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Abstract

This paper presents a Bayesian framework for the identification of nonlinear
hybrid systems in the form of Switched Nonlinear AutoRegressive models with
an eXogenous part (SNARX). The identification is done via three levels of in-
ference, using Bayes’ rule. At the first level, a hyper-parameter is assigned to
each of the model parameters, which are then estimated by maximizing their
posterior probabilities. The introduced hyper-parameters control the complex-
ity of the model and leverage the Occam’s Razor principle by selecting a model
with sufficient complexity and proper accuracy. This is done in the second level
of inference, where the optimum values of hyper parameters are calculated. At
the third level of inference, a quality of measure is derived in order to contrast
different results obtained from various identification procedures, comparing and
selecting different model structures and their respective parameters. The pro-
posed framework is compared with existing relevant methods and is tested on
different numerical models, which has shown promising performance.
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1. Introduction

A Hybrid System (HS) is a dynamical system that consists of components
with continuous and discrete behaviors [I]. In other words, a HS comprises more
than one dynamical sub-system and the output at a specific time is determined
by the governing sub-system at that time: in our setup, this is controlled by a
discrete signal, also known as a switching signal. Hybrid systems have attracted
considerable attention in the past few years since many current embedded sys-
tems are in essence hybrid. furthermore, HSs can be used to model complex
nonlinear systems by means of a collection of simpler linear models [I].

In our framework, a HS in the form of a Switched Auto-Regressive Exogenous

(SARX) system can be defined as

yi = fu, (xi) + e, (1)

where x; = [yi—1 .. Yi—n, Ui—1-n, - Ui—n,—n,] 1S the continuous state
composed of n, and n, samples of lagged input v and output y respectively,
ny is the number of delayed samples, and e; is the measurement noise. The
exogenous, time-dependent variable \; € {1,...,n} denotes the discrete mode
and it determines which of the n sub-systems )\; are active at that specific
time (which means the corresponding dynamics are charecterised by the terms
;). If the functions fy, are nonlinear, then the resulting system is a Switched
Nonlinear ARX system (SNARX).

Considering the training data set D = {(z;,y;)}Y;, the nonlinear sub-

systems {f;}7_; can be expressed as a summation of kernel functions in the

following form [2]:

N
Fi(xse,by) = auiky (xi,%) + by, (2)
i=1
where the weights a; = [a1; ... aNj]T and the bias term b; are the param-

eters of j*" sub-system and k;(-) is a kernel function that satisfies Mercer’s
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condition [3] and represents the model structure #;. It should be emphasised
that a; and b; are the parameters for each sub-system f;, while each model
structure H; has one or more hyper-parameters (e.g., the width of the Gaussian
kernel).

The problem of identification of nonlinear HS is to fit the best parameters
of the nonlinear sub-systems {f;}}_; (weights a; and bias term b;) and the
time-dependent switching signal A; € {1,...,n} (which of course selects the cor-
responding index j) to the training data set D. This problem consists of two
sub-problems that should be solved jointly: the identification of the switch-
ing signal and the estimation of each sub-system. If the switching signal is
known a-priori, then the problem of identification of hybrid system reduces to
a conventional identification of each sub-systems [4]; whereas if the dynamics of

sub-systems are known, it becomes a classification problem [5].

Related literature. Various methods have been developed for identification of
linear HSs. The major categories of methods are: clustering techniques [6 [7],
Bayesian approaches [8, [0], mixed integer programming techniques [I0, 1],
bounded error approaches [12] [13], algebraic approaches [5 [14], and meth-
ods based on Support Vector Regression (SVR) [I5]. Other methods, such
as sum-of-norm optimization [I6] and kernel methods using the hybrid stable
spline algorithm [I7] have been also developed to identify linear HSs. More-
over, the identifiability conditions that are specific to linear switched systems
are discussed in [I8 19, 20]. For further information about these methods and
other literature regarding the identification of linear hybrid systems, please see
(21 22, 23]

In the field of identification of nonlinear hybrid systems, much less research
has been done. The authors in [24] extend the SVR method to the hybrid do-
main. In [2}25] the authors use reduced-size kernels to decrease the dimension of
the problem, so that it can be used for large data sets. In [26], sparse optimiza-
tion techniques are used for identification. These techniques are extended into

SVR and kernel expansion form in [27]. Authors in [28] propose a randomized
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approach in order to identify nonlinear HSs, which reduces to a combinatorial
optimisation problem. In [29] a Gaussian approach and stochastic simulations
(Markov chain Monte Carlo) are used to identify a switched system consisting

of one linear and one nonlinear sub-system.

Motivations. In SVR-based methods, the output is a point-wise prediction. Fur-
thermore, the coefficient that determines the trade-off between the complexity
of the model and data fitness should be determined by the user, which is a non-
trivial task that is usually done by cross validation and search methods (e.g.
random search or grid search). Moreover, the best structures for the family
of models (i.e, best kernel functions, e.g. polynomial or Gaussian) and their
respective parameters (such as the degree of polynomial and the width of a
Gaussian) should be selected by the user. In order to choose the best kernels,
the identification results for different kernels should be compared with each
other. Moreover, the identification of nonlinear hybrid systems with SVR-based
method will result in a non-convex optimization problem, which possesses many
near optimal solutions [I5]. Selecting the best output among the different re-
sults requires a comparison process which should encompass all the important
factors affecting the quality of the identification. These factors are: fitness of
data to the model, data assignment, and model complexity. Without a compre-
hensive quality measure, this comparison is done by selecting the best fitness
(minimum error). However, using the fitness criterion alone is not sufficient as
more complex models will just fit the data better. Besides, the quality of the
identified switching signal and the amount of assigned data to each sub-system
should be considered in selecting the set of the models. This requires a compre-
hensive quality measure that takes all the vital factors affecting the quality of

the identification into account.

