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The rather Jprbe numper of books thCh WTOﬂeoSALO give & de-
finition of the concept of probebility fmell into two distincy
categories : some have been writtén‘by working statisticians,
and some by philosophefss The stetisticians ternd to fall into
errors typical of the won-philosopher ; while the errors of the
phildsophers are typicelly philosophical. The fundamental source
of both kinds of error may be traced to an uulversal lack of |
understa ndlﬂé of what exactly it is tc define an abstract concept
1ike probebility, snd of the methods which are qpollcab]e to such
a definition. Philosophers of the so-called Oxford School justly
cleim to heve an understanding of these things ; and,; as I hope
to show, their methods can\be successtfully applied to the eluc-
idation not only of thé;pqﬁgeptﬁgfVprobabilityg but of & number of
related concepts in sﬁatiétics. Furthermore, once the correct
approsch to the task of defining probability has been adopted, it
is pot difficult to reveal the mistekes in other definitions thet
have beeﬁ proboﬁyded N they will bé'seen to besr a merked re-

semblance to certain well-known philoscphicel mistskes, which

Oxford philosophers have slready gucceeded in rever Ling snd refutiog.

Minelly, en important controversy current between the proponents
of Tival views on the nature of probability - that concerning the

orobability of hypotheses, can be quite decisively resolved.




A few modern philosgophers, among them Urmson, Kneale, and
roulmin, have sought to ease the tesk of defiuning probability by
first analysing the usage of the adverb ‘probably’. Their sna-
lyses, though interesting in themselves, do not seem Lo shed much
lisht on the usege of the conceplt of numerical probability ; for
there are meny circumstences in which the adverb may correctly be
usBd, end not the noun, ond vice versa. One may say that if yon
togs » newly minted florin, the probability of its falling heads
is one half, but one uway not with propriety séy thet it will
probabikly fall heads , ory for thal matler, that it will probably
fall tails. One may say thét_the theory of relestivity probabigixy
gives the correct explanatiocn of the shift in the perihelion of
Mercury ; bul it would be manifestly absurd to say that the pro-
bility is point nine eight seven that it does 50. Thesg ikwg first
exsmple® showsthet an analysis of the adverb fprobably' c¢snnol be
s complete account of the usage of the corresponding noun, and
the second that it is unnecessery Tor an understanding of the
ussge of the noun %0 glve an account of all the circumstances in
which the adverb may be used. There are undoubitedly connecltions
petween the usage of the noun and the adverh, _and it would certaiunly-
be interesting and instructive to investigaté these comﬂeciions ;
hut such an investigation can hardly begin uantil the aJucept of

probability has been independently elucidated.




This paper ia as free from techoical terms as it can be made.
There are, however, a fow terms that cannot be dispensed wikih.
The word 'trisl' refers to any experiment or action whosse outcome
is unknown when the triel is made. To toss s coin, to cast a die,
or Lo take s coloured bsll from an uru, is to make 2 trialg.whoée
outcome may turn out to be 'heads', or 'gixes', or 'a red bhall'
a2s the case may be. On a less trivial level, to maﬁe LWo var-
ieties of sweal pea, or to megasure the héight of a randomly chosen
school-¢child,; is to make‘é trial, whose outcome may he recorded,
snd feature in statistical reasoning. The related terms 'expect-
ation' and 'deviation from expectation' will be defined during the
course of the peper. Two other terms will £& coastshtly recur :
sn 'universsl hypothesis' 1s one which explicitly or dmplicitly
uses the concept 'all'. 'All men are mortsl' is » prime exasmple of

as is also
an universszl hypothesis ; Buk the more interesting statement that
an unsupported body falls with an sccelerstion of thirty feet per
second per second. A statistical hypothesis, on 'the other hend, i
is one which either explicitly or implicitly uses the concept of

probabilicy. 'The probabllity of heads is on helf' i1s an ob-

ok inllligone e peanglintt

viqps example ;  but the statement eavivtonmer B et
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intelligeonee yguwkirx is a2 more interesting oune. L3 e
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An essential part of the aunswer tolhe guestion 'In whaﬁ way
sve statisticsl hypotheses nsed?! 1s given by the answer to the
question 'In what way are they useful?! It is obviously very
useful to know what events are goling to occur in the future ; for
we can then agjust our policy decisions to secure any attainsble
end we may desire. It is there quiteobviously useful to estab-

, avents
1ish universal hypotheses which tell us guite categorically what/
will and will not occur when certain conditions are repeated. Bub
of what use is it to establish thet the probability of an event's
occurring is such and such?  The answer is that knowledge of pro-
bsbilities is also very useful when we wish Lo make practical de-
cisions sensibly. A young warried man X with two ilnfant sons is
worried by the possibility that he will die before his sons are
0ld enough to support their mother. If he is tol@ that the pro-
bhability of his dying so young is only one in a thousand, he may
well decide that the risk is worth taking, and will refuse to take
out an expensive imsurance policy. If, however, he finds out that
the probebility is in fact nearer one in ten, he will reslise that
the risk of leaving his dependends destitute is too grest, and may
well decide to insure his life. The establishment of the truth
df s statistical hypothesis is of primary coucern Lo anyone con-
gemplating taking out an insurance policy, or tryimg'¥o decided on
the werits of policies offered by rival Pirms. It is obviously
of even grééter impoftance +o the insursnce companies.when they

have Lo decide on reasonable premiums.
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A knowledge of the relevant probabilities caun be of pract-

a1l use Lo a woman whose Tamily hes a histbry of heemophdlis, when
e has to decide whether she dare wmarry and have children. If

e is 2 carrier of the disease, ther the probshility is one half
et any son she hes will die young as a result of inheriting tlhe
sease ; and 21l her daughtersy will have Lo face the fearful
lemms which is fow troubling her. 1f, however, it transpires
w21, none of her four brothers and three maternsl uncles suffer

rom the disease, then it can be calculated that she herself is

»ry unlikely to be a cerrier, aud she wmay marry in comparative
scurity. If, however, she has = brother with the disease, the
robability is one half ihat she is a carrier, snd she may well

nke the decision never 1o marty. A correct knowledge of the
robabilities is of Lhe utmost importante to & women in this un-
ortunete situation, and mey well save her from condemning herself

eedlessly to a life of spinsterhood.




