2"ORCEA(I) 

it is possible 1...0 order 1..he domain o£ 1..he mapping and then to 

partition ltdm into a set o£ disjoint mappings, each o£ which has a 
domain of size between ORDER (t) and 2*OADEA (I), and which form the 
1..erminal nodes of 'the tree. The resul1..ing se1.. .... ill have cardinali1..y 

;;10 :2 and satis£ies common-Inv and .lllza-mvr (as ORDER(t) ;;. 1), Should t.he 
set have cardinality) 2*OAOER(t)+1, i1.. can be par1..i1..ioned in such a 
","ay thaI:. eaCh resulting set has cardinality between ORDER(l)+l and 

2"OROER(t)+1 and -lhe par1..i1..ion has cardinali1..y ;;10 :2 and satisfies 
CommOIl-lnv and Sile-ifwr. Th1.s partitioning process can con'linue until a 

set results which has cardinality " 2*ORDEA (1)+1 and what has 
reSUlted is TREE (1), such that 
Invr (ORDeR (I) ,TREE (I») and ltdm " relro (TREE (I) 

Adequacy can be proved formally by induction on dam kdlll, since 
the proof that INSERTl J.S a to1..al opera1..ion implies th.at the 

representation of any ltdm can be general:.ed using INSERT1. 

NOTE 4.4 Tile "peelel cue of tile fool "'le mv,rl'nt 18 preel"ely requited 10 i»fmil 
lha represent,tloll of :IImall m'pplngs. ThiS !pe<:'lll elise will flKes.lllt,le Ihe II11Pllr,tion 
or properties severlll t,m8& III tile proof! th,1 follow. 

-)5



4.3.4 . .2 Opera1.ion Proofs 

Opera1.ion FIND]. 

(A.)	 Preservation of 1.he invariant 

1I..S FIND]. ie an ident.i1.y opera1.ion on 1.he B-1.ree • .1.1. followS 

immediately that 1.he invarian1. is preserved. 

Proof 1.hat FINDl models FIND 

(D) Domains Rule 

What mlJst be shown is: 

(1) (V lEi 6-tree)(inY(tl IUId pre-ftNOCretrttl.k) =Q lXe-fIND1(t,kJJ 

On	 substi1.utinq defini1.ions, this becomes 

t21 (V t e B-lree)(lnY(1) IU1d k e dam retrn(TAEE(t)) ~ 

k e coll9cl-keys(TAEEft))) 

Proof:
 
The fir91. s1.ep is to prove tha1.
 
fa) CV m e Nat, 0 6 Nooe)(eommoo-lOy(n) IJ/ld k e dOnI rell"Ofo) =Q
 

III e eollect-keys(n)) 

This is proved by s1.ructural induct.ion on n 
BASIS 

(.) n a TnOI!e (21 becomes 
(5) eommon.,nY(nl lind III e dam n =Q III 6 dam n 

which follows immediately. 

INDUCTIVE HYPOTHESIS n a lnode 
aNume 

(6)	 (V lin I> n)(eommoo-lnY(tn) IUId k e dam relrn(tn) =Q 

III e colleet-keys(,n» 

fHypolhetlS)(n eommon-lnY(n) IJ/ld 11. e dom retrn(o) 
(common-lIw)(8) (V .In e n)(common-IOY(,"ll and 

(relrn)(9) (} en e 0)(11. e dom relTn"n}} 
(by (6»(10) k e CO\llICt-keys(anl for such an 80 

Thus 
(collect-keys)
 

from Which
 
(V t e 8-tree)(.nY(t) IUItJ III e dam retrn(TAEEH» =Q
 

III e o;oJlect~lIleys(TAEElll))
 

follows a1. once.
 

(11) III e eollect-lIleys(o) 



What must be shown is: 

(1)	 (Ii t e B-Iree)(lnv(l) tll'lel pre-F'N01(l,k) tII'Id pon-FIN011t,k,t',d) =;10 

post-FIN D!retr(tl,k,retr(t"),d» 

on	 subst~tuting def~nitions, this becomes 

(2)	 (Ii I e B--IreeXlnv(U tll'lel k 6 coUeel-key.rrREE(t) .rId t'=t tII'Id 

d=tind(k,TAEE(tJ) =;10 retrlt')=relr(1) tII'Id d=relrn(TAEEII»)(k» 

It	 follows immediately froM 
l'=t that retr(t'l=retrtt), 

so	 what must be shown is 

(3)	 tV t 6 B-Iree)(Inv(1) and k 6 eoUec:t-keyI(TREE{t) =;10 

ftndtk,TAEE(I)) = relrnCTREE(I)XkJl 

Proof:
 
The first step is to prove that
 
(J)	 (Ii m 6 Nllt, n 6 NodeXcommon-lnv(n) tII'Id k e eollec:l-k.,.e(n) =;10 

Iind(k,n) = retrn{nXkl) 

This is proved by structural induction on I' 

BASIS 
(4) n e Tnode (J) becomes 
(.5) eommon-Inv(n) /lind k a dam n =;10 n(k) = nlk) 

which follows immediately. 

INDUCTIVE HYPOTHESIS n e Inode 

IIssume 

(6)	 (Ii .lin e nXcommon-lnv(lIn) /lind k e c:olleet.-k.,..lI(en) =;10 

f1nd(k,8n) = retrn(anXk» 

(7)	 eommon-Inv(n) tITId k a coUeet-key.ll(n) (HjIJlOttlesls) 

(8)	 IY.lIn l3 nXc:ommon-inv(lInJ) and (eommon-Inv) 

(9)	 (] an 6 nXk 6 eoUect-keysCsnJ) ltoy (1) and collect-ken) 

(10) flndlk,sn) = retrn(sn)(k) for such a an	 (toy (6)J 

Thus 
11 I) lindlk,n) = relrn(nXk) Ideflnltlons 01 ttnd and relml 

frOM which 
(Ii I 6 8-lree)(jnv(U .mJ k e c:olJ~t-keys(TAEE(UI =;10 

flndlll.TREE(I)) = relrn(TAEE(lJ)(k» 

follows at once 

-J ) 



Opera1.l0n INSERTl 

A (uncL~on which ~s of use ~n the following proo:Cs is: 

not- In: i'lel Node __ Bool 

not-In(k,n) e k «: collect-key.ll(n) 

(A) Preservation of the Invarian~ 

The rule to be proved is 

(1) pre·INSERT1(t,k) snr1 Inyfl) tina po.llt-iNSERT1(l,k,t'j => Inyit') 

Th~s may be expanded ~o 

(2)	 nOI-l~(k,TFlEE(t)} snr1 lnyrtOROEAfI),TAEE(t) => 

IIwt!OAOEFl(t),lnsertr(OADERm,TREE(tl,k,r1J) 

The proof of (2) has been done by decomposing wha~ has t..o be 

proved J-nto a number of lemmas and proving those 'W"hich are not 

immed~ately apparent. These lemmas and their proofs then combine 

to provide the proof that INSERT1 preserves the i.nvar~ant. 

The lemmas for ~nsertion are listed below, and are followed by 

~he necessary proofs from which t..he ~ru~h 01 Theorem 1.12 and thus 

equat~on (2) 10l10W8: 



rnser1.ion Lemmas for Tnodes 

Assuming 
111 € Nat and I' B TnolSe aMI not-m(k,n) and n-:'lnsertn(l11,n,k,d) 

(or -the (ollow~ng 4 lemmas: 

L1.1 .11Z8-In'l(I11,n):::=o n' e Tnode'.1et and 1 110; Jlze{n') 110; 2 

L 1.2 keysels-'are-ordere4(I" lind collect-ke)'.1{nj ; colle<:t-keY.1tn) U (k} 

L1.3 balanced(n') 

L ,." .111e-ln'l(l11,n):::=O (1/ .1n' 6 n')(.111e--m'l(m,sI'l11 

Assuming 
m 6 Nat and n e Tnode and not-II1(k,n) and .111e-mvrtm,l'l) 4fId
 

n-:'ln.1ertrtm,n,lt,d)
 

L ,,~ sile-Invr(m,n) 

Inser1.ion Lemmas for general nodes 

Assuming 
me Nat and n e Node and common-m'l(n) end nol-In(k,n) al'ld
 

n';lnaertn(m,n,k,d)
 

for the nex1. 4 ~emrnas 

L 1.6 .1rze-ln'l(m,n):::=o n' 6 lnoae and , '" .1lze{n') 110; 2 
(from L1.1, .1pml and In.1ertn) 

L1.7 keysets-are-ordered(n') and coIlBCt-keystn') ; eoUec:!-keys(n) U {Ie} 

L 1.8 balanced(n' arul C.... 8"" G n'Xdepths(sn' ; depthslnll 

L 1.9 common-In'l(nj 

.l\,ssum~ng 

m 6 Nat lItld n e Node and size-In'l(m,n) and not-rn(k,n) and
 

n'=lnsertn(m,n,k,d)
 

L1.10 (II sn' 6 n')(slze-inv(m,sn'J 

Assuming 
m e Nat and n e Node and slze-lnvr(m,nl and no!-m{k,nl and 

n'~lnsertr(m.n,k,dl 

L 111 Slze-mvrtm,n') 

Theorem 1.12 ,"vrtm,n) lind not-InC",n) and n·~lnsertrtm,n.k,d) :::=0 

Invrtm,n') 
(from L 1.9 and 1l,11) 
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Proo:( of Lemma 1," 

TO	 prove I 
(I)	 n 6 Node ",11 cotntnon-inY(n) MIll not-In(k,n) MId n'=,""rtn(m,n,k,dJ =

"eYM!I-lre- ordered(n') enl1 coHe<:t-keye(n')::colleet- keyIMn) U (k) 

Proo:(: By s'l.ruc'l.ural induct.~on on n 

BASIS 
(2) n e: Tnod&
 

which follows ~mmediately :(rom Ll.2.
 

