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I. IntrodvCtlon 

This paper Is an axerclse In specification style. It strives to present formal 

specUlcatlons of some well known games In a concise and elegant manner. 

using for this purpose simple mathematical tools. 

Oames are treated as Input-output functions which can be best d9scrlbed 

using a state oriented framework. Inputs to a game are a sequence cf event" 

and a sequence of valid choices. The output Is the sel 01 winning players. 

Events ara typically not controlled by the playars and Include such ~ems as 

the result of spinning a coin. throwing dice or picking a card trom a shuffled 

pack. Choices on the Olher hand are made by the player who usually has 

several alternatives to pick Irom. Typical choices Include decldln~ which 

counter to move. Ihe position on the board to move It to or the card to 

throwaway. In this paper we do not attempt to describe the decision making 

process that leads a player to make one choice rather than anolher. I.e. 

no descriptiOns 01 game playing strategies ara given. 

Particular anention has been paid to developing Ihe specilications from the 

commerCially available set 01 rules and 10 show. by example. how a tighter 

sel of informar rules can be derived from the lormal description or the game. 

rnc aecision to work on wh.J1 ::oome readers may leel 10 be a lOy domain 

IS .:.. aeJlber.Jte one. Games are one 01 the lew domains where lme and 

care h.lve been spent trying 10 prOduce informal specifiCations (i.e. rules) 

which arc clear. unambiguous and consistent. The results are not 

encouraging: natural language cannol be made sufficiently preCise to rule 

out dillerant Interpretations of the same text without becoming too mwleldy. 

Games are also lun to work with. They ~re lust as Ideal a tool l) teach 

the rudlmants of specllicatton writing as they are an Ideat, yet onen neglected 

tool 10 teach programming. They can also help develop that sense of 

aeslheUcs which Is called malhamatlcal maturity. 
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II. The 80lIsic Framework for Geme Descriptions 

The framework we will adOpt distinguishes: 

1. The basic domains. such 8S the PLAYER. EVENT and CHOICE dOmaIns: 

2. The sel 01 (reschable) states. STATE: 

3. Tile let of Initial atates. INITIAL; 

4. TIle lal of final statas. FINAL; 

5. TIle stale 'ransltlon function. moye: 

6. The winning players' determination function. wInner. 

A helpful rule 01 thumb to delermlne the state components Is that they should 

conteln enough Information to ellow 8 game to be postponed for B long 

period. during whiCh the players forgal ell aboul their play. and" so lorget 

such typical Items as whose turn It was to play. the positions 01 their Counters 

on the board end the cards held In their hanes. Occasionally the framework 

uses Invarlan! predicates on Siaies to characterize Ihe sel of reaChaDle states. 

In a well-formed game description. Inlllal statas and some final stales are 

reachable stales. 

In Its mOSl general form. the slate resulting from B move maete Dy one Of 

the players depends on me prevIous state. on the choice exerCised by the 

player. and un tne evenr which occurred: 

mO\l'l;:: E'v"ENT _ CHOICE _ STATE ...... STATE 

Once a hna/ slate has been reached no lurthar moves are PQssiDle: 

ve:EV~NT; c:CHOICEi s:FtNAL. B I dom(move e c) 

The set of winning players of a geme la e subset of the sat of players 
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particlpaling In the game. It Is specllled by the tvnctlon wlnne'J which Is 

only defined on fInal sletes: 

"linnet": STATE -.. "'(PLAYER) 

dam winner .. FINAL 

A game description 1s therefore as-tuple: 

(STATE, INITIAL, FINAL. move, winner) 

The hmction.1 meaning 01 8 game description Is given In appenljix A. 
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III. ApplicatiOns 

111.1 The Game of -Best of Three Tosses- tteac:Is 01 r.lIs 

The obleCI 01 specifyIng thIs game Is to Illustrate the concepts deflneet In 

the prevIOus section In a very simple example. 

The Informal rules of the game are the lollowlng: 

1. The game Is tor two players. 

2. The first player to win two losses wins the game. 

3. Each toss consists of spinning a coin. One Of the players calls out 

eUher -h••d$- or ·'aIl3- (but not bothl) while the coin Is berng spun. 

The coin will come to rest showing elther the "h68d$· face or the ·IIJJI~· 

lace. II It shOws the face calleet out by the player. he wins the toss. 

otherwise his opponent wins 11 

4. The players lake alternate turns at calling out. 

We stan by defining the bnfc domalf15: PLAYER, EVENT. CHOiCE. There 

are two players (rule 1) whom we can name player a .and player b 

PLAYER .. { a . b } 

The players hay(! no control oyer the result of spinning a coin. Therefore 

lh~ EVENT domain consists 01 (he ·yalues· lhe COin can show. whIch rule 

3 Sp(!Clfle:o as: 

EVENT .. ( heads tai/$ ) 

The players choose whether to call out heads . or rails. Therefore Ihe 

~values· of lheir possible calls constilute the CHOICE domain. whiCh In this 

case happens to be equal 10 Ihe EVENT domain: 

CHOICE· r heads. tails } 
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The next slep lies In determining the components of a state of this game. 

To do so It might be helplul to Imagine one Is calling up a Irlenl1 ..mo Is 

watching the progress of the game and asks him 10 report the present 

sltuallon. The number of losses each player has won (I.e. the :;cor61 ancj 

whose turn It Is 10 call out characterize the game before and after every 

turn: 

flTATE---------------------~1 

acote: PLAYER -+ 0 •• 2
 

turn: PLAYER
 

range ecore II {2} 

In the game we wIsh 10 describe at most one player can win two losses. 

i.e. we are nOI Interested in reaching or using slates In whiCh the score 

shows eaCh 01 the two players as having won two tosses. This restriCtion 

Is expressed by the Invariant: 

range eCOte II {2l 

whiCh was added to the speCification of the class STATE. AppendIx B shows 

hOw it can be proved lhal our invariant holds for atl states that are reaChable 

from an ,nitial state by a sequence of moves. In this paper we will n~t auempt 

to show that the Invananls given for the states are slrong e.~ough 10 

characterize completely the set of reachable states: ,ndeed in the game 01 

Othello (sec han 111.3> we have yet 10 find the 5lrongest invariant in lnis sense. 

Once tne set of slates has been dehned. Ihe sel 01 initial states and linal 

stales can be defined by restriCting the set or stales approplale1y. NOle thai 

the rules do nOI expliCitly desCribe the lnillat state (thus the rules are 

Incomplete>. but in SUCh cases It Is generally assumed that nellher or the 

players has won any tosses at tl"le beginning of the game {assuming no 

handicaps are seU anl1 so tl"le score Is zero zero. 
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INITIAL e STATE I range score - CO} 

From rule 2 we can defIne final states 8S Ihose slates where a player has 

won two 10$595: 

FINAL 8 STATE I 2 E range Bcore 

Still USing rule 2. the set 01 winning players can be defined 8S those whose 

score Is two: 

winner a (~ FINAL) (p:PLAYERI Bcore p - 2} 

The effeCI of a maye Is to update the score. adding a win 10 the approp1ale 

player. and 10 update the turn indicator so Ihat the players alternate calling 

out (rule 4l. This Is formalized as fOllOWS. lei the player who won the lOSS 

be called. appropiate1y enougn. the rosswinner. II we restrict Ihe score 

componenl 01 Ihe slale to the IOSswinner so: 

Bcorer{tos6Winner) 

we get a function wilh one element in Its Cfomain. the player whO won Ihe 

lass Now to aCId his win to his scare all we neeCf to Cfo i5 comp05e the 

$lIcc.esor luncIJon succ to thIS single elemenl function 

succoscorer (toSgWlnner) 

which gives US the tOsswinner's new score. By rewriting Ule old score with 

the losswinner'5 new score we gel the 0 ...era1l new 5core component lor the 

new stale 

Bcore- - Bcore • BUccOBcorer{toBBwinner} 
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To uPdate the lurn componenl we Introduce II function called Ihe opponent 

function WhiCh given one or Ihe players returns his opponent. I.e. Ihe other 

player: 

opponent: PLAYER -. PLAYER 

opponent III {a I--t-b • b ~a } 

This allowa us to update nIB turn component by sImply applying Ihe [)pponent 

function to the player whose turn It was: 

turn' .. opponent turn 

Taking Into account Ihat the tosswinner Is the player whose turn II was II 

the result of spinning the coin it Is eQual 10 what he called OUI. C . and 

Ihat otherwise the tosswinner Is the opponent of the player whost turn It 

Is. i.e. 

e-c ~ tosswtnner - turn A
 

e~c ~ tossWlnner - opponent turn
 

we are nOw in a Position to formally define the mo..e function' 

move: EVENT -+ CHOICE -+ STATE ~ STATE 

move e c " 

7T STATE 2 t range score 

score .. SCOle 18 succOscore P (toss ..... inne: J; 

turn "' opponent turn 

""here 

e-c ~ tOss..... lnner • turn 

e~c ~ toss..... inner • opponent turn 

opponent; PLAYER -+ PLAYER 

opponent lO; (a ~b . b ~a ) 

Finally. a SIUdy of the seQuence of moves applicable 10 an Initial slah shows 
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that the length of the sequence Is never grealer than three. This Is captured 

by a vat iant: 

var: STATE _ N
 

va! 8 a 3 -~'l'ER Bcore p
 

Variants are functions Irom slates to the natural numbers whose value Is 

smaller for states Which are the outcome or 8 move than tor the original 

states. The existence of 8 variant lor a game Implies that the game Is finite. 

