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L Introduction

This paper Is an axercise In specification style. It strives to presen formal
specifications of some well known games In a concise and elegant manner,

using for this purpose simpleé mathematical tools.

Qames are treated as input-output functions which can be best hscribed
using a state orlented framework. Inpuls 10 8 game are a sequence o events

and a sequence of valid choices. The output is the set of winning players.

Events ara typlcalty not conirolled by the playars and Include such fams as
the result of spinning & coln. throwing dice or picking a card from a shuffled
pack. Choices on the other hand are made by the player who usully has
several alternatives to plck from. Typlcal choices Include declding which
counter to move. the posihilcn on the board to move it 1o or the card to
throw away. In this paper we do not attempt to describe the declsion making
procass ihat teads a player 0 make one cholce rather than anoher, la,

no descriptions of game playlng strategles ara glven.

Particular attention has been pald to developing the specifications fom the
commaercially available set of rules and W show. by example. how & tighter

sel of informal rules can be derived from the lormal description of the game.

I'ne decision 1o work on whal some readers may leel 1o be a toy domain
15 4 genberate one. Games are one of the few domains where tme and
care have been spent Uying 0 produce informal specihcations (e rules)
which ar¢e chlear, unambiguous and consistent The results ira not
encouraging: natural language cannol be made sufficiently precise to rule
out differant interpretations of the same text without becoming toc inwleldy.
Games are also tun 10 work with, They are |ust as ideal a tool b teach
the rudimants of specitication writing as they are an ideal. yet often mglected
tool to teach programming. They can alsc heip develop that snse of

aesthetlcs which Is called mathamatical maturlty.



. The Basic Framework for Game Descriptions

The iramework we will agopt distinguishes:
1. The basic domalns. such as the PLAYER. EVENT and CHOICE domains;
2. The sel ol (reachabla) stalas. STATE:
3. The set of Initial states, INITIAL:
4. The set of final statas. FINAL:
3. The state transillon functlon. mova:

6. The winning players’ detarminaton tunction. winner,

A helpful rula of thumb to determiné the stata componants s that thay should
contaln snough Information 1 allow a game tw be posiponad for s long
perlod. durlng which 1he piayers torgal all about thelr play, and so forgal
such typical Hems as whose turn it was to play. the positions of their counters
on the board and the cards held In thelr hangs. Occaslonally the frameéwork

uses invariant predicales on siales 1o characterize the sel of reachable states.

In a well-formed game description. Inhial states and some final stales are
reachatle states.

In its most general form. the st3te resulting from a move made Oy one of
the players depends on the previous stete . on 1lhe cholce exercised by the
player. angd un ine event which occurred:

move: EVENT -+ CHOICE — STATE - STATE

Once a (tinai state has been reached no further moves are possible:

ve:EVENT; c:CHOICE; s:FINAL, s ¢ dom{move e <¢)

The set of winning players of a gama |s a subset of tha set of players



participaling in the game. It Is speclftad by the function winners which s

only detined on final states:

winnex: STATE —-» F(PLAYER)
dom winner = FINAL

A game description ts therefore a S-tuple:

(STATE, INITIAL, FINAL, move, winner}

The ilunclional meaning of & game description is given In appendgix A.



1. Applications

.} The Game of "Best of Three Tosses” Heads or Talls

The oblec! ol speclfylng this game is 10 (llustrate the concepls delined in
the previous aectlion In a very simple example.

The informal rules of the game arg the following:
1. The pame Is for two playérs.
2. The first player to win two tosses wins the game.
3. Each 1pss conslists of spinning a coin. One of the playars cails out
either *heads” or “tails” (but not bothD while the coin is balng spun.
The coln will come to rest showing either the “heads” face or the “raify”
face. Il it shows the face called out by the player, he wins the toss.
otherwise hla opponent wins i1

4. The players take alternate iurns at calling out
We stan by delining the basic domains: FLAYER, EVENT, CHOICE. There
are two players (rule 1) whom we can name player 8 and player b
PLAYER = { & . b }
The players have no control over the resull of spinning a coin.  Therelore
the EVENT domain consisis Ol \he “values® Ihe coin can show. which rulg
3 spechies as:
EVENT = { heads ., lails }
The players choose whether to call out Aeads . or teils. Therefore the
“values® of their possible calls constitute the CHOICE domain. which in this

case happens to be equal 10 the EVENT domain:

CHOICE = |{ heads . talis )



The next step lles In determining the components of a state of this jeme.
To do so it might be helplul to imagine one is calling up a frlend who Is
watching the progress of the game and asks him to report the pesent
situation. The number of losses each player has won {l.e. the scored andg
whose turn I\ Is to call out characterize the game hefore and after every

turn:

STATE
acore: PLAYER — 0..2
turn: PLAYER

range ecore = (2}

In thé game we wish to describe at most one player can win two losses.
i.e. we are not Interested in reaching or using slates in which the score
shows each of the two players as having won two tosses. This restriction

Is expressed by the lavariant:

range ecore # (2)

which was added to the specification of the class STATE. AppendixB shows
how it can be proved that our invarigant holds for all states that are eachable
I[rom an wilial state by a sequence of moves, In this paper we will nol atlempt
1o show Llhal the invanants given for Lhe states are sirong siough fo
characterize ¢ompletely the set of reachable states: indeed in the game of

Ctheto (section 1.3} we have yet 1o hnd the strongest invariant in nis sense.

Cnce tne setl ol siates has been dehned. the set of initial states and linal
states can be defined by restricting the set of states approplalely. Note that
the rules do nol explicilly describe the Initial state (thus the rules are
Incomptete). bul in such cases M is generally assumed that nelher of the
players has won any tosses at the beginning of the game {(assuming no

handicaps are sel and so the score Is Iero zero.



I{NITIAL = STATE | range score = {0}
From rule 2 we can define final states as those siates where a player has
won two losses:

FINAL = STATE | 2 € range score
Still using rule 2. the set of winning players can be defined as thase whose
score is iwo:

winner # (A FINAL) {p:PLAYER| score p = 2}
The etfiect of a move Is 10 update the score. adding a win o the approplate
player. and 10 update the turn indicator so Ihat the players allernate calling
out (rule 4), This Is formalize¢ as follows. Lel the player who won 1he 10ss
be called. appropiately enough. the tosswinner. Il we restrict the score
component of the staté 10 the losswinner so:

scorel {tosswinner}
we get a tunclion with one elemen in its domain. the playesr who won the
1055 Now to agd his win to his score all we need 10 do is compose 1he
succeser lunchon svcc 10 s singie element funchon

succescotel {tosswinner )
which gives us the 10sswinner’'s new score. By rewriting the old score wilh
1he tosswinner's new score we gel the overall new score component for the

new slale’

score’ = gcore B succoscorel {tosswinner}




To update the lurn compenen! we Introduce a function called 1he opponent
funcion which given one of the ptayers returns his opponent, L.e. he other

player:

opponient: PLAYER — PLAYER
opponent a (& +b . b ra }

This allows us to update the turn component by simply applylng the spponent

tunclion 10 the player whose turn it was:

turn' = opponent turn

Taking Into account that the tosswinner is the player whose turn B was it
the result of spinning the coin ¢ is egual to what he called oul. ¢ . and
that otherwise 1he tosswinner Is the opponent of the player whose turn It

e=c => tosswinner = turn A

esc = tosswinner = oppohent turn

WE are now in a position to formally gefine the move function:

move: EVENT — CHOICE — STATE -+ STATE
move e ¢ @
T STATE | 2 ¢ range score
score’ = score B sucecdscorel (tosswinne:rj;
turn’ = oppenent turn
where
e-c = tosswinner = turn
esc — tosswinner = oppenent turn
opponent: PLAYER — PLAYER
opponent & (& b . & |+a }

Finally. a swdy of the sequence of moves applicable o an Initial stait shows



that the lengih of the sequence Is never greater than three. This Is capturad

by a variant:

var: STATE — N

var 8 = 3 —Z;ﬁ_"m score p

variants are functions Irom statés 10 the natural numbers whosgé value s
smaller for states which are the ouicome of a move than for the original
stales. The existence of a varlant for a game Implles that the game Is finite.

l.e. it will eng after a cerlaln number of moves,

To recapiwlate. the formal specificatlen of the game of *Best of Three Tosses®

Heads or Tals is given on the lollowing page.




