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engineering, in particular in problems of design. The soligin of such PDE-
constrained optimization problems is usually a major compational task.
Here we consider simple problems of this type: distributecbaotrol problems
in which the 2- and 3-dimensional Poisson problem is the PDEhe large di-
mensional linear systems which result from discretizatioand which need to
be solved are of saddle-point type. We introduce two optimalreconditioners
for these systems which lead to convergence of symmetric Ky subspace
iterative methods in a number of iterations which does not erease with the
dimension of the discrete problem. These preconditionerseablock struc-
tured and involve standard multigrid cycles. The optimaliy of the precon-
ditioned iterative solver is proved theoretically and vered computationally
in several test cases. The theoretical proof indicates thahese approaches
may have much broader applicability for other partial di erential equations.
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1 Introduction

In this paper, we consider the distributed control problem Wwich consists of a cost
functional (1.1) to be minimized subject to a partial di erential equation problem posed
on a domain R? or R:

min Sjju - 0jiE, + difiit, (1.1)
uf 2

subject to r 2u = fin (1.2)
with u=gon@ ; and %;: gon @ y; (1.3)

where@ ;[ @, = @and @ ; and @ , are distinct:

Such problems were introduced by J.L. Lions in [21]. Here, ¢hfunction & (the
“desired state') is known, and we want to ndu which satis es the PDE problem and
is as close tou™as possible in theL, norm sense. In order to achieve this, the right
hand side of the PDE,f, can be varied. The second term in the cost functional (1.1%
added because, in general, the problem would be ill-poseddaso needs this Tikhonov
regularization term. The Tikhonov parameter needs to be determined, although it is
often selected a priorija value around = 10 2 is commonly used (see [10],[15],[19]).
We include a graph ofku 0k vs log( ) in Section 5 to demonstrate what are good
values of .

The above problem involves only the simple Poisson equatias the PDE. Our meth-
ods are not speci c to only this PDE: all that is required is are ective preconditioner|
preferably an optimal preconditioner|for the PDE problem. We discuss possible gen-
eralization to other PDEs of our two preconditioning method in Section 6. Here for the
Laplacian we employ standard multigrid cycles with both gewnetric ([9], [27], [16]) and
algebraic ([8], [27, Appendix A]) multigrid procedures. Foother elliptic PDEs multigrid
cycles could also form an important part of algorithms for adrol problems based on
the ideas presented here. The above problem does not invob@und nor inequality con-
straints; it is also possible that these more general conatnts could be included though
we have not considered this here.

We also consider one example with boundary control, namely @ domain R?,
nd:
minJiju Gt + i (.4
s.t. r %u = 0in (1.5)
%z = gon@: (1.6)

Here the control, g, is the unknown quantity, which is included in the boundary ondi-
tion.

In PDE-constrained optimization there is the choice as to wdther to discretize-then-
optimize or optimize-then-discretize, and there are di dng opinions regarding which



route to take (see Collis and Heinkenschloss [10] for a dission). We have chosen to
discretize-then-optimize, as then we are guaranteed symimein the resulting linear
system. The underlying optimization problems are naturayl self-adjoint and by this
choice we avoid non-symmetry due to discretization that caarise with the optimize-
then-discretize approach (as shown in, for example, Collend Heinkenschloss [10]).
We are then able to use symmetric iterative methods|in particular we useminres
([25]) and a projected Conjugate Gradient[0pCg ) method ([14]) |with the consequent
advantage of rigorous convergence bounds and constant wqrér iteration not enjoyed
by any of the wide variety of non-symmetric Krylov subspaceterative methods (see
e.g., [11]). This still leaves the crucial question of prenditioning and this is the main
contribution of this paper. We derive and analyse both theatically and by computation
two preconditioning approaches which lead to optimal solidn of the PDE-constrained
optimization problem. That is preconditioners which when mployed with minres
or Ppcg respectively give a solution algorithm which requireO(n) computational
operations to solve a discrete problem witim degrees of freedom.

We employ the Galerkin nite element method for discretizaibn here, but see no
reason why other approximation methods could not be used witour approach.

We comment that for the speci ¢ problem as above for the Poies equation, Scheberl
and Zulehner ([26]) have recently developed a preconditienbased on a non-standard
multigrid procedure which is both optimal with respect to the problem sizeand with
respect to the choice of regularization parameter,. It is not so clear how this method
would generalize to other PDEs. Biros and Dogan ([5]) havesal developed a multigrid-
based preconditioner which has botlh and independent convergence properties, but
again it is not clear how their method would generalize. We t® that the approximate
reduced Hessian approximation used by Haber and Asher ([L&hd Biros and Ghattas
([4]) also leads to a preconditioner witth independence.

Other solution methods employing multigrid for this and sinar classes of problems
are described by Asher and Haber([1]), Engel and Griebelg][), and Borzi([6]). Domain
Decomposition and Model Order Reduction ideas are also sassfully applied in this
context: see for example Heinkenschloss and Nguyen ([1#j{ladeinkenschloss, Sorensen
and Sun([18]).

In Section 2, we discuss the formulation and structure of outtiscretized problem.
We then use this structure in Sections 3 and 4 to derive optinhgreconditions for
minres and ppcg, respectively. The e ectiveness of our proposed preconidibers is
illustrated by applying them to ve di erent problems, see Sction 5. Finally, we draw
our conclusions in Section 6.

2 Formulation and Structure

In order to use nite elements, we require the weak formulatin of (1.2) and (1.3). For
de niteness and clarity we describe this for the purely Dighlet problem; the formulation
for the mixed and purely Neumann problem is also standard (sd¢or example [11]). The



Dirichlet problem is: nd u2 Hg()= fu : u2 HY() ; u= gon @ g such that
Z Z
rurv= vf 8v2H}) : (2.1)

We assume thatVy' H¢ is an n-dimensional vector space of test functions with

f 1,2, ng as a basis. Then, for the boundary condition to be satis g,d &vextend
the basis by de ning functions ,.1;:::; n+@nand coe cients U; so that J.”:n@iz U

interpolates the boundary data. Then, ifuy, 2 Vgh Hgl(), it is uniquely determined
by u=(U:::U,)T in

X X @n
Uy = Uj iy Uj i

j=1 j=n+1
Here the ;, i = 1;:::;n, dene a set of shape functions. We also assume that this
approximation is conforming, i.e.Vgh =spanf 1;::1 hr@d Hgl(). Then we get the
nite-dimensional analogue of (2.1): ndup 2 Vgh such that

Z Z
Fu, rvp= Vpf 8vn 2 V"

We also need a discretization df, as this appears in (1.1). We discretize this using the
same basis used fau, so
X
fn= R
j=1
since it is well known thatf,, = 0 on @. Thus we can write the discrete analogue of
the minimization problem as

1 o
min Sjjun - O3+ jifujj3 (2.2)
up;fn 2

Z Z
such that Fu, rvp= Vpf 8vh 2 Vi (2.3)

We can write the discrete cost functional as

min Sjjus 2+ jifiZ=min Su™Mu  uTb+ + fTMF: (2.4)
Unifh 2 u;f 2
R
whereu = (Ui U™, f = (Fy i F)T, b= f 0 igizren, = kOjj2and M =
f i jOij=1.n IS @ mass matrix.

We now turn our attention to the constraint: (2.3) is equivaent to nding u such
that
- !
a X Z ¢ @n Z s |
' Uiomg+ Ui 1= Foi ) 1=1:25n
i=1 i=n+1 i=1



which is
x oz x xon 2
Ui rir j= Fi i U rir 4 1=1:0n
i=1 i=1 i=n+1
or
Ku= Mf + d; (2.5)

where the matrixK = er i I jOij=1.n IS the discrete Laplacian (the sti ness matrix)
and d contains the terms coming from the boundary values af,. Thus (2.4) and (2.5)
together are equivalent to (2.2) and (2.3).

One way to solve this minimization problem is by consideringhe Lagrangian

1
L := éuTMu utb+ + fTMf+ T(Ku Mf d);
where is a vector of Lagrange multipliers. Using the stationarityconditions ofL ; we
nd that f; u and are de ned by the linear system

2 32 3 2 3
2M 0 M f 0

4 0 M KT S4uyus5=4p>5:;: (2.6)
M 0 d
— L2

Note that this system of equations has saddle-point systentrgcture, i.e. it is of the
form

A BT X _ Cc .
B C y T d (2.7)
_2M 0 B o
whereA = 0 M ,B=[ M K],C=0:

This system is usually very large|each of the blocksK is itself a discretization of
the PDE|and sparse, since as well as the zero block¥ and M are themselves sparse
because of the nite element discretization. Thus matrix-gctor multiplications can be
easily achieved and the work in a symmetric Krylov subspaceeration method will be
linear at each iteration. In general the system is symmetrignd inde nite, so the Minimal
Residual (minres ) method of Paige and Saunders [25] is robustly applicable éis the
method of choice for such systems when a symmetric positive kite preconditioner is
employed: one of our optimal preconditioners is of this typeOur second preconditioner
is a constraint preconditioner [20] which we may use in conjunction with the projected
conjugate gradient QpPCg ) method [14]. The crucial step to ensure that acceptably
rapid convergence is guaranteed is preconditioning: we &wher in the next two sections
our two preconditioning approaches.