I.e. It will end atler 8 certain number 01 moves. 

To recapitulate. the lormal specificatiOn of the game of ·Best 01 Three Tosses· 

Heads or Talis is given on the lollo...ing page. 
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B8S&-ot-Tnree-T08ses 

PLAYER s la • b ) 

EVENT • (heads . tails ) 

I"0IC~ 
EVENT 

STATE
 

8core: PrAYER -to O.• 2
 

turn: PrAYER 

'lange ecore " (2) 

I'NITIAT
 
STATE I range score .. (OJ
 

I 
r INa,.
 

STATE I 2 , range score
 

move: EVENT -to CHOICE -to STATE ~ STATE 

Winner: STATE ..... F (PLAYER) 

move e c • 
rt STATE I 2 I. range score 

score . . score i auccoscore ~ {tosswinner}; 
,

turn .. opponent turn 

where 

e=c = tosswinner - turn 

e_c = t.o88winner .. opponent turn 

opponent: PLAYER -. PLAYER 

opponent a la ....b •• f-+b ) 

winner • (l FINAL) (p,PLAYER I score p - 2) 
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111.2 The Game of Snakes and Ladders 

The game ar Snakes and Ladders (also kno......n as Ropes and ladders. or 

SHOes and Ladders) Is an example of an eJ:treme kInd Of game: the player 

never has to make B choice. This will be modelled by omlnlng the CHOICE 

domain. The game will also be used to Introduce Ihe Idea of a boara. 

111.2.1 Informal Description 

O. Snakes and Lsdaers Is played on B board whose aspect we partIally 

reproduce In IIgure 1: 

" 
1.7 

~ V, '" " I~ " " " " " 1-", , , • ,~ , • • '" 

Figure 1: (Partial) Board of Snakes 

and Ladders. 

1. The player who first reaches sQuare 100 is the ...... inner. 

2. As many players as there are coloured pieces may compete 

38. The players first Ihro...... the aiee to decide the DraBr of starling. The player 

whose score Is Ihe highest shall commence first. the nell1 highest will lollow 

and so on. 

3b. In the event of a lie In throwing. the players shall again throw 10 "eelde 

who shall precede Ihe other. 
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4s. The game consists 01 8ach player Ih:'owing the etlce snl1 moving hIs 

colourel1 piece the number of squares as thrown. 

4b. Any throw bringing a player to a square In connection with the toot of 

a lal1der enables the player to pass upward's to the top of the laCkter e.g. 

square 1 (Meakness) le90& upwan!s to square S8 «30ocJnassL 

4C. II a throw brings one to a number on WhiCh the heal1 of <II ,neke lies. 

the player must come back 10 the square containing the tall or thaI snake 

e.g. square 16 leal1s l10wn to sQuars 6. 

(A list 01 all lal1Cfers snl1 snakes follOws In the original rules. We omit it.) 

The rules have been taken Irom Spear's "JunJor Compenl1lum of Ga"l9S' ano 

numberel1. 
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111.2.2 FormallZlng the Game 

We consider Il'1at the Informal rules describe two games: 

the "determination of the player order" game: 

the 'snakes amI ladder board" game (rules 1.2.4a-4cl. 

The two games are pUI together In a way which Is outside the scope of lhls 

paper. In which we will describe only the 'snakes and ladcters boaro- game 

Basic dOmains 

Rule 2 allows any humber or players 10 partiCipate: 

PLAYER'" O•. n where n E iii 

AI least one player must parllclpa1e. 

Rule 4a clearly Indicates lhat events In this game consist of the results 01 

dice throws. thus: 

EVENT s 1..6 

Snakes and Ladders Introduces a new domain, which is the set 01 POsItIons 

on the board Although ligure 1 seems 10 imply the existence 01 one hundred 

POSitions. the ladder 01 "Meakness· (starting on pOSition number 1) cannOI 

be used unles5 the player start 0'( plaCing lheir counters olf me board and 

bnng them on 10 the OoarO on their first "HOw We Will need to model the 

011- board OOSlllon by Incorooratmg posilion O. thus defining: 

P0S1TION = O.. GOAL where GOAL-lao 

Tne variOus snakes and ladders depiCted graphically on tne board Will be 

dealt With when discussing moves. 
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S18tes and winner of d'le game 

Two components suffice to etescrlbe 8 game In progress: 

the position reached by each player; 

the turn Indicator. 

At most one player will ever reach the goal: this Is expresseet as the Invarlanl 

In: 

STATE 

ie-on: PLAYER 

turn: PLAYER 

-+ POSITION 
I 

• (ie-on I (GOAL)) ( 1 

Appendix B contains 8 prool 01 lhe Invarlance of the ellpression defined above. 

Again. there is no rule describIng the legal Initial states. We have assumed 

lhe rules Incomplete and completed them by Inslsllng thai every player starts 

on position 0 (i.e. all the board): 

INITIAL Ii! STATE I ra.nge ie-on - {OJ 

From rUle 1 we can aeauce thai lhe game goes on until a player reaches 

Ihe gO<l1 pOSllron. 

FINAL ~ STATE I COAL ( range is-on 

rhe players ..... hO have reaChea that posUion are (he winners: 

Wlnner E Po FINAL) {p:PLAYER I is-on p - GOAL} 
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Move. 

Snakes and Ladders does not allow the player any choIces when moving. 

Therefore the slate a game will be In after iii move depends only on the 

Dr8Ylous stale end the result 01 the dice throw: 

move: EVENT -+ STATE -.. STATE 

Note that the rules 4a-4c define the effect 01 a dice throw on the position 

reached by Ihe player. They only define the effect on the Is-on component 

of 8 slale. This effecl can be seen as the composition Of two functions' 

dl,placement 0 1m-effect 

where im-eflecl Ummediale 9ftecl ) is defined by rule <4a: 

.. [moveJ Ihe piece Ihe number 01 sQuares as thrO*n," 

whiCh translates into the lollowlng type clause: 

im-effect: EVENT -+ POSITION -+ POSITION 

while displacement is defined by rules 4tl and 4c 10 tie of lype: 

dlsplacement: POS1TION -+ POSITiON 

nUle 43 cannOI oe Interpreteo as meaning "move Ihe piece lhe number 01 

::;Quares forwardS a::; IhrDwn" Ie 

1m-etteCl' :EVENT ......., POSITION -. POSITION 

1m-effect' e b £ e + b 

because U Ihe player is on posillon 98 and a 5 is thrpwn. there is no position 

103 10 move to. The rule is not clear on this point: here are some alternative 

interpretations.: 

1.	 count "oYerShoolingO the Qoal as reachlnQ It
 

im-effect' e b a m1nCGOAL,e+b)
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2.	 prohibit moves which would overshoot the goal: 

ltn-ef feet" • if e+b ) GOAL rhen b else e+b 

3.	 move forwards 8S far as possible. then backwards: 

1m-effect e b I! JI e+b ) GOAL then 2*GOAL-(e+b) 

.,,.	 e+b 

4.	 circulate rOund Ule board: 

1m-effect'" e b • (e+b) mod (GOAL+l) 

We choose to adopt the third Imerpretatlon as being the most consl~ilent wi1h 

rule 4a. 

