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Abstract

The categorical compositional distributional model of Coecke, Sadrzadeh and
Clark combines the distributional theory of meaning in terms of vectors space
models, and the compositional model of meaning in terms of pregroup gram-
mars, in a unified categorical setting. It provides a way of computing the
meaning of sentences and strings of words based on the grammatical relation-
ships between the different constituents, and the empirical meaning vectors of
individual words: the grammatical reductions of pregroups are lifted to mor-
phisms in vector spaces. This is based on the fact that pregroup grammars
and vector spaces share a compact-closed structure.

In the aim of modeling a feature of language, this framework was extended
to include mixed states by the means of Selinger’s CPM-construction. This
translates into the passage from vectors to density matrices. Two applications
of this extension are modelling lexical ambiguity, and modelling entailment
relationships between words.

The aim of this dissertation is to further extend the model of Coecke et al.
by iterating the CPM-construction in order to accommodate for two features
of language: ambiguity and entailment. We present an axiomatisation of the
CPM2-construction and generalise it to axiomatise the CPM"-construction —
which has the potential to accommodate for an increasing number of features.
The CPM?2-construction preserves f-compact closed structure, and ensures
that the grammatical reductions are carried over to the new category. We
then study the structure of double-density matrices, new states introduced
by the CPM?2-construction, and investigate their role in accounting for both
lexical ambiguity and entailment. This framework is showed to successfully
model the two features of language via a series of examples, and is equipped

with independent measures of the levels of ambiguity and entailment in words.
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Chapter 1

Introduction

1.1 Background and scope

Historically, the computational representation of natural language meaning has been ap-
proached in two somewhat orthogonal ways: on the one hand, distributional semantics,
echoing Wittgenstein’s saying “the meaning of a word is its use” [42], builds on the dis-
tributional hypothesis [23] according to which the meaning of a word is determined by
its context. A widely used distributional model for word meaning is the vector space
model. In this model, a set of relevant context words is chosen from a large corpus of
text as a basis for a vector space. Words are then represented as vectors of co-occurrence
frequencies with the different context words. While this model is quantitative and offers
a way of comparing the meaning of words, it does not scale to the level of sentences, but
more importantly, it fails to take into account the syntactic relations between the words

of a string of words.

Compositional formal semantics, on the other hand, views words as parts of a logical ex-
pression. Following the framework of Lambek [27] and Montague |17], this model builds
on Frege’s principle of compositionality which states that the meaning of an expression is
determined by the meanings of its constituents and the rules that combine them. How-

ever, it does not reliably provide individual word meaning.

The model of Coecke et al. [14] unifies these two approaches under a categorical setting.
This model is based on the fact that pregroup grammars, used to model grammatical
relationships between words, and finite-dimensional vector spaces share a compact-closed
categorical structure. By the means of a strong monoidal functor between the two cat-
egories, this framework provides a way to express the grammatical reductions in the

pregroup grammar as morphisms in the category of finite-dimensional vector spaces.

The framework of [14] was extended by applying Selinger’s CPM-construction [41] which

adjoins to the pure states used in [14] the notion of mixed states. This translates into a



passage from vectors to density matrices. This extension allows to model one feature of
language. Piedeleu [34] uses density matrices to model ambiguity in language, or more
particularly, homonymy: two words are said to be homonymous if they share the same
spelling and pronunciation but refer to two different concepts. In this dissertation, we will
use “ambiguity” and “homonymy” interchangeably. Balkir [4] resorted to density matri-
ces in order to model lexical entailment, or more specifically subsumption relationships
between words: a word w; is said to subsume a word ws if its meaning generalises that

of wy. We say that w; is a general word.

The aim of this dissertation is to extend this framework even further by iterating the
CPM-construction, in order to model two features of language: ambiguity and entail-

ment.

1.2 Outline

The next three chapters introduce the background needed for this dissertation. Chapter
presents the category theoretical concepts encountered in the categorical framework of
[14], along with their relation to semantic analysis and their graphical calculus.

Chapter [3| revolves around the categorical model of |14]: it introduces both the compo-
sitional and the distributional models of meaning in terms of compact-closed categories,
and unifies these seemingly orthogonal models by means of a strong monoidal functor.
Chapter (] describes an extension of the previous model where words are represented by
density matrices. These operators embody probabilistic mixing, which allows for the ac-
commodation of one feature of language. Density matrices are completely positive maps,

a notion formalised by Selinger’s CPM-construction [41].

The last four chapters develop the theory behind the suggested extension and offer ap-
plications. In Chapter [} T reformulate some of the axioms of Coecke’s axiomatisation of
the CPM-construction [7] and offer diagrammatic proofs of the theorems involved. I also
define and axiomatise the CPM?2-construction, which introduces maps whose structure
embodies two levels of mixing. I extend this to the CPM"-construction for arbitrary n.
In Chapter [0, I show that this new framework is adequate for representing ambiguous,
general words, the grammatical relations between them, and measuring their similarity,
while also accounting for relational types.

Chapter [7| investigates density matrices and the properties they satisfy in order to mo-
tivate the introduction of double-density matrices. Double-density matrices are states
in CPM?(C) which model two levels of mixing, and the properties these states satisfy
are identified. In addition, this chapter offers a novel approach to the characterisation

of density matrices by showing that maps satisfying the conditions of hermiticity and



positive-semidefiniteness have the structure of a density matrix.

Finally, Chapter [§| details the role of double-density matrices in representing ambiguous,

general words, and provides applications of the new model. The sentence space chosen is

Rel, and a characterisation of the states in CPM?(Rel) is presented. This chapter also

introduces a way of measuring independently the level of ambiguity and entailment in a

word.

1.3

Contributions

I revise the axioms proposed in Coecke’s axiomatisation of the CPM-construction
[7], and diagrammatise the proofs involved. I also define the CPM?-construction and
axiomatise it in terms of a squared-environment structure. In addition, I generalise

this to the CPM™-construction for arbitrary n.

I show that the CPM2-construction preserves f-compact closed structure, and define
compact-closure maps in CPM?(C). I also show that CPM?(C) possesses f-special

commutative Frobenius algebras and define the relevant maps.

I prove that maps satisfying the conditions of hermiticity and positive-semidefiniteness

possess the structure of density matrices.

I define the notion of double-density matrices, states in CPM?(C) which account

for two levels of mixing, and determine the properties they satisfy.

I demonstrate how the framework models ambiguity and entailment in language by
means of concrete examples involving the categories CPM?(FHilb) and CPM?(Rel),
and present ways to measure independently the levels of ambiguity and entailment

in words.



Chapter 2

A little categorical background

The field of category theory formalises mathematical structures in terms of a collection of
objects and arrows or morphisms. Category theory is of particular interest to us because
it allows the study of two relevant types of connections: the connection between quan-
tum information flow and linguistic modelling, and that between structures representing
grammar — pregroup grammars — and structures representing meaning — finite dimensional
Hilbert spaces. These connections are captured in the categorical framework of Coecke et

al. [14], in which categories formalise the compositionality of natural language.

In this chapter, I aim to introduce basic notions of category theory and their relation
to semantic analysis. The main focus is not to provide a tutorial on categories: for this
purpose, I redirect the reader to [11]. Categories are equipped with a graphical calculus

(surveyed in [40]) that will be introduced in parallel.

2.1 Basic definitions

We start by recalling the definition of a category:
Definition 2.1.1. [2] A category is an algebraic structure that comprises:

e A collection of objects Ob(C), denoted by A, B, C...

e For each pair of objects (A,B), a set C(A,B) of morphisms with domain A and
codomain B, denoted by f: A — B, f € C(A, B)

e For any triple of objects (A,B,C), a composition map:
capc:C(A B)x C(B,C)— C(A,C)
such that ca gc(f,g9) =go f
e For each object A, an identity morphism id s

Elements of a category satisfy two axioms:



ho(gof)=(hog)of
foidy=f=idgof

where the domains and codomains of the morphisms match so that the compositions are
well-defined.

An interesting property, which stems from the first axiom in the above definition, is that
morphisms can be composed sequentially and associatively to form new morphisms. From
a linguistic perspective, objects can be thought of as grammatical types, and morphisms
as “interactions” between grammatical types (these will become clearer as the next con-

cepts unfold).

In the graphical language, morphisms are depicted by right trapezoidal boxes, with in-
coming and outgoing wires labelled by the corresponding objects. 1 use the convention

whereby information flows in a bottom-top way.

B
A
Identity is represented as a naked wire:
idA
A

Finally, composition of morphisms is represented by two boxes on one wire:

C

gof B




2.2 Monoidal categories

A sentence is a concatenation, or juxtaposition, of words of different grammatical types,
and some grammatical types are themselves juxtapositions of basic grammatical types.

Monoidal categories offer a way to model this process.
Definition 2.2.1. 2] A monoidal category is a sextuple (C,®, I, «, [, ) where:
e C is a category

e ®: CxC—C is a bifunctor — a morphism of categories whose domain is a product
category — called tensor product, which assigns to each pair of objects (AB) a
composite object A®B, and to each ordered pair of morphisms (f : A — C,g: B —
D), a parallel composite fRg: A B— C® D

e [ is the distinguished object of C called the tensor unit

e «, [, and r are natural isomorphisms with components:
aspc AR (BRC)=(A®B)®C

ZAI®A2A
ra: AQI=A

such that Iy =r;: I ® [ = I, and satisfying the pentagon and triangle axioms [1§].

A strict monoidal category is a monoidal category where all the equivalences in the above
definition are equalities. According to [30], any monoidal category is equivalent via a
strong monoidal isomorphism to a strict monoidal category. In what follows, we will omit

the natural isomorphisms.

The tensor unit gives rise to morphisms ¢ : I — A called states, and morphisms ¢ : A — [
called effects. Thanks to the tensor product, monoidal categories model both sequential
and horizontal composition. From a linguistic perspective, this allows juxtaposition of

words and grammatical types.

Monoidal categories admit a graphical calculus which is sound and complete, accord-
ing to the following theorem by Selinger [40], originally based on a theorem by Joyal and
Street [24]:

Theorem 2.2.1. A well-formed equation between morphism terms in the language of
monoidal categories follows from the axioms of monoidal categories if and only if it holds,

up to planar isotopy, in the graphical language.



This theorem basically means that we are allowed to move boxes around, but not to cross
or uncross wires. States (resp. effects) are represented by triangles with no input (resp.

output) wire:

A

il — A v p: A1 A

And horizontal composition is represented by putting morphisms (or wires) next to each

other, ordered from left to right:

C D
fog f / 9 /
A B

Another important notion is that of a symmetric monoidal category, which adjoins to the
definition of a monoidal category a natural isomorphism o4 5 : A® B = B® A, such that
ag}A = 04,5, and satisfying conditions stated in [2|. Symmetric monoidal categories also
admit a sound and graphical calculus [40] where crossing and uncrossing wires is allowed,
and will play an important role in manipulations involving density matrices in CPM/(C)
and double-density matrices in CPM?(C). Graphically, the swap map o4 p is represented

by two wires crossing:

2.3 Compact-closed categories

In the English language, a sentence is an ordered string of words that interact with each
other to form meaning. For example, a transitive verb interacts with a subject on its left
and an object on its right to form a sentence. These characteristics can be modelled using

compact-closed categories:

Definition 2.3.1. [25] A compact-closed category is a monoidal category in which each

object A has a left and right adjoint A and A", and morphisms:



ny I — Ax Al ey AAQA T
ny: I —-A"®A € ARQAT = T
satisfying the following yanking equations:
La@e)omy®la)=1a  (4®1a)o(La®n}) =14
(E%®1AZ)O(1AZ®U‘{4):1AZ (1Ar®6r4)0(1’]2®1Ar):1Ar

Furthermore, a compact-closed category is symmetric if A" = A' := A* for all A. The

above four equalities collapse to two:

(€a» @ 14)0(ly®@ma) =14 (1as ®€as) 0 (N4 @ 1gx) = 1 as

where e4: A*®@ A — T, ,and ny : [ - A*® A.

In a compact-closed category, the left and right adjoints account for the order of words in

a sentence, and the n and € maps model the interactions of the different parts of a system.

Compact-closed categories are equipped with a graphical language that is sound and

complete, as expressed in [40]:

Theorem 2.3.1. A well-formed equation between morphisms in the language of compact
closed categories follows from the axioms of compact closed categories if and only if it

holds, up to isomorphism of diagrams, in the graphical language

The 1 and € maps are depicted by cups and caps as follows:

And the equations they satisfy are represented by the following, which boil down to

yanking wire (hence the name “yanking equations”):




The introduction of cups and caps, also called entanglement structure, enables us to define

three useful notions: process-state duality, transposition, and trace.

Process-state duality [10] is the concept according to which one can turn a process
— a morphism f : A — B, where A, B # I — into a bipartite state, for example by ap-
plying a cup to the input of the process, and vice-versa, by applying a cap to one of the
output wires of the bipartite state. A process f turned into a bipartite state by process-
state duality is called the name of f, denoted [ f].

Definition 2.3.2. (Transposition) In a symmetric compact-closed category, the trans-

pose of a morphism f : A — B is another morphism f*: B* — A*:

Note: the notion of transposition is also defined for non-symmetric compact-closed cat-

egories. In this case, we distinguish between left and right transpose.

Transposition of composite systems. There are two ways of defining the transpose
of a composite system [10]. The first remains consistent with the 180° rotation defined

above and gives the transpose of a morphism f: A® B — C ® D by:

We will call this the diagrammatic transpose and denote it by ( - )*. Notice that the cups

and caps are nested.

The second definition of transposition crosses the caps and cups, which introduces a

twist for the composite system:



A* B* A* B*

C* D* C* D*

We will call this the algebraic transpose and denote it by ( _)T. It is in fact the one used
in linear algebra. In what follows, we will consider the diagrammatic transpose as the

default, and refer to it simply by “transpose”.

Definition 2.3.3. (Trace) In a symmetric compact-closed category, the trace of a mor-
phism f: A — A is the scalar:

2.4 f-compact-closed categories

So far, all the properties of language we have been seeking to formalise were composi-
tional. One crucial property of a distributional nature, first introduced in [1], is that
of the distance and angle between the meaning vectors of the words. To formalise this

property, we introduce T-compact-closed categories.

