SPECTRAL GALERKIN APPROXIMATION OF FOKKER-PLANCK
EQUATIONS WITH UNBOUNDED DRIFT

DAVID J. KNEZEVIC* AND ENDRE SULIt

Abstract. The paper is concerned with the analysis and implementation of a spectral Galerkin method for a
class of Fokker—Planck equations that arises from the kinetic theory of dilute polymers. A relevant feature of the
class of equations under consideration from the viewpoint of mathematical analysis and numerical approximation is
the presence of an unbounded drift coefficient, involving a smooth convex potential U that is equal to +oo along
the boundary 9D of the computational domain D. Using a symmetrization of the differential operator based on
the Maxwellian M corresponding to U, which vanishes along 9D, we remove the unbounded drift coefficient at
the expense of introducing a degeneracy, through M, in the principal part of the operator. The class of admissible
potentials includes the FENE (finitely extendible nonlinear elastic) model. We show the existence of weak solutions to
the initial-boundary-value problem, and develop a fully discrete spectral Galerkin approximation of such degenerate
Fokker-Planck equations that exhibits optimal-order convergence in the Maxwellian-weighted H' norm on D. The
theoretical results are illustrated by numerical experiments for the FENE model in two space dimensions.
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1. Introduction. This paper is concerned with the numerical approximation of the Fokker—
Planck equation

aa—f + Vo (u(a, ) 9) + Vg - ((ym u)q 1/;) =eAs + % V- (qu +E(q) w) o (1D

that arises from the kinetic theory of dilute polymers [6,7]; see also [2,3] and references therein.
Here, € and A\ are two positive parameters, referred to as center-of-mass diffusion coefficient and
relaxation time, respectively, Q C R is the flow-domain of the polymer and D C R¢ is the set of
admissible orientation vectors of polymer chains. Typically, D = B(0,v/b), where B(0, s) is the
open ball with radius s centered at the origin in R? and b > 2 is a nondimensional parameter that
measures the maximum possible extension of polymer chains; henceforth, unless otherwise stated,
D will denote B(Q, NG ). The equation governs the evolution, over a nonempty closed time interval
[0, T, of the probability density function

Y (2,q,1) € Ux D x[0,T] = 1(z,q,1)

of a 2d-component stochastic process, with d € {2, 3}, which models random fluctuations of polymer
molecules in a solvent due to thermal agitation. The solvent is an incompressible Newtonian fluid,
with velocity u, whose motion is governed by the Navier-Stokes equation forced by the divergence
of the non-Newtonian extra stress tensor, defined as the second moment of the probability density
function ¥. In the simplest models of this kind, elastic effects in the polymer are captured by
modelling the polymer chains as pairs of massless beads connected with an elastic spring, with
spring force F' : D — R? defined by a spring potential U : R>¢ — R through

F(g):==U'(3l¢")q; qeD, (1.2)

where U € C*°(D) is an a-convex function on D, such that the (normalized) Mazwellian

g M(q) = %exp (—U(%|g|2)) c LY(D), where C(b) := /D exp (—U(%|g|2)> dg.

Here, a-convexity of U is to be understood in the following sense: there exists ¢y € Ryg and o € R
such that, for each ¢ € D, the Hessian

()= (o5 U
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of U satisfies H(q) > co(1 — |q|?/b)*1d, where Id is the d x d identity matrix. With o < 0 this
hypothesis is in line with the physical requirement that, in order to faithfully model finite extension
of polymer chains, the function ¢ — U’(%|g|2) must tend to +oo as d(g) := dist(¢,0D) — 0 (in
other words, an applied spring force F (g) with finite intensity |E(g)\ can only stretch a polymer
chain to a length |q| < Vb ).

We shall also assume that the Maxwellian M associated with U is a weight function of type 3
on D in the sense of Triebel [29], p.247, Definition 3.2.1.3c; i.e., there exist positive constants ¢,
¢y and A\, and a positive monotonic increasing function 7 defined on the interval (0, A), such that
c17(d(q)) < M(q) < c27(d(g)) for all ¢ € D such that 2(q) < A.

EXAMPLE 1.1. In the case of the FENE (finitely extendible nonlinear elastic) polymer model

2 1
U(s) := _an (1—8> ) U'(s) = —= s€0,%), with b > 2.

It will be shown in Section 2 that the function q € B(0, Vb) = U(3q|?) is a-convez with o = —1
(or, briefly, (—1)-convex) and ¢y = 1.
Following Kolmogorov [20], the Fokker—Planck equation can be recast as follows:
oy

¢ TV (ulz, )¥) + Vo (g(m)gw) =y + %Yq' (M(Q)Yq (;@)) ’

where (z,t) := (V,u). The probability density 1 is a function of 2d + 1 independent variables:
r € RY, g € REand t € R>p. Since the dependence of the coefficients in the equation on gz
and q is SNeparated/ factorized, an efficient approach to the numerical solution of this equation in
9d + 1 variables is based on operator-splitting with respect to (¢,t) and (z,t); see Lozinski et
al. [12,13,24]. Thereby, the resulting time-dependent transport—dif‘wfusion equation with respect to
(z,t) is completely standard, 1; + V. - (u(z,t)) = €A1, while the transport-diffusion equation
with respect to (g,1) is

SVt =50 (M@ (1)) @oeDx 0T (13)

The equation (1.3) is supplemented with the following initial and boundary conditions:

¥(g,0) = o(q), for all ¢ € D, (1.4)
P(g,t) =o (1 /M(g)) , as 0(q) — 0, for all t € (0,T]. (1.5)

Here, the initial datum ¢ is such that o > 0 and [}, vo(g) dg = 1.
The central difficulty, from both the analytical and the computational point of view, is now the
presence in (1.3) of the degenerate Maxwellian M (g), with limyg) _, ¢ M(g) = 0.

ExXAMPLE 1.2. In the case of the FENE model,

1 g2\ ‘
M(g)_C’(b)<1_b> ) QGD—B(Q,\/B), with b > 2.

Clearly, there exist positive constants ¢1 and co such that ¢; < M(g)/[b(g)]b/2 <cz, ¢ €D. Hence
M is a weight function of type 8 on D. For b > 1, M decays very rapidly to 0 as q approaches 0D.

In numerical simulations typically b € [10,100].

Thus we shall ignore the coupling between the Fokker—Planck equation and the Navier—Stokes
system, suppress the dependence of the probability density function ¢ on the variable g, assume



that the d x d stress tensor K = V. u is independent of z, belongs to CI0, T]%*4 and is such that
tr(x)(t) = 0 for all t € [0,T], “and we focus our attention on the numerical solution of (1.3), (1.4),
(1.5). For theoretical results concerning the existence of weak solutions to coupled Navier—Stokes—
Fokker—Planck systems, and a detailed survey of related literature, we refer to [2—4] and [22].

The formulation (1.3) is different from that used by Lozinski et al. [12,13,24] in their work
on the deterministic simulation of polymeric fluids. From the theoretical viewpoint at least the
advantage of our approach is that on putting (1.3) into weak form the diffusion operator becomes
symmetric (see (1.6)) which facilitates the analysis of the Fokker-Planck equation (as was done
in [2-4]). Our objective here is to discretize the weak formulation of equation (1.3) using a spectral
Galerkin method in the spatial variable ¢ coupled with a backward Euler time discretization, and
to develop the convergence analysis of this method. One can, of course, consider more accurate
time discretization schemes, such as an nth-order backward differentiation formula, BDFn, n €
{2,...,6}, for example. High-order time discretization of the problem is, however, a secondary
consideration to the central theme of the paper, and we do not discuss it here.

Let
9= {@ € Lino(D) : /D (fM)ng < OO} :

R—{apef} /<( ) + Vi, (& )‘2>dg<oo, \/%apzo}'

Taking our test functions as /M with ¢ € 8, we obtain the following weak formulation of the
initial-boundary-value problem (1.3).

Given ¥y € 9, find ¢ € L>(0,T; ) N L2(0,T; &) such that

/wd _/g )% \/Myq dq+f/\ﬁ ( >qu(ﬂj)dg=0vcpeﬁ,
(1.6)

in the sense of distributions on (0,7), and (-, 0) = ().
Now, by introducing the notation

(ﬁ::\/% and V= \/Myq<\/%>

we can reformulate (1.6) by observing that from the definition of & we have
peER & PeHYD;M):={(eH(D;M) : {|op = 0},
where
(D3 0) = {¢ € 12(D): Uelngponn = [ (168 + 19l dg < oo}
When applied to an element of Hj(D; M) the norm || - ||z (p;ar) will be written || - |1 (Ds ) -

We note in passing that the substitution ¢ = ¢/v M also appears in the recent paper by Du,
Lu and Yu [16], though the operator Vs does not. With this notation, (1.6) has the following form.

Given g := ¢o/VM € L2(D), find ¢ € L>=(0,T; L2(D)) N L2(0, T; H}(D; M)) such that
d o N 1 . A
G [ iede= [ 0b-Tugdg+ 5 [ Vab-Tugdg =0 voemman, ()

in the sense of distributions on (0,7), and ¢(-,0) = t(-).



The function space H'(D; M) may seem exotic; we shall see, however, that this is not so: in
Section 2, we shall apply the Brascamp-Lieb inequality, with a probability measure based on the
Maxwellian, to show that, when U is (—1)-convex, H'(D; M) N CY(D) = H}(D) N CY(D); thus,
loosely speaking, from the viewpoint of C*(D), H!(D; M) and H}(D) are indistinguishable. This
may seem surprising since, unlike H{ (D), the definition of the weighted space H!(D; M) does not
explicitly enforce a zero boundary condition on 9D on members of the space; rather, this property
is implicit in the presence of the weight. The resulting connection between H!(D; M) and H}(D)
is helpful for the purpose of developing Galerkin methods for (1.7), since the construction of finite-
dimensional subspaces of H}(D) and the analysis of their approximation properties are, by now,
well-developed and well-understood.

In Section 3 we shall revisit the weak formulation (1.7) of the initial boundary value problem.
We shall formulate a backward Euler semidiscretization of the weak formulation and show that
this has a unique solution. We shall then use a compactness argument to establish the existence
of weak solutions to the initial-boundary-value problem in the case of a (—1)-convex U. We also
show the uniqueness of the weak solution. In the process, we shall prove the unconditional stability
of the temporal semidiscretization in the ¢>°(0,7;L?(D)) and ¢?(0,T; H}(D; M)) norms. Elliptic
and parabolic operators with unbounded drift coefficients, albeit in nonconservative form, have
been considered recently by Cerrai, Da Prato, Lunardi, Metafune and others (see, for example,
[11, 14, 15,25, 26]); the technique herein, based on semidiscretization in time and passage to the
limit using a weak compactness argument, is different from the semigroup theoretic approach used in
those papers. Our arguments do not invoke compact embedding of (Maxwellian-)weighted Sobolev
spaces, and therefore no growth/decay conditions (such as a Muckenhaupt condition) need to be
imposed on the Maxwellian M. This is important from the point of view of the applications we
have in mind: as was noted in Example 1.2 above, in FENE type models for dilute polymers the
parameter b is typically much larger than 1, and therefore the Maxwellian, for such b, decays to 0
very rapidly at the boundary of the domain, — much more rapidly than could be accommodated by
the Muckenhaupt condition or related growth conditions (see, for example, Theorem 3 in [18]).

In Section 4 we develop the fully-discrete method and, using the stability results from Section 3,
we derive a bound on the global error in terms of the approximation error in a suitably defined
spectral projection operator.

In Section 5 we give the precise definition of our projection operator: its nonstandard form
stems from a decomposition lemma, Lemma 5.2, for elements of an anisotropic Sobolev space. The
result can be seen as a variant, in Sobolev spaces, of the Malgrange Preparation Theorem [19].

We complete our convergence analysis in Section 6 by showing that the method exhibits an
optimal convergence order with respect to the discretization parameters in the Maxwellian-weighted
norm || - {|¢z(0, 713 (p:a1) -

Section 7 is devoted to numerical experiments that illustrate the performance of the method.
Since the case of two space dimensions (d = 2) is sufficiently representative, for ease of presentation
in Sections 5, 6 and 7 we have confined ourselves to this case; all of our results in Sections 5
and 6 have obvious extensions to three space dimensions. The stability bounds and existence and
uniqueness results presented in Sections 3 and 4 are valid in any number of space dimensions.

2. The Brascamp-Lieb inequality. Suppose that D is a convex open set, D C R? (e.g.
D = B(0,vb), b > 2). Consider a probability measure p supported on D with density exp(—=V(q)),

q € D, with respect to the Lebesgue measure dg on R?, where V is a convex function on D. In
particular,

n(B) = [ = [ exo(-vig)ag

for any p-measurable set B C D, with pu(D) = 1. The following geometric functional inequality
comes from the paper of Bobkov & Ledoux [8].