Best-of-Three-Tosses

PLAYER & {a . b }
EVENT {heads . tails }

CHOICE

EVENT

STATE

score: PLAYER — 0..2
turn: PLAYER

Tange ecore » {2}

INITIAL

STATE | range score « {0}

F INAL

STATE | 2 € range Bcore

move: EVENT — CHOICE — STATE -+ STATE
winner: STATE -» P (PLAYER)

move € € =2
m STATE | 2 £ range score
score' =~ score # succoescorel {tosswinner};
turn' = opponent turn
where
e=Cc = tosswinner = turn
evc = tosswinner = opponent turn
opponent: PLAYER — PLARYER
opponent @ (4 |—»b ., a8 |=»b }
winner & (% FINAL) (p:PLAYER | score p = 2}




m.2 The Game of Snakes and Ladders

The game qf Snakes and Ladders falso known as Ropes and Ladders., or
Slides and ladders) Is an example of an extreme kind of game: the piayer
never has t¢ make & cholce. This will be modelled by omitting the CHOICE

domain. The game wii! also be used to Introduce the Idea of a boaro.

Hl.2.1  Informal Dascription
0. Snakes and Ladders is played on a board whose aspect we partlally

reproducae In figure 1:

IR S E R R B

PID
/-]
2xta a7 |is s fiafrz]n
s
T2 ]s]ais Y ENEL

Figure 1l: (Partial) Board cof Snakes

and Ladders.

1. The player who first reaches square 100 is thg winner.

2. As many players as there are coloured pieces may compete

3a. The players first throw the Qice to decide the oroer of starling. The player
whase score Is the highest shall commence flrst. the next highest wlil follow

and so on.

3b. In the event of a tlg In throwing. the players shall agaln throw 10 decide

who shall precede the other.




4a. Tha game consists of each player Ihrowing the dice and moving his

celoured plece the number of squares &as thrown.

4b. Any throw bringing a player to a square In connection with the foot of
a ladder enables the player to pass upwards 10 the top of the ladder e.g.

square 1 (Meakness) leeds upwards to square 38 (Qoodness).
4c. If a throw brings one to a number on which the head of a snike llas.

the player must come back !0 the sqQuara containing the tall of thit snake

8.0. square 16 leads down 1o squara 6.

[A list of all ladders and anakes follows in the original rules. We omit it.)

Tha ruies have been taken from Spear's "Junlor Compendlum of Games™ and

numbered.



#.2.2  Formalizing the Game
Wa consider that the informal rules describe two gares:
. the “determinatich of the player order® game:
. the “snakes and ladder board™ game {rules 1,2.4a-4c).
The two games are put together In a way which Is outside the scope of this

paper. in which we wlll describe only lthe “snakes and lagders board™ game.
Basic domalins
Rule 2 allows any number of players to participate:
PLAYER » 0. .np where n ¢ N

Al teast cne player must particlpate.
Rula 4a ciearty Indicates that gvents In this game consist of the results of
dice throws. thus:

EVENT @ 1..6
Snakes agna Ladders Introduces a new gomaln, which is the set Of poasitions
on the board Although figure 1 seems to imply the existence of one hundred
positions. the ladder of "Meakness® (starting oh posimign number 1) cannot
be used uniess the prayer start by piacing heir counters off the board and
bring them on 10 the boaro on ther first throw We will need to model the
ofl-poard positcn by incorparating pastian O, thus delining:

POSITION = 0..GOAL where GOAL=100

Tne various snakes and ladders depicted graphically on 1the board wll be

deait with when discussing moves.




Suates and winnar of the game
Two components suffice to gescrlbe a game in progress:
. the posHlon reached by each player:

. the turn Indicator.

Al most one player will ever reach the goal: this is expressed as the Iavarlant
in:

STATE

is—on: PLAYER — POSITION
turn:PLAYER

¢ (le-oni(GOAL}) € 1

Appendix B contains a proof of the Invarlance of the expression defined above.

Again, there is no rule gescribing the legal Initial states. We have assumed
the rules Incomplele and completed them by Insisiing that every player starts
on posinon © {i.e. off 1he board):

INITIAL & STATE | trange is-on = {0}

From rule 1 we can deduce thai the game goes on until a player reaches
the qoal positon.

FINAL = STATE | GOAL ¢ range is-on

The players who have reached thal posilion are lhe winners:

winner & (2 FINAL) {p:PLAYER | is-on p = GOAL)
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Moves
Snakes and Ladders does nol allow the player any cholces when moving.
Therefore the siale a game will be In afier & move depends only on the

previous siale énd the resull of the dice throw:

move: EVENT — STATE - STATE
Note that the rules 4a-4c define the effect of a dice throw on the posiuon
reached by the player. They cnly define the etfect on the Is-on component
of a siate. This etfect can be seen as the composition of wo ltunctions:

displacement ¢ im-effect

where im-efiect Gmmediale effect } is defined by rule 4a:

°..[move] Ihe piece the number of squares as thrown.’®

which translates into the loliowing type clause:

im-effect: EVENT — FPOSITION — POSITION

while displacement is defined by rules 4b and 4c 10 be of lype:

displacement: POSITION — FOSITION

fiute 43 camnot he INterpreteo as mMeaning “move \he plece the number of

cqQuares forwards as hrown " s e

1m-effect’ :EVENT — FOSITICN -+ POSITION

im-effect' e b = e + b

becayse il the player is on positon 98 and a 5 is \hrown. there is no positon
703 to move to. The rule is not clear on this point; here are some alternative
interpretalions:

1. count “overshooting® the goal as reaching It

im-effect' e b & mIn(GOAL, e+b)




2. prohiblt moves which would overshoot the goal:
im—-effect'' & it e+b > GOAL then b efse e+b

3. move forwargs as far as possible. then backwards:
im-effect e b = jf e+b ) GOAL then 2*GOAL~-(e+b)

el3e e+b

4, circulate round the board:
im-effect''" e b & (e+b) mod (GOAL+1)

We choose 1o adopt the third Inerpretation as being the most conslsient with

rule 4a,

Aules 4b angd 4¢ define a player as being displaced If he encounters the
head of a snake or the foot of a 1aoder. This i3 nothing more than a tunction

of the form:

displacement: POSITION — POSITION
displacement = 14(POSITION) @ (1 }+—» 38,...rest of
list of snakes and ladders}

No rule apphes to the eflfect of a move on the turn companent. which hints

al the use ol 1he round-robin method we will adopt:

muve: EVENT — S5TATE — STATE
move e = 7 STATE | GOAL ¢ range ts—on
1s-un' = 1s-on @
displacement ¢ (im-effect e) e
(is-ont (turn});

turn' = {turn+l) mod (n+l)

Nate how only the player whose lurn It Is Is affected with respecl 1o his

pasition on the boarg.