Rutes 4b ana 4C deline a prayer as being di$praced II he encounters the 

head 01 a snake or the foot 01 III laoder. This 1$ nOlhlng mOre than a function 

of the lorm: 

displacement: POSITION --+ POSITION 

displacement s Id(POSITION) • (1 ~ 38 •... rest of 

list of snakes and ladders) 

NO rule applies to the effect of a move on the lurn componenl. which hints 

al Ihe use 01 the round-robin method we will adopl: 

move: EVENT --+ STATE --+ STATE
 

move e =. " STATE I GOAL j range ls-on
 

!~ -on - HI-on III 

displacement 0 (im-effect e) 0 

(is-onP (turn}); 

turn' - (turn+l) mod (n+l) 

Note tlow only the player whose (urn II Is Is allected wlttl respect 10 his 

position on the board. 
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111.2.3 Formar Spectflc.atlOn of ·Snakes and lJIdd9rs Soarer- G8me 

Sna.kes-and-Laddere 

PlAYER III	 0 .. n ",here n E N 

EVENT III 1..6 

POSITION	 III O.. GOAL where GOAL .. 100 

T'~ 

la-on: PLAYER ~ POSITION
 

turn: PlAYER
 

• (ia-on	 ~ GOAL) ( 1 

I 
INITIIl.1'
 

STATE I range 1s.,..on .. to)
 

FINAl 

STATE I GOAL E range Is-on 

I 
move: EVENT ~ STATE ~ STATE 

Winner: STATE ~ F (PLAYER) 

move e III	 " STATE I GOAL I range is-on 
,

18-on ..	 is-on IB 

displacement 0 (im-effect e) 0 

(is-onr{turn});
 

turn 
, 

.. (turn+l) mod (n+1»
 

Wlnner e	 0. FINAL) {p:PLAYER I is-on P .. GOAL) 

where 

im-effect: EVENT ~ POSITION ~ POSITION 

1m-effect e b III If e+b)GOAL then 2"GOAL-(e+b) 

el:se e+b 

displacement: POSITION -+ POSITION 

dieplacement iii Id(POSITION) 

• ( u-. 38,16 f-+6, 4 f-+14. 91-+ 31 • 

21 f-+42. 28 f-+84, 36 f-+44, 5:1. f-+67. 

71 f-+91. 80 f-+100. 47 f-+26, 49 f-+11. 

56 f-+53. 62 f-+19. 64 f-+60, 8 7 f-+24. 

93 f-+73. 95 f-+75. 98 f-+78) 



111.2.4 Rewr1tIng die ir.bnna' Rules 

Formal specl1lcatlons are useful guidelines to refer to when writing In'ormal 

rules. In the fOllowing paragraphs. comments reterrlng to the rules or how 

they are built are put between square brackets whUe the rules themselves 

are Ie" In clear. 

(We start by describing the basic domains.] 

1. Any number of players can take part. 

2. Each player piCkS a differently coloured counter for the duration of the 

game. 

[The use of ctIce Is so Widespread that any descriptiOn would be superfluous. 

We assume the board Is given so no descrIption of It Is necessary.] 

IState components are usually not described explicitly so we pass on to the 

description of Initial states.) 

Inhlal set-up 

3. Initially all counters are off the board. When they start moving they enter 

the board through square number one. 

[The rules 10 determine the order of play are now given. These are rules 

3a and 3b which have nOl been modified as no tormal descriptIon Of them 

has been developed.) 

4a. The players now throw the dice to determine the order of starting. The 

player whose score Is the highest shalt commence first lI.e. have the 1lrst 

turn], the next highest will follow and so on. 
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4b. In the event of a tie In throwing. the players shall again throw 10 decIde 

whO shall pl8ceete the other. 

Ooal IIndlcales the final state and how to determine the wlnnerl 

5. The player whose counter first comes to rest on square number 100 Is 

the winner. 

M"""" 
rrhe two components are treated separately). 

ea. On hi' turn, a player throws the dice and moves hiS counta r lorwerdS 

Caxcepllon: rule 6b) the number 01 squares as thrown 

Example: II the player's counter Is on square number 3 and he throws a 

6, he must move his counter to square number 9. 

(Note thE! use of examples. Examples and diagrams ara an Important part 

01 Informal specifications as they allow a user 10 check his Intuitive 

understanding of the rules. Sometimes it is easIer to IntrOduce e concept 

by means or examples: however. the gOleten (meta-)rule Is to state concepts 

and rules fUDllclffy. Examples should never substitute explicit rules.] 

6b. If the player cannot move his counter forwards the number of squares 

as thrown because he would overshoot square number 100. then he must 

move forwards to square 100 and. having reached il. move backward.s so 

Ihat the total number 01 spaces moved Is as thrown. 

ElUImpie: II a player Is on square 91 and he throws a 4. he can move 

his counter forwards only three places Ho square 100> and then has to move 

It backwards one place so that his counter ends up on square 99. 

6c. If. as a result of applying rules 6a and 6b. the player moves his counter 

on to a square which contains the head of a snake or the loot of a ladder. 

the counter musl be pieced on the square which contains the tall of the 

snake or the top or the lad'eter respectively. This ends (he player'S turn. 

Example: If a player Is on square 3 and throws II 6. he moves his counter 

to square 9. Square 9 contains the foot 0' a laQd'er wholle topIs contained 

by square 31. Therefore the player must end his turn by placing his counter 
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111.8 The GarMI of Othello 

Othello. also known as Reversl. Is an example of another kind of extreme. 

like Go. Checkers and Naughts and Crosses. It Is 8 game of skill In which 

chance ctoes not Intervene. This Is modelled by omitting the EVENT etomaln 

8S we shall show In secUon 111.3.2. 

111.3.1 Informal Description 

,. The players declcte who Is to be white and who Is fa be black. The same 

COlours are kept throughout the game. 

2. Each player places two discs of his colOur on the board 85 shown In 

figure 2: 

D 
C 0 • 

• 0 A 
B 

-

Figure 2 

3. Blac~ makes lhe first move. 

4. On every move a Ijisc must be placed next 10 an opponent's disc. elttler 

sideways. lengthways Or diagonally. The disc placed musr trap an opponenl's 

disc (or discs) between the one placed and one already on the board in 

any direcTIon. 

In figure 2. A.B.C.D represent the moves that black can make. If black decldes 

10 place his ctlsc In position A. he has captured Ihe white etlsc E shown 

In figure 3 anct turns It over so Ihat It Is black side up as shOwn In figure 

4. 
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! 

In I. 

, 
, 

Figure 3 

Now 11 Is white's turn. Figure 4 shows the moves that are .""aI18ble (A.B.C). 

, 

I 

in 

Figure 4 

Notes: 

A. The number 0' discs that can be caplured In a turn In any Or multiple 

directions Is unlimited. e.g. In figure 5 black can capture all the pieces 

biseCTed by the arrows by playing In position A. thus arriving al the situatIon 

shown In figure 6 and capturing pieces In eight directIons In one move. which 

IS the maximum pOssible. 

'. '. .'0 ' ; 01.0,0 

o 0 0 e'A' 0-. 
0 o 0 1O"'i,

• i ' • 
• r;; 

Figure 5 
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B 
• 

0' • • 
~-f2. ~. • • • 

0 • • 
•
•• 

• 
0 

• 
! • • • • , 0·0 

'.
 

Figure 6 

B. A disc or elscs can only be captured 85 a dIrect result of a move. e.g. 

In figure 6 white disc B Is not turned over because 11 Is not captured directly 

on that move. 

C. If II Is ImpossIble to capture one of your opponent's men when II Is your 

move. you miss thai turn and cannot mOYB again until you can lay e disC 

that captures at leasl one of your opponent'S discs. Until you can lay such 

a disc your opponent continues to play. turning over as many at your discs 

as possible. 

6. Play continues as above until: 

I. the boara Is filled: 

b. one player has no pieces 01 his COlour left on the board; 

c. no further moves as POssible (as in nOte C) for either player, 

7. At lhis lime the discs are Counted and the player with most of his COlour 

on Ine board Is declared the winner. 

OetaJls to be carefully noted 

1. II must be emphasIzed that discs are only turned as a direct result 01 

move. and musl be trapped In a dlracl line (horizontal. vertical. or dlagonan. 

Figures Sand 6 should make this clear. 
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2. Discs that are to be turned Over must be In a continuous line (you may 

not Skip over an empty square or dlf1erent eolour disc. See lIgurm 7.8. 

~Ioioioioiol [ J 
his disc can capture only the ....hite disc 

next to it. 

Figure 7 

[flol 1010[0\01 I 
This disc may not be placed. It cannot 

capture the row. 

Figure B 

3. Al no time can you place a elise 1hat does not capture at 188S1 one opposing 

disc. When this situation occurs. you miss your turn. and con\lnue to do so 

until you can make a capture on your move. 

4. Once placed a disC is NEVER moved 10 anottler sQ,uare. It may be turned 

over several limes during a game. but jt Is NEVER moved. 

5. If one player runs oul 01 diSCS. he draws a disc from hiS opponent's slock. 

The opponenl CANNOT REFUSE 10 hand over the discs 

6. l! an incorrect move IS made il may only be corrected BEFORE the 

oooonent"s n-ext move 

[Rules laken lrom Peler Pan Playthings' "Rules 01 Play lor Olhello". There 

is a slighl differenc'! In numbering and some addiUonal '!xamples h~ve been 

omilled.l 
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111.3.2 Formalizing the game 

Basic domains 

From rule 1. il Is clear that Othello Is 8 two Jjlayer game. We wIll call them 

the black player and the white player: 

PI.J\.'iER Ii { white .black } 

The board is a subset of the Cartesian grid: 

POSITION III O •• m • O .. Jn where m .. 7 

Ad\8ceney relaUons on the board 

It turns out that the concept 01 a position being adjacent 10 another In a 

given direction Is very useful. We will distinguish eight dlrectlons of adlacency 

which we will name like eight points of the compass. EaCh directIon Is a 

partial function hom positions on the board 10 posillons on the board. thus 

north Is defined <IS. 

n;posrTION~POSITION 

n(x,y) s (x,succ yl 

and ea5! ISo oefineo as 

e:POSIT10N~POSITION
 

e(x,y) ~ (succ x.y)
 

From Inese IWD definitions. and laking .south as the Inverse 01 north, weSl 

as the Inverse of easl and lormmg directions like northeast by going north 

and then going eas!. or viceversa. we can complete the eight adiacency 

relations by: 

B,w:POSITION~POSITION 

1S8n·

wee·'
 

DIRECTION e {n,e,B,w,noe,nOW,80e,sow}
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ConvenUons
 

A paslUon IS occupied If and only II a disC Is placed on It.
 