The paradigm case of the influence of tﬁe knowledge Of.pron N§
babilities on the choice of policy is in betting or gambling.
Tf you find out that the horse 'Nonsense Rhyme' will win the next
Derby, you would certainly be willing to stake a lot of money on
that horse. But if you merely knew that the probability of its
winning is e half, you would still bet on the horse provided that
the odds you were offerered were twelve to one, six to oﬁeg three
to one, or in fact any odds more favourable then evens. If you
were offered odds of three to one,qyou would calculate your ex-
pectation of gein as follows : there is half s chance of the horse's
winning, bringing you a gein of three hundred pounds ; there is
nalf a chence of the horse's losing, entailing & loss of one hun-
dred pounds ; one half of three hundred plus oue half of minus
xgg;ﬁ hundred makes plus fifty. Your expectation of gein-is plus
fifty pounds, and you should accept the bet. In horse-racing 1t
it very rare to know the probabilities concerped ; butl in card
games and dice games the probabilities are determined by the
very rules of the game, which decree that the sﬁuffling should be
fair snd the dice unblassed. The sensible player should know the
probabilities involved and be able in all circumstances to determine
his best policy. Histpopically, it was the gemand of a geuwbler for
s decision on the advisability of & certain betting policy which
ted to the first systematic application of the calculus of pro-
babil‘itiesa But althou gh geming probabiligdes are hlstorlcally
imﬁértaﬂt, and still provide & paradigm case for the use of the
concept, & man who hes s moral objection to gawbling may stnll
nake successful use of probabil ties when his opponeut is Nature ;

a sl -
that is, when the gesin which accrues 1o him &8 8 result of & suc




cessful choice of policy does wnot entall the loss of a fellow

cresture. Indeed, in most non~recrestional uses of probability
it is Wature, so to speak, who plays the part of & eppo..eni; as
the examples of the last paragraph show. _ _ 1
The procedure for eslculating expectations is fundamental
to the use of statistical hypotheses ; for it is dn the besis of
an expectation that policy is choseun. In general, the policy
which gives the highest expectation of gesin (or lowest of loss)
which is to he preferreﬁ. In theqhorsewracing example, to reject
the bet would obviously mean that the expectation of gsin 1s zero.
to sccept it, that the expectation is greater than zero ; there-
fore the bet is accepted. To calculate an expectation is quite
simple : Ssuppose you receive alpha pounds if event A oCCurs,

bets pounds if event B occurs, and gamma pounds 1if event C occurs.

Suppose further thst the pvents a4, By, arnd C are mutually exclusive,
in that not more than one of them caun oceur ; and exhaustive in
thet one of them must occur. Then the expectation is alphes times
the probability of A, plus beta times the probsbility of B, plus
gamma times the probebility of C. Expectstions can thus be cal-
culated Tor any number of matually expclusive events to which
probabilities have been assigned ; and the technique c&n . be
extended Fo cover an infi.ity of of possible events. ~The concept

of probahility {tself can be subsumed uander that of expectalior,

for Lo say”that the ?robability of A is alpha is equivalent to
saying that if you were paid one unit on coadition that A_occurred
but iost nothing if a did aot occur, your expectation is alpha.
But the concept expectation is wider than that of probability,

for it can be used to decide policy even whern the,probabilities




are unkiown. A business man seeking a2 reslly safe investment at %;
four percent will invest his money in Premium Bonds, knowing that
his expectation is four per cent per snuum, ever though he is
quite ignorent of the prokabili ty thet he will wia the thousend
pound prize. The concept of expectation is used extensively in
statistics, but in the rest of this paper I shall confine myself
to that small section of the concept which is directly connected
with probability.
sort of

we now know of what use & statistical hypothesis can be once
it has been established ; but the guestion immedistely srises
'How do we establish a statistical hypothesis?'. The task of the
gambler is simple enough ; he knows that certain stateuwents of
probability are true, because he kunows Lhet his opponents are
niot card-sharpers or cheats ; butl no-one could cslculate from the
rules of some game what the chance ef is of his dying before the
age of fif'ty. To obtain factual kuowledge of this sort we have
to use the only method which can ever yieldfactual knowledge of any
sort - thet is the inductive method. First we observe closely
certain events that have occurred in the past ; these may suggest
to us & hypothesis. From the hypothesis deductions may be drawii,
snd then further observations may be made; oF experiments perform-
ed, and 1f consequences deduced from the hypothesis.fail to occul,
the hypothesis is rejected. This is in effect the ﬁrocadure used
py statisticians. A doctor, perhaps formulates a hypothesis that