I1.2.3 Forma! Specification of "Snskes and Ladvers Board® Game

Snakes-and-Ladders
PLAYER @ 0..n where n ¢ N

EVENT & 1..6

POSITION u 0. .GOAL where GOAL = 100

ﬁTA‘i‘F
ia-on: PLAYER — POSITION
turn: FLAYER

§ (is-on {4 GOAL) < 1

INITIAL
STATE | rangs ie-on = {0}

FINAL
STATE | GOAL ¢ range 18-on

move: EVENT — STATE -+ STATE
winner: STATE -» P (PLAYER)

move e &« 7 STATE | GOAL ¢ range is-on
1s~on' =~ is-on B
displacement ¢ [im-effect e) o
(is-ont {turn});
turn' = (turn+l) mod (n+l))
winner € (% FINAL) {p:PLAYER | is-on p = GOAL}
where
im-effect: EVENT — POSITION — POSITION
im-effect e b & If e+b)GOAL then 2*GOAL-{e+b)
else e+b
displacement: POSITION — POSITION
displacement @ Id(POSITION)
® { 1+ 38,16+6,41+14,9>131,
211»42,28|-+84,36+44,51 67,
T71H+91,80100,471+26,49{=11,
561+53,621+19,64|60,87 24,
93+73,951+75,98 74}




.24 PRewriting the ickmal Fules

Formal specHications are useful guidelines to refer to when writing Informal
rules. In the following paragraphs. comments referring 10 the rules or how
they are bullt are put beiwesn square brackets while the rules themssalives

are laft In clear.

[Wse start by describing the baslc domalns.]

1. Any number of players can take part,

2. Each player picks a differently coloured counter for the duration of the

[The use of dice Is so widespread that any descriplion would be superfluous.

We assume the board is given so no description of It Is necessary.]

[State components are usually not described explicitly so we pass on to the

description of Inltlal states.]

Inttlal set-up
3. Inltially all counters are off the board. When thay start moving they enter

the beoard through square number ona.

[The rulas 1o delsrmine the order of play are now gliven. Thesa are rules
3a and 3b which have not been modified as no formal description of them
has been deveioped.]

4a. The players now throw the dice 1o determine the order of staring. The
ptayer whose score Is the highest shalt commence first [i.e. have the first
turn], the neaxt highast will follow and so on.



4b. In the event of a tie In throwing. the players shail again ihrow to decide

who shall precede the other.

Goal {Indicates the final state and how 10 detérming tha winnarl
5. The player whose counter first comes 10 rgst on square number 10C is

the winner.

Moves

[The two components are treated separatelyl.

6a. On nis turn, a player throws the dice and moves his counter forwerds
(exceaplion: rule 60} the number of squargs as thrown.

Exampile: |l the player’s counter is on square number 3 and he throws a
6. he mys1i move his counter to square numbar 8.

[Note the use of examples. Examples and diagrams are an important part
of iInformal specifications as they allow a user to check hls intultive
understanging of the rules. Someumas it is easler 10 Introduce a conceplt
by means of examples: however. the golden (meta-lrule |s to Slate concepis

and rules explicitly. Examples should naver substitule explicit rules.)

B8b. if the player cannol move his counter forwards the number of sguares
as thrown becauss he8 would ovarshoot sqQuare number 100, then he myst
move forwards to square 100 and. having reached it, move backwards s0
that the iolal numbear of spaces moved Is as thrown.

Example: [ a player s on square 87 and he thiows a 4. he can move
his counter forwards only three places (1o square 100) and then has 1o move

It backwards one place so lhat his counter ends up on square 99.

6c. I, as a result of applying rules 6a and 6b, the player moves his counter
on to a squarg which contains the head of a snake or the foot of a tadder.
the counter mustl be pleced on the squarg which conidins the tali of 1he
smnake or the top of the ladder respecilvely. This ends the player's turn.
Example: If a player Is on square 3 and throws @ 6, he moves his counter
to square 8. Squareg 8 contalns the foot of a ladder whose topls contalned

by sguare 31. Therafore the playar must end his turn by placing hls counter




on square 31.

Turns

7. Tha players teke lwrns In a round-robin fashion taking into account the
order determinad initlally (see rules 4a and 4
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1.3 The Game of Othello

Othelio. alsg known as Reversl, Is an example of another kind of extreme.
Like Go. Chaeckers and Naughts ang Crosses. It Is a game of skl In which
chance does not Intervena. This !s modelled by omitting the EVENT domain

as we shall show In section I1.3.2.

11.3.1  Informal Description
1. The players declde who Is to be white and who Is to be black. The same

colours are kept throughout the game.

2. Each player places iwo discs of his colour on the board es shown In

figure 2:

mja

Figure 2

3. Black makas the first move.

4. On pvery move a disc must be placed next 10 an opponent’s disc. elther
sideways. lengthways Or diagonally. The dis¢ placed must trap an opponent's
disc (or discs) between the one placeg and one already on the bhoard in

any direction.

In figure 2. A.B.C.D represent the moves that black can make. It black decldes
to place his disc n position A, he has captured the white disc E shown
In figure 3 and wens it over so that U is black side up as shown in figure
4,




FA]

THO

Figure 3

Now i js white’s tern. Figure 4 shows the moves that are avallable (.B,C).

Figure 4

Notes:

A. The number of glscs that can be caplured In & turn In any or mulliple
directions 15 wunlimited. e.g. In figure 5 biack can capture ali the pleces
bisected by the arrows by playing In position A, thus arriving at the shuvatign
shown In flgure € and capturing pleces in elght directions In pre move. which

is the maximum possible.

o] Lol ;.-;
0 eI
ol o] st-0{ oLAT 0-—re
] 0,0 _6"' .
o8 q;ho
1

Figure 5
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ABE

[«]

Figure 6

B. A disc or dlscs can only be captured as a direct reault of a move. e.9.
In figure 6 white disc B I8 not turned over because It Is not caplured directly

on that move.

C. It it |3 Impossible 10 captlure one of your opponent’s men when Il Is your
move, you miss that wrn and cannpt move agaln unll you can lay & disc
that caplures at least one of your opponent’s @iscs. Unlll you can lay such
a dlsc your opponent continues 1o play, turning over as many of your discs

as possible.

6. Play continues as above until:
a. the boarg Is filleg:
b. one player has no pleces of his colour left on the board:

¢. no [urther moves as possible {(as in  nowe G) for elther piayer,

7. At this uime the discs are counled and ihe player with most of his colour

an the boarg¢ Is declared the winner.

Detalis to be caretully noted

1. It must be emphasizeg¢ that giscs are only turned as a8 direct result ol
move, and must be trapped In a diract line (horlzomal. vertical. or dlagonai).
Figwes 3 and 6 should make this clear,
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2. Discs that are 1o be turned over must be In a continuous line ou may

not sklp over an empty square or different colour disc. See figures 7.8.

TeJofeJoJofe] [ |

This disc can capture only the white disc

next to it.

Figure 7

IeTol Jolefoje] |
T
This disc may not be placed. It camnot
capture the row.
Figure 8
3. At no time can you place a disc that does not capture al least one ppposing

disc. When 1his situation occurs. you miss your turn, and continue © do so

until you can make a caplure on your move.

4. Once placed a dis¢c is NEVER moved to angther square, It may be turneg

over several imes during a game, bul i1 s NEVER moved.