A position belong!! 10 a player II and only II a disc of the player's COlour 

Is on that pOsition. 

A disc	 b&/onr/S to the player 01 the same colour. 

States 

Slates	 have two components: 

the hillS functton from positIons to players. 

the IUrn Indicalor. 

Given an occupied posltlon. the has 'unction Indicates the player to whom 

It belongs. Unoccupied positions are nol mapped. so has Is 8 partial function: 

has:	 POSITION ~ PLAYER 

The turn ineticalor has been used before and needs no furlher- intro(fuctlon: 

STATE	 _ 
~ PLAYER

I	 
::as,pOSITION 
turn: PLAYER 

I Vb' dam has, (U d DfAEcr~N d "'dom has)· r {b} ,.. dam has 

The lnvananr POlniS Oul an interesting charaCteristic 01 Ihe game. In any 

reacnaDle state we can go Irorn any oCCupleO pOSition 10 any other occupied 

posillon by succeSlve hops. Each hop goes Irorn an occupied posrllon to an 

aetlacenl. occupieet posHion Forrnally a hop is describeet by the relation: 

U~JXREcnoN dldom hae 
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I.e. the union 01 the eight adlacency relations. each one of them reSlrlcted 

and co-restricted to the sel Of occupied positions. The set of successions 

of hOPs Is etescrlbed tly laking the transitive closure over hop: 

(UcWlFtECTIQN d Idom has) * 

So the Invatlant speclllas that II we restrict successions of hOps 10 those 

Slarting on a given occupied pOSItion tl. we can sllli reach any occupied 

posltlon. I.e.: 

Vb:dom has, (Ud:D1RECTION dldom haD)·' (bl .. dam has 

Rules 2.3 C1afine the initIal stale as: 

1NIT I AL a STATE I has .. {( 3, 3) /-+black . (4.3) I-+whlte 

(3 ,4) /-+whire . (4,4) t--Olack 

turn - black 

The formal descripllon at final stares is postponed until moves ha...e been 

defined. 

Moves: the cl'\Olces open 10 8 player 

"On every move -'t (lIse mUSl be placeCl nexl 10 an ooponent's ClISC, either 

Sideway:>, Icnglhw<:lY~ Or o,agonally The d'sc placed must trap an opppnent S 

di~,c (or diSCS) between the one placed anCl one alreaay on the board in 

any Olfection., 

(Rule 4) 

unfortunately the Inlormal rules do not define the concepts of "placement" 

and ",rapping" clearly. "Trapping- Is not dellned explicUly at all; Its meaning 

Is conveyed by means 01 examples. ad~hoc notes and "details to be carefully 

notea'; Ihls Clearly ylolates the meta-rule of expliCitly staling concepts used. 

Our Interpretation 01 rule 4 leads us to the fOllowing reformulation: 



4'.1 At mosl one disc Is placed on the board on <IIny turn. 

4'.2 The player whose turn It Is mUSI place one of his dIscs on an urloccupled 

position Or ttle board In such a way as to capture st Jeast one Or his 

opponent's pieces. To do this. Ihe position On whIch the disc was placed 

must torm a straight line (either sideways. lenglhways or dlagona"~) with a 

position alreaety occupied (at the starl of file move) by the player whose turn 

II Is. All the posUlons on that slralghl line which lie between the two positions 

occupied by the player must belong to Ihe player's opponent and. are said 

to Contain the csptured pieces. 

&ample: It Is Black's turn to play and (part of) the board Is shown by figure 

10: 

@OJolETTI [ 
t t t t 
B'C C'B" 

Figure 10 

Figure 10 shows thai Black can olace one of his discs on position S" as 

all Ihe conditions set forth In the rules are satisfied. I.e. 

1. B" is an unoccupied oosillon. 

2. B' forms a straighl line with S" and B' also belonQs to Black. 

3. 'The in1ermeOlale positions C.C' on the line trom S' 10 B' all belong 

10 White. Slack's opponent. 

4",3 If the pillyer whose lurn It is cannot flnd s position whIch salislies 4'.2, 

he forgoes hIs lurn. 

To formalize the precondition 10 the function mo...we need to formalize the 

notion 0' the opponenr of a gIven player. and the notion of the set or positions 

caprured from a given position. The oppon.nr of • player Is simply the other 
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player: 

opponent:PLAYER-.PLAYER
 

opponent R (black .......whlfe wh i te ......bJack
 

Togst the sel of positions captured by placing 8. disc on posl1lon b when 

In 8. given state s. certain conditions (stated In rule 4·.~) must be setlsflea. 

First. b must be en unoccupied pOsition. 

bt'dam has 

then, b must form 8 straight line with 8 posilion already occupied by the 

pleyer 8t the start of the move. Note that 8 straIght line Is formed by any 

poslUan lying In the direction d. so: 

((d" bl 'POSITION I
 

b/dom a.hae "
 

dEDIRECTION 1\
 

hEN " 

d"bEdom (e.ha9~{9.turn}) 

gives us the set 01 positions which form a straight line with the unoccupied 

position b. and are occupied by the player Finally. all the Intermediate 

positions on that line must belong 10 Ihe player's opponent so: 

captured: STATE --. POSITION --. P (POSITION) 

captured STATE b ~ 

(dllb: POS I T ION
 

b/dom has '"
 

dEDIRECTION '"
 

nEN '"
 

kt"l. .n-1 '"
 

dllbE"doDl (hae. (turn}) A
 

Y1:1..n-1,d1bEdom (has4(opponent t.urn))}
 



Tl'\ere IS no EVENT domain In IMs game. whlCI'\ means that move Is I function 

of type: 

move: POSITION _ STATE _ STATE 

The basic domaIn CHOICE bacomes a subset Of the domain POSITION Oeflned 

by move's precondition: Il'\e set of captured posllions from the Cl'\osen DoslUon 

cannot be empty: 

move b Ii; 1 STATE I (captured STATE b)"; •.. 

Moves: the effect 01 a cl'\olce 

It Is possible thai the position Chosen to play on can capture PGslI/ons In 

mOre than one direction (see Ilgure 5. page 22. where posl110n A has Dreclsely 

lhls properly). In this case all captured positions. shown In IIgure 5 as while 

discs with arrows through them. become the property of the captor who must 

replace the discs On the captured positions with di5CS of his own COlOur. 

The erlect Is shown In Ilgure 6. page 22. let's state the rule e)pllcllly as: 

·AII positions captured Irom a posillon b. possibly in more than one become 

the prOperty of the captor whO must replace the discs on IhE captured 

positions with dISCS 01 hiS own colour: 

Formally. given S IS in the domain of move(bl: 

(move b I!l).has 

s.has6l{CI-5.turn I cEcaptured 8 b)I{bl-e.turn} 

The enect on the state's 5econd component (the turn comDonent) can be 

described as follows: 

-If a lJlayer cannot capture any of his opponent's ItIscs no maner where he 



JO
 

plays. he must sllip his tllrn and let his opponent play.· 

(See Note Cor. saulvelently. rule 4'.3}. 

The formal description Is: 

(move b e).turn 

If valid-cholcee«(move b e).hae,opponent(e.turn»- _ 

then B. turn .1$6 opponent (e. turn) 

Final slates 

A final Slale Is 8 sl81e In which the player whose turn II Is cannot move. 

I.e. cannot capture any I)ositions: 

FINAL a {e:STATE I range (captured e)-{_JJ 

Conetitlons 63 and tit! 01 rule 6 are special cases of the Ihlrd conoltlon: 

·Play COnllnUBs...unlll...no further moves are possible lor either player." 

whiCh Is what we have formalized. 

