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Abstract

The monads used to model effectful computations traditionally concentrate on the ‘destination’—
the final results of the program. However, sometimes we are also interested in the ‘journey’—the
intermediate course of a computation—especially when reasoning about non-terminating interactive
systems. In this article we claim that a necessary property of a monad for it to be able to describe
the behaviour of a program is complete iterativity. We show how an ordinary monad can be
modified to disclose more about its internal computational behaviour, by applying an associated
transformer to a completely iterative monad. To illustrate this, we introduce two new constructions:
a coinductive cousin of Cenciarelli and Moggi’s generalised resumption transformer, and States—a
State-like monad that accumulates the intermediate states.

Keywords: completely iterative monads, effects, tracing, resumptions

1 Introduction

In this article we are concerned with semantics of programs like the following
Haskell fragment:

echo :: I0 ()
echo = do { x <- getChar ; putChar x ; echo }

More precisely, we are interested in programs that (1) have side-effects, and
(2) depend on a (not necessarily terminating) recursion—or a corecursion, if
you will. In the example, echo performs observable actions and then calls
itself, ‘unfolding’ an infinite series of events.

Since Moggi’s groundbreaking work [20], monads have become the stan-
dard model for computational effects. A popular choice for I/O is to employ
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the State monad A — (A x S)¥, model the outside world as an object S, and
see the program semantics as a function transforming an initial state into a
final state [7,15]. Alternatively, we could consider side-effects as communica-
tion with the environment, so no assumption about semantics of effects needs
to be made at this point: the program semantics is a free structure generated
by the ‘effectful’ constructs (getChar and putChar), which is then interpreted
by an external handler [13,25,28].

The situation becomes much more complicated in the context of (2). For
example, the State monad does not build the final state incrementally, so
in case of non-terminating programs, such as echo, it is useless. The free
structure, on the other hand, sometimes needs to be infinite, so in general the
free monad ¥* (for an endofunctor 3 representing the signature) is ‘too small’.
Evidently, to encompass these examples we need monads that capture not only
the final results of the program, but rather its behaviour, for example in the
form of execution traces. In this article we identify this property as complete
iterativity. A monad is completely iterative (‘is a cim’) if it is equipped with
a certain corecursion scheme that is coherent with its monadic structure (for
the full definition see Section 2). In particular, the free cim ¥X*° generated by
an endofunctor ¥ captures both finite and infinite X-terms.

Nevertheless, we should not discard the ‘usual’ monads too hastily. For
example, if we program a divergent computation in the State monad, the
intermediate states are physically ‘put’ and ‘gotten’ somewhere in the memory
of the computer, so the internal behaviour of the computation is, in a sense,
accurate. The point is to reify it as a mathematical model. An interesting fact
is that the I0 monad in the Haskell Glasgow Compiler (GHC) is implemented
using the State monad [17], so whatever its mathematical model, the two have
to be related.

Our idea is to use transformers associated with the ‘usual’ monads to trace
computations. For a cim 7" and an adjunction F' 4 U that gives rise to a monad
M (that is, UF = M), we use the monad UTF to trace computations in M.
Clearly, UTF supports M-computations (via the canonical monad morphism
M — UTVF), but it can also store some observations about the course of the
computation in the inner cim. The choice of the monad 7" and the adjunction
reveals different aspects of computations in M. As our main technical result,
we prove that UT'F' is completely iterative.

As an example, we use the currying adjunction to derive what we call the
States monad, which behaves like State, but it also gathers the intermediate
states in a stream. This way, the result of the computation is not a single, final
state, but rather a possibly infinite trace consisting of intermediate states.

Then we introduce the Coinductive Generalised Resumption transformer
M(XM)>, where ¥ is an endofunctor. It is a coalgebraic cousin of Cenciarelli
and Moggi’s Generalised Resumption transformer M (3XM)* [9]. We charac-
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terise it as the composition of a free cim in the category of free Eilenberg-Moore
M-algebras with the standard free-underlying adjunction, which yields that it
is itself a cim.

Because of space limitations we present only short outlines of proofs. For
the full proofs consult the associated technical report available online at:
http://www.cs.ox.ac.uk/people/macie]j.pirog/mbext.pdf.