5. If one player runs oul of discs. he draws a disc from his opponent’s stock.

The opponent CANNOT REFUSE 10 hand over the discs

6. ¥ an incorrect move s made i1 may onlty be carrected BEFORE the

opponent’s mext move

[Rules taken from Peter Pan Playthings® “RAules of Play for Othelle’. There
is a slight diflerence in numbering and some additional examples have besn

omilled.]
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nL3.2  Formalizing the gama

Basic domalns
From rule 1. it Is clear that Qthello Is & two player game. Wa will call them

the black player and the whirg player:

PLAYER & { white .black )

The board is a subset of the Cartgslan grid:

POSITION = O..m = O0..m where m = 7

Amjacency relations on the board

It wrns out that the concept of a position belng adlacent tc another In a
glven direction is very yseful. We will distinguish elght direclions ol adjacency
which we wlll name like alght polmis of the compass. Each diraeciion i15 a
partial function from positions on the board 1o posilions on the bgard. thus

north is gefined as.

n;POSITION—-+POSITION

nix.y) & (x,succ y}

and east 15 gefineg as

e:POSITION-POSITION

e(x,.y) # (succ x,¥)

From nese lwo delinitons, and taking south as the inverse o! north. wes!
as the inverse of egast and lorming directions like noriheast by going arorth
and then goinp east. or viceversa. we can complele the eight adjacency

relatons by:

B,Ww:POSITION-»POSITION

-1
sen

waa"

DIRECTION & {n,e,s,w,n%,now,soe, 8ow)
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Conventions
A posllloﬁ Is occupled It ang only H a disc Is placed on I

A position beiongs to a player i ang only Il a disc of the player's colour

Is on that position.

A disc belongs \o the player ol the same colour,

Statas
States have two components:
. the has function from positions 1o players.
. the turn Indicator.
Glven an occupled posillon. the has function Ingicates the player to whom

It belongs. Unoccupied positions are not mapped, so has Is a partial function:
has: POSITION -+ PLAYER

The wrn indicalor has been used before and needs no further inroduction:

STATE.

has :POSITION -~ PLAYER
turn: PLAYER

¥b:dom has, (U dfdom kas) ! (b} = dom has )

O:DIRECTICN

The nvanan! points gul an intaresting characleristic of the game. in any
reachaple stale we can go Irom any occupied position 0 any other occupied
posiuon by Succeswve hAgps. Each hop goes from an oCcupied posilon 10 an

adiacenl. occupied posilion. Formaily a hop is describeg by the relatlon:

U CRECTION dddom has
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l.e. the union ol wthe elght adlacency relatlons. each opne of them restricied
and co-restricted O the sel of occupiod positlons. The set of successlons
of hops Is gescribed by taking the transitive closure over hop:

( d{dom has)”

u
SDRECTION

S0 the Invarlant specilles that it we restrict successions of hops to those
starting on a given occupled positon b. we can stlll reach #ny occupied
position. lLa:

Vb:dom has, (U d{dom has) P {b) = dom hae

d:DIRECTION

Rules 2.3 oefing the initlal stale as:

INITIAL a STATE | has = {(3,3) F+black .(4,3) [white
(3,4) Fewhite .(4,4) l>black }
turn = bilack
The formal description of flnal states is posiponed until moves have been

defined.

Moves: the choices apen 1o & player

“Qn every mopve a disc must be placed next 10 an ogponent’'s disc, erher
sideways. ienpthwdys Or oraganalty The disc placed must frap am opppnent s
disc «(or discs) between the one placed ang one aiready on the board in
any orection...”

[Rule )

Unilortunately the inlormal rules do not define the concepts of “placemenm”
and “rrapping" clearly. ‘Trapping” Is not delined explicitly at alf: Its meaning
is conveyed by meana of examples, ad-hoc notes and “delalls 10 be carefully
noted’; this clearly violates the meta—rule of explicitly stating concepts used.
Qur Interpretation of rule 4 leads us 10 the {ollowing reformulation:




4°.1 Al mos! one disc Is placed on the board on any turn,

4".2 The player whose lurn it Is mus! place one of his discs on an unoccupied
position of the board In such &8 way as to capture 8! least oms of his
opponent’'s pleces. To do this. the position on which the disc was placed
must torm a siraight line (either sigeways, lengthways or diagonally) with a
posilion already occupled (at the start of the move) by the player whose turn
It Is. All the positions on that stralght line which lle between the two positions
occupied by the piayer must belong 10 the player's opponent and. arg salg
1o contain the capiured pieces.

Example: I Is Black's turn 10 play and (part of the board is shown by flgure
10:

Figure 10

Figure 10 shows that Black can place one of his g!scs on position B" as
all the conditions set forth {n the rules are satisfled. lLe.

1. B* is an wnoccupied position.

2. B" forms a straight ling with B" and B’ also belongs to Black.

3. The imermediate positions C.C° on the line from B™ to B" al belong

to White, Black’s opponent

4.3 If the player whose turn il is canngt flngd a postion which satislies 4-.2,

he forgoes his turn.

To formallze the preconditlon 1o the function movewe need to formalize the
notion of the opponent ol A piven player, and the notlon of the set of positlons

capturgd from a glven position. The opponeat of a player Is slmply the other
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player:

opponent : PLAYER—PLAYER
opponent e |[black l»white white}-sblack }

Toget the set of positions caplured by placing a disc on position b when
In a glven state s. certaln condilons (stated In rule 4.2) must be satlisflag.

First., b must be en unoccupled position.
bgdom has

then. b must form a siraight line with a position already occupled by the
player at the start of the move. Note that a straight line Is formed by any

position lying in the direction d. so:

{té" b):POSITION |
bfdom e.hag A
de¢DIRECTION A
neN A
d"bedom (e.hasi{s.turn}}

glves us the set of positions which form a stralght Nna with the unoccupied
position b, ang arg occupied by the player Finally, all the Intermediate

positlons on that llne must belong 1o the player's opponant $O:

captured: STATE — POSITION — P (POSITION)
captured STATE b =
{d"b:POSITION |

bfdom has a

deDIRECTION A

neN A

k€l..n-1 A

d"bedom (haed (turn}) a

":l..n-l,d'b:dom (haad (opponent turn))}




There is no EVENT domaln In this game, which means that move Is & funcilon
of type:

move: POSITION — STATE -+ STATE

The basic domalin CHOICE bacomes a subset of the domain POSITION defined
by mave's preconditign: the set of captured posltions from the chosen position

cannot bs empty:

move b & % STATE | (captured STATE b)e«g ...

Moves: the effect of a cholce

It Is possibie that the positton chosen 1o play on can caplure positlons In
more than one direction (see figure 5. page 22. where posilion A has pracisely
this praoperty!. In this case all captured pasltions. shown In figure 5 as white
discs with arrows through them, become the property of the Captor who musi
replace the dis¢cs on the caplured posltions with discs of his own colour.

The eftect Is shown In figure 6. page 22. Lei's state the rule ewmlicilly as:
*All posltions captured from a posliion b, possibly in more than ore become
the property of the captor who must replace the discs on the captured
positions with giscs of his own colour.”

Formally. given s 5 in the domain of moveib):

{move b s}.has =
g.has8{c»s.turn | cecaptured a b}@®{bie.turn}

The eflect on the state’s second component (the furn  component can be

describad as follows:

"it a player cannot capture any of his opponent's fiscs no matter where he
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olays. he myst skip his turn and tet his opponent play.”
{Ses Note C or. equivalantly. rule 4°3}.