Definition 2.4.1. [40] A f-compact-closed category C is a symmetric compact-closed-
category with an involutive, identity-on-objects, contravariant functor t : C — C, which
assigns to every morphism f : A — B its adjoint fT: B — A, such that for all f: A — B
and g: B — (-

idl, = idy A= A
(gof)f =flogh:C— A
filt=f :A— B

The t functor of the above definition gives rise to two notions that will come in handy in

the characterisation of density matrices:

Definition 2.4.2. [40] (Unitarity, Hermiticity) In a dagger category, a morphism
f: A— Bis called unitary if it is an isomorphism, and ffo f =14 and fo ff =15, i.e.
f~' = ft. A morphism f: A — A is called self-adjoint or hermitian if f = f7.

10



The { functor allows us to turn a state into an effect and an effect into a state. The
notions of inner product of two states, and norm of a state, rely on this ability to turn a
state into an effect and vice-versa. Before defining these two notions, we give the Dirac

notation of states and effects [16]:
- A state ¢ in the Dirac notation is given by |¢) and called “ket”

- An effect  in the Dirac notation is given by (p| and called “bra”

Definition 2.4.3. [10] The inner product of two states ¢ and 1) is the scalar ¢foy) = Top,
and is written in the Dirac notation as the “braket” (p[i) or (¥|p).

Definition 2.4.4. [10] The squared-norm of a state ¢ is the inner product (p|p).

From a linguistic perspective, the inner product and the norm are essential to measure

the similarity between two words or strings of words.
T-compact-closed categories admit a graphical language that was proved to be sound

and complete in Theorem 7.2 of [40]. Taking the adjoint of a morphism is reflecting it

about the z-axis:

f i

A B

Finally, the dagger and the transpose functors give rise to a new functor which acts as

follows:

Definition 2.4.5. (Conjugation) In a f-compact-closed category, the conjugate of a
morphism f : A — B is another morphism f, : A* — B*, such that f, = f* = f1". The
conjugate is depicted graphically by reflection about the y-axis:

B B
7O
A - A*

11



Conjugate of a composite system. Two ways of defining the conjugate of a composite
system emerge from the the different definitions of the transpose of a composite system.
The diagrammatic conjugate of a composite system, denoted by ( _ )., is the result of
taking the diagrammatic transpose of the adjoint — or equivalently the adjoint of the

diagrammatic transpose — of the system and is depicted as:

D* C*

B* A*

In what follows, we will consider the diagrammatic conjugate as the default, and refer
to it simply by “conjugate”. The algebraic conjugate of a composite system, denoted by
( _), is the result of taking the algebraic transpose of the adjoint — or equivalently the

adjoint of the algebraic transpose — of the system and is depicted as:

C D C*D*
/ / = = f
A B A* B*

The algebraic conjugate restores the order in the inputs and outputs by inducing a twist

in the wires of the (diagrammatic) conjugate.

This chapter introduced the basic notions of category theory encountered in the framework
of Coecke, Sadrzadeh and Clark [14], along with their semantic interpretation and their

graphical calculus. In the next chapter, we will take a closer look at this framework.

12



Chapter 3

A compositional distributional
categorical framework

Historically, there have been two seemingly orthogonal ways of representing language:
the first builds on pregroup grammars and formalises the grammar of natural language
without reasoning about the meaning of words, and the second is distributional and
represents words as vectors in highly-dimensional vector spaces, without modeling syntax.
The categorical model of Coecke et al. [14] seeks to unify these two approaches. This
model is based on the fact that pregroup grammars and finite-dimensional vector spaces
share a compact-closed categorical structure. Coecke et al. also extended their framework

to model relative pronouns via the use of {-special commutative Frobenius algebras.

3.1 Pregroups as an account for compositionality

In a recent development by Lambek [28], pregroups are introduced as a tool for analysing

the structure of syntax, using simple algebraic type reductions.
Definition 3.1.1. [5] A pregroup algebra is a structure (P, <,-, 1, (=), (=)") where:
e (P,<,-,1)is a partially ordered monoid
e (—)! and (—)" are unary operations on P, called the left and right adjoints, satisfy-
ing the inequalities:
Va € P, al-aglga-al, a-a <1<d -a

We recall that a partially ordered monoid is a partially ordered set (P, <,-, 1), where P
is a set of objects with partial ordering “<” , and “” is an associative, non-commutative
monoid operation with monoid unit 1, satisfyinga-1=a =1"-a, for all « € P. In what
follows, we will omit the “.” for the sake of simplicity, and replace “<” by “—” to better

illustrate type reductions.

13



3.1.1 The role of pregroups in modelling grammar

To see how pregroups can formalise grammar of natural language, one can generate what
is called a pregroup grammar, a pregroup algebra freely generated over a set of basic types
[25]. For the purpose of this dissertation, we fix two basic grammatical types: {n,s},

where n is the grammatical type for noun, and s is the grammatical type for sentence.

A sentence is deemed grammatical whenever its reduction leads to the type s. Com-
pound types are formed by adjoining and juxtaposing basic types [14]. For example, a
transitive verb interacts with a subject to its left and an object to its right, to produce a
valid grammatical sentence. Transitive verbs are therefore assigned the type n”sn!, and a

transitive sentence reduces to a valid grammatical sentence, according to the inequalities

of Definition [3.1.1k

n(n"sn')yn = (nn")s(n'n) — s

Graphically, one can represent this reduction by:

N LY

n n" s nt n

subject transitive verb object

Note that this representation is analogous to the graphical calculus for compact-closed
categories described in Section [2.3]
3.1.2 Pregroups as compact-closed categories

In [36], the authors generate a free compact-closed category from the pregroup algebra of
a pregroup grammar. Let us denote this category by Cg: the monoidal structure of Cg
is induced by that of the pregroup algebra, each element a has left and right adjoints a'
and a” (by Definition , and the n and € maps are given by the inequalities:

nt 1< aa €

o
n, 1 <daa €, aa” <1
The yanking equations follow straightforwardly from the pregroup reductions.
Going back to the previous example of a transitive sentence, the reduction:
(nn")s(n'n) — s

corresponds to the map:

€' 1.6l i nn"sn'n — s

n n -

14



3.2 Finite-dimensional Hilbert spaces as an account
for meaning

The model suggested in the previous section formalises the syntax of natural language,
but fails to take into account the meaning of words. In this section, I introduce the
distributional model of meaning, also called wvector space model, which addresses this
problem. Words are represented by vectors living in finite-dimensional semantic spaces,

which form a f-compact-closed category.

3.2.1 Distributional semantics

Distributional semantics, first introduced by Firth [19], follows Harris’s distributional hy-
pothesis [23], according to which the meaning of a word is determined by its context. The
basic assumption is that words appearing in a similar context must have similar meanings.
The goal is to represent words as vectors in a semantic space, where the notions of angle

and distance between vectors allow for similarity to be quantified.

Word vectors, usually normalised, live in a highly dimensional — but finite — semantic
space with a fixed orthonormal basis {n;};, where each n; is a context word against which
words to which we want to assign meaning are measured: given a word w to which we
want to assign meaning, we rely on a large corpus of text to establish what is called the
relative frequency of w with respect to each context word. Relative frequency is a measure
of co-occurrence: it counts how many times word w occurs in the context of words n;.

The meaning vector of a word w is therefore given by:
Z CiTg,
i

where ¢; is the relative frequency of w with respect to context word n;.

The vector spaces usually used in this model are Hilbert spaces: vector spaces that have
the inner product structure, allowing for distance and angle measurements. As we will

see in the next subsection, Hilbert spaces form a f-compact-closed category.

Models following this paradigm have been found to be very fruitful when applied to
language processing tasks. [14] summarises some of these tasks, namely word sense dis-
crimination and disambiguation [32,39], text segmentation [6], and thesaurus extraction
[21].

This model however has some important shortcomings: a problem of a distributional

nature is that this model does not scale up to the level of sentences, since no corpus can
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reliably provide the distribution of a sentence. Another issue is that it does not take into
account the ability of humans to understand new sentences: this capacity is based on a
compositional mechanism whereby meaning is generated from words and their relations

n a sentence.

3.2.2 FHilb as a {-compact-closed category

Finite-dimensional Hilbert spaces form a category FHilb that is {-compact-closed:

A monoidal category. The objects of FHilb are finite-dimensional vector spaces,
and the morphisms are linear maps. The monoidal tensor is given by the the usual vector
space tensor ®, and the tensor unit is the scalar field of the vector spaces. Theoretically,
this scalar field can be chosen to be the field of complex numbers C. We will consider
C in the characterisation of density matrices and double-density matrices. However, in
practice, the distributional model is obtained from real data and therefore lives in the real
vector space R. A vector, or column vector, v € V' is represented by a linear map I — V/,

where [ is the scalar field, and a row vector by the linear map V' — 1.

A symmetric compact-closed category. The vector space tensor ® being commu-
tative, the left and right adjoints collapse, and the adjoint of a vector space V is simply
its dual vector space V*. The inner product structure of Hilbert spaces induces an iso-
morphism between vector spaces and their duals: V' = V*. The n and ¢ maps are given

by:
il =>VeVile) . non,
€y - VeV —=1: V; @ w; — <Uz‘wl>
The two equations are verified as follows:

(ev @ 1y) o (ly ®@nyv)(v) = (ev ® 1y)(v ® (32, ni @ my)) = 32, (vlng) @ ny = v
(v ®ev)o(ny ®@1y)(v) = 1y @ey)((X2;ni @ny) @v) = 3,0 @ (v[n;) = v

A f-compact-closed category. The adjoint of a linear map f : V' — W is the map
W — V satisfying Vv € V,w € W, (folw) = <v|fTw).

3.3 From grammar to semantics: a functorial passage

The two models of meaning presented in the previous sections are somewhat orthogonal:
one is compositional but does not account for word meaning, and one is quantitative
but non-compositional. Nonetheless, C; and FHilb have something in common: they
share a compact-closed structure. The unification of these two frameworks is done by

transitioning from syntax to semantics via a strong monoidal functor @ [35].
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Definition 3.3.1. [25] [26] (Monoidal and strongly monoidal functors) A functor
F' between two monoidal categories C and D is monoidal if there exists a morphism I —
F(I) and a natural transformation F(A)® F(B) — F(A® B) satisfying the corresponding
coherence conditions.

A monoidal functor is said to be strongly monoidal or strong monoidal if the above

morphism and natural transformation are invertible.

Proposition 3.3.1. A strong monoidal functor F on two compact-closed categories C and
D preserves the compact-closed structure, that is F(A') = F(A)!, and F(A") = F(A)".

Proof. We present the proof given in [25]: to show that F(A!) is indeed the left adjoint
F(A) of F(A), we have:

FAY®F(A) - F(A'®@A) - F(I) -1 —F(I) = F(A® A) = F(A) @ F(A)

The right adjoint is proved similarly. O]

Let us now define the strong monoidal functor ): Cs — FHilb: it maps atomic gram-

matical types to basic vector spaces:

By Proposition QY = Q(t), and Q(t") = Q(t)", for every grammatical type t
of C¢. Note that since Q(#) is an element of FHilb, Q(#) = Q(t") = Q(t). Furthermore,
(2 maps the monoidal tensor in Cg to the monoidal tensor in FHilb. Therefore, juxta-
position of grammatical types in Cg is mapped to the tensor product of vector spaces.

For example:
Q(nn") =Qn) ®Q(n") = N&®N

Finally, () acts on morphisms by mapping grammatical reductions in Cg to linear maps

in FHilb, for example:

Q(e’”-1S~eil:nnrsnln—>s):eN®1g®eN:N®N®S®N®N—>S

n

Meaning of strings of words. This definition of the strong monoidal functor ) allows
to define the meaning of a sentence or string of words based on the individual meanings of
the words constituting this sentence. Effectively, the grammatical reductions determine

the order in which the linear maps in FHilb are applied.
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Definition 3.3.2. Let wjiws...w, be a string of words with types ti,t»,...,t, and corre-
sponding meaning vectors |wy) , |ws) , ..., |w,). Let a : t1t5...t, — x be a type-reduction

to some grammatical type x. The meaning of wyws...w, is defined as:

lwiws...wy,) = Qa)(Jwy) ® |wy) ® ... ® |wy))

Let us consider the example of a transitive sentence. The subject and object have basic

type n, and the transitive verb n"sn!.

Nouns are mapped to the basic vector space N,
and the transitive verb to the tensor product space N ® S ® N. The pregroup reduction
n(n"sn')n — s corresponds to the morphism €"1.e! : n(n"sn')n — s in Cg, which is
mapped to the linear map Q(e” - 1, - €, :n(n"sn')in = s) = ey R 1sR ey : NN @S ®

N ® N — S in FHilb. Graphically, this derivation is given by:

N N|S|N N
N

inner product inner product

Let us show the explicit computation of the meaning of a transitive sentence. Let subject,
T verb and object be defined by:

|subject) = Z s |n,.)

| T verb) Zcfj,ﬁb i) @ |s;) @ |ng)
i,5,k

lobject) = i [ny)
t

Then:

|subject T verb object) = (ey ® 1s @ en)(|subject) @ | T verb) ® |object))

:(€N®1S®EN)(Z (e [n,)) @ > (i Ing) @ |sg) @ ) ®Z

7.]7

= D ™ (nlng) @ [s5) © (el

7"7i7j7k‘7t
- sub verb Ob]
- E : Cr Cijk Ct 57’2 ® |8]> ® 5kt
r,1,7,k,t
§ sub ve’/‘b bj
- z]k |Sj>
1,5,k
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3.4 Frobenius algebras

One problem with the compositional distributional framework described so far is that some
words, like relative pronouns — who, which, that... — cannot be modelled contextually:
pronouns occur in practically any context, and so the context in which they occur cannot
provide a reliable meaning. The authors of [14] extended their framework in [37] to model
relative pronouns, using Frobenius algebras over vector spaces. The result is a model of
relative pronouns that does not rely on co-occurrence frequencies, and that only takes
into account the structural roles of the pronouns.

3.4.1 f{-Frobenius algebras

In this subsection, we provide the basic definitions pertaining to Frobenius algebras. All

definitions are taken from [10].

