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7 : Æp�Æq �-intro  5,6
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Æq

5 : Æp Æ-intro  2-4

4 : false Æ-elim  1,3

3 : 

. . .

p�q

2 : p assumption

1 : Æ(p�q) assumption
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7 : Æp�Æq �-intro  5,6
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Æq

5 : Æp Æ-intro  2-4

4 : false Æ-elim  1,3
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p�q
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10 : �-intro  5,9

9 : Æq Æ-intro  6-8

8 : Æ-elim  1,7

7 : 

. . .

6 : assumption

5 : Æp Æ-intro  2-4

4 : false Æ-elim  1,3

3 : p�q �-intro1  2

2 : p assumption

1 : Æ(p�q) assumption
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3 : p�Æp false-elim  1-2
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1 : Æ(p�Æp) assumption
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4 : p�Æp false-elim  1-3
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1 : Æ(p�Æp) assumption
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4 : ÆÆp �-elim2  2

3 : Æp �-elim1  2
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4 : (p�q)�(q�p) false-elim  1-3

3 : false Æ-elim  1,2
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1 : assumptionÆ((p�q)�(q�p))
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5 : _q1 assumption
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6 : p�q �-intro  2-5

5 : q false-elim  3-4

4 : false Æ-elim  1,2

3 : Æq assumption

2 : p assumption

1 : Æp assumption
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(p�q)�(q�p)

6 : Æ_p2 assumption

5 : (p�q)�(q�p) �-intro1  4

4 : 
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p�q

3 : _q2�_p2 Theorem p ¡ q�p  2

2 : _p2 assumption

1 : _p2�Æ_p2 Theorem p�Æp  
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7 : (p�q)�(q�p) �-elim  1,2-4,5-6

6 : 
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5 : Æq assumption

4 : (p�q)�(q�p) �-intro1  3

3 : p�q Theorem p ¡ q�p  2

2 : q assumption

1 : q�Æq Theorem p�Æp  
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8 : (p�q)�(q�p) �-elim  1,2-4,5-7

7 : (p�q)�(q�p) �-intro2  6

6 : q�p Theorem Æp¡p�q  5

5 : Æq assumption
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2: 

. . .

�x:aċÆq

1: Æ(�x:aċq) assumption
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4: �-intro  2-3

3: 

. . .

Æq[y/x]

2: y�a assumption

1: Æ(�x:aċq) assumption

�x:aċÆq
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6: �x:aċÆq �-intro  2-5

5: Æ-intro  3-4

4: 

. . .

false

3: q[y/x] assumption

2: y�a assumption

1: Æ(�x:aċq) assumption

Æq[y/x]
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7: �x:aċÆq �-intro  2-6

6: Æq[y/x] Æ-intro  3-5

5: false Æ-elim  1,4

4: 

. . .

�x:aċq

3: q[y/x] assumption

2: y�a assumption

1: Æ(�x:aċq) assumption
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Tå�Ò¶Þ�Ò�è ÒZà�æmÒ1ÝsãIØ?æmÒgÑgÕ�ØGè�àdå�ØGÖ)×DÒgÞbàZÎÁèéÎGÏ)ÑIØ?ÞæÌå�Ò�ã_ÎGÏ)Þ�Ò�ã_Î
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7: �x:aċÆq �-intro  2-6

6: Æq[y/x] Æ-intro  3-5

5: false Æ-elim  1,4

4: �-intro  2,3

3: q[y/x] assumption

2: y�a assumption

1: Æ(�x:aċq) assumption

�x:aċq
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9: �x:aċÆq �-intro  2-8

8: Æq[y/x] Æ-intro  3-7

7: false Æ-elim  1,6

6: �-intro  4,5

5: 

. . .

q[_t/x]

4: 

. . .