The formal description Is:
(move b 8).turn =

# valid-choices{(move b B).has,opponent(s.turn))= g

than B.turn elye opponent(e.turn)

Final states
A fnal state Is a stale In which the player whose lurn It {s cannol move.
Le. cannol caplure any positions:

FINAL @ {e:STATE | range {(captured s)={g]}
Conditlons 6a and &b of rule 6 are spectal cases of the third condltion:
‘Play conttnues...unlll._no further moves are possible for slther player.®
which {5 what we have farmaitzeg.
Winner

Rule 7 states that when a final state Is reached:

"...the discs are counied and the player with most of his colour on the board

is declared the winngr.®
which transiates Into:
winner{e:FINAL) =&

(p:PLAYER | card{dom sa.hae { p)
» card(dom s.has { opponent{p) )}
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We wlll alsc be using the funclion owns which assoclates a player with his

sel ol counters:

owns: PLAYER -+ FP(COUNTER)
owne p e [{p.1) | ie€l..4}

Formalizing the board presenis mora of a challenge. H only becavse of the
apperent complaxity of rule 2b. A careful analysis shows that every payer
starts on an oH-boarg “position®, moves round 52 sgquéres or positions to
the “outside square of the center row of the arm of his colpur of the cross®
twhich we wili denote the GATE position) from where he moves & fluher
s|x squares to reach the HOME position. Relative lo the start. positions can

be numberad as:

POSITION e 0. _HOME where HOME=58

position 0 denoting. as In Snakes &nd Ladders. the oftboard “position®. The
special position GATE marks the last posilion belore the player moves on

to the "homestretch™:

GATE e 52

A tfunction s needed to map the players’ counters’ ‘relalive” positions with
respect 10 their starting posilions to a c¢commoh “absoiute’ posilon so we
can determine when two counters belonging to ilferent players are paced

on Lhe same sqguare and ~interlere” wilh each other

map: PLRYER — POSITION — POSITION
map p b = {l3*p + b)) mod (HOME+1)

Once counters are placed on the homaesiretch or the siarting position, by
the tules of the game they can no longer Intariere with each other, which

is why we will never apply map to positions outside 1 to GATE.
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11.4.2 Formalizing the Game
As wiih Snakes and Ladders (see section NL2). this paper only formalizes
the “board” game and notl the game of determining the order of play. This

means rule 2a wlll be ignored.

Baglc domains
Rule la states that two o four players may take parl. We will however slightly

generaize the game 1o allow any number of players {(up to four) to lake part:
PLAYER c 0..3
An esmplanstion Is necessary 1o show why the domaln:
PLAYER' = Q..np where npeQ..3
Is Inagequaie. Some readers may wish to skip this explanaton ang continus
at the next paragraph. When we have oniy two players paricipating. two games
can be playe¢ according to whether the players choose 1o bring on their
counters through ad{ecent or through opposlte arrowed circles. Using the
PLAYER' domain only covers one Of these games, whereas using the PLAYER
domain covers bolh cases.
The EVENT domain is the set of dice throw resulls:
EVENT = 1l..maxevent where maxevent=6
The CHOICE domaln is determined by rule 1b. which Indicates that each player
is assigned four countars. and rule 5 which stiates that the "..player can

vse his discretion as to which man he advances or enters.”

COUNTER = PLAYER x 1..4
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3a. Each player throws once &ach time vniess he throws six when he has

another throw.

3b. The counters are moved forward as many squares as the dice Indicate.

4. When six are thrown different counters may be used for each ihrow,

5. The player can vss his dlscretion as to which man he advances or entars.

6. Whenaver a counter Is playad Inlo & space already occupled by an opponant
It must ba sent off the board, but I it happens o get on a square pccupled
by one of the same colour It IS placed on lop of it. in fact al! couwntars

of ong colour may rest in one square.

?. The player Is “Home~ first is the winner.

The rulas have been taken from Spear's “Junior Compendlum of Games' ang
numbered Rules 2b and 6 have beer slightly meditied 10 reflact the smpier

board of tigure 11. They both conserve the style of ibe original rules
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L4 The Game of Ludo
The game of Ludo. also known as Parchls, wlll complete this paper. It uses

both tha concept of cholce and that of event.

1it.4.1 Informal Description
0. Lude Is piayegd on a board whose main features we reproduce in figure

1t

3
L]
o
©
©
)
o
2
[
1=l
a
[
[«]
]
(]

aloyjglaljo|C

Figure !1: The board in Ludo

la, Two. three or four players may take parl

1b. Each player is provided with four couniers -alt of one colour—- which are

inlially set olf ihe poarg.

2a. Tre gice is thrown 10 determine (e order of starting and the one who

thraws the largest number commences the game.

2b. Each player brings his counters ¢on the board by placing them on the
squere conlaining the circle and arrow of his colour. and goes all round
as Indicatad on the board untll he arrives back to the outside square of the
canter row of the arm of his colour of the ¢ross. when he proceeds up the
centre row (coloured circles). which takes him 10 the middie of the board,

calied *Home".




turn It is. Al the positlons or that stralght Nne, which lia botwaan the two
positions occupled by the player. must belong to the player's opponent ang
are sald to contain the captured places.

Example: Sea page 27.

4.3 If the player whose turn it !s cannot find a positton which satisflas 4.2,

he forgoes his turn.

5. All positions capturegd from the posiion the player chose 10 play on,
possibly In more then one direction. bacome the property of the captor who
muyst replace the discs on the captured positions with dlscs of his own cclour.
Once he has done s0 his turn Is ovar,

Note that this means Lhat a player can trap positions In up to elght directions
In one turn as figure 5 ang ligure 6 (page 21) should make clear. In ligura
5 the Black player decides to place on of his discs on position A: figure

6 shows the state of affalrs at the and of Black's turn.

Turns

8. Players ahernate unless one of them cannotl capiure any of his opponeni’s
preCes on his lurn in which case he lorgoes his lurn in favour of his oppanent,
His opponent then proceeds to play until the original player can capwra at

least one ol his opponent’s pieces or until the game comés o an end.

Engd of the game
7. The game ends whan neither player can capture any ol his opponent's
peces. Al 1his poinl the player with more discs ol his colour on the poard

wins 1he game.
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.34 Fewrtting the Informal Rules

[Because section lil.3.2 restated so many of the original rules. giving
examples where necessary, this section will frequenily refer 1o those examples
and lllustratlons Instead of presenting them again. Commants. such 8s 1his

one. wil be Inseried between brackets.]

On the players

{The MNrst three ryles are virtually unchanged from thelr counterparts
in seglion 11311
1. The players declde who is to be white and who Is to be black. The same

colours are kept throughout the game.

[The board Is assumed given, sO no description of It Is necessary.]

Initlal set-up
2. The initial aspect of the board is given In figure 2 {(page 20).

3. Black has the first turn,

Some conventions
A positton on the board is occupied If and onty It a disc has been placed

on it

A position belongs 1o a player if ang only If a disc of the player's coiour

is on the posMHian.

Moves

41 At most one dlsc Is placed on the board on any turn.

4.2 The player whose turn It Is must place one of his discs on an unoccupled
position of the board In such a way as to capture at least one of his
cpponent’s pleces. To do this, the posilon on which the @isc was placed
must form a stralght line (either sideways. lengthways or dlagonally) with a

positlon already occupled. at the beginning of the move. by the player whose




I.3.3 Formal Specification of Othello.

Othello

32

PLAYER = (white .black }
POSITION = 0..n where n=7

STATE _

has: POSITION -+ PLAYER
turn: PLAYER

¥b:dom has, (V dfdom has]'l‘[b] = dom hasa

SDIRECTION

INITIAL

STATE | has={(3.3) l+black ,[(4,3)}+>white ,
(3.4)b>white ,{(4,4) |+black };

turn = black

L

FINAL & {8:STATE | range(captured s) = {#}}
move: POSITION -+ STATE -~ STATE
winner: STATE - JF(PLAYER)

move b & (m STATE | captured STATE b » g
has' = has &
{chrturn | cecaptured STATE b)}#8{blsturn};
turn’' = if valid-choite({has', opponent(turn))=¢
then turn eise opponent(turn)
winner = ([ FINAL}{p:PLAYER | #dom hasip
> #dom has{ (ocpponent p)
whare
n,e.g,w:POSITIONPOSITION
ni{x,y) £ (x.succ vy)
e(x,y) & [succ x,¥)

5 an’'

waeel
DIRECTION & (n,e,9,w,n% e, now, g9, 30w}
captured: STATE — POSITION — FP(POSITION)
captured STATE b a
{a"% | bgdom has A
neN A
kel..n-1 &
¥iel..n-1, dibcdom(hasi{(opponent turn)j} &
d"bedom(has i {turn})}
opponent : PLAYER — PLAYER

ammamamt = fTwhitn L akiamnbkb KRin~bk L owwkhiden 1

}
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Varlant
A game of Othallo aiways ftinlshas in at most sixty four (.e.. the number of
positions on the board? moves. This can be proved by showlng that the

lollowing variant holds:

var (8:STATE} & card(FOSITION - dom s.has)

Additionat Propertles
1. If b stete Is reeched In which the player whose turn It is has no valid
cholces open to him then neither ¢oes his opponent. That is, for all reachabls

slates s:

peF INAL =
range (captured (e.has (opponent s.turn))={g}

2. Once a posilon Is occupled it cannot revert 1o belng unoccupled. Agaln.

for all reachable states s:

Yb:POSITION,

{captured & b)eg = dom s.has £ dom (move b s8).has
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Siaes
Two of the components of the stales are slmllar t0 ongs we have encountered

betore:

on: COUNTER — POSITION
turn: PLAYER

The on component tells us where each possible counter Is placed on the

board. by glving lts relaluve position.