INDUCTIVE HYPOTHESIS n 0 Inode 

assume 
(3)	 (\I sn €: n)(eommon-lnY(sn) and nol-,"(I<,sn) tJ/Id en'='nsertn(m.sn,k,dl 

=- keyleh-ere-ordered(sn') ami collect--~sn'FGolle<:t-key1(en)U [k]l 

III common "mY(n) and not-In(k,n) (Ilypolhes,s) 

(51 lef cn:: selectC/n,{k]) 

(61 en e: n (seleetcl 

(n eomlflDn-mY(cn) {(J), 'I), (6) end cotntnon- In",1 
(8) nal-In(k,cnj «(I), (6), coUKt- keYlliI 

(9) leI cn~ :: Insertnlm,cn,k,d) 

nO) keYSllt~-lre-orderedlcnIlJlind eolle<:t-keys(cnsJo::colle<:t-kep(c:n1 U {k} 
(by m. (8), (9), (3)) 

(11) f.t m:: n {en] U cns 
(1 2) k"",,~s- Ire- ordered(rn)	 {by (10), '111, sele<:lc .nd (1») 

(13) eoll«1-keys(rn) :: eolle<:t-keys(nl U (II) (by (10) snd (1111 

nl) n' : " S'le(rn) <; 2"m tnen {rnl fIIae splil/{rn) 
The lemma holds in bo'l.h cases, from 'l.he de:(i.ni'l.ion9 of 
spllll, collect-keys and keysels-Ire-ordered, 



Proo:f of LeQUTla 1. a 

This is an impor1...ant: property of a B-"!.-ree, which is no"!. obvious. 

To prove: 
0) n 6 Nede and eommon-inY(n) and 1'10\-11'1(11,1'1) and n'=ln'ertn(m,n.k,d) :::::;> 

balanced(n' and 01 an' 6 n')(deplhs('n'l ~ deptha(n») 

Proof: By s1..rucl.ural induc1..~on on n 

BASIS 
(2]	 n 6 TMde 

which :follows ~nunedia1..ely from Ll.3 and L1.1 

INDUCTIVE HYPOTHESIS 1'1 6 'node 

assume 
(3)	 01 an 6 n)(common-Inv("n) and not-in(k"n) IrId In'~jnsertn(m,5:n.k,dl 

~ balanced(sn' IrId (V un' G an')(depths(un, ; deptha(:ln'» 

("l cemmon-inv(n) and not-in(k,n) (HyPOthenl) 

(!i) 01 sn 6 nX<:Oft'morHnv(Sn) .lId noHnCl<,snlJ (I"), common-illY and not· In) 

(6) Ie( cn ~ seleele(n.(kll 

In cn 6 1'1 (seledc) 

(8) eommo"-;nv(cn) and not-ln(k,Cl"I) ((!i) and m) 
(9) ba!e.nced(cnl (by (8)1 

(10) rv III" 6 "Xdepth~sn)=deptha(Cl"I») 

(1'1 e 'node and balanced(n) :::::;>01 s1,5:2 6 nXdeplhllllsll~depths(s2)) 

(ll) deptha(") " uniOfl (depths(.sn) I .In e I'll H 1 " deptha(<:n) •• 1 

(12) '" cns " Illsertn(m,cn,k,d) 
(13) beolanced(cn.s) lind 1.... 1111'1· 6 cn:l)(depths(sn'l " depthl(<:n» (by (3» 

(1") I" rn ~ 1'1 - {en} U en.s 
(13) 01 srn 6 rn)(depthl(arn) = deptha(<:n»	 (by (10) .lind (13) 

(16) deptha(rn) " deptna(n) {by (10). (11) and (1!i» 

on beolanC4dlrnl (eard deptha(rn)=card depthS\:nj.::l by (161) 

(181 n' " " srn(rn) , 2*m Ihen (rnl NS& .plitiCrn)
 

The lemma holds in bo1..h cases, from (16), (1"') and "lhe defini l...ion
 
of lIIp1iti.
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Proo~ of Lemma 1 9 

To prove; 
=
(1)	 n e NO(Ie lind common-lnY{n) tJnd nol-In(k,n) lind n'>:ln.tertn[m,n,k,d) 

comroon-Iny{n') 

Proof: By s~ructural induc~lon on n 

BASIS 
(2)	 n 6 Tnode 

(3)	 keysetS-lI.re- ordered(n') (by l1.2) 

(4)	 ~Ia.n,ed(n' (by l1.3) 

(5)	 n' 6 Tnode-set (by ll.1) 

(6) ('o' .tn' 6 n')(eommon-Iny{ln'))
 

en comrnon-lnY{n') (by (3), (4), (6»
 

INDUCTIVE }-IYFOTHESIS n G lnode 

aSSume 
(8)	 (V In 6 n)(eommon-lnY{lI.n) and nol-In(k,sn) end In'=lnsertn(m,lI.n,k,d) 

=- common-inY{sn')) 

(9)	 eommon-Inv(nl and nol-In(k,n) (llypothesls) 

(10) keyseIS-lI.re-ordered(n') (by L 1.7) 

(11} ~llI.need{n') (by L 1.8) 

(12) lei en = .tereclc(n,{k}) 

{I3)cn8n (seleclcl 

(141 colTln'(ln-inY{en) tJ/ld noHn(k,en) «(91, (13), common-In" lind nol'in» 

(15) let eflS = Insertn(m,cn,k,dl 

(16) eommon-mY{ens)	 (by (14), (15), 18» 

(1n let n' = n - {en} U ens 
(18) ('o' an' 6 n')(eommon-In"(sn')j (by (9). (131, (16) lind commOl\- trw) 

(l9) eomrnon-Inv(n') rby 110), (11) lind (16» 

NOTE 4.5. Induction is required for Ihis proof because eommon-In" III reeursl"e. 



Proof of Lemma 1.10 

To	 prove I 
(l)	 n 6 Node 8/10' SIZe-lnv{m,n) end not-In(k,n) ~d n'=lnsertn(m,n,k,dl ='=' 

(y sn' 6 n1(siz~-lnv{m,sn'») 

PrOOfl By 9~ruc~ural induction on I" 

BASIS 
(21	 n 6 Tnode 

which follows immedia~ely from Ll.4. 

INDUCTIVE HYPOTHESIS n 6 lnode 

assume 
(3)	 (y an e n)(fllte-Inv{m,snl and not-ln(k,sn) Vld sn'''lnsertn(m,sn,k,d) 

='=' (V nn' 6 sn1(s'ze-onv{m,un'))) 

(4)	 slze-Inv{m,n) and not-h1(k,n) (HypothesIs) 

(5) (y an 6 n)(s.ze-inv{m,sn) .nd not-ln(sn» ((4), size' mil and not-In) 

(&) let en " seleelo(n.{k}) 

(7)enen (selecte) 

(B)	 sr;ze-lnv{m.en) and notrtrl(k,en) ({5) and (7)) 

(9)	 let ena '" Inaertn(m,en.k,.d) 

(10)	 (\Isn' e ens)(size-lnv{m.sn'J) (by (3)) 

(by L '.&)(11) 1 " s;ze(ens) " 2 

(121 let rn " n - (eol U ens 

(13) si~e(n) " a/te(rn) " slze(n) + 1 

(14) n' " it stze(rn) " 2*m Ihen (rnl lillie sprill!rn) 
case (a): 
115) sfze(rn) " 2*m 
(1&) (\I sn' 6 n')(slze-Inv{m.an'» 

follows immediately from 
slte(n) " alZe(rn) " 2-m and s1ZIIvlnv{m,n) 

Ca.se (b): 
(17) sit",-rn) > 2*m
 

(lB) $IZe-Inv{m.nJ end (13) ~ alze(rn) ::: 2*m+'
 

(19) (\I sn' e n')(s,ze-Inv{m,sn'»
 

follows immediately from the defJ.ni~ion 01 spllti.
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Proo!: of Lemma 1.11 

To	 prove: 
(1)	 'I e Node lind .1,ze-lnvr(m,n) lind not-In{k,n) lind n'=lnIMrtr(m,n,k,d) 

~ IIrle-lnvr(m,n') 

Proo!::
 
For 'I G Tnode
 

This case £ol1ows immediately from Ll.5.
 

For n G l'lode 

(2)	 .lIlze--jnvr{m,n) lind not-In(k,n) (Itypoth89''') 

(3)	 r'I .In a nXSlz"-lnv{m,lIn) lind nol-In(k,sn» 112J, "ize-inVf lind not- In) 

(4) IfIt en = selectc(n,(k}) 

(5)	 en en ("eleele) 

(6) lIize-lnv{m,en} IIJ1d not-In{k,en) {(3) lind (5)) 

en IfIt elll = ,nllertn{m,en,k,d) 

(e)	 r'lsn' e enll)(lIlze-lnv{m,sn')} (byll.10) 

(by ll.6)(9)	 1" srZe(cns} " 2 

(10) let rn = 'I - (en) U ens 

(Il} slze(n) " ...ze(rn) " siZe(n) .. 1
 
(l2J r'I am 6 rnXllize-inv{m,srn» (by (3), (51, (6) and (10))
 

(13) n' =" lIize(rn) " 2'"m IIIIM Irn} eI"lI splib(rn) 
Case (a): 

size(rn} " 2'"m 
'I' =rn and .,I.e-lnvr(m,n1 (by (11), (l2) snd lIze-invr) 

Case	 (0): 
,JIt«rn) ) 2'"m 

n' ="p1itl{rn) and IIlze-InVr(m,n1 (by (12), 3plltil 



Proo! that INSE:RT1 models INSERT 

(D) Domains Rule 

What mus1. be shown is: 

(ll ('I t 8 B-treeXInv(tl IJfld pre-INsERT{retrtt).k.d) ::::::;> 

pl"e-INSERT1Ct,k.d)) 

on subs1.i1.uting de£in~1.~ons. 1.h~s becomes 

(21 N I S EHreeXinv(t) end II 6: darn retrl"fTREE10J ::::::;> 

k e ~Ueet-keys(TREE(t)}) 

Proo!: 

This proof ie identical 1.0 t.he proof of t.he cl-omains rule "or 
opera1.ion f'INDl, except t.hat. all occurrences of k G are 
replaced by k II: 



(E) Results Rule 

The rUle	 1.0 be proved is l 

~l) (V t 0" B'tfee)(ln~tl lina pre~INSERTHI,k,dJ fJna posHNSERTHt,k,d,I') 

==:> p:lst-iNSERT(relrfO,k,d,ralr(I'» 

Expandlng this g4ves 

(2) (\I I € B-trea)(m~tJ ana lIS eolle<:t-kays{TREE(t» end ORDER(I' " 

ORDERII) =>
 
retfn(lnsertr(ORDER(I),fREE(t),k,f;1}) = relrn(TREE(tJI U (k _ d]/
 

Proo~: By structural induction on fREE (I) 