' equally : _
in England s T.,R., patiert is =& likely to be male &8 female. .
The statistician can draw & sanple of , say, four hundred patients
to test this hypothéSis. The expected number of men in the

sarple, according to the hypothesis, is two hundred, for if you w




were offered one upit 1f a patient turned out to be mele, your \\§
expectstion on each patient would be ore halfy, send your expect-
atior on all four hundred patients would be four hurdred times

one half, that is two hundred. Now suppose in fTact when the sauwple
is inspected, it turns out that there are only one hundred and 8%
sixty men, Torty less than the expectation. Fhizs merusxibakxif
then there is said to have occurred a deviatiow of Torty from
expectation. This ;ans that if you had fTollowed the advice of

the hypothesis, snd bet evens on each patient that he would be

2 man, you would have lost forty units ; if you had bet evens on
women, you would, of coursae, have won forty units ; but if you

had been offered & bet on women a2t odds just slightly less favor-
sble than evens, the hypothesis would have told you to reject the
bet, snd you would have missed the oportupity of winuing , say,
thkirty pine units. Thus the occurrence of a2 deviation is an un-
favourable sign, for it means that you have exposed yourself to

the chance of losing money, and to the chance of missing the op-
ortunity of winning it. If your original hypothesis had been that
the chance of a patkentfs belng a man igogix tenths, then expeci-
stion would have been one hundred snd sixty men, the seme as lhe

observed value, and there would have been no deviation from ex-

pectation. Tn that case you would have rejected the bet of evens

on men, ond avoided losing forty units ; snd you would have accepi-
ed the bet~bn women, and thus avoided failure to win thirty nine
units. Thus & hypothesis sccording to which the deviation from
expectation is zero or quite small leads to policies thatvwould
have turned out in s real sense to be better or at least as good

in every case ss policies which are based on a hypothesis accord~

ing to which the deviation k8 large. ZhusxaxhypskResis




1su & large devistion indicates thet & hypothesis is not a very \§@
od one to guide our decisions,; for it Xg has proved to be daﬁgw

rous and liable to lead to large losses ; and therefore large
swvistions inecline us to reject & hypotheisis as false,

The problem immediately arises, how can the largeness of a
2viation be measured? How can one deviation be compared with
wother with respect to size? Clearly the absolute size of a de-
iation is 1o guidey for the larger the number of trials, the Iz
rger the deviation tends .o be; a deviation of fexty in four hun-
red is sufficient to lead us to reject the hypothesis concerned,
1t 8 devistion of forty ome in four thousand would excited no com-
2nt.0 Relative size is of no more use than absolute size,; for a
sviation ©f one in two trials, which would occur if the first two
hsses of a coin resulted in heeds; Is quite normel, even though
. is @ deviation of one hundred percent ; wheress if ninety heads
rcurred in the first hundred tosses we should certainly suspect
he fairress of the coin, though in this case the relstive deviation
s only eighty per cent. Statisticians have elabiorated a measure
£ the size of deviation which is intuitively guite appesling ; it
S based on the so-called significance of a2 deviation, that is,

n the probability, calculated according to the very hypothesis,
¢ obtaingng a deviation as great or greater than that.actuaily

pserved. In the csse cited, the statisticisn first assumes the

octor's hypothesis of equiprobability is true. He can then cal-

nlate tﬁe probability that exactly three or twenty three patients
ut of four hundred are mén, apd by asdding, can find the prob-
bility that less than one hundred and sixty or more than two hund=

ed apd forty patients are male. ™his is obviously the sauwe a8




the probebility that the number of male patients should differ Kéﬂ

from expectation, two hundred, by forty or more. This probsbil-
ity is in fact very low, less than one thousandth, which is said
to be 2 very high level of significance, and would generally be
considered quite hi-h enough to Jjustify a rejection of the hypo-
thesis in question. 1In general, when = devistion is observed that
is very improbable, it is said (o be highly siginificant, and the
hypothesis asccording to which the deviation and the probability
have been calculated ;iﬁmto be.rejected. This procedure can be
interpreted in & more intuitively scceptible way. The doctlor
who propounded the originsl hypothesis could himself calculate
the probability of a deviation as great.or grester thsn forty in
a sample of Zxs.-®W four hundred patients, and on the basis of his
calculation accept odds of a thousand to one against such an oc-
currence. But if he had, on the basis of the hypothesis, accepted
not forty, but
such odds, he would have lost a thousand units ; Turthermore,
even if his bet had been successful, he only stood to win ome unit.
So large a loss when considered in compariso with so nugatory a
possible gain, would be guite unacceptible to most people ; and
therefore most people will reject the hypothesis that leads to kk,
to the acceptance of so disastrous a bet.

The above account gives the logic of a rejection Iule Tor
statistical hypotheses. It is similar to the rejection rule for
upiversal hypotheses, in that it involves first the temporary
assumption of the hypothesis, and then the calculation of zhe
logical consequences of the hypothesis, end then the observation
of the relevant facts‘to tgét whether the consequences in fact

occur. RBut there is one importent snd obvious dixtinction be-




tween the two types of rejection rule ; for an universal hypo- ‘Kiﬁ
thegis is regﬁﬁﬁéd absolutely and irreversibly by a2 single unfav-
ourable observation; and can never again afterwards be reaffirmed.
Whern the first blsck swan was discovered the hypothesis that sll
swans are white had to be absndoned, snd however many white swans
were subsequently observed, this particular hypothesis could never