Definition 3.4.1. An associative algebra in a monoidal category consists of linear map
pw:ARA—Tand (: 1 — A, depicted by

M /g\ C:

satisfying associativity and unit conditions:

/ﬁ = ﬁ;\ A

Definition 3.4.2. A co-associative algebra in a monoidal category consists of linear map
A:l—-A®Aand: A— I, depicted by

S

satisfying co-associativity and co-unit conditions:

oYY

[

Definition 3.4.3. A Frobenius algebra is a quintuple (A, u,(, A, ), such that (A, u, ()
is an associative algebra, (A, A, () is a co-associative algebra, and p and A satisfy the

Frobenius equations:
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RE

We define maps, called spiders, based on the structure provided by a Frobenius algebra:

n

o — A
n <
— _

—~

m

m

Definition 3.4.4. A T-special commutative Frobenius algebra is a Frobenius algebra that

satisfies:

(N @] M=

We now define the composition of spiders:

Theorem 3.4.1. (Spider fusion) In a {-special commutative Frobenius algebra, spiders

compose as:

ni no ny + ng
~——— | | S —
my mo my + mso

Proof. The proof consists in writing the spider on the left-hand side in canonical form and
applying the rules of f-special commutative Frobenius algebras. The reader can consult
the proof of Theorem 8.109 in [10]. H
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3.4.2 Frobenius algebras over vector spaces

In [12], the authors show that a finite-dimensional Hilbert space with an orthogonal basis
has a f-commutative Frobenius algebra. Furthermore, when the basis is normalised, this

T-commutative Frobenius algebra becomes special as well.

Let V be any Hilbert space, with fixed orthonormal basis {|7)};. The maps of the f-

special commutative algebra are given by:
A i) = |i) @ |6) L ]iy =1
. . . liy =7 .
/LZI’Z>®‘]>I—>5U|Z>2:{ o Culm D> |0
0 i#]
We interpret the A map as copying information and encoding components in V into a
matrix in V ® V, the ¢ map as deleting, and the p map as uncopying — or comparing —

elements: it picks out the diagonal elements of a matrix in V' ® V' and returns them as a

vector in V.

[37] defines subject- and object-relative pronouns in terms of the maps of the f-special

commutative algebra described above:

S

AL LA

subject-relative pronoun object-relative pronoun

It is clear from this definition that the relative clause (to the right of the pronoun) in-
teracts with the head noun (to the left of the pronoun) via the relative pronoun. The

relative clause is discarded, and the modified noun is returned.

In this chapter, I discussed two orthogonal models of meaning and their unification in
Coecke et al.’s distributional compositional categorical model of meaning. 1 also dis-
cussed how this model accounts for relational types via f-special commutative Frobenius
algebras. In the next chapter, I present an extension of this framework aiming to model

one property of language.
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Chapter 4

Accommodating for one feature of
language

The framework described in the previous chapter was extended to include density ma-
trices, which are generalisations of vectors. This extension allowed for one feature of
language to be modelled: in [34], Piedeleu made use of density matrices to model ambi-
guity — more precisely homonymy,— and in [4], Balkir resorted to them in order to model

subsumption relations, or lexical entailment.

In this chapter, I will justify the use of density matrices following the model in [35] by in-
troducing mized states, completely positive maps, along with Selinger’s C'PM-construction
[41], and relate them to their linguistic interpretation in terms of ambiguity (the same
analysis can be carried out for entailment). I will also suggest a way to accommodate yet

another feature of language by iterating the CPM-construction.

4.1 Mixed states and density matrices

The framework we have been dealing with so far represents words as vectors in a Hilbert
space, where these vectors correspond to pure states: a system is said to be in a pure
state if we have complete knowledge about that system. In other words, we know pre-
cisely which state the system is in. In quantum physics, representing states as vectors
in a Hilbert space has its limitations: what if we do not have complete knowledge about
the state the system is in? The answer is by considering probability distributions over

ensembles of pure states. States that are defined as such are called muzed states.

This situation is analogous to that of having to deal with a homonymous word. Repre-
senting a homonymous word as a convex sum of all its meanings collapses these meanings
into a single vector. While this might seem to align with the distributional hypothesis,
we would like to retain the ambiguity of the word in the absence of sufficient context,

and allow it to collapse only when enough context is given to disambiguate the word
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partially or completely. It is therefore more intuitive to represent a homonymous word as

a probabilistic mizing of its individual meanings [35].

The mathematical counterpart to a mixed state is called a density matriz or density oper-
ator. Density matrices and their characterisation will be discussed in detail in Chapter

[7 We give the following definition of a density operator:

Definition 4.1.1. Given a set {|¢;,)} of pure, not necessarily orthogonal quantum states,
and {p,,} a probability distribution over them, define the density operator for this system
by:

p= Zmpm |[m) (oml

From a linguistic perspective, the meaning of a homonymous word w is given by p(w) =
> Pm | W) (W, |, where each meaning w,, has probability p,,. In the case of an unam-

biguous word w’, the meaning of w' is given by p(w') = |w') (w'|.

Note: When accommodating for lexical entailment, the same analysis is carried out:
general words — i.e. words that generalise the meaning of other words — are represented
as a probabilistic mixing of “pure” words, and the meaning of a pure word is given by

doubling that word.

4.2 Completely positive maps and the CPM-construction

In the Hilbert space model, the morphisms are linear maps and map states to states. In
the mixed setting, we need morphisms that map density matrices to density matrices.

These are called completely positive maps.

Definition 4.2.1. Let A,B be objects in a f-compact-closed category C. A morphism
f:A® A" — B® B* of C is completely positive or CP if there exists an object C of C
and a morphism z : A — B ® C' such that:

f=(p®ec- ®1p) o (v ® )

or graphically:

B B*
f / =
A A*
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Note that Selinger proved this definition to be equivalent to his initial definition of com-
pletely positive maps in [41]. Selinger also laid down the properties of CP maps, namely
that the identity for any CP maps f and g with appropriate domains and codomains, the
identity A ® A* — A ® A*, the composition g o f, the tensor f ® g and the tensor f ® f,

are completely positive.

We need to define a construction that introduces mixed states, preserves f-compact
closure, and allows for a f-special commutative Frobenius algebra to be defined. This

construction is Selinger’s CPM-construction:

Definition 4.2.2. The CPM-construction [9, |41]
Given a f-compact closed category C, define a new category CPM(C) as follows:

(i) The objects of CPM(C) are the objects of C

(ii) The morphisms A — B of CPM(C) are of the form (1p ® éc+ ® 1) o (f ® f,), or
graphically:

B| cmc* |B*
f / \ f
Al A*

where C'is the ancillary system of (1 ® €c+ @ 1p«) o (f @ f+).

(iii) Identities are inherited from C

(iv) Composition is defined the usual way:

C m Cc*

In the next section, we show that the CPM-construction preserves compact closure, and

that it allows for a f-special commutative Frobenius algebra to be defined.
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4.3 CPM(C) as a f-compact closed category

We begin this section by an important theorem stated and proved in Selinger’s paper [41]:

Theorem 4.3.1. Let C be at-compact closed category. CPM(C) is again a T-compact

closed category.

Proof. The proof of this theorem can be found in Selinger’s paper [41], under Theorem
4.20. It is worth noting, however, that the proof uses the following: the fact that f ® f.
is a CP map for any CP map f yields an identity-on-objects functor F': C — CPM(C)
which maps morphisms f to f ® f,. This functor is shown to preserve the compact

structure. OJ

We can now extend Definition to include the following [9]:

(v) The tensor unit I and the tensor product of objects are inherited from C, and the

tensor product of morphisms is defined as follows:

pRulSaduRasix

(vi) The dagger is defined the usual way:

|
(vii) The cap €4 : A* ®cpy A — 1 is given by:

a2

A* A A A*

Il
~
~

Frobenius algebra. [35] considers the doubled version of the Frobenius algebra in C,
that is, the Frobenius algebra in CPM(C) with maps defined as the image of the Frobe-
nius algebra maps in C by the functor F. Piedeleu [34] shows that the Frobenius algebra
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in CPM(C) based on a f-Frobenius algebra in C is indeed a f-Frobenius algebra (note
that Piedeleu defines the Frobenius agebra maps in [34] in a different but ultimately
equivalent way to the definition in [35]). Similarly, it can be shown that this t-Frobenius
algebra, when based on a j-special commutative Frobenius algebra in C, is special and

commutative.

The construction defined in this chapter fulfils the required goals: the category of operator
spaces and completely positive maps is a f-compact closed category and possesses a -
special commutative Frobenius algebra that accounts for copying, deleting, and comparing

information. The use of density matrices allows for modelling one feature of language.

4.4 Accommodating for two features of language

Our ultimate goal is to extend the categorical framework even further to accommodate for
a second feature of language. Since, by Theorem CPM(C) is a {-compact closed
category whenever C is a f-compact closed category, a solution is obtained by iterating
the CPM-construction. Morphisms f : A — B in CPM?(C) are derived as follows:

And states are given by:

Assuming that the first application of the CPM-construction accounts for homonymy
and the second for entailment, a general, non-homonymous word and a non-general,

homonymous word correspond respectively to:
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This chapter introduced mixed states and their mathematical counterparts, density matri-
ces, and gave their linguistic interpretation in terms of ambiguity. The CPM-construction
yields a {-compact closed category and models adequately one feature of language, and

iterating the CPM-construction will allow us to account for more features.

This concludes the background needed for this dissertation. The next chapters will in-
troduce a new framework based on double-density matrices, mathematical tools used to
model states that have two levels of mixing. This framework will be shown to adequately

model two features of language: ambiguity and entailment.
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Chapter 5

Environment structures and
CPM-constructions axiomatisation

The previous chapter introduced density matrices, completely positive map representing
mixed states. In [7], Coecke recasts the CPM-construction as an axiomatisation of maxi-

mally mixed states.

In this chapter, I investigate and revise the methods used in Coecke’s paper to axiomatise
CPM(C), and offer an axiomatisation of CPM?(C), the category obtained by applying
the CPM-construction to a category C twice, in terms of what we will call discardings 1
and 2. In the last section, I generalise this axiomatisation to CPM"(C), the category
obtained by applying the CPM-construction to a category C n times.

5.1 Axiomatisation of CPM(C)

In this section, I revise the axiomatisation of CPM(C) presented in [7], alter some of
the axioms and notations to better suit higher orders of iteration of Selinger’s CPM-

construction, and offer a diagrammatic representation of the proofs involved.

5.1.1 Environment structure and implications

Definition 5.1.1. A T- structure or environment structure on a f-compact-closed cate-

gory C consists of:

(i) a designated effect T4 : A — I for each object A of C, called the mazimally mized
effect or discarding and depicted as:

A

which satisfies the following properties:
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e T;=1,
e Tagp=Ta® Tp
o (Ta)e=Ta-

The above properties are respectively represented by the following diagrams:

(ii) an all-objects-including sub-f-compact-closed category Cs of pure morphisms, which
carries an entanglement structure, and which is such that for all morphisms f, g of
Cs:

flof=g"0g <= Tedomis)©f = Teodom(g) © 9 (5.1)

or graphically:

(iii) the purifiability axiom [13]: for every morphism f: A — B in C, there exists a
morphism g : A — B ® C in Cyx such that:

71

A more rigorous definition of the notion of “purifiability” is given in definitions[5.1.2]
and [5.1.3] below.
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Definition 5.1.2. In a f-compact-closed category C with a T-structure:

e the partial internal trace is the map tr§z; : C(A,B® C) - C(A4,B) = f —
(1p® T¢)o f, for objects A, B,C and any arrow f: A — B® C in C. Graphically:

e the full internal trace is the map tr¢ : C(I,C) — C(I,1I) :: 1 — T o, for an
object C' and a state ¢ : I — C' in C. Graphically:

< -

Definition 5.1.3. In a f-compact closed category C with an environment structure,
define a purification of an operation f : A — B to be a pure operation g : A - B® C
which is such that f = trf‘:B(g). f is said to be purifiable.

Axiom (j5.1)) of Definition entails an important special case: let us consider two
effects 1, p : A — I in Cyx. By axiom ({5.1)):

¢To¢:gpjfog0(:>—|—lo¢:—l—lo<p<:>1Iow:110¢(:>¢:gp¢>¢fzgpﬁ

Graphically,

<_

\l/ | |
I |

which is exactly the preparation-state agreement axiom [8]. The following conclusion is
reached:

axiom (5.1) = preparation-state agreement axiom (5.2)
Axiom (j.1]) can also be stated as:

pRuReAairi




This stems from the fact that:

NP £ £ J\

sAsReA=N=Ank

B*®A (A®B*)*
where the first and last equalities hold by properties of the entanglement structure of Csy;.

B*®A

This new formulation of axiom (j5.1)) has an important implication stated in Proposition
below. Recall first that in a -compact-closed category C, a morphism f : A — A of
C is positive if and only if it decomposes as f = g'og, for some morphism g : A — B of C.

Proposition 5.1.1. In a f-compact-closed category C with a T-structure, axiom

gives rise to an isomorphism of categories
F:Cl ~C,

where CY° is the homset of all positive morphisms in Cs, i.e. morphisms of the form:

| 7 |

7Y

jJ

e [" maps objects to themselves

Proof. Define F' as follows:

e F maps morphisms (13Q€ec-®@1p+)o(f®@f,) in CR* (AR A*, BRB*) to (1p®@T¢g)of
in C(A, B), or graphically:

Bl C /_\C* |B*

/ ! =

A A

The forward direction of axiom ([5.1]) ensures that F' assigns a unique interpretation to a

given morphism in the domain category. Therefore, F' is well-defined.
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Functoriality is shown as follows:

- F(go f)=F(g)o F(f)

)

- Fidy) = idpay = ida

It remains to show that F' is an isomorphism, i.e. that both the objects and the mor-
phisms of C%” and C are in one-to-one correspondence to each other.

The one-to-one correspondence between objects is trivially implied by the fact that F is
identity-on-objects.

A one-to-one correspondence between morphisms is equivalent to showing that F' is
full and faithful: by the backward direction of axiom , every morphism Fyp :
CY°(A® A", B® B*) — C(A, B) is injective, which shows that F' is faithful. By the
purifiability ariom, every morphism f in C is purifiable, i.e. there exists a pure morphism
g in Cy, such that f is the result of discarding parts of the output of g. Therefore, every
morphism Fj 5 : CR°(A® A*, B® B*) — C(A, B) is surjective, and F is full.