THEOREM 2.1 (Brascamp-Lieb inequality). Assume that V is a twice continuously differen-
tiable and strictly convex function on a convex open set D C R%, i.e., for each q € D, the Hessian

o*V
H(g) = <5qz‘3(§j)>

is a (strictly) positive definite matriz. Then, for any sufficiently smooth function f,

Var, (f) = E,[(f — E,[f])?] < / (HYq) Vof, Vof) duy  where E,[f] = /D fdp

D

In terms of simpler notation, the Brascamp—Lieb inequality can be restated as follows

2
/ [f@— / fog)e”’f)dfz} e " Wag < / (H(q) Vof, Vofre V@ ag,
D D D

for any sufficiently smooth function f.
COROLLARY 2.2. Assume that V is a twice continuously differentiable and a-convex function
on D = B(0, \/5), in the sense that there exists co > 0 and a € R such that, for each ¢ € D the

Hessian H(q) of V satisfies H(q) > co(1 — |g|2/b)”‘ Id, where Id is the d x d identity matriz. Then,
for any sufficiently smooth function f,

v 1 v 1 LI 2
[@- [soet Pl e Pag< L [ (1-20) Vg, pPag

Co

oSy

Proof. Under the hypotheses of the corollary,

2 [0}
fTH(g)é > ¢ (1 — |gb|> |§|2 V§ € Rd’ |g| < \/B

Since H(q) is a symmetric matrix, we deduce that
_1 T 1 1 |g,|2 - 2 d
(H@ 'nmy =g H@ 'n< = (1-5-] I  vpeRr, lq| < Vb.
In particular, taking n=VYq f, we obtain
» | g1\ " )
@) VLV <o (15 ) W@l

The Brascamp—Lieb inequality then implies the stated result. O
2.1. Application to the FENE potential. Let D = B(0,vb) where b > 2, and define

where 0 < s < %, B8 =b—2v,0 <~ <1. The FENE potential corresponds to 8 = b (i.e., to v = 0).
Further, let

@)= [ g Myl = g (1— 'qb'> ~ G M.

2
Vig) :==Us (%|g|2) +InC(B)=-=In (1 - |gb|> +InC(B).



Note that the exponent in Mg is b/2, not 3/2. Then,

B

-V(Q) ) 1 lg|*\?

D = ~ d :17 ~ = — 1—7 5
uD)= [ g =1, e cm( b)

and therefore,

| Ry | P
J, f@)‘/Df(@(xm(l‘b) E cw)(l‘b)dﬂ

In order to further bound the right-hand side above, note that, for all £ € R? and all ¢ € D,

9°V(q) 2\ (5., 4\ 28 L) .8 lq?\
. ;151J 8%8(]] (1_b> {b|§| 1_7 +b72<§’g> Zg 1_7 |§|2

Thus, the assumptions of the above corollary are satisfied with ¢g = /b and o = —1. Hence,

o 7 2\ 7
flg) - /D )My (p) (1—'%') dp Mg@( —'qb'> dq

D

g\
V(@) Ms(g) (1 - ~b> g
D
where 7 € [0,1]. We shall consider the two extreme cases: v =0 and v = 1.
2.1.1. Case 1. Let v+ = 0 (whereupon [ = b). Then, by writing M(g) = Mb(g), taking
f= ﬁ/m and bounding, for ¢ € D, the factor 1 — \g\z/b on the right-hand side by 1, we get

/[ F/“’ Prdg</]3|w¢|2dg.

This implies the following Friedrichs inequality, by noting that Ker(Vy) = {AVM : A € R}:

/|wfc|2dq</ Va2 dg. (2.1)

CEKEI‘(V}\/I)

2.1.2. Case 2. Let v = 1, take f = @/\/M and note that Mg and M only differ by the
multiplicative factor C(b)/C(8), where 8 = b — 2 with b > 2. Then,

2
b\/ () P\ g\ b )
{ 0= —ep ), MM ( Z) dfl (1%> <5 [, 19w

D

Hence, we obtain the following Hardy—Friedrichs inequality:

. |1;—C|2 b 12
in I i de <575 [ IVl dg. (2.2)

CGKEI‘(Y]W) 1 A
D+ T




This can be seen as a refinement of the Friedrichs inequality (2.1) in the sense that the left-hand
side of (2.2) is an upper bound on the left-hand side of (2.1) (at the expense of increasing the
multiplicative constant on the right-hand side of (2.1) from 1 to b/(b —2), b > 2).

The inequalities (2.1) and (2.2) hold, in particular, for any ¢ € /M C=(D). Next, we shall
show by a density argument that they are also valid for all ¢ € HY(D; M).

Recall from Example 1.2 that the FENE Maxwellian M is a weight function of type 3 on D.
According to [29], Theorem 3.2.2a, the weighted Sobolev space H},;(D) = {v € L3,(D) : Vv €
L2,(D)4} is a Hilbert space with respect to the norm || - [, (py defined by

1

2
lollis, oy = (10123, oy + 190012, 0))

and L3,(D) = (1/v/M)1L?(D) is a Hilbert space with respect to the norm || - L2, (py defined by
[vllLz, Dy := |v/Muv||, where || - || denotes the L?(D) norm induced by the L?(D) inner product (-, -).
By [29], Theorem 3.2.2c, C*°(D) is dense in both H},;(D) and L%,(D); see also Chapter I, §7, in
Kufner [21]. Thus, vM C*®(D) is dense in the Hilbert spaces H'(D; M) and L?(D), whereby it is
also dense in H{(D; M ); therefore H(D; M) is dense in L?(D). In any case, it follows that (2.1) and
(2.2) hold for all ¢) € H'(D; M). In particular, we see from (2.2) that each ¢ € H'(D; M) N C(D)
must vanish on 9D, and hence H'(D; M) N CY(D) c H{(D) N CY(D).

Conversely, it follows from Hardy’s inequality stated in Triebel [29] (see Section 3.2.6, Lemma
1, part (a), with p =2, u =0, m = 1) and Poincaré’s inequality on H}(D) that

19 (q)[? . .
W dg <COIVePlizpy V¥ € Hy(D).

lib

D
Since NVMJ) = qutz} + %qU' (%|q|2) ¥, we have, by the triangle inequality, that

2

[P(q)[?
— =~ _d
12 2

b

A |
IVadll < IVqell + 5\/5

D

The last two inequalities give that Hy(D) C HY(D; M); hence, H}(D)NCY (D) c HY(D; M)NC*(D).
Thus, for the FENE potential, H!(D; M)NCY(D) = H}(D)NCY(D) = H}(D; M)NCY(D), Hi(D) C
H}(D; M), and H}(D; M) is continuously and densely imbedded into L?(D). The same statements
apply for any Maxwellian M that is a weight function of type 3 on D and stems from a potential
U € C*(D) that is a-convex on D with o = —1. These observations will be relevant in Section 3,
and in Section 5 for the choice of the Galerkin subspaces of Hy(D; M) from which approximations
to ¢ € H)(D; M) are sought. Thus we assume in what follows that U € C*°(D) is (—1)-convex.

3. Backward Euler semidiscretization: existence and uniqueness of weak solutions.
As was noted in the Introduction, by setting (-, t) := (-, t)/v/M for t € [0,T] and ¢ := @/ M
in (1.6) and writing o = tho /v/M, we arrive at the following weak formulation of the initial-
boundary-value problem (1.3), (1.4), (1.5):
Given g € L2(D), find ¢ € L>°(0,T; L2(D))NL2(0, T; Hy(D; M)) such that (1.7) holds in the sense
of distributions on (0,7, and 9(-,0) = t(-).

The function 1, representing a weak solution to the problem (1.6), is then recovered from 1/;
through the substitution 1 := /M 1& Thus, instead of constructing a Galerkin approximation to



1, our aim is to construct a Galerkin approximation to ’(/AJ from a finite-dimensional subspace of
the function space HO(D M); we shall then produce an approximation to ¢ by multiplying the
approximation to ¢ by VM. First, however, we shall construct a time-semidiscretization of (1.7)
and use a compactness argument to show the existence of weak solutions; we shall then also show
the uniqueness of weak solutions.

Let Ny > 1 be an integer, At = T/Np, and t" = nAt, for n = 0,1, ..., Np. Discretizing (1.7)
in time using the backward Euler method yields the following semi-discrete numerical scheme.

Given 90 := g = ¥o/vVM € L2(D), find ¢ € HY(D; M), n. =1, ..., Ny, such that
1Z)n+1 B q[)n A o n+1 n41y ~ i 41 ~ -
——— ¢dg ("7 qy") - Vmpdg + Vu Vupdg =0
D At ~ D ~ ~ 2)\ D ~
Vo e HY(D; M), n=0,...,Np —1.(3.1)

Let us first show that for any At, sufficiently small, this problem has a unique solution. To this
end, we consider the bilinear form B(-,-) defined on H{(D; M) x H}(D; M) by

NN 1 - ) 1 . .
By, ¢) = 7/ wcpdqf/(/;e “qw)~NVM<pdq+f/ Vu - Vupdg,
At D ~ D ~ ~ 2)\ D ~
and, for ¥" € L2(D) fixed, we define the linear functional £(¢)™;-) on H}(D; M) by
Tn. oAy . 1 n A
LWp"; @) = At/¢ ¢dg.
Clearly,

A A 1 N 1 ~
> _ 2 2 - 2
B0 > 3 (1= Al i) [ 9P dg+ 35 [ 19ariP dg,

and therefore, on assuming that AtAngHix(o ) < 1 and letting

cari= 5 (1—At)\b||ff||Loo(0T) (>0),

we deduce that
- . 1 .

Also, by a simple application of the Cauchy—Schwarz inequality, B(-,) is a bounded bilinear func-
tional on H{(D; M) x H(D; M) and, for any 1™ € L2(D), £(¢)";-) is a bounded linear functional on
H{(D; M). Since H}(D; M) is a Hilbert space with norm || - |3 (D:ary» the Lax—Milgram Theorem

implies the existence of a unique solution 1/3"*1 € H}(D; M) such that
B @) = W) Ve eHy(D;M),  n=0,1,...,Np -1 (3.3)

As 90 € L%(D), we have thus shown that, for any At = T//Np such that At)\bH/gH%w(O’T) < 1, the

problem (3.1) has a unique solution {¢)" € HY{(D; M) : n=1,..., Ny}
For the purposes of the convergence analysis which will be carried out below, we consider an
extended version of the scheme (3.1) with a non-zero right-hand side:

n+1l _ n R A
/ %(ﬁdg — / <§n+1 gwn-‘rl) ngOdq + ﬁ/ van—H . NVM@dg
D D

= [ iriedgs [ g Vagdg Y EYDIM), n=0.. Np-1,  (34)
D D ~



where "1 € L2(D) and v"*! € L2(D)? for all n > 0. We have the following stability result for
the extended scheme (3.4).

LEMMA 3.1 (The first stability inequality). Let At = T/Np, Np > 1, k € C[0,T]*4, 40 ¢
L%(D), and define co := 1+ 4)\b\|§||200(07T). If At is such that 0 < coAt < 1/2, then we have, for
all m such that 1 <m < Nrp,

2

m—1 ATL+1 A’I’L m—1
P 1/1 *7/) At n+12
P |y Sy
L I v RIS
m—1
< e2comAt {”12}0”2 + Z IAF (”‘un+1H2 +4)\%n+1“2)} . (3.5)
n=0

We shall denote the right-hand side of (3.5) by 6(1&0, w, v, mAL).
Proof. Let 0 < n < Ny — 1. Setting ¢ = 9" " we write the first term in (3.4) as

/lgn-’_l _,(/;n Tn+1 _ i L2 5mn2 i n+l _ ing 2
| R g = o (R = 1R + g = )

using the identity (a — b)a = 1 (a® — b%) + 1 (a — b)2.
Applying the Cauchy—Schwarz inequality to the transport term in (3.4), we have

|

Combining these results and applying the Cauchy-Schwarz inequality to the right-hand side terms
in (3.4), we have

=N

wHLg ) Lyt dg < g ey / [ |9 0™+ dg
D

< VO [0"HY ar .

n n n At n
[P 2 + " =9 )” + ~ 1V P2
< 9™ + 286V 5" [ |V ™|
+ 208 [+ 2A¢ Y |
= [|[0"||> + Ty + T2 + Ts.
Using the inequality 2ab < ca? + %bQ on each of Ty and T3, we deduce that
. 1 .
Ty <el| V" ° + gAt%Ig”HIQIIWHIIQ,
. 1
T3 < e[ Varg™ T + A"
Choosing € = At/(4\) then gives
" " " At "
[ e U [ o IVud 2
< P77 + 4ANb|E™ T PP + AN + T
Similarly, we have
Ty < A" + At umt?,

and therefore, on defining ¢ := 1+ 4Ab[|5|| = (o 7). We get that

. . . At .
(1= coAt) ™12 + [ — ™| + 5|IYM¢”“H2
< ™12 + At [P+ 4AEN 2.