Se revived. Bui this is not so with statistical hypotheses. We
may start with the hypothesis that a particuler coin is unbiassed.
After tossing it four hundred times-we may find that it has falleun
heads only one undred and sixty times. A deviation of fortyx iun

s sequence of four hundred trials, is, as we have slready seen,

very improbable, and therefore we may well reject our original
hypothesis. Then perhsps the coln is tossed another four thou-
send times, and in the whole series of four thousand four bundred
tosses the number of hesds is two thousand two hundred and sevens.
Then we should be inclined to believe that we were wrong in re-
jecting the hypothesis, and we may, without logicsl impropriely,
reaffirm it. Tt is this irrefutibility of statistical hypotheses
which meke them impossible to define in terms of the simply veri=-
Fiable snd falsifisble statements of observatiom. Butl it is exact-
1y this which mekes statistical hypothesés so useful to the pract-
t1cal scientist working is such fields as agriculture,. forestry,
genetics, or psychology ; for in these disciplines pfactically
sny universal hypothesis is-refuted and becomes unusable after the
first £en or twenty obseérvalions have been made. In fact, pro-
grees in these fields has only been made possible in the last half
centyury by the disco&ery and development of more velined statistic-

a1l methods.




The rule of use and the rule of rejection mf ordain the re- \33
lationships between statisticel hypotheses and the verifiable
predictions or semi-predictions which mey be based on them, and
between statistical hypotheses and the verifisbhle stestements of
observation that may be brought forward to disestablish them.

But in addition to these relatiouships, there is a relationship
which statistical hypotheses may besr Lo one snother : this re-
lationship is one of logical implication. Juskxms One universal
hypothesis may logicslly Jdmply another ; and just as the logic
of quantification explores these deductive relstionships between
universal hypotheses, so does the logic of probehility examine
deductive reletionships betvwesn stetisticeal hypotheses. The
logic of probsbility is used exteunsively in the calculation of
expectations, deviations, and sig nlflcenue levels., and it is

apdicialwn
therefore essential to the prepstppdersianding boith of the Tule of

use and of the rule of rejection. The axloms of the ?o jie of pro-
bahility are less intuitlively obvioug than those of ordinary loglc,
but it csn be shown thet no other alternative logic could pos-
sibly serve the purpose of helping us to decide our bhetiing pol-
iciesy for a contraverntion of the traditional rules must lead to
immediate dissdvautsge, as was shown by Frauk Hsmsay in hiS‘iﬂ”

teresiting article in The TFoundaiions of Mathematics. - The law

Lo o _ i
of negat 10nA#éyg thet the probability thatl an evertdoes not occur

is equal 1o one minug the probability that it does occur ér,

rephragsed a5 s logical implication, the statement that the ﬁr@b«
sbility of 4 is p logically implies the statement that the prob-
pbility of not-4 is oﬁe_minugpa Let us consider the case of a

man who contravenes this rule, and simulteneously asseris sl the
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81. The probability of A is iwo thirds ~
52 e probability of A not occurring is two thirds.
According to 51, such a men must accept & bet which gives him
one pound if A occurs, aad lose him two pounds if A does vot
oTcur, Similarly, according to 52 he wust accest a bet which
gives him one pound if A does not oceur, and lose him two pounds
if A does occur. 3o he wmust accept both bets. Then if A occurs

pound
he wins one mmik on the first bet, and loses two pounds on the
second : Lotal loss one pound. SUt if A does not oddur he loses
two pounds ou the first bel, and wins one pound on the second :
total loss agsin one pound. - Thus whether A occurs or not, our
friend will lose s pound. Such is the penalty of Comtravening
the law of ﬁegationa The rule of addition states that xhexp
if A and B are mitually exclusive events, the probability of
either A or B occurring is equal to ithe probabilityrof A plus Lhe
probability of B finus the probability of both A snd B occurring).
That is to 88y assert a logicel relationship between threem stet-
istical hypotheses :
Pl. The probsbhbility of A is x
P2. The probability of B is y
P3. The probability of A or B is z (where z equels x plis y)
the rule steltes that sny two of these assertions logically iwply
the third (provided that A and B are exclusive events.) iow Sup—
pose - a maﬁrcontraveﬁeﬁ thig rule,; and simultsneounsly assertis
31 The probability of A is one third

52 The probability.-of B is one third.
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53, The probability of A or B is one half,




such a men would have Lo accept the following three bets : x!ﬁh

&

! J‘ nd -
net L gives him four pounds of A occurs, and loses itwo pounds otherwise,

B IT gives him four pounds of B occurs and loses him

two otherwise.
R TI1 gives him three pounds if neither A nor B occurs, and loses
him three pounds 1T either of them occur. Then there are thiree
possibilities Pl. That A occurs, and that'the wan wing four pounds
on the fivst bet, loses two pounds on the secoud, and three on the
third: totsl losss one pound. The smme loss is suffered if B
CoUrS . Tf peither A nor B occurs,- the man wins three pounds on
bet three, but loses Lwo pounds on gach of the other bets. Lo
it tramspires that in any event the wretched man is condemned to
losing one pound, a 1088 which might convince him of the validivy
of the traditiorsl rule of the addition of probabilities, B

T have pow gfiven, with almost inexcusable oversimplification,

a1 outline of the snalysis of the usage of the word 'probability‘e

T would be very surprised if such an analysis were Lo satisfy =
working statistician oT 8¢ entist. His obvkous objection might
be expressed : 'Yes, yes but we know all thet already. Af'ter
all, we have been using the concept of pvobablllty for many year
and we ought to know how to use il correcily by ToOw. Yhat we
want from a philosopher is not s repetition of what we know, but
s true definition of the nmeaning of the words Wwe use.daily.; for
this you have nob given us ; @and we shall not be &@Li fied until
we get ita”: In order to meel such an objection it would be nec-