- axiom (1) = C* ~ C. O

5.1.2 Recovering Selinger’s CPM-construction

We refer the reader the the definition of Selinger’s CPM-construction (Definition 4.2.2])
in Chapter [ and its extended version in Section We remind the reader that given

a f-compact closed category C, the CPM-construction yields a new f-compact closed
category CPM(C).
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Theorem 5.1.1. Let C be a T-compact-closed category. If C has an environment struc-

ture, then CPM(Cx) ~ C, and Cy, satisfies the preparation-state agreement axiom.

Proof. The category C has an environment structure. Therefore, Cy; satisfies axiom (|5.1)).
By (5.2), Cy also satisfies the preparation-state agreement axiom.
Apply the CPM-construction to Cyx. The maps of CPM(Cy) are the maps of the form:

which are exactly the maps in C%”. By Proposition |5.1.1} the fact that Cy satisfies
axiom (|5.1)) implies that C%° ~ C, and therefore that C%,*(A ® A*, B® B*) ~ C(A4, B).
Therefore:

CPM(Cs)(AB) & (A 0 A", Bo B) ~ C(A, B)
..CPM(Cy) ~ C. O
Theorem 5.1.2. Let C be a t-compact-closed category with an entanglement structure,

and let C satisfy the preparation state agreement axiom. Define the category CPM(C)
according to Definition [4.2.2] Then CPM(C) has a T-structure.

Proof. Define the maximally mixed effect as follows:

T M

It is easy to check that T 4 satisfies the required properties:

"N
-1 1 I
= m = 1 I
1 I r L--4d
= m = ﬁ = m Repu m = ®cru
A®B  (A®B) AB B'A* A At B B* A B

/ \ .
A ‘A A T oA A A

Consider now the all-objects-including sub-t-compact-closed category CPM(C)sx of pure
morphisms, which carries an entanglement structure. The identity-on-objects embedding
Fepy : € — CPM(C) defined by Selinger in [41] maps pure morphisms in C to pure
morphisms in CPM(C), i.e. morphisms in CPM(C)y. These morphisms are of the

form:
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Bl |B*
! \T
Let us show that CPM(C)y, satisfies axiom (5.1]), graphically:

| | | N /o

| |
g \ / g9
\ f o / g | ecPm(©) | | _ | |
‘V—/ [ [ \_T P / \ / T/ \;f

£ £
S vAuRIAT

This is evident from topological manipulations:

5
7 %

IVAVIEVaY

by properties of the entanglement structure. Therefore,

N A o
o Aulziuiiuiols

HAuliv

Finally, every morphism in CPM(C) is purifiable, by definition of morphisms in CPM(C)
and of the maximally mixed effect in CPM(C). O

can be stated as
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Corollary 5.1.1. By theorems and a T-compact-closed category C' carrying
a T-structure coincides with CPM(Cy) ~ C, and applying the CPM-construction to a
T-compact-closed category C which satisfies the preparation-state agreement aziom induces

a T-structure on C.

5.2 Axiomatisation of CPM?(C)

In this part, I apply and extend the findings of 7] to the CPM?-construction. 1 start by
defining the notion of squared-environment structure and the isomorphism of categories
that stems from its axioms. I then formalise the notion of CPM?2-construction in terms

of completely squared-positive maps and finally axiomatise it.

5.2.1 Squared-environment structure and implications

Definition 5.2.1. A Ty, T,- structure or squared-environment structure on a f-compact-

closed category C' consists of:

(i) two designated effects T 4, To4 : A — I for each object A of C, called respectively
discarding-1 and discarding-2, and depicted as:

7.7

Both discarding effects satisfy the same properties as the maximally mixed state in
the environment structure definition of Part [5.1] namely:

AN
T= T
=%

(ii) an all-objects-including sub-{-compact-closed category Csz of pure morphisms, which
carries an entanglement structure, and which is such that for all morphisms f, g of
Cy2 where dom(f) = Cr1 ® Cya, and dom(g) = Cyq1 @ Cya:

(ffe f)e(le, ®@no;, ®1e,) 0 (loy, ®ecs, ©1oy,) 0 (f© fo)
=(g'®g") o (le,, ®10:, ® 1¢,,) 0 (lg,, @ecr, ©1g,,) 0 (9@ g.)  (5.3)
<:>(Tl,codom(f) ® TZ,COdom(f)) o f = (Tl,codom(g) ® T2,cod0m(g)) °g
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or graphically:

. >

@

N )N o MDA AA
/s

X

]
~J

(iii) the squared-purifiability axiom: for every morphism f : A — B in C, there
exists a morphism g: A - B ® C; ® (5 in Cx2 such that:

| [ 24
7

The concepts pertaining to “squared-purifiability” are defined below.

Definition 5.2.2. In a f-compact-closed category C with a squared-environment struc-

ture:

e the squared-partial internal trace is the map tri}é@ : C(A, BeC1®Cy) — C(A, B)

f—= (1g® Ti0, ® Tag,) o f, for objects A, B,Cy,Cy and any arrow f : A —
B ® (] ® Cy in C. Graphically:

e the squared-full internal trace is the map tr“2 : C(I,C, @ Cy) — C(I,1) :: ¢
(T1.c, ® Ta,) o0, for objects Cy, Cy and a state ¢ : I — C;®Cy in C. Graphically:

Definition 5.2.3. In a f-compact closed category C with a squared-environment struc-
ture, define a squared-purification of an operation f : A — B to be a pure operation
g:A— B®C;®Cy which is such that f = tri}écz (g9). [ is said to be squared-purifiable.
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As in the previous part, axiom of Definition has two main implications: first,
let us consider two effects ¢, o : A — I in Cyx2. By axiom (j5.3)):
W ey )o@ey) =(p'0)o(pep) <= (Tir®Ta) oy = (T1r®Tar)oy
<~ (1[@1[)01/}: (1[@11)0@
=P =
<— 1/JT = cpT.

Graphically,

I | | |

which is what we define to be the squared-preparation-state agreement axiom. We con-
clude:

axiom (3) = squared-preparation-state agreement axiom (5.4)

Axiom (j5.3) can also be stated as:

‘r\”"‘*/\‘ ‘/\”"\/\‘ A | AA
| ;‘/\;‘ /\T /

— =

This stems from the fact that:

A e
) 7 Y

B* A A* B

A
whw

(B*=A)* B*®A (B*=A)*

(B*wA)*

hﬁ

O

(B*@A)*
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where the first and last equalities hold by properties of the entanglement structure of Cs2.

This reformulation of axiom (5.3 leads us to the second major implication mentioned

before. But first, we introduce the notion of “squared-positive” maps:

Definition 5.2.4. In a -compact-closed category C, a morphism f: A® A* - A ® A*
of C is squared-positive if and only if it decomposes as f = (¢' ® g*) o (1g,, ® Neg, ©
le,.) o (le,, ®ec:, ® ¢, ,) 0 (9 @ gs), for some morphism g : A — Cy @ Cy of C.

We now introduce the second important implication of axiom ([5.3)):
Proposition 5.2.1. In a t-compact-closed category C with a squared-environment struc-
ture, axiom gives rise to an isomorphism of categories

2
. pOs™
F2 . CE2 — C,

where Cgofz s the homset of all squared-positive morphisms in Csz, i.e. morphisms of

N =
o2w B

Proof. Define F5, as follows:

e [ maps objects to themselves

e F, maps morphisms
(1B®1B*®€Cf®1B®1B*)O(1B®001,B*®UB,CI*®1B)O(1B®101®1B*®601®1B®
lor ®@1p<)o(1p® 1o, ®ecs ®ocr - ®opc, @ecy; @lor @1p-) o (f® [ ® f® fi)

in C (A A" ®A® A", BO B*®B®B*) to (15® T1c, ® Tac,) o f in C(A, B),
or graphically:

[os]
[S5]
*

Cy
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The forward direction of axiom ([5.3)) ensures that F» assigns a unique interpretation to a

given morphism in the domain category. Therefore, Fy is well-defined.

Functoriality is shown as before:

- FBy(gof) = Falg) o Fa(/f)

- Fy(idy) = idpa) = ida

A A" A A A

It remains to show that F} is an isomorphism.

The one-to-one correspondence between objects is trivially implied by the fact that F; is
identity-on-objects.

Fullness and faithfulness of F, is shown as before: by the backward direction of axiom
, every morphism Fb, , : Cg’;z(A ®RA*®A® A", B® B*® B® B*) - C(A,B)
is injective, which shows that F5 is faithful. By the squared-purifiability axiom, every
morphism f in C is purifiable, i.e. there exists a pure morphism ¢ in Cyx2 such that f
is the result of “square-discarding” parts of the output of g. Therefore, every morphism
Frp: CR (AR A*®@ A® A*, B® B*® B® B*) — C(A, B) is surjective, and F is full.

.. axiom (3) = C’;’;Q ~ C. O
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5.2.2 CP? maps and the CPM?-construction

Definition 5.2.5. (Completely squared-positive maps) Let A, B be objects in a f-compact-
closed category C. A morphism f : AR A*® AR A* - B® B*® B® B* of C is
completely squared-positive or CP? if there exist objects C;,Cy of C and a morphism
x:A— B®C; ®Cy such that:

f=(0p®1p ®ec: ®1p® Ip) o (lp @ 0¢, 5 ®oper @1p) o (Ip ® 1, ® 15 ®
601®1B®1Cf®1B*)O<1B®101®€C;®UCI*,B*®UB,01®€CQ*®1CI*®1B*)O(1'®37*®$®$*),

or graphically:

B B
B T B
B®B*@B&B* p—
| £ A9 N e
f = T \ T T / T
I I I .
ARA*QA®A* A A A A

Proposition 5.2.2.
(a) The identity map ids : AQ A* Q@ AR A* - A® A*®@ A® A* is CP2.

(b) If f : AQA*RARA* - BB*®B®B* and g : BRB*® BRB* - CC*C®C*
are CP?, then so is go f.

(c) Let f: AQA*QARA* - BRB*®B®RB* and g : CC*QCRC* - DRQD*®@D® D*
be CP%. Define the tensor product of CP? morphisms as follows:

B* B

B B D
BB @BoB* DED*EDED*
I f Qeep=| 9 f = o f \ ,,_,| T f \N | Bepuz| o f \ e g f \ s
ARA'®ARAT  CeC®CRCT A A A A ¢ ¢ ¢ ¢

Then f ® g is CP?.



(d) If f: A — B is any morphism, then f @ f. @ f ® f. is CP*

Proof. All the proofs use graphical manipulations:

(a) Setting x to 14 and C1,Cy to I in Definition idy is CP%:

(b) Graphically,

A AT A A

) C )
C Cr
L
CoC'@CeaC* BeB'@BaB* A/ N A
‘ | :"..‘! / \ .’I“y fl,'y / \ J"y
q f
(o]
N Wi
B@B*®BoB* AQA*@ARA* Ty / \ Ty wf / \ xr
Al al Iy -
. (o C .
(f‘ — c*
=
@ 2\ /1 N
— .'_(’,OLI,'I/ \RHDJ'! f’;OfIfJ'/ \'_(‘,C)’J,'Jl
Al al [y Iy
(c¢) Graphically,
B* B . D D N
B B D D
BeB*'®BeB*  DeD*aDaD* p— p—
I | Y A N
I / Repy=| 9 *f \ Iy Tf / \ T | @opae Tg / \ Tq Tq Tg
[ I . | [ [, N N [ [
AGATRARAT  CeCaleCt A A A A ¢ ¢ ¢ v
B ) b B B = D B*
N N AR
Ty / Ty / \ Ty \ T Ty / Ty / \ Ty \ Ty
U N N e i
BxD (BmD)* B®D (BaD)*
A NS
= Iy® T \,a'; R Iy Ty I, If®Tg
[ | ,
AmC (ARC)* ArC (AcC)*
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(d) Setting = to f and C},Cy to I in Definition [5.2.5] f ® f. ® f ® f. is CP%

B*

* K |
o/ \ f f / \ f
A A*l lA lA*

Definition 5.2.6. The CPM?-construction
Given a f-compact closed category C, define a new f-compact-closed category — refer to
the note below — CPM?(C) as follows:

(i) The objects of CPM?(C) are the objects of C

(ii) The morphisms A — B of CPM?(C) are of the form:

B* B
Cy

N AN o
/\T ;‘

(iii) Identities are defined as in Proposition [5.2.2((a)
(iv) Composition is defined as in Proposition [5.2.2|(b)

(v) The tensor unit I and the tensor product of objects are inherited from C, and the
tensor product of morphisms is defined as in Proposition [5.2.2|(¢c)

(vi) The dagger is defined the usual way:

SRR Lt
ipslloguli all e/
(vii) The cap €4 : A* ®cpyz A — I is given by:
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Note: CPM?(C), where C is {-compact closed, is also T-compact closed since it is the
result of iterating the CPM-construction on CPM(C), which is proved to be {-compact
closed in [4]. The proof of Theorem in the next chapter offers a thorough expla-

nation of this fact.

Theorem 5.2.1. Let C be a {-compact-closed category. If C has a squared-environment
structure, then CPM(Csz) ~ C, and Csx: satisfies the squared-preparation-state agree-

ment axiom.

Proof. The sub-category Cs: satisfies axiom (5.3)). By (5.4]) Cx2 also satisfies the squared-
preparation-state agreement axiom.
Apply the CPM2-construction to Cy2. The maps of CPM(Csxz) are the maps of the

form:

which are exactly the maps in Cg";Q. By Proposition [5.1.1}, C’;’;Q ~ C, and therefore
CFE’OQSZ(A RA*® AR A*, B® B*® B® B*) ~ C(A, B). Therefore:

CPM(Cs2)(A,B) ¥ (A A" © A A", B B* © B B*) ~ C(A, B)

.. CPM(Csx:) ~ C. U

Theorem 5.2.2. Let C be a t-compact-closed category with an entanglement structure,

and let C satisfy the squared-preparation state agreement aziom. Define the category
CPM? (C) according to Definition [5.2.6, Then CPM?(C) has a squared-environment

structure.