As oAt < 3, dividing through by (1 — coAt) and using the fact that 1 < ;=L < 2, we have

" " " At "
[P + 97— )P + S IVaurd 2

1 R
< n|2 At n+12 AAEN n+12 )
< Ty (07 + A2 4 4neagm+ ) (3.6)

< (14 260 A0) [ 17 + 248 (|2 44X 1?) -

Summing over n =0,...,m — 1 in (3.6) we obtain
m—1 ,&n +1 n m— t
[6™ 17+ At 7ﬁ Z Va2
n=0 = >\
m—1 m—1
< {W S ot (e ¢ 4A||z"+1||2)} s S AR 57
n=0 n=0

for all m € {1,..., Np}. Inequality (3.7) has the form

m—1 m—1

U+ > Aty < (a0 +m) +2¢0 Y Ata,,  1<m< Ny,

n=0 n=0

where (am)m>0, (Bm)m>0 and (Vm)m>1 are three sequences of non-negative real numbers, and the
sequence (7Y )m>1 is nondecreasing. Hence, by induction (or by a discrete Gronwall Lemma),

Oy, + Z At B < (14 2c0A)ap + (1 + 2¢0A1) ™ 1y, 1 <m < Nrp.

n=0
On taking
~ - 2
y Pt —ym 1 Tml |2
Ay, 1= m 2’ m -— + — v mt )
1gme, 8 H = S5 0™
m—1
Ym = > 208 (|7 + A" ?)
n=0

and using that
(14 2coAt)™ 1 < (1429 At)™ < ZomAL i > 1,

we then deduce that

m—1 N -
R qpn +1 _ n 112
[9™ 17+ ) At||l——=—| + el
> - Z
m—1
< cama {nwn? + 3 28 (Y +4A|g"“||2)} . 1=m<Nr
n=0

That completes the proof. O

We shall now use this stability result to show the existence of weak solutions via a weak
compactness argument. We shall also show the uniqueness of the weak solution.

THEOREM 3.2. Suppose that 1y € L*(D) and K € C[0,T] . Then, there exists a unique

function ¢ € L°(0,T;L2(D)) N L2(0, T; Hy(D; M)) such that 1 € Cyeaic([0, T]; L2(D)),

(@(-,0) — o, ) =0 Vi € L(D),
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and

—(tho, ¢(-,0 / /w Cqudt—/ / kq¥) - Vaurpdgd

- / [ Vb Vupdgdt =0 vpe BO.THYDIM), GT) =0 (38)
0 D ~

The functiony = \/M’(/AJ will be referred to as the weak solution of the initial-boundary-value problem
(1.3), (1.4), (1.5). Cyeax([0,T];L3(D)) denotes the set of all weakly continuous functions from [0,T]
into L2(D).

Proof. Step 1. Let us denote by ! € C([0,T];L3(D)) N L2(0,T; Hy(D; M)) the continuous
piecewise linear interpolant, with respect to ¢ € [0,7], of the semidiscrete solution {1[}” tn =
0,...,Np} to (3.1), defined by

tn+1 —t -

t—1t"
n+1 + wn7 te [tn,t7l+1], n=0,...,Np —1,

At At

'([}At("t)

and let

[t tnt1] =

PR () =), AT =), te [t "], n=0,...,Np— L

We shall denote by {2"(£) any one of the functions 2!, AT )AL= defined above.
Using analogous notation for r, equation (3.1), with ¢ € Hj(D; M) replaced by @(t,-) €
H{(D; M) for t € (0,T] where ¢ € L2(0,T;H}(D; M)), and summed over n = 0,...,Np — 1

yields
,(/)At T R
[, % ot [ [ aio Supaga
o Jp

I -
box [ [ Tadtt Vagdgdt=0 e LO.IHYDID). (39)
0 D ~

It follows from (3.5) with g =0 and v = Q in (3.5) that

(pAEE)) Ay is bounded in L=(0, T; L?(D)),
(PAEE)) A, is bounded in  L2(0, T; HE(D; M)),

,l[}At,Jr _ &At,f
A is bounded L?(0,T;L?(D)).

The first two of these imply that we can extract a subsequence from (z/A)At’(i)) At, which for the
sake of notational simplicity we still denote by (wAt’(i)) At, such that, as At — 04,

(pAE)) A, weak—* converges in  L>(0,T;L2(D)), (3.10)
(A4 F)) 5, weakly converges in - L2(0,T; HY(D; M)). (3.11)

Now, (3.10) implies the existence of ¢ € L°°(0,T; L2(D)) such that
T /\ ~
/ WDAE) — D), p(E) dt — 0 as At —0,  ¥é e LY, T5L2(). (3.12)
0
On the other hand (3.11) implies the existence of 1&* such that

/T@Af(t) —*(t),p(t))dt — 0 as At — 0y V¢ e L20,T;Hy(D; M)"), (3.13)
0

11



where (-, -) is the duality pairing between the Hilbert space Hy(D; M) and its dual space H§(D; M)'.
Now, the function space H{(D; M) is continuously and densely imbedded into L?(D); i.e., the
imbedding operator i from H(D; M) into L?(D) is a continuous linear operator. The dual operator
i’ from L2(D)’ into H{(D; M)" (cf. Definition 1, Ch. VIL, §1 of Yoshida [31]) satisfies
(i(g),n') = (g,i'(h'))  VgeH{D;M), VK €L*D). (3.14)
According to Theorem 2, Ch. VII, §1 of Yoshida [31], i’ is a continuous linear operator from L2(D)’
into Hy(D; M)'. Since i(H}(D; M)) = Hy(D; M) is dense in L2(D), it follows from (3.14) that 4’ is
bijective from L?(D)’ onto its range in H§(D; M)'. Further, since i is bijective, it follows from (3.14)
(by reductio ad absurdum, for example,) that i/(L?(D)’) is dense in H}(D; M)’. Thus L?(D)’ can
be identified with a dense subspace, i'(L2(D)’) of H}(D; M)'. Finally, identifying, by means of the
Riesz representation theorem, L?(D) with L?(D)’, we deduce that H{(D; M) c L?(D) = L*(D)' C
H}(D; M)', so that each space is dense in the next one in the chain, with continuous embedding.
Hence, (1, 3) = (4, @) for all ¢» € HA(D; M) and all ¢ € L2(D). Returning to (3.13), we then
deduce that

T N R T R R
/0 (BA(t) — 07 (), B(t)) dt = / (WAt — 7 (8), G dt — 0 as At — 0,

Y € L2(0,T;L2(D)).
Subtracting this from (3.12) yields

T
/0 (1) — 9" (1), p(1) dt =0 V€ L3(0,T;L2(D)),

and therefore 1) = ¢* € L>°(0, T;L2(D)) N L2(0, T; Hy(D; M)).
It remains to show that the weak— limits wi of the sequences (2F)) 5, in L=(0,T; L2(D))

are also equal to 7,[1 We shall show below that 1/)+ = 1/} Once we have done so, recalling from the
definitions of YAt and )At% that

. 5 t—t" - . A N -
wAt('vt) - ¢i(7t) = 7(wAt7+('at) - w+(at)) + (wAt7 (7t) - '(/} ('a t))
At At
for all t € [t",t""1] and n = 0,..., N7 — 1, and passing to the weak—x limit in L>°(0,T;L2(D)) as
At — 04, will imply that ¢ = .
To show that 1™ = 1)~ we proceed as follows. Observe that

T R Nr—1 . ) ¢t
/0 (wAtHr - wAt7_7 527) dt = Z (’(/}VHJ - le [n (lb(a t) dt)

n=0

Np—-1 1Z)n+1 o ijn gt
n:O t’!l
Nr—1 Tn+1 n tntt
Yt — 9 .
< Z VAL VAL /t (- t)|l dt
n=0 "
Nr—1 N S\ 2 Nr—1 gt 2\ *
gt — i [
< At || ——— P, )] dt
IR R > ([ et
Nr—1 - 2\ 2 Np—1 gl 2
,(/}n—&-l _ ,(/}n / A 9
< At || ——— At (-t dt
> At > af o letol
AL+ At
) v
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for any ¢ € L%(0,7;L%(D)) C L*(0,7;L?(D)). Since the first factor on the right-hand side is
bounded, independent of At, on passing to the limit At — 04, it follows that

T

lim (PAET — AT 2)dt =0 V@ e L2(0,T;L2(D)).
At—>0+ 0

Therefore,

T
/ (T =97, @)dt=0 Vo eL(0,T;L3(D)).
0

This, in turn, implies that 1/;+ = zﬁ’. Thereby, as has been argued above, L/; = z/?* = 1[)’.

Step 2. Next we pass to the limit At — 04 in (3.9). Integrating by parts in the first term ap-
pearing on the left-hand side of equation (3.9), with ¢ € H'(0, T; H}(D; M)) — C([0, T|; H}(D; M)),
we deduce that

(W3, T), 00, T)) = (2(-,0),¢

5(,0))
//w“ dth—// Atck g AN ¥4y pdg dt

+7/ /yMzﬁAt’fyM@dth:o Vo e HY0, T; Hy(D; M)).  (3.15)
0 D ~

As At(-,0) := 1y(-) and the sequence (52")a, converges (strongly) in L>(0,7) to &, passing to
the limit At — 0 in (3.15) we deduce that the associated limiting function ¢) € L°°(0,T;L2(D)) N
L%(0,T; Hl(D M)) satisfies (3.8). In particular, on choosing ¢ = ¢ -w € C(0,T) ® HA(D; M) in
(3.8), where ¢ € C(0,T) and @ € H}(D; M) are arbitrary, it follows from (3.8) that

— (1) — (5q)P, Varh) + o= (Varth, Varh) =0 Vab € Hy(D; M), (3.16)

in the sense of distributions on (0,7, with ¢ € L>(0,T;L2(D)) N L2(0, T; Hy(D; M)). Hence, the
limiting function 1 satisfies (1.7), as required.

Step 3. It remains to show that @[AJ also satisfies the required initial condition. We proceed
as follows. Since, for ¢ € L>®°(0,T;L2(D)) N L2(0,T; Hy(D; M)), the second and third term on
the left-hand side of (3.16) belong to L2(0,T) for every @ € H}(D; M) the same is true of the
first term on the left-hand side of (3.16). Therefore, ¢t € [0,T] — (¢(-,t), @) belongs to H'(0,T)
for all @ € Hy(D; M). By the Sobolev embedding Hl(O,T) — C[0,7] we deduce that, for every
W € HY(D; M), t € [0,T] — (1b(-,),%) is a.e. equal to a function that is defined and continuous

n [0,7); i.e., ¥ € Cyear([0,T); L2(D)). Thus it makes sense to multiply (3.16) by ¢ € H!(0,T),
such that ¢(T) = 0, integrate over [0, 7] and integrate by parts with respect to ¢ in the first term
to deduce, on writing ¢ = f -, that

—(1(-,0 //wa‘Pd dt — // )- Vapdgdt

+ﬁ/ / NvMéyMSﬁdq dt=0 Vo € HI(O,T) ®H(1)(D;M), (-, T) =0. (3.17)
0 D ~

Applying (3.8) with ¢ € H'(0,T) @ H}(D; M) c HY(0,T; H{(D; M)) and comparing with (3.17) it
follows that

(1&(70) _1;0,@('70)) =0 V¢EH1(O’T)®H(1)(D;M)7 @(’T) =0,
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and therefore, since H}(D; M) is dense in L2(D), it follows that ((-,0) — g, @) = 0 for all & €
L2(D), which shows that the limiting function ¢ satisfies the initial condition ¢(-,0) = v (and
therefore 1) = /M) satisfies the corresponding initial condition v(-,0) = g (= VM 1[)0)).

Step 4. Let us show that ¢ = /Md), with ¢ € L>°(0,T;L2(D)) N L2(0, T; H}(D; M)) defined
by (3.8), is the unigque weak solution to the initial-boundary-value problem. We begin by observing
that, for any ¢ € L>°(0,T;L2(D)) N L2(0, T; Hy(D; M)),

/OT{“@WV #) ~ 55V ¢,yM¢>}dt

< C”J’HL"’(O,T;H%(D;M))|95|L2(0,T;H(1)(D;M))

Nl

for all ¢ € L2(0,T; H}(D; M)), where C := (bH’é”iw(o,T) + 1/(4)\2)) . Thus, it follows from (3.8)
that there is G € L2(0,T; H}(D; M)’) such that

T
— (0, (-0 //w&"dth /<G,¢v>dt Vg € HY(0,T: HY(D; M), $(-.T) = 0.