Winner
 

Rule 7 slales that when a linal slale Is rBaetled:
 

.. the discs are counted anet the player wUh most of hi!!. COlOur on the board 

is declareo the winner." 

whic'" Iranslales Inlo: 

winner(e:FINAL) 8 

(p:PLAYER I card(dom B.hae ~ p) 

) card(do~ B.hae • opponent(p) )} 



JB
 

We will also be usIng the function owns which associates 8 player with his 

set 01 counters: 

owns: PLAYER _ P (COUNTER) 

owns p e ((p,i) I i €1 .. 4} 

Formalizing lhe board presents mOre of a challenge. II only because 01 the 

apparent complexity of rule 2b. A careful analysis shows thai every player 

staMs on an oN-boare 'posltlon", moves round 52 squares or Positions to 

the ·outside square of the center row of the arm of his COlour of the ClOSS· 

(which we will denote the GATE position) trom where he moves 8 IUrlher 

Sill squares to reach the HOME posItion. Relatlve 10 the starl. posWons can 

be numbered as: 

POSIT ION Ii!! O•. HOME where HQME .. 58 

position 0 denoting. as In Snakes and Ladders. the o/fboard ·PosITion", The 

special position GATE marks the last position belore the player moves on 

to the "homestretch": 

GATE Ii!! 52 

A function Is needed to map the players' counters' "relal;Ve" positions witn 

respeCt to their slarting posilions to a commoh "absolute" posil1on 50 we 

can determine when two counters belonging to dltlerent players are placed 

on lhe same square and "interfere" wilh each other 

map: PLAYER -* POSITION -+ POSITION
 

map p b ;; (13·p ... b) mod (HOME ... 1)
 

Once counlers are placed on lhe homes(retC-h or lhe sfartlng Posllion. by 

lhe rules 01 the game they can no longer Intarlere with each other. II'hich 

Is why we will never apply map 10 positions outside 1 10 GATE. 
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111.4.2 Formalizing the Game 

As with Snakes and ladders (:se9 section 111.2). this paper only formalizes 

the "board" game and not the game of eteterrnlnfng the order of play. This 

means rule 2a will be Ignored. 

Basic domains 

Rule 1a slates that two 10 four prayers may take part. We will however slightly 

generalize the game to allow any number of players (up to tourl to lake part: 

Pu\YER f: 0 .• 3 

An explanation Is neCessary to show why the CIamaln: 

PLAYER' m O.. np where npEO .. 3 

Is InadeQuBl9. Some readers may wish to skip this explanation and conUnue 

81 the next paragraph. When we have only two players partiCipating. two games 

can be played according to whether the players choose to bring on their 

counters through aettaeanl or through opposite arrowed circles. Using the 

PLAI'ER· domain only covers one 01 lhese games. whereas using lhe PLAYER 

domain covers bOlh cases. 

The EVENT domain is the set Of dice lhrow results: 

EVENT ;:. 1 .. rnaxevent where rna.:lC.event"6 

The CHOICE domain Is determined by rule lb. which Indicates Ihat each player 

Is assigned four counters. and rule 5 which ~tates Ihal the •...player can 

use his discretion as to which man he advances or enters." 

COUNTER Q PLAYER a 1 .. 4 
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sa. EaCh playe,. throws once each time unless he thrOws six when he has 

anOlher throw. 

3b. The counters are moved fOrward as many squares as the dice Indlca1a . 

... When six are thrown different counters may be used for ellen IhrO\fll. 

5. The player can use his dlacrel/on 8s to which man he advances or entars. 

6. Whenever II counter Is played Inl0 8 space already occupied by an opoonent 

II must be sent off the board. but II It happens [0 gel on a square occupied 

by one 01 the same colour II Is placed on top of It. In fact all counters 

of one colOur may rest In one square. 

,. The player Is "Home" first Is the winner. 

The rules l'1ave been taken from Spea,'s "Junior COmpendium 01 Games' and 

numbered Rules 2b and ti have been slightly modified to relJeel the Simpler 

board 01 ligure 1'. They both conserve lhe style 01 the original rules 
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111.4 The Game of Luoo 

The game of Ludo. also known as ParchIs. will complete Ihls paper. It uses 

both 1ha concept of choice and thaI of event. 

111.... 1 

O. Ludo Is 

11. 

Informal D

played 

esc

on 

ription 

a board whose main features ",e reproduce In figure 

••••
• 

1O'j 1 1 leme
oH 

Horn~ 
0 
0 

0 
0 

0 
0 

1 
0 0 0 010 

Figure 11: The board in Ludo 

la. Two. three or lour players may lake parI. 

lb. EaCh player is provided with lOut counlers -all Of one colour- which are 

inllialJy set 011 the board. 

2a. The dice is thrown to determine 1/18 order 01 starting and the one who 

throws lhe largest number commences the game. 

2b. Each prayer brings his counters on the board by plaCing Ihem on the 

square COnl.8.lnlng the circle and arrow of his COlour. and goes all round 

as Indlcatad on the board" until he arrives back 10 the outslc1e square of the 

cenler row 01 the arm of his colour ot the cross. when he proceec1s up the 

centre row (coloured circles). which takes him \0 the ml<1dle of the boarc1. 

callec1 -Home". 



lurn II Is. All the positions or. that straight line. which lie belWeen the two
 

positions occupied by the player. must belong to the player's opponent ena
 

are said to contain the capfured pieces.
 

Ezample: See page 27.
 

4.3 If the player whose turn II 15 cannot find a posItion which satisfies 4.2.
 

he forgoes his turn.
 

5. All positiOns captured from the position the player chose to play on.
 

possIbly In more then one direction. become the property of the captor who
 

must replace th e discs on the captured positions wIth Olscs Of his own cciour.
 

Once he has ctone 50 hiS turn Is over.
 

Note that this rneans (hat a player can trap positions In up to eight tllrectlons
 

In one turn as figure 5 and figure 6 (page 21) shouitl make clear. In ngure
 

5 Ihe Black player decides to place on of his tllscs on positIon A: ugure
 

6 shows the state 01 affairs at the end Of Black's turn.
 

Turns 

6. Players allernate unless one Of them cannot capture any of his opponent's 

pIeces on hiS lurn in which case he 10rgoes his turn In favour Of his opponent 

HIs opponent then proceeds to play un(jl the original player can caDI~re at 

least one 01 his opponemrs pieces or until the game comes 10 an entl. 

End 01 the game 

7. The game ends when neither player can capture any of hiS opponent's 

pIeces. AI 1hls point !he player WIth more disCs of his colour on the Doard 

wins the game_ 
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111.$.4 flewrtIIng the Infonnal Rules 

{Because section 111.3.2 restated so many of the original rules. giving 

eX8mple~ where necessary. this section will frequently refer to those examples 

and IIIlJstratlons Insl8a(f or presenting them again. Comments. such 8S thIs 

one. will be Insetted between brackets.} 

On the players 

!The IIrst three rules are virtually unChanged from their counterparts 

In secHan 111.3.11. 

1. The players decide who Is to be white and whO Is to be blaCk. The same 

colours are kept throughout the game. 

[The board Is assumed given. so no description of It Is necessary.] 

Initial set-up 

2. The initial aspect of the board is given In 'igure 2 <page 20). 

3. Blac\( has the lirst turn. 

Some convenUons 

A DDsilton on the board is occupied If and only If a disc has been placed 

on it. 

A position belongs 10 a player if and only II a disC of Ihe player's COlour' 

is on Ihe pos~1ion. 

Moves 

4.1 At most one disc Is placed on the board on any turn. 

4.2 The player whose turn II Is must place one of his dIscs on an unoccupied 

position 01 the board In such a way as to capture fit Jsa6r one 01 hIs 

opponenc's pieces. To do this, the posluon on which the ttlsc was placed 

must form a s1ralght line (el1her sideways. lengthways or etlagonallyJ with a 

positiOn alrea<ty occupied. at the beginnIng of the mOl/e. by the player whose 
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32111.3.3 Formel Speclftcallon Of OthellO. 

othello.o	 " 

PLAYER iii! {white .black. } 

POSITION iii O.. n where n-7 

STATE
 

has: POSITION ~ PLAYER
 

turn: PLAYER
 

Yb:dem hau, (UctDtRECTIONd/dom haul*' (b) - dem has 

has- {( 3,3) I-+black. ,( 4,3) I-+w/llr6 

(3,4:) I-+whit6 ,( 4 ,4: ) I-+black. } ie::
turn	 .. black. 