Proof. Define discardings 1 and 2 as follows:

& AN

A AF A AT
A

TN M

A

Both Ty 4 and To 4 satisfy the required properties: first, T 4 :
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A®B (A®B)* A®B (A®B)* AB B* A AB B* A*

()= = ¢

A*

and To 4:

1
A®B A®B (ACX‘B)‘ A®B (A@B)* AB B*A* AB B* A* A o B

(T)

A

()= =7

Consider now the all-objects-including sub-f-compact-closed category CPM?(C)y: of
pure morphisms, which carries an entanglement structure. Proposition |5.2.2|(d) defines

an embedding
FCPM2 :C (—>CPM2(C) f — f® f* ® f ® f*

which maps pure morphisms in C to “squared-pure” morphisms in CPM?(C), i.e. mor-

phisms in CPM?(C)y:. These morphisms are of the form:

B C c* B* B C c* B*

Let us show that CPM/(C)s2 satisfies axiom (5.3)), graphically:

N AR AR AR A B AR AR A8 A
N N N N N N N N
N £ £ D £ £ £ D

whulwlulvluloRulioRulolaloluloRu

This follows immediately from the fact that:
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A e U
U a-
by properties of the entanglement structure. Finally, every morphism in CPM?(C) is

squared-purifiable, by definition of morphisms in CPM?(C) and of Ty, T, in CPM?(C).
[

Corollary 5.2.1. By theorems and a T-compact-closed category C' carrying
a Ty, To-structure coincides with CPM?(Cy:) ~ C, and applying the CPM?-construction
to a t-compact-closed category C which satisfies the squared-preparation-state agreement

axiom induces a T1, To-structure on C.

5.3 Axiomatisation of CPM"(C)

In this part, I generalise the findings of Part and define the notions of n-environment
structure and CPM"-construction, as well as the rules that govern them.
5.3.1 n-environment structure and implications

Definition 5.3.1. A Tq,..., T,- structure or n-environment structure on a f-compact-

closed category C' consists of:

(i) n designated effects T, 4 : A — I, i € {1,...,n} for each object A of C, called
discarding-i, and depicted as:
A

The discarding effects satisfy the same properties as the maximally mixed state in

the environment structure definition of Part 1, namely:



(ii) an all-objects-including sub-f-compact-closed category Csn of pure morphisms, which
carries an entanglement structure, and which is such that for all morphisms f, g of

Csn where dom(f) = Cr1 @ ... ® Cpp, and dom(g) = Cy1 ® ... ® Cy

on 1 on 1

Jr_\ /_fL o : If 'I l, I o Iq \ /lql

s
~
1
~

Y.
(1
ol

¢
G
G

N
e
\E
N
d

>
>

gy
— ‘;_/ -

(iii) the n-purifiability axiom: for every morphism f : A — B in C, there exists a
morphism g: A - B®C; ® ... ® C, in Cx» such that:

t

(5.5)

The concepts pertaining to “n-purifiability” are defined below.

Definition 5.3.2. In a f-compact-closed category C with an n-environment structure:

= 15®Tic, ®...0 T,e,) o f, for objects A, B,C4, ..., C,, and any arrow f :
A— B®(C;®..®C, in C. Graphically:

S S
f

f —

A A



e the n-full internal trace is the map tr¢-% : C(I,C; ® ... @ C,,) — C(I,1) :: ¢
(T, ® ... ® Tpe,) 0, for objects C4, ...,C,, and a state ¢ : I - C; ® ... ® C), in
C. Graphically:

Definition 5.3.3. In a f-compact closed category C with an n-environment structure,
define an n-purification of an operation f : A — B to be a pure operation g : A —
B®Cy ®...® C, which is such that f = tri}é'c" (9). f is said to be n-purifiable.

As in the previous parts, axiom (5.5 of Definition has two main implications: let
us consider two effects 1, : A — I in Cxn. We define A®” to be A®...®@ A n times. By

axiom (5.5)):

W @)™ owar)® =0 ®)® o(p@e)®
WY o@e) = (P ®e)o(pep.)
(T ®..0Tu)oy=(T11®..Q Tpr)op
=1 @0l ot =(1;®..01)o0p
=Y=9
=yt = ol

which is exactly what we defined to be the squared-preparation-state agreement axiom.

We conclude:
axiom (b) = squared-preparation-state agreement axiom (5.6)

Following the same diagrammatical manipulations as before, axiom ({5.5) can also be
stated as:

on an

A~ 4A) |
7 L

7 G PN
S S N VAR

47



From this reformulation of axiom ({5.5)), we state its second major implication. But first,

we introduce the notion of “n-positivity”:

Definition 5.3.4. In a f-compact-closed category C, a morphism f : (A ® A*)@’QW1 —
(A®A*)®2n_ of C is n-positive if and only if there exists a morphism g : A - C1®...QC,

of C such that f decomposes as:

— A —
A

A* A

]

7 )

A*
g
B*
g
A A A A*

g ! g
o~ A
f = B B B
(A A’ = ™ F\
[~ b
g ! g / \

Proposition 5.3.1. In a t-compact-closed category C with an n-environment structure,

azriom gives rise to an isomorphism of categories
E,:Ck" ~C
n - xn )

where C¥%" is the homset of all n-positive morphisms in Csn, 1.e. morphisms of the form:

e =

Proof. Define F), following the definition given in the proof of Proposition |5.2.1}

e [, maps objects to themselves

e F, maps morphisms in C% (A ® A*)?"" (B ® B*)*"!) to maps in C(A, B) as

follows:

48



/AN ﬁ

Well-definedness, functoriality, and one-to-one correspondence of objects and morphisms

\.,
1

_9

e

|
A

are proved as in the proof of Proposition [5.2.1] O]

5.3.2 CP" maps and the CPM"-construction

Definition 3.2.1 (Completely n-positive maps) Let A, B be objects in a f-compact-
closed category C. A morphism f : (A® A*)¥" — (B® B*)?"" of Cis completely
n-positive or CP? if there exist objects O, Cy of C and a morphism 2 : A — B® C; ® Cy
such that:

B®B

, Ak
##F“‘

(A ®A*)? A A*

Proposition 5.3.2.
(a) The identity map idy : (A® A*)¥ " = (A® A2 is CP".

b) If f: (A A - (B B*)* " and g : (B® B*)?"' = (C®C*) are CP", then

so is their composition, g o f, defined the usual way.

(c) Let f - (A® A*)>"" = (B® B*) and g : (C ® C*) — (D ® D*) be CP". Define
the tensor product of CP™ morphisms as it was defined for CP?> morphisms. Then
f®gis CP".

(d) If f - A— B is any morphism, then (f @ f.)* " is CP"

Proof. All the proofs use the same graphical manipulations as the proofs of Proposition
5.2.2] ]

Definition 5.3.5. The CPM"-construction
Given a t-compact closed category C, define a new f-compact-closed category CPM"(C)

as follows:
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(i) The objects of CPM"(C) are the objects of C

(ii) The morphisms A — B of CPM"(C) are of the form:

(iii) Identities are defined as in Proposition [5.3.2(a)
(iv) Composition is defined the usual way.

(v) The tensor unit I and the tensor product of objects are inherited from C, and the
tensor product of morphisms is defined as in Proposition [5.3.2|(¢c)

(vi) The dagger is defined the usual way.

(vii) The cap €4 : A* ®cpyn A — I is given by:

— ——
e

Note: CPM"(C), where C is {-compact closed, is also t-compact closed since it is the

result of iterating the CPM-construction on a f-compact closed category.

Theorem 5.3.1. Let C be a T-compact-closed category. If C has an n-environment struc-
ture, then CPM(Csn) ~ C, and Csn satisfies the squared-preparation-state agreement

axiom.

Proof. The proof uses Proposition the same way the proof of Theorem [5.2.7]
uses Proposition [5.2.1] O

Theorem 5.3.2. Let C be a t-compact-closed category with an entanglement structure,

and let C satisfy the squared-preparation state agreement aziom. Define the category
CPM"(C) according to Definition |5.3.5| Then CPM"(C) has an n-environment
structure.
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Proof. Define the n discardings intuitively by following the model of the proof of Theo-
rem Checking that every T, satisfies the required properties follows easily from

graphical manipulations.

Consider now the all-objects-including sub-f-compact-closed category CPM"(C)gn of
pure morphisms, which carries an entanglement structure. Proposition [5.3.2|(d) defines

an embedding
Fepyn : C CPM"™"(C):: f — (f® f*)Qn_1

which maps pure morphisms in C to “n-pure” morphisms in CPM"(C), i.e. morphisms in
CPM"(C)sn. We show that CPM(C)y,, satisfies axiom the same way CPM(C)x:2
was showed to satisfy axiom in the proof of Theorem [5.2.2

Finally, every morphism in CPM"(C) is n-purifiable, by definition of morphisms in
CPM"(C) and of T;, i € {1,...,n} in CPM"(C). O

Corollary 5.3.1. By theorems and a T-compact-closed category C' carrying
an n-environment structure coincides with CPM"(Csn) ~ C, and applying the CPM"-
construction to a T-compact-closed category C which satisfies the squared-preparation-state

agreement axiom induces an n-environment structure on C.

The methods in [7] were therefore revised and adapted in order to axiomatise the CPM?-
construction. These methods were also generalised to allow the axiomatisation of the
CPM™-construction. It is worthy to point out that one of the notable uses of CPM"(C)

is accommodating an increasing number of features of language.
In the next chapter, we will dive into the details of the compact closure of CPM?(C),

more precisely that of CPM?(FHilb), and investigate the Frobenius algebras of these

categories.
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Chapter 6

Further analysis of the
CPM-2-construction framework

In the previous chapter, I offered a definition and axiomatisation of the CPM2-construction.
Taking a closer look at the CPM?-construction framework, grammatical reductions should
be carried over to the new category. For this, the CPM?-construction needs to preserve
compact closure. It also needs to have a dagger structure in order to have a measure of
similarity between words and between sentences. Finally, it needs to be equipped with a

T-special commutative Frobenius algebra so as to account for relational types.

6.1 CPM?*(C) as a {-compact closed category

We denote by Fopar2 the identity-on-objects functor with domain category C and codomain
category CPM?(C) which maps morphisms f : A — B of C to morphisms foppe2 : A —
B of CPM?(C), where fopyo is defined as follows:

G

C7 and Cy are the ancillary systems of foparz. Fopuz being essentially the result of
applying the CPM-construction twice, C; comes from the first application of the CPM-
construction and is called the first ancillary system, and Cy comes from the second appli-

cation and is called the second ancillary system.

Note: When there is absolutely no confusion, we will denote fopyr2 simply by f.
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Theorem 6.1.1. Let C be a T-compact closed category. The functor Fopye @ C —
CPM? (C) preserves the t-compact closed structure.

Proof. Theorem gives rise to a f-compact-closed-structure-preserving functor Fopy:
C — CPM(C). The functor Fopys2 is therefore given by the successive application of
Fopur, that is: Fopyz = FepuFopy. By Theorem [4.3.] given a f-compact closed
category C, the category CPM(C) is f-compact closed. By the second application of
Theorem the category CPM?(C) is {-compact closed. O

We now proceed with a few definitions pertaining to purifiability, which echo the ones

given in Section We also give the linguistic interpretation of these concepts.

Definition 6.1.1. (1-, 2-, and 1,2-pure morphisms) Let f : A — B be a morphism in
CPM?(C). fis 1-pure if C; = I; f is 2-pure if Cy = I; and f is 1,2-pure it C; = Cy = I.

From a linguistic perspective, if we suppose that the first application of the CPM-
construction accounts for ambiguity, and that the second application accounts for en-
tailment, then a 1-pure state corresponds to an unambiguous, general word, a 2-pure
state corresponds to an ambiguous, non-general word, and a 1,2-pure state corresponds
to an unambiguous, non-general word. The graphical representations of 1- and 2-pure

states are given in Section [4.4] and the representation of a 1,2-pure state is given below:

Let us delve into the f-compact closed structure of CPM?(C). The objects of CPM?(C)
are the objects of C, and its morphisms are CP? maps. The identities, composition, and
tensor unit and product ®cpye2 are defined in Proposition [5.2.2] and the dagger is
defined in Definition [5.2.6l

It remains to define the compact-closure maps 7 and €. Recall that a f-compact closed
category is symmetric, among other things, and therefore n' = n" =7, and € = ¢ = e.
The compact-closure maps in CPM?(C) are defined by taking the image of the original

compact-closure maps in C by Fppys2:
Nepmz = 1 — A" @cpymz A =1 @ N4 @Na Q 1a

€cpm? ¢ A" @cpyr A =1 :=€4 ®eg R €eq @ ey

Graphically:
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A* A A A* A* A A A*
e U v U U
B m m m m

A* A A A* AY A A A*

Note that since any monoidal category is equivalent to a strict one,

(A"RA)QRARA)R (A RA)R(ARA) (A QRARA ®A)QR(ARA*® AR AY)

N

A* A A* A AA* A A

and we can represent the cap as:

A" A A A AA" AN

This representation of the cap is more convenient in diagrams corresponding to grammat-
ical reductions in CPM?(FHilb). An equivalent representation of the cup in CPM?(C)

can be found similarly.

These compact-closure maps do satisfy the required yanking equations. The derivation

for one of the equations is shown below. The second can be proved similarly:

A A* A = Aw A*w Am A*m

CpPM?

A*

A JcpMm?

Maps in CPM?(FHilb). Words with two features of language — homonymy and entail-
ment — are represented as states in the f-compact closed category CPM?(FHilb). As in
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FHilb, V* = V. The concrete compact-closure maps, given by the first representation,

are defined as follows:

nepmz 1 — VACHET [ (Zm@nl) ® (an@)nj) ® (an@)nk)@(znz@nz)
i J % !

