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Abstract. We study two-player stochastic games, where the goal of
one player is to satisfy a formula given as a boolean combination of
expected total reward objectives and the behaviour of the second player
is adversarial. Such games are important for modelling, synthesis and
verification of open systems with stochastic behaviour. We show that
finding a winning strategy is PSPACE-hard in general and undecidable
for deterministic strategies. We also prove that optimal strategy, if such
exists, may require infinite memory and randomisation. However, when
restricted to disjunctions of objectives only, memoryless deterministic
strategies suffice, and the problem of deciding whether a winning strategy
exists is NP-complete. We also present algorithms to approximate the
Pareto sets of achievable objectives for the class of stopping games.

1 Introduction

Stochastic games [20] have many applications in semantics and formal verifica-
tion, and have been used as abstractions for probabilistic systems [I5], and more
recently for quantitative verification and synthesis of competitive stochastic sys-
tems [7]. Two-player games, in particular, provide a natural representation of
open systems, where one player represents the system and the other its environ-
ment, in this paper referred to as Player 1 and Player 2, respectively. Stochasticity
models uncertainty or randomisation, and leads to a game where each player can
select an outgoing edge in states he controls, while in stochastic states the choice
is made according to a state-dependent probability distribution. A strategy de-
scribes which actions a player picks. A fixed pair of strategies and an initial
state determines a probability space on the runs of a game, and yields expected
values of given objective (payoff) functions. The problem is then to determine
if Player 1 has a strategy to ensure that the expected values of the objective
functions meet a given set of criteria for all strategies that Player 2 may choose.

Various objective functions have been studied, for example reachability, w-
regular, or parity [4]. We focus here on reward functions, which are determined
by a reward structure, annotating states with rewards. A prominent example is
the reward function evaluating total reward, which is obtained by summing up
rewards for all states visited along a path. Total rewards can be conveniently used
to model consumption of resources along the execution of the system, but (with
a straightforward modification of the game) they can also be used to encode
other objective functions, such as reachability.
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Although objective functions can express various useful properties, many sit-
uations demand considering not just the value of a single objective function,
but rather values of several such functions simultaneously. For example, we may
wish to maximise the number of successfully provided services and, at the same
time, ensure minimising resource usage. More generally, given multiple objective
functions, one may ask whether an arbitrary boolean combination of upper or
lower bounds on the expected values of these functions can be ensured. Alterna-
tively, one might ask to compute or approximate the Pareto set, i.e. the set of all
bounds that can be assured by exploring trade-offs. The simultaneous optimisa-
tion of a conjunction of objectives (also known as multi-objective, multi-criteria
or multi-dimensional optimisation) is actively studied in operations research [21]
and used in engineering [I7]. In verification it has been considered for Markov
decision processes (MDPs), which can be seen as one-player stochastic games, for
discounted objectives [0] and general w-regular objectives [9]. Multiple objectives
for non-stochastic games have been studied by a number of authors, including
in the context of energy games [22] and strategy synthesis [6].

In this paper, we study stochastic games with multi-objective queries, which
are expressed as boolean combinations of total reward functions with upper or
lower bounds on the expected reward to be achieved. In that way we can, for
example, give several alternatives for a valid system behaviour, such as “the
expected consumption of the system is at most 10 units of energy and the prob-
ability of successfully finishing the operation is at least 70%, or the expected
consumption is at most 50 units, but the probability of success is at least 99%”.
Another motivation for our work is assume-guarantee compositional verifica-
tion [I9], where the system satisfies a set of guarantees ¢ whenever a set of
assumptions 1 is true. This can be formulated using multi-objective queries of
the form Ay = Ag. For MDPs it has been shown how to formulate assume-
guarantee rules using multi-objective queries [9]. The results obtained in this
paper would enable us to extend the approach to stochastic games.

Contributions. We prove the following novel results for multi-objective stochas-
tic games:

— We show nondeterminacy even for the cases where the objectives contain
only conjunctions or disjunctions of reachability goals.

— We prove that, even in a pure conjunction of objectives, infinite memory and
randomisation are required for the winning strategy of Player 1, and that the
problem of finding a deterministic winning strategy is undecidable.

— For the case of a pure disjunction of objectives, we show that memoryless
deterministic strategies are sufficient for Player 1 to win, and we prove that
determining the existence of such strategies is an NP-complete problem.

— For the general case, we show that the problem of deciding whether Player 1
has a winning strategy in a game is PSPACE-hard.

— We provide Pareto set approximation algorithms for stopping games. This
result directly applies to the important class of discounted rewards for non-
stopping games, due to an off-the-shelf reduction [g].
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Note that, even though the games are not determined, the methods presented
in this paper allow one to address the counter-strategy problem asking whether,
for all Player 1 strategies, there exists a Player 2 strategy achieving ¢, a boolean
combination of objectives. This is because to decide the above problem one can
instead decide the problem whether there exists a strategy for Player 1 such that,
for all Player 2 strategies, ¢ does not hold and then negate the result.

Related work. Multi-objective optimisation has been studied for various sub-
classes of stochastic games. For non-stochastic games, multi-dimensional ob-
jectives have been considered in [6l22]. For MDPs, multiple discounted objec-
tives [B], long-run objectives [2], w-regular objectives [9] and total rewards [I1]
have been analysed. The objectives that we study in this paper are a special
case of branching time temporal logics for stochastic games [3/I]. However, al-
ready for MDPs, such logics are so powerful that it is not decidable whether
there is an optimal controller [3]. A special case of the problem studied in this
paper is the case where the goal of Player 1 is to achieve a precise value of
the expectation of an objective function [8]. As regards applications, stochastic
games with a single objective function have been employed and implemented
for quantitative abstraction refinement for MDP models in [I5]. The usefulness
of techniques for verification and strategy synthesis for stochastic games with
a single objective is demonstrated, e.g., for smart grid protocols [7]. Applica-
tions of multi-objective verification include assume-guarantee verification [16]
and controller synthesis [12] for MDPs.

2 Preliminaries

We begin this section by introducing notations used throughout the paper. We
then provide the definition of stochastic two-player games together with the
concepts of strategies and paths of the game. Finally, we introduce the objectives
that are studied in this paper.

2.1 Notation

Given a vector & € R™, we use x; to refer to its i-th component, where 1 < i < n,
and define the norm ||z|| = 327", |#;]. Given a number y € R, we use & +y to
denote the vector (z1+y, z2ty, ..., z,Ly). Given two vectors ,y € R", the dot
product of & and y is defined by -y = Y. | x;-y;, and the comparison operator
< on vectors is defined to be the componentwise ordering. The sum of two sets
of vectors X, Y C R" is defined by X +Y ={x +y|x € X,y € Y}. Given a

set X, we define the downward closure of X as dwc(X) = {y |3z € X .y < x}

def

and the upward closure as up(X) = {y|Jzr € X .x < y}. We denote by Ry
the set R U {400, —o0}, and we define the operations - and + in the expected
way, defining 0z = 0 for all x € Ry, and leaving —oo + oo undefined. We also
define function sgn(z) : Rioo > Ntobelif 2 >0, -1 if x <0 and 0 if x = 0.
A discrete probability distribution (or just distribution) over a (countable) set
S is a function p : S — [0,1] such that ) g u(s) = 1. We write D(S) for the
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set of all distributions over S. Let supp(p) = {s € S| p(s) > 0} be the support
set of p € D(S). We say that a distribution p € D(S) is a Dirac distribution
if u(s) = 1 for some s € S. We represent a distribution p € D(S) on a set
S ={s1,...,8n} as amap [s1 — u(s1),...,8n > [(s,)] and omit the elements
of S outside supp(p) to simplify the presentation. If the context is clear we
sometimes identify a Dirac distribution g with the unique element in supp(u).

2.2 Stochastic games

In this section we introduce turn-based stochastic two-player games.

Stochastic two-player games. A stochastic two-player game is a tuple G =
(S, (S0, 80,50), A) where S is a finite set of states partitioned into sets Sp,
Sy, and So; A8 x S — [0,1] is a probabilistic transition function such that
A((s,t)) € {0,1} if s € SHU S and Y7, ¢ A((s,t)) =1 if s € Sp.

So and Sy represent the sets of states controlled by players Player 1 and
Player 2, respectively, while Sq is the set of stochastic states. For a state s € S,

the set of successor states is denoted by A(s) = {t € S | A((s,t))>0}. We
assume that A(s) # 0 for all s € S. A state from which no other states except
for itself are reachable is called terminal, and the set of terminal states is denoted
by Term = {s € S| A((s, t))=1 iff s = t}.