PINAL a (8:STATE I range(captured 8) ... {;l} 

move: POSITION ~ STATE ~ STATE 

winner: STATE ~ F(PLAYER) 

move b iii! (" STATE I captured STATE b ~ ; 

has' - has • 

I c 1-+ turn I c€captured STATE b)' {b I-+turn} ; 

turn' - If valid-cholCe(has',opponent(turn)-; 

t1l6n turn (J(S6 opponent(turn) 

winner e (A FINALl{p:PLAYER I Idem has~p 

) Idom has J (opponent p) } 

where 

n,e,s,w:POSITION~POSITrON 

n(x,y) 50 (x,succ y) 

e(x.yl _ (succ x.y) 
-,

•• n 
-,

W • e
 

DIRECTION iii {n,e.s,w,noe,n..... s.e.5DW}
 

captured: STATE _ POSITION _ F(POSITION)
 

captured STATE b B 

(dkb	 I b,i'dom has A 

nEN A 

kEl. .n-1 A 

YiEl .• n-1, d i b€domCha.s4{(opponent turn)} ,.. 

d"b€dom(has. (turn}) I 
opponent: PLAYER _ PLAYER 
_______ 0- _ t_ .. ,"_ , .... __.....__ L , ._L"_ , 
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Variant 

A game of Othello always finishes In at most sixty lour 0.&.• the number of 

positions on the board> moves. This can be proyed by showing that the 

following YBrlant holds: 

var(e:STATE) 8 card(POSITION - dam a.hae) 

Additional Properties 

1. If B slele Is reeched In which the player whose turn It Is has no valid 

choIces open to him (hen neither aOBs his opponent. That Is. for all reachable 

sUites $: 

8£F It~AL =
range(caplured (e.has (opponent e.lurn»-{¢)
 

2. Once 8 Dosllion Is occupied It cannot reysrt 10 being unoccuplett. Again. 

for all reachable st8tes s: 

'It'b:POSITION,
 

(captured e b)~¢ ~ dam a.has S dam (move b a).has
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SUI&es 

Two 01 the components of Ihe states are similar to ones W8 have encounlerel1 

before: 

on : COUNTER _ pas I T I ON
 

turn: PLAYER
 

The on component tells us where each possible counter Is placea on Ihe 

board. by giving Its relative pOsition, 

The third component Is « dfJrl"ed component.l.e. one whiCh b. strictly 

speaking. nol necessary but whIch wUl allow the state Inv8rlant. or Other 

propsnies. to be expresseet more clearly. The camps occupied by 8 player 

consist 01 the set 01 "absolute" poslllons on which Ihe player has counters. 

Rule 6 '·Whenever « counter Is played onto 8 space already occupied by 

an opponent It must be sent elf the boarct..:} originates the Invariant: no 

two counters belonging to dillerent players can occupy the same 'absolute" 

position on the common Dart 01 the boarct. I.e. theIr camps must bE I1ls!olnt; 

STATE , 

COUNTER POSITIONon: ---+ 

t.urn: PLJ\YER 

camps: PlJI.'iER ---+ F'(POSJTION) 

canlps p e map p (onll .. GATE)(owns p)) 

Vp, • P2 :PLAYER, P, .. P2 ~ camps PI n camps P2 - jlI 

Remember 1(X1 allows us 10 form a sel by applylnQ f 10 each 01 the elements 

01 X In the aomaln of 1. 
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A fourth component coulO arise by Interpretmg approplalely the rule 01 "bonus 

alee throws' (rule 3a) which states thai ••..each player throws once eech time 

unless he throws e six. when he hes another throw.· Does this mean that. 

a) every lime a player throws a six he gels an extra throw. or b) on his 

turn e player may have up to two dice throws. and receives the second' throw 

only II the result 01 his first roll was six? The Ilrst Interpretation leads to 

8 simpler description so we will develop the specIfication using It. 

Rule lb also states thai Initially all counters are off the board': 

INITIA.LI~ ~

I STATE I range on - (0) i 

A final state Is reacnea when. according 10 rule 7. 8 player •.. .ls HOME". 

Tne precise meaning 01 baing 81 home Is not made clea' but we wIll take 

it to mean lhal a player has his lour couniers placea on the HOME position: 

F INAL[~ ~ 

! STATE I 3p,PLAYER, on(owns pl-{HOMEj I 

Winner 

Tne Winner of Ihe game Is (he player who places his lour counters on the 

home position: 

.... inner: STATE ...... F(PLAYER)
 

.... inner • (). FINAL){p:PLAYER I onfowns p)-(HOME} )
 



"oves
 
The description of valli' choices lor a player Is particularly muddled. These 

are the Oeclslons we adopt: 

I. For each dice throw 81 most one of the player's counters can be moved. 

II. A counter Cannot be moved If It Is blocked I.e. If adding the dice throw 

10 Its prasent relative pOsition woulet cause It to overshoot the home position. 

III. Unless all lour Of the player's counters efe blocked 8 COunter must be 

moved forwards on the player's turn 8S many spaces 8S the result of the 

dice roll. 

TO make a move. the player whose turn It Is must attempt one of three 

alternatives: :srey-put adva1lce or "tart-again 

move: EVENT _ COUNTER __ STATE _ STATE 

move e c & (stay-put e) u (advance e c) u 

(start-again e c) 

Stay-pllt can only be attempted when the result of the (ficethrow precludes 

moving any Of the player'S counters. ThIs happens when all lour counters 

are blocked' i.e 

s.on(o.....ns s.turn) £: HOME-e .. HOME 

There is no e1leci on the on component 01 the state and as will happen 

under any of the alternatives the next player wlll be assigned a turn. We 

postpone discussion 01 the nelCr funCtion until we have described the adrance 

and ~lart-8gajn funCtions: 

stay-put: EVENT --. STATE _ STATE 

stay-put e • 

"STATE I on'owns turn) £: HOME-e •• HOME 

on' - on ;
 

turn - next e turn
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An advallce can be carrlelJ oul when the counter 10 be moved belongs 10 

the player whose turn II I, and. the new position 10 which II will be taken 

Is eIther on the homestretch (I,e. between GATE+ 1 and HOME> or Is not 

occupied by any other player U.e. Ihe new positIon Is not one of another 

pieyer's csmps). The move ltsell consists of placing Ihe chosen counter on 

the new position. The new POSitIon Is determined by 8lJdlng Ihe result of the 

dice (hrow e to the position occupied by the chosen counter ee nla 151arf 

01 the move I.e. s.onCe). CIUTn Is the complement of the set consisting of 

the player whose turn It Is with raspect 10 the pleyer C1omain. I.e. - tUI n 

equa.ls PlAYER - {turn) ) 

lei newpoe • (on c) + e ; 

occupied -	 u ( camps p I pE~turn ) In 

a.dvance: EVENT -to COUNTER -to STATE _ STATE 

advance e c • 

•	 STATE I cE(owne turn) A newpoe(HOME A 

«map turn newp08)joccup1ed v 

newpos >GATE ) ) 

on' ... on • {c ......newpos } ; 

turn' - next e turn 

Start~ageln can be described as a fruSlrated aOvance. It attempts 10 advance. 

but ~nds thai the new position It wOuld advance 10 Is already occupied by 

anOlher player. The player's chosen counter is placed on the starting posi(lon 

Le. a (again. because 01 the ambiguily 01 rule 6. Ihis is iust one possible 

interpretalionl: 

etart-again: EVENT -. COUNTER -. STATE ~ STATE 

start-again e c & 

•	 STATE I cE(owns turn) A 

(map turn newpoe)€occupied A 

newpos(GATE 
l 

on - on • (c ......O};
 

turn' - next e turn
 



where newpos and occupIed ara defIned as In adV!JnC8. 

ThfJ second component of the state (I.e. turn) Is only affected tly having the 

neKf function applied to It. The turn passes to the same player whO moved 

last If h9 managed 10 lhrow a six. otherwise It passes to the player whO 

follows him In a round-rotlln scheme: 

next: EVENT _ PrAYER _ PrAYER 

next e p l1li II e-maxevent then p 

e'.sfJ II p-max PrAYER then min PrAYER 

e/.se min{pl:PrAYER I pl)p} 
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111.4.3 Formal SpectncaUOn Of the Game Of ludO 

Lud0 

PLAYER £: 0 •• 3 

EVENT • 1 ••mallevent where tnAxevent-6 

COUNTER. PLAYER a 1 .. 4 

POSITION. O.• HOME ~ HOME-58 

GATE Q 52 

STAT" 

on: COUNTER -+ POSITION 

turn: PLAYER 

campe: PLAyER -+ F(POSITION) 

camps p • m.ap p «onU •• GATE) lawn. p)) 

Yp, ,P~ :PLAYER,P1 .. P2 :=:;lo C''Unp. P1 n camps p .... ; 

INlTlAI 

, STATE I range on .. (OJ 

PINAl 

STATE I 3p:PLAYER. on(owna p) - (HOME)I 
move: EVENT -+ COUNTER -+ STATE ~ STATE 

Wlnner: STATE _ F (PLAYER) 

move e C iii (stay-put e) u (advance e c) u 

(start-again e c) 

winner II (1 fINAL)(p:PLAYER I on(own8)-{HOME) } 

_here 

Btay-pllt: EVENT -+ STATE _ STATE 

stay-put e • 

• STATE I on(owns turn) S HOME-e .. HOME . 
on .. on ;
 

turn • .. next e turn
 



advance: EVENT --+ COUNTER --+ STATE ....... STATE 

advance 8 

let newpos - (on c)+e ; 

occupied - u {camps p I p£-turn} In 

" STATE I CE(OW1lS turn) A newpos(HOME A
 

«map turn newpos)toccupied v
 

newpos>GATE) )
 

on I _ on • {c\-+newpos}; 

turn' - next e turn 

start-again: EVENT --+ COUNTER _ STATE _ STATE 

start-again 8 

let newpos - (on c}+e ; 

occupied - u {camps p I pcturn} In 

" STATE I CE(OW1lS turn} A 

(map turn newpos)£occupied A newpoe(GATE 

on- - on • {c\-+O}; 

turn' - next e turn 

map: P~YER -+ POSITION --+ POSITION 

map p b 1;1 (13*p + b) mod (HOME+l) 

owns: PLAYER --+ F(COUNTER) 

owns p - {(p,i) I i£1 .• 4} 

next: EVENT ---+ Pr.Jl.YER --+ PLAYER 

next e p 1;1 if e-maxevent then p 

else	 If p= max PLAYER 'hen min Pr.Jl.YER 

else min{pl:PLAYER I pDp) 
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111.4.4 RewrhJng the Informei Rules 

On players 

1. Up 10 fol.!( players may take part. 

Infllal Nt-UP 

2. Initially eacl'1 player takes four Counters of the same ,:olour which will belong 

to him throughout 11'18 game. 