BASIS 
(3) TREE(tJ 6	 Tnode 

Equai..~on	 (2) becomes 
(4) m~l) 'na k & co/(ecl-keys{TREE(t» end ORDER{11 = ORDER(I) => 

ratrn(ORDERrtl,fREE<tl,k,dJ = TAEE(lJ ~ [k ~ d) 

(5) Ie' rn = fREE(I) ~ [61 -I> d] 

(6) ms"rtn(ORDER{tJ, fAEE(I),k,d) = 

If SU9(m) " 2"ORDERIlJ then {rnl eln splltttrn) 
Case 1: 

s,ze(rn) " 2"ORDEA(1) 
(7) InliertrtOROERUJ,TREEm,k,d) = rn = TAEE(tJ • [k _ d] 

(6) retrn(rn) = TREE(\} • [k -I> d) 

Case :It 

Slu(rn/ > 2"OADER(I) 

(9) InIMlrtr(ORDER(I),TREE(t),k,dj = splltt(r") = splitI(TAEE(t) + [k - d]) 

(10)	 rllllrnisplirt(m» = mUnlon {ralrn(sn) I an S splitt(TAEE<t}t[k_d]J} 
= TAEE(I) + [Il -I> d] 

No..... if TREE (1..) G li700a 

INDVCTlVE HyPOTHESIS Assume 
(11) rv 511 6 TAEE(t)(lny(lj lind k S eollect-keys{s") => 

('~lrn(mJertn(ORDER(t),Jn,k,d»= retrn(sn) + (k _ dJ» 

(1<1) let (;n = selecte(TAEE(Il,(kJ} 

(13) en 6 TREE(l)	 (sal.cle) 

(14l 1« ens = Inaertn{OAOEA{\),en,k,dl 
(15) rlllrn(ens) = relrn(en) ~ (61 _ d]	 (by (11» 

(6) lei rn '" TREEUl - (enl U ens 
(17) msertn(OADEAW,TREEm,k,d) = 

II SIZe(rll) " 2"ORDEAm+l Ihen {m} &lSe splltl(rn) 
Case (a): 

Ilz~rn) " 2""OADER(t)+1 

(16) Inlertr[OADEA<tl.TAEEW,k,dJ " rn '" TREEIO - {enl U ens 

(lS)	 r6lrn(tn) = relrn[TAEE<tl) - relrn(en) U retrnlen)'[k-d] 
='etrn(TREE(I)}t (k-d] (en 6 TREE(t)) 

CaSe (b) 
Jlze(rnJ ) 2*ORDER(tj+1 

(20) msertr(ORDERm.TAEE(tl,k,dl " sphh(rn) '" splltl(TREEftI - (en) U erlsl 

(<11 1 rstrn{splltJ(rnl) " mumon {ratrn(sn} I sn G splill(TAEE(tJ-{en] U ensl) 

: r&lrn(TREEUl) - rftlrn(en) U relrn(enJ + (k _ d) 
" relrn(TREEfI)+[k_d] (en to TREE(!)) 

WhlCh comple~es the proof. 



q.l2~_i!...t._i_~n__QI;LETg.!.. 

A funct.~on ....hich is of: use ~n t.he follo .... ing ref~nement. proofs is: 

IS-In: Key Nodll -.,. Bool 

's<k,nJ Iii! k € coUect-keys(n) 

(A) Preservat~on of t.he invari<!J}! 

The rule to be proved is: 

(l) pre-DElETElClk} and InY(t) lind post-DElETE1(lk,t'J :=. lnY(t') 

Th~s may be expanded t.01 

(Z)	 's-ln{k,TREE(t)) and Invr(OADEA{t},TAEE{tJJ :=. 
Invr{OADEAlt),deleter(OADEA{t},TAEE(ll,k) 

once aga~n, t.he proof: has been done by dra.... ing up a list of: 

Lemmas f:or Delet.ion (and proving t.hos@ which are not. obviouSly 

true), f:rom ....hich t.he trut.h of: (2) can be deduced, These lemmas 

correspond t.o t.he Lemmas for Insert.ion in form, 

The lemmas are l~st.ed belo.... and are follo ....ed by select.ed proofs 

of t.hose lemmas ....hich are not. ~mmediat.ely apparent. and do not. 

follo .... t.he l~nes of t.he proof' of' t.he corresponding lemma f:or 

~nsertion. 
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Dele~ion Lemmas for Tnodes 

Assuming 
m 6 l'Ial and n G; (node lind IS-In(k,nj and n':<delelen(m,n,k) 

for ~he follow~ng 3 lerrmas: 

ll.13 s,ze·,~Y(m,n) ~ n' 6 Tnode lind S1ze(n') :< sIIl(n)' , 

L 1.1 <l keyse!s· are-ordered(n') and eolleet- key3(n'l :< eollecl-lley.,{nJ - {k} 

L 1. HI balanced(n'l 

Assum~ng 

m e ~al /VId n e Tnode lind Is-lnOl,n) lind sl:r.e-1nY!1m,n) 8Itd 

n' : dele1er\m,n,k) 

L'16 sIIe·I/1Yr(m,n') 

Dele~lon Lemmas for general nodes and Inodes 

Assumlng 
m 6 Nat and eommon-Iny(n) lind is-ln(k,n) tJfld n' :< deleten(m,n,ll) 

10r the 1ollowing 4 lemmas 

L 1.11 n 6 !node lind sIIe-I"Y(m,n) ~ n' el"ode	 lind oIlIl(n') " "IIl(n) 
(from mll"le, redistribute lind delete) 

also assuming that 
n 6 Node 

10r the nex~ 3 lemmas: 

L 1.18 k"",ela~"e-ordered(n') iI/ld eolleet~keys(n'l = eolleet~key.,{nl· {k} 

L1.19 b61aneed(n') Ind depths(n') :< deptha(n)
 

L 1.20 Cllmmon-rnY(n'l
 

(proof 01 thIS follow, the proof of L1.9, and IS done by rnduetion uSing Lemmas 1,13,1.14,
 

1.15, 118 lind 1.19)
 

Assuming 
me Nat and n e lnode tJfld ollIIe-",Y(m,n) tJfld "-In(k,n) and
 

n' :< dele'en(m,n,kJ
 

L 1.2' rv s,,' e n'X8IIe-lnY(m,''''» 

Assl.1JTIing 
'" e Nat lind n e Inode IIlnd "IIe~I/1Yr(m,n) and IS-In(k,n) and
 

n' :< deletelim,r,n)
 

L 1.22 JlIe-l/1yr(m,n')	 (frOm L 1.16 and L 1,ln 

Theoram 1 2'3: I/1Yr(m,n) lind la~ln(k,n) lind n' :< deleler(m,n,lI) ~ InYl1n') 
('tom L1.20 and L 1,22) 



Proof of Lemma 1.18 

To	 prove, 
(1)	 n e Node tuld common-in-..(n) and is-In(k,n) artd n'=de'elenlm.n.kJ =:> 

keysets-ue-orderecl(n'j and collect-keys(n') = collect-kaY"fn) - Ik} 

Proofl By struc~ural induction on n 

BA.SIS 
(2) n 6 Tnode 

which follows irrunediate1y from L1,14. 

INDUCTIVE HYPOTHESIS n G tnode 

assume 
(3)	 l't' sn 8 n)(common-mv(sn) and IS-Infk,sn) I/ld sn"=delelen(m,sn,kJ 

:::::;lo keysets-are-ordered(sn') snd collect-keys(sn'j.=(::ollecl-key:s{snr- (k) 

("')	 common-,nY(n) and Is-tn(k,n) (Hypolhesls) 

(5)	 l't' sn e n)(common-inv(sn)) tuld ("') and common-I""') 

(6) n sn e n)(ls-ln(snll (("') and Is-In) 

(n 1111 cn = select(k,n) 

(8) cn e nand Is-m(k,cn)	 (select) 

(9) common-In-..{cn)	 ((5) and (8) 

(10) IfIt rn = delelen(m,cn,k) 

(11)	 keysets-ere-orderecl(rn) and collec!-keys(rn}=eoltect-keys(cn)-Ik} 

(by t81, (S) end (3)) 

Case 1, 
Slzefrn) ) mlnlmum-s.ze<m,rn) 

(12) n' '" n - (cnl U {tnl 
(13) keysets-ere-ordered(n') .nd coUect-key:s(n')=coUecl-keYS(nr-{k} (by Ill» 

case 2, 
slzefrn) < mtnlmum-Slze(m,rn) 

(1"') ,., nn ': neighbourln,cn) (defined becau.te (m<l) ) <J 
(15) nn e n	 (neighbour) 

case	 2 (a)
 
lIlzeCrn) ~ .ize(nn) ) 2*m
 

(16) collec:t-keYS(recll.lltnbutefrn,n n»"'eollecl-ke)'S(rnj U collect-keoplnn) 
(In keysel.ll-ue-orderedfrecll.lltnbute(rn,nn» (by delmltlon 01 redlstnbUle) 

(20) n' = n - {cn,nn} U reclistTlbute(rn,nn) 
(211 keYBeta·ere-orderecl(n') and (by ("'), (11), (15), (16) and On) 
(22'1 coUect-keys(n'rGOIlec:t-keys(n) - {kt (by (11), (15), (20), (16) and collect-keys) 

Case 2 (b) 
Slzefrn) + Stzefnn) < 2*m 

(23) collect-keys(merge(rn,nn» = collecl-keyslrn) U collec!-k..oplnnl 

(24) n' = n - lcn,nn} U merge(rn,nn) 
(Zi)	 keysel.t-are·ordered(n') and 

(by (4), (ttl, (23), merge, keysets-ere-ordered and neIghbour) 

(26)	 collecl-keys(n') = collecl-keys(n) - (k) 

(by Ill), (23), (241 &fId collect-keys) 
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P r o.Q..(. oLt,.~rnl1~ l,~ 

To	 prove: 
(1)	 n e Node and common-lnY(n) and IS-In(k,n) and n"'deleten(m,n,k) =:;>
 

bo8,lancllll(n'J and deplha(n') " deplha(n)
 

Proor: [Iy gt.ruct.ural ~nduct.ion on n
 

BASIS
 
en n e Tn~de
 

wh~ch lollo~s ~mmediat.ely £rom Ll.13 and Ll.15.
 