We now consider a boundary control problem, as in (1.4)-(2.6In weak formulation
of (1.5)-(1.6) we nd u 2 H() such that

Z z z

rur dx u()ds= f dx 8 2H) ;
@



where is the trace operator. We discretize the problem using the ite element method,
using a triangulation where the total number of vertices isn; and the number of vertices
on the boundary ismy. Then on optimizing as above we get the following system:
2 32 3 2 3
2M4 O ET g 0
4 0 My KT 54ud5=4p5:;: (2.8)
E K 0 d

HereK = er i jOij=1:m, 2 R™ Mtisthe usual sti ness matrix,M, = 1“R i jOij=1:m, 2
R™Mt Mt js the mass matrix, wherd ;g is the nite element basis as de ned above. If we
de ne Ilf?b.g to be the analogous functions de ned the boundary, then wean write
E=f bj igizl:::mt;j =1::my 2 R™ Rmb and Mg = f b] b|gi;j =1 2 RM™ Mo The
constant vectors are givenbyg = f f gz1.m, 2 R™andb=1f @ ig=..m, 2 R™.

Note that in this case the blocks in the system (2.8) are notladquare, and we include
this example to demonstrate how at least one of our methods sigibed in Section 3
can be applied in such cases. The methods described in Setdoare not immediately
applicable for this class of problem and will form the subj¢of a follow-up paper in which
similar ideas are used by only replicating a subset of the cstraints in the preconditioner
and using a di erent projected iterative method.

We comment that there are a number of generalizations of thegblem above which
lead to systems with similar algebraic structure. The.,() norms in (1.1) could be
changed to any Hilbert space norms and the (1,1) and (2,2) ks would correspondingly
be the Gram matrices associated with these norms: our techpe with appropriate
modi cation should handle this.

Another common case would be when the (2,2) block in (2.6) isgular. This would
occur when, for example, one only wants to contral on part of , or if one has few
measurements. In this case it is not clear at this stage how omethods in Section 3
could be applied but there is scope for the methods proposedSection 4 because these
do not assume thatA is non-singular.

3 Block Diagonally Preconditioned MINRES

In general, the system (2.6) will be symmetric but inde nite so we solve it using the
minres algorithm: this is a Krylov subspace method for symmetric tiear systems.
minres has to be coupled with a preconditioner to get satisfactoryonvergence - i.e.
we want to nd a matrix (or a linear process)P for which P A has better spectral
properties (and such thatP v is cheap to evaluate for any given vectov). We then

solve a symmetric preconditioned system equivalent to

P *Ax =P ‘b

The aim of preconditioning is to choose a matri® such that the eigenvalues oP A
are clustered. The following result by Murphy, Golub and Waten [24] illustrates this
idea:



Theorem 1 If

is preconditioned by
P= 0 BA BT
Then the preconditioned matrixT = P A satis es

T(T IXT2 T I1)=0:

This shows us thatT is diagonalizable and has at most four distinct eigenvaluég; 1; 1—;5)
or only the three non-zero eigenvalues T is nonsingular. This means that the Krylov
subspaceK (T ;r) = span(r;Tr;T?2r;:::) will be of dimension at most three ifT is
nonsingular or four if T is singular. Therefore, any Krylov subspace method with an
optimality property (such as MINRES) will terminate in at most three iterations (with
exact arithmetic).

If we apply this approach to the matrix in our saddle-point sgtem (2.6) then we
obtain the preconditioner

2
2M 0 0
Puew =4 0 M 0 S
0 0 ZLM+KM KT

minres with this preconditioner will always terminate (in exact aithmetic) in at
most three steps and so satis es one requirement of a precdraher. However, it fails on
another count as it is, in general, not cheap to solve a systewith Pygw : However, we
could still make use of the properties of this preconditiomdyy approximating it in such a
way that the eigenvalues remain clustered. Looking at the isicture of Pygw , the mass
matrices in the (1,1) and the (2,2) blocks do not pose too muabf a problem: they can
be cheaply solved by, for example, using PCG with the diagohas the preconditioner,
as shown in [29]. Thus the di culty comes from the (3,3) block which is the only part
that contains the PDE.

One way to approximate this is to consider only the dominanteérm in the (3,3) block
which is, for all but the very smallest values of , the KM KT term, thus forming the
preconditioner 2 3

2M 0 0
Ppn=4 0 M 0 S (3.1)
0 0 KM KT

The following result, which is an application and extensiowf a result in [2], tells us
about the clustering of the eigenvalues using this precortidiner:

Proposition 2 Let be an eigenvalue d?,;A, with Pp; de ned by (3.1) andA de ned
as in g.6) . Then either = lp D D
1+ I+4 ) 21+ " 1+4 ) or 32 1+4 ) (1 1+4 ),

where0 m are the eigenvalues of- (KM 'K T) M + I,



Proof  First note that the eigenvalues of PfA are identical to the eigenvalues ofA™ :=
1 1
Pp”AP /7, as this is just a the result of a similarity transformation. It is readily seen that

2 .3
I 0 Ky -
A=9 0 I Ky £ or equivalently o
K1 K% 0
whereKy= pi-(KM 1KT) 2M32; Kp=(KM 'KT) 2KM 2 and B =[K} K3,
T
Let ; [xy]" be an eigenpair forA: Then I|3 BO § = § . This can be
written as
x+BTy = «x
Bx = vy

By inspection, one solution of this problem is = 1, and this has multiplicity n with eigen-
T
vectors of the form x 0 , whereBx = 0.
Now we will consider the two cases (I) > 0 and (Il) < O separately. cannot equal O,
since A" is non-singular.
CASE (I): > Oand 61 (the case =1 has been treated above). Clearly

x= (1 )BTy

and
(1 ) 'BBTy = y;
1@ ) y"™BB'y = yTy;
T T
y BBy,
@a ) = T :
y'y
y"BBTy _ jiByji® _.
Now ==y~ = Tyjz = b so
2 b=0:
i.e
1 pl+4b_
= > :
But by assumption > 0, so D
1+ 1+4b
=
We know that ;1 b m, Where ; are the eigenvalues oBB T, so we have
1+ P 132 1+p1+4m_
2 2 '
CASE (II): < 0. Let = . Then from above,
x = (1+ ) 'Bly;

b = @1+ )
2+ b = 0:



So
1 p1+4b
- 2
Again, > 0 by assumption, so p
_ 1+ 1+4b
- 2
or
1 IO1+4b_
= > :
i.e
1 P1iva, 1 P13z 1
2 2 '
Finally,
h i" 1 M% KM 1KT % #
BBT = pL(KM IKT) 3M: (KM IKT) (KM : P M2( )
2

M 2KT(KM KT)

1
5 (KM 1K) PM(KM KT 2+
and so the eigenvalues oBB T are the same as those of-(KM 'K T) M + I, as required.

We can use this general result to obtain more concrete bountisat are dependent
both on the PDE in the problem being considered and on what e element dis-
cretization is used. In our tests, we have discretized the @olem (1.1) using bi-linear
quadrilateral Q; nite elements, and for this choice one can prove the followy.

Corollary 2A  Let be an eigenvalue dP;A, with Pp; and A as de ned in Proposi-
tion 2. Then satis es one of

= 1;
1 2 1h4 1 2 2
- 1+ 65+ - 1+ 5+ —=
2 2
r s |
1 2 5 1 2 ,h%
or - 1 5+ —*% -1 5+ :
2 2 ’

where ;; , are positive constants independent d¢f and independent of .

Proof Proposition 2 tells us that the clustering of eigenvalues ofthe preconditioned system
depends on nding the eigenvalues of the matrixT := | + ;~(KTM IK) IM. In this case, if
is an eigenvalue ofT, then

Tx = x;

ice: (zi(KTM IK) ™M + 1)x X;

K MK TMx 2 ( 1x:
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HereK = KT and ifwe let =2 ( 1); we have

(K M)’x = x:

If is an eigenvalue ok M, then = 2 and
K IMx = x;
ilee Mx = KX;
so X'Mx = x'Kx;
xTMx
XTK X'

We now make use the following results, which are Propositiorl.29 and Theorem 1.32 respec-
tively in [11], applied to our case.

Theorem 3 For Q1 approximation on a quasi-uniform subdivision of R? for which a shape

regularity condition holds the mass matrix M approximates he scaled identity matrix in the

sense that

xTM x
xTx

8x 6 0 2 R". The constantsc; and c, are independent of bothh and :

¢ h? cyh?