Contributions. In this paper, a three-level Bayesian framework[30] is introduced
for identification of nonlinear hybrid systems. The model parameters are calcu-
lated in the first level, while the hyper-parameters controlling the complexity of

the model and the estimated variance of the noise are calculated in the second



80

85

20

95

level, so that they provide a model with the best trade-off between complexity
and data-fitness. In the third level of inference, a comprehensive quality measure
is derived to assess the quality of the identification results, compare different ker-
nel structures with various hyper-parameters, and also to compare the resulting
estimated systems and to choose the best kernels and hyper-parameters. The
derived quality measure takes data fitness, complexity of the model, and number
of correct data assignments into consideration, and selects the simplest model
with the best fitness and the most correct data assignment. Unlike SVR-based
and randomized methods, the prediction provided by this method incorporates
the uncertainty in the model parameters and also provides a probability distri-
bution that can be used for sampling.

Contrasted with [24], where the noise can be estimated through a constrained
optimization, in the presented method it is estimated by solving a set of equa-
tions using simple gradient-based methods. Furthermore, the best parameters
for controlling the model complexity and data fitness are calculated in such a
way that they satisfy the Occam’s Razor factor, while in [24] 25] 2] 27], the
trade-off parameter between complexity and data fitness should be determined
using search methods, which is time consuming, and provides no guarantee
that the chosen parameters produce the simplest model with the best data fit.
In [24] 28] [2, 27], the comparison between different types of kernels or differ-
ent hyper-parameters for kernels is possible only through data-fitness criteria,
whereas our proposed method is able to comprehensively compare different ker-
nels and parameters by considering their complexity, uncertainty, data fitness,

and mode estimation.

Outline of the paper. The rest of the paper is organized as follows: in Section
the Bayesian set-up is introduced. The first, second, and third level of inference
are introduce in Sections 3[4l and [f] respectively. Comparison with existing rele-
vant methods, case studies and numerical simulations are presented in Section 6]

while the results are discussed in Section



2. Bayesian Set-Up

110 The identification problem for SNARX systems in a Bayesian framework
consists in estimating several sets of parameters and hyper-parameters by max-
imizing their respective posterior probabilities. These posterior probabilities are
calculated according to Bayes’ rule in three levels of inference as shown in Fig-
ure [1} As it can be seen in Figure[l] the evidence of each level is the likelihood

15 of the next level. We now introduce the parameters and the hyper-parameters

that are required for this framework:

P(D|0,X,H) P(6|X,H)
P(D|X,7()

P(O|D, X, H) =

[

\P(’DIX,CH‘) P(X|H)

P(X|D, ) = W

Third Level k
P(DIH) P(H)

PEAID) = =P

Figure 1: The three levels of inference in the Bayesian framework

e The total vector of the model parameters: 8 = [a,b]? : where « is the
vector of the models’ weights and b is the vector of bias terms: a =

[ay...an])T, b=[b;...b,]T (n is the number of sub-systems);

120 e The total vector of the model hyper-parameters: X = [u, §]: This vector
contains the variances for prior distribution of the weights and estimated

noise variance;

o The family of kernels: H = {#;|j = 1,...,n}: is the family of the models
with different structures and/or different values for parameters (e.g. the

125 width of the Gaussian kernel or the degree or the polynomial kernel).



3. First level of inference: Model parameters

At the first level of inference, the vector of the model parameters 8 = [c, b]T,
which consists of weights and bias terms for each sub-system, is calculated
through maximizing their posterior probabilities. The conditional posterior
probability of the model parameters given the training data set consisting of
N points D = {z;,y;};, the vector of hyper-parameters x and the family of
the kernels H is calculated according to the Bayes’ rule

P (D], X, H) P (6] X,H) ;
P (DX, H) ’ )

P6|D, X, H) =

where P (0|X,H) is the prior probability distribution of the model parameters.

The term P (D|0, X, H) is the “likelihood” of the data points. The denom-
inator of the equation is called the hyper-parameter evidence and usually
ignored in the calculation process of the model parameters since as it will be

shown, it is not a function of model parameters [30].

3.1. Prior probability of the model parameters

In order to calculate the prior distribution of the model parameters, it is
assumed that the parameters of each sub-system are independent from other
sub-systems. Furthermore, the weights a; and bias term b; are independent for
each sub-system [30], B1) B2] [33]. Therefore, the conditional probability of the
prior distribution over model parameters can be written as:

P(a,b|X,”H):ﬁP(aj|X,H)P(bj|X,’H). (4)

j=1
It should be mentioned that while it is not possible to assume that the output
of each sub-system at different data points are independent, due to the gov-
erning dynamical equations), the assumption of independent model parameters
(weights and bias terms) can be sensibly made.

In the next step, it is assumed that the prior distribution of the weights

a;j of j'" sub-system has a normal distribution with zero mean and covariance



matrix equal to u;ll NG

P (o, blX,H) = H (aj| X, H) P (bj| X, H). (5)
1 7ﬁaTa
P(O‘j|X7H):Z€ 2 ;

(6)

N
T, (2”) "
Hj

It is possible to use other types of prior, for example a Laplace distribution, but
as it will be shown, the evidence cannot be computed in exact form and the
obtained evidence is an approximation [30]. In @, {t; represents how sure we
are about the weights a priori. This term will be discussed further in Section [4]

The second term in is the prior probability distribution on the bias
terms which is usually considered to be uninformative, due to the lack of prior
information [30]. Under the assumption of non-informative prior distribution
for the bias term b; and of normal prior distribution @ for weights o, the

prior distribution of the model parameters can be written as follows:

1 n wi T
Pla,b|lX,H) = ———e(Xjmi —Falay), 7
(@ VX H) = [y e (")

8.2. Likelihood of the first level

The conditional distribution of P (D|a, b, X, H) is the likelihood term that
can be seen as a model of the system noise that disturbs the measured training
data. In order to write the complete likelihood, the data points should first
be assigned to their respective sub-systems. For this purpose, the maximum
likelihood principle is used [15]. The maximum likelihood mode estimation for
hybrid systems tries to assign each data point (x;,y;) to a sub-system that most
likely generates the data point, i.e. the one that maximizes the likelihood of
the data with respect to the estimated sub-system fj. The maximum likelihood

mode estimation can be expressed as:
Ai = argmax P(y;|x;, f;),

j=1,....,n
. e—f(yi—fg‘(mi)) (8)
Plules, f) =



where £(.) is a proper loss function and Z; is a normalizing constant, while fj
is the estimated model of the j** sub-system. Here we choose the likelihood
function as a Gaussian distribution with the variance equal to 1/8, which is
our prior belief on the noise variance of the system. The term y; — fj(wl) in
is the prediction error and P(y;|x;, fJ) is the probability density function
of the prediction errors [34]. A typical assumption is that the prediction errors
are independent (more information regarding this assumption can be found in
Chapter 5 of [34]). Using this assumption, the complete likelihood of the data
can be written as:

N
P (D|a,b, X, H) = Hargmax P (yz - fj(mi))

i=1 j=1,....n

N efg(yiffj(wi))Q Mo arg max—§ (yi—f; (1)) 9)
:Ha_rgmax - :H—e ’

Y

8.8. Posterior probability distribution of model parameters

The posterior probability of the model parameters is calculated by combining

the prior distribution of parameters @ and the complete likelihood of the data

@ as:

[T 25 15=y Zaje e
P lenBID, X, H) = PDIX. ) |

n N
_ Ki 17 B
Ji(a,b) = Z:l Chaihatis 52?1%
= =

. (o)
min (yl — fj(ml)> .

In this expression, the normalizing term P(D|X, H) is the evidence of the hyper-
parameters which will be used as the likelihood in the next level of inference. In
order to obtain the parameters of the model, this posterior probability distribu-
tion should be maximized, which results in maximum a posteriori estimation of

A

the parameters, denoted by a™A¥ and b AP Maximizing this term is equiv-

alent to minimizing the negative logarithm of the posterior distribution, which
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is expressed as

n
aMAP,bMAP :min J; = min E &a?aj
o,b o,b 2

=1
. (11)
+ = Z arglmln (yz — fj(aj, mez))
1 J=5..,n

Remark on the size of the data set. Since each data-point is associated with a
weight for every sub-system, this optimization problem will become computa-
tionally expensive as the size of the data set increases; This problem is in fact
common with every kernel based method, unless some appropriate measures
such as dimension reduction techniques are being used to reduce the number of
variables [25]. This issue will be addressed in our future research.

After calculating the optimal values for the sub-system parameters through
, the estimated sub-systems fj is calculated using . At this stage, since
the estimated sub-systems are known, the discrete mode of each data point can
be calculated by utilizing the maximum likelihood principle: the probability of
each data point belonging to all the sub-system is calculated. The data point
belongs to the sub-system with highest probability. Substituting the optimal
values of the sub-system parameters obtained earlier in the maximum likelihood
estimation results in:

A = argmax P(yi|z;, f;(;a™AP pMAP)) =1, N (12)

j=1,...,n

This is a continuous-discrete optimization problem. In order to avoid the
optimization problem on both continuous and discrete variables, [35] proposes
to replace the min function on discrete variables with the Product of Errors
(PE) estimator as a smooth approximation for the min function. Although
the PE estimation can be used to approximate the min function, it is not the
best smooth approximation. In this paper, we propose to use Min LogSumFEzp
(MinLSE) function instead of the min. The logarithm of Summation of Ex-
ponential or LSE is a smooth approximation for maximum function [36]. The

MinLSE function is defined based on this approximation, as follows.

10
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Definition 1. The MinLSE function for a set of {x;}}_, is defined as

n
MinLSE(x1,...,x,) = —k ' log Zexp(—/mj) , (13)
j=1
where k> 0 is a scale factor to further improve the accuracy of the approrima-

tion.

The accuracy of a PE estimator depends on both the values and the numbers
of its arguments. However, the maximum difference of MinLLSE from the true
minimum depends only on the number of the function arguments. The lower

and upper bounds of the MinLLSE are expressed in the following Theorem.

Lemma 1. The MinLSE approximation of the min function for a set of n

variables {x; };}:1 has the following lower and upper bounds:

min{zy, ...z, } — K log(n) < MinLSE(x1,...,x,) < min{z1,...,z,}. (14)

j=1,....n

Proof. We can write min {z;} = —x 'log (exp (Jrllax {—K@})). Sup-
j=1,....,n
pose that the _max {—kz;} = —ra*. The logarithm on right hand side has
j=1,...,n
the following upper bound:

log (exp (j_rrll’a.?'(’n{—mwj })) <log Z exp(—kz;)

=1 (15)

<log(n x exp(—kz™)) =logn — ka™.

By multiplying with —x~!, the lower and upper bounds in will be
obtained. 0

It should be evident that with a proper s, this lower bound can be made
sufficiently small. The accuracy of PE estimation and MinLSE estimation versus
min function is shown in Figure [ for a two-argument case. It can be seen
that the MinLSE function is very accurate compared to PE estimation and its
performance slightly deteriorates only when the two arguments are very close

to each other. Yet, its difference with the actual minimum is negligible.

11
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min{dy, 02} — PE{6,d:}

min{d1, 8} — MinLSE{d,,5,}

RIS
RS
i
AN

Difference

Difference

N

&

(a) PE vs. min (b) MinLSE vs. min

Figure 2: Accuracy of PE and MinLSE compared to actual min function.

Using the MinLSE function, the optimization problem is re-written as
follows. The posterior distribution of the model parameters can be summarized

MAP ,bMAP and the confidence interval on

using the calculated values for a
these maximum a-posteriori parameters. The confidence intervals are calculated
from the curvature of the posterior distribution [30]. The posterior can be
approximated locally with a Gaussian distribution as:

n
aMAP,bMAP :min J; = min E &a]raj
a,b b 2

a’

= (16)
B+ f )2
+5 L MinLSE ((y ~ fi@)) ) ,
P(D, X, H) = P(0M*P|D, X, ) exp <—; AT A e) , (17)
where OMAP = [aMAP,bMAP}T and A = 6 — OMAP . In (17), = is the
Hessian matrix, namely ¥ = — v 7 log P(a, b|D, X, H), and the covariance

(confidence interval) of J; is equal to ¥~1. The accuracy of this approximation
depends on the problem. For the quadratic term that is used in this research,
the approximation is exact [30)].