S. All counlers are Inlll811y 0« the board. 

4. (Originally rule 28. modlfled] All players throw the dice once and whoever 

throws the largest number commences the game. II there Is 8 tie for the 

largest number. 11'10 players who lied throw again unl1l the tie Is brotlen an<l 

one player Is lefl with the largest number. This player lakes the IIrst turn. 

ConvenUons 

I. The middle of the bosrd Is called "Home" (see figure 11). 

II. Movement proceeds as lollows. If the counler to be moved Is elf the boarC1. 

i1 is broughl on the board by passing It lhrough Ihe square containIng Ihe 

arrowed circle 01 its Colour. II COntinues moving in Ihe dlreclion signalled 

by the arrow until it arrives at the outside square which Is ellaclly Sl .. 

(coloured) squares away from the "home· position 01 its COlour. when 

oroceeds uO the row 01 squares containing circles of ilS colour 10 lhe middle 

of lhe board 

Ell:amoles: Assume It Is 0 player's turn, end that he wishes 10 move a counler 

presently oft the bOard. The result 01 his dlcelhrow Is a three. so he places 

his counter on the position marked A In figure 12. 

So A ·
 o 

Figure 12: A portion of the Ludo board 

II 
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Assume that on his next turn the player Is SUII 8t A and throws 8 one. Then 

his counler can be moved from pasltlon A to 0 In figure 12. Finally. assume 

the player has managed to place one of his counters on B and throws a 

live. II he wishes to move the counter on B. he must move 11 to the posltlon 

pointed al by C. 

III. A counter Is sald to be blocked It moving 11 forwards the number of spaces 

Indicated by lhe etIce rOll would make It overshoot Its ahoma· pOsltJon. 

On moves 

5. On hIs turn 8 player moves 8t most one counter. 

6. On his turn 8 player makes 8 dice throw and then chases which 0' his 

counters to move. Only an unblocked counter can be moved. 

7. If the player has 8t leasl one unblocked counter he must move It (or one 

01 them. as the case may be) forwarets as many SQuares as the dlce rOll 

Indicates. lollowing lor this matter convention II. The turn then enos unless 

rule 8 applies. 

If all the player's counters are blocked. his lurn end's withOut any change 

in lhe position 01 his counters. 

8. II the player'S Chosen counter comes to rest on a position occupied by 

one or more 01 an opponent's counters. the player's chosen counter Is sent 

all Ine bOard' and the lurn ends. More than one counter or th~ same player 

may rest on any 'SQuare. 

On turns 

9. Every time the player whose turn 11 Is thrO)lts 8 six, the next turn will be 

hi'S 8S well. 
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JY. Related wort 

The framework Is based on that used' by J.R. Abrlal In his course on 'System 

SpecifIcation". although. 01 course. state oriented mechanisms go back to 

Ihe misty prehistory 01 Computer Science. The nolaUan used Is Inlroduced 

In B. Sulrln's papers. 

Games have been treated many times. especially In the discipline of "r1lfILla l 

Intelligence. though more emphasis has been put on the development of game 

playing strategies rather than game speclflcatlon. K.C. Bowen has Introduced 

an Informal ta-anomy of game classes which. lor example. etIstlngulshes 

between games played In an automata-like fashion and' those playect In e 

·person-Ilke" fashion. Although his point Of view Is that of a behavIoural 

scientist Interested In decision making processes, thai dlsllnctlon sparked off 

the analogical Idea 01 extreme kinds of games. lacking either an event domain 

Icl.Othello. section 111.3) or a choice domain (cf. Snakes and Ladders. section 

111.2). Some of Bowen's other dlstlnctlons suggest fruitful lines of research, 

for example. the difference between games with ·open" or "closed" Inlormation. 

Roughly speaking. decisions In ·open" games are made with full knowledge 

of the state of the game. while 'closed" games hide or even distort part 

of the Intormatlon contained In the state. We hope to formalize these Ideas 

In a future paper. 

Ranan B. Baneqi uses a similar approach to ours: he defines two player 

games as 5-tuples <S.R.P.W.L) where he distinguishes a P and an 0 player 

Then: 

1. S is the set 01 states of the ~ame(dOes not include turn as a com~onent>: 

2. P is lhe subset at states 01 the game. on which it is P'~ lurn 10 move: 

3. W is Ihe set of tinal states where P wins: 

4. L Is lhe set of final states where P loses: 

5. R Is the relation 1hal Indicates 'whlch of the states are obtainable from 

which stale by an acllon or a move.

Our framework allows the descrlpllon of n-player games and so. In this sense, 

Is a little more general than Banerll',. 
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\I Future Directions 01 Research 

The main thrust of nur researCh Is Inio the use of mathematics illS a 

specification 1001 In the area of game description. It Is our hypothesis that 

thIs can be harnessed to serve lhe fOllowing purposes: 

1. Introduce mathematical techniques at the SChOOl leveL 

2. illuminate the use of similar tools In programming. 

3. Sharpen the composlllon of Informal rules In 8 variety of situatiOns. 

4. ParmI! the design. development lind tml'lemenUltlon of game paCkages 

for recreatIon. education or researCh. 

More researCh has 10 be done befol"8 lhe leaslblllty of any 01 these purposes 

can be meaningfully evaluated; 

1. A wider range of games needs 10 be tackled. Suggestlons Include trylnp 

out card games <Patience games. POker games) and so called ·war· games 

(Diplomacy) 

2. The place 01 rules limiting the Inlormation available to the players should 

be determmed Alternalive frameworks could be proposed and evaluated. 

3. Interestmg properties 01 !James need la be enunClaled and proved 10 hOld 

Cerlalnly both the game deSigner and the programmer would be al1racted 

by lhe POSSibility of. proving some kind of campleleness or ConSlslency ot 

the rules 

4. PrOOI methods and presenlatlQns should be studied and improved. The 

prools presented In Appendi:.: B are not going to fire the enthusiasm 01 a 

schOOl level sludenl. a programmer. a game designer or any reasonably 

motivated reader. 

5. Relations between Informal rules and their formal counterparCs need to 

be looked Into more carefUlly. 
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6. The use 01 Il'1ese specifications In cte"e1oplng other proetucts shoul(f also 

tie evaluated'. Aher all. the programmer Is Interesteet In Otltalnln~ working 

programs. the game etastgner In presenting enlovab1e game packages...even 

pIavers are Interesl8(J In eteveloplng winnIng strategIes. PrO(Jucts for 

conslctar<\t10n should InClu<:te game state ltlsplavs. move valletators. game 

plaVlng programs anet game consultants. 
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Appencttx A:. TIle Functional Meaning Of a State Or1ented Oame Des::rlptlon. 

II we wish to specify a game called Qsme I which Is an Input-OUlput lunel/on 

01 type: 

game1: seq (EVENT) • seq(CHOICE) ~ F'(PLAYER} 

we can build e description: 

game 1 ' a (STATE,INITIAL,PINAL,move,winner) 

where as usual INITIAL,PINAL S STATE, and such that: 

winner: STATE -++ P(PLAYER)
 

move: EVENT -.. CHO I CE ........ STATE __ STATE
 

gamel.Ces,ee) iii. 

winner(move-repeatedly(es,C8,s:JNITIAL» 

where move-rep,atedly Is a recurshoe function Which repeatedly applies movs 

to s ana the flrsl element of lhe even! and choice lists as. cs strlppin~ lhese 

lists anet gOing from state 10 51ate until a flnat state Is reaChed: 

move-repeatedly: seq (EVENT) • seq(CHOfCE) ........ STATE 

move-repeatedly(es,cs,B) e 

(If Sf FINAL then s 

else 

mov~-repeatedly(tl es.tl cs,move (hd es)(hd 

cs) s) 

This paper occasionally uses variants of this framewOrk such as those emitting 

the choice seQusnClt (section 111.2), or the avant sequence (section Ill.3l. The 

reac1er should tie able to convince himself that no ne"" Ideas havt been 

Introduced In the process. 
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"PCHtftdb. B: Some Proofs 

B.l The game Of -Best Of three tosses· Heads or Tells I 

Theorem 

The invariant of the state: 

Va:STATE, range B.Bcore ~ {2l 

holds. 