Theorem 4 For Q1 approximation on a quasi-uniform subdivision of R? for which a shape
regularity condition holds the Galerkin matrix K satis es

xTK x

2
dah xTx

d>
8x 6 0 2 R". The constantsd; and d, are positive and independent of botth and :

From Theorem 4 we obtain

1 xTx 1
d2 xTK x d1h2
Therefore,
C1h2 2
d2 dl’
o 2 4 , o 2
d2 dl ’
2 2
C1 4 Co .
— h 2 1 =
2 2
1l a h* +1 1l & +1:
2 do 2 dy
Hence, for the 2D case, we have the bounds
1 1
> h*+1 AR (3.2)
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where 1 and , are constants independent ofh and independent of . For the 3D case, the
equivalent results to Theorems 3 and 4 are
cth® X MX h®8x 60

and d;h® X KX §4hgx60:

xTx

The extra h on each side will cancel, meaning (3.2) also holds in the 3D sa (although the
constants will be di erent).

The bounds in Corollary 2A include two constants, ; and », which are independent
of both h and  but will change depending on the discretization used. In 2Dof Q1
square elements, as used here, Fourier analysis gives tbat 1=9,¢c,=1, d; =2 2 and
d, =4,so ;=1=1296 and , = 1=4 2 for this discretization.

Note also that the bounds depend oh in a multiplicative way only, so they remain
bounded away from 0 ah ! 0 with a bound independent ofh. This suggests that
this is an optimal preconditioner in the sense that its perfonance is independent of the
mesh size. Figure 1 shows plots of the actual eigenvalues ahd bounds of Corollary
2A for two choices of . We see that the eigenvalues are much more clustered for the
larger value of , and we see that for values around this our method is most sessful.
Taking around this value is common in the literature { see Collis anéHeinkenschloss
[10], Haber and Ascher [15], Maurer and Mittelmann [22],[2®r Ito and Kunisch [19],
for example.

mmmmmmmm 60

40r

20t *¥

-20
.40 b

wwwwwwww 60 |

(@ =102 (by =107

Figure 1: Eigenvalues oP ;A and eigenvalue bounds predicted by Proposition 2 (lines
are the predicted bounds, *s are the eigenvalues)

Remark 5 We have proved bounds for one possible approximation of tbeall precon-
ditioner Pygw , giving us the preconditionerPp;, which was formed by approximating
the (3,3) block in the ideal case | -M + KM KT | by KM *KT. Other such ap-
proximations are possible, for example, one could approxta the (3,3) block by taking
the rst term in the sum, ZiM . However, in our experience this is only a good approx-
imation for extremely small values of (around 10 '?), which are not very useful in
practice due to the highly irregular control functions thatesult.
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For the values of in between (around = 10 ®) we need both the additive terms
in the (3,3) block to have an e ective preconditioner. We net that in the case we are
considering here, with Poisson's equation as the constrairthe (3,3) block is itself an
elliptic operator for which e ective multigrid methods e)st. Therefore, approximating
ziM + KM KT by, for example, a xed number of V-cycles of this type shoulive a
method which is both and h independent. However, it is not clear how a such a method
would generalize to other PDE constraints.

When using Pp; as a preconditioner, the main drawback is that at each iterain
we have to solve folK and KT once each, which is equivalent to solving the forward
problem twice per iteration. This is costly, especially fomore complicated PDEs. As
these solves are only needed for the preconditioner, whichitself just an approximation,
all we need is to solve these approximately. Thus we want to msider

2 3
2N 0 0
P=4 0 M 0 =K (3.3)
0 0 KM KT

where K and M are some approximations toK and M, respectively. Note that we
do not need to approximateM in the Schur complement as a solve wittM ! is just
a matrix-vector multiplication with the mass matrix. If our approximations are good
enough, then the spectral bounds should be close to thosewhabove. Using (3.3) as a
preconditioner will take only slightly more Krylov subspae iterations, but with a solve
for K being much faster than, say, a sparse direct solve fir, hence giving us a much
more e ective preconditioner.

Note that if, for example, theL,() norm in (1.1) were replaced by a Hilbert space
norm with Gram matrix H, then we would require approximations 2H and H in the
(1,1) and (2,2) blocks respectively.

For any choice of PDE in a problem of the type in (1.1), it is likly that there has been
work done on solving the forward problem (i.e. solving justof a solution to the PDE)
and we propose to draw from ideas here to help us develop e et preconditioners. If we
have an e ective preconditioner for the forward problem, tkbn we can incorporate it into
our methods to give us an e ective preconditioner for the PDEonstrained optimization
problem.

In the case of our PDE, the Poisson equation, a xed number of uitigrid iterations
is a good preconditioner [11]. We apply both algebraic and gmetric multigrid routines.
We thus have two Preconditioners,

2 3 2 3
2 M 0 0 2NM 0 0
Pp2 = 4 0 N 0 5 and Pps = 4 0 (Y 0 5;
0 0 KM kT 0 0 tm T

where K denotes two geometric V-cycles an® denotes two AMG V-cycles ofHSL
packageHSLMI20 [7] applied via a MATLAB interface. For both multigrid methods we
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use the relaxed Jacobi method for the smoother, i.e. if we l@vo solve an arbitrary
system Gu = f for some matrix G 2 R* k and vectorsu;f 2 Rk for somek, take
D =diag(G) and iterate

u™D = ID Gu™+ID Iif (3.4)

whereu®© = 0 and for some relaxation parametet . For 2D problems we use 2 pre-
and 2 post-smoothing steps of relaxed Jacobi with the optirhaelaxation parameter of
I = g in the 2D case (see [11, Section 2.5]). In 3D, we use 3 pre- anplo3t-smoothing
steps of unrelaxed Jacobi, i.e. we take = 1 in the above, which is optimal here. We
have not experimented excessively, but found that this nundy of smoothing steps gives
a reasonable overall e ciency: using fewer steps, the reqad number of iterations of
minres s still mesh independent, though it is higher. We emphasizbat this is the
most CPU-intensive part of our algorithm. We have used a muljrid procedure here
essentially as a 'black box'; we obtain similar results (nopresented here) by using a
Gauss-Seidel smoother, and by varying the number of smoathi steps per level.

For the mass matrix, M, there are a number of options for the approximation. One
could use a lumped mass matrix, or even the diagonal Bf { from our experience both
of these methods lead to an optimal preconditioner. Howevethe approximate mass
matrix solve is the the cheapest part of the application of ta preconditioner, and if
we can have a more accurate approximation here, this will Imy down the number of
(outer) minres iterations needed { i.e. we will need fewer of the relativelgxpensive
multigrid solves { hence reducing the total solution time. Wiat we would like to use is
a few steps of the preconditioned conjugate gradient methadth, say, the diagonal as a
preconditioner applied to the matrix, as this will give us a god approximation. However,
PCG is not linear in the right hand side, so we cannot use it as@econditioner without
applying a exible outer Krylov iteration.

The Chebyshev semi-iteration [13] is a method of accelenagi convergence of a simple
iterative method which is linear, so we can employ it here. 18D, we use relaxed Jacobi
with a relaxation parameter of 2, which, when applied to aQ; mass matrix, gives an
iteration matrix with eigenvalues satisfyingj j 2 =: . In 3D, the optimal relaxation

5

parameter is4, which gives eigenvalues such that j ﬁ =: . In both cases, if we
want to solveM u = f, say, then thek™ iterate of the Chebyshev semi-iteration is given

by

w® = u®:
i=0
whereu® are the iterates of the underlying iterative method (sa® = Sul Y+ gwhere
S is some iteration matrix, de ned here by relaxed Jacobi) and; are the coe cients
of the scaled Chebyshev polynomiafi(z) = {<=3: This can be implemented more
e ciently by performing the iteration

wk D = iy (SWO + g wk D)+ wk b (3.5)

where Wy, = % (see Varga [28, Chapter 5]). It is very cheap to carry out an

iteration using this scheme. Moreover, we get the followingonvergence result, which
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shows this method has essentially the same convergence vaha as classical conjugate
gradients:
ju w®iz - max fOjju u©i (3.6)
r )

Indeed this bound using Chebyshev polynomials is the one adly applied for Conjugate
Gradient convergence. This suggests that a xed number of dse iterations will give us
a good approximation toM . This is a linear operation which is cheap to implement, so
it is valid to use as a preconditioner with a standard Krylov gbspace iteration such as
minres . We therefore letNr in Pp, and Pps denote 20 iterations of the Chebyshev
semi-iteration, as de ned above. In 2D, max| . ]jfzo(r)j 10 ©: This bound shows
that M is almost exactlyM but is still a very inexpensive way of inverting this operato

To recap, we have introduced two block diagonal preconditiers { Pp,, where a
solve with K is approximated by two geometric multigrid V-cycles, andPp3, which
uses two V-cycles of thedSLalgebraic multigrid routine to approximate a solve withK .
In both preconditioners a solve withM is approximated by 20 steps of relaxed Jacobi
accelerated by the Chebyshev semi-iteration.