Y

essaTy to glve 2 short course of instruction in the discoveries od
modern philosdphy, I would point out Lhﬂt there are many ways of
defining a concepl ; nd the way chosen Lo define a particular

concept depends on the nature of the concepl in question,; for



for certain kinds of concept only admit of certain appropriate \ié
kinds of definition ; and to force the wrong sort of definition
on & concept can be proved Lo be mistaken, by showing that the
wrong definition leads Lo a2 misrepresentailon of Lhe usage of the
concept. A simple property mey be defined ostensively ; a bio-
logical species may be defined per genus et differentiam ; but it
would be absurd to maintesin that the only legitiwaie form of def-
inition was the latter form, end attempt to define the colour green
per genus et differentian. The field of matlhematics provides
apposite analogies. The concept of infinity may be given a con-
textunsl definition, the ancestor relation may be given an impre-
dicative definition, and the word 'theorem' itself may be given

a recursive definition. But if a men objects that these forms of
definitions do not truly define, then he is faced with the fact
thet the concepts in question are strictly indefinable by any other
méans'whatsoever@ Brogrees in the field of logic and the found-
ations of mathematics has only beenr wade possible by the discov=
ery and accephtance of new kinds of definition ; in philosophy
also, progress has only resulied from the realisation that abstract
concepts like 'all' or 'good' cannot be given non-circular defin-
itions of the traditional kind ; but that there meaning could

only be adegnately explained by analysing their usage ; =and that
in fact, tolknow what & word means is nothiug more'thén to bhe

able touse.it corvectly. - I the objector remained unconvinced,

T Wouid challenge him to say exactly which of the many kinds of
definition bf probability he would consider adequate ; and then

T would try Lo probe‘that such a definition is in principle im-
possible. T do not know whether such 2 line of ressoning would

. i et et i Cir 98 an ‘ble Lo
t to a scientist I only hope 1T 18 acceptibl
be pcceptible to ’ the philosopher.



The more philosophiczl of the authors who have publishea ~J7

their works on probability have adhered to some sort of 'degrec
of belief' view of the nature of probebility. Propouents of
such & view In its simplest form maintain thet to assign 2 prob-
abllity to an event is to report on an act of introspection, by
which your intensity of belief in the proposition that the event
will occur has been meessured. If T say that the probabili ty of
heads 18 one hplf, I am supposed to mesn nothing more than that
T entertain towards the proposition that the coin will Tell heads
an intensity of belief that is measured as one half along a stand-
ard scale which stretches from nought to one. But this is quite
dimply not truye. In éommon with most people,; my feelings of be-
lief do not have degrees ; I either believe 2 proposition, dis-
believe 1t, or else remein in douBt sbout its truth. REven if

s more subtle intuition would revezl that my feelings of belief
could be graded, perhaps into as meny as Tive categories, T must
remsin utterly incspable of assigning to this feeling, or to any
other, a numerical measure of intensity. But let us suppose
even that it 1s possible in primciple to measure the intensity of
ry feellngs of belief ; surely I would not thern assess the prob-
ability of an event by the intensity of my feeliug j; surely I
would rathex attempt to adjust the intensity of my feeling AE

jn ackordance with my kunowledge of the probabilitieé concerned,
Just 59 T try to adjust the intensity of my feelings of moral in-
dignation or gpprova1 to the degree of moral WleedﬁeSu 0T Zood-
ness which T believe to be inherent it the scts T am considering.
Philosophers will see z great similarity between the degree of

pbelief theory in its most neive form and other subjectivist de-

)
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finitions in other branches of philosophy ; and will therefore b?h?
able to adapt the familiar arguments ageinst subjectivism to this
CcRsSe.

More recent proponents of the degree of belief view adopt a
behaviourist approach. They have taken into account the argu-
ments advanced by Professor Hyle, and realise that belief ismw ot
s feeling at 811, and therefore thal a measure of its intensity
by introspection is quite irrelevant. Their enslysis ol the con-~
cept of degree of belief is véry similar to the one I have given
of the uvse Lo which statistical hypotheses may be put. They give
a procedure for determingng the numerical value of our own snd oiher
people's degrees of belief by finding out what odds they are will-
ing to accept. If & man is willing to accept any odds more fav-
ourable than evens when bhetting thet heads will accur on the tos;
of a particular coin, 2nd is also willing to accept sny odds wmore
fevoursble than evens whern betting that tails will occur, then we
may with reason assert thet his degree of belief in the predict-
jon that heads will occur is to be measured as one half. A sim-

discover

ilar anelysis is to be applied to/one's own degrees of belief.

The error of this snalysis is thet it uekes the assertion of a
statistical hypothesis tantemount either to a simple prediction of
ones own behaviouf when faced with a betting situatioen, of else
to an offer of betting odds, of the form 'Iwill bet ényone who
cares Lo sccept such end such odds that so and so will occur!' .
guch an uttersnce is in effect performative, insofer és it commits
the utterer to a certsin line of actlon in certsin situations.

¥ow it 1s true that if_a men asserts a statistical hypothesis, and

then refuses to accept odds calculated as acceptible on the basis




of %his own hypothesis, he is thereby convicted of hypocrisy ; put 14
then 8o 18 @ men who asserts that State Schools are in every way
as good as Public Schools, if , at great expense, he serds his own
sons to Public School. But this does not proke that the asseri-
ions in question are merely performative ; for they obviocusly have
other connotations. A hypocrite is not necessarily a liar.