2 Completely iterative monads

2.1 Initial assumptions and notations

For the entire article, we assume that we are working in a base category B with
coproducts and all the necessary final coalgebras. We denote the composition
of a natural transformation with a functor by a subscript; for example, for
functors H and J, if ¢ : ' — G is natural, then £y : FH — GH. If £ is natural
in two variables, by £y ; we mean a natural transformation (4 = {ga,74.
Working with infinite computations means working also with infinite data
structures. To set the notation, we recall a few standard definitions. For
an endofunctor F', an F-coalgebra is a pair (A, f : A — FA). We call A
the carrier of the coalgebra. A morphism h : A — B is an F-coalgebra
homomorphism, denoted as h : (A, f) — (B,g),if g-h = Fh- f. An F-
coalgebra (VF, 8) is final if for every F-coalgebra (A, f) there exists precisely
one homomorphism (A, f) — (vF, ), called an anamorphism and denoted

as [f].

2.2 Ideal and idealised monads

In this article we deal with monads that support corecursion: infinite compu-
tations are described by single steps. However, a step might not produce any
observable behaviour, for example if it is a pure computation constructed with
the unit, or we want to be more selective about which monadic actions are ob-
servable. To formalise productive computations, we need the notion of (right)
ideals of monads. These are analogous to ideals in a ring or a semigroup—
subsets closed under the operations. (All the definitions in this section are as
given by Addmek, Milius, and Velebil [2].)

Definition 2.1 For a monad (M, n, 1), let M together with a natural trans-
formation o : M — M with monomorphic components be a subfunctor
of M. We call M an ideal of M if there exists a natural transformation
7i: MM — M such that the following diagram commutes.
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_ OM

MM M?
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We call a pair of a monad and its ideal an idealised monad. An idealised
monad M s called an ideal monad if M = 1d + M with n = inly 57 and
o =inry ;.

Examples of ideal monads include: free monads, exceptions, interactive
output, and nonempty lists.

We also need morphisms that respect the internal structure of idealised
monads. If ¥ is an endofunctor, then a natural transformation & : ¥ — M
is ideal if its codomain contains only productive computations. Intuitively,
this means that an interpretation of a symbol from the signature should never
yield a pure computation. An ideal monad morphism r : M — N always maps
productive computations in M to productive computations in N. Formally:

Definition 2.2 Let (M,c™) and (N,o") be idealised monads. A natural
transformation & : X — M s ideal if it factors through o™ . A monad mor-
phism r : M — N 1is idealised if it preserves the ideals, that is there exists 7

such that r- oM = oV - 7, for a natural transformation 7 : M — N.

2.3 (Cims defined

For an idealised monad M, we describe a step of a computation by a morphism
of type e : X — M(A + X), called an equation morphism. The object X
represents (a set of) wvariables—the seeds of the corecursion. The object A
represents (a set of) parameters, which are final values of the computation.
An equation morphism is guarded if it always produces effects (in the sense of
idealised monads) or a final value, but not a variable:

Definition 2.3 A morphism e : X — M(A +Y) is guarded if it factors
through the morphism [0 ayy,Naty - inlay], that is there exists a morphism j
such that the following diagram commutes.

X — e M(A4Y)
\\\ j .
/[UA+Y7 Na+y - inlgy]
M(A+Y)+ A

If X =Y, we call e a guarded equation morphism.
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We use a guarded equation morphism e to unfold a computation ef, called a
solution. Intuitively, a solution is an infinite iteration of parameter-preserving
Kleisli-compositions of e. A monad is a cim if such a composition always exists
and is unique. Formally:

Definition 2.4 Lete: X — M(A+ X) be a morphism. We call a morphism
el X = MA a solution of e if the following diagram commutes.

}
X € - MA

€ HA

M(A + X) M, el

M?A

An idealised monad M is completely iterative if every guarded equation
morphism has a unique solution.

Cims make it possible to separate the corecursion guarded by invocation
of effects from a recursive structure of the base category, like order or metric
enrichment. This separation is important conceptually. Consider a server
dealing with some requests: though it is non-terminating, it probably does
not require unbounded recursion in between handling two requests.