After the most probable values of parameters have been obtained, the mode
estimation will be done according to and values of \; are calculated for

each data point. The estimated modes can be encoded in a discrete variable

12
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Bi; that is defined as
Bij S {07 1}7 Vi=1,.,.N j=1,...n
s.t B,J =1 iff /\, = j and ZBW = 1,
j=1
which encodes each data point to a sub-system.

Introducing this discrete variable into , the cost function J; can be re-

written as

n gL 9
lez aja] 522 ( fj :cz)) (19)

The first term in this equation is called regularization, which expresses the kind
of smoothness we expect from resulting model|30]. The second term is the data

fitness.

4. Second level of inference: Hyper-parameters

The purpose of the second and third levels of inference is to obtain the
optimal values for the model hyper-parameters, i.e. the variances of the weights
for each model (1/p;) and the a-priori noise variance (1/5). But, why is it
necessary to obtain the optimal values of the hyper parameters? The answer to
this question is that even for the case of dynamical (non-hybrid) systems, the
model parameters depend heavily on the values of prior variances of the weights
and noise, as they can cause severe under-fitting or over-fitting [30], 1, B7]
(depending on the values of model parameters and the ratio 5/p;). For hybrid
systems, this is even more important, since the purpose is not only to fit models
on the data, but also to estimate the the switching sequence. Improper values
for p;,4 and model parameters may result in the wrong mode estimation.

One can argue that only the ratio 8/p; is important. This is true if the goal
is only to obtain the best-fit parameters. But the advantage of separating these
two parameters is that it provides the capability to incorporate the knowledge

from other sources (for example the bound on the value of the noise). Also,

13
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in order to construct the confidence intervals or to generate samples from the
posterior distribution for use in Monte Carlo methods, this separation becomes
important [31].

The second level of inference is dedicated to maximizing the posterior dis-
tribution of the hyper-parameters given the data points and the model using
Bayes formula. This posterior probability distribution is expressed as

D|X, H)P(X|H)
P(DIH) ’

pxp,H) = 2 (20)

where P(X|H) is the prior distribution given the model set H. Since before
the training little information is known about the optimum values of the hyper-
parameters, their prior distribution is assumed to be flat [31] (flat over logarith-
mic scale, since they are scale parameters). This assumption implies that none
of the values for the hyper-parameters have any advantages against others and
all of them are equally probable. For more information about priors, one can
refer to [30]. Also, P(D|#) is the evidence of the model, which will be used in

the third level of inference.

4.1. Likelihood of the second level of inference

The term P (D|X,H) is the likelihood of the training data given the model
hyper-parameters and model family H, which according to is the evidence
of the first level of inference. Using the assumption of uniform prior for hyper-
parameters, maximizing the posterior distribution is equivalent to maximizing
the likelihood of the second level. Let 6 = [« b}T represent the parameters of
the model. The evidence of the first level is calculated by marginalizing over

model parameters using the following integral [30].
P(D|X,H) = /P(D|0,X,H)P(0|X,’H)d9. (21)

It is common that this posterior has a peak around the most probable values
for model parameters, so the evidence integral can be approximated with the

integrand’s peak and its width A@ [31]. The best fit likelihood is multiplied by

14
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the Occam’s factor, which is less than one and penalises model H for having

parameter 0:

P(D|X,H) ~ P(D|OM4AY x, H) POMAP|x, H)AG. (22)

Evidence Best Fit Likelihood Occam’s Factor

The Occam’s Razor principle states that “a model should be sufficiently com-
plex to fit the data” or, in other words, a model should not be overly complex.
Complex models which possess a lot of parameters that can take values in a
broad interval will typically penalized with a large Occam factor, compared to
simple models [30]. The Occam factor rewards simpler models. This factor
also penalizes models that need to be tuned finely in order to fit the data [30].
In other words, it encourages models that require rough precision on their pa-
rameters [30]. The integral can be approximated locally as a Gaussian
distribution with covariance matrix X, as follows:

n N
D|X H _ H 1 H Zglefjl(gMAP)(Qﬂ_) n(N+1) ‘E|77 (23)
7j=1 i=1

N 1
where Z, = (27T> : , Ly = (?) ’ and ¥ is the Hessian matrix of the first-
level cost functi(l;tljl.

Remark on the choice of the prior distributions. In General, any prior distri-
bution can be assumed for the parameters (e.g., we have assumed flat prior
or uninformative for the bias term). However, since obtaining the posterior
distribution requires integration from a term with include the prior, and these
integrals might be difficult to calculate, assuming Gaussian priors allows to use
the Gaussian approximation of the integral [30} 3T].

The hyper-parameters p; have the duty to control the complexity of the
model. A model with large values for u; (low variance on prior distribution of
weights) fits data from a smooth function, while a model with small p; (large
freedom on the prior range of possible «) fits the data from both complex and
smooth function. According to the Occam’s Razor principle, this parameter

should not be too high or too low [38]. One of the most interesting aspects

15



of the Bayesian approach is that the Occam’s Razor principle will be applied
automatically by integrating out all the irrelevant variables. In other words,
the Bayesian framework automatically prefers simple models that sufficiently
explain the data without unnecessary complexity [38] and this property holds
a3 even if the prior probability is completely uninformative [30].

In order to obtain the most probable values of the hyper-parameters, the
posterior probability should be maximized; or equivalently, its negative
logarithm should be minimized. Therefore, the cost function of the second level

of inference can be calculated as:

N n N —n MAP, 1
j2:_5 ;loguj+log5 + 5 log 27 + J1(6 ,u,ﬁ)+§log|2|.
(24)
The Hessian matrix ¥ can be written as:
M, + BH H
T n ﬂ 1 ﬂ 2 7 (25)
BHY BH3
where
(H,] { vl ] if t=s: pot B, Bik(wi, @)
15lts = R R = .
aatjaasj if t 5& s: f Z’fil Bizkz(mia mt)kz(miv ms)
0?7 al
Hy, =15 5 | = Bizkz iy Ls
[ 2]]51 [abjaasj] 5; (:B T )
a4 al
Hs; = Db,0b, 5;Biz,

and where M, is a diagonal (nN x nN) matrix. One of the properties of

this Hessian matrix is that, due to the devised formulation, it is sparse and

its elements are block-diagonal matrices: M, = diag(pin, ..., undn), H1 =

diag (Hi1, ..., Hin) € RN and Hy; € RV*N | Hy = diag (Hay, ..., Ha,) €

200 R™WX" and Hy; € RV*! and Hy = diag (Hs1, ..., H3,) € R™*™ and Hs; € R for
7=1..n.

The determinant of the Hessian matrix can be calculated as: |3| = |M, +

BH,||BH3|, where H, = (H, — HyH; *HY). Because of the block-diagonal

16
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nature of the components of ¥, H, is also a block-diagonal matrix: H, =
diag (Ha1, .., Han ), which can be expressed as a function of the components of
Y as: Hyy = Hyj — ngH?)_leQTj. Using these notations, the determinant of ¥
can be expressed as
n
12 = [ ] Injlw + BHa;| 18Hs|. (26)
j=1
The logarithm of |¥| can be written in term of the non-zero eigenvalues of

H,; as shown below

n kj
log|S] =Y | (N —k;)log p; + Y log (11 + BN (Haj))
j:l l:l (27)
+nlog B+ Z log \¢+(H3s),
t=1

where k; is the number of non-zero eigenvalues of H,;, which is only a function

of the kernel and of the training data points.

4.2. Optimal values of the hyper-parameters

In order to calculate the most probable values for the hyper-parameters
ué\/[AP and BMAP  the posterior distribution should be maximized; or
equivalently the cost function of the second level of inference J> should be
minimized. This can be done by differentiating /> with respect to the men-
tioned hyper-parameters and solving the resulting equations. The equations for

obtaining these hyper-parameters are derived as follows.

Variance of the weights p;. The derivative of J» (equation ) with respect

to p; is:

0% _ N 10log[s| 056" ip.p)

e , 28
8uj 2/Lj 2 a,uj 8uj ( )
where in this equation we have:
0T B) 1 pap 0
=5 a7 i3,
5,Uj 2

k; (29)

dlog[X| (N_kj)JrZ 1

O, 11 — i+ B (Haj)
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Combining these two equations, the derivative of J, with respect to p; can be

expressed as follows:

k-A
07> ki 15 1 L map 2
R R ) . (30
ow " T T2 Ay tal I )
Variance of the noise . The derivative of J5 with respect to 8 can be obtained

the same way. It has the following general form

0T, 10log|s| 0 (0M*" i, 8) N

= - —. 31
op 2 0p op 26 31)
The two partial derivatives in this equation are:
8\71 0MAP7 I'llv z

( 5 32y~
=17 ‘1 (32)

('ﬂog |E| & n

+ .

; 2 i) B>\z ) P

Combining these equations with (30| 7 the derivative of J5 with respect to 5 can

be expressed as:

k; N n

0T 1 n—N B;;
J_izlzuerﬂ/\l St P i i) (39

l

. . j 5>\Z(Ha')
As also mentioned in [30, B9], v, = 1 + LA S
[ ] J Zl_l 14 +B/\Z(Haj)

ber of good parameter measurements” for the j** sub-system. Each eigenvalue

is the “num-

BAI(Hg;) determines that how strongly the corresponding parameter has been
determined by data, while ;1; measures the effect of the prior on the parameters
[30].

It is worth mentioning that we will not perform simultaneous optimization
over weights (from Section [3) and hyper parameters 1, 3. The reason behind
this is that both the posterior and likelihood might have skew distributions, so
that the maximum likelihood value for the parameters and for the majority of

the posterior probabilities might be separated [31].

Remark. Obtaining different values for maximum likelihood and maximum a-
posteriori estimation is similar to finding the parameter of a Gaussian distri-

bution (m,o) from N data points. The maximum likelihood estimation and
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the most probable values (obtained by 1ntegratlon over m, i.e. marginaliza-

tion) for o are \/N > ieq(z; —2)? and \/ i 1 (x; — T)?, respectively.
In fact, it is this marginalization that corrects the bias of maximum likelihood

estimation [30].

5. Third level of inference: Hyper-parameters

The third level of inference is dedicated to obtaining a Quality Measure
(QM) for the identification process in order to assess the performance of the
identification. There are several parameters that affect the identification of
hybrid systems and that contribute to the quality of the identified model. The

key components are:

1. Data fitness;
2. Complexity of the model;

3. Number of data assignment to each sub-system.

For conventional, non-hybrid systems, Least Square Support Vector Machines
(LS-SVM) [39] incorporates the first two items to rate the identification process
and compare different models. But the objective of the identification of hybrid
systems is to estimate the parameters of each sub-system and the switching
signal simultaneously. Current methods for identification of nonlinear hybrid
systems can control the complexity of the model through the trade-off coeffi-
cient in the SVR methods, but are not capable of directly incorporating the
complexity of the model with data fitness to compare the different identified
models or model structures. To make the matter more complicated, the amount
of assigned data to each sub-system should also be considered in order to com-
pare the results of different identification procedures. To our knowledge, there
is not a unified comprehensive criterion for SVR methods that can include all
these items together for hybrid systems.

Another need for having a unified quality measure to compare the results
of identification is that the current identification problem for non-linear hybrid

systems (including the present research and [35]) is a non-convex optimization
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problem which possesses multiple near-optimal solutions. So, not only the choice
of various model structures or even different model parameters for a particular
sub-system will affect the overall identification process, but also different rep-
etitions for fixed models structures might also result in different identification
outcomes. Therefore, it is essential to have a comprehensive criterion to assess
the quality of the solutions.

The purpose of the third level of inference is to provide a comprehensive
measure to assess the quality of identification of hybrid systems. This measure

fulfills the following goals:
e Comparing and selecting different solutions for the identification problem;
e Comparing and selecting different model structures;
e Comparing different model parameters.

It should be noted that comparing different models is a difficult subject,
since selecting a model by simply choosing the one with the best data fitness
based on criteria such as Mean Square Error (MSE) causes over-fitting, as more
complex models always fit better the data. Therefore, choosing the best model
by only considering the fitness (for example the maximum likelihood) will result
in over-parameterized models with poor generalization. This is where Occam’s
razor should be used [30]. The third level of inference also provides a tool to
assess the effect of choosing a particular model for one sub-system on the overall
identification process.

