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Æp

xyJ�*&'D>&6��/���]$&%��-$cC¶']%��)6!',���!$c"!'D$A*&�/QRH�(���<M')� $&%�']�!*&*&3�QRH�$&�9����0�Cb'K�-H�H�(9"�7	� 1�=;E757G:9 JT" ����3�JM(9'ED(���E?:��/���e���{(�����' s Y`[h%���*b"���')(���*
s&L



7 : Æp�Æq �-intro  5,6

6 : 
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Æq

5 : Æp Æ-intro  2-4

4 : false Æ-elim  1,3

3 : 
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p�q

2 : p assumption

1 : Æ(p�q) assumption
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7 : Æp�Æq �-intro  5,6
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10 : �-intro  5,9

9 : Æq Æ-intro  6-8

8 : Æ-elim  1,7

7 : 
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6 : assumption

5 : Æp Æ-intro  2-4

4 : false Æ-elim  1,3

3 : p�q �-intro1  2

2 : p assumption

1 : Æ(p�q) assumption
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3 : p�Æp false-elim  1-2
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1 : Æ(p�Æp) assumption
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4 : p�Æp false-elim  1-3
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1 : Æ(p�Æp) assumption
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4 : ÆÆp �-elim2  2
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4 : (p�q)�(q�p) false-elim  1-3

3 : false Æ-elim  1,2
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1 : assumptionÆ((p�q)�(q�p))
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2: 

. . .

�x:aċÆq

1: Æ(�x:aċq) assumption
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4: �-intro  2-3

3: 

. . .

Æq[y/x]

2: y�a assumption

1: Æ(�x:aċq) assumption

�x:aċÆq
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6: �x:aċÆq �-intro  2-5

5: Æ-intro  3-4

4: 

. . .

false

3: q[y/x] assumption

2: y�a assumption

1: Æ(�x:aċq) assumption

Æq[y/x]
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7: �x:aċÆq �-intro  2-6

6: Æq[y/x] Æ-intro  3-5

5: false Æ-elim  1,4

4: 

. . .

�x:aċq

3: q[y/x] assumption

2: y�a assumption

1: Æ(�x:aċq) assumption
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7: �x:aċÆq �-intro  2-6

6: Æq[y/x] Æ-intro  3-5

5: false Æ-elim  1,4

4: �-intro  2,3

3: q[y/x] assumption

2: y�a assumption

1: Æ(�x:aċq) assumption

�x:aċq
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9: �x:aċÆq �-intro  2-8

8: Æq[y/x] Æ-intro  3-7

7: false Æ-elim  1,6

6: �-intro  4,5

5: 

. . .

q[_t/x]

4: 

. . .

_t�a

3: q[y/x] assumption

2: y�a assumption

1: Æ(�x:aċq) assumption

�x:aċq
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4: �-intro  2-3

3: 

. . .

Æq

2: x�a assumption

1: Æ(�x:aċq) assumption

�x:aċÆq
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7: �x:aċÆq �-intro  2-6

6: Æq Æ-intro  3-5

5: false Æ-elim  1,4

4: 

. . .

�x:aċq

3: q assumption

2: assumption

1: Æ(�x:aċq) assumption

x�a
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7: �x:aċÆq �-intro  2-6

6: Æq Æ-intro  3-5

5: false Æ-elim  1,4

4: �-intro  2,3

3: q assumption

2: x�a assumption

1: Æ(�x:aċq) assumption

�x:aċq
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2 : 

. . .

�y:a'ċ�x:aċq

1 : �x:aċ�y:a'ċq assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x
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4 : �y:a'ċ�x:aċq �-elim  1,2-3

3 : 

. . .

�y:a'ċ�x:aċq

2 : y1�a , �y:a'ċq[y1/x] assumptions

1 : �x:aċ�y:a'ċq assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x
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6 : �y:a'ċ�x:aċq �-elim  1,2-5

5 : �-intro  3-4

4 : 

. . .

�x:aċq[y2/y]

3 : y2�a' assumption

2 : y1�a , �y:a'ċq[y1/x] assumptions

1 : �x:aċ�y:a'ċq assumption

�y:a'ċ�x:aċq

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x

� '=����C ')(���Q=�����-$+'A$&%�'R'P^���*+$+')�T$&���!( �T3��!�#$&��<M'D>yJ�" $+'P^S$�fd*+')(9')EP$&�/��� � � $&%�')� ����3�J�(9'.ED(���E?:������]���(�����' 1 0�"S�9')(��������
L �



7 : �y:a'ċ�x:aċq �-elim  1,2-6

6 : �y:a'ċ�x:aċq �-intro  3-5

5 : �-intro  2.1,4

4 : 

. . .

q[y2,y1/y,x]

3 : y2�a' assumption

2 : y1�a , �y:a'ċq[y1/x] assumptions

1 : �x:aċ�y:a'ċq assumption

�x:aċq[y2/y]