Conversely, in a language with unbounded recursion, M-computations con-
sisting of guarded steps are necessarily solutions: An infinite computation can
be seen as the colimit of the w-chain consisting of single steps. Consider an
w-chain {f; : X; = M X1 }ien of Kleisli morphisms that factor through 0'% o
In a category with countable coproducts, we define a guarded equation mor-
phism e = [(idy + Mini11) - filien : [Lien Xi = M(0+]];cn Xi). One can show
that the family of morphisms {e' -in; : X; — MO0};cy is the colimit of the
chain in the Kleisli category of M.

2.4 The free cim

An example of a cim is a generalisation of the infinite term monad generated
by an endofunctor (intuitively, a signature) . Its functorial part is given by
a family of final coalgebras XA = vX.A + X X. Below we define the unit,
n*°, and a natural transformation emb : ¥ — »°° that embeds ¥ in ¥*°. For
an explicit definition of the multiplication ;> refer to Section 5, and put Id
for M in the definition of p*.

Id x
lnoo = inlig xxe lemb = inrg x5 - 20>
Id + X3 = ¥ Id + 230 = 30

bt
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As discussed by Aczel et al. [1], 3 is the free cim generated by ¥. In-
tuitively, this means that every interpretation of ¥ in a cim M extends in
a unique way to an interpretation of the entire (possibly infinite) term >
in M. Formally, for an ideal natural transformation £ : ¥ — M, there exists
a unique monad morphism ¢(§) : ¥*° — M such that the following diagram
commutes.

> emb 00
: u(§)
M

The monad morphism ¢(£) is given by [pM, f;oo] Diagrammatically:

2 )i 50 22 |d 4 NN
| | b o) = [, €]
ME> = M(ld+ £X) Mld = M M

Apart from the free cim and the Exception monad A — A + E, there are
hardly any examples of cims commonly used in programming or semantics.
This paper aims to fill this void in a rather generic fashion.

3 Cims, adjunctions, and tracing

Let M be a monad, and let (F,U,n,e) : B — C be a factorization of M
as an adjunction, that is M = (UF,n,Usr). Let (T,n",u",o") be a cim
with solutions -T. It is standard that UTF is a monad with nVT¥ = UnkL -y
and pYTt = Upk - UTerp, and that lift = Unk : UF — UTF is a monad
morphism. We prove that UTF' inherits complete iterativity from 7.

Theorem 3.1 The functor UTF together with the natural transformation
UosL : UTF — UTF form an ideal. The monad UTF is completely itera-
tive with respect to this ideal.

Proof. Right adjoints preserve monomorphisms, hence the components of
natural transformation Uck are monic, and so UTF is a subfunctor. We
define i to be Upk - UTepp. Tt is easy to verify that it satisfies the condition
for ideals.

Let e : X — UTF(A + X) be a Usk-guarded equation morphism. By
|-] : C[FA,B] = B[A,UB] : [-] we denote the natural isomorphism asso-
ciated with the adjunction. Recall that left adjoints preserve coproducts,
that is F(A+ B) = FA+ FB. It is straightforward to calculate that
[e] = [0(pasrx) Mrarrx)  iNlEarx)] - (EFpayx) +idpa) - Fj, which means
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that [e] : FX — TF(A+X) = T(FA+FX) is a guarded equation morphism

in T with a unique solution [e]" : FX — TFA.
We define the solution of e as | [e¢]T]|. The following diagram commutes:

Llel'] =Ule]" - nx

V«X Ule] f

e UFX UTFA
Ufel Ui
UTF(A+ X) UT[nf 4, [e]'] ; Hatt
~ UT(FA+ FX) ~UT°FA
UTSTF\A\
(UTF)?A

UTFn{™ Ule]" - nx]

The inner square is the U-image of the solution diagram for [e]T. The outer
triangles commute due to properties of adjunctions and the definition of V7.