Recall for the boundary control case we had the system

2 3
2M4 O ET
Ag=4 0 M, KT 5;
E K 0

where, in this case,E is not square. Using the same reasoning as above an 'ideal’
preconditioner would be

2
2M4 0 0

4 0 M, 0 S
0 0 %El\/lglET+K|\/|ulKT

This can, in turn, be approximated in exactly the same way asescribed above,
giving practical preconditioners

2 3 2 3
2 My 0 0 2 M, 0 0
Pg,=4 0 My 0 5 and PE;=4 0 M, 0 5-
0 0 KM, KT 0 0 (M, T

where, as in the distributed control case, ifP§, we approximate a sti ness matrix solve
with two geometric multigrid V-cycles, and we use the same mber of AMG V-cycles in
P&, In both cases we approximate a mass matrix solve using 20 ®lshev iterations.

4  Constraint Preconditioning

As noted in Section 3, the coe cient matrix in (2.6) is of a sadle-point form. In
recent years, the preconditioned projected conjugate grigtht (PPCQ ) method [14] has
become an increasingly popular method for solving saddleipt systems, particularly in
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the optimization literature. The method requires the use o& preconditioner that has a
very speci ¢ structure. If, as in (2.7), we write the coe cient matrix A of (2.6) as
A BT

A= g o

whereB 2 R¥ !: then the preconditioner must take the form

G BT
P= B 0o °
whereG 2 R' ! is a symmetric matrix. LetZ 2 R' (' ¥ be such that its columns span
the nullspace ofB: The ppcg method can be reliably used if botiz TAZ and ZTGZ
are positive de nite. The basic principles behind thppCg method are as follows. Let
W 2 R' ¥ be such that the columns oW together with the columns ofZ spanR' and
any solutionx in (2.7) can be written as

X = Wx, + Zx,: (4.1)
2 3
WT 0
Substituting (4.1) into (2.7) and premultiplying the resuling system by4 z7 05;
0 |
we obtain the linear system
2 32 3 2 3
WTAW WTAZ WTBT X WTc
4 72TAW  ZTAZ 0 S54x,5=47T¢c5;
BW 0 0 y d

Therefore, we may compute,, by solving
BWx,, = d;

and, having foundx,; we can computex, by applying the pCg method to the system

Azzxz = Cgz;
where
A, = ZTAZ;
c, = Z'(c AWX,):

If a preconditioner of the formZ"GZ is used and we dener, = ZTAZXx, ¢, and

9. = ZTGZ 'r,; then Gould et al [14] suggest terminating the iteration when the
easily computable valuer!g, has su ciently decreased. Note thatPCg minimizes

kx; X,K,r,, @nd, if ZTGZ is a good preconditioner, then

kx; X,Kyr,y, =T ZTAZ Yy, rl 2'Gz Yr, = r’g,:

Gould et al also show that thepCg algorithm may be rewritten without the need for
Z at all: this results in the ppCcg algorithm, Algorithm 6.
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Algorithm 6  Choose an initial pointx satisfying Bx = d and computer = Ax c:
G BT g _ r
B O v 0
following steps until a convergence test is satis ed:

Solve and setp = g;y = v;r r BTy: Repeat the

= r'g=p'Ap;
X X+ p;
r = r+ Ap;
Solve SBOT 8: = r(; ;
= (r")'g"="g;
p 9"+ p;
g g";
r r* BTv*:

If y is required, then one extra step must be carried out to competit. However, in
our case,y corresponds to the Lagrange multipliers which we are not ietested in
calculating.

In transforming the PCg algorithm applied to A,,x, = ¢, into Algorithm 6, Gould
et al introduced the vectorsx; r and g which satisfy x = Wx,, + ZX,; Z'r = r, and
g = Zg,: Hence our measure for termination becomeg; whereg= Z 27Gz *ZTr:
Note the presence of a constraint preconditioner in the eqalent de nition of g that is
used in Algorithm 6:

G BT g _ r

B O Vv 0

The following theorem gives the main properties of the prenditioned matrix P *A :
the proof can be found in [20].

Theorem 7 Let . .
A B _ G BT
A= B 0 and P = B 0

whereB 2 R* ! has full rank, G 2 R' ! is symmetric andP is nonsingular. Let the
columns ofZ 2 R' (' ¥ span the nullspace oB; then P *A has

2k eigenvalues at 1; and

the remaining eigenvalues satisfy the generalized eigdoeaproblem

ZTAZX, = Z TGZx,: (4.2)

Additionally, if G is nonsingular, then the eigenvalues de ned by (4.2) intade the
eigenvalues of5 A:
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Keller et al. also show that the Krylov subspace
K(P *A;r)=span(r;P Ar;(P *A)%r;:::)

will be of dimension at mostl k +2; see [20].

Clearly, for our problem (2.6), A is positive de nite and, hence,ZTAZ is positive
de nite. It remains for us to show that we can choose a symmetrmatrix G that satis es
the following properties:

ZTGZ is positive de nite;
the eigenvalues oP A are clustered; and
we can e ciently carry out solves with P:

We will rstly consider setting G = diag(A): SinceA is a block diagonal matrix with
the blocks consisting of mass matrices; is guaranteed to be positive de nite. From
Theorem 7, the non-unitary eigenvalues @@ A will interlace the eigenvalues oz *A:
The eigenvalues of5 A satisfy

Mx = diag (M )x

and, sinceM is a mass matrix, the eigenvalues o& A will be bounded above and
below by constant values, see [29]. Therefore, the non-umiy eigenvalues ofP *A
are bounded above and below by constant values. As we re neramesh, the rate of
convergence of thggpCcg method (in exact arithmetic) will not deteriorate and, hene,
this preconditioner may be described as \optimal". Unfortmately, it is not clear that
we can e ciently apply this preconditioner; in Section 5, wewill show that such a
preconditioner may be prohibitive to use for small values df: In the remainder of this
section, we will consider a constraint preconditioner thais both e cient to apply and
optimal.
It is straightforward to show that the columns of

span the nullspace of M K and, therefore,
ZTAZ=M+2K ™™ K:

Suppose that we set

2 3
0 0 M
Pci=4 0 2K ™ K | KT 5;
M K | 0
then,ifz= 2zl 28 zI Tandr= ] rI rI T;we may solve systems of the

form Pc1z = r by carrying out the following steps:
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Solve
Mzs= ryq; (4.3)

Solve
2K ™™ Kzo=r, KTz (4.4)

Solve
Mz,= Kz, r3: (4.5)

As noted in Section 3, systems of the form (4.3) and (4.5) mayebsolved e ciently
becauseM is a mass matrix. We will discuss the e cient (approximate) slution of
(4.4) at the end of this section.

Proposition 8 Let

2 3
2M 0| M
A=4 0 M|KT S
M K| O
and 2
0 0 M
Pci=4 0 2K ™ K | KT S5;
M K | 0

whereK;M 2 R" ": The preconditioned matrixP.;A has
2n eigenvalues at 1; and

the remaining eigenvalues satisfy the generalized eigdoeaproblem

> K™ K "M+l x= x: (4.6)
Proof From Theorem 7, P.iA has
2n eigenvalues at 1; and

the remaining eigenvalues satisfy

M+2K ™ K x=2 K ™ Kx:

This is equivalent to the generalized eigenvalue problem (4).

We can now use this general result to give solid bounds thatemdependent both
on the PDE problem being considered and on the nite elementigtretization. In our
tests, we have discretized problem (1.1) using quadrilatdrQ; nite elements and, for
this choice, one can prove the following.
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Corollary 8A Let be an eigenvalue oP.;A: Then satis es either
=1

or 1 1
> 1 +1 > 2+1;

where ; and , are positive constants independent of both and

Proof From Proposition 8, =1 or it satis es the generalized eigenvalue problem

ziKTM K "M+l x= x

From the proof of Corollary 2A we obtain the desired result.

Therefore, as we re ne the mesh, the bounds in Corollary 8A amn depend onh in
a multiplicative way only, so they remain bounded away from @sh! 0 with a bound
independent ofh. This suggests that this will be an optimal preconditioner dr (2.6).
However, as the regularization parameter decreases, the bounds will worsen and we
will expect the ppCg method to take more iterations to reach the same tolerance.

