EFFTCIENGY (1)

1. Try to reduce variant function as quickly as possible,

2. On a bihary computer —2 and mod 2 are efficient.

BXAMPLE
Using only + - "“2, 2-2 and mod 2, not changing X, ¥, write a program
that achieves 2z =X¥Y ,,,. r
choose invariant p = X*Y = x#*y + z
b = y=0

variant v
check prib =>r , X,7,%2 5= X, Y, 0 a p

try y =y = 2
“check bnAp ==y 1=y 22 decy
we need x' gt My +z =x! My22) +z
try x' ==x*2. This works if y moed 2 =0
Ir Iy mod 2 ;5 0, we use- the usual slow Iﬁéthod

Xy, += X, Y,0 8 p
doy #0 —» if y mod 2 = ==X =A% y =y R,

EXAMPLE (2)
Using only +1, -1, *2,-5-— 2, mod 2, and not changing X,Y>0 write a

program thal achieves gq=X—=Y, x =¥ nod ¥

chooge p =X =g*dd +x & dd = ¥*2"s x
b =dd =Y
bt =add

note  pnb =>dd := dd > 2 dec dd

to reestabiish X = g¥*dd + x we also need.




n =7n - l; qQ 3= # 2;.1:".8,1{@ X<dd9
;keeping X =q%*dd +x

.changing x & q only.

o

but we already know how to do that !
It remains only to establish p.
choogse p! =X = g¥dd + x & dd =Y * 21
b= ddrx t o= 2% x - dd
clearly (q 1= 0; x ¢=X; dd 3= Y; nt=0Q) a p'
p'nb! = (dd := dd*2; n :=n+l) a p'

n ‘ dee 2% x - dd
SOLUTION (3)

i Y>o&xzof
G, X, dd =0, X, ¥;

{L: o;]' $X = qtd +x & dd = vee® L., pt$

do ddgx —> dd := dd%:a;i?f::‘ﬁﬂ od; Spl & dd>x73

do dd #Y—-‘;(n =n —__{;{q 2= q¥g; dd :=dd = 2;{131}

dox »>dd —> x :=x - dd; q := gL _gcl{pl& dd)x}
ggipl&dd;»x&dd =1 .} =fx=a7 +x2 Y5} “
vote, all operations on n  can be omitted.
EXERCI3E (1) same as above, but using < 10 and *10 ingtead of 2- 2 and *2

. W e . \ Y
(2) Using ¥, — 2, mod 2, write a program that achieves z = L.

SQUARE ROGT (4)

Write a program that assigns to a an approximation to the square root

of nz2 O
posteondition af<n < (a+1)?
'““"v:—’
D
o




note ai=0anp
note b:(a-f-l)ggn:}a::a+1_@._p

dec 1 - a2

v oa =03 do (a + 1) "“(a+l}§_~nx>a=:a+19_§1_,
¥ 0 make this a bit faster.
posteondition: p = aggn(_(a + c)2 & ¢ = 2t

b c =1 variant = ¢

1l

plib=e¢s=c 22,1121 ~1dec c
»
to restore, if (a + c) 2<n we must inerease a in just this case,

a: —a tewill do it!

205

a::O;ljzztlilc::l; (5)
iain&czzl} .o pO

do e € n — ci= E*Cy{};{;ﬁZf ods

9 &n<(a+o)?} ces D

if {fa+e)<n —> a =a + e, skip fi
{}
Qﬁ,zgp e = 1_} 'operm_tions on 1 can be omitted f

a2 n< (n + 1)2 }

Lo- o

check that the invariant p is nregerved,

prc sl =>if(atet %n -3 (h+e22<nclatotato g,
a<n<(a + e 2)

£i




-

Exercise. Rewrit. the square root program using *4, #2, — 4, -2
instead of squaring. we have to get rid of czgrzand'(a + c)zfgn
."+ we introduce q = 023 p =a¥, r=n - al I
thg Caill = agn
(a+o)%nz 2% +qer
To presaﬁe the invariant I, we must aceompany