The third component Is a derlved componentle. one which Is. strictly
speaking, not necessary but which will allow the siate invariant. or other
properties. 0 be expressed more cleariy. The camps occCupled by a player
consist gf the set of “absolute” pasittons on which the player has counlers.
Aule 6 ("Whenever & counter Is played anta a space already occupled by
an opponent It must be sent off the board..”) originates the Invériant: no
two counlers belonging to ¢lffarent players can occupy the same ‘absolute”

position on the common part of the board, le. thelr camps must be disjoint:

STATE
: on: COUNTER — PODSITION
turn: PLAYER

camps : PLAYER — F(PDSITION)

camps p 2 map p ({(oni{l..GATE){owns p))

¥p, P, :PI..I’L!(ER,[)1 * p, = camps p, N camps P, - [

2

Remember (LX) allows us to form a sel by applying 1 10 each of the elements

of X in the aomaln of {1
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A fourth component could arise by interpreting appropiately the rule of “bonus
dice throws® (rule 3a) which states that “...each player throws once eech lime
untess he throws @ six. when he has another throw.” Does this mean that
a) aevery Ume a player throws a six he gels an extra throw. or b on his
turn @ ptayer may have up tO two dice throws. and receives the sscond throw
only If the result of his first roll was six? The first Interpretation leads to
a simplar description 30 we wlll develop the specHicatlon using K.

Rule 1b also states that initlally afll counters are off the board:

INITIAL
STATE | range on = {0) ‘

A finat stale Is reachead when, according to rule 7. a player "...is HOME".
The precise meaning of being at home Is nol made clear but we wlll take

it 1o mean \hat a playar has his lour counigrs placed on the HOME position:

FINAL

l STATE | dp:PLAYER, onfowns p)={HOME}

Winner
The wnner of the game is \he player who places his four counters on the

home poshion:

winner: STATE -+ FP(PLAYER)
winner = (% FINAL){p:PLAYER | on{owne p}={HOME} }




Moves
The description of valig choices lor a player |s particularly muddied. These
are the decislons we agopt

). For each dice throw al most one of the player's countars can be movad.

I A courtgr cennot be moved H It Is blocked e If adding the dlce throw

10 Itz present reletive position would cause It to overshpot the home position,

Hi. Unless all four of the player’s counters are blocked a counter must be
moved forwards on the player's turn as many spaces as the reésull of the

dice roll.

To make a move, the player whose turn I Is must atternpt one of three

alterndtlves: stay-put advance or start-again

move : EVENT —» COUNTER — STATE -+ STATE
move e ¢ & [atay-put e) U (advance e ¢) U

(start-again e ¢)

Stay-put can only be attempted when the result of the dicethrow praciudes
moving any of the player's counters. This happens when all four counters

are blocked i.e

s.onf{owns 3.turn) © HOME-= .. HOME

There is no efleclt on the on component of the slate and as will happen
under any of the alternalives the next player will be assigned a lurn. We
posipone discussion o the rext function untll we have described the advance

and start-again functions:

stay-put: EVENT — STATE —~» STATE
stay—put e ®
7 STATE | ontowns turn) © HOME-e .. HOME
on' = on ;

turn' = next e turn
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An a&dvance can be carrisg oul when the counter 10 be moved belongs to
the player whose wrn 1t I3 ang, the new poshion 1o which I will be 1aken
is elther on the homestretch (lL.e. between GATE+] and HOME} or Is nol
occupled by any other player (i.e. the new positich is not one of anolher
player’s camps). The move lisell consisis of placing ithe chosen counler on
the new position. The new poslion Is determined by adcing the result of the
dice throw e to the position occupled by the chosen counter et the start
of the move le. s.onfc). Cturn is the complement of the set conalsling of
the player whosse furn It Is with respect 1o the pleyer domain, lLe. ~“turn
eguals PLAYER - {turn) )

Let newpos = (on c) + e ;
occupied = U { camps p { pe“turn ) In
advance: EVENT —» COUNTER -» STATE -+ STATE
advance e c =
7 STATE | ceé(owne turn) A newpos<HOME A
{{map turn newpos)foccupied v
newpoa>GATE) )
on' ~on 8 {¢ +newposa};

turn' = next e turn

Start-agein can be described as a frusirated agvance. It attempis to advance,
but finds that the new position It would advance 10 Is already occupied by
another player. The player’'s chosen counter is placed on the starting posibon
i.e. 0 {again. becawse of the ambiguity of rule 6. 1his is jus1 one possible

inteipratalion).

etart—again: EVENT — COUNTER — STATE ——» STATE
start-againh & ¢ &
T STATE | cef{owna turn) a
{(map turn newpos)coccupied A
newpos<GATE
on' = on e {c»0};

turn' = next e turn



where newpos and occupled ara defined as In advance.

The second component of the stale {.e. turn} {s only affected By having 1ha
next function applied 1o . The turn passes to the same player who moveg
last If ha managed to throw a six, otherwise it passas {o the player who

follows him In a round-robin scheme:

next. : EVENT — PLAYER — PLAYER
next e p @ if e=maxevent then p
glsg /{ p=max PLAYER then min PLAYER
e/se min{pl:PLAYER | pl)p}
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I.4.3 Formal Speciication of the Game of ludo

Ludo.

PLAYER c 0..3

EVENT @ 1. .maxevent where maxevente=6
COUNTER & PLAYER = 1..4

POSITION = 0, HOME where HOME=58
GATE @ 52

STATE

on: COUNTER — POSITION
turn: PLAYER
camps: PLAYER — FP(POSITION)

camps p = map p ({onll..GATE) (owns p))
¥p, :P, :PLAYER,p # p, = camps p, N campa p, - ¢

IRITIAL

STATE | range on = (0)

FINAL

STATE | 3p:PLAYER, on(owns p) = (HOME]}

move: EVENT — COUNTER -» STATE -+ STATE
winner: STATE --+ P{PLAYER)

move e ¢ & (stay-put e) U {advance e c) U
(start-again e c)

winner @ (% FINAL) {p:PLAYER | on(owns)={HOME} }
whore
stay-put: EVENT — STATE - STATE
stay-put e =

® STATE | on(owns turn) € HOME-e .. HOME

on' = on ;

turn' = next e turn




advance: EVENT — COUNTER — STATE -+ STATE
advance @
let newpoe = (on c)te ;
occupied = U {camps p | pe tuzrn} In
7 STATE | ce¢(owns turn) A newpos<HOME A
{(map turn newpos)foccupied v
newpog >GATE) }
on' = on 8 {cisnewpos);
turn' = next e turn
start—again: EVENT — COUNTER — STATE -+ STATE
getart—again =
let newpos = (on c)+e ;
occupied = v {camps p | pe“turn} In
7 STATE | ce{owns turn) A
(map turn newpos)eoccupied A newpos<GATE
on" = on B (cp0};
turn' = next e turn
map: PLAYER — POSITION — POSITION
map p b = (13*p + b) mod (HOME+1)
owns: PLAYER — FP({COUNTER)
owns p = {(p,i) | iel..4}
next: EVENT — PLAYER — PLAYER
next e p @ if e*maxevent then p
aise / p= max PLAYER then min PLAYER
¢lse min{pl:PLAYER | pl>p}
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.44 Rewrling the Intormel Rules
On players
1. Up 10 four players may take par.