It remains for us to consider how we might solve (4.4). As in 8&on 3, instead of
exactly carrying out solves withK; we may approximateK by a matrix 10: If our approx-
imation is good enough, then the spectral bounds will be cl®$o those in Corollary 8A.
In the case of our PDE, Poisson's equation, we will employ theame approximation as
that used within the preconditioner Pp, : a xed number of multigrid V-cycles. This
gives us the preconditioner

3
0 NT

2
0
Pco=4 0 210™™M R KT 5;
1Y K 0

Here, again,lb denotes the approximation of the solves withkK by two AMG V-cycles
applied by using aMATLAB interface to the HSLpackageHSLMI20[7], and NI denotes
20 iterations of the Chebyshev semi-iterative methodPc; is not exactly of the form
of a constraint preconditioner sinceNr is not exactly M. However, the bound (3.6)
indicates that M is close toM and we see no deterioration in usingppCcg in any of
our numerical results. Note the exact use df and KT in the constraint blocks: this is
possible because we only require matrix-vector multipliti@ans with these matrices.

At this point we would like to highlight some of the work of Biros and Ghattas [4] and
show how it di ers to the approaches proposed in this sectionfwo of the preconditioners
that they consider take the form

3
2 M
TS5

2
P1:4

e

0
0 K
K 0
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and
2oM 0 Mm°
P,=4 0 0 KT 5:
M KR 0

We note that the eigenvalues oP, A are the same as the eigenvalues BtiA: The
solution of systems with coe cient matrix P; requires the exact solution of the forward
problemK z = r (and K Tz = r). In comparison, the solution of systems with coe cient
matrix Pc; requires the exact solution of problems of th®l z = r: We can solve systems
of the form Mz = r; whereM is a very good approximation toM; much more e ciently
than systems of the formRz = r; where®R is a very good approximation toK: Hence,
if we were to form a matrix P, which is as e cient as to use asPc, when carrying out
the preconditioning step, then we would expect to have to reg to using a di erent
iterative method because we will not expect the approximain i to be close enough to
K for ppcg to be a reliable method.

5 Results

We illustrate our methods with ve di erent examples. The r st four examples are of
distributed control, and we compare the time to solve the sysm using "backslash' in
MATLAB , minres with preconditioners Pp, and Pps, PPCg with preconditioner
Pc2, and ppCcg with preconditioner with G = diag(A): In the latter method, we fac-
torize the preconditioner once usingATLAB 'sldl function and then use this factor-
ization when carrying out the solves with the preconditione Example 13 is a boundary
control problem, and for this we compare the time to solve theystem using "backslash'
in MATLAB and minres with preconditioners Pp, and Pp3. We terminate minres
when the relative residual (in the 2-norm) has reach the deed tolerance. PPCgQ is
terminated whenrTg has reached the desired tolerance relative to its initial Viae.

To choose the value of , it is helpful to look at a graph of ku 0k, vs log( ).
For the system (2.6) with Dirichlet boundary conditions ths is shown in Figure 2. In
Example 9 we will demonstrate how our algorithm works for dierent { namely we
take =10 ?; 05 10 “and 10 °.

In the tables of results that follow, the number of iteratiors are given in brackets after
the CPU time. All tests were done usingIATLAB version 7.5.0 on a machine with a
dual processor AMD Opteron 244 (1.8GHz). All times are CPU mnes in seconds. We
used theHSLpackageHSLMI20[7] (via a Matlab interface) as our AMG method. For
2D problems we use two V-cycles, two pre- and two post-smoatg steps of relaxed Ja-
cobi with the optimal relaxation parameter of! = g in the 2D case (see [11, Section 2.5]),
and the relaxed Jacobi method is also used for the coarse sol{i.e., default control
components ofHSLMI20 are used apart from the following choices: coarselver=2,
damping= g pre _smoothing=2, post_smoothing=2 and v_iterations=2 ). In 3D, we
use two V-cycles, three pre- and three post-smoothing stepsunrelaxed Jacobi [ =1
in the above), which is optimal here, and unrelaxed Jacobi &lso used for the coarse
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.
10% 10°

090)
Figure 2: Graph ofku 0k, vs log( )

solver (i.e., defaultcontrol components ofHSLMI20 are used apart from the follow-
ing choices: coarssolver=2, damping= 1 pre_smoothing=3, post_smoothing=3 and
v_iterations=2 ).

Example 9 Let =[0 ;1]", wherem =2; 3, and consider the problem
min Jiju 07, + itif
wf 2 L2() L2()

u=f in (5.1)
u="%e on @ (5.2)

Sit: r

where, in 2D,
(2x 122y 1)* if (x;y) 2 [0; 3]?

0= 0 otherwise

and, in 3D,

o= (2x 1?2y 1?2z 1) if (X;y;2) 2 [0; 3°

0 otherwise

i.e. O is bi- or tri-quadratic (depending on whethem = 2 or 3) with a peak of unit
height at the origin and is zero outsid¢0; %]m.

A plot of the target solution, @, is given in Figure 3, and plots of the controlf,
and the state, u, for the three values of are given in Figure 5. In Tables 1 and 2, we
consider the 2D version of Example 9 with = 10 2, with convergence tolerances 10
and 10 &, respectively. In Tables 4 and 5we take =5 10 5, and in Tables 7 and 8 we
use =10 °, and solve to the same convergence tolerances. Note that sketolerances
are quite small { especially for largeh { given that the nite element method we use is
only accurate toO(h?), but we want to demonstrate the mesh-independent propertgf
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Figure 3: Graph ofu‘for Example 9

our preconditioners. In practice one would take the accurgoof the discretization into
account when deciding the accuracy with which one solves tisgstem (2.6).

We observe that the number of iterations required by our itextive methods do not
grow as we re ne our mesh size with theninres preconditioners or when usingppcg
with Pc,. The smaller we take we require more iterations to converge to the same
tolerance, as expected from the theory. Fdr=2 9, MATLAB 's backslash method runs
out of memory, as does itddl function when factorizing the constraint preconditioner
with G = diag(A): The iteration count for the last preconditioner is good for his
example and, indeed, in all the examples considered, but itsliance on a direct method
for its implementation makes it infeasible for smaller vales ofh. It is interesting to
note that with the minres preconditioner, for the two smaller values of , the number
of iterations drops signi cantly at h = 2 °, although we have no explanation for this
behaviour.

Here the geometric multigrid preconditioner Pp3) converges in around the same
number of iterations as the corresponding AMG preconditier (Pp2), but that the
AMG preconditioner is signi cantly the faster of the two. This is because our geomet-
ric multigrid is interpreted matlab code, whereas the AMG solver is public domain
software which is optimizedfortran and connected tomatlab through a MEX in-
terface. Note also that theminres and ppcg methods, whether using a geometric
or algebraic multigrid, are both close to linear complexity the time taken to solve the
system increases linearly with the problem size.

In Tables 3, 6 and 9, we consider the 3D version of Example 9 tvitonvergence
tolerances 104 and 10 8, for =10 2;5 10 ° and 10 ° respectively. Again we see
much the same behaviour { hereMATLAB 's backslash anddl methods run out of
memory ath = 2 ®. For this problem the geometric multigrid version of theminres
preconditioner is the most e cient, both in terms of the number of iterations and the
time taken { especially for small . Again, the timings are close to scaling linearly with
the problem size.

In Figure 4, we compare the number of iterations needed to selthe 2D problem by
both the minres method with preconditionerPp 5 (Figure 4(a)) and the ppcg method
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with preconditioner P, (Figure 4(b)) for the tolerance 104 and di erent values of :

For =10 %5 10 ° and 10 °, which are the values considered above, we see the
number of iterations does not grow a$ decreases. For =5 10 & we see a big
increase in the number of iterations needed to converge footh methods, however even
this seems to tend to a constant value { although one which is@bably too high for the
algorithm to be practical. For xed values of h; decreasing results in an increasing
number of iterations.

70

250 : :
——p =102 —e—b =107
= e=bh=5x10" . = e =b=5x10"
~e= b=10" 60 —e= b=10" ]
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@ @ 40t
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Figure 4: Number of iterations forminres with Py and ppcg with Pc, to solve
Example 9in 2D for =10 2,5 10°% 10°% and5 108

Example 10 Again, let =[0 ;1]", wherem = 2; 3, and consider the problem

min jju 0jit,y + Iifiit,o

2
st: ro2u=f in (5.3)
u=0 on @ (5.4)
where, in 2D,
G=exp 64(x O052+(y 05)):
and in 3D,

G=exp 64(x O0572%+(y 05)72+(z 05)?) :
i.e. 0 is a Gaussian, with peak of unit height a; 1]:

For this and the following two examples, we take =5 10 °. A plot of {1 is
given in Figure 6. Tables 10 and 11 show our ndings for Exam@I|10 which is another
Dirichlet control problem { this time with a di erent cost fu nctional. Here we see similar
behaviour to that in Example 9, which demonstrates that our rathod appears not to
depend onu?
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Figure 6: Graph ofu*for Example 10
Example 11 Let =[O0 ;1] and consider the Neumann problem

min Sjju 0jit,o + difiit,g

st: r 2u=f in (5.5)
@u_
an 0 on @ (5.6)

where
a= (& 1?2y 1)? if (xy) 2 [0; 5] :

0 otherwise

This is a distributed control problem with a Neumann bounday condition, therefore
the sti ness matrix K is singular. We comment that for simple forward solution oftie
Neumann problem, a singular multigrid cycle is possible [L&hapter 12], whereas in the
control problem we require a de nite preconditioner, henca singular multigrid cycle
is not usable. This is, however, not a di culty, as we simply pn one of the nodes to
remove the singularity; this gives us, in e ect, a mixed boutiary condition problem with
a Dirichlet boundary condition at just one point. In this ca® we have madai vanish
at (1;1) (which is consistent with the objective function). Tables 12 and 13 shows our
results in this case. In comparison with the Dirichlet restd our methods are slightly
less e ective here { the iteration count and, correspondiry, the time taken are both
larger. However, the overall behaviour is similar - we stiljet mesh size independent
convergence and nearly linear complexity.