¢ 3= 2%c by q 3= 4¥g; p = pkY

ci=ce-t 2by q:Tq-=4; pi=pio 2

o]
I

Tatecbypss=p+q; ri=rp —(2*p + q)

o
It

O by p:=0; ri=n

e 3=1hy q:=1

élso Q=1 p=a
c=1= g=1
‘a LS O;lp =03 ri=n;

ir g*p -+ q&r _'.>§a 3= amTc:g‘}p i=p + q;

—

ri=r "‘(2*13 +q}9

skip .
£i
eip=af
a = p

all the operationg of the original program ean be oritted!
They are operations on "abstractM. or "ghogt variables, which have

been more efficiently represented by the "conerete® variables Dy Uy

(6)




ARRAYS | | (8)

We take lower subscript bound always zmero®™
If T is a type, as is T#
(the sét of fiqite sequences whose items are in T),
Axiomsgs |
(1) T* empty ig a T# | (abbreviated to < )
(2) Ifa disa T* and x is a T then
a,”™x is a T* : (a extended by x)
(8) These are gll the elements of T#* |
(i.e. T* ig least sot closed wr to (1) and (2))
(4) 2™ x =0y <=>a=b&x =y,
<% x YT, is abbreviated to £ x, y,. cees B
dot apsoclates to left, i.e. a.” %"y = (2. x). ™y
¥-ihis 1s simpler than Dijkstra's treabment

"shift" is not relevant, and "lob" ig redundant,

In the following, : (9)
asbh & T#;
X,y ¢+ T;
1, ¢ NN (natural number)

LENGTH & #<> =0 # (2.7 x) = #a +1

HIGH: (a.”~x). high = x <%. high is not defined,

SUBSCRIPT: (a.™x) (# a) = x < »(1) is not defined,

i<# a =3 (a.™x) (i) = a(i)
ALTER: (a.%%) . alt(#a,y) =a.y <%.a1t(i,7) is not defined.,
P<#e = (a.7x) Lalb{i,y) =a.alt(i,y). x

SWAP: a.swap(i,j) = a.alt(i,a(j)).alt(j:!a(i))




PREFIX s =, O oL x

x (2 y) = (x ) Ny

REMAINDER: (a./\x) Jdrem = g < >» . hirem ig not defined

i

(x™.a) .loren

CATENATE: a7 <> =g

a ™ (b.7x) = (a™p)."x
INITIAL SEG: a, upto{0) = <>

a. upto(i + 1) = a. upto(1).” a(i)
©INAL S8EG:  a. from(0) = a

a. from (i + 1) = a. from (i).lorem

) i Fa -1
a = - - LIRS ‘ l
e TR s S e T -
asupto(i) a.from(i)
~ M A

. ~ A
THEOREMS 5 (2" 1)" e =a" (b7 ). a.upto (# a) = a

1<{#a =2 (a.upto (i))ﬁ'(anfrom(i)) =g

ABBREVIATIONS: a: (i) := e for a = a.alt(i,e)
For any xxx,  a: xxx(...) for a 3= a.xxx{...)
X,a: hipop for x ¢= a.high; athirem
x,aslopop for x 3= a(0); asloren
S0RTED

Giveﬁ a type T and a funetion icey: T — NN
we de.f‘ine key sorted: T# —-}{ T, _E_‘_}
~. keysorted :v;i,ijN (1< j<#a = a( i).key < al3) .key)
=if fagi > T |
, a(0khkey £ a(1).key —p E,:i-lGI‘(ELL. keysorted

s B

I

{1

#a <1

a <> . lorem is not defined

(10)

(11)