Paths. An infinite path A of a stochastic game G is an infinite sequence sgsi . . .
of states such that s;41 € A(s;) for all @ > 0. A finite path is a finite such
sequence. For a finite or infinite path A we write len(\) for the number of states
in the path. For i < len(\) we write \; to refer to the i-th state s; of A. Similarly,
for k < len()\), we denote the prefix of length k of the path A by Pref(\ k) =
5081 ...8k—1. For a finite path A we write last(A) for the last state of the path.
For a game G we write Qg for the set of all finite paths, and {2 for the set of all
infinite paths, and {2g ; for the set of infinite paths starting in state s. We denote
the set of paths that reach a state in T C S by 0T = {w € 2g|Ji.w; € T}.

Strategies. A strategy of Player 1 is a (partial) function  : QgﬁD(S), which
is defined for A\ € £2§ only if last(A) € Sp, such that s € supp(w())) only if
A((last(N), s)) = 1. A strategy 7 is finite-memory if there is a finite automaton
A over the alphabet S such that 7(\) is determined by last(\) and the state
of A in which it ends after reading the word A. We say that = is memoryless
if last(A)=last()\') implies 7(A)=n()\’), and deterministic if w(\) is Dirac for all
S .Q; . If 7 is a memoryless strategy for Player 1 then we identify it with the
mapping 7: Sg — D(S). A strategy o for Player 2 is defined similarly. We denote
by IT and X the sets of all strategies for Player 1 and Player 2, respectively.

Probability measures. A stochastic game G, together with a strategy pair
(m,0) € II x X and a starting state s, induces an infinite Markov chain on the
game (see e.g. [8]). We define the probability measure of this Markov chain by
Prg 7. The expected value of a measurable function f: S®—R U {co} is defined
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as Eg7[f] £ ng,S fdPrg?. We say that a game G is a stopping game if, for
every pair of strategies m and o, a terminal state is reached with probability 1.

Rewards. A reward function 7 : S — Q" assigns a reward vector r(s) € Q" to
each state s of the game G. We assume that for each i the reward assigned by
r; is either non-negative or non-positive for all states, and that r(t) = 0 for all
terminal states ¢t € Term. We define the vector of total reward random variables
rew(r) such that, given a path A, rew(r)(A) = 32,5, ()

2.3 Multi-objective queries

A multi-objective query (MQ) ¢ is a boolean combination of predicates (or ob-
jectives) of the form r < v, where r is a reward function, v € Q is a bound
and 1 € {>,>} is a comparison operator. The validity of an MQ is defined
inductively on the structure of the query: an objective r <1 v is true in a state
s of G under a pair of strategies (7, o) if and only if EZ'] [rew(r)] >< v, and the
truth value of boolean combinations of queries is defined straightforwardly. To
express negation, every literal —(r >t v) can be replaced with —r <’ —v, where
> = > if bq = > and vice versa. This also allows us to express minimisation
problems, e.g., r < v = =(r > v) = (—r > —v). We sometimes write r < v
instead of (—r > —v) in MQs to simplify presentation.

We say that Player 1 achieves the MQ ¢ (i.e., wins the game) in a state s if
it has a strategy 7 such that for all strategies o of Player 2 the query ¢ evaluates
to true under (m, o). An MQ ¢ is a conjunctive query (CQ) if it is a conjunction
of objectives, and a disjunctive query (DQ) if it is a disjunction of objectives.

For a MQ ¢ containing n objectives r; b; v;, for 1 < i < n and for x € R”
we use @[] to denote ¢ in which each r; x; v; is replaced with r; > ;.

Reachability. We can enrich multi-objective queries with reachability objectives,
i.e. objectives OT x1 p for a set of target states T C S, where p € [0,1] is
a bound and <1 € {>,>} is a comparison operator. The objective OT > p
is true under a pair of strategies (m,0) if Prg’7(0T) 04 p, and notions such
as achieving a query are defined straightforwardly. Note that queries containing
reachability objectives can be reduced to queries with total expected reward only
(see Appendix [Alfor a reduction). It also follows from the construction that if all
target sets contain only terminal states, the reduction works in polynomial time.
Similar results hold for safety predicates, specifying that certain sets of states
should be avoided (e.g., objective 0T < p is true if and only if Prg’g,(QT) <p).

Pareto sets. Let ¢ be an MQ containing n objectives. The vector v € R™ is
a Pareto vector if and only if (a) ¢[v — €] is achievable for all € > 0, and (b)
@[v + €] is not achievable for any € > 0. The set P of all such vectors is called a
Pareto set. Given ¢ > 0, an e-approzimation of a Pareto set is a set of vectors
Q satisfying that, for any w € @, there is a vector v in the Pareto set such that
|lv —w|| < e, and for every v in the Pareto set there is a vector w € @Q such that
v —w| <e.
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Fig.1: An example game (left), Pareto set for ¢, at sg (centre), and Pareto
set for ¢q at sg (right), with bounds indicated by dots. Note that the sets are
unbounded towards —oo.

Example. Consider the game G from Figure [1| (left). It consists of one Player 1
state sg, one Player 2 state s, six stochastic states so, s3, S4, S5, t1 and t2, as well
as two terminal states ¢} and ¢,,. Outgoing edges of stochastic states are assigned
uniform distributions by convention. For the MQ ¢; = r; > % A1y > %, where
the reward functions are defined by r1(t1)=rz(t2)=1 and all other values are zero,
the Pareto set for the initial state sqg is shown in Figure [1| (centre). Hence, ¢ is
satisfied at sg, as (%, %) is in the Pareto set. For the MQ oy =71 > %/\—rz > —5
Figure [1| (right) illustrates the Pareto set for sg, showing that ¢ is not satisfied
at sg. Note that ¢ and ¢s correspond to the combination of reachability and
safety objectives, i.e., O{t1} > 2 A O{th} > 1 and O{t}} > 2 A O{th} < &.

3 Conjunctions of objectives

In this section we present the results for CQs. We first recall that the games are
not determined, and then show that Player 1 may require an infinite-memory ran-
domised strategy to win, while it is not decidable whether deterministic winning
strategies exist. We also provide fixpoint equations characterising the Pareto sets
of achievable vectors and their successive approximations.

Theorem 1 (Non-determinacy, optimal strategies [8]). Stochastic games
with multiple objectives are, in general, not determined, and optimal strategies
might not exist, already for CQ with two objectives.

Theorem (1| carries over from the results for precise value games, because the
problem of reaching a set of terminal states 7' C Term with probability precisely
p is a special case of multi-objective stochastic games and can be expressed as a
CQe=0T=>2pAOT <p.

Theorem 2 (Infinite memory). An infinite memory strategy may be required
for Player 1 to win a multi-objective stochastic game with a CQ even for stopping
games with reachability objectives.

Proof. To prove the theorem we will use the example game from Figure [2| We
only explain the intuition behind the need of infinite memory here; the formal
proof is presented in Appendix [B:I} First, we note that it is sufficient to consider
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Fig.2: Game where Player 1 requires infinite memory to win.

deterministic counter-strategies for Player 2, since, after Player 1 has proposed
its strategy, the resulting model is an MDP with finite branching [I8]. Consider
the game starting in the initial state sp and a CQ ¢ = /\?:1 OT; > %, where the
target sets 11, T and T3 contain states labelled 1, 2 and 3, respectively. The
objective is to achieve each of these sets with probability at least % We note
that target sets are terminal and disjoint, and for any m and o we have that
E?Zl Prg? (0T;) = 1, and hence for any winning Player 1 strategy 7 it must be
the case that, for any o, Prg:ZO(QTi) = % for 1 <i < 3.

Let E be the set of runs which never take any transition check. The game
proceeds by alternating between the two steps A and B as indicated in Figure 2}
In step A, Player 1 chooses a probability to go to 1} from state s4, and then
Player 2 gets an opportunity to “verify” that the probability Prg (0T1|E) of
runs reaching T} conditional on the event that no check action was taken is % She

can do this by taking the action check and so ensuring that Prg’7 (0T1|2¢\E) =

L If Player 2 again does not choose to take check, the game continues in step

]%, where the same happens for T3, and so on.