Example 12 Let =[0 ;1] and consider the problem

1 Y o
min Sjju - it + Itiic,o
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st: r 2u=f in (5.7)
. @u
u="=%e oN@ ; and @n: Oon @ (5.8)

where
(2x 122y 1)* if (x;y) 2 [0; 3]?
0 otherwise

and@.=(0 [01)[ ((0;1] Oand@-=(1 (G;1)[ ([0;1) 1)

0=

Example 12 is a distributed control problem with mixed boundry conditions: half
of the boundary satis es a Dirichlet boundary condition whie the other half satis es a
Neumann boundary condition. As we might expect from the nate of the problem, the
results in Tables 14 and 15 lie somewhere in between those aBEples 9 and 10 and
those of Example 11. The solution timings remain optimal.

Example 13 Let =[0 ;1] and consider the boundary control problem

1 - o
fﬂ;lfnéllu Wi, + NAie

St: r 2u = 0in (5.9)
%z = gon@ (5.10)

where . 1
g @ 1Py 1P i ()2 03P
0 otherwise
This is example of boundary control with a Neumann boundaryandition. In this
case the (1,3) block in 2.6 is not square, so the constraintgmonditioners as presented
here cannot be applied without further modi cation. The black diagonal preconditioners
P8, and PE, can be applied, and we give the results for solving this prabh (using a
value of = 10 ?) in Table 16. Here, again we see we have mesh size independent
convergence and optimal solution timings. We note that theteration numbers for
the preconditioner using algebraic multigridPp 3 are not as uniform as when we use a
geometric multigrid routine Pp,, although we still get mesh-independent convergence.
It is possible that a di erent choice of parameters would aflviate this e ect, however
our philosophy here is to use AMG essentially as a 'black boxiethod and we present
the results with a minimal adjustment of the default paramegrs.

6 Conclusion

We have presented optimal preconditioners for distribute@nd boundary control prob-
lems. These preconditioners are conceived of in block formadainclude a small xed
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number of multigrid cycles for particular blocks. The precoditioners are employed with
appropriate Krylov subspace methods for symmetric linearystems, for which we have
reliable convergence bounds. We have demonstrated that goireconditioners work ef-
fectively with regularization parameter 5 10 ° (and also = 10 2 and 10 ° for our
rst example problem) although the approximations becomeelss valid as approaches
zero they still give mesh size independent convergence dawrabout =10 8, which is
comparable with the discretization error in our PDEs for thesmallest grid size employed
here.

Only a handful of papers in the literature consider the saddtpoint structure of
the matrices when solving problems of this type: we have us#us structure to create
e cient algorithms. A large amount of work has been done on dwing saddle point
systems { e.g. see the survey paper by Benzi, Golub and Liesg@&j { and on block
preconditioners [11]. The block preconditioning approachllows the incorporation of
powerful techniques such as multigrid.

Two classes of preconditioners for the simplest case of PDEamely the Poisson
equation, have been proposed, but we believe our methods amnere general than that.
The availability of a good preconditioner for a forward and djoint PDE operator should
allow reasonably straightforward generalizations of theltck diagonal preconditioning
idea; in further research on incompressible ow control tisidoes appear to be the case.
It is less obvious that the constraint preconditioning idea presented here are so easily
generalizable to other PDE problems, though we are having atess with related ap-
proaches for incompressible ow control. This work is ongag and the results will be
presented in a subsequent paper.

Our numerical results are for idealized examples { in praate there are a number of
modi cations which lead to systems with similar algebraic tsucture. For example, one
could consider any Hilbert space norms in place of the,( ) norms in (1.1) and the (1,1)
and (2,2) blocks in (2.6) would be the corresponding Gram miates: our techniques with
appropriate modi cation should handle this.

In some cases the blocks in the system (2.8) are not all squaM/e have included
a boundary control example to demonstrate how the block diagal preconditioning
method can be applied in such cases. The constraint precoinoiiing methods are not
immediately applicable for this class of problem but we mayeéable to apply related
approaches that are similar to those we are working on for iampressible ow control.

One may only want to controlu on part of , or have a few point measurements
to match { in this case the (2,2) block in (2.6) is singular. Itis not clear at this stage
how our block diagonal preconditioning method could be appd but there is scope for
the constraint preconditioning method because these do nassume thatA in (2.7) is
non-singular.

Another common generalization which is relevant in many pidical problems would
be the inclusion of bound constraints. Many methods for haidg these lead to systems
of a similar algebraic structure to those we consider hereo(f example, see [12]): we
foresee that our methods should also be applicable for suctoplems.
AcknowledgementWe thank Eldad Haber and an anonymous referee for their cauf
reading and insightful comments which have greatly improekthe content of this paper.
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Table 1: Comparison of times and iterations to solve Exampl@ in 2D with = 10 2
for di erent mesh sizes h) (with 3n unknowns) to a tolerance of 10* for MATLAB 's
backslash methodminres with preconditioners Pp,; Pps; PPCY with preconditioner
Pc2; and PPCg with constraint preconditioner containing G = diag(A):

h 3n | backslash| minres | minres ppcg ppcg
(Pp2) (Pp3) (Pc2) | (G = diag(A))
272 27 0.0002| 0.13 (7)| 0.023 (7)| 0.008 (2) 0.003 (5)
23 147 0.002| 0.15(7)| 0.028 (7)| 0.009 (1) 0.013 (5)
2 4 675 0.009| 0.19 (7)| 0.044 (7)| 0.015 (1) 0.087 (5)
25| 2883 0.062| 0.34(7)| 0.18(7)| 0.041 (1) 0.50 (4)
2 6| 11907 0.37 1.1(7)| 051(7)| 0.18 (1) 3.56 (4)
2 7| 48387 2.22 4.1 (7) 21 (7) | 1.11(2) 24.2 (4)
2 81195075 15.7| 18.9(7)| 10.3(7)| 5.25(2) 136 (4)
2 9| 783363 | 92.1(7)| 64.2(9)| 26.3(2 |

Table 2: Comparison of times and iterations to solve Exampl@ in 2D with = 10 2
for di erent mesh sizes f) (with 3n unknowns) to a tolerance of 108 for MATLAB 's
backslash methodminres with preconditioners Pp,; Pps; PPCY with preconditioner
Pc2; and PPCg with constraint preconditioner containing G = diag(A):

) 3n | backslash| minres | minres | ppcg ppCy
(Pp2) (Pp3) (Pc2) | (G = diag(A))
2 2 27| 0.0002] 0.15 (10)| 0.032 (10)] 0.016 (3) 0.004 (6)
23| 147 0.002| 0.17 (10)| 0.038 (10) | 0.018 (3) 0.022 (11)
24| 675 0.009| 0.26 (12) | 0.071 (12) | 0.029 (3) 0.16 (11)
25| 2883 0.062| 050(12)| 0.18 (12)| 0.075 (3) 1.08 (11)
2 6| 11907 0.37| 1.67 (12)| 0.80 (12)| 0.34 (3) 6.99 (10)
2 7| 48387 222| 6.60(12)| 3.95(14)| 1.44 (3) 46.1 (10)
2 8| 195075 15.7| 30.9 (12)| 19.0 14)| 6.77 (3) 247 (10)
2 9 | 783363 | | 134 (11)| 88.9 (13)| 41.6 (4) |
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Table 3: Comparison of times and iterations to solve Exampl@ in 3D with =10 2
for di erent mesh sizes h) (with 3n unknowns) to a tolerance of 10* and 10 8 for

MATLAB 's backslash methodminres with preconditioners Pp,; Ppz; PPCY with
preconditionerP¢,; and PPCg with constraint preconditioner containingG = diag(A):

h 3n | backslash| minres | minres | ppcg ppcg
(Pp2) (Pps) | (Pc2) | (G = diag(A))
Convergence tolerance = 10%
22 81 0.001| 0.13(5)| 0.034 (5)| 0.01 (1) 0.01 (6)
2 3| 1029 0.013| 0.20 (5)| 0.085 (5)| 0.04 (1) 0.39 (6)
2 410125 25.5 1.16 (5) 1.34 (5) | 0.68 (1) 17.4 (5)
2 5| 89373 | 13.9 (7)| 15.7(5) | 8.11 (1) |
Convergence tolerance = 10°
22 81 0.001| 0.14 (8)| 0.031 (8)| 0.02 (3) 0.01 (6)
23| 1029 0.13| 0.28 (10)| 0.14 (10) | 0.07 (3) 0.75 (6)
2 4110125 25.5| 2.04 (10)| 2.30 (10)| 1.12 (3) 34.4 (5)
2 589373 | 19.2 (10) | 26.7 (10) | 13.1 (3) |