ECPM‘Q/ : V®8 — I (UZ' (%9 ’LU1> X (Uj X ’UJJ') X (Uk & wk) (059 (Ul %) U)l) — (v2|wl> <vj]wj) <vk|wk) <vl\wl>

When given by the equivalent representation, the 7 and € maps are defined as follows:

nCPM3:I—>V®8 sl Z(ni®nj®nk®nl)®(ni®nj®nk®nl)
Y

ecpaz VS =1 (0@ v @ vk @ ) @ (w; @ wy @ wi @ wy) > (v3]w;) (v5]w;) (kwi) (vglwy)

The yanking equation satisfaction is easy to show and follows straightforwardly from the
derivations in Subsection [3.2.2]

Note: When representing maps in CPM(C), we often replace the “doubled” wires by a
single thick wire, and “doubled” boxes by a single box with thick sides. We could do the
same for maps in CPM?(C), by resorting to “extra thick” wires and boxes. However,
with higher and higher levels of CPM-construction iterations, this representation quickly
becomes bulky and impractical. This is why I chose to represent maps in CPM?(C) be-
tween parentheses and with the subscript “CPM?”. Maps that are not confined between

these special parentheses belong to the original category C.

6.2 Frobenius algebras in CPM?(C)

Let (u,() be an associative algebra in C, and (A,:) a coassociative coalgebra in C. We

define the maps:

pepmz = Fopare (i) Cepmz = Fopar(Q)

represented graphically by:

(A e AAAA (1 L

and the maps:
Acpaz = Fopuz(A) tepm? = Fepar (1)

represented graphically by:
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(VL (T

Note that pcpyz and Acpyz have equivalent representations that are more practical in

the representation of grammatical reductions, respectively:

B 2%
el

Proposition 6.2.1. (ucpasz, (opuz) is an associative algebra in CPM?(C).

Proof. The proof is given graphically by:

(#ﬁW)mf<7fﬁ\r£ﬁ(i% CHW)Wfo$MAWHﬁ
EYSr¥s Il

(1.
(1) I

A A

().

Q

]

The proofs of the propositions below all follow straightforwardly from the equations that
hold in C, and follow the model of the proof above.

Proposition 6.2.2. (Acpaz, topu2) is a coassociative coalgebra in CPM? (C).

Proof. The following follows from the fact that (A, ¢) is a coassociative coalgebra in C:

w CPM? W CPM? iT) CPM? CPM? kT CpPM?

Proposition 6.2.3. Let (i, ¢, A, ) be a Frobenius algebra in C. Then, (ucpuez, Copmz, Acpuz, tLepu?)
is a Frobenius algebra in CPM?(C).

]
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Proof. The following follows from the fact that (u,(, A,¢) is a Frobenius algebra in C:

N CPM? >I< CPM? m CcpPM?

Proposition 6.2.4. Let (u,(, A1) be a T-special commutative Frobenius algebra in C.

O
Then, (pepmez,Copmz, Acpaz, topyz) 1S a T-special commutative Frobenius algebra in

CPM?(C).

Proof. The following follows from the fact that (u,(,A,¢) is a f-special commutative

Frobenius algebra in C:

f ! | |

CPM~* CPM?

]

We define the spiders in CPM?(C) based on the structure provided by a Frobenius

algebra:
(\i—/—\
"

CPM?

CPM?2
These spiders compose in the expected way:
ny ny ny +na
— —_— —
m mg CPM? my + my CPM?2
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T-special commutative Frobenius algebras in CPM?(FHilb). Let V be any Hilbert
space, with fixed orthonormal basis {|i) };. The maps of the f-special commutative algebra
in CPM?(C) are given by:

Acpuz 1) ®[7) @ k) @)

tepnme 1) @ ) ® k) @ 1)

pepme = ([i) @ 1) ® (li2) @ [72)) @ ([i3) @ |3)) @ (ia) ® |a))
= 041 Oiza Oigj Oiaja [11) ® |i2) @ i) ® [ia)

DI ED DD

(I @ln) e () @li) @ (k) @[k) e () |)
1

—
—

We note that |i), |7), |k), and |I) are vectors in the same basis.

The definitions of Agpyz and pepyz in the equivalent representation are given by:

Acpuz = 1)) @ [7) ® k) @ |I) = (1) @ [7) ® |k) @ |I) @ (|1} ® |5) @ [k) @ [1))
piepyz = (i) ® liz) ® |is) ® |ie)) ® (|51) @ [d2) ® |J3) ® [j4))
= 5i1j15i2j25i3j35i4j4 |21> ® |Z2> ® ’Z3> ® ‘Z4>

Thus, the CPM2-construction framework preserves t-compact closed structure, and pos-
sesses T-special commutative Frobenius algebras derived from the f-special commutative
Frobenius algebras in C. This framework is therefore adequate for representing ambiguous
and general words, the grammatical relations between them, and measuring their similar-

ity, while also accounting for relational types.

In the next chapter, we will look deeper into the characterisation of density matrices
and their counterparts in CPM?(C).

28



Chapter 7

Density matrices and double-density
matrices

Chapters [5] and [6] introduced and axiomatised the CPM?2-construction, and showed that
this framework is adequate for our purposes. This chapter investigates closely density
matrices, their properties and their characterisation, and introduces the notion of double-
density matrices, states of CPM?(C) that will be at the center of modelling two features

of language in the next chapter.

7.1 Characterisation of density matrices

Chapter [4]introduces density operators, mathematical tools used to express mized states,

or probability distributions over ensembles of pure states.

Definition 7.1.1. Given a set {|p,,) } of pure, not necessarily orthogonal quantum states,
and {p,,} a probability distribution over them, define the density operator for this system
by:

p= Zmpm |[©m) (oml

These operators, whose formalism was first introduced in 1927 independently by von

Neumann [33] and Landau [29], present useful characteristics [22]:
e They are self-adjoint, or Hermitian: p = p'
e They are positive-semidefinite: V [¢) , (¢| p|¢)) > 0
e Their trace is one.
Density matrices p : A — A are represented by morphisms
(la@ec) o (p@ o) o (¢! @ 1ox) 0 (14 @) (7.1)
where ¢ : I - A ® C'is a bipartite state, or graphically as follows:
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N
N

They can equivalently be represented by morphisms
foff (7.2)

graphically:

by taking

r/-

The name of a density matrix, denoted by [p], is obtained by process-state duality. The
resulting ®-positive bipartite state is represented graphically by:

When there is absolutely no confusion, we will refer to names of density matrices simply

as density matrices. Notice that:

| | IF\ _T_

where F': CY® ~ C is the isomorphism of categories defined in Proposition m
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The main aim of this section is to show that any map of the form (7.1) — or equiva-
lently (7.2)) — satisfies the conditions of hermiticity and positive-semidefiniteness. The

next section will deal with the reverse direction.

Proposition 7.1.1. An operator p of the form 1s Hermitian.

Proof. A Hermitian matrix satisfies the property that Vi, j, a;; = @;; where o;; is the
entry in the i row and j** column, and @j; is the complex conjugate of a;;. Graphically,

the entry a;; of p is given by:

[

We prove graphically that o;; = aj;:

(},ﬁ = =: Q5

where
;
(}“,'7 =
since the adjoint of an operator is its conjugate transpose. ]
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Proposition 7.1.2. An operator p of the form s positive-semidefinite.

Proof. Consider the state ¢ : I — A. We show graphically that (¢ p|¢)) > 0:

NP\
<

And since (¢,|1),) is a non-negative scalar Vi), (| p|¢)) > 0. O

7.2 Representation of positive-semidefinite Hermitian
Operators

In this section, we will show that any positive-semidefinite operator with the property
Vi, j, Oéij = O[_ﬂ

can be represented as:

First, let us lay down useful properties of Hermitian operators.

Proposition 7.2.1. Let p be a Hermitian operator over a finite dimensional space. The

eigenvalues of p are real.

Proof. Let ¥ be an eigenvector with eigenvalue A\. Without loss of generality, ¥ can be
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rescaled to have length one. Then:

A=A (T|7) ((7]7) = 1)
= (Z|\T) by linearity
= (Z|pT) (pZ = AT)
= (p' Z|Z) by definition of adjoints
= (pZ|Z) by hermiticity of p
_0dH (= AD)
= \ (&) Z) by anti-linearity
=\ (Z|Z) =1)

And A=) < MeR. O

Proposition 7.2.2. Let p be a Hermitian operator over a finite dimensional space. Eigen-

vectors of p corresponding to different eigenvalues are orthogonal.

Proof. Let & and ¢ be eigenvectors of p corresponding respectively to eigenvalues A; and
A9, such that Ay #£ \s.

A (ZlY) = (\T]y) (by anti-linearity)
= (M 2]Y) A € R by Proposition [7.2.1
= (pZ|¥) (pT = M)
= (p'Z|7) by hermiticity of p
= (Z|py) by definition of adjoints
= (7 A20)) (P = A27)
= Ao (Z|Y) by linearity

Therefore, A\ (Z]y) = A2 (Z|Y) = (A1 — X2) (Z]y) = 0 = (Z|y) = 0 (since A\; # X2). [

Similar proofs of propositions [7.2.1| and [7.2.2| can be found on page 182 of [3], and on
page 195 of [38].

The following is a useful property of positive-semidefinite Hermitian operators:

Proposition 7.2.3. The eigenvalues of a positive-semidefinite Hermitian operator are

real and non-negative.

Proof. Let p be a positive-semidefinite Hermitian operator. By Proposition [7.2.1] the
eigenvalues of p are real.

Let |z) be an eigenvector of p corresponding to some eigenvalue A. By positive-semidefiniteness:
(z|plz) =0
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This is equivalent to:
(x| Mz) >0 <= (z]lx) A >0 <= A >0

where the last equivalence holds because (z|z) is positive. O

We now prove the main theorem of this section:

Theorem 7.2.1. Let p be a positive-semidefinite operator over a finite-dimensional space,
with the property

Vi, j, Q45 = Qi

Then, there exists a morphism f such that p = f o f1, or graphically:

Proof. p is a Hermitian operator. Therefore, it is diagonalisable (a proof of this statement
can be found on page 197 of [38]): there exists an invertible matrix U and a diagonal ma-
trix D such that U~!pU = D.

We claim that U is the matrix formed by the eigenvectors of p, and that the entries
of D are the eigenvalues of p. Let us write U = (¢1, é3, ..., ¢5,), where {¢;}; are the column

vectors of U, and denote by ); the entry in the i** row and ** column of D. Then:
U'lpU =D <= pU=UD <= pc, = \c;,i € {1,2,....n}

The column vectors of U are therefore the right eigenvectors of p, and the entries of D
are the corresponding eigenvalues of p. By a similar argument, the row vectors of U1

are the left eigenvectors of p.

By Proposition [7.2.2] {¢;}; are orthogonal. We can always pick an orthonormal basis of
eigenvectors. U is then a matrix whose columns are orthonormal, and is therefore unitary,
ie.

vut=1, UU=I, U'=U"

D is the diagonal matrix whose entries are the eigenvalues of p. By Proposition [7.2.3]
the entries of D are real and non-negative. We denote by D'/? the square root of D. The

entry in the " row and " column of D'/? is v/A;. D'/? being a diagonal matrix with
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real non-negative entries, it is easy to see that it is Hermitian.

We now claim that (UDY2U1) is a root of p. Recall that R is a root of p iff RR = p.
(UDYV*U—hHwDY*UTt) =UuD*(UT'U)DYPU
— UD1/2D1/2U71
=UDU
=p
Therefore, (UDY2U~1) is a root of p.
The last step is to show that (UD'2U~') is Hermitian. In fact,
(UDY*U N = (U H(DV) Ut = UDYPU!
where the last equality holds by hermiticity of D'/? and because U~ = U'. Therefore,
p= (UDl/ZUfl)(UDl/ZUfl)T

and

UD1/2U_/

uDY2u—*

thus concluding our proof. O]

7.3 Characterisation of double-density matrices

Just as density matrices are the mathematical counterpart to mixed states, we define
double-density matrices to be the mathematical tool used to represent doubly mized states,
where a doubly mixed state embodies a two-level probability distribution over an ensemble
of 1,2-pure states. By two-level probability distribution, we mean that there are two levels
of mixing, one corresponding to the first ancillary system, and one corresponding to the

second.
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The name of a density matrix is a state in CPM(C). We define a double-density matriz
to be a state in CPM?(C), with graphical representation:

G

c1

or equivalently:

using the following isomorphism:

ey CrCs

We define two transformations on a double-density matrix that enable us to recover two

density matrices. Density matriz-1 is the result of the following transformation:

| |
~_—

and is the morphism p; : A® A* - A ® A* defined by:
(€, @14 ® 14 ®ecy) 0 (lor ® a0, ®ecy @ aora @ 1oy) o (lor @ ® . ® 1¢y)

o(lg; @ ' © 9" @ 1¢,) 0 (lo; @ 00y,4 @ Ny @ 0ac; @ 1ey) © (N0, ® 14 © 1 ® ¢,
(7.3)

where ¢ : [ - A® Cy ® (4 is a tripartite state, or graphically as follows:

£

(o Cy

N—
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Density matrix-1 can equivalently be represented by a morphism

(f@ f)o(ley @ne, ®1ey) o (lor @ ey, ®1¢,) @ (fT @ f*) (7.4)

where f is a morphism with domain C} ® C5 and codomain A, or graphically:

Cy

7
N
5

Density matriz-2 is the result of the following transformation:

and is the morphism ps : A* ® A - A* ® A defined by:

(1a» ®€c, ®14) 0 (605 K ocr A Q0oac, @ 605) 0(le, @Y ® P ® 105«)

(7.5)
o(le, ® " ® ! ® leg) o (Noy @ oar o @ 0cy,4 @ Neg) 0 (Lar @ e, @ 14)
noindent where ¢ : I - A® C; ® (5 is a tripartite state, or graphically as follows:
s C3
Density matrix-2 can equivalently be represented by a morphism
(f® fi)o(le, ®nc: @ 1ey) o (Lo, ® ey ®@ 1ey) ® (fT @ f*) (7.6)

where f is a morphism with domain C} ® C and codomain A, or graphically:
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Morphisms of the form ([7.3) — equivalently (7.4) — and (7.5) — equivalently (7.6) — are

clearly density matrices. Therefore, they satisfy the conditions of hermiticity and positive-
semidefiniteness. We say that a double-density matrix is doubly-Hermaitian and doubly-

positive-semidefinite. These two notions are defined below:

Definition 7.3.1. (double-hermiticity). A morphism ¢ : ] - A® A*®@ A® A* is
doubly-Hermitian if the morphisms p; : A® A* > A® A*, and ¢ : A*® A - A*® A,

where ¢, and ¢, are the result of applying transformations 1 and 2 on ¢, are Hermitian.