When first performing step A, Player 1 has to pick probability % to go to
s5. But since the probability of going from s4 to T is < %, when step B is
performed for the first time, Player 1 must go to T3 with probability yo > % to
compensate for the “loss” of the probability in step A. However, this decreases
the probability of reaching T} at step B, and so Player 1 must compensate for it in
the subsequent step A by taking probability yg > % of going to T;. This decreases
the probability of reaching T5 in the second step B even more (compared to first
execution of step A), for which Player 1 must compensate by picking y; > yo > %
in the second execution of step B, and so on. So, in order to win, Player 1 has to
play infinitely many different probability distributions in states s4 and sg. Note
that, if Player 2 takes action “check”, Player 1 can always randomise in states s7
and s11 to achieve expectations exactly % for all objectives. O

In fact, the above idea allows us to encode natural numbers together with
operations of increment and decrement, and obtain a reduction of the location
reachability problem in the two-counter machine (which is known to be unde-
cidable [14]) to the problem of deciding whether there exists a deterministic
winning strategy for Player 1 in a multi-objective stochastic game.
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Fig. 3: Increment gadget for counter j.

Theorem 3 (Undecidability). The problem whether there exists a determin-
istic winning strategy for Player 1 in a multi-objective stochastic game is unde-
cidable already for stopping games and conjunctions of reachability objectives.

Our proof is inspired by the proof of [3] which shows that the problem of existence
of a winning strategy in an MDP for a PCTL formula is undecidable. However,
the proof of [3] relies on branching time features of PCTL to ensure the counter
values of the two-counter machine are encoded correctly. Since MQs only allow
us to express boolean combinations of linear-time properties, we need to take a
different approach, utilising ideas of Theorem [2] We present the proof idea here;
for the full proof see Appendix[B:2] We encode the counter machine instructions
in gadgets similar to the ones used for the proof of Theorem [2, where Player 1
has to change the probabilities with which it goes to the target states based on
the current value of the counter. For example, the gadget in Figure [3lencodes the
instruction to increment the counter j. The basic idea is that, if the counter value
is ¢; when entering the increment gadget, then in state s5 Player 1 has to assign
probability exactly 32% to the edge (ss, sg), and then probability ?)2&% to the
edge (sg, s10) in sg, resulting in the counter being incremented. The gadgets for
counter decrement and zero-check can be found in the appendix. The resulting
query contains six target sets. In particular, there is a conjunct (I3 > 1, where
the set T} is not reached with probability 1 only if the gadget representing the
target counter machine location is reached. The remaining five objectives ensure
that Player 1 updates the counter values correctly (by picking corresponding
probability distributions) and so the strategy encodes a valid computation of
the two-counter machine. Hence, the counter machine terminates if and only if
there does not exist a winning strategy for Player 1.

We note that the problem of deciding whether there is a randomised win-
ning strategy for Player 1 remains open, since the gadgets modelling decrement
instructions in our construction rely on the strategy being deterministic. Never-
theless, for stopping games, in Theorem [4] below we provide a functional that,
given a CQ ¢, computes e—approximations of the Pareto sets, i.e. the sets con-
taining the bounds « so that Player 1 has a winning strategy for ¢z — ¢]. As
a corollary of the theorem, using a simple reduction (see e.g. [§]) we get an ap-
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proximation algorithm for the Pareto sets in non-stopping games with (multiple)
discounted reward objectives.

Theorem 4 (Pareto set approximation). For a stopping game G and a CQ
Y= /\Zl:1 r; DX v;, an e—approzimation of the Pareto sets for all states can be
computed in k = |S| + [|S] - %] iterations of the operator F : (S —

PR™)) — (S = P(R™)) defined by

dwe(conv({Uye a¢5) Xt)+7(s)) if s € 5o
F(X)(s) = dwe((Nea(s) Xetr(s)) if s €8,
dwe(dien(5)AW(s: 1)) X Xitr(s)) if s € S0,

where the initial sets are X? = {x € R |z < 7(s)} for all s € S, and M =

|S] - M for § = plﬂn and pmin being the smallest positive probability
ngG.

Proof (Outline). The proof, presented in Appendix consists of two parts.
First, we prove in Proposition [2] that the result of k-th iteration of F' contains
exactly the points achievable by some strategy in k steps; then we show in
Proposition [3] that we can find k& such that for all s € S all the points obtained
after k-th iteration of F' are within ¢ from the Pareto points for » and vice versa.

4 Boolean combinations of objectives

In this section we consider the general case where the objective is expressed as
an arbitrary MQ. The nondeterminacy result from Theorem [I| carries over to
the more general MQs, and, even if we restrict to DQs, the games stay non-
determined (see Appendix for a proof). The following theorem establishes
lower complexity bounds for the problem of deciding the existence of the winning
strategy for Player 1.

Theorem 5. The problem of deciding whether there is a winning strategy for
Player 1 for an M@ ¢ is PSPACE-hard in general, and NP-hard if ¢ is a DQ.

The above theorem is proved by reductions from QBF and 3SAT, respectively
(see Appendix and Appendix [C.3).

We now establish conditions under which a winning strategy for Player 1
exists. Before we proceed, we note that it suffices to consider MQs in conjunctive
normal form (CNF) that contain no negations, since any M(Q can be converted to
CNF using standard methods of propositional logic. For clarity of presentation,
in the proofs below we consider only non-strict inequalities. This is sufficient
because, from the existence of e—optimal strategies for every Pareto vector, it
follows that, if Player 1 has a strategy to satisfy an MQ ¢ containing r > v, then
it would also have a strategy to achieve ¢’, where r > v is replaced by r > v’
for some v’ > v. Before presenting the proof of Theorem [ we give the following
reformulation of the separating hyperplane theorem, proved in Appendix
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Lemma 1. Let W C R be a convex set satisfying that, for all j, if for some
x € W and sgn(z;) > 0 (resp. sgn(z;) < 0), then sgn(y;) > 0 (resp. sgn(y;) < 0)
for ally € W. Let z € R™ be a point which does not lie in the closure of up(W).
Then there is a non-zero vector x € R™ such that the following conditions hold:

1. for all 1 < j <m we have x; > 0;
2. for all 1 < j < m, if there is w € W satisfying w; = —oo, then x; = 0; and
3. for allw € W, the product w - x is defined and satisfies w-x > z - x.

Theorem 6. Let b = Ny \/J iy > wij be an MQ in CNF, and let 7 be a
strategy of Player 1. The following two conditions are equivalent.

— The strategy m achieves 1.

— For alle > 0 there are nonzero vectors 1, ... &, € RYy, such that m achieves
the conjunctive query ¢ = \i_, r; > v;, where r;(s) = ;+(¢;,1(5), - - -, ¢i,m(8))
and v; = ;- (Ui1—€, ..., Uy m—e) for all 1 <i<n.

Proof. By q; and u; we denote the vectors (g; 1, - .- ¢i,m) and (ul 1y- . Ui m). Fix
7 € II. For the “=” direction, for all 1 <i < n define R7[i] = {y € R?,_ |30 €
Y. Eg7[rew(q;)] = y}. Fix ¢ > 0 and 1 < i < n. Because 7 achieves ¢ it
must also achieve \/7_, ¢; j > w, ;. Hence, for every y € up(RJ[i]) there is a j
satisfying y; > u; ; — §, and so u; — § & R][i]. By Lemma since u; — € is not
in the closure of up(RZ[i]), and since R7[i] satisfies the conditions of the lemma,
we can obtain a vector x; for up(RZ[i]) and u; — €. Fix any strategy o. We have
Eg 7 [rew(q;)] € up(R]), and it follows that

oo m

Eg < [rew(r:)] = / S i as ) dPig? & / Z Z (A) dPr5
=1 k=

AeQg, , F=07=1 g,y 7

= me / Zq” dPrg? = EG S [rew(q:)] > xi - (w; —€) = v;.

QggkO

The equality marked with (x) holds because > 572 ( 3300 | i 5-qi,5(A\) = 2272, i -
> heo @i,;(Ak) for almost every A; this is true because for every j we either have
z;; = 0, or the sum Y~ ¢; ;(A) is strictly greater than —oo for almost all A,
For the “<” direction, for each £ > 0 we have non-zero vectors x1,...,x, €
RY, such that m achieves ¢. Assume for the sake of contradiction that this m
does not achieve 1. Then there exists a Player 2 strategy o and an index i such
that for all j we have that EZ'7[rew(gi ;)] = uij — 7; < u;; for some 7; >0
(and possibly T = 00). Now fix such a strategy o, a corresponding index i,
and let ¢ = mm2j Tl < co. We can pick x; such that 7 achieves ¢, and hence
Eg % [rew(r;)] > @; - (u; —¢). Consequently Eg' [rew(r;)] = z; - Eg ] [rew(q;)] by
the same argument as above. Thus x; - Eg' [rew(qi)] > @; - (u; —¢), and because
x; is non-zero and has no negative components, there must be a j such that
Egrew(qi ;)] > uij — e > uyj — 75 = g [rew(gi ;)], a contradiction. i
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When we restrict to DQs only, it follows from Theorem [6] that there exists
a strategy achieving DQ if and only if there is a strategy achieving some single-
objective expected total reward, and hence we obtain the following theorem.