Table 4: Comparison of times and iterations to solve Examp@in 2D with
for di erent mesh sizes h) (with 3n unknowns) to a tolerance of 10* for MATLAB 's
backslash methodminres with preconditioners Pp,; Pps; PPCY with preconditioner
Pc2; and PPCg with constraint preconditioner containing G = diag(A):

) 3n | backslash| MINrEs | minres | ppcg ppcg
(Pp2) (Pp3) (Pc2) | (G = diag(A))
22 27| 0.0002| 0.16 (13)| 0.041 (13)] 0.019 (5) 0.003 (5)
23| 147|  0002| 0.23(18)| 0.065 (18)| 0.023 (5) 0.008 (5)
24| 675| 0009| 034(19)| 0.11 (19)| 0.038 (5) 0.083 (5)
25| 2883| 0063| 0.73(19)| 0.28 (19)| 0.11 (5) 0.52 (5)
26| 11907 0.43| 270 (20)| 1.28 (20)| 0.41 (4) 3.55 (4)
2 7| 48387 245| 11.1(21)| 5.69 (21)| 1.74 (4) 22.4 (4)
2 8| 195075 14.4| 522 (21)| 27.9 (21)| 8.19 (4) 117 (4)
2 9 | 783363 | | 155(13)| 90.4 (13)| 48.4 (5) |

=5 10°
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Table 5: Comparison of times and iterations to solve Exampin 2D with =5 10 °
for di erent mesh sizes h) (with 3n unknowns) to a tolerance of 108 for MATLAB 's
backslash methodminres with preconditioners Pp,; Pps; PPCY with preconditioner
Pc2; and PPCg with constraint preconditioner containing G = diag(A):

) 3n | backslash| MINrES | minres | ppcg ppcg
(Pp2) (Pp3) (Pc2) | (G = diag(A))
2 2 27| 0.0002] 0.17 (16)] 0.044 (14)] 0.028 (7) 0.003 (6)
23| 147| 0002| 033(30)| 0.10(30)| 0.039 (9) 0.013 (11)
24| 75| 0009| 051(32)| 0.17 (32)| 0.063 (9) 0.15 (11)
25| 2883| 0063| 1.21(34)| 0.48(34)| 0.15 (8) 1.08 (11)
26| 11907 0.43| 4.40 (34)| 2.12 (34)| 0.71 (8) 6.93 (10)
2 7| 48387 2.45| 17.6 (34)| 9.03 (34)| 3.03 (8) 43.4 (10)
2 8| 195075 14.4| 88.0(36)| 45.3(34)| 14.2 (8) 224 (10)
2 9 | 783363 | | 282(24)| 156 (24)| 796 (9) |

Table 6: Comparison of times and iterations to solve Examp@in 3D with =5 10 °
for di erent mesh sizes ) (with 3n unknowns) to a tolerance of 10* and 10 @ for
MATLAB 's backslash methodminres with preconditioners Pp,; Ppz; PPCY with
preconditioner P¢,; and PPCg with constraint preconditioner containingG = diag(A):

h 3n | backslash| minres | minres | ppcg pPpPCcg
(Pp2) (Pos) | (Pc2) | (G = diag(A))
Convergence tolerance = 104
22 81 0.001| 0.15(10)| 0.15(11)| 0.02 (5) 0.01 (6)
23| 1029 0.13| 0.34 (14)| 0.48 (23)| 0.10 (5) 0.18 (6)
2 4110125 18.9| 2.74 (14)| 4.36 (23) | 1.58 (5) 18.8 (5)
2 589373 | 26.5(14) | 44.1 (24)| 15.7 (4) |
Convergence tolerance = 10°®
22 81 0.001| 0.053 (12) | 0.060 (17)| 0.03 (7) 0.01 (10)
23| 1029 0.13| 0.25(18)| 0.45(31)| 0.15 (8) 0.34 (14)
2 4110125 18.9| 3.76 (18)| 7.29 (37)| 2.21 (8) 36.4 (13)
2 589373 | 44.0 (18) | 85.3 (37)| 25.6 (8) |
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Table 7: Comparison of times and iterations to solve Exampl@ in 2D with

=10 °

for di erent mesh sizes {) (with 3n unknowns) to a tolerance of 10* for MATLAB 's
backslash methodminres with preconditioners Pp,; Pps; PPCJY with preconditioner
Pc2; and PPCg with constraint preconditioner containing G = diag(A):

) 3n | backslash| minres | minres | ppcg ppCy
(Pp2) (Pp3) (Pc2) | (G = diag(A))
2 2 27| 0.0002] 0.16 (13)] 0.041 (13)] 0.027 (7) 0.003 (5)
23| 147 0.002| 0.26 (23) | 0.082 (23)| 0.033 (8) 0.008 (5)
24| 675 0.009| 0.42 (25)| 0.14 (25)| 0.061 (9) 0.040 (5)
25| 2883 0.072| 0.91 (25)| 0.36 (25)| 0.17 (9) 0.46 (4)
2 6| 11907 0.42| 3.29 (25)| 1.59 (25)| 0.70 (8) 3.56 (4)
2 7| 48387 253| 13.1(25)| 6.74 (25)| 2.40 (6) 22.4 (4)
2 8| 195075 14.1| 617 (25)| 33.1(25)| 11.1 (6) 117 (4)
2 9| 783363 | | 201(17)| 114 (17)| 70.8 (8) |

Table 8: Comparison of times and iterations to solve Exampl@ in 2D
di erent mesh sizes ) (with 3n unknowns) to a tolerance of 10° for MATLAB 's
backslash methodminres with preconditioners Pp,; Pps; PPCY with preconditioner
Pc2; and PPCg with constraint preconditioner containing G = diag(A):

= 10 ° for

) 3n | backslash| Minres | minres | ppcg ppcy
(Pp2) (Pp3) (Pc2) | (G = diag(A))
2 2 27| 0.0002] 0.17 (16)] 0.050 (16)| 0.027 (7) 0.003 (6)
23| 147 0.002| 0.35(35)| 0.12 (36)| 0.052 (13) 0.008 (11)
24| 675 0.009| 0.61 (40)| 0.22 (40)| 0.092 (14) 0.083 (11)
25| 2883| 0072| 1.39(40)| 0.57 (40)| 0.24 (14) 0.52 (11)
2 6| 11907 042| 511 (40)| 2.4 (40)| 1.08 (13) 3.55 (10)
2 7| 48387 2.53| 21.06 (41)| 10.8 (41)| 4.56 (13) 22.4 (10)
2 8| 195075 14.1| 102 (42)| 53.8 (42)| 21.6 (13) 117 (10)
2 9| 783363 | | 303(26)| 167 (26)| 108 (13) |
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Table 9: Comparison of times and iterations to solve Exampiin 3D =10 ° for di er-
ent mesh sizesh) (with 3n unknowns) to a tolerance of 10* and 10 & for MATLAB 's
backslash methodminres with preconditioners Pp,; Pps; PPCY with preconditioner
Pc2; and PPCg with constraint preconditioner containing G = diag(A):

h 3n | backslash| minres | minres ppPCcg PpCg
(Pp2) (Pps) (Pc2) | (G = diag(A))
Convergence tolerance = 10%
22 81 0.001| 0.16 (10)| 0.053 (12)| 0.03 (7) 0.01 (6)
23| 1029 0.13| 0.38 (16)| 0.35(25)| 0.14 (8) 0.18 (6)
2 4110125 18.5| 3.12 (16)| 4.86 (24) | 2.67 (10) 13.0 (5)
2 589373 | 29.6 (16) | 61.3 (26)| 25.5(8) |
Convergence tolerance = 10°
22 81 0.001| 0.16 (11) | 0.071 (20)| 0.05 (12) 0.01 (6)
23| 1029 0.13| 0.55(27)| 0.51(39)| 0.25 (16) 0.34 (6)
2 4110125 18.5| 5.17 (28) | 9.07 (46) | 4.14 (17) 26.7 (5)
2 589373 | 52.4 (29)| 106 (47)| 45.6 (16) |

Table 10: Comparison of times and iterations to solve Exampl10 in 2D for di erent
mesh sizes t{) (with 3n unknowns) to a tolerance of 10* for MATLAB 's backslash
method, minres with preconditioners Pp,; Pps; PPCY with preconditioner Pc»; and
pPpCg with constraint preconditioner containing G = diag(A):