INDUCTIVE HYPOTHESIS n G Inode
 
,').ssume
 
(3)	 f'<I sn C n)(cornmon· InY(sn) ~nd iS~In(k,sn) and sn'=deleten(rn,sn,kl 

=:;> bAl8nC8d{sn') I!nd depthslsn')=depths(sn» 

(4) common-lnY(n) and IS-In(k,n)	 (Iiypolhe.ie) 

(5) f'<I sn e n)(cornmon-Iny(snl) and	 «") and common-lnv) 
(6) C] sn € n)(ls-ln{k,an)) «") and "- in) 
(n Ie' cn" aelecl(k,n) 

(8) cn 6 nand IS-In{"'cn)	 (~tect) 

(g) common-lnY(cnJ	 «5) ,nd (8)) 

(10)	 (V sn e n)(depths(sn) " depths{cn) 

(n e Inode and bo8,lanced(n) =:;> (V al"Z €: nJ(depths(sll"depth a(e 2»)) 

(11)	 deplhi(n)" un/OIl {depthS(Sn)lsn e n}" 1 
" deplhs(cn) f. 1 

(12) Ifll "' " deleten(m,cn,kl 

(13) l>ala~,Bd(rn) and depths{rn) "depths{cn) (by (B), [9l lind (31) 

Case 1: 

slzelrn) ~ mln,mUm-stle(m,rn) 

(1") n' "" - {cn} U {rn} 
(15) f'<I an' €: n')(depths(sn') " deplhs{cn)	 (by (10) and (13jJ 

(16) deptM(n') " depths(n) (by (10), (11), (15)) 

(1n balanced(n') (card depths(n)=card deplhs(n')=l by (,,» 

case 2: 
slze(rn) ( mlnlmum-sIZe(m,rn) 

(18) Ifll n" " ne"ilhbourfn,cn) (defined beca.use (m' 1) ~ 2) 
(191nn6n (neighbour) 

(20)	 depl~s(nn) " deptl'l3(en) " depths(rn) (by (10) ,,"d (1.3) 

case 2 (a) 

l5I[e(rn) + slze(nn) ~ 2"mlnlmum-alle(m,rn) 
(Zl) ~9Ptl'ls(redlstribute('n,nnll"depths(rn) " deptha(cn) (by 20) 

(Z2) n'" n -	 {cn,nnl U re<h.tr'bute(rn,nn) 
(23) ('I sn' e n'J(deptl'lslsn1 " depths(cnll {by (20) and (Zm 

(~) dtptl'ls(n')" depth.tn) (by (10) and (23)) 

(2!5) bllanced(n') {by c"rd deplhsln)=l c.,.d deptha(n1, (2'4) and (,,)) 

case 2 (b) 
.Ille(rn) • JlZe(nn) ( 2"mllllmum-Slle(m,rn) 

This £ollo~s similar argument.s 1.0 t.hose of Case 2 (a), and uses t.he 
propert.y o£ merge: 

depths(ln)"depths(nn) and balanced(rn) and bal"nced(nn) =:;> 

balanced(merge(rn,n n» 
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~.r!=l~:L_ Q1. _:r,.._e_mm~ 

'£0	 prove ~ 

(1)	 n E: Inode lind Slze-lnY(m,n) and Is-m{k.,n) lind n'="deleten(m,n.kJ ::::;> 

rv sn' g n")(Slze- mY(m.an')} 

Proo:(: By s"lruc1.:ural induction on n 

(2) alze-m...rm,n) and IS-Inlk.n»	 (I1ypothesl.s) 

(J) rv sn E: nXs'Z&-lnv(m,snl)	 ((2) and size-m...) 

(4) () sn 6 nXla- m(k.,nJ) (2) and collect- keys) 

BASIS 
(5) rv an 6 nXsn € Tnode) 

(6) lei. en = select(k,n)
 

In en € nand la-m{k.,Cl1) (select)
 

(8) cn € Tnode and .slze- in'O(m,en)	 ((2), (J) and en) 
(9) ,eI. rn = deleten(m,en,k) 

(10) rn = en\{k}	 (deleten) 

(11) alze(rn):: slze(enl - 1	 (by L1.1J) 

Case 1: 

alze(rn} ;;lI mlnimum- slze(m,rn) 
(12) sue-Inv(m,rnl	 (alze(rn) ( slze(en) lind sIze- Ino(cn) by (8» 

(1J) n' = n - (en} U Irn} 
(14) rv sn' 6 n")(Slze-",VCm,an'»	 {by (2), <n, (12» 

case 2: 
slze(rn) ( mlnimum-alze(m,rn) 

(15) I"t nn '" ne;ghbour{n,en)	 (defined because (m.1) ;;lI 2) 

(16)	 nn a nand slze-lnY(m,nn) (neighbour and Ill) 

Case 2(a) 

~uze(rn) ~ SIZe(nn) ;;lI 2"mlnlmum-slze(m,r/l) 

(1n n' '" n' {en,nn} U redistnbute(rn,nn) 
Immed~a"le by de:(~n~tion 0:( redistrIbute and (8), (11) and (16) . 

case	 2 (b)
 
s;ze\:rn) ~ slze(nn) ( 2"'mimmum-Slze(m,rn)
 

(l8) n' '" n - {en,nn) U merge(rn,nn} 
Immediate by definition of merge and (8), (11) and (16). 

rv en E: n)(sn 6 Inode) 

INDUC'l'IVE HYPQTt-I[SIS 

assume 
(19)	 rv en € nXsn:e-lnv(m,an) tlnd IS- in{k,an) and sn'=deleten(m,sn,k) 

::::0 (II un' B sn')(Slze-lnYfm,san'J») 

(20) Ie{ en = selecl(k,n) 

(21) en € nand IS-In(k,en)	 {selecl) 

(22) rv sn 6 enXalze-ln...rm,an»	 (by (3), (21) and ~lIIZe' In... ) 

(23) Ie{ rn = dBfeten{m,en,k) 

(24) rv srI' B rnXSlze-",VCm,srn»	 (by (21), (22), tlnd (19» 

Case 1: 

,ll\ze(rn) ;;lI mlnlmum-slze(m,rn, 

(25) n' = n (en) U (rn)
 
(ail rv 51" E: "'Xslze-Inv(m,sn') (by (21), (22) and (24»
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Case 2: 
"Ize(rnj ( mlnlmUm-1illze(m,rn) 

(2n lei nn " ~elghbour(n,en)	 (defined becaulle (m'l) ;;. Z) 
(28) nn e n	 (neighbour) 

(29) ('t' sn G nnX slze-lnY(m,sn»	 (by (28) Ind (3» 

Case 2(a) 
6Ize(rn) .. slze(nn) ;;. 2'""mlnlmum-slze(m,rn) 

(30)	 n'" ". {en,nn1 U reclultrlbute(rn,nn) 
Immediat.e from i..he definii..ion of redilllnbute, (22), (24) and 
(29) ,
 

Case 2(b)
 
"ize(ml • slze(nn) < 2'""mlnimum-slze(m,rn) 

(31) n'" "- (cn,nn) U merge(rn,nn) 
Immediai..e from i..he definii..ion of merge, (22), (24) and (29). 

This concludes t::he proof oL L1. 21 , 

NOTE: 4 6: As L1, 21 lS concerned wi"lh Inodes, 1...he basis cannot 
SilTlply be a Tnode. 

The lemma st.at.es "lhai.. aft.er DELE:TEl has opera"'Led on an Inode, 

t.he	 size invariant. is preserved for all ii..s subnodes, 
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Proof 'ih.,!1.~TE~ rrod~!~ _Q..~LEJ'~ 

(D)	 Q_o...!'li:!ins Rul~ 

What mus1. be shown is 

(1) f't' I 6 S-Iree)(my(f) Ind pfe-DELETE(ret/iIl,k) ~ pre-DELETE Ht.kl} 

On	 subst~tu1.ing defini1.ions, 1.his becomes 

(2)	 (V I 6 B-Iree)(,nll(l) Ind k e dom relrn{TAEE(t) ==
1$-m(k,TAE E{I)l) 

Prooft 
This proof is identical 1.0 the proof of 1.he doma~ns rule for 
operation FIND1. 

(E) R.;l.!'.yl1.s Ru]-e 

The rule to be proved is 

(1)	 f't' t 6 S-tr.e)(.ny(1l lind pre--QELETE11t.k) Ind post-DELETE1£t.k,I'J 

~ poet-DELETE(retr{I),k,rel/it'J)) 

Expand~ng this gives 

(2)	 f't' I 6 B-tree)(lnY(t) lind '1-,nlk,TREE{I) Ind OADEA(t') " OADER(I) 

~ riltrn(deleter(ORDERCtJ,TREElIl,k)} " retrn(TREE(t))\(kl) 

Proof: By struCtural induc1.~on on TREE(1.) 
BASIS 
(3) TREE{t) 6 Tnode 

equa1.ion (2) becomes 
(.<I) IIlY(I) and k <3 dont TREE{IJ "'d OAOER(t') '" OADEAlt) ==

retrn{delelet(OAOER(U,TAEE{tl,k» " TAEE(t)\{k} 

Th~s follows immediately as 
(5) deleler(OAOER(t),TREE{t),k) e delelen(ORDEAltJ,TAEE(t),k) " TAEE(tl'(k} 

so 
(6)	 retrn(delefet(OAOER{I),TAEE(t),I<l} '" TAEE(tNkj 

If TAEE(U <3 lnode 

INDUCTIVE HYPOTHESIS A.ssume 
(7)	 (V,n 6 TAEEltJ)(.nY(l) .",1 ,s-m(k,SfI) ~ 

relrn(deleten(OADER(IUn,k) '" retrn(!ln)\lk)1 

(8) lei en " selee~TREEUI.k) 

(9) en 6 TAEEm Ind \~-Ifl(",en)	 t'lleet) 

(10) let rn " deleteo<ORDEA\tl,en,k) 

(ll) relm<rnl e fetrntenl\{kl (by ('9) end (1l) 

-53 



case 1: 
sI2e{r'll ... mlnlmum-slze{ORDERm,rn) 

(12/ delelen(OAD£Rm,TAEE(t),k) " TAEE(t) • {conI U Irn} 
(13) slze{deletlm(ORO£A(tl,TREE(I),k» " slze{TREEft)) lr,om (12» 