Hence,
T . 8@ T
[ (a5 )= [Gaa wecrommman),
0 0
By virtue of Lemma 1.1, §1.1 in Ch. 3 of Temam [28] with X = H}(D; M)’,
d -

in the sense of distributions on (0,7), and 1& is almost everywhere equal to a continuous function
from [0, T] into H{(D; M)'. In fact, since v € L2(0,T; H{(D; M)) and

o
ot

it follows from Lemma 1.2, §1.2 in Ch. 3 of Temam [28] (with V = H}(D; M), H = L%*(D) and

V' = H{(D; M)') that v is a.e. equal to a continuous function from [0, 7] into L?(D) and the
following identity holds in the sense of distributions of (0, T):

dy oo /00
191 —2< ,w>

Now, suppose that ) € L°°(0,T;L2(D)) N L2(0, T; Hy(D; M)) is a weak solution of the initial-
boundary-value problem, defined by (3.8). Then, for any s € (0,77,

| sgpira= [ <8¢,w> - [[eda

~ [ {08930 - (Oard Tar

=G e L0, T; Hy(D; M)'),

Therefore,

1 - A 1 N s R R
5 (19 = 19012) + G510 sz = | (5005 Farda

< Vb gl 0,0 1Pl 0,52 () IV M 20,5520y for ace. s € (0,7).
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This implies that
()11 + %HyMJ}HiZ(O,s;LQ(D)) <lldoll® + 2XbllE~ 0,1 19120 si12(py) for ace. s € (0,7]:
Thus, by Gronwall’s Lemma, any weak solution 1& to (3.8) satisfies the following energy inequality
1B~ 01200 + 35 1V 0020y < 90 exp (257l o)) Tor e s € (0,7)

Note, in particular, that if ¢p = 0, then (-, s) = 0 in L2(D) for a.e. s € (0,T], which in turn
implies the uniqueness of a weak solution. O
We shall next show that ¢ = /M 1& has the usual properties of a probability density function:
if 4o is non-negative and has unit integral over D, then the same is true of (-, ¢) for all ¢t € [0, T].
LEMMA 3.3. Let g € §, and let 1 = /M) where 1 € L>(0,T;L2(D))NL2(0,T; HY(D; M))N
Cyweak ([0, T]; L2(D)) is the weak solution to (3.8) subject to the initial condition Vo = /M (i.e.,
the function 1 is the weak solution of the initial-boundary-value problem (1.3), (1.4), (1.5)). Then,

/Dw(g,t) dg = /1)¢0(g)dg vt € [0,T).

Furthermore if 1o > 0 a.e. on D, then 1(-,t) > 0 a.e. on D for all t € [0,T].
Proof. Fix any t € (0,7T), and let € € (0,7 — t]. Counsider the function ¢, defined by

vM for s € [0, 1],
¢e(q,8) == VM(t+e—s)/e forseltt+e),
0 for s € [t +¢,T].

Clearly, ¢. € HY(0,T; H(D; M)) and ¢.(+,T) = 0. Taking (. as test function in (3.8) we obtain
. 1 [ftre
(o, VM ) + g/ (i(-, 5), VM ) ds = 0.
¢
Passing to the limit € — 04 yields

7(12)07 \/M) + (J}('vt)a \/M) =0,

whereby (¥(-,t),1) = (10, 1), as required, for all ¢ € (0,T); for ¢ = 0 the equality holds trivially.

Now, suppose that ¢y € $ and ¥y > 0; then, ¥y € L2(D) and ¥y > 0. For At as in Lemma
3.5, consider the sequence of functions (1[)")2[20 C H}(D; M) defined by (3.3). By Lemma 3.5 below
(with L = 0), we have that ([1)"]_)2T, ¢ H{(D; M). It follows from (3.3) that

B(["H) -, [-) = BT, [L) = 07 [ L),
Suppose, for induction, that 1&” > 0; this is certainly true for n = 0, since @ZAJO = 1@0 > 0. Hence,
(@) = 5 [ @) dg <0
’ N At D ~ ~ B ~ '

Therefore, B(["t1]_, [)"*1]_) < 0; thus, (3.2) implies that [|[[¢"1]_ b3 (piaey < 0, whereby
[)"*1]_ = 0 and hence ¢! > 0. By induction, 4" > 0 for all n = 0,1,..., Ny. Therefore, each of
the functions ¢2%, )" and ¥~ defined in the proof of Theorem 3.2, is non-negative on D x [0, T].
Hence the limiting function ¢ of the sequence(s), as At — 0., is also non-negative on D x [0,7]. [
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REMARK 3.4. We note in passing that if " 5(t)q < 0 for a.e. t € [0,T] then, by considering

the expression, B([zﬁ"+1 —LVM]y, [@Z”H — LV M]y) one can show by induction, as in the proof
above, with

L = ess.supg e ptho(g)/1/ M (q),

that B([p" ' —LvVM 4, 0"t —=LvV/M]4) = 0 for alln = 0,1,...,Np—1. Consequently, by (3.2),
[Tt — LV M)y = 0;ie., v < LV M. This then implies, on passage to the limit At — 0., that

€88.SUP (¢ 1) Dx [0,7] 77/;( t)/y/M(q) < ess.sup, eDZ/AJO(Q)/ M(q).
Hence,
eSSSUP(g,t)er[o,T]i/J(Q,t)/M(Q) < eSS-SupgeDl/fO(Q)/M(g)a

which can be thought of as a mazimum principle for the initial-boundary value problem.
LEMMA 3.5. Suppose that $p € H{(D; M) and L > 0. Then,

Vulg - Vil = { (P IVAD =Tud o= v IE (315)
and
yM[gaJer]z{ OVM(‘“NM):VW Zﬁi;é% (3.19)

Furthermore, [¢ — L\VM |1 and [¢ + LV M | belong to Hy(D; M).
Proof. We shall prove (3.18); the proof of (3.19) is analogous, mutatis mutandis. We begin by
noting that since L > 0 and v M > 0 on D,

[¢— LVM]4| < |g]. (3.20)

Following [2], for any € > 0, we define the following regularization of [-];:

(24— ifs>0,
Prels) =1 g if 5 < 0.

Clearly, 0 < p4 o(s) < [s]+ for all s € R. Observe that
Vurl® = VM ]y = Vol ¢ = VM |1+ 3qU'3lgP) ¢~ LA |

in the sense of d-component distributions on D. Let n € C§(D)¢ be fixed. Then, on recalling the
definition of the distributional derivative,

(Vulp— VM|, n) = (Vql@ - LVM |4 + 3qU"($lq*)[¢ — LVM 4, n)
=—([¢—-LVM];, Vg )+ (3qU'(3lg/)[¢ - LVM 4, n)

—— [ (¢~ VMLV, g+ [ 3qU'GlaP)¢ - LVETL, - ndg
D D

N

~
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Let xs denote the characteristic function of a set S C D. Since n has compact support in D, by
Lebesgue’s Dominated Convergence Theorem we deduce that

(Varl¢— VM |4 m) = — lim [ pio(p— LVII)(V, - n)dg

e—=0+ Jp
+ lim [ 5qU"(31q1*)p+o(p = LVM) -1 dg
E— D ~
:Elgrn+ Py e(@ = LVM)Vy(p — LVM )ndq+hm/2qU’% )pte(p = LVM)-ndg

=/DX¢>L\/M(Q)~V(;(¢—L\/M)'TI<1Q+/ Yoo rvir(@) 3aU" (3g?)(@ — LVAT) - dg
= [ Xosuvmla) {Valo ~ LVAD) + a0 GlgP) @ — VAT } g

/ X1yt (@) Yt (@ — LVAT) g = (X ;/a7(q) Var( — LVIT) , ).

Since the above chain of equalities holds for all n € C3°(D)4, it follows that Vas[p — LVM ], =
Xosrvar(@) V(@ — LV M ). As VM € Ker(V ), we deduce that x,.; /a7(¢) V(¢ — LVM ) =
Xp>rvar(qQ) Vg, and that proves (3.18). Now, since Va[¢ — LVM |4 = X5 1 57(9) Vi $, and
the right-hand side in this equality belongs to L?(D) (recall that ¢ € H}(D; M) by hypothesis),
it follows that Va[¢ — LV M |+ € L2(D). Hence, and by (3.20), [¢ — LVM ], € Hy(D; M), as
required. O .

Next we shall show that if 5 € H'(0,7)"? and vy € H§(D; M), then we have stability in
stronger norms, and that the weak solution ¢ € L>(0,T;L2(D)) N L2(0, T; HA(D; M)) whose exis-
tence and uniqueness has just been established, is in fact more regular: it belongs to the function
space H!(0,T;L?(D)) N L (0, T; Hy (D; M)).

LEMMA 3.6 (The second stability inequality). Let At = T/Np, Ny > 1, 5 € HY(0,T)%*¢ and
Y0 € HY(D; M), and define co := 1 + 4[| 513 (o) If At is such that 0 < coAt < 1/2, then, for
all m such that 1 < m < Np, we have

. ) 2 m—1 P in|?
Pl — g 1 my2 L, L Yt —yn
MO N T | VI gy 2 AV e
m—1 m—l I/n+1_Vn ?
< geama {th 2 412 max [l + A Y | S
n=0 =t

1 ~ N
5190002 + (b llellEao ) + 122 81 7)) S0, 1,2 mAD) } (3.21)

where G(z@o,,u, v, mAt) is the expression on the right-hand side of the first stability inequality and
c1 = AN+ b6l < o 1)

Proof. The proof is similar to that of the previous lemma, except we now select as our test
function ¢ = (¢" 1 —¢)™)/At, multiply the resulting identity by At and sum over n =0,...,m—1,
where m > 1. Thus,

~ ~ 2
q/)”Jrl _ wn N 1

m m—1
Aty & (1980 = 19000°17) + 15 3 [Fardn s = Daside||
n=0

o At

m—1 Tn+1 n m—1 m+1 wn
_ n+1 w _/w n+1 n+1 Tn+1 ’(/J _d}
:ZT1+T2.
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Let us consider the term Ts, and define the functions

AnJrl :%nqu_~_(’jn+1q)¢n+17 n=0,...,m—1.

After summation by parts, we have that

n=1
m—1 n+1l _ K" . . m—1 wn+1 wn
_ ~ ~ n n _ n+1 n
At%%( N gw,yM¢> Aiplcg )% ,yMw)
Hence,
,&n—i—l '(/)n m—1
At - ST+ 5 Y [[Gardet -
n=0
R m—1 ¢ +1_¢n
Va0 = (4, Vard®) + (4" Vard™) + At 3 (2
n=0
m—1 n41 n m—1 n+1 n
—v - ML — g
A ~ ) _ A = ~ n n
X (P - a S (g gw,yw>
m—1 m+1 n
A n+1 ¢ — w n
M e
=81+ +57.
Clearly,
Sz < AVl
< (I + VI8 1) 1V 2
< IVl 4+ (I + VB I 191)
Similarly,

Sa < 4™ 12"
(™ + Vo 1™ 11} 19 are™ |

1 A . 2
IV 2 + 22 (el + Vo L™ 19™)

IA

Next, we have

m—1 % m—1 1&n+1 @n 2 %
S, < [ At nt12 A 7
cs (@S] (a3
n=0 n=0
1 ™= ,(/}n—&-l ,(Z)n 2 m—1
< -At _— At ntL 2,
= g; Sl RO el
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Similarly,

1 1

m—1 2\ 2 m—1 2
v - v 2
(R (o R )
n=1 n=1
and
1 1
m—1 n+1 _ KN 2 2 m—1 2
Se < Vb | At = 2 At b2
o5V [ 803 | Emg e 1 ( 3 193 ||>
m—1 %
< Vb ||z ) | _ax ||1/1"|| (At > IIVM¢"||2> :
n=1
Finally,
m— 9 w n+1 wn % m—1 2
n+1 Tn|2
< Vb z:: i A7 <Atz IV 20" || >
m— ,t/]n—&-l n : m—1 - H
< Vb ||l (12,0m) ALY V"
n=1 n=1
1 m—1 1[}71-5-1 . ’lan ) m—1 N
< ZAt Z —ar || T bllElT e 2,0my | A Z V2" |-
n=1 n=1
Therefore,
m z/}n«kl _ ,Jjn . 1 -
ALY A ||VM7/) H2+2)\ Vuy
n=0
m—1 m—1 n+1_yn 2
< 2At L2 120 12+ At =~
;:OH# 17+ 12X max 2" + ; A7

+ (b el E2 (e pmy + 1220 ||§||ioo(t1,tm)> max [l

1<n
21Tl + 8ACL + b |52 g_v””
A Va7l + AL + bl e20m)) | DIV )
n=1

By an analogous argument, based on the discrete Gronwall Lemma, as in the proof of the first
stability inequality, we then deduce that

m 41 wn
At gt =g | HVMW”II2 + = " = V"
2 A7 2)\ ~ h
m—1 m_l1 n+1 — " 2
<e 2c1mAt {QAt Z HMn+1”2 + 12)\ maX ||V7’H2 + At Z TN
= n=1

1 0 n
T+ (bnmumm+12Ab||n|\Lm<0T>) max |l |2}
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where ¢; = 4A(1+b H’i”iw(o,T))- Now, using the first stability inequality, the last term in the curly
bracket is bounded by (bl|sellF2 (o7 + 12A0[|5]F < o.1)) S0, p, v, mAt), and hence the required
bound. O .