For uniqueness, let g : X — UTF A be a solution of e. Substitute [g] for
[e]" in the above diagram. The outer square commutes, because |[g]] = ¢ is
a solution, and the triangles commute, because of properties of adjunctions,
hence the inner square precomposed with nx also commutes. For all mor-
phisms f, f': FB — C,if Uf -ng = Uf"-np then f = f'. Therefore, [g] is a
solution of [e], so [g] = [e]T, hence g = |[g]] = [[e]']. O

Intuitively, T" collects observations about a computation in M. Thus, we
need a new operation that allows us to actually observe the current state
of the computation, for example the current state in the State monad (this
example is elaborated in the next section). It could be given as a natural
transformation olift : M — UTF with components that factor through Uc?.
It will not in general be a monad morphism; on the contrary, performing two
actions and then observing the effect differs in general from observing the effect
of each action individually. More formally, let f o g be a computation in the
Kleisli category of M. We can decorate it with observers in two different ways:
olift- (fog) or (olift- f)o(olift-g). For example, when tracing a computation in
State, we may want to observe only ‘set’ operations, as long as we are certain
that there are only finitely many invocations of ‘get’ in between every two
invocations of ‘set’. In the rest of the paper we always define olift as Uobs for
a natural transformation obs : ' — TF. For convenience, we also define a
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‘save the current state of computation’ operation save = olift - n : |ld — UTF.

Though we do not use this property directly in the rest of the article,
observations should not modify the computation. This could be captured by
the following cancellation property: for all morphisms f, f' : A — M B and
9,9 : B— MC, if (lift- g) osaveg o (lift - f) = (lift - ¢’) o saveg o (lift - f’) then
gof=4golf.

4 The States monad

Our first example is a monad we call States. Consider the currying adjunction
— xS 4 =9, which gives rise to the State monad on cartesian closed categories.
We choose (— x 5)*, for which we write ?, to be the inner cim, and the result
is the monad A — (?(A x S))S. Intuitively, Sisa possibly infinite stream of
states of type S. The ‘base’ of the exponential is the trace of the computation:
a stream that, if finite, is terminated with an answer A and a current state .S.
The latter is used only to compose two computations and is not stored in the
stream.

We define ‘put’ and ‘get’ operations as standard liftings of ‘put’ and ‘get’
for State. The natural transformation obs duplicates the current state and
puts it in the stream as follows.

outl, outr), outr emb 4
A ) >~(A><S)><S 5

?(A X S)

For example, consider the following computation in States on Set for S =
N (using Haskell syntax):

let £ = do {put 2; save; put 3; save; put 5}
g = do {x <- get; put (x+1); save; g}
in do {f; g}

For any initial state, f evaluates to the trace (2,3, (x,5)), while the whole
computation evaluates to (2,3,6,7,8,9,...).

4.1  Ezxample: Control structures for While

Consider a generalised While language, as given by Rutten [26]:

P,Q == A| P;Q|if bthen P else ) | while b do P

For a monad M, the symbol A represents a set of actions (denoted as a), that
is morphisms of type 1 — M 1. The symbol b represents a set B of Boolean
expressions, that is a set of morphisms of type 1 — M (1+1). We parametrise
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the semantics with a ‘guard’ operation v : 1 — M1, which allows the addition
of behaviour on every choice point of a control structure. The denotation of
a program P is given by [P] : 1 — M1, defined as follows, where o is Kleisli
composition.

Il
IS

la]

[P;Q] =

[if b then P else Q]
]

[while b do P

[Q] - [F]
[[P], [Q] o bory
([Mlnrll [[ ]] ]\4in|171-77{‘4]obo'y)Jr

Actions denote themselves, and compositions of programs are just Kleisli com-
positions of morphisms. The denotation of if statements first performs the
guard 7, then b, and then the appropriate branch is chosen (we use the left
component of 1+ 1 to represent ‘true’). The denotation of while first builds
an equation morphism by composing the guard, the condition, and the choice
between returning the left component of the coproduct (a constant, which
means ‘stop the iteration’), or performing the body, and right-injecting the
result (which makes it a ‘continue the iteration’ variable). The denotation
of the entire while expression is a solution to that morphism. The solution
might not exist, or might not be unique; hence, depending on the choice of
M, A, B, and ~, the denotation might not be well-defined. This semantics
specialises to a couple of known cases:

If we choose the regular State monad on Dcppo (the category of pointed
directed-complete partial orders and continuous functions) for M and its unit
on 1 for v, the solution diagram simplifies to the familiar equation for denota-
tion of While [23, Chapter 4]. So, if we assume - to be the least fixed point,
we yield the standard denotational semantics.