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x
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8 : �y:a'ċ�x:aċq �-elim  1,2-7

7 : �y:a'ċ�x:aċq �-intro  3-6

6 : �x:aċq[y2/y] �-intro  2.1,5

5 : 

. . .

q[y2,y1/y,x]

4 : q[y1,y2/x,y] �-elim  2.2,3

3 : y2�a' assumption

2 : y1�a , �y:a'ċq[y1/x] assumptions

1 : �x:aċ�y:a'ċq assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x
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7 : �y:a'ċ�x:aċq �-elim  1,2-6

6 : �y:a'ċ�x:aċq �-intro  3-5

5 : �x:aċq[y2/y] �-intro  2.1,4

4 : q[y1,y2/x,y] �-elim  2.2,3

3 : y2�a' assumption

2 : y1�a , �y:a'ċq[y1/x] assumptions

1 : �x:aċ�y:a'ċq assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x
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4 : �y:a'ċ�x:aċq �-elim  1,2-3

3 : 

. . .

�y:a'ċ�x:aċq

2 : x�a , �y:a'ċq assumptions

1 : �x:aċ�y:a'ċq assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x

t�$+'DH s

6 : �y:a'ċ�x:aċq �-elim  1,2-5

5 : �-intro  3-4

4 : 

. . .

�x:aċq

3 : y�a' assumption

2 : x�a , �y:a'ċq assumptions

1 : �x:aċ�y:a'ċq assumption

�y:a'ċ�x:aċq

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x

t�$+'DH L

7 : �y:a'ċ�x:aċq �-elim  1,2-6

6 : �y:a'ċ�x:aċq �-intro  3-5

5 : 

. . .

�x:aċq

4 : q �-elim  2.2,3

3 : y�a' assumption

2 : x�a , �y:a'ċq assumptions

1 : �x:aċ�y:a'ċq assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x

t�$+'DH )

7 : �y:a'ċ�x:aċq �-elim  1,2-6

6 : �y:a'ċ�x:aċq �-intro  3-5

5 : �-intro  2.1,4

4 : q �-elim  2.2,3

3 : y�a' assumption

2 : x�a , �y:a'ċq assumptions

1 : �x:aċ�y:a'ċq assumption

�x:aċq

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x

t�$+'DH 1n �9��3�>&' s � 
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7 : �y:a'ċ�x:aċq �-elim  1,2-6

6 : �y:a'ċ�x:aċq �-intro  3-5

5 : �x:aċq[y2/y] �-intro  2.1,4

4 : q[y1,y2/x,y] �-elim  2.2,3

3 : y2�a' assumption

2 : y1�a , �y:a'ċq[y1/x] assumptions

1 : �x:aċ�y:a'ċq assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x
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%
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2: 

. . .

�y:a'ċ�x:aċx�y

1: �x:aċ�y:a'ċx�y assumption
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4: �-intro  2-3

3: 

. . .

2: y�a' assumption

1: �x:aċ�y:a'ċx�y assumption

�y:a'ċ�x:aċx�y

�x:aċx�y

Providing
y NOTIN a'
y NOTIN �x:aċ�y:a'ċx�y

) s
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6: �y:a'ċ�x:aċx�y �-intro  2-5

5: �x:aċx�y �-elim  1,3-4

4: 

. . .

�x:aċx�y

3: , �y:a'ċx�y assumptions

2: y�a' assumption

1: �x:aċ�y:a'ċx�y assumption

x�a

Providing
x NOTIN a
x NOTIN a'
x NOTIN y
y NOTIN a
y NOTIN a'
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7: �y:a'ċ�x:aċx�y �-intro  2-6

6: �x:aċx�y �-elim  1,3-5

5: �x:aċx�y �-intro  3.1,4

4: x�y �-elim  3.2,2

3: x�a, �y:a'ċx�y assumptions

2: y�a' assumption

1: �x:aċ�y:a'ċx�y assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x

) )
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2: �y:a'ċ�x:aċx�y Theorem �x:aċ�y:a'ċq ¡ �y:a'ċ�x:aċq  1

1: �x:aċ�y:a'ċx�y assumption

Providing
x NOTIN a
x NOTIN a'
x NOTIN y
y NOTIN a
y NOTIN a'
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5 : (p�q)�(Æq�Æp) rewrite Theorem (p�q)�(Æp�q)  4

4 : Æp�q�(Æq�Æp) rewrite Theorem (p�q)�(Æp�q)  3

3 : Æp�q�ÆÆq�Æp rewrite Theorem ÆÆp�p  2

2 : Æp�q�q�Æp rewrite Theorem (p�q)�(q�p)  1

1 : q�Æp�q�Æp Theorem p�p  

17 : (p�q)�(Æq�Æp) �-intro  8,16

16 : (Æq�Æp)�p�q �-intro  9-15
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