Once again, we denote by ¢t € H'(0,T; L2(D))NC([0, T]; H§(D; M)) the continuous piecewise
linear interpolant, with respect to ¢t € [0,T], of the solution {¢)™ : n =10,..., Ny} to (3.1) defined
by

¢
At

TA t— " .
’(/J t(',t)|[tn7tn+1] = 7wn+1 +

o",  te [t "], n=0,...,Np—1,
At

and let
JjAt’Jr(Wt) = 1[)n+1(.)’ QZJAt’i('vt) = Jjn()v te [tnatn+1]7 n:Ow"aNT*l'

Using analogous notation for , (3.1) summed for n = 0,..., Ny — 1 can be restated as:

r (wm ~ T At,+ A+ ~
/ / T @dgdt*/ /(/;c TqyttT) - Vupdgdt
0 D 0 D

e R
+ﬁ/ / VudAt T - Vypdgdt =0 Vo e L2(0,T; HY(D; M)).  (3.22)
0 D ~

It follows from (3.21) with 4 =0 and v =0 in (3.5) that

(b2 is bounded in  L°°(0, T; Hy(D; M)),
(2" a; is bounded in  H'(0,T;L2(D)) — C([0, T); L*(D)),

@AH_ - @At’_ 2 1
-_— is bounded L*(0,7;Hs(D; M)).
— (0. T5Hy(D: 1))

Passing to the limit At — 0, and denoting by ¢ the (common) weak(—(x)) limit of ()2%), in the
function space L°°(0, T; H (D; M)) N HY(0,T; L?(D)), we deduce from (3.22) (in the same way as
before) that

T 8'[2) T R
| Sredadi- [ [ (sqi) - Varpdge
o Jp Ot~ o JD % ~

1 T R
+5/ /YMw~YM¢dth:0 Vo € L2(0,T; Hy(D; M)),  (3.23)
0 D ~

P(-,0) = 1/30(')7 and 1& satisfies the energy inequality
1913 0,712 (0y) + IV 01 (0. 7502y < C(0: A 8, T ol (-

By uniqueness of the weak solution, it follows that the function 1[) thus constructed coincides with
the weak solution of (3.8); in other words, the weak solution ¢ of (3.8) belongs to H'(0,7;L2(D))N
L>°(0, T; HY (D; M) provided that & € H'(0,7)%*? and ¢ € H(D; M).

The stability results (3.5) and (3.21) will be useful in Section 4, but for now we note that
setting 4 = 0 and v = Q in (3.5) and (3.21) demonstrates the unconditional stability of the time
semidiscretization in various norms. We also note that, evidently, any fully-discrete method based on
the semidiscrete scheme (3.1) and conforming Galerkin discretization in ¢ using a finite-dimensional
subspace Py of H§(D; M) will be unconditionally stable in the norms appearing on the left-hand
sides of (3.5) and (3.21).
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4. The fully-discrete method. Let Py (D) be a finite-dimensional subspace of H}(D; M)

that will be chosen below and let 1[1}{, € Pn(D) be the solution at time level n of our fully-discrete
Galerkin method:

A+l i
0 1
/ Yy YN T YN Ad / (§n+1q1/)xr+1) -Vupdg + 2)\/ VM¢n+1 Vargdg =0,
D ~ ~ 1
VSOEPN( )? n:O,"'aNT_17 (41)
1&?\[() := the L?(D) orthogonal projection of 1&0() = 1&(7 0) onto Py (D). (4.2)

REMARK 4.1. If the linear space Py (D) is selected so that VM € Py (D), then, since VM €
Ker(V), it follows on taking ¢ = VM in (4.1) that

s~ |, i

whereby, on letting Yy = v Mz/?}{], we have that

Z»Q
3
Il
\'I—‘
5

/wly\Lf dq—/QbN dq, nzl,...,NT.
D

The function YR, represents an approzimation to the probability density function ¢ = v/ Mi[) at
t =t". Since, by Lemma 3.3, fD ¥(g,t)dg = fD Yo(q)dg =1 for all t > 0, we deduce, by choosing
Pn(D) so that v M € Pn(D), this integral identity is preserved under discretization.

Our objective is to derive a bound on the global error

(-t
= (A< ") - ch,t”)) (T, ) =) =" + €7,

where Iy 1)(-, t") € Py(D) is a certain projection of 1(-, t") onto Py (D) that will be defined below.
For the moment, the specific choices of Py C Hy(D; M) and Iy are irrelevant.

We begin by bounding norms of £ in terms of suitable norms of n. Substituting £ into (4.1),
setting ¢ = £"*1!, and noting that " = z/?(-,t”) — 1/;% —n", we have

n+1 n
/ f 5 €n+1 / (§n+1 qfnJrl) ngnJrl dq + 7/ VM§n+1 v €n+1 dq
D D ~
= / pnttgntt dg + / Loypent! dg — 7/ V" Vet dg, (4.3)
D D
for n=0,..., Ny — 1, where

Mn-‘rl — (12)('7tn+1) B ’([}(atn) a¢( tn-l—l)) _ 77n+1 - 77”

At ot At (4.4)

%nJrl = §n+1g77n+ VMT] (45)

Since Py (D) C HY(D; M), (4.3) is in the form of (3.4); hence, applying Lemma 3.1, we obtain

m—1

Hsm||2+ ZAtHv 3

m—1
< e2comAt {”§0|2 + Z At (||Mn+1||2 + 4/\”%n+1||2)} , m=1,...,Np. (4.6)
n=0
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Let us first consider the term ||€°]| on the right-hand side of (4.6). Since ¢ is the L2(D) orthogonal
projection of ¢(+,0) = ¥y onto Py (D), we have

(€%, ¢n) = (ex, o) = (1°,¢n) = —(°, o) Von € Pn(D).
Setting ¢n = £° here and applying the Cauchy—Schwarz inequality on the right-hand side yields

1€ < 1In°]l- (4.7)

By the triangle inequality we have the following bound on ||z

1
™ < Vol I+ S IV ™ ], n=0,.. Np =1,

Hence for the third term on the right-hand-side of (4.6), we have

m—1 m—1

S aaly P < Y- ae (163l PR + 1T )
n=0 n=0
m—1
< dep Z At||nn+1||%{é(D;M)
n=0
— 4C2||"7||?2(0,tM;H(1)(D;M))’ m=1,...,Nrp,

where ¢y := max (1/)\, 4)\bH§||200(0 T)).
It remains to bound || *1||. We begin by observing that

B(. LY _ (. 4n 81& n+l _ . n
m+1 < d}(at ) 1/)(7t ) _ v tn+1 n n
) < - O] B
=I+1I.
For term I, applying Taylor’s Theorem with integral remainder yields
~ ~ ~ n41
w('atn+1) 71/}("75”) 81/) +1 1 /t +1 a 'l/)
— (ot = " t)dt
At 6t(’ ) At Jin ( )8t2(’) ’
and it follows that
tn+1 2 ~
%Y
I < VAL /t TrCn|

For term I1 we have the following bound:

[N

tn+1

2
on
t)yde | d
D ( /t a2t ) 1
1 /f"“ :
— dtdq
.}
1 tn+1 2 %
VAt {/ dt} '
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"=
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5 (g, )
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With the bounds derived on I and II we now have that

m—1 m—1 gt 2,(/) ¢t 2

n+1(2 2
S oadpm P <4y At /tn Sz (1) dt+4Z/ﬂ dt
n=0 n=0 n=0

~ 12
82
= 4A¢? ¥ Z) +4 H
¢ L2(0,t™;L2(D)) L2(0,t™; L2(D))

Combining the bounds on the three terms on the right-hand side of (4.6) we deduce that

||§m|\2+ ZNIIV i b

com an
< eZeomAt (”77 12 + de2 11172 (o,0m st13 sy + 4 H ot
L2(0,¢™;L2(D))
o2’
+ 4A¢t? ¥ (4.8)
L2(0,tm;L2(D))

It remains to bound the first three terms in the bracket on the right-hand side of (4.8). To do so we
need to make a specific choice of the finite-dimensional space Py (D) from which approximations to
V€ H{(D; M) are sought, and we also need to specify the projector IIy. These questions will be
discussed in the next section. We shall then return, in Section 6, to the bound (4.8) and complete
the convergence analysis of the numerical method.

5. Approximation results. Motivated by the behaviour of the FENE potential considered in
Section 2, we have assumed at the end of Section 2 that U is (—1)-convex. Then, H}(D) C H§(D; M).
Therefore, any finite-dimensional space Py (D) C H{(D) is, trivially, also contained in H{(D; M).
Further, HY(D; M) N CY(D) = HY(D) N C1(D); thus, from the viewpoint of C1(D) functions, the
function spaces H'(D; M) and H}(D) are indistinguishable.

REMARK 5.1. We noted in Remark 4.1 that if, in addition, M € Py (D) then

/Dw%(g)dQZ/Dw%(g)dg-

Since /M € H}(D), one can ensure that this integral identity holds by choosing Px (D) = VMSy(D),
where Sy (D) is a finite-dimensional subspace of C'(D) such that 1 € Sy (D).

Our definition of Py (D) and the choice of the projector Iy : Hy(D; M) — Py (D) depend
on the number d of space dimensions. Since the case of d = 2 is sufficiently representative, for the
sake of brevity and ease of presentation we shall confine ourselves to two space dimensions, that is,

when D is a disc of radius v/b in R2.
Let Dy denote the slit disc
Do =D\ {(q1,0) : 0< ¢ < Vbl

It is natural to transform Dy into the rectangle (r,0) € R := (0,1) x (0,27) in a polar co-ordinate
system, using the (bijective) change of variables

q=(q1,92) = (Vbrcosf, Vbrsinf) € Dy (5.1)
where (r,0) € R. Given f € H'(D), we define f on R by

f(rae):f(QI7q2)7 g: (q17Q2) €D07 (r,@) ERa q1 :\/BTCOSG, QQ:\/BTSiDG.
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Thus,

~12
Do f

r

1 2
1120y = 112 iy = / r / bFP + 1D F + a6 dr.

Motivated by this identity and writing, here and henceforth, @w(r) := r for our weight-function on
the interval (0,1), we define the space

Ab(R) == (€ L4(R) : D.f € L4(R) and Dyf € L3(R)), (5.2)

equipped with the norm [ - |1 ) defined by

~12
D
Dol ) qgar, (5.3)
T

1 27
1y = [ o000 [ (172 + 1072+

where L2 (R) is the w-weighted space of square-integrable functions on R, with the norm || - 1z (m)
defined by

1 27
1F1122 o = [ (r) |f(r,0)2d0dr = [ |f(r,0))%rdrdé.

Fo (R) 0 0 R
We denote by ﬁ,llw(R) the subspace of HL(R) consisting of all functions f such that the trace
f(1,-) = 0. For s,t > 0 the space H**(R) is defined as

H>'(R) := H*(0, 1; H}(0, 27)), (5.4)

where the periodic Sobolev space H.(0,27) is given by

HL(0,27) = {f € H[,.(R) : f(0 +27) = f(§) V6 € R}.

Clearly, f € HL(R) implies that f € H!(Dy), and vice versa. We will also need weighted Sobolev
spaces of the following form:

HY'(R) == H5 (0, 1; HL (0, 27)), (5.5)

w

equipped (for non-negative integers s and t) with the norm || - |

1 27 s
;gt(R) = > /012)(7’)/0 |DiD) f(r,0)> d9 dr.