¥ 4 k:NN A, partitioned at (k)
& a,upto(k). keysorted
& a, from(k). keyéorted
where a. partitioned at (k) = Oﬁk(#a
& V1,50 1<k j<Aa => all) key<alj). key
TE T =NV and Vi i.key = 1,

we write a,sorted for a.keyscrted

SEARCHING : (12)
Precondition £(0) < x < f.high ... precond
find m- s.t f(m)_<~_ x < f{m + 1) es. Tesult

introduce n:NN; define
p = f(m)Sx(f(n) & m<n
b = ném + 1
t=n ~-m
check that p & b =3 result
precond. =% (m :=0; n = Zf - 1) wp p
we must find C s.b, p& b => Cup p & C dec t
obviously, we must change n or m., . . try (for arb.d),
p&b=(n:=dwp) & {n :=d dec t)
i.e. p& b = £(d)<{x & ndd<n
gimilarly p & b ={(n :=d wp p) & (n :=d dec t)
reduces to p & b => x f(d) & m<dn
o C=setd; if FlA)<x —=> mi=4d
B x4f(d) —>n :1=d

£l




where p & b —=> setd wp m<d<n (13)
and setd changes only d, and b irs n»m + 1
ALTERNATIVES: ®
setd = d s=m + 1
d:=n - 1
d = (m +n) -;:—2
the third altemative is most efficient.
given f is sorted & Fm f(m) = x & precondition

prove that our algorithm achieves the result f(m) = x.

what happens when several values of m satisfy f£(m) =x 2

MERGING ' (14)
z. merge (£7,<3) = z = <>

7. merge (x,y) z. hiext{1).merge (x.hiext(1), y) ees (1)

z. merge(x,y) z. merge {(y,x)

)

Following Dijkstra, we define a.dom = #a, a.hiext{x) = a.x
Write a program (not changing X,¥) with preconditions X.sorted and
Y.sorted and postcondition Z,sorted & %,merge (X,Y)
introduce variables m,n and split posteondition

p = udi,don & n<Y.don & Z.sorted &

Z.1merge (K.upto_(m), Y.upto (n))

bh=mn = X.dom & n = Y,don,
variant expression : X.dom + Y,dom - i — n.
congider:
(b&p=>mi=n+lupp) = b&p=>n+i1{ldmnm

& Z.werge(X.upto (m).hiext (X(m)), ¥)
N ——

upto (m + 1)

the last clause indieates that 2 migt be extended by X({m) see(1)




Iry again (15)

b&p =>(% : hiext (X(m)); m :=m + 1 wp p)

icee b & p =2 2, hiext (X(1)).sorted & m + 1<X.dom

i.e. b & p == (4.dom = 0 ¥ Z.high £ X(1) & n + 1< X.don

introduce abbreviation Z.ck(1l) = Z.dom = 0 V¥ 4.high {1 and construct

guarded cormands:
m<X.don & Z2,0k(X(m)) ~=%: hiext (X(ﬁl)); mi=m + 1
n<Y.dom & Z.0k(¥(n)) —%: hiext (¥(n)); n t=n + 1

(second one is constructed by symetry from the first)

BUT what do we do when the guards are false?

4ALS0 we haven't used the fact that X & Y are sorted.

SOLUTION strengtherlinvériant £0 " (16)
new p = p & (n<¥,don =r37.0k (X(m)))
& (ne¢Y.dom =>7.0k {(¥{n)))
b & new p == 3 hieﬁt (I(m)); m := 1 + 1 up new p
=b & new p = Z.ok (X(w)) & n + 1<X.don (from b & p, a8 before) (1)
& (n+1 <X,donn =»7%, hiext (X(m)), ok (X(L‘iﬂ_))) (2)
& (n€ Y,don == %, hiext {(X{m)) .ok (Y(n))) (3)
line (1) (copied from previous argunent) reduces to w4 X,don
line (2) follows from Z.ok(X{m) & X.sorted
line (3) reluces bto nd ¥,don =2 X(n) < ¥(n)
do ndX.don & (nd ¥, don = I« ¥(n)) — Zohiext(X(m)); w s=n + 1
(I n<¥.don & (0 X.dow = ¥(n) <x(x)) ~# Z.hiext(¥{n)); n :=n + 1
od
This tine, the negation of the copditions is,
nyX.don & n> ¥, dom, which, with p, implies our result.
Initialisation: X.sorted & ¥.sorted =
B3=05n :=0; 2 ¢= T® anpty wp new p

0L X.don & 0< Y, dom & T#, enpty. sorted & T#, empby . nerge(X.upto(0) ,¥,upto(0)) & ...