Philosophers have tried to express the other connatations of
ari assertion which ssskgrns s probebility, by defining thst term as
s Tational degree of belief.  The addition of the word rationel &
does supply some of the deficiencies of the original formulationl
The word rational has two aspects : firetly it is prescriptive,
in that it sdvises others also Lo adopt certein betting policies.
To say that one half is & rational degree of bpelief is to advise

.

others to accept any odds wore favourable then evens when they

have to decide on a policy whose outcome is dependent on the oc-

currence of the event whose probability is ssid to be one half,
The scientist who establishes intricate probzbility formulese is nol
mérely saying what odds he hiwself is willing to accept s he is
informing others of what odas it is sensible or retional to accept.
The second sspect of the meaning of the word retional is that it
presuppeses Some general rule or principle which dictates the

o clsim to -
procedure for establishing oF refuting kke/retiohality. Propon-
ents of the degree of belief theory make no attempt t5 elucidate
what this rule of procedure cen be ; they suggest that intuition
is the basis of a cleim to Tationality, s suggestiou which philo-
sophers now realise 1o be unacceptible. The rule of rejection dor
statisticai hypothesés_seems to provide the requisite procedure

at lesst for defeating 2 cleim of rationality ; eond this is what
is pecessary to complete the snelysis of the councept rabe. deg. bel.
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The chief defédt of 211 forms of the degree of beliel theory

s that they represent a statisticeal hypothesis es esrising ir the
ind of the asserier either as a result of an act of introspecticn,
r ag & more or less arbitrary decision of policy, or simply as
prediction of the asserters behaviour.. They leave entirely out
£ consideratio& the lsborious experimentstion, the meticulaous &
rawing of samples, snd the intricate statisvical calculatlons

nat are in fact mede before a steiistical hypothesis is asserted
v rejected. It is this espect of the usage of statistical hyp-
theses which is most emphasized by the rivals of the degree of
elief theory, who hold what is known as the relative freguencey
iew of the nature of probability. This view also gives a pro-
sdure for the determination of probabilities. Consider & tlype
f trial which cean be repeated an indefinitely large number of
imes ; that is to say, however uany times it hes already bheen

a formed, it can always be performed once again. When each trial

been performed
ne meeyrxed, there mgy occur one of two outcomes,; A or not-A.

hen o sequence of trials is started, snd their outcomes are noted.

'hus s sequence of A's and not-A's is obtsined, which may be mede

ndefinitiely long by continuing the trials. After each trial
‘he pumber of time A has occurred 8o far is counted, sund the number

i divided by the number of trials performed to date, thus arriv-

the occurrence of

ing at the relative freqguency of/As among the first n trials.

These relative frequencies then form a sequence of fractions as

long as the original sequence of trials from which they &aTe cal-

culated. This sequence of fractions ma

beyond all 1imit, and may be considered to behave mathematically

y slso therefore be extended




1ike sn#t infinite sequence. Under certain conditionsy therefore,
it may be sa2id to comverge to a rela,; number, and if it does so,
this number is said to be the probability that the trial has out-
zome A

This sort &f anslysis as it steands is quite unacceptible, for
it fails to give any practicél method for establishing or cis-

establishing s stetisticel hypothesis. According to this view,

in order to mskmhiizk discover the value of a probability we first’

need to perform an infinite number éf trials ; then make and in-
finite number of calculations of relative freguency ; and then
make sn infinite number of cowparisons to establish convergence.
This is, of course, quite impracticable. But when the concepi

of convergence is anzlysed in the usual wsy, the frequency viewr
is not ss sbeurd as it seems ; indeed it expresses a very import-
and aspect of the rule of rejection. According to this anaiysiﬁs
to state that, for insteance, the probability of hesds is one half
is to claim that for every epsilom greater than zero there i8¢ a
whole number N which has the following property : if the trial

is performed N times and more, every relative frequency caleulated
after the Ntﬁe toss is between one half plus epsilon and one half

minus epsilon. This statement describes its own rule of rejection

e

4)

i

for the person who assertis it must be prepared Lo speéify for every

velue of epsilon & value of N which he thinks will have the re-
quired-prapéfty.; an& if iﬁ turns out not to have this property,
thet is , if it turns out that after more then N trials the rel-
ativelfrequencj 15 grester than half plus epsilon or less than

half minus epsilon, then ihe ssserter must be prepared to abandon

nis originsl assertion ; for such is the rule of rejectiong
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This rule of rejection is in effect very similar to the ome al- ™\
resdy described in this paper. To choose and N for a given
epsilon is equivalent to choosing a significance level, which, if
attained by the observations, will induce you to reject your hyp-
thesis. Once epsilon has been given, you can calculaie from the
hypothesis the probebility that a relative deviation greater them
epsilon should occur after the Nth. Zmgs trial ; and therefore
you can choose your N to make this prohability ssy less than one
in a hundred : and thepn if it turns out that after the Nth trial
the deviation is greater than e, an event will have odcurred that
you would have bheen willing to bet ninety nine to one agesinst 3
and by choosing that particular ¥ you heve in effect chosen to
reject the hypothesis which might have led you to make s bet of
this degree of unforiunstehess. In practice, however, an adopt-
ion of the relative frequency rejection rule would lead to a vather
different type of cselculation of significance from the type in
genersl use today. Wevertheless, the relative frequency formul-
ation of the rule of rejection is = distinct improvement on that
which I previously described. Tn the FTirst place it lays Just
emphasis on the requirement that the sequence of trials must bhe
indefinitely extendible, since in order to choose an ¥ for every
epsilon it 1s necessary Lo be able to choose it as lafge'as we
please ; and therefore 1o test the hypothesis we must be able to
perform st Iéast N trials. -Furthermore the relative frequency
interpretatioﬁ is applicable to hypotheses which use the cqncept
of exéectation; apd which therefore do not sllow of a calculation
of significance level. = Thirdly, this formulation seems to be

t v of sequential 5 ing, which me,
more adequate for the theory of seguentizl sampling, a2y



eventually supersede the more traditiorsl forms of statistical ,Qég
procedure. Therefore in the rest of this peper the phrase 'rule

of rejection ' should be taken to refer Lo the relative freguency
formulation of that rule.