0<i<s, 0<j<t

H(R) defined by

If]

Similarly, for s > %7 we define
H' (R) == HS, 4(0,1;HL (0, 27)),

where Hy; ((0,1) is the subspace of Hy; (0, 1) consisting of all functions that vanish (in the sense of
the Trace Theorem) at r = 1. In particular, for s = 1, Hj (0, 1) denotes the set of all @ € Hy;(0,1)
such that (1) = 0, endowed with the following inner product and norm:

(17/7 ’6)H11D10

1
_ U . I 1
(0.1) ::/0 w(r) Dyt Do dr and |l HL (0,1) ©= {(u,v)H}ﬂ)o(O,l)}%

Note that @ is a Jacobi weight function (i.e., of the form (1—s)*(14s)%,s € (—1,1) with a, 3 > —1)
when transformed to (—1,1).
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We now introduce the projection operators that we will use. Due to the cartesian product
structure of the set R it is natural to define distinct projection operators in the r and 6 co-ordinate
directions. In the #-direction we use the orthogonal projection in the L2(0,27) inner product (i.e.,
truncation of the Fourier series) denoted, for N > 1, by

P 1L?(0,27) — Sn(0, 27),

where Sy (0, 27) is the space of all trigonometric polynomials in 6 € [0, 2] of degree N or less.
The appropriate choice of projector in the r-direction is less immediate. We define, for N > 1,

Pg:Hp (0,1) = Py (0, 1) (5.6)

as the orthogonal projection in the H}I),O(O’ 1) inner product, where Py (0,1) is the space of all
algebraic polynomials in r € [0,1], of degree N or less, that vanish at r = 1.

It is tempting to define a two-dimensional projector onto Sy (0,27) ® Pn (0, 1) as the tensor
product of the projectors P§ and Py.. Unfortunately, this choice is inadequate due to the presence
of the singular factor 1/r in the weighted Sobolev norm || - [[g1 ), and a different definition is
required. In order to motivate our choice of the two-dimensional projector below, we state the
following result that can be seen as a variant of the Malgrange Preparation Theorem [19].

LEMMA 5.2. (Decomposition Lemma) Suppose that (a,b) and (¢,d) are nonempty bounded
open intervals of R, with x € (a,b) andy € (¢,d), andu € WH9((c,d); WP (a, b)) where 1 < q < oo,
l<p<oo,and1l/p<s<1. Then,

(a) u, € L((c,d); C*~1/P[a,b]);

(b) If there exists xg € [a,b] such that uy(zo,y) =0 for a.e. y € (c,d), then

w(z,y) = A(x) + (z — 20) B(z, y),

where A € WP (a,b), B € WH4((c,d); Lt (a,b)), with 1 <t <p and 1+ (1/p) < s+ (1/t),
and (z — x¢)B € Wh4((c,d); WP (a, b)).

(c) If, in addition to xo € [a,b] as in part (b), there exists x1 € [a,b] (which may, but need not,
differ from xq) such that uw(z1,y) =0 for a.e. y € (¢,d), then A(xz1) =0 and B(z1,y) =0
for all y € (¢, d).

Proof. (a) Since u € Wh4((c,d); W*P(a, b)), we have u, € LI((c,d); W*P(a,b)), and therefore,

by the Sobolev Embedding Theorem, also u, € LI((c,d); C*~'/?[a, b)).
(b) It follows from (a) that

fuy(21,9) — uy (@2, )| < CWlar — w27 Var,25 € [a,b] and for ac. y € (¢, d),

where C' € L9(c,d). Now, suppose that there exists zy € [a,b] such that u,(zo,y) = 0 for a.e.
y € (¢,d). Let

oo d W@ e =50)  whenw€ 0\ (w0}, y e (ed),
Y 0 when z = xz9, y € (¢, d).
Clearly, uy(z,y) = (x — xo) v(z,y). If ¢ € [1,00), then
d [ b i z d [ b _ ¢ i .
/ / lo(z,y)fde | dy| = / / [y (@,9) = uy (20, )| de | dy
c a c a |$ - xO‘t

IN

1 1
b B d 4
dx
(/a z — x0|t(1(51/p))> (/c 1C(y)|* dy) < o0,

since 0 < ¢(1 — (s — 1/p)) < 1. If, on the other hand, ¢ = oo, then

1 1
t

b b t
dz
€SS.SUDy ¢ (¢.d) </ lv(z,y)|* da:) < (/ = $O|t(1_(s_1/p))> £ e88.8UP, ¢, q) |C (y)| < o0.
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Either way v € L9((c,d); L*(a, b)), which then implies that the function y — [”v(z,n)dn is abso-
lutely continuous on [e,d] for a.e. x € [a, b] moreover it belongs to W4(c,d) for a.e. = € [a,b].
Further, the function B : (z,y) — B(z,y) := [’ v(z,n)dn, defined on (a,b) x (c,d), belongs to
Whe((c,d); Lt (a,b)). Now,

) = u(w0) + 2 = 50) [ oon) dn = Aw) + (@ = 20) Ba),

with A € WP (a,b), B € WY4((c,d); Lt (a,b)), and (z — x¢)B € WH4((c,d); W*P(a,b)).

(c) Now, let =1 € [a,b] and u(z1,y) = 0 for a.e. y € (¢,d). Since then u,(z1,y) = 0 for a.e.
y € (¢,d), it follows from the definition of the function v in part (b) that v(zi,y) = 0 for a.e.

€ (¢,d), irrespective of whether or not z1 # xy. Hence, recalling the definition of B, we also have

that B(z1,y) =0 for all y € (¢,d). Thus, A(z1) = u(z1,y) — (1 — 29)B(z1,y) =0. O

Suppose that § € I:I}I),O(R) N HYL(R). Then, necessarily, Dgg(0,6) = 0 for a.e. § € (0,27), as
otherwise HgHﬁg(R) would not be finite.! Furthermore, applying Lemma 5.2 with z = r, y = 6,
(a,b) = (0,1), (¢,d) = (0,27), s =1, p=q =2, kg = 0 and x; = 1, we deduce that § has the
decomposition

§(7"7 9) = gl (T) + 7’_§~]2(T‘7 9)7 (57)
where g3 € H*(0,1), g2 € Hl((O 2m); L(0,1)) with 1 < ¢ < 2, and rgo € H}((0,27); H'(0,1)),

g1(1) = 0 (and therefore g, € H 0(0,1)), and g2(1,0) = 0 for all 4 € (0, 27).
Assuming that § € Hw,o(R) Hl’l(R)7 and go(-,0) € Hy (0,1) for all § € (0,27), we now define

PRg(-,0) = P{ai(-) + 1P _132(-,0), 0 € (0,2m),

where Py : Hy 4(0,1) — Pn,0(0,1) is the orthogonal projector defined in (5.6).

There are a number of approximation results available in the literature related to projectors in
Jacobi-weighted inner products (see for example [5] or [10]). Since the setting here is specific, we
need to establish the required approximation properties of the univariate projector Pj\], from first
principles. The approximation properties of Py, and of our two-dimensional projector Pf Py, will
then follow. The relevant results are stated in the next two lemmas.

LEMMA 5.3. Suppose that § € Hw 0(0,1) with k > 1; then,

g — PJ\JI§||H}D(0,1) < CN17k||§||Hf.'U(0,1)~ (5.8)
If, in addition, there exists o € (0,1) such that r — r*g(r) € C[0,1], then also

g — P]‘\]rgHLfb(o,l) < CN_k”g”H’fD(OJ)' (5.9)

Proof. Let us first prove (5.8). Note that by Pythagoras’ Theorem,

1

~ ~ ~ ~ 2 ~ ~
19— Phals o0 = (1313 0 — 1P313 01) < 1l o0, < 3l 0.0

If k = 1, the right-most term in this chain is equal to 1 - N'7%||§|x (0,1)» while if & > 2 and
1 < N <k —1, then it is bounded by (k — 1)* 'N'"¥Ig[lgx o 1)-

INote that by part (a) of the Decomposition Lemma, if § € H»'(R), then Dgg € L2((0, 27); C3 [0,1]). If Dpg(0,0)
were nonzero for 6 € Sy where Sp is a subset of (0,27) of Lebesgue measure £1(Sp) > 0, then for each 6 € Sy there
would exist a nonempty interval [0,79] C [0,1] over which |Dyg(-,0)| is continuous and strictly positive and has,
therefore, a positive lower bound (which may vary with 8). Now, fol |Dgg(r,0)|2/rdr > Jo¢ 1Dag(r, 6)|2/r dr and the
latter integral is divergent for each § € So. As S has positive measure, also f027r fol |Dgg(r, )| /r dr d§ = oo, which
in turn contradicts § € ﬁ}ﬁ’o(R). Thus £1(So) =0, or Sy is empty; in any case, Dgg(0,0) = 0 for a.e. 8 € (0,2m).

26



Finally, if ¥ > 2 and N > max(2, k — 1), then we recall that, by the definition of Py,
19 — PI‘\IZ.‘}”H}ETO(OJ) < g =ollay j01) Vo€ Pno(0,1).

Select, in particular,

1
3(r) = — / Q% 1Dui(s)ds,  rel0.1]

where Q¥,_, is the orthogonal projector in LZ(0,1) onto Py_1(0,1), the set of all algebraic poly-
nomials of degree N — 1 or less on the interval [0, 1]. Thus,

1 = Prallu, 01y < 1Drg = Dilliz 0.1) = 1D0r8 = QX1 (Dr)llz 0.1) < ¢ (N = 1) Fllgllue 0.1y
where the last bound (scaled from the standard interval (—1,1) to (0,1)) comes from §5.7.1 of
Canuto et al. [10], and is valid for N > max(2,k — 1), k > 2. Hence, after bounding (N — 1)}=* by
2F=I N1=F (recall that N > 2 by hypothesis), we deduce that
g — PJL\JTgHH}E’O(OJ) < C2k_1N1_k||§||H§.J(0,1)~
Now choosing ¢ = max{(k — 1)¥=1 ¢2k~1}  with the convention that 0° := 1, we have that
17 = PRl o 0.1) < EN'F |Gl 0.1y

for all N > 1 (regardless of whether or not N > k — 1). Since by the Poincaré inequality

- 1 - -
[9]lLz (0,1) < ﬁHDrUHLfD(OJ) Vo € H};,,O(O, 1) (5.10)
- ||H11D70(0,1) and || - [ (0,1) are equivalent norms on Hj, 4(0,1), we deduce (5.8) for any N > 1.

The proof of (5.9) is based on a duality argument. Let e := § — P{g. It follows from the
hypotheses on g that e € LZ(0,1), and r — r%¢(r) € C[0, 1] with « € (0,1).
Given any e € LZ(0, 1), consider the mixed Neumann-Dirichlet boundary-value problem:

=D, (rDy ze(r)) =re(r), re(0,1), lim rD,z.(r) =0, z.(1)=0. (5.11)

r—04
By (5.10) and the Lax—Milgram Theorem, this has a unique weak solution z, € H}D)O(O7 1),

3

(Ze, U)HE,O(OJ) = (6, ’U)L%}(O,l) Yv € H111~)7O(O, 1), and HZeHI%Il@(O,l) S Z”eHi%}(O,l) (512)
We shall show that, in fact, z, € H%})O(O7 1). To this end, note that
1 T
D,z.(r)=—= [ se(s)ds, r € (0,1]. (5.13)
™ Jo

Hence, D, z. € C(0,1]; and since r — r%e(r) € C[0,1] with a € (0,1), we have lim, o, re(r) =0,
and therefore lim, o, D,z.(r) = 0. Now,

1 1 1
1 1 1 |
/ —|Dyze(r))? dr < 5/ rInr|? le(r)*dr = 5/ |re(r)|? - ‘22f|1 dr
o "’ 0 0 r

1
1
< max |7’°‘6(r)|2/ [Inr] dr < oo
0

~ z€0,1] r2o=1 ’
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by using in the left-most integral in the chain the identity (5.13) with s = \/s+/s, applying the
Cauchy—Schwarz inequality in the inner integral, and exchanging the order of integration in the
resulting double integral. Thus, it follows from (5.11) that D2z, = —(e + 7 'D,z.) € L%Z(0,1) N
C(0,1] and, for any € € (0, 1),

1 1 1
/ 7| D2z (r)]* dr + / D, ze(r) D2 (r) dr = —/ re(r) D%z (r) dr.
€ € €

Hence, by computing explicitly the second integral on the left-hand side and applying Cauchy’s
inequality |ab| < %(a? + b?) on the right-hand side, we obtain

1 1
/ 7| D22 ()2 dr + |Dy2ze(1)]? < / rle(r)?dr 4 |Dyz.(e) %
€ €

Passing to the limit ¢ — 0, and omitting the second term on the left-hand side, we deduce that

1 1
/ r|sze(r)|2 dr < / r|e(r)|2dr.
0 0

Combining this with our earlier bound from (5.12), we have that

7
||Ze||%{§b(0,1) < Z”enifb(o,l)' (5.14)

We are now ready to embark on the analysis of the projection error in the LZ(0,1) norm.
Recalling that e = §— Pyg € H}I),O(O, 1), we deduce from the weak formulation (5.12), the definition
of the orthogonal projector Py, the Cauchy—Schwarz inequality, (5.8) and (5.14) that