If we instantiate M with a cim, we can ensure that unique solu-
tions always exist by an appropriate ~y-guarding of while loops. (Note
that it is not sufficient to ask for the A actions to be guarded, since
while true do while false do a diverges without invoking an action.) In
case of the States monad, this means that every iteration stores its initial
state in the stream, that is v = save. Additionally, if we assume that ‘put’
operations are always guarded and ‘get’ are not, we obtain a semantics trace-
equivalent to Nakata and Uustalu’s trace operational semantics [22].

5 Coinductive generalised resumptions

Let (M, n™, u™) be a monad, and X be an endofunctor on the base category B.
In this section we give a monadic structure to M (XM )> and examine its basic

9
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properties. We proceed by first giving a monadic structure to the endofunctor
KA=vX M(A+XX),

which is isomorphic to M (XM ) through the coalgebraic version of the rolling
rule [5]:
Lemma 5.1 Let F', G be endofunctors. Then vFG = FvGF.

For convenience, we define two auxiliary natural transformations. The first
one, flatyp : M(MA + B) — M(A+ B), flattens a computation that may
return a value or a new computation. The second one, unf : K? — M(Id +
Y K?), unfolds and flattens two levels of structure of K. In the following, « is
the final coalgebra map a: K — M (ld + X K).

flaty p = M(MA + B) unf = K?
VM (idara + 1) Jox
M(MA+ MB) M(K + XK?)
| M[Minla g, Minr 4 g] | M(a+ idskz)
M2(A+ B) M(M(d + SK) + SK?)
i VJ%+B i flatig sr ni2
M(A+ B) M(ld + XK + XK?)

The unit (return) n* of the monad K is given below. The multiplication (join)
is defined as the anamorphism p = [m] of the following transformation m.

nk = Id m = K?
linhd’gK iunf
ld + DK M(ld + SK + $K?)
| ity M (id + [Sng, idsk])
M(ld + SK) = K M(id + SK?)

Theorem 5.2 The following hold:
(i) The tuple (K,n"™, u) is a monad,

(ii) It is compatible [6, Chapter 9] with M and (3M)°, which yields a monad
distributive law X\ : (XM)*M — M(XM)>,

(iii) There ezist two monad morphisms liftl : M — M(XM)* and liftr : 3°° —
M(SM)>.

Proof outline. The statements (i) and (ii) can be proved by the structural
coinduction provided by the finality of K. The distributive law induces two
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canonical monad morphisms M — K and (XM)>* — K. We compose the
latter with a monad morphism X — (3M)> given by «(emb - Xn). ]

Despite the existence of the cospan M — M (EM)*® «+ ¥, the monad
M (XM)® is in general not a coproduct of M and ¥*° as monads. To see that,
it is sufficient to assume that the base category is Set, M is ideal, and to recall
the construction of coproducts of ideal monads by Ghani and Uustalu [12].
In such a setting the coproduct allows only a finite number of interleavings
between M and Y°°, so it is distinct from K.

5.1 Complete iterativity of K

Consider the subcategory M-Fema of free Eilenberg-Moore M-algebras (that
is, algebras where the carrier is of the shape M A, and the action is defined
as pil). Tt is equivalent to the Kleisli category for M. There is a standard
free-underlying adjunction F' 4 U : B — M-Fema.

As discussed by Mulry [21], liftings of an endofunctor T" on B to M-Fema
are in one-to-one correspondence with distributive laws T'M — MT. More-
over, a simple calculation shows that if 7" has a monadic structure and the
distributive law respects this structure, the corresponding lifting (T) is also a
monad. The monad MT is equal to the monad U(T)F.

Consider the monad (XM)*°. The monad distributive law A from Theo-
rem 5.2 gives rise to a lifting ((3M)>), defined on objects as ((XM)*°)M A =
M(XM)*A = KA. The following theorem states that the lifting is also a free
cim (note that MY is an endofunctor also over M-Fema):

Theorem 5.3 The monad ((XM)>) is the free cim generated by MY in
M -Fema.