The relative frequenicy interpretaion of & statistical hypo-
thesis, snd its rule of rejeclion, have all the characteristics
which we have found to belong to statistical ressoning. Firstly,
the rule of rejection gives only a sufficient ressorn fTor rejecting
the hynothesis, and not & sufficient condition of its falsity.

For it mey happen that for a given epsilon the N we choose does nol
have the reguired property ; buit it mey turn ount later that an-
other larger I does have the property, and then we may with pro-
priety mg reassert the hypothesis ; & thing which we could not

do if the feilure of the IT first chosen proved thet the hypothesis
was false. Secondly, the rule of rejection does not give any
reeson Tor sccepling & hypothesis. Byt this again is character-
istic of sll hypotheses employed in the spplication of the hypo-
thetico-deductive method. A hypothesis can only bhe supporied by
the failure of meny honest attempts %o fefute it ; and this ep-
plies a8 much to statistical as to universsl hypotheses. Thus
there are neither sufficient nor necessary conditions for the trutih
of & stabistical hypothesis ; aud this is evident from the very
rormulation of the hypothesis according to the relative freguency
view. 'The hypothesis contalns mixed guentifiers, - for 2ll epsilon
therelis enn W such thet for =11 numbers grester than ¥ oetes -~ and
it ig a commonplace that such statements can be anslysed reither

in terms of necegserj nor of sufficient conditioms. It is in an

attemrpt to glve guch aeccsssrg ard sufficient conditions that the



concept of convergerce in & completed infinite sequence is requirs
Philosophers mey recall an ideas of early %Wittgensteln that sn un
versal hypothesis chouvld be defined as an infinéte conjuction of

gstatements sscribing to perticulars the property which the uni-

verssl hypothesis ascribgs to 211 particnlars. The crude form
of the relstive fr@queﬂey view deflines » statistical hypothesis

ss the disjunction of 811 infinite conjunciions of statements
describing the outcome of perticulsr trisls which s&z satisfy the

L

o

i

convergence condition. Jorking steti cizns, who Torm the maj-
ority of proponents of the relative {requency view, unkioubledly
find it useful in their calculetions to adopt such a definition ;
and there is no resson why the philosopher should not allow them

this useful compubtatiousl device, Just as they may allow the log-

*

iclan to treat universally guantified statements as 1f Lhey were

r""

nfinite conjunciions. Hevertheless a philosopher is quite right
in refusing to allow 28 a legitimate form of definition one which
nses the concept of infinity : for thia mast violate the basic
principle of all definition, that you mist not define obscurum

per obscurius.
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usively Lo the probability of events, or by a slight
Lrensference, to the probabllity of Lhe statement describimg the
=vent being Lrue. Some philosophers meintain thet rot only cen
there be o probability that a such a verifiable statement should
Lurn out true, but that there are also probabilities thei hypotheses
Lhemselves are true. The desire to establish thal hypoilheses

can have a probability of being true is o notural one, Tor if

2 hypothgsis cann be shown to have a-very high probability, then

we should be Justified in believing, esserting, belting, and other-
wise relying an the truth of the hypothesis, just as we are Just-
ified in predicting kk and relying on Lhe occurrence of an event
which we know has s very high probability of occurving. This would
immediately confer that lon=scught prize, » Justification of in-
duction. Unfortunstely, like 211 such justificetlons; 1t turns

out to bhe cireular ; for in order Lo establish thai any asslg-
collect & number of instences and then

nation of probabilies 1s correct we have Lo/make anm step of in-

ductive inference ; eand thervefore induction is necessary to just-

ify sny step of induction, snd we mizht just as well not have
embarked on this kind of Jjustitication. urthervu%e, if hypo-
\E{\ way 4 o dlat

thoses could be sssigned probebililtie rge wolld ot need Lo use
i all, snd we would have no need of induction whatlsoever.
vor Lhe rules of probability would enable us Lo transfer the
probability.df the hypothesis onto the predictions wade on the
hesis of the hypothesis, =nd therefore we should know the exact
probabill ty of every future event, and that without using any hyp-
othesis, steatistical or otherwise, Lo support the assignatlon

rules of

g

of probsbilities. ese would all be assizned by tlhe

probabilitly togic ; eand therefore must 1o0g ica]iy régcily




Unfortunetely, our anslysis of the mesning of the concept of‘ggé
probabili ty shows thal the assignation of a probsbility to » hypo- f
the$is is not only meaningless in the sense thatl it 18 slrictly
useless ; bubt meaningless in the sense that there are not, nor
never can be, any considerations whaisoever that could lead us
Lo reject such sn assignation. A probability assigned Lo she
outcome of a future event will help us to decide whether to accept
s bet which will bring us profit if the event does occur, and
loss if the event does mot occur.” At some point in the future
we shall know whether the event has occurred or noﬁ9 and we shsll

know who has to pay whom- Tt would be stupid toc bet on an event
if we shall never know whether it Isxkxsg hss occurred or not ;