(l"l) deleter(OROER(tJ,TAEEltJ,k) " TREE(\) - {ell] U (rn) ("'om(13» 

(15) ..etm(d~teriORO[R(tJ,TREE(t),k))" 

retm(TREE(t)} - retrn(enl U retrn(cn)\{k} (by (9), (ll) lind [1"ln 

= retrn(TREE(t)\lk} 

Case 2: 
11I2e{rn) ( mlnlmum-slze{OROEA(t),rn) 

(16) let nn " nelght:w:::lur(TAEE(t),en) (dellned beu.u.se (m" 1) ). 2) 

(T1) 'In G TRE[(t) (neighbour) 

case 2(a) 

siu(ml of slze{nn) ). 2"'mlTl,mum'size(DRDEAltl,rn) 
(16) delelen(OADER(t),TREEIll,kJ " TREE(t) - {en,nn} U ,ed,stnbute{rn,/ln) 
(19) Slze[ooleten(OROER(I),TREE(1),k)) " s,ze(TREE(Il) (by (9), (17), (16) and redistribute) 

{:!OJ delelU(OROER(tj,TREE(t),k) " TREE(t) • [en,TIIl} U rechstnbute{rn,nn) 
(21) relmldeleter(OROER(t),TREElt),k)) :,-

relrn(TREEml - relm(en) - relrn(nn) U retrn(redlslnbule{rn,nn)) 

= relrn(TREEfl)) - retrn(en) - relrn!nn} U relrn(rn) U relrn(n") (redlstnbute) 

= relrn(TREE(l)) - retm(en) -,etm(en)\(kl U retm(nn) (by (11)) 

= re~rn(TREE(t))\{kl 

Case 2 (b) 
sl~elrr)) of slZe{nnl ( 2"'mlTl'mum-alze{OROER(I),'n) 

(22) deleten(ORDER(t),TREECtl,k) .: TAEEW - {en,nn} U merge{rn,nn) 
{23J slle(aeleten(ORDEA(t),TAEE(t),k)) = ~iIl:e{TAE[(t)) - 1 (by (221 and merge) 

If S1ze{deleten(OAOEA(tJ,TREEm,k)) = 1 

(2oq) tllen TAEE(t) = (en.nn) 

(25l deleler(OAOER(t),TREE(t),k) = m U nn (merge) 

(2'6) 'etrn(deleteriOAOER(I),TREEttl,k)) = ret,n(rn) U ,etrn(nn) 

: retrn(en)\{k) U 'etm(nn) (by (11» 

~ retrn(TREE(t))\{k] (by (24») 

.!~ft 

,I slze{delelen(OROEA(tl,TREE(l),k)) > 1 

{27J delele'(OROER(t),TREE(t),k) ""' delelen(ORD£R(t),TREE(t),k) (deleter) 

= TREE(l) , {con,nn} U merge(rn,nn) (b.,. (22) 

whJ.ch again gives (by a similar argumen1.. 1..0 l..ha'l used in 
case 2 (a) ) : 

retrn(deleterIOADEA(t),TREEW,k») " rel'n(TREE(t))I(k] 



4:, 4: R~J2.r_e,l:!.Etrl_!-C!,t;i,q_1)_-a 

Th~s s~age uses as a represen~a~~on a ~ree s~ruc~ure wh~ch is 

def~ned by u9~ng lis~s, and ~he ac~ual represen~a~j.on of ~he k.eys 

in the ~ndex pari.. of ~he ~ree is specified. An Inode now consisi..13 

of cJ. list of k.eys, as well as a lis~ of nodes, and "the da1..a i..ype 

invarian~ s~a~es ~n ~ha~ manner ~hese lis~s mus~ be ordered. 

AS ~he da~a i..ype, 8P-~ree, is a more concre-Le form of ~he 8-tr..e 

used in Representatlon l, lts structure closely resembles the 

structure of .. a-tree and many of the £unct~ons correspond closely 

~o the func~ions de-[ined for Represen1..a~lon 1. Th~s fac.ill~ai..es 

~he ref~nement proofs for ~h~s level, as ~hey have a similar 10rm 

1..0 ~he correspondlng proofs ....hich were done for Represen~a1...ion I. 

nEPRESENTATION ;>
 

441 Dala St'l/clure and Dala Type I"varlant
 

BP- tree. QADEAP. Nat 11'IEEP. Nodep 

Nodep '" Inodep I Tnodep 
lno<lep " I(EYL. I(ltl" list TAEEl: No<lep-'Ilal 

Tnodep '" I(ey -+ Data 

mvp' BP-trve _ Bool
 

mVpCt) "" InvrpCOADEAP(tJ. TAEEP(tJ)
 

where lI\Yrp: Nat Nodep _ Bool 

IlwrpCm,n) !11 common-mvpClI) and size·invrpCm,nJ 

where common-Invp: NO<lep -+ Boo! 

common-lnvpCn) ;OJ calle.1 01 n 
n 6 Inodep: keYliels-are"'"1)rderedpCnJ lind balancedpCtl) 

lind rv I 6 [1 lenfREEL(nl}J 

(common- mvpCTAEEL{n)(1)j) 

n € Tnodep: true.n. 
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where slze-I~~rp: Nat No<:lep -... 0001 

8ize-m~rp(m.nl .e l;.ee-8 01 n 

n e InodeP: 2 " 81Zep(n) " 2"m+ 1 IJI'td 
('I I G (1 .. Iflln TREEL(n)}) 

(.SIlIl-IrWp(m,TA EE:L(nXiJII 

n e Tnodep: 51llf11p(n) " 2"m 

."d 

where s,ze-I~vp: Nat NOdep -... 000' 

size-;,wp(m.nl lil! cue5 of n 

n 6 Inodep: 1T1+ 1 " 5Ilzep(n) " l"m'l IJII(J 

1M KEYL(n) : Alzep(n) - 1 and 

('I I e /l _ IfVI TREEL(nlH 

(size -Invp(m.TREEL/nXi))) 

fl 0 Trlodep: m " slzep(nJ " 2"m 
Md 

where 5IIZep Nodep _ Nat 

,iZfllP(fl) '5l	 C<llllle-8 of n
 
fl e Inodep: 1M TFlE£L{fl)
 

n e TnodeP: card dom fl
 

Md 

where kel"llI8'-are-orderedp: Nodep _ Boo' 

ke)l3eb-ere-orderedp(n) e callflla of n 
n e tnOdep'. l5I-or"ered(KEYL(n)) <IIInd 

{V • 6 (1 .. 'M KEYt.{IlJ)) 

(CC1l1ect- ke)'llp(TRfEL(nXi) «: 
{KEYl(nX!}J (<; 

collect- keysp(TREEl{IlX.+ 1))) 

n e Tnodep'. Irlle 

Md 

where l5I-or<:lere<:l: Key-fist _ Boot 

l5I-orderltd{kl) S {V I e f1 .. (1M kl - 1lIXkl{;) <; kKi+1)) 

wl1ere ellilect-keysp: Nodep -... Key-ret 

eolillct-keysP(n) 9 ca""e of ., 
" 6 Inodep'. UfIIM (coliect-ilel/9p(TREEL(nXi)}' 

1 " , " 1M TFlEEt.{nll 
n 6 Tnodep: dom n 

Md 

where «"': Nat'sel Nal-sel _ 8001 

,I «: 52 9 (V e1 6 s1XV e2 e 82Xel " e:?l 

wl1ere balarn:edp: No<:lep -... Boo! 

bollncedP(n) e cUd depthsp(n) : 1 

Where depthsp: NOdep -... Nat-set 

dllpthsp(n) Q C..es of n 

fl e I"odep:- UfIIOfI Idepthsp(TREEL(nXm I 

I " I " 1M TREEL(nl} H 1 
n e Tnodep: ill 
Md 



......2 The Retrieve FunctIOn 

retrp: BP--tree -+ B· tree
 

retrp(tl 51: <OADEAP(U,retrnp(TAEEP(U»
 

\llt'here retrnFp: Nodep -+ Node 

ratrnp(nl SI ceaN 0' n 
n e Inodep: [relrnp(snll.lln e elfIm.ll TAEElen)) 
n 0 Tnodep: n 

~d 

......3 The Operltlons 

FINOP 

States: BP-tree 

Type: Key -+ Dati 

pre-F,NOP(t,kl !3' k G coIleet-key.llp(TAEEPm) 

po.lIt-FINOP(t,k,t',r) e t' '" t and r = hndp(k,TAEEF'tu) 

where tlndp: Key Nodep _ DIllie 

pre- hndp(k,n) e k El collect-keyap(n) 

tmdp(k,n) !3' c~ae.ll of n 

" 6 Inodep: 1« j '" IndeJl.(k,KEYlCn) 
tmdp(k,TAEEl(n)(i) 

n 6 Tnodep: n(k) 

~d 

where Index: Key Key-hat -+ Nat 

Indelt{k,kl) !3' " kl = < > 
th." , 

e'ae " k " hd kl 
then 1
 

elae 1 ~ IMeIlCk, tI kJ)
 

INSEATP
 

Slltes: BP--tree
 

Type: Key Data-+
 

pre-INSEATP(t,k,t1) 5! k fO coliect-keysp(TAEEP(t))
 

poat-INSEATP(t,k,t1,t1 e OADEAP(t1 = OAOEAP(U lIIld
 
TAEEP(11 '" Insertrp(OADEAP(tJ,TAEEP(U,k,d) 

wherl Insertrp: Nit Nodep Key DIIIta _ Nodep 

pre-Inaertrp(m.n,k,d) 51: k $ collecl-keysp(n) 

Insertrp(m,n,k,d) 51: lei rn = Insertnp(m,n,k,d) 
,t s.zep(rn) = 1 

then TAEEl(rn)(l) 

«ae rn 

where Inaertnp: Nit Nodep Kay DIIIta _ Inodep 

pre-Insertnp(rn,n,k..d) 51 k fO coliect-keY.llp(n) 

Insertnp(m,n,k..dl 5! ceaes ot n 
n e Inodep: 1« it,lk,ck,cn = .lIelectp(n,kl 



lei. cnl '0 Insertnp(m.cn.k,dJ
 

lei sn '0« >.<cn»
 

lef rn '0 replace(n.an,cn'.It,It)
 

if Sllep(rn) " 2*m~ 1 
ther! « ).<m» 

elae aplltlp(m.rn) 

n G Tnodep: lei m '" n + [k--+dJ 

If allep(m) " 2*m 
IhM « ),<rn» 

else spllttp(m.rn) 

Md 

where se'9l:tp: Inodep Ke)/ _ Nat Nat Ke)/ Nodep 

pllst-Jeleclp(n.....nt,nk.rk,rn) 5! rlt '0 tndex(k,KEYl(n))
 
,f nt ) len KEYl(n)
 

Uten nk '0 fit -1
 

elae nk '0 fit
 

rk '0 KEYL(n)(nk)
 

m '0 TREEL{n)(nt)
 

where replace: Inodep II'l0dep Inodep Nat Nat --+ InoQ'ep 

pre-replace(,1.12,13.nk,ntl 5! Is-aubnode(il.'2l and 
{(KEYL(I2)=:< ) and nll-nt) or 

(nk='pllaltion(KEYL(1 Zl( 1l.KEYlCi 1»» 

and nt='poSltlonfTREEL(2)(l ).TREEl('l» 

replace(ll.12,13.n ....nll 5! <aJter(KEYL(11).KE'l'LC!2l.KE'l'L(13).nk>. 
alter(TREEl(1 D.TREEL(I21.TREEL(i31.nt) 

Where Is-aubnode: Inodep Il'lodep"""" Boo! 