Definition 7.3.2. (double-positive-semidefiniteness). A morphism ¢ : [ - A ®
A*® A® A* is doubly-positive-semidefinite if the morphisms ¢ : A® A* - A® A*, and
ot AR A — A*® A, where ¢ and 9 are the result of applying transformations 1 and

2 on ¢, are positive-semidefinite.

Density matrices-1 and -2 also satisfy another property: they are diagrammatically self-

conjugate. In fact,

i |
VAN
N
2 )
,|f\ /-i

A

A"

| R
AVIE AN

A* *

Self-conjugation of density matrix-2 is shown similarly. Double-density matrices satisty

the condition of double-self-conjugation, defined below:



Definition 7.3.3. (double-self-conjugation). A morphism ¢ : ] - AR A*® A® A*
is doubly-self-conjugate if the morphisms ¢; : A® A* - AR A", and py : A*® A —
A* ® A, where ¢; and @y are the result of applying transformations 1 and 2 on ¢, are

(diagrammatically) self-conjugate.

Let us now characterise the entries of density matrices-1 and -2. We consider a morphism
f:A® B — C® D, where A, B, C, and D are spanned by Bx = {a;};, Bg = {b:}s,
Bo = {c}i, and Bp = {d;};. For simplicity, we will assume that B4, Bg, Bc and Bp have

cardinality n. The matrix corresponding to the morphism f is an n? x n? matrix with

entries:
11 in 21 2n nl nn
11 Y 11 11 Y 11 DY 11 o .. 11
11 .. nn
1n : in
11 .. nn
21 . 21
11 .. nn
2n : 2n
11 . nn
nl : nl
11 nn

where f is the entry in the ((¢ — 1)n + j)" row and ((k — 1)n + 1) column. In fact,

the algebraic representation of this matrix is Y, f¥(a; ® ¢x) ® (b; ® d;). Note that the
ikl
diagrammatic representation of f}i for f: A® A* - A® A* is given by:

s

/' N/

Proposition 7.3.1. The entries of density matrices-1 and -2 satisfy

kl _ fij kil _ plk
ij — Jkl ij — Jji

Proof. The first equality follows immediately from the hermiticity of density matrices-1
and 2. In fact:
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7 =

. fid
s Skl

The algebraic conjugate of a matrix A is the matrix whose entries are the conjugates of
entries in A. Therefore:

5 D

/N AN VAR

) 7\ Y\
N /o N /o A
The equalities for density matrix-2 are proved similarly. O]

In this chapter, we explored density matrices even further, gave their graphical repre-
sentation as — equivalently —, and showed that morphisms of the form
satisfy hermiticity and positive-semidefiniteness. We also showed that morphisms satisfy-
ing hermiticity and positive-semidefiniteness could be written as morphisms of the form
. We then introduced the notion of double-density matrices, quadripartite states
whose structure encloses two density matrices: density matrices-1 and -2. We defined
the properties satisfied by density matrices-1 and -2 and double-density matrices, and

characterised the entries of density matrices-1 and -2.

The next chapter details the role of double-density matrices in representing homonymous,

general words.
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Chapter 8

Introducing ambiguity and
entailment in formal semantics

This chapter investigates the algebraic structure of double-density matrices and gives a
detailed account of the way they model two features of language: ambiguity and entail-
ment. We demonstrate that double-density matrices conserve ambiguity and/or entail-
ment when context is lacking, and collapse gradually when more and more context is
provided. Furthermore, double-density matrices come equipped with two measures of en-
tropy: linguistically, one measures the level of ambiguity of the word, and the other one

the level of entailment.

8.1 Taking a closer look at homonymous, general words

As seen in the previous chapters, a homonymous — or simply ambiguous — general word

w is represented by a CP? state or double-density matriz p® (w):

Gy

[10] gives an interpretation of the cap in terms of basis vectors of an orthonormal basis —
or ONB —: given a cap €4 : A*® A — I over A, and {|i)}; an orthonormal basis of A, the
cap is interpreted as ), (i, ® (i|, where (|, denotes the conjugate of (|.

The caps in CP? maps are of the form ey« : A ® A* — I. Following the model of
[10], their interpretation is therefore >, (i| ® (i|,, graphically:

x4
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We interpret double-density matrices in terms of basis vectors of two ONBs, By and Bs,
where B; is an ONB for the first ancillary system C, and By is an ONB for the second

ancillary system Co:

s laa b 60 b

We notice that |i) and |j) are basis vectors of By, and |k) and |l) are basis vectors of Bs.

This means that indices ¢« and j vary over the same interval Z;, and indices k and [ vary

over the same interval Z,.

The algebraic representation of the above diagram is given by:

O(w) =" pispiapiipis1@ir) @ 10ik), ® |050) ® |ia), (8.1)
1,J€I1
k,l€Ts

p

where p, , is the probability term of |p,.,).

Let us now take another approach and adopt a linguistic point of view. We consider an
ambiguous, general word w, with N unambiguous meanings ay, as, ..., ay. Let w entail M

words eq, e, ..., epr. We will refer to these words as subsumed words.

To each unambiguous meaning a; corresponds a set &; of subsumed words. We illustrate
this idea by the following example: let “Beirut” be an ambiguous, general word, with
unambiguous meanings “Beirut city” and “Beirut band”. The city of Beirut has different
neighbourhoods ny, ng, ... ,ns, and the band Beirut has band members m;, ma, ..., mg.
The set {ny,na, ..., Ny, M1, Mo, ..., mg} is the set of words subsumed by “Beirut”, and the
subsets {ni, na, ... ,no} and {my,mo,...,mg} correspond respectively to unambiguous

meanings “Beirut city” and “Beirut band”.

To formalise this idea:

to unambiguous meaning a; corresponds the set {e11,€19,....,e14} = &1,

to unambiguous meaning ay corresponds the set {ea1, €29, ...,e23} = &,

to unambiguous meaning ay corresponds the set {en1,en2,....,enw} = En.

The disjoint union of the sets &;’s is equal to the set of all subsumed words {ey, e, ..., exr}.

Note that a subsumed word belongs to exactly one of the &;’s.
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The words {a;}; serve as “dummy words” and do not correspond to vectors in the noun
space. The words {e,,}, however, do correspond to vectors in the noun space, and the
indices x and y respectively account for ambiguity and entailment. It is clear that x varies
over the set {1,2,..., N}, but the interval over which y varies is not as obvious. Looking
back at expression , each |¢,,) corresponds to subsumed word e, ,, indices ¢ and j
account for ambiguity, and indices k£ and [ account for entailment. Therefore, x varies over
7, ={1,2,..., N}, and y varies over Z,. In order for all subsumed words to be taken into
account in the expression of w, y has to vary over the interval Z, = {1,2,...max}, where
max denotes the maximum of {a, 3, ...,w}, or in other words, the maximal cardinality of
the &;’s.

This definition of Z; poses a new challenge: if there exists a set &£, of cardinality less
than max, the algebraic representation of w will have vectors |p,), where ¢ is greater
than the cardinality of &£,, and hence |p,,) will not correspond to any of the words
subsumed by w. Let us illustrate this with an example: let w have two unambiguous
meanings, and let & = {e11,e12}, & = {e21,€22,e23}. The algebraic representation of

w has a vector |p;3) that does not represent any of the words subsumed by w.

One way of dealing with this problem is the following: every set &, = {€.1, €2, .., €z},
where the cardinality v is less than maz, is extended to {€; 1, €22, .. €20, €z v+1s -+ s €2 maz I+
where the words €, 441, ..., €z mas are repetitions of some of the words in {e;.1, €49, ..., €z }-
It is important to note that the addition of these words should preserve original proba-
bility distributions. In our earlier example, we extend & to include a word e; 3 which is
a repetition of e; ;. e;; occurs originally with probability p; 1, we could set p; 3 and the
new value of p;; to half its original value. In the examples I give below, I will consider

simple cases where the cardinalities of the &;’s are originally all the same.

Note: This is not the only solution to this problem, but we leave this for future work.

Two types of sums. Two different levels of mixing occur in a double-density ma-
trix: one accounts for ambiguity, and one for entailment.

In order to better illustrate this point, I accompany the explanation with the following
example: consider the ambiguous, general word w =“Beirut”, with unambiguous mean-
ings a; =“Beirut city” and ay =“Beirut band”. The city of Beirut has neighbourhoods
e11 =“Ashrafieh”, that we will denote by “A”, and e; 5 =“Monot”, that we will denote
by “M”, while the band has members e;; =“Zach”, denoted by “Z”, and es o =“Paul”,
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denoted by “P”. The algebraic representation of “Beirut” has 16 terms, listed in the table

below. Note that the dirac notation and tensors are assumed for clarity:

L = L[ AAAA
. =2 | AA MM,
J L _o | [= 1| MMAA,
. [=92 | MM,MDM,
L [[=L[AZZA,
P =2 | AZ.PM,
Lo | [=L| MP.ZA,
=2 | MP.PM,
L = 1| ZAAZ.
P =2 | ZA,MP,
Lo | [=L| PMAZ,
s =2 | PM,MP,
L =1 22.72,
ie2 —9 | ZZ.PP,
Lo |l =1|PP.ZZ.
=2 | PP, PP,

The terms in this table come from two levels of mixing: in fact, let us consider the
representation of the double-density matrix where the caps over C are represented by a

sum over basis vectors:

b |¢r\@| |¢r\@|

Notice that this representation is equivalent to:

| | | |

Z] EII

Each bipartite state |¢; ;) is of the form

1) @ |Bj1), + laiz) @ 1B52), + - + i) @ |Bjn),

and every term |; ;) ® |@; ), is of the form

(Jain) ®@1851), + laig) @ [Bj2), + - + |in) @ |Bjum),)
@(|Bj1) @ |ain), +1852) @ laig), + ... +185m) @ |ain),)

Here, the summation inside the parentheses corresponds to entailment mizring, because
the second ancillary system models entailment. The outer summation over indices ¢ and

j corresponds to ambiguity miring, because the first ancillary system models ambiguity.

In order to illustrate these two levels of mixing, let us go back to our example:

74



o fori=1, j=1, [¢11)®|¢11), = (AA+MM,)(AAA+MM,) = AA,AA+AA MM, +
MM, AA, + MM, MM,

o fori=1, j=2, |p12) ® |p12), = (AZ, + MP,)(ZA,+ PM,) = AZ . ZA,+ AZ,PM, +
MP,ZA,+ MP,PM,

o fori=2, j=1, |¢21) ®|p21), = (ZA.+PM,)(AZ,+MP,) = ZAAZ, + ZA,PM, +
PM.AZ, + PM.MP,

o for i=2, j=2, |pas) @ |pas), = (22, + PP,)(ZZ,+ PP,) = 22,77, + ZZ,PP, +
PP.ZZ, + PP,PP,

At this stage, the “+” between the parentheses denotes entailment mixing. Adding all
of these terms together — i.e. adding ambiguity mixing —, we recover the 16 terms in the

table above.

Another approach to this two-level mixing is to swap the levels, and consider the dia-

gram where the caps over Cy are represented by a sum over basis vectors:

& 21 NG B

By dragging the first component to the far right, we obtain:

s HARNG DA
k€T @ \/ \/ v

The same analysis can now be carried out. Here, the “+” inside the parentheses will

correspond to ambiguity mixing, and the outer summation corresponds to entailment
mixing. Note that after computing all the terms, the last component in each should be
returned to the first position, in order to retrieve the correct order. This shows that the
order of mixing does not matter: whether we perform entailment mixing first or

second, the representation of w remains unchanged.
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8.2 An application

The examples in this chapter will deal with the sentence space S = {L, T}, where L
stands for “false” and T for “true”. This means that, as in Montague semantics, the

meaning of a sentence boils down to its truth value.

In Rel, the meaning of a sentence can be either | L), |T), or | L) 4+ |T), where the super-
position of | L) and |T) stems from lack of sufficient context. We recall that Rel is the
T-compact-closed category with the class of sets as objects, binary relations R C X x Y
as morphisms X — Y, and relational composition as composition of morphisms. The
tensor product is given by the Cartesian product of sets/relations, the tensor unit by the
singleton set {x}, and the dagger is defined by R' := {(y,z) | (x,y) € R} [20].

[35] presents a toy model of linguistic ambiguity in CPM(Rel), thereby adding a dimen-
sion interpreted as ambiguity. A sentence in CPM(Rel) can take four possible values:
| LY@ |L), [ TYe|T), (| L)+]T))®(L)+]|T)),and |L)®|L)+|T)®|T). Here, the first
three states correspond to pure states, and the fourth one is a mixed state, representing
ambiguity. Note that there are five states in CPM(Rel), the fifth one being (), which

also corresponds to a pure state.

In the examples below, I introduce yet another dimension, that of entailment. This

requires us to work in the category CPM?(Rel).

8.2.1 States in CPM?(Rel)

In [31], Marsden provides a graph theoretic perspective of CPM (Rel) and devises a way
to characterise the states of CPM(Rel). Building on this approach, Cunningham [15]
devised a four-step way of characterising the states of CPM?(Rel) diagrammatically:
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Algorithm for the diagrammatic characterisation of the states of CPM?(Rel):

Starting with a set S, we built a graph G corresponding to a state of CPM?(Rel)
as follows:

1. Select a subset of the elements of S to be vertices of G

2. Out of the set of possible edges, select a subset of edges between the different vertices
and label them as blue edges. All self-edges (edges from a vertex to itself), must be
selected.

3. Out of the set of possible edges, select a subset of edges between the different vertices
and label them as red edges. All self-edges must be selected.

4. Out of the set of possible alternating squares (cycles of four edges of alternating
colours), select a subset of squares and label them as purple squares. All self-squares,
i.e. alternating squares whose two blue edges are the same or whose two red edges are
the same), must be selected.

In order to find the corresponding state in CPM?(Rel), we follow this nomenclature

process: for every alternating square in G:
e Pick one of the red edges to be the starting edge

e Pick a direction — clockwise or counterclockwise: every edge of the alternating square

in now a directed edge (h,t), where h is the head of the edge, and ¢ its tail.

e Go through each of the four edges in the direction chosen, naming the head of every

edge. The result is an ordered quadruple of vertices.