‘that is, it is foolish to bet on the truth of » proposition if
you will never know whelher it 1s true or not. Bul this is ex-
actly the case if you bet on a hypothesis ; for it is & chara-
cteristic of & hypothesis that however many observations supporting
it have been made, 1t may still bhe, and even turn out to be, |
false. If T bel st any odds whatsocever that éll swans are either
hlsck or white, I should never be in a po$ition to ¢laim the money,
even if the hypothesis is true. Of course if a red swen hsppens
to be obsevved then I shall al once lose wy bet i but this only

makes the bet doubly foolish ; for I can never win it, althoush

T may lose. Tf the hypothesis has mixed guantifiers,; then I can
never elther win or lose. The same conslderations applyIWhen
your bebtting oppenent is not a fellow- man,; but Nature heréelf.

for nature can never offer us a reward conditionsl upon the truth

of a hypothesis, or‘a_penalty conditional upon its falsity. If \

in fact she could do so, we would not need Lo assign probablll ties



to hypotheses, or even use the laborious process of induction to
egtablish them. %We would only have to make the bel with nature
on the truth of the hypothesis ; end if we win the reward that
will proWwe once and for all that the hypolhesis is true ; and if
the penalty, we shall know immediately that the hypothesis is
false. The fact thiab this is not the procedure adopted by scientzx
ists Proves that there is no such reward, snd therefore that s
knowledge of the probsbilities of hypolheses is of no use to us ;
and indicates that the assignation of a probability s£x to a hypo-
thesis is to this extent mesningless.

Bui even if it were useful to us to establish the mumerical
probability of hypotheses, we could never in fact do s0 ; since
there is no evidence of any kind thet could be brought forward to
support or reject such an sssignation of probabilitye. Eyidence
can, of course be brought forward to support or refute the hypo-
thesis itself, but never to support the metahypothesis that
the probsbility of the hypothesis being true is such and such.

For in order to Teason sbout the probebility of the statement A

we must be sble to observe a trial which may or may oot have the
outcome described by the statement A : in fact we must he able Lo
observe as long s sequence of such trials as we wish. Bul there
is no sort or kind o% repeatable trial which has as outéome the
tputh or falsity of » hypothesis. Tt is patently ébsurd to say
thﬁt in four hundred trials the hypothesis has been true two
nundred snd twenty times. and this absurdity is flnel proof of the

meaninglessness of an assignation of a probability to 2 hypothesis.




There has been suggested s procedure for assigning probe- \Q%?’
ilities to hypothesés which depends first on assigning to a
ypothesis an a priori probsbility, that is a probability it has
efore any evidence has been collected, and then calculate from
he laws of probability what the probability of the hypothesis is
iven sny set of evidence which may be at hadd. Naturally no ev-
dence can be brought forward to support the assignatioh of an
] priofi probability, and the procedure actually adopted may be
lescribed and supported as follows. . Consider 2 statement P, of
hose truth or falsity we are in ignorance. Someone offers o
et us at odds Just more favoursble than &o us than evens that P
s true ; and someone else offers to bet, again at favourable
ids, that P is false. Our best policy is to accept holh bels,
for we are then sure to gain ; but suppose thal we are only allowed
o sccept one of them ; which should we acceplt ? Our best policy
is to Loss 2 coin which we know to be unhiassed, and decide which
woy to bet according to which way the coin fallsy for then we
vnow Lhet our expectation of gein is grester tham zero whether
P is true or not . For if P is true, there is hslf a chance bhat
we would ﬁave'bet on ité truth snd havewon say ten pounds, snd
nalf o chence that we would have bet on ite falsity and lost nine
pounds : expectation of gain is therefore ten shillings if P is
true. Put B similar celculation shows Lhat our expectation of
gain is ten éhillings if P ig false. Thus in any case we stand to
Willy prbvided that we have chosen which way to bet by the toss of
2 coin. .Now this policy can be wrongly interpreted as follows 3
Tf the coin falls heads we are willing to bhel any odds more fav-

ourable than evens that P is true ; that is we are willing to ad-




: é&op% that very policy Lhat is recommended by the hypothesis that'zig
the probability of P's being true is one hsalf. But if the coin
falls tails, we are again willing to adopt the same policies as
are recommended by kk an sssignation of the probability one half
ot the falsity, snd therefore, by the laws of logic, to the truth
of P. Thus whether the coin falls heads or teils we mct on the
asgumption that the probability of P's truth is one half ; there-
fore one half is a reasonable proéability to assign a priori to

P But this line of reassoning 1s-quite invalid, as is obvious
when it is stated in these bald terms, The theory of games

shGWs that there are circumstences in which our best policy is

to make our practical decisions st random, but to use 2 random
device to decide what line of action we are to adopt is not the
séme as assigning a probability to any statement whatsoever.
The:application of the theory xm of games to statistical inference
is a~Very interesting development, well worth exploring by phil-
osophers ; but the subject is unforunately very technical, and

T have not yet bheen abkle to do any work onm it. Nevertheless

¥n I do know.that there is nothing in the theory which ascribes

to hypotheses any form of probability, a priori or otherwise,

and on the bhasis of the arguments here put forward I would venture
to assert categorically that no mathematical technique, however

refined, will ever provide the basis for assertions of the pro-

bility of hypotheses..