Theorem 7 (Memoryless deterministic strategies). Memoryless determin-
istic strategies are sufficient for Player 1 to achieve a DQ.

Since memoryless deterministic strategies suffice, to determine whether a DQ is
achievable we can guess such a strategy for Player 1, which uniquely determines
an MDP. We can then use the polynomial time algorithm of [9] to verify that
there exists no winning Player 2 strategy. This NP algorithm, together with
Theorem [5} gives us the following corollary.

Corollary 1. The problem whether a D(Q is achievable is NP-complete.

Using Theorem [ we can construct an approximation algorithm computing Pareto
sets for disjunctive objectives for stopping games, which performs multiple calls
to the algorithm for computing optimal value for the single-objective reward.

Theorem 8 (Pareto sets). For stopping games, given a vector r = (r1,..., m)
of reward functions, an e-approzimation of the Pareto sets for disjunction of ob-

2
jectives forr can be computed by (M)m’l calls to a NPNcoNP algorithm
computing single-objective total reward, where M is as in Theorem[{}

Proof (Sketch). By Theorem |§| and Lemma |3| (see Appendix , we have that
aDQ = \/T:1 7; > v; is achievable if and only if there exists 7 and © € RT,
such that Vo € X .Eg7[x - rew(r)] > x - v, which is a single-objective query
decidable by an NPNcoNP oracle. Given a finite set X C R™, we can compute
values dy, = sup, inf, Eg'] [z - rew(r)] for all z € X, and define Ux = U,cx{P |

x-p <dg}. It is not difficult to see that Ux yields an under-approximation of

achievable points. Let 7 = m We argue that when we let X be the set
of all non-zero vectors x such that ||z|| = 1, and where all z; are of the form

T - k; for some k; € N, we obtain an e-approximation of the Pareto set by taking
all Pareto points on Ux (see Appendix for a proof).

The above approach together in conjunction with the algorithm for Pareto
set approximations for CQs from Theorem [4] can be used to compute e-approxi-
mations of the Pareto sets for MQs expressed in CNF. The set Ux would then
contain tuples of vectors, one per conjunct.

5 Conclusions

We studied stochastic games with multiple expected total reward objectives, and
analysed the complexity of the related algorithmic problems. There are several
interesting directions for future research. Probably the most obvious is settling
the question whether the problem of existence of a strategy achieving a MQ
is decidable. Further, it is natural to extend the algorithms to handle long-run
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objectives containing mean-payoff or w-regular goals. Another direction is to
investigate the practical algorithms for the solution for the problems studied
here such as more sophisticated methods for the approximation of Pareto sets.

Acknowledgements. The authors would like to thank Ashutosh Trivedi, Michael
Ummels, and Klaus Draeger for the discussions about the problem.
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A Reachability to expected reward

Here we present a reduction of the reachability problem to the one of expected
total reward (a similar reduction was used by Etessami et al. [J]). Note that the
presented reduction yields a game, which is exponential only in the number of
non-terminal target states. Hence, when all states in the target sets are terminal,
the reduction provides a game with polynomial number of reachable states.

Proposition 1. Giwven a game G = (S, (S0, Sy, 50), A) with a boolean com-
bination ¢ of n reachability predicates OT; >; v; (for 1 < i < n), there is a
game G' = (5", (S, S, 55), A7) of size O(|G|-2") and an MQ ¢ combining the
individual objectives r; ><; v; in the same way as in ¢, such that the query ¢ is
achievable in G if and only if the query ¢ is achievable in G'.

Proof. We define G’ so that a reward r; of 1 is gained when a target set T} is
visited, and so that is not possible to visit any target set twice. Formally, we let
S'={(s,I,J)|se€ S I,JC{l,...,n}t}, where in the partition of S’, (s,1I,J)
is assigned to S{, S, or S7 if s is in Sg, Sy or S, respectively. The transition
function A’ is defined by A'({(s, I, J),(s',I’,J’))) = & whenever

— A(s,s') = x;
— I'=1UJ;and
- J={i|seT;}\TI.

For all other values, A’ returns 0. The reward functions r; are defined by
ri(s,I,J)=1if i € J and r;(s,I,J) = 0 otherwise for all 1 <i < n.

To every run $gsj - .. in G corresponds a unique run (sg, Iy, Jo)(s1, 11, J1) - -
in G’ initiated in (sg,®,0). These runs satisfy that for every 1 < i < n and
Jj>0,r((s;,1;,J;)) =1if and only if j > 1, s;,_1 € T; and s, ¢ T; for any
¢ < j — 1. The result easily follows by considering the correspondence between
Player 1 strategies of G and G’. O

B Proofs for Section [3l

B.1 Proof of Theorem [2|

We show that a strategy with infinite memory is needed for Player 1 to win the

game from Figure |2[ for x = %7 when the objective is to ensure that for all o we

have Prg7 (0T;) = #for1<i<3.
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Let h(k) = so(s1525350)". Every strategy m for Player 1 determines (and is
uniquely given by) an infinite sequence of vectors

3
1)7
1

q" = (m(h(k)s18258)(ss, S9) - %,ﬂ'(h(k)slsgSg)(Sg,2),7T(h(k)515288)(58759) . 5),

s m(h(k)s4) (84, 85) -

| =

p* = (n(h(k)s4)(s4,1), m(h(k)sa) (s, 55) -

2w (h(E)susast)(57,2), 5 - wlh(R)sisose)(s7,3)),

1 2
: 7T(h(k)sl8283810511)(511, 1)7 ga g ’/T(h(k)81$283810811)(811, 1))

The intuitive interpretation of vector p* (resp. g*, w”, z¥) is that it represents

the probability of reaching (T4, T, T3) from sy (resp. ss, Sg, S10) in the k-th step
A (resp. B).
We define a winning strategy m by means of the vectors

p 1 32}» 1732:][c+1172k£»1) q :(§2k+la} 32}€+1)7
wk (3.5 + 35— ggm), 1 —wi —wh), 2~

as follows. First, suppose Player 2 picks a strategy o which does not take the
check transition before the n 4 1-th visit to sg. Then the probability of the runs
that reach T while visiting so at most n+ 1 times is independent of o and equal
to V(1,n) = % — 3.22%“, as can be shown by the straightforward induction on
n.

1

2o

1 1 1 1
V(l nil) 92n '(3,2n+1 +§(1 32n))

1 1 1 1

=VAn-D+ o (goem T35~ 3750770
1

:V(l,n—l)‘f'w

11 1 1

T 3 3 92n—1 ' 92n+1

1 —4+3

373

1 1

T3 3.2l

Further, supposing Player 2 picks a strategy ¢ which does not take the check
transition before the n + 1-th visit to so, the probability of the runs that reach
Ty while visiting so at most n 4+ 1 times is also independent of ¢ and equal to



1

3

V(2a n) = 3.221

V(2,n) =
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— 2537z - This is again shown by an induction on n.

1

1
+1 +1
1 1 1 1
Ven-D+ g (5oame T30 - 55071)
1 1 1 1
VEn =Dt g (3gme Ty~ 3op0m)
1
V(Q,nf 1) + W
11 1
g - 3. 22n 22n+2
1 —4+3
37 3 0m
1 1
3 3.2+

Now we are ready to show that m is winning by showing that probabilities

of reaching 77 and

T, are both 1 under any o. By [I8] it suffices to consider

deterministic strategies o. First, consider a strategy ¢ which never takes any

transition labelled ¢

heck. We have
Prg 7 (0T) = nh—>r2<> V(l,n) =

)

Wl— Wl

Prg 7 (0Tz) = lim V(2,n) =

n— oo

For a strategy o which picks check on the (n+1)-th visit to s; we have

Prg7(0Ty) =

Prg:‘; (<>T2) =

1 1 1 1 1

V(L,n) +wi = 37 3.92nf1 ' 92nt1 3 3
1 1 1

V(2,n) - 92n+2 (1- 3. 2n+1) + 92n+1 S wy
1 1 1 1 1 n
3 3.92n+2  92n+2 (1- 3. 2n+1) + 92n+1 " W
1
3

Finally, for a strategy o which picks check on the (n+1)-th visit to s3 we have

Prg’; (<>T1 )

Pfg:g (<>T2)

1 1 1

=V(1,n)+ 9otz 3 .ontl | p2nte =t

1 1 1 1 1
T 37 3.92n41 ' 92nt2  3.9n+l | 92ntz 1
1
=3

1 1 1 1 1

=V(2,n)+z§’:§—3_22n+2 5tz 3= 3
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We have shown that o ensures that each of the target sets 77, T and T3 is
reached with probability exactly %

Now we show that there is no finite-memory strategy ensuring this. Let 7
be a finite memory strategy, determined by vectors p*, g*, w’ and z*. Since 7
is finite memory, there must be a k such that p* # p or g* # q. Let k be the
lowest such number. There are two possibilities:

— p* # p¥. Then necessarily p¥ # p¥. Also note that w¥ = w} = 1. We define
the counter-strategy o to take check on the (k+1)-th visit to s; and get (by
minimality of k) that Prg ((}Tl) + 22,}“ (P —ph) # %

— @" # q*. Then necessarlly a5 # ¢ and zF = zF = 1 and so we can define

the counter- strategy o to take check on the (k+1)-th visit to s3. We get
(<>T2) + 22k +1 (QQ q2) 74‘ 3

This completes the proof.