FIRITE SETS , (17)
If T iga daté type, then so ig I'##
(the set of all finite subsets of T),
(1) T** empty is a T¥* (abbreviated to{})
(2) if t disa T and x is a T, t.ext{x) ig a T##

(3) a1l elements of T#%* gzre formed as deseribed above.

-
v x & T¥ eumpty, x¢t,ext(x) \ for x,y T}
x £y =(xetb.ext(y) = xgt) . g,t T
(4) Vx(xet =x¢gs) & t =g, u
l ___“‘\..

s <t VX(X(: 8 = x€t) n
s W T** empty =5, s & t.ext{x) = (s ¥ t).ext{x) L
x£{s1t) = xes & xet "
x€(s =) =x€s & —Txet u

T**.empty.size =0, X%‘J s = s.ext(x).size = g.glze + 1
ABBREVIATIONS (18)

{}a,Xy-uﬂ%}=ﬂwﬁ@WManXQ-ﬂﬂxg ceees mﬂgﬁ

x £t wp r(x) =t £ T**, emply

&VX(X'{: t ﬂ/ (%)} (x not in t}
x 3 € %e%—‘z X = ¢ (e defined),

FINTIE MAPPINGS i o '(1m
If D and R are data types, then so ig D i—l"g R
Fin will be omitted inconsistently! (D into R)
(1) (D — R).emp‘ty isa D =R
(8) Ir a isa (D= R),d is D, r is an R, (extend

then a.ext(d,r) is a (D —=> R) or alter)




(3) A1 elements of (D ~»R) can be Formed as deseribed above.

Fin
(D —R) .empty.dom = D*#, empty doms (D —% R) —»D#x
a.ext{d,r),don = a,dom, ext{d)

a.ext{d,r).val{d) = r (not defined for (D —>*R),empty)
A'#A d => a,ext{d,r) wal{d') = a.val(d'), |
(4) a.dom = b.dom & ‘7" d (dea.dom :} a.val(d) = b.val(d))
=3 a = b,
(D —;R)..empty.del(d) = (D —R), empby
d #£d' =>a.ext(d,r).del{d") = a.del(d").ext{d,r)

Tldea.dom => a,ext(d,r).del(d) = a.

PRODUCTS AND SUMS (20)
It Tis Tg,...',Tn are types, then so are
PROD = Tl' X T2 X ... X Tn (cartesion product)
UNION =T + T, + .., +1 (discriminated union)
0 _

(1) XE&Ty eiey E T => '(xl, Xopenes xn) & PROD, (constructor)
(2) =all elements of PROD can be formed as in (1)
(3) (x5 ooy ) = (7p0 wensy) =2 %, =y & . bx =y

Define (Xl,.. - xn) < 1=x for numeral i (selector)

(1) (x,&eT => UNION,1(x,) € UNION).&...%(x €T = UNION.n(x )& UNION)
11 : 1 n™> ‘n *n

(2) all clements of UNION can be formed as in (1)

(3) UNION.i (x) = UNION,j(y) =2 1 =jé&x= ye s




transaction = key X (amendment + deletion + insertion) (21)