IS-iiubnode(,l.l21 5! If KE'l'l(I2) '0 < > 
Ihen len TREEl(I21='l and TREEl(t2)(l) 6 

elemlJ TREEL(11) 

elae 13-aubhst(KEYl{I1),KEYL(I2)) and 

13-SubIIStfTREEL{II.(2» and 

poalt,on(KE'l'L{I2)(1).KE'l'L{11)J =' 

posit,on(TREEL(I2)( 1),TREEL(ll» 

where IS-lUb"st: )(-Ilst )(-Irst --+ Bool 

pre-ls-subllst(ll.12) 5! 0 < len 12 " len 11 

IS-lubllst{11.12) 5! n I 6 (1 .. len 11})(i'Oposltlon(I2(1).11) 
altd (V J 0 {1 .IM 12J)(I2(j)'OI1(I+J-1)j 

where POSltlon:)( )(-lIst _ Nat 

pre-positlon(l,.lll) 5! J( G eleme 1(1 

P!llltlon(l,.ll1J 5! ,f	 J( '0 ltd xl
 
IMn 1
 

Il'IlJe l+poSlhon(l(, 1/ Xl)
 

Wl'lere e~er: )(-lIst )(-115t )(-lIst NllIt _ )(-lIst 

pre-1lIIter(ll.'2,13.1) Ii;; (12==< > and 1 " I " len 11 • 1) or 
(lS-aubllst(11.121 and l'Opos,bon(l2(1).11» 

allenll.I2,J3.1) 5! 'ront(I-1.1l) 111311 bo!Ick{/en J1-/en 12-1+1,11) 

NOTE V: The lel'lgth 01 the preceedlng frye IUfICllons sugge3ta that tl'le)/ could 

be restructured". An /liternatll'e approach would hlllye been to relUm onl)/ a pll.1r 

01 Indlcas to po31(lon5 In the ke)/ and tree IIst3 trom selectp. and then to use 

01'11)/ thue Indices as argument3 In the function replace. 



where tront NatO X-list _ X-list 

tront(n,n e II n=O 
t1lflfl < > 
elM if n > len 

th.., I 

eI{JfI <1Id I> II tronttn-l,t/ I) 

where back: Nato X-list __ )Hlst 

post-back(n,l,rl) Iii! if n = 0 Of' n > IfIfI I 
thenrl=<> 

el8f1 len r1 = n and 

(V I e [1 .. n»(rl(i) = IUen I - n ~ I) 

where aplihp: Nat tnodep ---7 lnodep 

pre-splitlp(m,n) 51 len K~L{n) = 2*'m+1 and len TREEl(n) = 2*'m+2 
sptltlp(m,n) e« KErl(n)(m.l», «front(m,KEYL{n)),front(m+l,TREEUn))>, 

<b&c~m,KEYUnll,b&ck(m.l, TREEUn))> >> 

Where ,plittp: Nat Tnodep _ Inodep 

pre-aplinp(m,nJ 01 sllep(n) ;II 2 
posl-aplittp(m,n,r) 01 Ifl/ sk,gk = halye(dom nJ 

r = «mp;(sk,l>,<[k_n(k) Ike 'k), 

[k_n(k) Ike gk»> 

where halve: Key-set - > Key-set Key-set 

pre-halve(ks,sk3,gkS) $I: card ks ;II 2 
post-ha)ve(ks.,.Iks,gkal $I: (sk3 U gk3) = k, and (sks « gk3) 5/10 

(card sk3 = card gks ~ 1) 

where mu Nat-,et _ Nat 

pre-mu(s) Ii! s 'II< ( }
 

post-mu(s,r) Ii! r e Ii and U. »= s
 

where »=: Nat~set Nat-set _ Bool 

s1 »= 52 iii (.... 81 e s1)(V e2 e s2Xe1 ;II e21 

OElETEP 
State2; BP-tree 
Type: Key_ 

prrOElE'TEp{l,k,l 51 k e eollect-keyspCTREEP{OJ 

po,t-OElETEf'{l,k,11 Q OROERP{t') = OROERP{t) and 
TREEP{t1 = deleterp(OROERp(t),TREEP(t).,ll) 

where deleterp: Nat Nodep Key _ Nodep 

pre-dereterp(m,n,kJ e II e collect-I<eyap(nl 
deleterp(m.n,kJ 51 lei rn = de\etenp(m,n,kl 

If rn e tnodep IJJ1d Ilzep(rn) = 
111811 TREEUrnl(l) 
e/$fl rn 
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4.4.4 ~~29~§	 of ~he correc~ness of Represen~a~ion 2 

4.4.4.1 Oa~a	 Type proofs 

(E) Tot:;:~,1_i'ly o~. !-_h~_ r~-!-!'_~_E!Y-E!._f~1l9:h.:LQ..1} 

The rule ~o be proved is: 

(1) ('I t26 BP-treel("wp(t2) =::;. (j 11 e 8-tree) Ctl ~ retrp(l2I and InY(retrp(t2l» 

On substitut1.ng defini~ions, "this becomes 

(21 r:v 12 e 8P-treeXlnvrp<ORDERf'U2I,TREEF'(tZ» =;> 

C] tl e B-lreeXt1 ~ <ORDERf'{I2I,relrnp(TREEF'(t2lj> 
and InvrtORDERF'(I2I,retrnp(TAEEPt:t2l)) 

Proof: 
When ,elmp 1.S applied 1..0 an elemen'l o.f Tnodep, il... 1.S an identi~y 

funcl:ion, and if it 1.S applied to an element of lnodep, it relies 
only on the operator eJema being applied ~o a 1is1.. 1...0 be a ~otal 

function. 51.nce TREEL(n), where n 6 "1odep, is always a list:, and since 

the condi'lions of invr are weak.er 'lhan 'lhose of Invrp, i~ follo"'s l...ha~ 

the retrieve £unct~on relrp is I:otal. This can be proved formally by 

struct.ural induction on TREEP(t2) 

(C) Adequa.cy 

The rule 1..0 be proved is 

(1)	 r:v t1 f; 8-lreeXlflY(l1j =- H t26 BP-lreeXmvpCIZ) and
 

11 ~ retrp(t2H)
 

On substitu~ing defini1..ions, th~s becomes 

(21 r:v 11 6 B-treeXmvr(OAOER(ll),TREE(l1)) ~ 

(] t2 € BP-tree) 
(IrlVfp(OAOEAP(IZ),TREEPt:I21) and " ~ <ORDEAP(IZ),retrnp(TREEF'(t21J>J) 

Proof:
 
This is easiest shown by 1.nformal argument.
 

If 11 (3 B-tree and TREE(l1) (3 Tnode and InvrtOAOER(I1),TREEUm is l...rue, 
then t1 can be represen I:ed by 12 ~<OAOER(t1),TREE(t1» and I:his 
clearly satis fies 

Iflvrp(OADERPCt2l,TREEPt:t21) 8fld t 1 =<ORDEAf'H2I,relrnp(TREEPt:12lP 

For any 11 G B-Iree such 1..ha~ TREE(t1) G Inode and which 
satisfies InvrWROER(l1),TREE(ll)) a representation 12 can be 
produced as follows' ORDERf'l;(2) ~ ORDEA(ll). Each n 6 Tno<:le of t1 

can be represen ted by I:he ~dentical node 1.n (2 and "'1.11 
9a1..~sfy 

ORDERp(t21 " slzep(n) " P'OADEAP(tZ) 
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because thl.s ~nvariant is J.den-tical -to QRDEA(ll) ( slze(n) '" 
~OADEA(l1J. 

For each nl G Inode of 0, i..he elemeni..s of n1 can be ~aid ou1. -to form 
a list of nodes in ascendJ.ng order of the key set that can be 
collected from each element ecf. key,etJ-lIre-orderedp) - thJ.s IJ.st forms 

TREH (n2). The maxim\lITl Key ~n each of i..he key se-ts 0:( 1..he elemeni..s of 
nl can be determ~ned 'lnd all but the larges t l'lJ.d OU t in ascending 
order -to form KEYL (n2) 

The faci.. -tha-t t1 sa-t~sf~es InVf (OADER (tl) .TREE(ll») implies -thai.. each 
nl G Inode w~ll satJ.sfy common-Inv{nl) Il.nd sI2e-lnv(ORDEA(tl) ,n1) and this 
ensures -tha-t i..he correspondJ.ng node /12 e Ir'lodep obi..ained as described 
will salisfy common-Invp(n2) lind Jlle-lnvp(OADERP«2),r'l2) (c£. 
keysets-llre-orderedp) Thus -the resul-ting t2 G BP-TAEE will sat.is:(y 

,n ...rpCORDERP(l2l,TAEEP(t2)) lind 11 = <ORDERP(t2'l.fetrnp(TAEEP(t2'lJ>. 

4.4.4.2 Operat.~on Proo:(s 

Opera110n FINDP 

(A) Preservat.J.on of i..he invarJ.an-t 

AS FINDP ~s an ~dent.ity operat.~on on -the BP-1..ree. i-t follows 

~mmedlately -tha-t -the J.nvarian-t is preserved. 