The posterior distribution of model #H; will be used as the quality measure
for that particular model. Assuming a flat prior for model #;, the posterior dis-
tribution will be proportional to the likelihood P(D|H,), which is the evidence
of the model in the previous level. This posterior distribution has the following
form

The evidence P(D|H;) will be obtained by integrating out all the variables

(34)
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(hyper-parameters X'; = [u; f]):
P(DIN;) = [ PDIX;, 1)) P(X,; )4, (39)

The evidence can be approximated accurately by a separable normal distri-
bution with confidence intervals o, and og . These confidence intervals are
calculated by differentiating twice with respect to u; and f:

-1

k.
N R TN
)" = | 32 22(%%&(}1@))2 ’
N 1 (36)
2 _
(Uﬁ) - ;ZZ; Mj+/3)\l ))

Using these confidence intervals in (35) and assuming a flat prior, the evidence

will be calculated as
P(D|H;) = P(D|XYAP H))2r040,,, (37)

where P(D|xXMAP ,H;) is calculated by using the most probable values for
hyper-parameter which are obtained in the previous level in (23).
Neglecting all the constants in and , the posterior distribution for

model H; is calculated as:

(MJMAP)N 2 (IBMAP>§; v Bijaéexp(_jl (BMAP7XMAP>)

(N;VIAP)(N_kj) Hz:l(ﬂj AP 4 BMAP N (H,z))BMAF Hs,
(38)

It is more convenient to use the logarithm of as a measure of quality of

model. The Quality Measure for model H; is expressed as:

k; i—1 1
QM (H;) = logau +logos + JloguMAP CJTlogBMAP—ﬁlog(j

_72 MAP+[3MAP>\(H ))_EH 112
I\ Haj 4 a;l[3 (39)
MAP N
o> Byt ()

%
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In this expression, (; = Zivzl B;; is the number of data points assigned to the
model H;, and k; is the number of non-zero eigenvalues of the kernel matrix
corresponding to H,;.

This quality measure has a unique characteristic: it includes all the relevant

components that determine the quality of identification. These components are:

e Model fitness corresponding to H; : Efv Bij (yi — [ (x;))* and prior vari-

ance of noise 1/3MAF,

e Model Complexity: regularization term ||o;||3 and prior variance of the

weights uéw P,
e Uncertainty about the noise and weight variances: logo,;,logog;
e Number of the data points assigned to model H;: (;;
e Characteristics of kernel matrix (eigenvalues) corresponding to H,;.

Summarizing: this quality measure rewards simple models with the best data
fitness and the most assigned data points. Since every change in one H; will
alter the identification results for other models, an overall quality measure for
identification should be defined to incorporate all the changes in the overall
model family H. This quality measure is defined as the summation of QM for

all the models:

QMOverall = Z QM(HJ) (40)

j=1
Relation with Minimum Description Length and Akaike criterion. The Mini-
mum Description Length (MDL) tries to select a model that best compresses
the data (model with fewer parameters). The MDL can be written in crude
from as L(H) + L(D|H), where L(#) is the length describing the model H in
bit and L(D|H) is the length describing the data D encodes by H (which can
be seen as — log P(D|H)) [40]. The QM is obtained from the logarithm of (37),
which is very similar to the MDL for conventional non-hybrid systems and the

Akaike criterion (AIC), which can be seen as the approximation of MDL [30)].
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6. Case Studies

In this section, several case studies are presented to test the performance of
the proposed method. Due to the limited research in the field of identification
of nonlinear hybrid systems, and the fact that the models used in this literature
are deemed to be fairly simple, the models used for the case studies are devised
anew.

First, the performance of the MinLSE approximation introduced in the first
level of inference of the proposed method is compared with the PE framework
introduced in [15] and used in [24], 25| 2] B5]. The performance comparison is
based on the MSE and the percentage of correct data-assignment for identifica-
tion of a SNARX system.It should be noted that for this comparison, only the
first level of inference from the proposed method is used. As for the PE frame-
work, although [24} 28] 2] [35] use dimension reduction and support vector (SV)
selection, here for consistency we only implement the optimization formulation
using PE, so no SV selection or dimension reduction is done.

Two kinds of SNARX systems with different switching characteristics are
identified: an exogenous (or predefined) switch in time, and a state-dependent
switch. (Later, the performance of the third level of inference is verified in order
to compare different models and to judge the performance of the identification

procedure.)

6.1. Performance Comparison

In this part, the first level of inference of the proposed method is compared
with the PE solver in [I5] for identification of the following SNARX model:
—0.4y2 1 +0.5u;_1 +¢; if i=1

Yi = 5 (41)
(0.8 — 0.5€yi—1)yi_1 — yi2—1 +0.9u;_1 + ¢ if Ai=2.

In [I5], the identification is done using the following optimization so-called Prod-

uct of Error (PE):

C N n
{aII]}l?b ' ZR ;) NZ Hf (yz Zam (zk, i) — bj) ) (42)
J i=1j=1
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where R(-) is the regularization term, ¢(.) is the loss function, C' is the trade-off
coefficient between model complexity and data fitness, and k;(-, -) is the kernel
function of the j* sub-system. In order to make the comparison, the Ly-norm is
used as regularizer (R(c;) = o] a;) and a quadratic loss function is employed.
It should be mentioned that since the objective of this part is to compare the
performance of the MinLLSE with PE, only the first level of inference from the
proposed method is used (wihout optimizing the hyper-parameters in the second
level of inference). Furthermore, all of the other hyper-parameters (e.g. regu-
larization term) of the solver for the first level of inference and PE framework,
along with the kernel type and hyper-parameters, are chosen randomly and are
equal for both solvers.

The output of system is measured for NV = 100 data points generated
with a random uniform input w; in the range of [0 1] starting from a random
initial point yp. The system mode switches from A = 1 to A = 2 at ¢ = 41.
The outputs are perturbed with a measurement noise e;, which is considered
to be Gaussian with variance equal to 0.01. Two Gaussian kernels H;(o) =
exp(—M), with equal parameter (width o) set to 1 are used for both
methods. Towards fairness, hyper-parameter values are set to pu; = 8 = 2,
while C' = 50 and identification is repeated 200 times. The obtained results for
percentage of data-assignment and MSE are shown in the following figures.