Inttlal set-up
2. Inltially each player wakes four counters of the same colour which will balong

to him throughout the game.

3. AN counters are inltlally off the board.

4. [Originally rule 2a, modifled) All players throw the dice once and whoever
throws the lergest number commences the game. it there Is a tle for the
largest number, thg playars who tled throw apazln untll the tle Is broken ang

one player Is left with the largest number. This player takes the frst fturn.

Conventions

I. The middle of the board Is callegd “Home" (see figure 11),

H. Movement proceeds as follows. If the counter 10 be moved Is off the board.
it is brought on the board by passing it through the square containing the
arrowed circle of i1s colour. It continues maving in the direction signalled
by the arraw until it arrives at the outside square which s exactly s
{coloured) squares away from the “home® position of its colour. when 1
proceeds up the row of squares containing cicrcles of s colour 10 the middle
of the board.

Examples: Assume il 15 0 player’s turn, end that he wishes 1o move a counter
presently oft the board. The result of his dicethrow Is a three. so he places

his counter on the poasitlon marked A In figure 12.

o[ e

Hele s

e oh

Figure 12: A portion of the Ludo board



L7

Assume that on his next wrn the player is still at A angd throws a org. Then
his counter can be moved from posltion A to D In flgure 12, Finally, assume
the player has managed to place one of his counters on B and throws a
flve. If he wishes 10 move the counter on B. he must move it 10 tha position

pointed at by C.

il. A counter Is sald 10 be blocked i moving It forwards the number of spaces

indicated by the dice roll would make It overshoot s “home” positon.

On moves

5. On his turn a player moves at mos! ona counter.

6. On his turn a player makes a dice throw and then choses which of his

counters to move. Only an unblocked counter can be moved.

7. It the player has at least one unblocked countér he must move It lor one
ol them, as the case fmay be) forwards as many squares as the dice roll
Indicates. {ollowing for this matier convention Il The turn then encs unless
rule 8 applies.

It all the player's counters are blocked. his iurn ends withoul any changs

in the position of his counters.

8. It the player's chosen counter comes to rest on & position occupied by
ane or more Of an opponent’s counters. lhe playar's chosen counter is sent
otl the bpard and the turn ends. More than one counter of the same player

may re@st on any square.

On turns
9. Every iime the player whose turn It Is throws a six. the next turn will be

his as well,
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10. Shoul¢ the player whose turn It Is not throw a six, the nexit pilayer In

8 clockwise feshion has & turn,

On winaing
11. The first player to pet his four counters on tha "home" position Is the

winner of the game.
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V. Related Work

The framework Is based on that used by J.R, Abrlal in his course on 'System
SpecHicatlon®. although. ol course. state orlented mechanisms go bdack 1o
the misty prehlstory of Computer Sclence. The notatlon used Is Intoducea
In B. Suirin's papers.

Games have been treated many times. especlally In the discipline of Artifi lat
intelligence. though more emphasis has been pul on the development of game
playing strategies rathaer than game speclfication. K.C. Bowen has intoduced
an Intormal taxonomy of game classes which., for example. distinguishes
batween games played In an automata-like fashion and those played in e
"person-llke® fashion. Although his point of vlew Is that of a behavioural
sclentist Interested in decislon making processes, that distinction sparked off
the anaioglical Idea of extreme kinds of games, lacking elther an event domain
(cf.Othello. section .3} or a choice domain (cl. Snakes and Ladders. section
111,2y. Some of Bowen's other distincilons suggest frulttul lines of research,
for example. the dilterence between games with *open” or “closed” Information,
Roughly speaking. decislons In *open” games are made wih full knowledge
of the stale of the game. while °"closed” games hide or even disurt part
of the Information contalned In the state. We hope to formallze these Ideas

In a future paper.

Ranan 8. Banerj uses a simiar approach 10 ours: he defines two player
games as S5-tuples «S.R.P.W.L> where he distingulshes a P and an O player
Then:

1. § is the set o! states of the pameldgas not include turn as a component);

jd

P is the subset ol states of the game. on which it is P's lrn 10 move;

(1]

. W is the set of final states where P wins:

4, L Is the set of linal states where P loses:

5. A Is the relallon that Indicates "which of the states are obtalnable trom

which stateé by an actlon or a move.”

Our framework allows thé description of n-player games and 30. In this sense,

is a litle more general than Baner|l's.
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V. Future Directlons of Ressarch

The maln thrust of nur research Is Into the use of mathematics as a
spacliication 100! In the area of game description. It Is our hypothesis that
this can be harnessed 10 serve the lollowing purposes:

1. Inrpouced mathamatical technlques at the school level.

2. luminate the use of similar 100ls In programming.

3. Sharpen the composition of informal rules In & varlety of sltuations.

4. Permlt the dasign. development and !mplementation of game packages

for recreation. aducation or research.

More research has to be done before the Ieasibillly of any of these purposes
can be meaningiully evaluated:.

1. A wider range of games needs 1o be tackled. Suggestions Include trylng
out card games (Patience games. Poker gamas) angd s0 called “war™ games

(Diplomacy)

2. The place of rulgs limiling the Information avallable 10 the players shoutd

be delermined Altgrnative frameworks could be proposed and evaluated.

3. interesting properties of games need lo be enunciated and proved 10 hold
Cernainly both the game designer and the programmer wouid be attracted
by the possibitity of proving some kind of campleleness or consislency of

the rules

4. Prool methods and presentations should be studied and improved. The
prools presented In Appendix B are not going t0 fire the enthuslasm of a
school level student. a programmer. a game designer or any reasonably

motivaled reader.

5. Relations between Informal rules and thelr lormal counterparts need o

be looked into more carefully.
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6. The use of these specifications In developing other products should also
be evaluatedt. After all. the programmer Is Interested In obtalning working
programs, the game desligner [n presenting enjoyable game packages...even
players are Interesiead Iin developing winning strategles. Products for
consigeration shouvlg Include game stale gisplays, move validators. game

playing programs and game consuitants.
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Appendix A: The Functional Meaning of a State Orlented Game Description.

It we wish 10 speclfy a game called gama! which is an Input-cutput function

of type:

gamel: segq(EVENT) x seg(CHOICE} —+» P(PLAYER}

wp can bulid & description:

gamel' & (STATE, INITIAL,FINAL,move,winner)

where as usual INITIAL,FINAL € STATE, and such that:

winner: STATE -+ F(PLAYER)
move : EVENT -—» CHOICE -+ STATE -+ STATE
gamel{es,cg8) =

winner (move-repeatedly{es,cs,s:INITIAL))

where move-repeatediy |s a recursive function which repeatedly applies move
10 s and the first element of the event and choice lists as. ¢s stripping these

lisis ang going from sitate 1o state untll & final state iIs reachedg:

move—repeatedly: seq(EVENT) x segq(CHOICE) -+ STATE
move—repeatedly(es,cs,s) =
(i seFINAL then s
else
move-repeatedly(tl es.tl cs,move (hd es)(hd

cs)s)

This paper occasionally pses variants of this (ramawork such as those omiltting
the cholce sequence (section N.2), or the avant sequence (saction )L}, The
reader should ba able 1o convince himsell that no naw ideas have been
Introduced In the process.
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Appendix B: Some Proofs

8.1 The game of “Best of three tosses” Heads or Talls ]
Theorem
The invariant of the state:
V3 :STATE, range a.pcore w (2}
holds.