Proof -that. FINDP models FINDl 

(D) Doma~ns Rule 

What must. be shown is 

0) ('0' t S BP-lr"Xmvp(t) lind pre-FINDP(retrp(lJ,kJ = pre~FINDP(t,klJ 

On	 SUbSi..~tut.ing def~nl.tions -this becomes 

(2)	 ('0' 16 BP-lreeX'nvp(t) and k 6 collecl-keysp(relrnp(TREEP(tl)J 
~ k 6 coliect-keysp(TREEP(I))) 

pr oo!:
 
It. follows t.hat (2) is -true from the fac1. i..hai.. i..he st.ruci..ure of
 
collect-keyS is -the sarne as tha-t of COliect-k9)lJp (the extra key l.ie-t preseni..
 
in each n e Inodep is ignored). Equation (2) can be proved formally
 

t.o	 be t.rue by st.ructural inductl.on on TREEP(t) 



(E) Results Rule 

The rule ~o be proved is 

(1)	 (V t 6 BP-treeXlnvp(tJ and pre-FINOP(t.k) VIa po,fi-FINDP(l,k,l',d) 
==- post-FIND1 (retrp(t).k, retrp(t1,a» 

Expanding l...his gives 

(2)	 ('t' t 6 BP-tree)(lnvp(l) IInr! k 6 toIlKI-ktl\l8p(TREE(t) ana t' = I 
and d = Mdp(k,TAEEP(t» ==
relrp(t') = retrp(t) and d : 'md(k.relrnp(TAEEP(tJ)J 

I~	 follows imrnedia~ely from t' =. I l...ha~ 

relrp(l') = retrp(t) so what must be shown is: 

(J)	 ('t t G BP-tr.oeX'nvp(l) ana k e coJlect-keyap(TREEP(tJ) ==
'mdp(k,TREEf'(t)l = hnd(k,retmp(TAEEP(t»» 

Proof:
 

Equa~ion (3) can easily be shown 1...0 be ~rue for elemen~s of. Tnodoep.
 
When 
TAEEP(I) 6 rnOdep, it may be written: 

1111 n : TAEEP(I) 

and wr~l...ing only the relevant pari.. of l...he invarianl...: 
ke)'3eb-are--oraeroedp(n) ana 

k e Union {collect-keysp(TREEL{nKI))" .( J .( len TAEEL(n)} ==-

flno;lP(k.TAEEL(n)(lndoex(k,KEYl(n»» =
 
hno;l(k,selecl{{retrnp(sn) I sn l3 .'emll TAEEUn)},k)
 

The invarian~. ke)'3oete-.re-orderedp, guaran~ees ~hal... l...he func~ion mdoell: 
causes that element oE TAEEL(n) to be selected that: corresponds to 
the "rel...rieved" element of TREEl(n) ~ha~ is chosen by l...he funcl...ion 
telect, So (4) can be seen to be true by the definitions of the 

func'Lions ino;loex and select. 

The results rule can be proved formally by s'Lruc'Lural ~nducl...ion 

on TREEP(f) of a lenvna: 
('t n 6 Tnodep)('nvp(n) ==

I.r <kl,tr> " n In tl('ndeJl.(k,kl) = stlleet(retrnp(nKIoJ)) 
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Opera~ion INSERTP 

(A) Pre8erva~ion of 'lhe invarian'l 

The ~nvarian~ of Represen~a~ion 2 corresponds closely 'lo ~ha~ of 

Represen~a~ion ~, the only real differences occurr .Lng !.n ~he 

defin!.~lonS of slze-'"YI> and k~sets-are-ofderedp, and being in~roduced by 

the fact thaI: an lnodel> conta..Lns a list of keys which is ordered, and 

t.he order~ng of 'lhe Nodep-hst is rela'led 'lo ~his key lis'l, as is i'ls 

length, .....hereas an [MOde contains only a Node-sel, 

The s~ruc~ure of INSEATP is ~ha same as t.hat. of INSERT!, and for all 

the [unctions used by INSERT there are corresponding functions of 

s~mi1ar s1.ructure .....hich are used by INSERTP, 'I'he only addi1.iona1 

function ....hich ~s used by INSERTP is the [unction replec;e, and this can 

be rela~ed 'lo Represent.at.ion 1 as fol10..... s: 

Lemma l24. 

'1,12,1) (} Inodep and nl"retrMp(,lj end n2'=refrnp(l2) end MJ"relrnp(tJ) 

and Is-subMode{ll,'2) end ....,"lIn·l':>ound~{ll,'2"colleel-keysp(i))).n1! 

keysels'are-orderllClp(,ll end keysets-are-orderedj)(iJ) anI! 

«KEYL(12)=< > lind nit < nt) Qf (nit = posit,on(KEYL(i2l0),KEYL(illm 

and nf < pos,llon(TAEEL(I2l(l),TAEEL(,t)) ~ 

n2 t: n1 and relrnj)(replac..()l,I2,,'),nk,nQ) = nl - n2 U nJ aIId 
keysp.!> ·are -ordered(retrnp( rel>leca(I 1,I2"IJ,nlt,nt))) 

where ,,"hm-bounds: h'lodep Inodep Key-eel -. 8001 

pre-wlthm-bounds(I'I,I2,ks) 9 Is-subnode{11,,2) 
wlthln-bounds(i1,I2,ks) e IfIt t=palilillOn(TREEL(i2)(1),TREEL(il)) 

If KEYL(I2) " < > 
Ihenlfllk=t 

",.,.. 
k"'paslllon(TREEL(I2)(llII'l TREEL(I2)I, 

TREEL(I1)) 
if j=1 end kc:llM TAEEUlll 



then true ....
 
if	 )=1 

then lei « {KEYL(il)(lo! 

01•• 
,f k=/en rAEEU.1) 

IhWl lei » {KEYl(.1XJ-1J} 

01•• 
(KEYL(ll)(J-1l1 « lei «= (KEYl(11XloJJ 

Therefore, a list of Lemmas for Inser~ion for Represen~a~ion 2 can 

be drawn up, which ma~chelJ lJelTVTlalJ 1, 1 ~o 1.11 of ReprelJenta~ion I 

but referlJ to elemen~s of l~stlJ ra~her ~han of se~s. The only 

LelTVTlas which differ in form from those of Represen~a~ion 1 w~ll be 

those corresponding to LI,I and L1.6; i,e_ L2.1 and L2.6. These 

wi 11 become: 

ill 

n e Tnodep and nohnp(k,n) lind .lIIZe-lnvpCm,n) 8ml n' = In.llertnpCm,n,k,d) 

= 
n' 6 Inodep lind (V .lin' e &lem3 TAEEL(n1)(sn' EO TnD(lep) .lind 

1 " aizepCn1 " 2 8nd /fln KEYL(n') = sirepCn1 - 1 

l>6 

n G Inodep 8nd common-lnVpCn) end nohnpCk,nl IlfId -IIZe-mvpCm,n) and 

n' = IfIsertnpCm,n,k,d) ~ 

n' e Inod4lp end 1 " -Ilzep(n1 " 2 and len KEY1..(n1 = .lIlzepCn'}-1 

Wi th 1.;hese two lermtas, the proof 0:( Theorem 2.12 will follow ~he 

lines of 1-he proof of Theorem I, 12 (~O which i~ corresponds) , 

The only lemma for which the pro01 is lJomewha~ different for 

Represen~a-tion 2 is L2. 7, and so ~ ~ ilJ proved below, L2.7 is 

concerned wi th the preservation 0:( ke)'-Ieta-are-orderedp on inser~ion, 

which is sa-tisfied provided the precondi t.i.on of the following 

lelTVTla is satisfied; 
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L2.25 

11,12,13 e InCldllp and Is-subnode(Il,l2) and 

..... Ithln bound.ll(ll.12.colleel-ke)'8(i3» IJnd key.'leb-arll-lm'eredp(ll) and 

keyseb-all-orderedp(13J IJnd 

(V I 6 (1 . len TAEEL(13Jj)(depths(TREEL(i3)(i») " depthll(l2)) and 

({(Io(EYL(12J:( ) and nll;ntJ or (nk=posltlon(KEYLli2)(ll,KEYLCllll» aJ'Id 

nt=pos,llonrrREEl{I2)(l),TREEL(ll») => 

let r = rep'lce(l1,12,13,nk,ntl m 

keysets-are-ordflradp(rl and 

(\I- I G (1 len TREEL(rJ))(deptha(TAEEl(r)()) ; dapths(,'» 

:he proof 'lhat INSEATP preserves l...he invariant.. InVp therefore 

models the proof that INSERTl preserves the ~nvar~ant ,nv. 



Proof of Lemma 2,7 

To	 prove: 

(1)	 n 6 Nodep and c:ommon-Invp(nJ and nol-Inp(k,n) and n'=ln;1erfnp(m,n,k,d) 

= 
ke'l'sels~are-orderedp(n') and c:oUecl~keyap(n'>=eollect-keysp(nJ U (k\ 

Proo:!, By struct.ural induction on I' 

BASIS 
(2) n 6 Tnodep 

which follows inunediately from ~he equivalen~ of L1,2 for 

Represen~ation 2, 

INDUCTIVE HYPOTHESIS I' S Inodep
 

assume
 
(3)	 (V I 6 (1 . fan TREEL(n)j) 

(/&1 sn = TREELln)(iJ In 

common-Invp(an) and not-lnD(k,sn) and sn'=lnsertnp(m,sn,k,d) 

= 
ke)'3e19-are-orderedD(sn') and corlo,ct-ke'l'.D(,n1=COIiect-keysp(sn) U {kJ) 

(4)	 common-Invp(n} and not-lnp(k,n) (HyPOthe,IS) 

(5) (V I 6 (1 .. Ifill TREEL(n)jXcommon-lnvD(TREEl{nXiJ) and 

not-Inp(k,TREEL(nXI)))
 

(by (4). COmmon-tn"'p and not-Inp)
 

(6) lei Ir,Ik,ck,cn = seleclp(ll,k}
 

(n cn e e/ema TREEL(n) (selectp)
 

(8)	 common-m'o'p(cn) a"d not-Inp(k,cn) ({51 and (m 
(9)	 let cnl = Inlertnp(m,cn,k,d) 