Fin
given. master ¢ key -—=> record y. 1s ingertion :df_' V.Resort = 3
tr ¢ trangaction® _ gbe
report 3 error message v.key = ;. i

grror  : transaction ~srerror message
upd : (record X transaction) —=>record
content: trensaction —>record.
A random - access file updating nrogran is:
repo.rtsz empty; y: transactiong
do tr. dom #0 ->y, tr: lopop;
if y.keyg master.don & y. ls insertion
- master: ext (y.key, y.content)
y YV.keygmaster.don & y. is deletion
->master: del (y.key)
s Y.key€ master.dom & y. 1s gmendment
— master: ext(y.key, upd (mastér(y.key), y))

s report: hiext (error (y))

fi

SEQUENTIAL PILE UPDATING | {22
The master is represented by olduaster: (lcey X record) ®
8.t. oldmaster. keysorted & oldmaster.consistent )
& kf} k: key (k¢ master. dongi> oldmaster,ok
31 oldwaster(i) = (k, master (k)))
where X.keysorted = di‘vi’j (i€ i€ x.don =>x(1) .keygx(j) Jeey)

X.consistent = dg v 1,i(x(1) .key = x(j) key => 1 = j)




given sone data as previous slide., =nd newmaster: ( X )# and precondifion

'oldmaster.ok & tr. keysorted |

rewrite previous progran to establisho result, additional result
newnaster, ok (i.e. wrto ney value of master)

use only these operations on newmaster & oldumster:

7, oldmasters lopop, newmester := empty, newmasbter: hiext -

MAXTMAL STRONG COMPONENTS (23)
{due to Derek Moore after EWD)
A finite relation between nodes (a digraph) ecan be represented by a mapping:
 SUCCESSORS: NODE —3> NODE##
The reflexive transitive clogure of this is

DESG: NODE -—:NQDE#3# . , defined by

6
DESC(n) = 4, U D,
i=0
where DO Z{r% ]
D,, = U SUCCESSORS (n)
il né D
i

Ir succ(s) = ar (J SUGCESSCRS (n)
e

then DESG (1) =(1{3 |nes & su00(e) < 5}

il

l.f.o of 3 = %HEU SUCC(8)
ANG(n) = {:-'.1 ltn & DESC(m)}

The maxinmal strong component containing n is

STR(p) = DESC(n) 7 ANC(n)




ng n ¢ DESG(n) (24)

dr

< is a preorder (reflexive & transitive)

I

Ul

n = ar n<n & ndn
=z is an equivalence relation.

The equivalence clasges are Lhe max strong.components of the graph
defined by SUCCESSORS, |

M.strong =0n neM = M = STR(n)

M.strong & N,strong & M #N = MAN = empty

) everywhere

\ —+ «w . A strong compcnent
. _f et E \‘, : .
X l \_“ & weak component
;#M..f 3- ‘@)_;
© L\ . _all other strong components are ilsolated.

-~ 7 SUGCESSORS.

——> DESC (examples)
Let MAXSCS: (NODE#H) s (25)

Write a program with posteondition MAXSCS :§ M{ M,strong ﬂ%
(J MAXSCS = ALINODES ) b
& VM. MEMAKSCS = M, strong b
MAXSGCS 3= (NODE**) ##* anpty
do  MAXSCS # ALINODES —». "extend MAXSCS" od
where p{jb = "extend MAXSCS" yp p
& n dee t

where t = ALINODES,size ~ MAYSCS.gize.




Yexctbend MAXSCSY , . (286)

-

: g
Introduce a new variable ff"._\%,“_\wggsgo;

50S: (NODE##) % ) p_._.mc;\.? o SCs(1)

e\ V¢

s oS- 505(2)
' Y
not yet considered| = @ S5CS.high
. » et

3

define pl Vi 1<80S,donm %\‘fneSéé(i) =¥ 565(1) € STR(n)
p2.Yfi 0 <1<8CS.dom =>(86S(4) N SUCK(SCS(1 - 1))).size £ 0
p8.Vi 1< SCS.dom & Me MaXSOS = (M{}503(1)).size = 0
p = pl & p& & p?
REM =0 SUGC(SCS.high) - {/MAXSCS - 8GS.high
b = REM,size =0
check p & b = SCS.high.strong & SCS.high € MAXSCS
Mg
& SC3,.dow 0 - from po.
(Dijkstra them 24)
Proof, let n €5GS.high (exists by pgz) let m € STR(n}
(by =) n<STR(m). Hence mgWAXSGS (otherwise =n would be too,
contradicting p3). Now let m be a closest descendent of n,
i.e, m&SUCCESSORS(n) gsucc(scs.high) (=since n{{,SCS.high)
Thus m € 8UCC(SCS,high) — UMAXSCS < SCS.high (since REM = )
By inductiorg this is true.of all m¢& STR(n)