Proof 

a. The invariant holds for any initial etate. 

1.	 8£INITIAL ... hypothesis 

2.	 range lI.acore • {OJ .•• l,de!. of INITIAL 

3.	 range 8.8core ~ (2l ... 2 

b.	 Given that the invariant holds for an arbitrary 

non-final state 8, then it holds for the state 

reached from s after making a move. 

Let 5' - move e c 

1.	 6£STATE - fINAL A e£EVENT A c£CHOICE A 

range s.score wi {2} hypotheeis 

2.	 not(3p:PLAYER,s.9core(p) - 2) l,{s/FINAL] 

3a.	 Assume e-c 

4a. s'.Bcore - s.score lB {s.turn .....s.score(s.turn)+l} 

... 3a,de!. move 

Sa. s' .8core(s.turn)(2 A s' .9core(opponent 5.turn){2 

..• 4a, 2 

Ga.	 range s' .score " {2} ... 5a 

3b.	 1\.ssume etlc 

4b. range s' .score tI {2} .3b,similar 

reason 1ng 

as 4a-6a 

7.	 Vs:ST1\.TE, range s.score tI {21 •.. 6a,4b 
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B.2 The game of Snakes and ladders 

Theorem 

The invar iant: 

Ys:STATE, '(e. is-onH;QAL) " 1 

holds. 

Proof 

&.	 The invariant holds for any initial state. 

1.	 SEINITIAL hypothes is 

2.	 range(s.iB-on)-{O} l,def. of INITIAL 

3.	 GOALlranqe(s.!B-on) ••• 2,GOALIilO 

4.	 '(s.le-on.COAL)" 1 ... 3 

b.	 Given that the invariant holds for an arbitrary 

non-final state B. it also holds for any state 

B' obtained from B by making a move. 

Let s"_(move e s) in: 

1.	 stFINAL It '(8. is-onlGOAL)(l 

· .. hypothes i B 

2.	 GOALtJ::" ange (5. is -on) · .. 1 

3.	 Yp;PLAYER,9.1s-on(p)(GOAL · .. 2 

4.	 B'. 15-00-5. ls-onlll 

displacement 0 im-effect(e) 0 

(s. ls-onr (turn}) ... def. move 

5.	 Vp:PLAYEB.-{s.turn), B I. is-on(p) (GOAL •.. 3,4 

6.	 s' _is-on(S.turn)(GOAL 3,4 

7.	 • (5'. is-on.GOAL) " 1 5,6 
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The Game of 0Ihe11o 

T......m 

In an/ reachable slale we can go lrom any occupIed posItion to any other 

occuped position by successive hop~ Each hop takes us from an occupIed 

posltkn 10 an acttacent occupted position. Formally: 

Vs:STATE;b:dom a.has. 

(Ud::DIREcnoNd/dom s.hae)-r(b} - dom a.has 

In'omlll Proof 

The proof Is by Induction. 

InduCtire base : In,pecllon on Initial etates. 

Inductite step 

Assuml 5 Is a non-Ilnal state In which the Invariant holds. and b Is any 

legal choice 01 position. Let s' be the stale reached by playing D when 

in state s. 

TP'1e celupled positions tn s' are. by dellnltJon of move. the occupied positions 

tn s. pluS position b. By the Inductive hypothesis we can get from anyone 

of the occupied poslUons In s to any other occupied poslllon In s by 

succeS:live hOps. 50 we only need to worry about geltlng to occupied posilions 

Irom band viceversa. 

For b It be a valid choice.the player musl be aDle to caplure a non-emply 

sel 01 occupied Positions lrom it. By definition lhis sel of captured pieces 

must include the adlacent pOSllion to D. position Cd bl for some direction 

o TherEfore one can hop from b 10 (d b) and as (d bl must have been 

an occupIed position in s. by the Induclive hypothesis we can gSI to any 

other occupied position In s from position (d bL so Dy adding the hop trom 

b 10 (d III to the succession 01 hops which get us from (d b) to any other 

occupied position In s. we can geT from b to any other occupied pOsition 

In s·. b~ a succession of hOps. 

To get tl) b from any other occupied position In 5'. all we have to d"o Is 
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to successively hOp to the previously mentioned P081tlon (Cf 1;1) and ttlen hop 

to the 8d18CSl'1t position b. This Inverse hOp can be etone as: 

Wd:DIRECTION, dEDlRECTION ~ d-1€DIRECTION 

We leaye the rsader to prove the vslh:ttty of this assertion, 
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FOf1I'1aI Proof 

IndvcU¥e	 twlae 

O. By	 inspection on initial states. 

Inducthv	 step 

l. siP IHAI.. 

2.	 Vb:dom a.has (U~E~d/dom s.has)*'{b) - dam a.has 

. .. inductive hypothesis 

3 . 3c' :POSITION I captured c· 8 .. _	 •.. 1 

4. Let c	 be any poeition euch that (captured C 5)"". 
l.e.	 C-T{C' I (captured c' s)",,> 

... 3 

5. Let 8' ., move C 8	 ... 4 

5.	 (captured C 8) .. " =00 3d:DIRECTION,(d c)€dom a.has 

. .. det. of captured, properties of corestriction 

7. 3d:DlRECTlON.(d c)fdom a.has	 ... &,4 

8. dom s' .has .. dam a.has u {el 

... S,det.	 of move 

9.	 (Lld:OIRfCTlo,..d Idom s'. has) 

(Ud£llRECTIOHd Idam 8. has 

Ud£llRfCTIO".{C ...... Cd c),Cd ell- c I- Cd C)Edom a.has}) 

... 8.Vd:DIRECTION.d-1fDlRECTION, 

10. (UIH:KRECTlONdidom s'.has)- - (bl-b' I b,b'Edom s'.has) 

... 9,2,properties of 

11. Vb:dom s' .has (ud:OlRECTlOHd/dom s' .ha5)·~ {b)	 - dam s' .has 

" .10 
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8.4	 The game of lUdo 

Theorem 

No player can -trespass- on another. More lormally. players' camps are 

dlstolnt. I.e. tor all reacflable atates. 

Yp,p~:PLAYER, p_pl ~ camps p n camps pI .. ~ 

Proal 

o.	 p'" pl · .. hypothee1s 

A. Inductive Base 

1- u:tNITIAL 

2.	 range s.on .. {OJ ... I,dei.INITIAL 

3.	 vp2:P~YER,a.eamp8 p2 .. _ ... 2,ds! . camps 

camps p n camps pi .. _ • .. 3 

B.	 Induct i ve hypothee is and step 

1.	 8. camps p n 6. camps pI - _ 1\ etF INAL 

Let 8' .. move e C 8 

Case I: s' .. stay-put e 8 

I .1	 8' _ on .. 8. on ., .def . stay-put 

1.2	 s' . camps p n s',camps pI .. ~ · .. 1.1,1 

Case 11: s' .. start-again e c 8 

I I . 1 e' . on .. 8. on • {c ......oJ	 .•. del.start-again 

11.2	 Vp2:PLAYER,s' . camps p2 S a.campa p2 

· . _ I I . 1 •def . camps 

11.3 s' .ca.rn.ps ~ n s'.camps pI .. ,	 ... 11.2,1 

Case I I I: 8' .. advance • c e 

I I 1.1 B' .on .. 8.on • (cl-+ne....poa) ... del . advance 

111.2	 ((map a.turn newpoe)toccupied Y newpo8>GATEl 

., .del . advance 

(precondition) 

1 I 1 .3 newpo$ )GATE 

~	 Vp2:PLAYER,a' . camps p2 £ a.camps p2 

... III.l,det.camps 
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I I 1.4. newpo">GATE :::::::. 8'. campe p n 8' • campa pl - _ 

... 111.3.1 

ilLS CE:(oWTle 8.turn) ..•def.advance 

(precondition) 

111.6	 s'.campe' -s.turn - 8.campSr"e.turn 

... IILI,IlLS 

111.7	 (map s.t.urn newp08)tup2._"tu~ (a.campa p2) 

:::::::. 8' .campe a.turn n upra.tu (e.campa p2lrn 

• _	 ... IILl.IlI.S 

111.8	 (map a.turn newpoB)loccupied 

~ B' • camps p n s' . campa pI 

., ... 111.6,111.7 

I I I .9 El' . camps p n B'. camps pI - _ 

•.. IIJ.B,III.4..III.2 
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