19 — P}\]/QHigj(o,l) =(e,g — PJ\Jfg)Lg(o,n = (2,9 — P]K\]Ig)H}D’O(O,l) = (3 - Pxg, Ze)H1.070(0,1)
= (§— PR>ze — PJL\][ZS)H}DYO(O,I)
<lg- P]L\]/g”HiD,O(O,l)HZe - P](\]fZeHH}DYO(O,l)
< CNlikH@HHg(o,l) ) N71||Ze||H,2u3(0,1)
< CN7k||§||Hg(o,1)||€||L5.J(o,1)
= cN_k||§||Hg(o,1)||§ - PJL\]fganb(O,l)a k=1
Dividing the left-most and the right-most term in this chain by ||g — Pj{,@HL% (0,1) gives (5.9). O

REMARK 5.4. A sufficient condition for the existence of o € (0,1) such that the function
r— r*g(r) € C[0,1] is that (by adopting the notation from Chapter 3 of Triebel [29])

1
g€ WL((0,1);7t 7 = {f e L2,(0,1) / r D, f(r)]? + ro 7 f(r) 2 dr < oo}

As a matter of fact, if g € W3((0,1);7°F1; 721 for some o € (0,1), then r — r%§(r) € C3[0,1].
This follows from the following inequality: let G(r) = r®g(r); then,

1 1
3 2

6e0) = Gtra <= raf? (1) ([ P ipigo o ar)

LEMMA 5.5. Let g € ICHU 0( ) NHYY(R), with decomposition G(r,0) = 1(r) + rga(r,0), where
g1 € HY (0,1) and ga(-,0) € Hy 4(0,1) for all 0 € (0,2m), and denote by My the two-dimensional
proyector onto Pn,.(0,1) ® Sy, (0 27r) defined, for positive integers Ny and N,., by

(L g)(r,0) := (Px, PR, 9)(r,0) = (P, P, 9)(r,0).
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If g1 € HEF1(0,1) and o € HETO(R) nHE'(R) nHYTH(R) N HEY(R) for some k,1> 1, and there
exists an « € (0,1) such that, for each 6 € (0,27), r — r%ga(r,0) € C[0,1], then

-

lg = ngllay m) < CiN, " (”51”;2“(0,1) + ”52”?{’;“’“(1{) + Hgﬂ'i{ﬁ;’l(m)

1
_ ~ ~ 2
+CyN, ™! (HgQHiI%W(R) + ||gg||§l1lb,,(3)) . (5.15)

If 1 € HE(0,1) and G2 € HE’O(R) NHY(R) for some k,1 > 1, and there exists an o € (0,1) such

w

-
that, for each 6 € (0,27), r — r%g2(r,0) € C[0,1], then

1
~ CR — ~ ~ 2 —1~
15— Tivdl iy < O (1103 0.1 + 12020y )+ CoNG Gty (5:16)

Proof. The left-hand side in (5.15) is given by:

1 2m
I~ Tixdllyy oy = [ 00) [ {6~ T + (Dg ~ D, (Tng)?  dodr
w 0 0

1 27

+/ 7”_1/ (Dog — Do(I1nG))* d6 dr
0 0

I+ 11

Let us first consider term I; we treat the two terms in the, inner, #-integral in I separately. First, us-
ing the L?-error bound for Fourier projection, as well as the fact that || P%, le@z(0,2m),120,2m) < 1,
we obtain

~ - 2
19(r,) = Ting(r, )2 0.2m < (150 ) = PE, G0 Mizo.2m) + I1PE, (@0) = PR 50, 0.0

~ 2
< (CsNF Db Mzoam + 13, ) = B3 30 Ylzom )
< 205 Ny || Dyg(r, WNE2(0,2m) + 2015(r, ) = Py g(r, NE2(0,2m)
< 20§N9_2l||Dé§2(T7 ‘)“iz(o,zw) +2[|g(r,-) — Pj\]frg(’”» ‘)HiZ(o,zw)a

where Dég = rDégg and 0 <7 < 1 have been used in the last line. Similarly,

IDrg(r, ) = Dp(TIng(r, )IF2(0.2m
< 205N, (1D Dyi(r, )17 20,20y + 21Drd(r, ) = Do(PR:, G(rs )12 0,20)
< 4ACIN, ' (1D4G2(r, T2 (0.0m) + 1D Ddia (7, )|720.2m))
+2[|D,g(r,-) — Dp(P; §(r, NIE2(0,27)-

Therefore,

27

27
I<6C3N, ) (||Dé§2(-,9>uig<o,1)+||DrDé§2<-,6)lligb<o,1))d9+2 i 13-, 0)=F5, 3, 0)lIF (0,1)d6-
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Now we bound the final term on the right-hand side of the last inequality:

16.0) = P4 .30 0) s 1) < 2060 — PR 1l 0.y + 2l (G- 0) — PR 132(,0) 3 o)

< CQNT_Qngl Hil:;l(O,l)

1
+ 2/0 @(r) {[r(g2(r,0) = Px, _192(r,0)]* + [Dy(r(g2(r, 0) = Px, _132(r,0))]*} dr

= C2Nr_2k”§1 H?I,’E)Jrl(o,l)

1
+ 2/ @(r) {(1+r2)(g2(r,0) — PR__132(r,0))* + r°(Dy(2(r, 0) — _192(r,0)))%} dr
0
< CQNT*%H%HE@H(O 1y T 4192, 8) — P _132(-, 9)”%;@,1)

< CINTH (11 o 1y + 1520 Ol g 1))

using the univariate || - ||;;1 error bound (5.8). Therefore,

r<eci | (I\Degz( 0)2 (0.1) + 1D Dhda (- 0) 32 .1, ) 46
L 27
+ 203N, / (150121 2y + 1325 O g ) 0, (5.17)

which is an optimal-order bound on I.
Next we consider I1. Using the fact that #-differentiation commutes with the projectors P]‘\],T
and Pf\“;g, we have

1 27
H:/ r*l/ |Dy(§(r,0) — PR, Pk §(r,0))*d0 dr
0 0
1 2
§2/ 7"_1/ |Dyii(r, 0) — PE, Dogi(r, 0)[2d0 dr
0 0
1 27
+ 2/ r_l/ |PX, Dog(r,0) — PR (Pg, Dog(r,6))[>d6 dr.
0 0
Therefore,
1 . 2m ~ P _ 9
11 <2 r |7"Dggg(r7 0) — rPy, Doga(r, 9)’ dodr
0 0
27 1
+2/ / 1~ r Py, Doga(r,0) — PR, (rPf, Dogo(r,0))|* dr d@
0 0
1 2
<cang® [ i) / D5, (62 9 dr
27
+ 2/ / )| P§, Doga(r,0) — PR _1(Px, Doga(r,0))|* dr df
2
< Cé’No‘”/O 1D G2 (- )72 6.1y 46 + CgNr_%/O 1P, Doga (1, 0) [y ,1) 46-

We have used the fact that PJ{/T (rf) = TPI‘\][FI(];) and the L2 (0, 1) norm error bound for Py, stated
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n (5.9). For the integral in the last line in the bound on IT we have

Z/ (1PN, DI Doga (-, 7)lI72(0,2mdr < Z/ ") DIDoGa (-, 7)1F2(0,2m dr
2
- / | Daa -, 0) s (0,146
Therefore,

27 2
11 GENG® [ DS - 0) g 00y 40+ CEN [ 1D 1,0

Combining the bounds for I and I obtain, with suitable constants C; and Cs,

S

27
19~ P, PR, gy < N [ 100y + 100100+ Doty 016

2
+cany'{ / (D5 3l 0 + 1Dkl o) 0] o (58)

which is (5.15). The proof of the LZ(R) norm bound (5.16) is very similar: its main ingredients
are, in fact, contained in the argument above. For the sake of brevity we omit the details. O

The bounds (5.15) and (5.16) can now be straightforwardly mapped from R to Dy using (5.1).
We define Py (D) as Py, 0(0,1) ® Sy, (0,27) mapped from R to Dy using (5.1), and we suppose
that ¢ € HF (D), with k,1 > 1, where
HEU(D) :={g e H}(D) : g € I:I};J’O(R) NH"(R), with decomposition §(r, ) = g1 (r) + rga=(r,0),
g1 € HE (0,1) and §» € HQ (R) N HY M (R) nHY (R) nHE' ™ (R),
and there exists o € (0,1) such that, for each 8 € (0,27), r — r%ga2(r,8) € C[0,1]},

equipped with the norm

N

. 2 2
lgllzeeaoy 1= (19030 oy + 903 p))

where

[N

llles 0y = (1981 01y + 12y + 18202 11y )

1

2

9l oy = (12120t gy + 132 -1 gy )
We define

N i HYY(D) = Py(D) by (lng)(qr, ) = (Mng)(r,60), g€ H"(D).
Thus, recalling that H}(D; M) = H} (D), we deduce from (5.15) that

||1& - 1:IN1&||H5(D;M) < ClNr_kHzﬁ”Hﬁl(D) + CZN(;ZHQZ’HHLH(D) (5.19)
for all ) € HEFLIFL(D), with k,1 > 1. Similarly, we obtain from (5.16) that
v = TInepllL2 oy < CLN7FIlrepy + CoNg 14l (5.20)

for all ¥ € H*!(D), with k,1 > 1.
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6. Convergence analysis of the numerical method. We see from (4.8) that in order to
obtain bounds on the norms of ¢ appearing on the left-hand side of (4.8) we need to bound the
following terms:

on
”770”:||770||L2(D)a ||77||e2(o,T;H5(D;M)) and Hat )
LQ(O,T;LZ(D))

It follows from (5.19), (5.20) and the definition of 7 := ¢ — [Iy¢) that

In°Il < llbo = Tingholl < CLNFl[3dollrepy + CoNg ' Iollne ()
1nlle2 0,751 (Diary) < CLNZ 10 20 mnes 1 oy + CZNJZ||¢||e2(o,T;Hg+1(D))v

9n
ot

with &k, > 1, provided that 1& is such that the norms on the right-hand sides of these inequalities
are finite. Substituting these three bounds into the right-hand side of (4.8) we deduce that

o

< ClN;k
L2(0,T;L2(D))

+ Oy Ng_l
L2(0,T;HE (D))

L2(0,TyHL (D))

‘%

1€ lles0,7;12(Dy) + IV m€lle2 (0,712 (D))

< ClN;k ||7/’0||H’;(D) + ||¢He2(0,T;7—(7’S+1(D)) +

L2(0,T5HE(D))

o . o 0%
+ CoN,! [Poll+¢, 0y + 19lle2 0,702+ (0y) + rn + C3At o
L2(0,TyH} (D)) L2(0,T;L%(D))
Note, also, that
1m1l e (0,712 (D)) < Clejk”Q[}HEOC(O,T;H’;(D)) + C2N51||1/3\|ew(o,T;Hg(D))7 (6.2)
IVl o,m2 () < CLNG 19l a0 0005+ gy + C2Ng Il g2 0 00021 (- (6.3)

Thus, by the triangle inequality,

19 — ¥nlles0.7:02(Dy) + IV 2r (0 — On)|le2(0.7:12(DY)
< l€lle= 0,712 (DY) + IV mséllez0,7512(Dy) + [Mlles< 0,712 (Dy) + IV mnle20,7512 (D))

whereby (6.1), (6.2) and (6.3) give

19 — b lle 0,7502(Dy) + IV 20 (0 — )l 0. 7502y

9y

< ClNr_k ”&”ZW(O,T;H,’S(D)) + ||12H£2(0,T;H’:+1(D)) +

L2(0,T5HY (D))

- . o
+ G2 Ny : ||¢||eoo(o,T;Hg(D)) + ||¢Hz2(o,T;Hg+1(D)) all vy

L2(0,TH} (D))
024

2

+ CsAt

L2(0,T;L%(D))
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We recall that ¢ = v M 1&, and we define ¢} := VM 1/3}([ Consequently,

1V — ¥nlle=0,m;9) + 1Y — UNlle20,1:5)

1 o0
Y EYT
< 0> (0,T7HE (D)) (0,775 (D)) M Ot {2 (0,7:%(D))
_ " 1 oy
+ CoN,! H +H +|l =75
’ ( VM o000 (0))  IVM llezo 10y I1VM 9 Iz (0 7201 (D))
9%y
—i—CgAtH ,
VM ot L2(0,T3L2(D))

with k,1 > 1, provided that v is such that the norms on the right-hand side are finite.

That completes the convergence analysis of the method in the case of d = 2. For d = 3 the
argument is identical, and rests on a three-dimensional analogue of Lemma 5.2. We omit the details.