As it can be seen from the Figure [3] and Figures [] the results of the first
level of inference in the proposed method is better than the PE method from [2]
in terms of MSE and of percentage of correct data assignments. As mentioned
before, determining the trade-off coefficient C' in the PE framework is not a
trivial task and is usually done through cross validation and search methods,
whereas the optimal values of hyper-parameters in the proposed method are
obtained in the second level of inference, in such a way that the simplest model

with the best data-fitness is obtained.
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Figure 3: Comparison of MSE results between proposed method (with MinLSE) and PE
method.
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Figure 4: Comparison of percentage of correct data-assignment results between proposed

method (with MinLSE) and PE method.

6.2. Identification of switched NARX system

In this part, the performance of the complete method (with all the three
levels of inference) is tested on two different NARX systems (in the previous

case study in Section only the first level of inference was used).

6.2.1. NARX systems with exogenous switching

First, the system in is identified with the set of models H is chosen

as two Gaussian kernels with parameters (width o) equal to 0.05 and 1: H =
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{#H1(0.05), H2(1)}. After the identification is completed, the optimized hyper-
parameters are estimated as p; = 108.6957, uo = 119.0476 and 8 = 166.67,
which represent the estimated variances of the weights (o2, = 0.0092,02, =
0.0084) and the estimated variance of the noise (02 = 0.006). The identification
results are illustrated in Figure |5} 84% of the data points have been assigned

correctly and the MSE is only 0.0041.

System Output
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T
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Figure 5: Identification results for exogenous switching NARX model

NARX systems with state-dependent switching. The following system is put

under the identification procedure:

- k\/(yikl)g + Ui —1 ;yiq tei Yl <Y (43)

L3+ Uit +exp(—yi—1) +e yi1>Y,
where s = 10,k = 0.6 and threshold Y = 1.3. The system switches between
two modes according to the value of its output. It is started from a random
initial condition yy and N = 100 data points are generated with a random

input uniformly distributed in the range u; € [0 4] and a Gaussian noise with

zero mean and standard deviation equals to 0.1. Again, two Gaussian kernels
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with parameters set to 0.5 and 1 are chosen: H = {H;(0.5),H2(1)}. The
identification is initialized with g = [1 1] and 8 = 1, then repeated with the
optimized values for hyper-parameters obtained at the second level of inference:
p=1[10.98 11.07] and S = 33.94 which corresponds to 0.1716 for the estimated
standard deviation of the noise. The MSE reduces from 0.0202 in initial run to
0.0093 after optimizing the hyper-parameters.

The estimated modes and output are shown in Figure [6] and Figure [7] It
can be seen from the figures that the overall accuracy of the identification is
improved after optimizing the hyper-parameters. Furthermore, the standard
deviation of the noise is estimated with relatively good accuracy.

It should be noted that the procedure introduced in [I5] is capable of es-
timating the noise variance by using v-Support Vector Regression [41] and e-
insensitive loss function, which results in the following constrained optimization
problem:

N n

min ZajTaj + CZ H &ij + vCN§?
o;,{b;},,€;20,,6>0 =1 i1 =1 (44)

—51—£j§y—Kjakj—bj§51+£j.

The £; are the additional slack variables and ¢ can be interpreted as standard
deviation of the noise. As it can be seen from this equation, the number of
weights for each sub-system is equal to the number of the data-points N. In
addition to the weights, each sub-system has N slack variables £. Furthermore,
each sub-system has one bias term, hence the number of the variables for one
sub-system is 2N + 1. Considering the fact that the hybrid system consists of
n sub-systems, the total number of system variables will be n(2N + 1) (plus
the additional variable ¢). As such, the constrained optimization contains
n(2N + 1) variables, which is almost twice the number of the variables in the
first level of inference. Also to make the matter harder, the optimisation problem
in has one additional parameter beside C' that should be tuned manually,
i.e, v. Considering that often the solution of a constrained optimization is more

difficult and more time consuming, our proposed method obtains this parameter
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by solving a set of equations, which can be done with conventional gradient-
based methods and without requiring to manually tune any parameters. The
model in is identified using the constrained optimization in in 21.4
seconds, while the elapsed time is equal to 6.2 seconds for our proposed method,
for which the estimated standard deviation is equal to 0.0743.

Mode Estimation for Different stages of identification
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° oo oo ° 04000 ¢0000 0000040000¢0¢000000004000000040000040+¢000
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0 | | | | | | | | |
0 10 20 30 40 50 60 70 80 90 100
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Figure 6: Mode estimation results for state-dependent SNARX model.
Estimated output before and after hyper-parameter-optimization compared to oroginal output
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Figure 7: Estimated output results for state-dependent SNARX model.
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6.3. Model Comparison and Quality Measure

In this part, the nonlinear hybrid system in (41)) is studied under several
identification tests in order to study the quality measure introduced in the third
level of inference, which helps assessing the quality of the identification when
the hybrid system is identified several times with the same kernel parameters,
and also when different kernel parameters are selected. First, the system is
identified 6 times for the same kernels H with fixed parameters, which produces
different identified models due to the non-convex nature of the problem. Then,
the Quality Measure (QM) is used to compare and rank the resulting models
and to select the best one. Afterwards, the width of the first kernel is changed
and the system is identified with different kernel parameters, and the QM is

used to assess the effect of different kernel parameters and compare the results.

Different repetition for the same models. As mentioned before, the identifica-
tion problem of hybrid systems possesses several near optimal solutions due
to its non-convex nature. Thus two different runs of the problem with same
parameters might produce different answers. Therefore, one should be able to
compare different solutions. The performance of the proposed QM for this con-
dition is verified here. For this purpose, is identified 6 times with two fixed
Gaussian models H = {#1(0.01), H2(1)}. The results are presented in Table

These results include: regularization terms (complexity of the model), fit-
ness costs, MSE, percentage of correct data assignments, estimated variances
of weights and noise (inverse of p and f respectively) and the model evidence
or Quality Measure. It is worth mentioning that since the last study is about
the performance of the QM with regards to different kernel parameters, in each
part of this section, a different value is selected for the first kernel and finally
the effect of selecting these values are compared in the final case study.