_t�a

3: q[y/x] assumption

2: y�a assumption

1: Æ(�x:aċq) assumption

�x:aċq

�y*&�����=$&%�' ��� � � �	� � � � � >?3�(�'cCh�9$&%�(�����')* ) �!���uVK*&')(9')EP$+')��0L�!>zCz�9$&% (��/��')* L �!��� 1 *+')(9')EP$+')�8Ch�/(�(�!(�*+�e<�����*&%,$&%�'�H�>?�T�!@�Y
� ']ED�!�O�!(�*+�p<�����*&% �9$�J�"u$+'P^�$�fd*&')(9')EP$&�����8JL�!$&% $&%�'K3���:�����Ch� � � �G0a�!��� � 0��!���5H�>?')*&*&�����o$&%�'¬S���-��| �����!� � ¸T���T� �-���#�ä�S�#£!�l�pJ�3�$+$+����Y8[h%���*.���#6!�!:!')*R�8EP��Q=Q=�!���OCz%���E?% ��*.���!$e��@B�!>?Q=�!(H�>&���!@b>?3�(9'!0lJM3�$�Ch%���EG%�r8J�"8�-$+$+')Q=H�$&�����{$+�83����9@B" $&%�'=$+'D>?Q=*�Cz%���E?%N�->&'=$+'P^S$�fd*+')(9')EP$+')��0	Q=�7">&')*+��(�6!'\����'\�!>_QR�!>&'h3���:����7Ch��*�$+�;$&%�'\HL�����T$	Ch%�'D>?'I$&%�'h�!3�$+��Q=�-$&�/Eh�-H�H�(/��ED�-$&�9���R�!@ ��� � � �	� � � � �� Ch%��/E?% i������9io���T')*\�-@B$+'D>h'D6!'D>?"oEP��QKQ=�!�����`*&'D'.t�')EP$&�9��� 1 Y s �!@IUWV-X �_ED�!�o<M���/*&%,$&%�'cH�>&���!@�Y
� �7C $&%��-$`Cb'y%��)6!'s*+'D')�K%���Cä$+�.H�>&��6��/��'\H��->?�!Q='D$+'D>?*`$+�;>?3�(9')*)0�C¶'yCh��(/(S�!�AJ��!E?:K�!���=>?'Pfd���A$&%�'H�>&���!@2ro$&%���*h$&�/QR'ACh��$&%���3�$h���T6!')�T$&�����K$&%�' � ����$&%�';<�>?*+$y*+$+'DHlYz[h%�'c<�>G*+$h$&%��/���=Cb'.����0�$&%�')��0��*_$+�=$+'P^S$�fd*+')(9')EP$y�!� � �!���{�-H�HM(9" 7 � 1�5  �#><�� 9 Y

L 1



4: �-intro  2-3

3: 

. . .

Æq

2: x�a assumption

1: Æ(�x:aċq) assumption

�x:aċÆq

� 'P^�$\Cb'A3�*&' 7 � 1�57 &#><�� 9 �!���,7 � 1�=;E75 G:9 ���p*+'���3�')��EP'!0�"��9')(/�������

7: �x:aċÆq �-intro  2-6

6: Æq Æ-intro  3-5

5: false Æ-elim  1,4

4: 

. . .

�x:aċq

3: q assumption

2: assumption

1: Æ(�x:aċq) assumption

x�a
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7: �x:aċÆq �-intro  2-6

6: Æq Æ-intro  3-5

5: false Æ-elim  1,4

4: �-intro  2,3

3: q assumption

2: x�a assumption

1: Æ(�x:aċq) assumption

�x:aċq
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2 : 

. . .

�y:a'ċ�x:aċq

1 : �x:aċ�y:a'ċq assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x
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4 : �y:a'ċ�x:aċq �-elim  1,2-3

3 : 

. . .

�y:a'ċ�x:aċq

2 : y1�a , �y:a'ċq[y1/x] assumptions

1 : �x:aċ�y:a'ċq assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x

xs3�>\*&')EP�����{QR��6!';*&%���3�(��,J�' 7 � 1�57 �#><��
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6 : �y:a'ċ�x:aċq �-elim  1,2-5

5 : �-intro  3-4

4 : 

. . .

�x:aċq[y2/y]

3 : y2�a' assumption

2 : y1�a , �y:a'ċq[y1/x] assumptions

1 : �x:aċ�y:a'ċq assumption

�y:a'ċ�x:aċq

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x
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7 : �y:a'ċ�x:aċq �-elim  1,2-6

6 : �y:a'ċ�x:aċq �-intro  3-5

5 : �-intro  2.1,4

4 : 

. . .

q[y2,y1/y,x]

3 : y2�a' assumption

2 : y1�a , �y:a'ċq[y1/x] assumptions

1 : �x:aċ�y:a'ċq assumption

�x:aċq[y2/y]

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x
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8 : �y:a'ċ�x:aċq �-elim  1,2-7

7 : �y:a'ċ�x:aċq �-intro  3-6

6 : �x:aċq[y2/y] �-intro  2.1,5

5 : 

. . .

q[y2,y1/y,x]

4 : q[y1,y2/x,y] �-elim  2.2,3

3 : y2�a' assumption

2 : y1�a , �y:a'ċq[y1/x] assumptions

1 : �x:aċ�y:a'ċq assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x
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7 : �y:a'ċ�x:aċq �-elim  1,2-6

6 : �y:a'ċ�x:aċq �-intro  3-5

5 : �x:aċq[y2/y] �-intro  2.1,4

4 : q[y1,y2/x,y] �-elim  2.2,3

3 : y2�a' assumption

2 : y1�a , �y:a'ċq[y1/x] assumptions

1 : �x:aċ�y:a'ċq assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x
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4 : �y:a'ċ�x:aċq �-elim  1,2-3

3 : 

. . .