hencel/n € SCS,high, STR(n) € S0S.high. equality follows From pl

Precondition ALINODES - UMAXSGS # ¢f (27)
Initialisation = N: NODE;
N: ¢ ALINODES - UMAXSCS;
3C5 3= (H.unitset).unitseq

check W & ALINODES - TMAXSCS =3




(pl) Vn neV,umitset =2 N,unitset < STR(n) | (27)
{pd vacuous because $CS.dom = 1
(p3) VM MEMAXSCS =» (M N.unitset).size =0
Extend MAXSCS = Initlalisation; Loop
where Loop = do REM £ ¢ —> (extend SGS
| | id_ecrease REM od;
- MAXSCS: ext (SCS,high);
S5CS: hirem
More efficient: Initialisation; _{jl;q 50S.dom #£ 0 — Loop od
check that SCS.hirem satisfies p.
It rewmains to write the body of the lpp j (28}
( extend SGS
do RE £ ¢ —> ?_decrease REM od
preserving the invariant p., and \variant REM,size)

Select arbitrary ngRBM, Define USCS = () 8€S(4)
i < 56S.dom

Lemmg 1 if n E,: USCS  then SCS.hiext (n.unitset) satisfies p
Proof pl, gn?){:_f STR(n) always, so new element of SCS satisfies pt
p%  Prom neRA, n ¢ SUCC(SCS. high)
50 gn”% 15UC0(SCS. high) # ¢
p3.  from neREM, n CUMAYSCS

s

henbe ) Eﬂ] UMAKSCS =

extend SG3
decrease REM = n: & REM;
[n € USCS —>» 5CS:hiext(n.unitset)

Iln € USCS —> see next siide.

]




Glven neRMOUSCS, write code to preserve p (and reduce REM®)

(Can't be done, so we will reduce SCS. dom)

Let ne 863(j) for some j. then by neRBY, S0S(j) # SCS.high
Therefore there is a eycle (because n % SUCG( 803, high))
SCS(J) wm 8CS(j +1) —» u.. —> 50S,high — S65(j)

where neighbouring items satisfy p2

O O s
6 f}J s d 3 N N ‘(& 4 > SUCCESSOR
%‘—@ n Y - - |
‘m.u_,__‘___‘ A_‘_h_-_“_._mﬁ__p /

consequently any palr of elements from this picture is connected by a
SC3.dom - 1

cyclic path i.e. by ANCODESC, hence the union| )= {J  s0S(k) is

contained in STR(m) for all m (‘;U (property pl}. Dijkstra thm. 14

5
S0 try do n ¢ S6S,high —> S6S(86S.don —. 2) 6 8GS,high; SCS,hirem od

MAXSCS: (NODE**)¥# = empty: UMAXSGS: NODE®* = empty
do UMAXSCS # ALINODES —3 N: NODE;
N:g ALINODES — UMAXSCS;
SCS: (NODE##) # = K.uniteet.mitseq; USCS: NODE#* = 505(0);
do 8CS.dom #£ 0 —2> RIM := SUCC(SCS.hiph) — TMAXSOS — SC8.high;

do RE.gize 75 0 —~=N: RHEM;

2

e

AL N & USCS —» SCS:hiext (N.unitset); USGS: ext () 3

vy

MY EUsts —>do Wi 5CS.high —3
SCS(8CS.dom = .2) 11 S0S.high: SCS: hirvem
od

Lis REM := SUCC(SGS.high) - UMAXSCS - SCS.high

od; MAXSCS: ext (SCS.hnigh); UMAXSCS s wp S80S, high; 5C8: hirem

(29)

(30)