Starting from the second stability inequality stated in Lemma 3.6 and proceeding in an identical
manner as above, one can derive analogous error bounds in the h!(0,T;$) and ¢>°(0,T; &) norms.

REMARK 6.1. In the case of the FENE Mazwellian, VM € Py if, and only if, there exists
a positive integer m such that b = 4m and N, > 2m. In order to ensure that, more generally,
VM € Pn (D) regardless of the choice of M and the value of N,., one could have instead defined
the finite-dimensional space Py (D) as VMSy(D), where Sy(D) is Py, (0,1) @ Sy, (0, 27) mapped
to Do using (5.1). With only minor changes, the convergence analysis then still proceeds as above.

7. Implementation of the numerical method. Numerical methods for solving the Fokker—
Planck equation arising from the FENE dumbbell model for dilute polymeric fluids have been the
focus of some attention recently; Du et. al. [16] developed a finite difference scheme which preserved
unity and positivity of ¢, and Lozinski et. al. developed a spectral method for this problem. We
briefly discuss the work of Lozinski et. al. here because the spectral method they developed is
similar in spirit to the method we propose (see Lozinski’s Ph.D. thesis [23] for a detailed discussion
of their work, [13,24] for the numerical method for 2D dumbbells and [12] for the 3D case). Their
spectral method is based on the ‘original’ version of the Fokker—Planck equation:

1

%f"‘v (";CQ?/)) = ﬂyq‘ (qu+5(g)¢>,
and does not involve any symmetrizing transformations using the Maxwellian. The method appears
to work well in practice: its accuracy is identical that of the numerical method we present below.
On the other hand, unlike the numerical method defined by (4.1) and (4.2) herein, the papers by
Lozinski et al. cited above provide no theoretical underpinning of their method from the point
of view of stability and accuracy. In this section we discuss the implementation of our spectral
Galerkin method and present some computational results to demonstrate its accuracy and efficacy.

As in Section 5 we restrict our attention to the case d = 2 and suppose that ¢ € H“1(D). It
is natural to map ¢ = (q1,q2) € Dy C R? to (r,0) € R = (0,1) x (0,27), and exploit the cartesian
product structure of R to seek an approximate solution

Un(q1.q2) = Un(r,0) € Pyn(R) := Py, 0(0,1) ® Sw, (0,27) = span(B),

where B is a basis that will be defined below. As in Section 5, Pn (D) is Pn(R) mapped to Dy.

A number of different bases in polar coordinates have been proposed in the literature to ensure
an efficient and robust implementation of spectral methods on the disc in R?. In particular, the
complication introduced by the change of variables (¢1,¢2) — (r,0) is the coordinate singularity at
= 0. This singularity was the genesis of the decomposition (5.7) for functions in HL (R) NH>(R).
On the other hand, we prefer to use a set of C* basis functions for Px(D). The constraints on
tensor-product basis functions in (r, f)-coordinates to ensure that they are in fact also C°°(D) (often
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referred to as the pole condition) were characterized by Eisen et. al. (see Theorems 1 and 2 in [17]).
We can interpret the splitting (5.7) as a Sobolev space analogue of the pole condition. A number of
bases have been proposed which satisfy the pole condition; see, for example, Chapter 18 of Boyd [9]
for a discussion of many of the alternatives. Before introducing the basis we use in this work, we
make the following observation.

REMARK 7.1. Let ¢ be the weak solution of (1.7), and define @*(g,t) = z/?(—g,t). Supposing

that 1o is invariant under the change of variable ¢ — —q, i.e., 1[)0((]) = 1/30(—q), on noting that the

weak formulation (1.7) is also invariant under this change of variables, it follows that U and V* are
weak solutions to the same initial boundary-value problem. It follows by the uniqueness established
in Section 3 that 1[)((1,15) = 1[1*((1,15), ie., 1[1((1715) = LZAJ(—g,t) for allq € D and allt € [0,T].

The above remark demonstrates that (1.7) captures an important symmetry property of the
dumbbell model of polymeric fluids: the configuration probability density function, 1, is required
to be symmetric about the origin in D because the beads of a dumbbell are indistinguishable. With
this in mind, then, the basis we use is essentially the one proposed by Matsushima and Marcus [27]
and Verkley [30], except that we ensure that the basis functions are zero at » = 1 so as to be in
H{(D), and that they are 7-periodic in 6:

B={X/!c C*(R): X{'(r,0) = Wi (r)®y(0), k=0,...,N,; i=0,1; I=1,...,Np}, (7.1

where Wi (r) = r2(1 — r2)PI§O’2l)(2r2 - 1), P,ga’ﬂ)(x) is the Jacobi polynomial of degree k with
respect to the weight (1 —2)*(1 4 z)”, and ®;(0) = (1 — i) cos(2l0) + isin(210). Py (R) is then a
N := (2Ny + 1)(N, + 1)-dimensional space. Each element of B satisfies the pole condition. The
degree-of-freedom indexing scheme we use is given by u := (2l —§)(N, + 1)+ k+ 1 for 1 <u < N.
This indexing scheme yields advantageous sparsity and band-matrix structure (cf. below).

It is now straightforward to determine the discretization matrices, which we label M, S and
C for mass, stiffness and convection respectively. We obtain the discretization matrices from the
integrals in (4.1),

M = /Dzﬁyv“@dg, (7.2)
S = /D Vardy™ - Vrgdg, (7.3)
C'IL+1 — /D(gn-‘rl g,(/;]’I'\L/:Fl) . NvMsbdg7 (74)

for test functions ¢ € Py (D). We transform these integrals to R, employ the ansatz W (r, 0) =
Zi\[:o U1 X, (r,0) € Py (R) and set test functions to X, € B for 1 < u < N, yielding the following
discretized forms of (7.2), (7.3) and (7.4) in polar coordinates,

M,, = /0 b Wi (1) Wi () dr /0 " 0,0 (0)Du(0) A0, (7.5)
Suv = A rVVl/k(r)Wr/Lm(T) dT/O éjn(e)q)ll(a) dg
+ [ W W) ar [ #,0)%0)a0
1 r2 ™
+/0 gl 2 (VVlk(r)Wflzm(T) + Wllk(r)wnm(r)) d?”/) q)jn(e)q)il(e) do

132 r3 ™
-‘r/o Zlek(T)an(r) dr/o (I)jn(e)cbil(e) de, (7.6)
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1 ™
crit = / b1 Wig (1) W (r) dr x / 04 (0) by (0) (77 sin20 — 75 sin® 0 + moy cos® ) dB
0 0

uv

[ (0 W W 0) 4+ Wl W) )
y /0 " 610(0) 65 (6)(K1H cos 20 + %(ﬁyl + K1+ in 26) do. (7.7)
With these definitions in hand, the numerical method is equivalent to solving the following linear
system for the coefficient vector \II"N+1 eRN n=0,1,...,Np — 1:
(M + At (;As — c"“)) Yl — MR, (7.8)

and then the numerical approximation to the probability density function itself is obtained as
NHg) = W 0) = M () W (r,6).

We note that the matrices defined by (7.5), (7.6) and (7.7) have convenient sparsity and band-
edness properties. Due to the orthogonality of the sinusoidal basis functions in the #-direction, it
is easy to show that for the degree-of-freedom indexing scheme given above M and S are block-
diagonal matrices and C has non-zero blocks only for | = n + «, « = 1,2,3 (where « depends on
%). In addition, we can exploit some of the many recurrence relations satisfied by Jacobi polyno-
mials in the integrals with respect to r. For example, by twice applying 22.7.18 in [1] to (7.5), we
see that M is a pentadiagonal matrix. S and C share similar bandedness properties within their
non-zero blocks. We evaluate the 6-integrals exactly using trigonometric identities, and, noting
that the r-integrands are all polynomials, we use Gauss quadrature to evaluate the r-integrals to
machine precision. M and S are constant matrices which can be pre-computed and reused, but if
K is time-varying, we must reassemble C at every time step. However, it is easy to factor out the
dependence of C on £ so that the integrals that determine C need not be evaluated more than once.

We now present some numerical results. For simplicity we always use the Maxwellian (which
satisfies the symmetry property required in Remark 7.1) as our initial condition, so that 1[)0 =M.
One case that has attracted much interest in the literature is that of an extensional flow, for which

gz[g _H (7.9)

The plots in Figure 7.1 show the computed steady-state solution for 6 = 1in (a), (b) and § =5
in (c), (d). Similar plots for extensional flows are presented in [13]. From the figure, it is clear that
¥ can have an extremely sharp profile as r — 1 and the sharpness depends strongly on §. However,
on multiplying by v/M to obtain 1, we ameliorate this sharpness considerably.

(NTv NG) ”1:[} - wexact‘|/||1/}exact” ”’l/) - ¢exact||H6(D;A1)/||7/}exact||H(1)(D;M)
(10,10) | 1.9887 x 1073 3.2475 x 1073
(15,15) | 4.3479 x 107 9.3672 x 107¢
(20,20) | 4.1911 x 107° 1.1289 x 1078
(25,25) | 1.7870 x 1012 5.6226 x 1012
TABLE 7.1

Relative errors in the L?(D) and H}(D; M) norms for an extensional flow (with b =12, A\=1 and § = 1) at

steady-state. 1 is the computed steady-state solution obtained by taking 2000 time steps with At = 0.05, and exact
is given in (7.10).
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(a) Un on (0,1) x
= (15,8), and (b) the corresponding probability density function n, scaled
to the unit circle in the plane; (c) and (d) are analogous, except we have chosen § =5 and we now require

Fic. 7.1. Steady state solution of the problem: (0,7) withb =12, A =1, =1

(extensional flow) and (Ny, No)

(N», Ng) = (40,20) to resolve the much sharper solution. Note that in both cases we have Wy (1,6) = 0.
(Nm NG) ||1/J - wexactH/HwexactH ||¢ B wexactHHé(D;]M)/HwexactHH[l)(D;M)
(10,10) | 5.1683 x 102 5.3525 x 1072
(20,20) | 2.6450 x 10~° 3.8198 x 107°
(30,30) | 9.7029 x 1010 1.7190 x 107
(40,40) | 2.5862 x 10~ 2.1422 x 10~
TABLE 7.2

Relative errors in the L2(D) and H(lJ(D;M) norms for an extensional flow at steady-state. We have the same
values of b and A as in Table 7.1, but this time we took 6 = 2. The time-stepping strategy to compute the steady-state
solution was also the same as in Table 7.1.

To experimentally assess the spatial accuracy of our method we use the fact when g is
symmetric tensor the exact steady-state solution of the Fokker—Planck equation is given by (c [7

wexact( ) OM( )exp()\ngg),

where C is a normalization constant chosen so that f D 1/1exact( )dq = 1. Tables 7.1 and 7.2 show the
relative error (in the L?(D) and H}(D; M) norms) between the exact and the computed steady-state
solution for two different extensional flows. We can see from the data in the tables that the method
converges rapidly in both cases. The case = 2 corresponds to a stronger extensional flow (and
concomitantly a sharper solution profile) than when § = 1, so it is to be expected that more modes
are required in Table 7.2 to capture the solution to a given accuracy.

a
)
10)

/—\
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8. Conclusions. The Fokker—Planck equation (1.1) has been the subject of active research
recently, as a component of the Navier—Stokes—Fokker—Planck model for dilute polymeric fluids. We
focused our attention on Fokker—Planck equations with unbounded drift that arise from modelling
polymer molecules as FENE dumbbells, which introduces the complication of a singularity in the
potential ¢ — U(q) as 9(¢) — 0. The purpose of this paper was to develop a rigorous foundation
for the numerical approximation of such Fokker-Planck equations.

We symmetrized the principal part of the differential operator by introducing the Maxwellian,
M, and applied the transformation ¢ = 1 /v/M. The resulting weak formulation (1.7) facilitated
the development of a number of analytical results in Sections 3 and 4, including existence and
uniqueness of weak solutions of the semi-discretized equation (3.1) and, on passing to the limit
At — 04, of (1.7) also. Using approximation results derived in Section 5, an optimal convergence
rate for the fully discrete Galerkin spectral method (4.1), (4.2) was established for the case d = 2;
an analogous procedure could be carried out for d = 3. Finally, Section 7 addressed issues directly
related to the implementation of the numerical method, and computational results were presented
to demonstrate the spectral rate of convergence of the method with respect to the spatial variables.

The goal of future work is to apply the results developed here to the coupled Navier—Stokes—
Fokker—Planck model, building on the recent paper [4] where convergence to weak solutions of
coupled Navier—Stokes—Fokker—Planck systems has been shown for a general class of Galerkin
schemes (without convergence rates) in the special case when the velocity field u is corotational
(i.e., gT/;;g =0, with = V, u).
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