Proof outline. For an M-Fema morphism [ : M X — M(A+ XMX) the
finality diagram for KA commutes also in M-Fema. The definition of co-
products @ in M-Fema yields M(A + ¥—) = MA @ MY—, which makes
the finality diagram a finality diagram for M A & MY—. This means that
KA = ((XM)>®)MA is the carrier of the final (M A & M>—)-coalgebra, and
so, according to [18, Corollary 6.3], ((XM)>) is the functorial part of the free
cim generated by MY understood as a functor in M-Fema. The fact that the
monadic structures of the lifting and the free cim in M-Fema are equal can
be proved by a simple coinduction. O

Theorem 3.1 and the above characterisation yield that K is completely
iterative. The guardedness condition specialises as:
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X - K(A+ X)

-1 . K i
N [ x - Minrayx sk a+x), Napx - inlax]
Y

MYK(A+X)+ A

5.2 FExample: Bisimulation

Let ¥ = Id, so that K = M M®. Similarly to Cenciarelli and Moggi’s trans-
former M M* [9], a K-computation can be seen as an M-computation split
into a series of suspended steps. However, in case of MM, the structure
can be infinite, so it can also store a divergent computation. We can see the
result of each step as a rather robust observation about the current state of
the computation. So, even if the computation does not have a final value, we
can still reason about the course of the computation.
We define the natural transformation obs : M — MM as:

MUM Memb

M MM

MM

It builds an empty level, so that a composition with another value will not
affect the current structure. Intuitively, the outer M is the current state of the
computation, while M is a kind of continuation. To acquire the second state,
we can contract the top two steps of execution using a natural transformation
force defined as follows, where flat’ is equal to flat, but with the monadic
argument as the second component of the coproduct rather than the first.

MM 2= M(ld + MM>)
| flatyg pre
M(ld + M>) = M(Ild 4 Id + M M)
| M([id, id] + idpraree)
M(ld + MM>) = MM

On Set, we can define a simple notion of bisimulation between programs
as a predicate ~ C (MM>A)?, such that for p,q € MM™A, it is the case
that p ~ ¢ precisely if M (ida+!pea)(p) = M(ida+!p4)(q) and force(p) ~
force(q), where !4 : A — 1 is the unique morphism to the final object. In other
words, we compare the functorial structure of the outer M (the observable
result of the first step), and continue the process after performing the next
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step with the force natural transformation. This means that two programs are
bisimilar if for every n € N, the respective prefixes of performing the first n
steps are equal.

6 Related and future work

Cims were introduced by Elgot [10], and recently brought to attention by
Aczel et al. [1,18]. Milius and Moss [19] consider recursive program schemes
in terms of solutions in Elgot algebras [3] (that is, Eilenberg-Moore algebras
for free cims).

Cenciarelli and Moggi [9] introduced the Generalised Resumption trans-
former M (XM )*, which decomposes a monadic computation into a series of
steps (layers of free structure). Hyland, Plotkin, and Power [16] proved it to
be the coproduct M + £* in the category of monads. The monad M (XM )>
captures also potentially infinite computations. In some categories—and so
programming languages like Haskell—the limit-colimit coincidence [27] identi-
fies M(XM)* and M (XM )>, but the explicit use of the free cim is significant
in Set and in type theories with guarded (co)recursion. Interleaving data and
monadic actions is a powerful abstraction studied recently also by Filinski
and Stgvring [11], Atkey et al. [4], and the present authors [24]. The monad
M (X M) is also a categorical model for datatypes built around resumptions,
such as Haskell pipes (for A = Al + A x O). The fact that we use the free
cim is crucial, since programming patterns for pipes rely heavily on infinite
computations.

Since the free cim is a final coalgebra [18], we can see (MX)* in M-Fema
from Theorem 5.3 as an example of Hasuo, Jacobs, and Sokolova’s generic trace
semantics [14], which models state-based systems as F-coalgebras in a Kleisli
category (or, equivalently, a Fema). The coalgebra represents transitions
(for example, with YA = A x O for labelled transitions), and the monad
represents the underlying effect (like the Powerset monad for nondeterminism
or the Probability Distribution monad for probabilistic systems).

In this paper we concentrate on the monads and tracing, and we only sketch
potential applications in defining semantics and reasoning about programs.
The natural next step is to formalise a language like Moggi’s computational
A-calculus [20] with recursion provided by a background cim. It is also an
interesting question whether the presented theory could be used to develop a
practical framework for reasoning about effectful programs in type theories,
like those implemented by the Coq or Agda proof systems. So far, Capretta [8]
represented general recursion by the free cim generated by the identity functor;
we conjecture fruitful applications of other cims too.
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