(10)	 (V I 6 (1 .. lefl TAEEL(cnll~Xdepths(TREEL(cnl)(IJ = depths(cn)) 

(by L2.8 - equIvalent of L 1.8) 

(11) keYlet.-are~rdered~cnl)	 {by <n, (8) and (3J) 

(12) coUecl-ke'l';1p(cnl) = collecr-keysp(cn) U {kJ (by (n, (8) end (3}) 

(13) 1&1 'I' = « >,<cn» 

(14) Ia-,ubnode(n,an)	 (by (n, (13J end i;1-subnode) 

(15) coliect-ke'l',I:(,nJ = COllect-keysp(cn) (by (13) and cotlect-keysp) 

(16) Wlthm-bounds(n,sn,{kj) (by (14) and ,electp) 

(In ....'thln-bounds(n..sn coliecHte'l'sp(cnllJ (by (16), (12), end (15») 

(18) 1&1 rn = replace(n.sn,cnl,It,lt) 

(19) ke'l'seh-efe-orderedD(rn) ((4), 001, (11), (14), (1n, selectp, replece, L225) 

(20) coUe<:t-keYao(rn) = collect-keysp(n) U {k} (12), (l5), replece L225) 

(21) n' = If slle(rn) " 2'*m Ihe" Irn) elsa sphtlp(rn) 
The lemma holds in both cases, from 'the defini~ions of SpIltIP. 

coUed-keysp, ke'l'sete-are-orderedp. (19) and (20) 
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Proo~ l...ha1.. INSERTP models INSERT 

(D) Domains ~ule 

Wha1... mus1.. be shown ~s 

(1)	 (V 16 BP-Iree,l(lnvp(tl lind pre-INSfRTl(relTp(l),k,d) =;> 

pre-INSERTf'(t,k,d)) 

On	 subs1..i1..uting definitions l..his becomes 

(2)	 (V I € BP- tree,l(mvp(l) lind ~ S eollecl-keys(relrnpCTREErw)) 

=:0 k ~ collec:t- keyspCTREEP(UJ) 

Proo~: 

This follows l..he proof of t..he domains rule ~or opera1...ion FINDP 
except l..hat.. all occurrences of ~ s , are rep1 aced by k S 

(E) Results ~ule 

The rule to be proved is 

(1)	 (V I 6 BP-Cree)(mvp(t) lUld pre~INSfRTF'l't,k,d) IIIId 

posl-J),'SERTf'(t,k,d,t') =:0 posl-INSERT 1{retrp(I),k,d,nttrp(t'»l 

Expanding this gives 

(2)	 (V I € BP--Iree)(lnvp(l) lind k S collec:t-keyspCTREEf'(l)J IIIId 

QRDEflf'(t') " QRDEAP(t) eM TREEP(t') " ,Mertrp(ORDfRP(t),TREEP(I),k,d) 

= 
QRDEflP(I')"ORDERP(IJ Md
 

lREEPU1",nsertrp(OFlDERP(I),retrnpCTAEfP(l),k,d»
 

Proof: 

INSEFlTP is ident~cal to INSEAT1 when applied 1..0 Tnodep (as a Tnodep is 
ident~cal to a Tnode) , and L2.24 and L2,25 show that lNSfRTP, when 
applied to an l"ooep, ach~eves the same effect.. as lNSERT1 when applied 
to	 an I~ode. 

As INSERTP preserves l...he invarian1.. InVp on BP- ..... rees, and it has 
been sllo'A'Il tha t FINDP models FIND1, this ~mplies tha t: the reBul tB rule 
(2) is t.rue. It can be proved formally to be l..rue by structural 
inductlon on TAfEP (t) 



Operation DELETEP 

(~) Preservat~on of the invarian~ 

~s the invariant of Represen-ta~ion 2 is oi a iorm similar ~o the 

invariant oi Representation I and ~he s~ruc~ure of OELETEP 

corresponds to that of' DELETE1. the proo.l tha t DELETEP preserves the 

invariant, I""P, can be modelled on the proof ~ha~ DELETEl preserves 

the invariant, inv, 

~s in the case of insertion, a lis~ oi Lemmas ior Deletion for 

Representation 2 can be drawn up. which ma~ches Ll, 13 ~o 'l:heorem 

1.23 of Representation I, but reiers ~o elemen~s oi lists rather 

than sets. Also, the only additional iunc~ion used by DELETEP is the 

.lunc tion replace. 

Because of the way in which repl.ce can be related to 

Representa-tion 1, (L2. 24 and L2. 25). it £ollows tha t the proof of' 

Theorem 2.23 has the same structure as the proo.l o.l Theorem 1,23, 

to which it corresponds, and it can be modelled on the preceeding 

proof'. 
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Proof i.hai. DELETEP models DELETE I 

(D) Domains Ru~e 

Whai. must be shown ilSl 

(1)	 ('" 16 BP-tree)(lnvp(1) <lind pre-DElETEI(refrp(t),kJ ===
prll-OELETEPl:t,k)) 

On	 subSi.~tui.ing definitions i.his becomes 

(2)	 ('" t G BP-tree)(lnvp(1} #lnd k e ~01lect-ke)'8(retrnp(TREEP(tlll ===
k 6 caliect-ke)'sp(TAEEPl:tJ) 

Proof:
 

Th.l. S proof is identical to the proo:! o:! t..he domains rule :!or
 
operat.l.on FINDP.
 

(E) Result s Rule 

The rule to be proved ilSl 

(1) ('of' t a BP-treeXlnvpU) and pre-DELETEPl:l,k) <lind pollt-DELETEF'l:l,k,t') 

= 
post-DELETE1(retrp(tJ,k,retrp(l')) 

Expand.l.ng thilSl gives 

(2)	 ('of' t El BP-treeXlnvp(l) and k 6 coU8Ct-keYllp(TAEEPl:UI tIIld 

OAOEAF'l:t') " OADERF'l:tJ lind TREEPH1 " deleterp(DRDE:RP(tl,TAEEP(t),kl 

= 
ORDERlt') " OADEA(l) and TAEE(I') " C1eleler(ORDE:APl:tl,retrnp(TREEP(IIl,k)) 

Proof:
 
As a Tnodep .l.S identlcal to a Tnode, OELETEP is l.dent...1cal i.o DELETE1 when
 

applied to a Tnodep, It also follo.... s, from L2. 2.4 and L2.. 25, that 
DElETEP, ....hen applied to an lnodep has a lSIimilar e:f:!ect to DELETE1 
appl.l.ed to an Inoo'e. 

DELETEP has been shown to preserve i.he invar i ant.., InVp, on BP-tr_s 

and as l.t has been shown that FINDP models F'ND1, it follo.... s that (2) 

.l.S true. It can also be proved to be true 1:.ormally by ulSling 
structural induct.ion, 



4.5	 Realizatl.on 

This stage consists o~ the program code corresponding to the 

fINO, INSERT and DELETE operations ~or s+- trees. The eye tern has been 

implemented in PASCAL, using the UCSD system on a PEC LSI-Ii. 

The code for fiND and INSERT con tal.ns weakes t pre- condi tJ.on type 

assertions as an indication of its correctness. Assertions could 

be added to the code for DElETE in a simi lar manner. 

The mapping of the B+-tree onto linear storage is embodied in 

the pointer type variables of PASCAL and a form of has-no-Iooplll (cf. 

section 3,3) for S+-trees corresponding to that for binary trees 

should be true of these pointers. 

When the height of the tree increases, a new node is allocated 

by uSJ.ng the ne..... command of PASCAL. AS the version of the UCSD 

sys tern which .....as used (Version II. 0) ac tually implements the heap 

as a stack, a corresponding releue command could not:: be used to free 

nodes if the height of the tree should decrease, because the system 

cannot be relied upon to discard nodes in the order in whJ.ch they 

were acquired. 

AS a function J.n PASCAL can only return a result which is of a 

simple type, the ~unctJ.on INSEATN could not return an actual Inode. A 

globally allocated node, J':"_node, '9 therefore used to hold 

intermediate results produced by INSERTN, and the ~unct.ion returns a 

pOLnter to this node at each instance. 

The layou t of the node was chosen following the form of 

representat1.on used J.n [7], as this shortens sections of the 

program code conSJ.derably. (The implementatJ.on was origJ.nally 
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based on a node cont.aining separately defined ~Lsts of di£ferent 

lengths so an actual comparison o£ code leng1..hs was made). '1'he 

addi1...ional pointer in 1...he case o£ an Ino<l. is at.ared in t.he node 

variable , pmm~. In the case o£ a Tnode, this variable wil~ be used 

to hold t.he sequential link to the fol~owing '1'node when the NEXT 

operation is implemented. 

The program listing appears in the Appendix. 
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S. CONCLUSION 

~he most impor~ant aspect ~n ~he development of the 

represen~a~ion of abstract mappings as B+-~rees. \tas ~he choice 

of correct development stages. r~ was crucial ~ha.~ each stage 

should capture just t.he right aspects and properties ~o allo\t the 

steps be~ween successive stages to be made easily and smoothly. The 

correct choice of represent.ation at. each I eve I makes the 

refinement process a natural progression, 

The main difficulty in the refinement proofs was i.n provi.ng 

that the operations for insertion and deletion preserve the 

invariant. ~his problem was solved by decomposing ~he rule to be 

proved into a series of lerMlas in each case, from which the 

preservation of the invariant {ollows logically. The separation of 

lemn'las into a clear sequence \tas not an easy ~ask. bu~ the 

resulting sets of lemmas greatly simplify the proofs of validity. 

Another problem is how to relat.e error-handling in the actual 

program code to pre-conditions which occur in the specification. 

This could be done by appropriate sets of assertions in the program 

code. However in this development a comment has sl.mply been 

inserted in the code where such checking occurs, 

In conclusion, poss~ble future ex"tensione to this work should 
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be constdered. Brie-[ly, a few 0-[ these are: 

The implementation of the N~T operation, for which provision 

has alrpady been made in the node record layout:. 

The implementation of B+-trees using disk fil..es and disk file 

addresses rather than storage and pointer variables a.nd the extension 

0-[ thl.S 1.0 provide a separate file access package for general use 

(t.he difficulties of the strong typing of PASCAL have to be 

overcome to achieve this extension) 

After the above two extensions the ~mplementation of recovery 

procp.dures becomes possible. 

F'~nally, allowing features such as key compression and 

multi-user access are also possible future development.s. 