�y:a'ċ�x:aċq

2 : x�a , �y:a'ċq assumptions

1 : �x:aċ�y:a'ċq assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x

t�$+'DH s

6 : �y:a'ċ�x:aċq �-elim  1,2-5

5 : �-intro  3-4

4 : 

. . .

�x:aċq

3 : y�a' assumption

2 : x�a , �y:a'ċq assumptions

1 : �x:aċ�y:a'ċq assumption

�y:a'ċ�x:aċq

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x

t�$+'DH L

7 : �y:a'ċ�x:aċq �-elim  1,2-6

6 : �y:a'ċ�x:aċq �-intro  3-5

5 : 

. . .

�x:aċq

4 : q �-elim  2.2,3

3 : y�a' assumption

2 : x�a , �y:a'ċq assumptions

1 : �x:aċ�y:a'ċq assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x

t�$+'DH )

7 : �y:a'ċ�x:aċq �-elim  1,2-6

6 : �y:a'ċ�x:aċq �-intro  3-5

5 : �-intro  2.1,4

4 : q �-elim  2.2,3

3 : y�a' assumption

2 : x�a , �y:a'ċq assumptions

1 : �x:aċ�y:a'ċq assumption

�x:aċq

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x

t�$+'DH 1n �9��3�>&' s � 
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7 : �y:a'ċ�x:aċq �-elim  1,2-6

6 : �y:a'ċ�x:aċq �-intro  3-5

5 : �x:aċq[y2/y] �-intro  2.1,4

4 : q[y1,y2/x,y] �-elim  2.2,3

3 : y2�a' assumption

2 : y1�a , �y:a'ċq[y1/x] assumptions

1 : �x:aċ�y:a'ċq assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x
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2: 

. . .

�y:a'ċ�x:aċx�y

1: �x:aċ�y:a'ċx�y assumption
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4: �-intro  2-3

3: 

. . .

2: y�a' assumption

1: �x:aċ�y:a'ċx�y assumption

�y:a'ċ�x:aċx�y

�x:aċx�y

Providing
y NOTIN a'
y NOTIN �x:aċ�y:a'ċx�y

) s
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6: �y:a'ċ�x:aċx�y �-intro  2-5

5: �x:aċx�y �-elim  1,3-4

4: 

. . .

�x:aċx�y

3: , �y:a'ċx�y assumptions

2: y�a' assumption

1: �x:aċ�y:a'ċx�y assumption

x�a

Providing
x NOTIN a
x NOTIN a'
x NOTIN y
y NOTIN a
y NOTIN a'
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7: �y:a'ċ�x:aċx�y �-intro  2-6

6: �x:aċx�y �-elim  1,3-5

5: �x:aċx�y �-intro  3.1,4

4: x�y �-elim  3.2,2

3: x�a, �y:a'ċx�y assumptions

2: y�a' assumption

1: �x:aċ�y:a'ċx�y assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x

) )
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2: �y:a'ċ�x:aċx�y Theorem �x:aċ�y:a'ċq ¡ �y:a'ċ�x:aċq  1

1: �x:aċ�y:a'ċx�y assumption

Providing
x NOTIN a
x NOTIN a'
x NOTIN y
y NOTIN a
y NOTIN a'
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5 : (p�q)�(Æq�Æp) rewrite Theorem (p�q)�(Æp�q)  4

4 : Æp�q�(Æq�Æp) rewrite Theorem (p�q)�(Æp�q)  3

3 : Æp�q�ÆÆq�Æp rewrite Theorem ÆÆp�p  2

2 : Æp�q�q�Æp rewrite Theorem (p�q)�(q�p)  1

1 : q�Æp�q�Æp Theorem p�p  
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16 : (Æq�Æp)�p�q �-intro  9-15

15 : p�q �-intro  10-14

14 : q false-elim  11-13

13 : false Æ-elim  12,10

12 : Æp �-elim  9,11

11 : Æq assumption

10 : p assumption

9 : Æq�Æp assumption

8 : (p�q)�Æq�Æp �-intro  1-7

7 : Æq�Æp �-intro  2-6

6 : Æp Æ-intro  3-5

5 : false Æ-elim  2,4

4 : q �-elim  1,3

3 : p assumption

2 : Æq assumption

1 : p�q assumption
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