B.2 Proof of Theorem [3|

We show the undecidability of the problem via a reduction to the termination
problem of two-counter machines. The proof proceeds to establish that a two-
counter machine M does not terminate if and only if there exists a winning
strategy for the game G(M) constructed by the reduction from M.

1. Formally a two-counter machine M consists of a sequence of instructions

ly :insy, - -+ , Iy, @ ins,, where each ins; has one of the following forms:
(a) ¢1 := ¢ := 0 and goto I;;
(b) ¢1 =¢1 + 1 and goto I;;

d) if ¢; = 0 then goto [; else ¢; = ¢; — 1 and goto Iy;
(e) if co = 0 then goto [; else co = co — 1 and goto l;
(f) Terminate.

)

)
(€) e2 =2+ 1 and goto I;;
g

The state of the two-counter machine is encoded by a location [ and two
counter values c¢1,co € N, ie., (l,c1,ca). Given an initial location Iy with
both counter values 0, the termination problem asks to determine whether
a terminal location [; is reached. The problem is known to be undecidable
[14].

2. Let M be a Minsky machine. We construct a game G(M) and a CQ

1 1 1 1 1
= 0Tq, ZgAOTbl ZngTag 26/\<>sz 26/\<>T0252<>Tt21’

where T,, = {a},a;}, Tb1 = {bt,b1}, To, = {ab, a2}, Ty, = {b,b2}, T. =
{ct,c}, and Ty = {at, ab, bl 0L, '}

We define the game G(M ) incrementally. For each type of instructions, we
have a corresponding gadget, i.e., Init, Terminate, Increment, and Decre-
ment, which are shown in Figure[d] In this figure, Player 1 states with double
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(init)in (init)out

®»O ®e

(g, inc;)in (gr,inc;)1 (gr, incj)out

>0
out

(qr, decy)s © (e (qe, decy)

Fig. 4: Operations for counter j. Transition probabilities in stochastic states are
uniform unless specified otherwise. Player 1 states with doubled border contain
a gadget allowing to select arbitrary probability distributions even with deter-
ministic strategies. Self-loops in target states omitted.
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border are of the form @, which allows Player 1 states to simulate

any probability distribution even with deterministic strategies.

Note that for Increment and Decrement gadgets, j € {1,2} refers to the
counter (¢; or cg) that under the operation in the instruction. Moreover we
set i = 3—j. The game G(M) is then constructed by “gluing” the instructions
together. Namely,

— for the init instruction I; : ¢; := ¢ := 0 and goto I, use the Init gadget
and link (int),ut to (gk, op)in, where op is the operation type of ly;

— for the increment instruction [; : ¢; := ¢; + 1 and goto I, use the Incre-
ment gadget and link (g;, inc¢;)out t0 (qr, 0p)in, Where op is the operation
type of lj;

— for the decrement instruction if ¢; = 0 then goto [;; else ¢; = ¢; — 1 and
goto I/, use the Decrement gadget and link (g;,dec;)5.2 to (qk, 0Pk )in,
and link (g;, dec;)2% to (qxr, opi)in-

Note that the (init);, is also the initial state sg of the whole game. In the
sequel we denote the winning strategy of the game G(M) by 7*.

First observe that, since T,,, Tb,, Ta,, Tp,, and T, form a partition of the
terminal states of G(M), for any pair of strategies 7 and o, Prg'] (0Ta,) +
Prg (0Ta,) +Prg5 (0Th, ) +Prg s (0Th,) +Prg% (0Te) = 1. It follows that
for any winning strategy 7, it must be the case that for any Player 2 strategy
o, Prg7 (0Ta,) = Prg’go(()Tag) = Prg7 (OTh,) = Prg? (0Ty,) = % and

»S
Prg? (OTe) = 3.
We then show that, in G(M), 7* must guarantee that, under any Player 2
strategy o, the following properties hold:
(a) For each state (qk,inc;)in, (qx,dec;)in, the reachability probability to
Ty, and the reachability probability to T3, both must be exactly %
(b) For each state (gx,inc;)2 and (qx,dec;)5 ", the reachability probability
to T,, and the reachability probability to T,, both must be exactly &.
To see (a), we examine each gadget, in particular, the “out” states (gg, *)out,
where x € {dec;,inc;}. Consider any two different Player 2 strategies o and
o9 which select, at (gg, *)out, the horizontal and the vertical edge respectively.
As 7* has to guarantee that for any Player 2 strategy the probability to reach
Ty, is the same for o7 and o9 (namely %), at (qr,*)out, the strategy pairs
m*,01 and 7", 09 must give the same probability to reach T}, as well. From
the gadget, the probability to reach Ty, following o3 is % . % = %, hence the
claim. The same holds for T3, .
To see (b), we examine each gadget, in particular, the state labelled by
(qr,inc;)1 or (gx,dec;)7 . By the same argument as (a), the probability to
T,, must be % . % = %. The same holds for Ty, .
Below we show some properties for each gadget separately.
Init. A basic observation is that at Player 1 state sg, 7 must select the edge
2 2

(s0,81) with probability x = £ = 3%5. To see this, consider the strategy o

for Player 2 which selects s4 at state (init),yu¢. As the probability of reaching
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T,, under 7* and o is %, we have that

11 111 1
. (l=p)+=.2.Z I
22 -0t g 503

yielding that x = %, as desired.

By a similar argument, at state so, for 7 the probability of selecting the edge
(s2,s3) must be 2 = 25.

Increment. A basic observation is that when the probability of selecting
edge (ss,s¢) for m* is 32%, then the probability of the edge (sg, $19) must
be :32(% To see this, suppose the probability of the edge (s, s10) is =, and
consider a Player 2 strategy o which selects the vertical edge at (qgx, inc;)out-

By (a), the reachability probability to T, must be §. This entails that

IS SR TN NS U U UPPRNUNE B O O B
22326 4222 YTy 5°9°3 @
which implies that © = —2-, as desired.

3.2c]» +1
Similarly, if the probability of selecting edge (s7,ss) for n* is 3%, then
the probability of selecting edge (s11, s12) must be 3% as well. To see this,
we repeat the same argument as the previous case and consider the the

reachability probability to Tp, which yields, by (a), that

11 2 1 . 1 11 (1 )+ 1111 1
2 2 3-2¢¢ 2 2 2 2 . 2 2 2 3 ¢
where x is the probability of selecting edge (s11,s12) for #*. This implies

that z = %, as desired.

Decrement. A basic observation is that when entering the state (qx, dec;)in,
suppose that 7* selects the edge labelled by “> 0,” and that the probability
of selecting the edge (s13, $14) is 2%, then the probability of selecting edge
(s17,818) must be 32”% To see this, suppose the probability of the edge
(s17,818) is @, and consider a Player 2 strategy o which selects the vertical
edge at (g, decj)ous- It follows that the reachability probability to Tj, must
satisfy

1112_|_111(1 )+1111_1
22320 222 YTy T
which implies that « = %7 as desired.

Similarly, suppose that 7* selects the edge labelled by “> 0,” and that
the probability of selecting edge (s15, S16) is 3%, then the probability of
selecting edge (819, S29) must be 32% as well. To see this, we we repeat the
same argument as the previous case and consider the reachability probability
to Ty, which yields

11 2 1 1 1 11 1111 1

Z.Z. L L .. .. 1)t —.—.—.= ——
223~2C'i2+2222( x)+2223 6

This implies that x = as desired.

_2
32¢ 1
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As the next step, we shall verify that when two instructions are “glued”
together, the counter values do not change.

Init+Increment. We show that the probabilities of selecting edges (ss, sg)
and (s7, sg) for 7* must be x = % To see this, consider the Player 2 strategy

o which selects the vertical edge at state (g, inc;)1. Since from (init);, the
reachability to Ty, must be %7 we have that

111,11 Gomi bl 111
223727273 VT3 5°9°3 %
which implies that = = %, as desired.