) 3n | backslash| MiNres | minres | ppcg ppcg
(Pp2) (Pp3) | (Pc2) | (G = diag(A))
2 2 27] 0.0003| 0.3 (7)] 0.024(7)] 0012 0.003 (3)
23| 147  0.002| 0.19 (13)| 0.047 (13)| 0.02 (3) 0.006 (3)
24| 675 0009| 0.27(13)] 0.076 (13)| 0.03 (3) 0.048 (2)
25| 2883 007| 054 (13)| 0.19 (13)| 0.07 (3) 0.34 (2)
2 6| 11907 0.43| 1.80 (13)| 0.86 (13)| 0.35 (3) 1.83 (1)
27| 48387 236| 7.15(13)| 3.68 (13)| 1.47 (3) 11.9 (1)
2 8| 195075 143| 333(13)| 17.8(13)|8.26 (4) 117 (4)
2 ° | 783363 | | 153 (13)| 92.8 (13)| 33.8 (3) |
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Table 11: Comparison of times and iterations to solve Exampl10 in 2D for di erent
mesh sizest{) (with 3n unknowns) to a tolerance of 10® for MATLAB 's backslash
method, miNres with preconditioners Pp,; Pps; PPCY with preconditioner Pc,; and

pPpCg with constraint preconditioner containing G = diag(A):

A 3n | backslash| minres | minres | ppcg ppcy
(Pp2) (Pp3) | (Pc2) | (G = diag(A))
22 27] 0.0003] 013 (8)| 0.027 8002 (3 0.003 (3)
23| 147 0.002| 0.24 (20) | 0.071 (20) | 0.02 (4) 0.01 (7)
24| 675 0.009| 0.35 (20)| 0.11 (20)| 0.04 (4) 0.07 (4)
25| 2883 0.07| 0.83(22)| 0.31(22)|0.12 (6) 0.42 (3)
2 6| 11907 043| 2.88(22)| 151 (24)| 0.57 () 2.40 (2)
2 7| 48387 236| 12.5(24)| 6.54 (24)| 2.38 (6) 15.3 (2)
2 8| 195075 14.3| 595 (24)| 31.5(24)| 14.1 (8) 224 (10)
2 9| 783363 | | 280 (24)| 158 (24)| 55.6 (6) |

Table 12: Comparison of times and iterations to solve Examplll in 2D for di erent
mesh sizest{) (with 3n unknowns) to a tolerance of 10* for MATLAB 's backslash
method, minres with preconditioners Pp,; Pps; PPCY with preconditioner Pc,; and

ppCcg with constraint preconditioner containingG = diag(A):

h 3n | backslash| minres | minres | ppcg ppcg
(Pp2) (Pp3) | (Pc2) | (G = diag(A))
22 72 0.0008] 0.28 (29) [ 0.093 (29) | 0.02 (4) 0.005 (4)
23 240 0.003| 0.39 (35)| 0.13 (35) | 0.02 (4) 0.008 (2)
24 864 0.01| 0.62 (35)| 0.22 (35)| 0.04 (4) 0.07 (2)
25| 3264 0.08| 1.50(37)| 0.58 (37)| 0.10 (4) 0.33 (1)
2 6| 12672 0.58| 5.08 (37)| 0.31 (47)| 0.36 (3) 2.03 (1)
2 7| 49920 3.77| 227 (39)| 12.8 (43)| 1.61 (3) 11.5 (1)
2 8198144 27.5| 100 (41)| 57.7 (45)| 6.82 (3) 65.4 (1)
2 9| 789504 | 421 (43) | 230 (45)]| 27.3 (3) |

Table 13: Comparison of times and iterations to solve Examgl1ll in 2D for di erent
mesh sizes I{) (with 3n unknowns) to a tolerance of 10® for MATLAB 's backslash
method, minres with preconditioners Pp,; Pps; PPCY with preconditioner Pc,; and

ppCcg with constraint preconditioner containingG = diag(A):

h 3n [ backslash| minres | minres ppcg ppcg
(Pp2) (Pp3) (Pc2) | (G = diag(A))
272 72 0.0008| 0.36 (42)] 0.13 (42)[ 0.04 (11) 0.007 (9)
23 240 0.003| 0.61 (60) | 0.22 (58) | 0.05 (10) 0.02 (7)
2 4 864 0.01| 1.05(64)| 0.39 (64) | 0.08 (11) 0.10 (4)
25| 3264 0.08| 2.48 (64)| 1.07 (68)| 0.25 (12) 0.54 (3)
2 6| 12672 0.58| 8.67 (64)| 5.22 (78)| 0.92 (10) 2.68 (2)
2 7| 49920 3.77| 37.4(65)| 22.2(76)| 4.43 (11) 14.9 (2)
2 8198144 27.5| 201 (83)| 103(82)| 18.7 (11) 65.4 (1)
2 9| 789504 | 813 (84)| 433 (86)| 74.7 (11) |
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Table 14: Comparison of times and iterations to solve Exampl12 in 2D for di erent
mesh sizes t{) (with 3n unknowns) to a tolerance of 10* for MATLAB 's backslash
method, minres with preconditioners Pp,; Pps; PPCY with preconditioner Pc»; and
pPpCg with constraint preconditioner containing G = diag(A):

) 3n | backslash| MINFES | MINres | ppcg ppcg
(Pp2) (Pp3) | (Pc2) | (G = diag(A))
2 2 48] 0.0005| 0.19 (19)] 0.06 (19)]0.03 (7) 0.005 (6)
23|  102|  0002| 027 (23)|0.087 (23)| 0.04 (8) 0.01 (5)
24| 768 0.01| 044 (25)| 0.15 (25)| 0.06 (8) 0.10 (5)
25| 3072 0.07| 098 (25)| 0.38 (25)| 0.15 (7) 0.57 (4)
2 6| 12088 0.40| 3.64 (27)| 1.65 (25)| 0.51 (5) 3.73 (4)
2 7| 49152 243| 157 27)| 8.19 (27)| 2.39 (5) 22.2 (4)
2 8 | 196608 14.8| 66,5 (27)| 37.5 (29)| 9.68 (5) 120 (4)
2 9 | 786432 | | 278 28)| 151 (29)| 51.4 (7) |

Table 15: Comparison of times and iterations to solve Exampl12 in 2D for di erent
mesh sizes I{) (with 3n unknowns) to a tolerance of 10® for MATLAB 's backslash
method, minres with preconditioners Pp,; Pps; PPCY with preconditioner Pc»; and
pPpCg with constraint preconditioner containing G = diag(A):

) 3n | backslash| MINFES | mMiNres | ppcg ppcg
(Pp2) (Pp3) (Pc2) | (G = diag(A))
22 48] 0.0005| 0.24 (28)]0.088 (28)] 0.027 (7) 0.003 (6)
23| 192|  0.002| 0.39(38)| 0.14 (40)| 0.052 (13) 0.01 (11)
24| 768 0.01| 0.70 (44)| 0.27 (46)| 0.092 (14) 0.07 (11)
25| 3072 0.07| 1.65(44)| 0.68 (46)| 0.24 (14) 0.99 (11)
26| 12288 0.40| 5.75 (44)| 2.95 (46)| 1.08 (13) 7.01 (10)
27| 49152 2.43| 252 (44)| 13.6 (46)| 4.56 (13) 43.9 (10)
2 8 | 196608 14.8| 106 (44)| 58.6 (46)| 21.6 (13) 224 (10)
2 9 | 786432 | | 432(44)| 246 (48)| 108 (13) |

Table 16: Comparison of times and iterations to solve Exampl13 in 2D

=10 2

for dierent mesh sizes (1) (with 3n unknowns) to a tolerance of 10* and 10 @ for
MATLAB s backslash method andninres with preconditioners P§,; P&;:

h size(A) | backslash | miNres minres minres minres
(P52) (P52) (P52) (P52)
Conv. tolerance = 10 # || Conv. tolerance = 10 ®
2 2 66| 0.0006( 0.13 (15) | 0.044 (7) || 0.20 (28) | 0.032 (8)
23 194 0.005|| 0.15 (15) | 0.034 (7) || 0.26 (26) | 0.038 (8)
2 4 642 0.011| 0.24 (13) | 0.085 (13) || 0.42 (26) | 0.09 (14)
25| 2306 0.078 || 0.48 (13) | 0.18 (13) || 0.96 (26) | 0.20 (14)
26| 8706 0.70| 1.62 (13) | 1.12 (21) | 2.99 (24) | 1.26 (23)
2 7| 33794 6.73| 6.54 (13) | 6.99 (31) || 11.0 (22) | 7.32 (32)
2 8| 133122 69.1| 27.2 (13) | 13.7 (13) || 45.8 (22) | 14.9 (14)
2 9| 528386 | 109 (13) | 103 (27) | 183 (22) | 109 (28)