Proof
a. The invarjant holds for any initial atate.

1. seINITIAL ...hypethesis
2. range s.score = (0} ...1,def. of INITIAL
3. range s.score # {2} vl 2

b. Given that the invariant holds fer an arbitrary
non-final state 8, then it holds for the state
reached from s after ﬁaking a move.

Let s' = wmove € ¢ ;

1. BeSTATE - FINAL A eeEVENT A ceCHOICE a
range s.score » {2} .. .hypotheeis

2. not(3p:PLAYER,&.score(p) = 2) ...1,{sfFINAL]

3a. Assume e=c

4a., B'.Bcore = s.score B {s.turnj»s.s8core(s.turn)+l}

...3a,def . move

5a. s'.score(s.turn)<2 A s'.score(opponent s.turn){2

...4a,2
ba. range s'.acore # (2} ...5a
3b. Assume e#c
4b. range s'.score » (2] ...3pb,8imilar

reasoning
as 4a-6a
7. Vs:STATE, range s.score ¢ {2} ...ba,4b
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B.2 The game of Snakes and Ladders
Thecrem
The invariant:
Ve:STATE, #{s.is-onldGOAL) < 1

holds.

Prood

a The invariant holde for any iInitial state.

1 seINITIAL ..-hypothesis

2. range{s._ie-on)={0} ...1l,def. of INITIAL
k} GOALf#Trange(s.le-on) ...2,GOAL®0

4 #(8.1i8-0oniGOAL) < 1 PO |

b. Given that the tnvariant holde for an arbitrary
non-final state 8, it also holds for any satate
8' obtained from 8 by making a move.
Let g"=(move e 8) in:

1. s8fFINAL A #(8.is-on{GOAL)K1

...hypothesis

GOALfr ange(s.is-on) L1
¥p:PLAYER,s,le8-on(p) {GOAL ..-2
g'.is—on=s.is-on@

displacement ¢ im-effect(e) o

(s_is-onf (turn;}) ...def. move
Vp:PLAYER-{s.turn},s’'.is-on(p)<(GOAL ...3,4
' . is—on(s.turn)<GOAL ...3,4

#(s'.i8-oniGOAL) < 1 «e.5,6
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The Game of Othello

Theosm

In ant reachable state we can go from any occupled poshion to any ather
accuped position by successive hops . Each hop 1akes us from an occupled

positkn 10 an adiacent occupled position. Formally:

¥a:STATE;b:dom &.has,

{u d¢dom &._hae) "t (b} = dom &.has

HHRECTION

Informal Proof
The pioot is by Inguction.
Inductre base : Inspection on Initial states.

Inducthe step
Assum¢ s [s a non-final state in which the Invariant holds, and b is any
legal cholce of position. Let s° be the slate reached by playing b when

in stat s.

The ociupled paslitions In s’ are. by delinition of move. the poccupied posltions
In s, pus position b. By the induclive hypothesls we can getl from any ong
of the gccupied positions In s to any other occupled positlon in s by
successve haps, s0 we Only need to worry about gelting to occupled posltions

from b ang viceversa.

For D tt be a valid chaice.the player must be able to caplure a non-emply
set of (ccupied positions from it. By definition this sel of captured pleces
must intlude the adiacent position 10 b. position (¢ b) for some direction
o Therdore one can hop from b 10 (¢ D} . ang as (d b must have been
an occuped posihon in 5. by the inductive hypothesis we can gst to any
other occupied position In s from position (¢ D). s0 by adding the hop from
b to (d » 10 the succession of hops which get us from (4 b) 10 any other
occupted position in 5. we can get from b to any olher occupled positon

In s'. by a succession of hops.

To get % b from any other occupled position In s’. all we have to ¢o Is
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10 successively hop to the previously mentioned position (¢ b) and themn hop
to the adjacent position b. This inverse hop can be done as:

vd:DIRECTION, deDIRECTION = d 'e¢DIRECTION

We leave the reader 10 prove the vallgity of this assertion,
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Formai Proof
Inctive base

0. By inspection on initial states.

Inthetive step
1. sgFINAL

2. Vb:dom s.has (VU ddédom 8.has) t{b} = dom s.has

GDIRECTION
...inductive hypothesie
3c':POSITION | captured c' s » ¢ A
Let ¢ be any poeition such that {captured ¢ s)vg,
i.e. c=7{c'|(captured c' s)vg}
...3
5. Let 8' = move c B |
6. |captured c s) ¥ ¢ = Fd:DIRECTION, (d c)e¢dom 3._has
...def. of captured,properties of corestriction
7. 3A:DIRECTION,{d c)edom 8.has ...6,4
8. dom e8'.has = dom s.has U (c]

...5,def. of move

9. (udﬂmec"o"d ddom 8'.has) =
(YyrmreeTiond $dom 8 has
UmﬂECTION{CH(d c),{d c) ¢ I (d c)edom s.has})
...8,9d:DIRECTION,d 'eDIRECTION,
10, (Uypmecnond $dom 8'.has)” = {(blsb' | b,b'¢dom 3'.has)}

...9,2,properties of *
11. ¥b:dom &' .has (U

d fdom s',has)'l‘{b] = dom 3'.has
...10

dDIRECTION
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B.4 The game of ludo

Theorem
No player can ‘trespass” on anothar. More lormally, players’ camps are
dis{oint, l.e. for all reachable states.
¥p,pl:PLAYER, prpl => camps p N camps pl = §
Prool
ag. p= pl ...hypotheais
A. Inductive Base
1. se¢INITIAL

2. ranges e.on = {0} ...1l,def INITIAL
3. VpZ2:PLAYER,a.camps p2 = § .--2,def .camps
4. camps p N camps pl = ¢ ..-3

B. Inductive hypothesis and step
l. s.camps p N s.camps pl = # A BfgFINAL

Let B’ = move & C 8

Case I1: 8' =~ stay-put e s
I.1 8*.on = 8.gQn ...def.stay-put

1.2 s'.camps p n s'.camps pl = § ...1.1.1

Case 11: 8' = atart-again e c &

IT.1 8" .on = a.on @ {cl=0} . ...def .start-again

11.2 Yp2:PLAYER,s'.camps p2 € s.camps p2
..-11.1,def . camps

17.3 8~ .camps p n 8'.camps pl = ¢ ...I11.2,1

Case 111: 8' = advance o c 8

1I11.1 a'.on = a.on @ {cl+newpos} ...def .advance

ILII.2 { (map 8.turn newpos)foccupied v newpos>GATE)
...def .advance

(precondition)
1I11.2 newpos)GATE
= ¥p2:PLAYER,s'.camps p2 € s.camps p2

...11i.1,def.camps
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TIT.4 newpop>GATE = 8'.camps p N 8’.campe pl = ¢
L TIT.3,1
II1.S ce(owns e.turn) ...def .advance
(precondition)
I11.6 3'. . camps! "s.turn = s.campsl "e.turn
L. IIT.Y, T1IL5
pz_“m"; {a.camps p2)
= p'.camps 8.turn n U

I11.7 [{map s.turn newpos)fu
p2-aturn (e.camps p2)

- g s I11.1,17I.S
1I1.8 (map s.turn naw‘boa)toccubied

= s'.camps p N s8'.camps pl =

] L. I111.6,3111.7
I11.98'.campa p n B'.camps pl ~ #

oo IT1.B, 111 .4,111.2
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