Init+Decrement. We show that at state (qk,decj)m, 7* must choose the
edge labelled by “= 0.” To see this, suppose the opposite, i.e., 7* chooses
the edge labelled by “> 0.” The reachability probability to Tj, is

(2 n 1 ) > 1

. — PR— :I; 7’

3 3 6

which contradicts (b).

Increment+Increment. The first instruction is I, : ¢j» 1= ¢;» + 1, goto
I, and the second instruction is Iy : ¢; := ¢; + 1. We show that the proba-
bility of selecting edge (ss, s¢) for 7* must be 32%, and the probability for
edge (s7,ss) must be = 2-. By (b), from (gs,inc; ), the reachability
probability to T}, must be L “which stipulates

6
11 2 1 111 (1 )+ 11 1
2°2'3.25 2222 v G
yielding that x = 32%, as desired.
Increment+Decrement. The first instruction is I, : ¢;s := ¢;» + 1, goto
I, and the second instruction is Iy : if ¢;j = 0---. If ¢; > 0 when executing

instruction I, we show that 7* must choose the edge labelled by “> 0.” As-
sume that this is not the case, and we immediately have that the probability
to reach Ty, is

2 1 11 1
320+ 273765 §
which contradicts (b). Hence, the edge labelled by “> 0” is taken. Then by
(b), from (gp,inc;: )2 the probability to reach Ty, must be %, which gives

<

DN | =
N —

1 2
2 3-2¢4

N —
N —
[N}
[\
[\
w
[\
[N}
[N}
w
(@]

yielding that the probability of 7* selecting the edge (s13, s14 is © = 2% .

For the counter i, again by (b), from (g, inc;: )2 the probability to reach Ty,
must be %, which gives

2 1
3.2 2

_|_

DO =
bl —
N
1\9\->—‘
vl —
m\.m
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yielding that z = 32%, as desired.
If ¢; = 0 when executing instruction I, we have that 7* must choose the edge
labelled by = 0, by exactly the same argument as for the Init+Decrement
case.
Decrement+Decrement.
Here we verify two cases: the first case is that (qs,dec;j ). is linked with
(g, dec;)in, which is the same as for the Init+Decrement case; the second
case is that (qp, dec;/).Y is linked with (g, dec;);n, which is the same as for
the Increment+Decrement case.
Decrement+Increment.
Here we verify two cases: the first case is that (qs,decj )5 is linked with
(gk, incj)in, which is the same as for the Init+Increment case; the second
case is that (gn,dec;)25 is linked with (s, 4nc;)in, which is the same as for
the Increment+Increment case.
. We are now in a position to show the main claim which establishes the
correctness of the construction, namely, that Player 1 has a winning strategy
in G(M) if and only if M does not terminate. We show two directions:
“<=", Suppose that M does not terminate, then consider a Player 1 strategy
m* for G(M). We can pick 7* such that it follows the counter update, i.e.,
7* must perform the following:
- For the Init gadget, at state sg, the probability of selecting edge (sq, s1)
is 5, and at state so, the probability of selecting edge (s2, s3) is %
— For each Increment gadget with index k, if the counter values are ¢; and
co respectively, then
e (s5,56) is chosen with probability - 5 =
e (s7,sg) is chosen with probability 55+ 2( ;
e (sg,810) is chosen with probability =3 +1, and
e (511, 812) is chosen with probability 3.2% )
— For each Decrement gadget with index k, suppose the counter values
are ¢; and ¢y respectively. Then, if ¢; = 0, then at state (qx, dec;)in,
m* selects the edge labelled with “= 0,” and if ¢; > 0, then at state
(qr, dec;)in, ™ selects the edge labelled Wlth “>0,” and
e (s13,514) is chosen with probability 52 577 7 ;
e (s15,516) is chosen with probability 55= 20 ;
e (s17,518) is chosen with probablhty 35T and

e (s19,8920) is chosen with probablhty T 2( .
It is not difficult to verify that 7 achieves the first five objectives. Further-

more, as M does not terminate, under any o, T} is reached with probability
1. This is because the only way to reach terminal states a1, b1, a1, ag or cis
by reaching the Termination gadget.

“=", For the other direction, suppose that there is a winning Player 1 strat-
egy 7*. Then in order to satisfy the first five objectives, 7* must follow
the counter update, as described above. However, in order to satisfy the last
objective, i.e. reaching T} with probability one, 7* must ensure that the prob-
ability to reach terminals aq, b1, a1, as and c is zero. This is only possible if
the Terminal gadget is never reached, implying that M does not terminate.
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B.3 Proof of Theorem [l

We define the set of vectors than can be achieved by Player 1 strategy 7 in k
steps as
RT, = {y eR"|Vo € X.EFI[rew="(r)] > y},

where rew=<F(r)(\) = Z?:o r();), and we let Rop = U, oy RT . For all s €
S, let X be the k-th iteration of the functional given by the equations from
Theorem [4] starting with X0 = {z € R" | & < r(s)}.

Proposition 2. For all k > 0, it is the case that R, ) = Xf.

Proof. We prove the claim by induction on k. The induction hypothesis is

VseS. | J RI, =X,
well

and we want to show that

vseS. | J R, =XxF
well

— Base case. Let £k = 0. We have that for all s € S and all strategies © € II,

R, ={x e R"|Vo € E.Egiz[rewgo(r)] >x}
={zeR"|x<7r(s)}
= X7

Hence, Vs € S. U, ey BT, = X2

— Induction step. Suppose the claim holds for £ — 1, i.e. for all s € S we
have that (J,.c RY, 4 = Xk=1 We suppose w.lo.g. that s has exactly
two successors s; and sg. Furthermore, for £ € {1,2} we define 7 to be the
strategy 7 conditioned on picking the edge (s, s;), i.e. (sg-\) = w(s-5¢-\).
We now distinguish several cases for s € S.

e s € Sg. For any w € II we have that Player 1 picks s; with some
probability p € [0,1] and sy with probability 1 — p. Hence in s, Player 1
can achieve all points that can be achieved by some convex combination
of some points in the successors of s. This can be stated formally as

Riy=dwe( |J (xR, +(1—p)xRL ) +7(s). (1)
pE[O,l]

Further, for any convex sets X, C R" for ¢ € {1,2}, by the definition of
the convex hull,

U @ x X1+ (1—p) x X3) = conv(| ] X0). (2)
p€(0,1] Y



On Stochastic Games with Multiple Objectives 23

k

Now, from the induction hypothesis and the definition of X7, we get
that
U BZx
well
(1) wl L
D dwel | 0 x R+ (= p) x BT i) +7(s)
well p€e(0,1]
1 2
=dwe( |J J xRS o1+ (1 —p) x RE 1) +7(s))
p€el0,1] mell
=dwe( |J ox (| R ac) + (1 =p) x (U BLum) +7(9)
p€E[0,1] well well
@) wt
B gucconv( | J | BI pr) +7(s)
te{1,2} mell
¥ dwe(conv( U XE=1) 4 (s))
Le{1,2}
def Xk

e s € Sy. For any m € II we have that Player 2 picks s; with some prob-
ability p € [0,1] and so with probability 1 — p. Hence in s Player 1 can
only achieve points that can be achieved by any convex combination of
some points in the successors of s. This can be stated formally as

1 2
RY ), = dwc( ﬂ (Px RS, o1 +(1=p) X RS, ;1) +7(s)).  (3)
pe[()’l]

Further, for any sets X, C R” for ¢ € {1,2},

) (x X1+ (1-p)x X)) =X, (4)
pe(0,1] ¢

which can be justified as follows:
x For any « € ﬂpe[m] (px X1+ (1 —p) x Xz), let p be either 1 or 0,
we obtain that € X; and & € X5 respectively.
* For & € X7 N X5, we have that for all p € [0,1], px € p x X; and
(I-p)ze(l-p)xXg,sox=px+(l-p)xc (pxX1+(1—p)x X2).