At a first glance and considering only data fitness criteria MSE, it seems
that Case 6 results in the best model; but the QM indicates that Case 3 is
the best model, despite having the third-best MSE. The reason mainly lies

within the complexity of the model: the total regularization of model, which is
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an indication of its complexity, is lower for Case 3. This means that Case 6
tends to closely match the noisy measurements, hence loosing its generalization
features [30]. Besides, it has more correct data-assignments. Similar conclusions
can be drawn from the other cases. The QM can be used to compare individual
sub-systems. For example, QM for H; in Case 5 i.e, QM5(H1) is higher than
Case 4 (QM4(H1)) since it has the better generalization and assigns more data

correctly. The exact opposite can be said about Hs.

Parameters Case 1 Case 2 Case 3 | Case 4 | Case 5 | Case 6
Ha 0.4464 0.4360 0.4346 | 0.6726 | 0.5236 | 0.7994
Regularization Ho 0.1062 0.1670 0.1095 | 0.1296 | 0.1525 | 0.0963

Total | 0.5526 | 0.6030 | 0.5441 | 0.8022 | 0.6761 | 0.8957
Cost 0.2255 | 0.2277 | 0.2274 | 0.2036 | 0.2387 | 0.1697

Fitness
MSE 0.0045 | 0.0046 | 0.0045 | 0.0041 | 0.0048 | 0.0034
Ha 68.33 90 71.66 86.66 92.5 71.66
Data Assignment Ho 80 61.66 80 67.5 51.66 70
Overall 73 73 75 79 68 71

o2 0.0134 | 0.0074 | 0.0070 | 0.0094 | 0.0078 | 0.0180

Hyper-Parameters 032 0.0069 | 0.0089 | 0.0095 | 0.0074 | 0.0093 | 0.0044
o? 0.0108 | 0.0069 | 0.0067 | 0.0071 | 0.0068 | 0.0092
Ha 83.34 109.43 95.60 113.72 | 119.77 | 86.36
QM Ha 105.18 90.38 107.81 76.68 74.99 99.66

Total 188.52 | 199.81 203.42 | 190.40 | 194.76  186.02

Table 1: Identification results for 6 different repetition with fixed models.

Different model parameters. In this case, the QM is used for ranking the
different models. This time, system is identified using 4 different Gaussian
kernel parameters for model H;, while model Hy has a fixed parameter equal
to 1. The parameters for H; are [0.01 0.05 0.1 0.5], of which three were inves-
tigated earlier in previous case studies. The results are presented in Table [2]
All the models have almost the same MSE. For Case 2 and Case 3, despite
having almost the same MSE and data-assignments, QM3 is higher than QMs:

the reason behind this is the lower complexity and better generalization of the
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corresponding model.

Parammeters Case 1 Case 2 Case 3 | Case 4
H1(0.01) | #H1(0.05) | H1(0.1) | H1(0.5)
Hi 0.5134 0.2231 0.1546 0.2102
Regularization Ho 0.2431 0.1758 0.1937 | 0.2237
Total 0.7565 0.3989 0.3483 0.4339
Cost 0.2907 0.2883 0.2973 0.29
Fitness
MSE 0.0058 0.0058 0.0059 | 0.0058
Ha 65 92.5 85 77.5
Data Assignment Ho 60 68.33 73.33 88.33
Overall 62 78 78 84
o2, 0.0176 0.0077 0.0056 | 0.0112
Hyper-Parameters 032 0.0044 0.0105 0.0100 0.0071
o2 0.0091 0.0092 0.0073 0.0088
Ha 83.20 104.91 99.84 77.34
Quality (QM) Ho 100.60 92.53 108.20 131.29
Total 188.82 197.45 208.04 | 208.63

Table 2: Identification results for 4 different parameters for #;

The identification in Case 4 has better quality than in Case 1, partly because

of more correct data-assignment, but mainly due to the smaller complexity of

the model. This can be seen form Figure [8 Case 1 (H1(0.01)) tends to match

the noise measurements better than Case 4. However, it should be mentioned

that some of noise will inevitably fit the model, since some components of noise

can not be distinguished from real data.

The two instances Case 3 and Case 4 have the same quality. Whilst the

later assigns more data correctly, since it is less general than Case 3, it is not

rated as "significantly better". Furthermore, it can be seen from Figure [J] that

Case 3 (H1(0.1)) performs better than Case 4 (H1(0.5)). This is confirmed by
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Figure 8: Comparison between Case I and Case 4 from Table
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Figure 9: Comparison between Case 3 and Case 4 from Table
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7. Discussion and Conclusions

In this paper, a three-level Bayesian framework for identification of nonlin-
ear hybrid systems has been presented. The parameters of the model (weights
and bias terms) are inferred in the first level. At the second level, the variance
of the prior distribution for weights, which also controls the complexity of the
model, along with the estimated variance of the noise, are calculated. The ob-
tained values from this level cause the output model to be complex enough to
fit the data, but not too complex that it looses generalization features. The
third level of inference provides a quality measure, in order to compare differ-
ent models resulting from identification by incorporating all the key ingredients
in identification of hybrid systems in a single unified criterion. These ingredi-
ents are: model complexity, data fitness, and amount of assigned data points
to each sub-system. It can also be used to obtain the best values for the pa-
rameters in a given model structure. This framework also gives a probability
distribution for prediction, which can be sampled from. The performance of
the proposed method has been tested on nonlinear systems with satisfactory
results. In addition, the introduced quality measure derived in the third level
has been assessed. The results have shown that the quality measure includes
all the criteria for assessing the quality of the identification and can be used to

choose the best resulting models.

Future work. Future work will focus on extending the proposed framework to
multi-output SNARX system and exploiting sparseness to the framework in
order to make it suitable for large data-sets. We will also attempt to add
robustness to the proposed method with respect to outlier data by considering

a different and robust distribution for the likelihood of the data.
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