‘We now show that
UNAET =N U B (5)
nell ¢ ¢ mell

* C. Take = € 056{1,2} Rg;,k—l for some w € II. Then for any ¢ €

'l
{1,2}, xz € RY 1 C Urenr RY, ;- Hence z € NeUren R, p1-
* 2. Take @ € (), U,ep RS, x—1- Therefore, for each £ € {1,2} have a
strategy my such that = € R:f,kfl. We construct a strategy 7 from
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1 and 7y as follows: m(s - sp- A) S 7e(s¢- A) for all £. Then 7° = 7,
and hence Rgzk 1 = R;”Z w—1- Therefore, we have that m satisfies
T € o2} ng j—1 and hence @ € U, ¢ ;7 N, 1T, k 1

Now, from the induction hypothesis and the definition of X
that

we get

s

U &r &8 | cﬂszk L+ 7(s))

mell well
= dwc( U mRsik 1+ 7(s))
well ¢
ﬂ U ngk 1—|—T‘ ))
L mwell

2 dwe((XEF +7(5))

L
dﬁf Xk:
= 5

e s € So. We have that s, is picked with probability A((s,s,)). Hence
in s Player 1 can achieve all points that can be achieved by the convex
combination with coefficients A((s, s¢)) of some points in the successors
of s. This can be stated formally as

RT, = dwc(A((s,51)) X R, 4y + A((s,52)) x RE, oy +7(s)).  (6)

Now, from the induction hypothesis and the definition of X
that

U RZ.

well

we get

s

B | dwe((A(s,51)) x BE oy + A((5,52)) X R goy) +7(5))

mell
= dwe( | (A((s,51)) x R, 1 + A((s,52)) x BT, 1) +7(s))
mell
= dwc(A((s,51)) x | BRI oy + A((s,52)) x | BRI 4oy +7(5))
mell well
= dwe(A((s, 51)) x X5+ A((s, 52)) x X7+ 7(s)
“oxk,

O
Proposition 3. Given a game G, an n-dimensional reward function r, and
e > 0, after k = |S|+ [|5] - %W iterations of the functional F from
Theoreml Ul for any state s € S, the set X¥ is an e-approzimation of the Pareto
set for r of achievable points at state s, where M = |S] - %’lr(s)l for

0= pmln and pmin being the smallest positive probability in G.
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Proof. From Proposition 2| we know that Xf = R, for all k, i.e. the Pareto set
of points achievable by Player 1 in k steps is computed by k iterations of F.

From the stopping game assumption we know that after |S| steps, the game
has terminated with probability at least 6 = p]‘fi‘n, where ppin is the minimum
positive probability in G. Hence, the maximum change to any dimension to any
vector in X* after k steps of the iteration is less than M - (1 — (5)L%J, which
is also the maximum change that any strategy can make over a strategy that is
optimal for k steps.

Hence, for e-optimality after k steps, we need to pick a k such that ¢ >
n-M-(1-9) L757), The factor n is because e-optimality requires that the strategy
achieves a point that is e-close in each of the n dimensions individually. We get
that

e>nM- (1683 & ln(e) > In(n-M) + M;J In(1 - 6)

In(e - (M)~ 1)
T o) [|5|J
In(e - (n >)1> B

In(1 — Kl
( (n-M)~1)
Set k= |S|+[]S]- %] Note that the Pareto set for ¢ at state s is

defined by
Ry ={y €R"|3Ir € Il No € ¥.Eg7[rew(r)] >y},
which is the set whose approximation we aim to compute. We have the following:

— For any point @ € R, there is (by definition) a strategy 7 which achieves x,
i.e. for all ¢ we have EG?[rew(r)] > x. Above we argued that we can find
a Player 1 strategy w that after k steps achieves a point that differs from «
by at most € in each dimension. Hence, there is a Player 1 strategy m such

that for all Player 2 strategies o we have that EgJ[rew=F(r)] > x —¢, which

means that € —¢ € R, = Xf.

— For any point x € X¥ = R i, let ™ be the strategy that ensures @ is achieved
in k steps, i.e. for all o we have Eg?[rew<F(r)] > 2. Again, by the above
argument the point « achieved by 7 in k steps may only change by at most
in each dimension by any other strategy. Hence we have E¢'7 [rew(r)] > z—¢
for all o, and so * — ¢ € R,. ad

C Proofs for Section 4

C.1 Nondeterminacy for disjunctive objectives

Theorem 9 (Nondeterminacy). Stochastic games with disjunctive objectives
are in general not determined already for two objectives.
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Proof. Consider the game G with initial state sg shown below, where the (reach-
ability) objective for Player 1 is to reach state 1 or 2 with probability at least
3

2.
@ Loy 1 @

42_@_2,
@ @

There does not exist a Player 1 strategy m, which, for any Player 2 strategy o
achieves this objective. To see this, consider the strategy o for Player 2 given
by o(sgs2) = [(s2,1) — 1 —n,(s2,2) — n], where n = w(sos1)[(s1,1)], i.e.,
the probability that 7 selects the edge (s1,1) at s;. Note that o may depend
on w. With this Player 2 strategy, Player 1 may reach both objectives with at
most probability %, and hence neither of the objectives is satisfied. However, for
every Player 2 strategy o, there exists a Player 1 strategy 7 (depending on o)

to win this game, for example m(sgs1)[(s1,1)] = 0 if o(sgs2)[{s2,1)] < %, and
m(s081)[(s1,1)] = 1 otherwise. This ensures that the probability to reach one of
the targets is at least %. a

C.2 PSPACE-hardness of boolean combinations of objectives

We prove the PSPACE-hardness of the problem of deciding the existence of a
winning strategy for Player 1 to achieve a boolean combination of objectives
by reduction from satisfiability of quantified boolean formula (QBF), which is
known to be PSPACE-complete. Consider QBF with n variables and m clauses

Y = dx Veodxs .. . Vo, .ci ANca A+ A cpy,
where each ¢; = (If V5 V13) and I} € {x1,-21,..., 2y, ~2,}. We assume that

every clause contains one literal for one variable. The stochastic game that we
use in the reduction is shown in Figure |5} Consider the following MQ

o= NOC, >0 ™)
i=1

/\ (O{p:} <0V O{n;} <0) (8)
i={1,3,...,n—1}

\/ (O{pi} > 0N O{ni} > 0), 9)
i={2,4,...,n}

where set C; contains state xj if clause c; of 1) contains literal =, and state Ty
if ¢; contains literal —z;, for all j.

First observe that in order to win the game, both players have to use de-
terministic strategies only. Conjunction makes sure that if Player 1 has a
winning strategy, then this strategy has to pick either p; or n; in state s; for all
1. Disjunction @D ensures that if Player 2 has a counter-strategy, then it must
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be deterministic too, picking either action p; or n; in state s; for all . Now let’s
turn our attention to conjunction (7). Observe that if Prg? (0C;) > 0 then, by
construction of C;, at least one of the literals of the clause ¢; has been set to
true by some player.

&) ) &)
»M ............ @;<

@) &) @)

Fig.5: Game illustrating PSPACE-hardness. Probabilities in stochastic states
are uniform.

For the “=" direction assume there is a satisfying assignment for v, given
by z; = ¢;, where ¢; : B'~! — B is a assignment function for i € {1,3,...,n—1}
based on the valuation of the preceding variables. This can be directly trans-
formed into a Player 1 strategy in the game from Figure [5| where *; € {p;, n;},
b(p;) =1 and b(n;) = 0:

pi i qi(b(x1),...,b(ki—1) = 1)
7T(.’131 *1 -~-xi—1*i—1) = { .

n; otherwise.
Because ¢; always provides a satisfying assignment for 1, no matter what strat-
egy Player 2 picks, the multi-objective query will be satisfied. Assume now that
1 is not satisfiable, then there must exist ¢ : B"! — B is a assignment func-
tion for i € {2,4,...,n} assigning values to x; such that for any resolution of ¢;
the formula is false. This assignment function defines a corresponding Player 2
counter-strategy in the game

Di if q;(b(*l),...,b(*ifl) = 1)
0'(331 *1 -~-xi—1*i—1) = .
n; otherwise.

The other direction “<” can be proved by directly constructing assigsment
functions ¢; and ¢} from the winning strategy = for Player 1 and a winning
counter-strategy o for Player 2, respectively. This can be achieved because they
both are deterministic (due to conjunctions and as discussed above).

C.3 NP-hardness of disjunctive objectives

Lemma 2. The problem of deciding the existence of the winning Player 1 strat-
egy in a stochastic game with a disjunctive objective is NP-hard.
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pos
i

Fig.6: Game illustrating NP-hardness. State label “i,j” corresponds to v
(resp. v;"“?) if the ith variable in clause ¢; is positive (resp. negative).

Proof. We reduce 3SAT to the problem. Let ¥ be a 3CNF formula with clauses
€1,...,¢, and variables z1, ..., T,,. We construct the game shown in Figure [6]
where the terminal states are v’°* and v;®’ for all 1 < i < m, corresponding
to the valuations of the variables. We further construct 2m target sets, each
a singleton containing either v7°* or v;“Y. We claim that there is a satisfying
assignment to ¥ if and only if there is a strategy m which reaches at least one of
the target sets with probability at least ¢ = ﬁ“ + ﬁﬂ . % . %

For the “=" direction, given a satisfying assignment p, we define a strategy
7 that goes go to v from v if and only if u(x;) = 1 and to v]"* otherwise,
for all i. Consider any strategy o for Player 2, and let j be such that o picks
u; with probability at least % in we (such j surely exists). There must be a
literal in ¢; which is satisfied under p. Let x; be a variable in this literal. If the
literal is of the form z;, then we get that the state v?*® is reached on a path

wipvdev?®® with probability #H and on a path w;,weu;v!® with probability
at least ﬁ“ . % : %, and so the objective is satisfied. Similarly, if the literal is of

the form —z;, we get the same line of argument, replacing v?** with v;"*.

For the “<” direction, we assume that 7 is memoryless deterministic (see The-
orem. Define a valuation u by p(z;) = 1 if and only if v}® is reached from vgec.
Let c; be an arbitrary clause in ¥, and consider a strategy ¢ which goes deter-
ministically to u; in w.. There must be a target set T satisfying Pry? (0T') > q.
Fix one such set 7', and suppose that 7' = {v7°"}. This set can be reached by
the path w;,v%cvP*® and the paths starting with w;,we. Since the first path

v
has probability only the other paths must have a non-zero probability. But

% i
1
m+1"’
since o is deterministic and selects u;, there must be a path w;,wequ;vi’, which
means that the literal z; is in ¢; under u. Since this literal is true under p, ¢; is
satisfied. For T' = {v;"“/} we proceed similarly. 0

C.4 Memoryless deterministic strategies for DQs

We present the proof of Theorem [7]
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m

Assume that there exists a strategy achieving the DQ ¢ = \/j:1 r; > vj.
Then by Theorem [6] we know that for all ¢ > 0 there exists a winning strategy
T which achieves the single objective ¢. = Vo € X .Eg" )7 [x. - rew(r)] > . -
(v —¢) for some . € R™. We can assume 7, is memoryless deterministic (MD),
because such strategies suffice to achieve a single-objective expected total reward
in stochastic games [10]. Define a (countable) set I' = {k=! |k € N}. We know
that for every € € I there exists an MD strategy 7. achieving ¢.. Because the
number of MD strategies if finite, there must exists some 7*, which is MD and
winning for infinitely many ¢ € I'. We prove that this 7* actually achieves ¢.
for all € > 0. Assume for a contradiction that there is some é > 0 such that

Vs € RY,.do € Z.Egjs’g[a:(; -rew(r)] < xs - (v —90). (10)
Pick € € I" such that ¢ < § and
Jx. € RY,.Vo € Z.ngs’a[ws crew(r)] > x. - (v —¢).
But (v —¢) > (v — d), and hence
Vo € E.]Egjs’“[sce crew(r)] > x. - (v —9),

which contradicts . O

C.5 Extensions of separating hyperplane theorem

Proof of Lemma (1| Let I C {1,...,m} be the set of indices such that all
w € W satisfy sgn(w;) < 0. Let U be the closure of up(W) N R™.

If U = ), then we define by x; = 0if ¢ € I and z; = 1 otherwise. For any
w € W, we have

i€l igl

where the left summand is 0. We argue that the right summand must be positive.
Suppose otherwise, then it must be the case that all w; for i ¢ I are real numbers.
But then we can replace any —oo in w by any real number, and get a vector
which by the definition of U lies in U, contradicting the property that U = §).

Suppose U # (. First we argue that U is convex. Let a,b € U, and let
t € (0,1), we show that ¢ := ta + (1 — t)b € U. Let a,b be vectors with all
components non-negative such that @ —a and b— b are in W. Then by convexity
of W the vector

t-(@a—a)+(1—t)-(b—b)=c—(t-a+(1—1t)b)
is in W, and since we have ¢ — (t-a + (1 — t)b) < ¢, we get that c € U.
Let 7 > 0 be the smallest number such that z + 7 lies in the closure of U.
Denote z := z + 7. By the separating hyperplane theorem [I3], there is some
non-zero vector y € R™, st. foralwe U, w-y >z - y.
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We show that the vector y satisfies the condition[l] i.e. that all components of

y are non-negative. Assume for the sake of contradiction that for some 1 < j <m
we have y; < 0. Let w be any point from U. Let d = w -y — 2z - y, and let w’ be
the vector which is obtained from w by replacing jth coordinate with w; + ‘fiyj.
d+1
—y;

Since is positive and U is upwards closed in R, we have w’ € U. So

w' -y = th -

(d+1)+w y==z- y—l

"Yj +th Yn

which is a contradiction, since z -y < w’ - y.

Let ¢ := z2-y — z -y, we have ¢ > 0. We define « by putting x; = y; for
1€, and z; = y; + m for ¢ & I. The vector « obviously satisfies the
condition [I

We show that @ satisfies the condition [2| Let L C {1,...,m} be the set of
indices such that [ € L if and only if there is u € W with u; = —oo. Note
that L C I. Since x; = y; for all [ € L, it suffices to show that y; = 0 for all
l € L. If L = (, there is nothing we need to prove. Otherwise, because W is
convex, there is a vector u € W with u; = —oo for all [ € L, and so for arbitrary
a € R™ the set U contains the vector u® defined by uj* = w; ifl € L and uf* =
otherwise. Then lim,—, o @ - u® = —o0 if y; > 0 for any | € L, contradicting
that y - u® > y - z for all a.

Finally, we prove the condition [3] Let w € W. The product w -  is defined
by the condition [2] Also,

w - xr = E w; - T; + E W; - T

iel igl
5
:Zwi'yi"i‘zwi'(yi""mi)
el il |25 7l +1

= w - y+ wz.i
Z |Z] 1ZJ|+1

iZ1
cw-yYy>z-yYy=z-yY+e¢

= (Zzi-xi—l—z,zi-(xi—m))—i-a

iel igl
( e E— )+5
MZI ; 1 J|+1

> z-x.

where the first inequality follows because all w; are positive for ¢ & I.

Extension of Lemma [1| to boundary points By a modification of the proof
of Lemma [I| we can obtain the following lemma, which establishes an existence
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of separating hyperplanes for points on a boundary of some set in Euclidean
space.

Lemma 3. Let W C R™ be a convex set satisfying that for all j, whenever
x € W and sgn(z;) > 0 (resp. sgn(z;) < 0), then sgn(y;) > 0 (resp. sgn(y;) < 0)
for ally € W. Let z € R™ be a point which does not lie in the interior of up(W).
Then there is a non-zero vector x € R™ such that the following conditions hold:

1. for all 1 < j < m we have x; > 0;
3. for allw e W we have w-x > z - x.

Proof. We can obtain the proof by the following modifications of the proof of
Lemma [1} Since z possibly lies on the boundary of up(WW), we might get 7 =0
and so € = 0. Nevertheless this does not cause any problems since the part of
the proof proving condition 2] of Lemma [I] will be omitted, and the remaining
parts, proving conditions [1| and [3| carry over without any change.

C.6 Pareto set approximation

In this section we provide the proof of Theorem

First, observe that for stopping games, the maximum expected reward is
a real number (i.e., M € R). Hence by Theorem [f] and Lemma [3] (see Ap-
pendix , we have that a DQ ¢ = \/;n=1 r; > v; is achievable if and only if
there exists 7 and x € RY, such that Vo € X . EZ][z - rew(r)] > x - v, which is
a single-objective query decidable by a NPNcoNP oracle.

Given a finite set X C R™, we can compute values dg = sup,. inf, Eg:[az .
rew(r)] for all x € X, and define Ux = cx{P | - p < dz}. It is not difficult
to see that Ux yields an under-approximation of achievable points.

Let 7 = m We argue that when we let X be the set of all non-
zero vectors @ such that ||x|| = 1, and where all x; are of the form 7 - k; for

some k; € N, we obtain an e-approximation of the Pareto set by taking all
Pareto points on Ux. We show that, for any point in the Pareto set, there is
an e-close point in Uy. Consider any point p in the Pareto set and let 7w be
a strategy which achieves this point. Note that for some y € RZ, such that
|yl = 1 we have p -y = dy, since otherwise p would not be a Pareto point.
Let & = argmin_. y||z — y|| be a vector in X, which is closest to y. Note that
dy —de <m-M -7 and thus dy; > dyy —m - M - 7. For the point ¢ =p — =, we
have q - © < d; because

ge=pz—— z<pytpT—(— y——T)<dytM T——tm-7
m m m m
de+m.(M+1)-T—£de—m'M'TSd:m
m

and so g € Ux. Since ||p — q|| < &, this concludes the proof. The result follows

2
from the fact that |X| < ( M)m_l. The other direction can be proved
similarly. a