Note 1: An alternating square can have more than one description: the nomenclature
process can start with any one of the red edges, and can alternate through edges either
clockwise or counterclockwise (G is an undirected graph). All possible descriptions of

every alternating square in G make up the state in CPM?(Rel) that G corresponds to.

Note 2: An ordered quadruple (A, B,C, D) corresponds to |A) ® |B) ® |C) ® |D) in
CPM?(Rel). For simplicity, the bra, ket, and tensor notations will be assumed, and we
write ABCD.

We now apply this technique to find the graphs corresponding to the different states of
CPM?(Rel). Starting with a set S = {1, T}, step 1 of the algorithm leads to three

possible cases:

- G has no vertices: G is the empty diagram, and corresponds to the empty state ().
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- G has one vertex: this case has two subcases:

e The following diagram, corresponding to the state L1 L |:

()
e The following diagram, corresponding to the state T T T T:
@

Note that all edges are self-edges, and all alternating squares are self-squares.

- G has two vertices: the application of steps 2 and 3 of the algorithm leads to three

subcases:

e No edges other than self-edges are labelled. This is represented by the following
diagram and corresponds to the state L L1 1 + TTTT:

3 8

Here, all alternating squares are self-squares.

e One “non-self” edge is labelled red. This is represented by the following diagram
and corresponds tothestate L1 1 1 +TTTT+ LTTL+TLLT:

—

SRS
® ®

Here also, all alternating squares are self-squares.

e One “non-self” edge is labelled blue. This is represented by the following dia-
gram and corresponds to thestate L L L1 +TTTT+ LITT 4+ TTLL:

N K
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As in the previous cases, all alternating squares are self-squares.

e One “non-self” edge is labelled red and another one blue. This case has four

self-squares, shown independently below

and corresponding respectively to states L L L1, TTTT, LTTL4+ TLLT,
and L1 TT + TTLL. These self-squares will be assumed in the following di-

agrams and will not be represented, for the sake of clarity.

There are three alternating squares that are not self-squares. This subcase

has therefore 23 = 8 subsubcases:

* The diagram below, corresponding to the state L1 1 I +TTTT+LTTL+
TLLITH+1LITT+TTLL:

* The diagram below, corresponding to the state L 1L 1 1 +TTTT+ LTTL+
TLLITH+ 1A TT+TTLL+ATLTH+TLTL:

* The diagram below, corresponding to the state L 1L 1 I +TTTT+LTTL+
TLIT+ 11 TT+TTLL 4+ 1T+ 1T+ 1LTLIL+TLLL:
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* The diagram below, corresponding to the state L 1L 1 1 +TTTT+LTTL+
TLLIT+ 11 TT+TTLL+LTTTH+TLTTH+TTLT+TTTL:

CE
()

* The diagram below, corresponding to the state L 1 1 I +TTTT+LTTL+
TLITHLITTHTTLL AL TLITHT LTI+ L LI T+ LTI+ 1T LI+
Tl

* The diagram below, corresponding to the state L1 1 I +TTTT+LTTL+
TLLTHL I TTHTT LI 4L TLTHT LT L+ L TTTHTLTTHTTLTH
TTTL:

* The diagram below, corresponding to the state L 1L 1 I +TTTT+LTTL+
TLLTH+L L TTHT T+ LI T+ L L T+ L T+ TLL L+ LT T T4
TAITT+TTLT+TTTL:

* The diagram below, corresponding to thestate L 1L 1 1 +TTTT 4+ LTTL+
TLLTHL I TTHTTLLH LTI THTLT L+ L LI T+ LTI T L+
TILL+ITTTH+TLTTHTTLT+TTTL:
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States of CPM?(Rel) are summarised in the table below. We will look at the linguistic

interpretation of some of these states in our examples.

State Description

© 00 1O Ul W N =

11

12

13

14

0

111l

TTTT

111+ TTTT

LI+ TTTT+LTTL+TLLT

111+ TTTT+LLTT+TTLL

1L+ TTT T+ LT T+ Tl T+ LI TT+TTLL

LI+ TTT T+ LT T L+ Tl T+ LT T+ TTLL+ LTI T+ TLTL
1L+ TTTT+LTTL+ TLLT + L1 TT+TTLL+ 1117+ L1171+
LT1L+TLLL

11+ TTTT+LTTL+ TLLT + 1A TT+ TTLL+LTTT +TLTT +
TTLT+TTTL

1L+ TTTT 4+ LT T+ TLLT + 11T T+ TTLL+ LTALT + TLTL+
S It A I B O

1L+ TTTT 4+ LTTL+TLLT + 11T T+ TTLL+LTLT + TLTL+
LTTTH+TLTTH+TTLT+TTTL

11+ TTTT 4+ LT T+ TLLT + 11T T+ TTLL+ L1117 +1L1T1L+
AT+ Tl L+ L TT T+ TLTT+TTLT+TTTL

1L+ TTTT+LT7TTL+ TLLT + L1 TT+TTLL+1LTLT +TLTL+
LT+ LT+ LT L+ Tl L+ I TT T+ TLTT+TTLT+TTTL

8.2.2 A practical example

In all concrete applications, the distributional model space obtained from real world data

is a real vector space. Therefore, all vectors in the noun space have real entries, and

a vector |v) is equal to its conjugate |v),. In what follows, we will drop the lower star

notation.

We will consider the ambiguous, general word “Beirut”, with unambiguous meanings

“Beirut city” and “Beirut band”, each with respective set of subsumed words { Ashrafieh,
Monot} and {Zach, Paul}. As earlier, we will denote “Ashrafieh”, “Monot”, “Zach” and

“Paul” by A, M, Z, and P. Our examples will also involve the noun phrases “Lebanese

national day”, “top single”, and “Zach’s birthday”, which we will denote by L, S, and B.
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Notice that the vectors corresponding to L, S, and B live in the noun space. In fact,
by grammatical reductions, we can show that the grammatical type of each of these noun
phrases is n. We give here one example: in the English language, the grammatical type
of an adjective is given by nn'!. The noun phrase “Lebanese national day” has type

(nn')(nn!)n, which reduces as follows:
(nn')(nnn — n(n'n)(n'n) — n

For the purposes of this example, we will take all subsumed words, as well as L, S, and B
to be our set of context words. The set {A, M, Z, P,L,S, B} forms an ONB. The words
A M, Z, P, L, S, and B are unambiguous, non-general words, and are represented by
1,2-pure states in CPM?(FHilb). Therefore:

PP (A) = |A) @ |A) @ |A) @ |A)

which we will denote also by |[AAAA) or ]A>®4. The others are defined similarly.

The representation of “Beirut” was derived in the previous section. Recall that:

p?(Beirut) = |AAAA) + |[AAMM) + |MMAA) + |MMMM)
+|AZZA) +|AZPM) + |MPZA) + |MPPM)
+|ZAAZ) +|ZAMP) + |PMAZ) + |PM M P)
+12222Z) +|ZZPP) + |PPZZ) + |PPPP)

So p?(Beirut) is of the form Y b [bLb2,b3b%). Notice that there are no probability
terms in the above derivation. This is because, for the purposes of the examples of this
section, it is only important for us to know whether a term is present in the expression of
a homonymous, general word or not. The probability terms are superfluous and are there-
fore omitted. In the next section, which deals with measuring the level of ambiguity and

generality of a word, these terms will play an important role, and we will define them then.

At this point, we introduce a basic yet intuitive measure of entailment: a word w; is
subsumed by a word ws if p® (w,) is contained in the expression of p® (ws). Building on
this measure, we can clearly see that A, M, Z, and P are subsumed by “Beirut”, since
|A)®4, ]M>®4, |Z>®4, and ]P>®4 appear in the expression of p® (Beirut). A more precise

measure of entailment is given in the next section.

We now define the three verbs we will use in our examples: the transitive verbs cele-

brate and play-in are of the form

Z%’k |subject;) @ |z;) @ |objecty)
1,7,k
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where |z) € {|L),|T)}, and are defined by:

|celebrate) =|A) @ | TY R |L) + | M) @ |TY®|L)+|2)®|T) ® |B)
+[P)®@|T)®|B)+]2)®|L)®[S) +[P)®|L) ®S)

|play-in)  =1[2) @ |T) @ [A) +[P)@|T) @A)

The intransitive verb perform is of the form
Zcij |subject;) @ |z;)
i?j

where |z) € {|L),|T)}, and is defined by:

|[perform) = |2) @ [T) +|P) ® [T)

Since these verbs are unambiguous and non-general, their double-density matrix rep-
resentation is computed in a way similar to that of unambiguous, non-general nouns. We
show here the computation of p® (play-in). The ket and tensor notations are assumed for

in the middle steps for clarity.

p® (play-in) =(ZTA+ PTA)(ZTA+ PTA)(ZTA+ PTA)(ZTA+ PTA)
—(ZZTTAA+ ZPTTAA+ PZTTAA + PPTTAA)
(ZZTTAA+ ZPTTAA+ PZTTAA+ PPTTAA)
—|2227)® yT>®“ R | +1222P) o TV @A) +|22PZ) ® |T)®

4

)
)

+122PP) o |T)® ® |4 +1Z2P22) 2 |T)® @ |A)® +|Z2PZP)® |T)®
+12PPZ)®|T)® ®|A)®" +|ZPPP)®|T)® ®|A)® +|P22Z) o |T)*
+|PZZP)®|T)® ®|A)® +|PZPZ)® |T)® ©|A)® + |PZPP)®|T)®
+|PPZZ) @ |T)® @ |A)® +|PPZP)®|T)® ® |A)® +|PPPZ)®|T)*
+|PPPP) @ |T)® ®|4)®

This corresponds graphically to:
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| ~
p 2 (play-in) = ~
| ~
N Z
~ ~
~ -
~ ~
~

So the double-density matrix of a transitive verb has the form

> cirlsisisls!) ® [ajalata) @ Joyoioior)

i3,k
p?) (celebrate) and p® (perform) are computed similarly. In what follows, we will explain
thoroughly how the meaning of the sentences is computed, but we will not explicitly show

all the terms involved. The word p® (celebrate), for example, is composed of 1296 terms.

Let us now demonstrate that our framework accommodates indeed for both ambiguity

and entailment relationships:

“Beirut celebrates”. In this sentence, the word “Beirut” is still ambiguous, and all
the neighbourhoods and the band members remain subsumed. Based on the definition of
celebrate, we expect this sentence to be neither true nor false, but to be tending towards

being true. Let us verify that all of the above expectations are satisfied by our model.

N N[S|N

CPM* cpMm?
Here, the « map deletes the object of celebrate. The meaning of this sentence is given by:

(ecpnz ® lopyz @ LCPM?V)(P(Q)(B@TW) © p'? (celebrate))

where the maps in CPM?(C) work as defined in Chapter |§| We unfold the CPM?
representation of the sentence in order to better visualise the interactions between the

different components.
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Beirut celebrates

The ¢ map, as explained before, deletes the third component of p (celebrate). “Beirut”
and the subject component of celebrate interact via the € map: the e map takes the inner
product of p® (Beirut) and the first component of p® (celebrate). This effectively picks
out the components of p(? (celebrate) and outputs terms of the form |z,)®|72) @ |23) @ |14),
where |z1) , |x2) ,|z3), |xs) € {|L),|T)} . To formalise this:

(ecpmz ® lopaz @ LCPMJQ\,)(p(2)(B€irut) ® p®(celebrate))

=(eorng ® Lopaz ® topng )Y o Ibpbnblbin) @ ) cilsisisis)) © ajaiata]) @ lojoioto))
m ivjvk

= lencijkecng,ﬂb%bimbg@bm ® |s;s7s75;)) ® 1CPM§(|17]1'$?‘T?$?>) ® LCPMI%(|OllcOiOiOi>)

m7i7j7k

= Y Chucign (Opalsi) (Onls?) B1s) (hlst) (|2}) © |23) © |23) © |]))

m7i7j7k

= Z b ciji (bE D22 b2 |sisTstst) (|viaiadad))

m’m- m- m|°1 277171 el el Al
m7i7j7k

We now give the meaning of the sentence “Beirut celebrates”. The ket and tensor nota-

tions are assumed, for clarity.

ecpmz @ lopaz ® LCPMJQ\,)(p(2)(B€iTUt) @ p'? (celebrate))

(AAAA|AAAA) + (AAMM|AAMM) + (MMAA|/MMAA) + (MMMM|MMMM)) T

(ZAAZ|ZAAZ)Y + (ZAMP|ZAMP) + (PMAZ|PMAZ) + (PMM P|PM M P))

T+ DTT(T+1)

+((AZZAIAZZA) + (AZPM|AZPM) + (MPZAIMPZA) + (MPPM|MPPM))
T(T+L)(T+1)T

+({(ZZZZ2|ZZZZ) + (ZZPP|ZZPP) + (PPZZ|PPZZ) + (PPPP|PPPP))
(T+L)(T+ LT+ L)(T+ 1)

4T + (T+D)TT(T+ L)+ T(T+L(T+D)T+ (T+ LT+ L)(T+ LT+ 1))

(
(
+(
(
(
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The middle step in this derivation shows clearly the impact of each of the components
of “Beirut” in the meaning of this sentence, which indicates that “Beirut” conserved its
ambiguity. It is also clear from this middle step that all the words subsumed by “Beirut”
had an impact in the meaning of this sentence. Finally, the meaning of the sentence
is neither true nor false, but we can see that it is dominantly true. This confirms our

expectations.
“Beirut celebrates Lebanese national day”. In this sentence, the meaning of “Beirut”

is completely disambiguated and subsumes both neighbourhoods. Furthermore, based on

the way celebrate is defined, this sentence is true. Let us verify that our expectations are

satisfied:

[S|N N

CPM?

When we unfold the CPM? representation of this diagram, we get:

The meaning of this sentence is given by:

(eopmz ® lopaz @ eCpszv)(p(Z)(Beirut) ® p@ (celebrate) @ p@ (Lebanese national day))

=(ccraz, ® Lopmz @ topng) (Y e [bmblubinbn) ® D ciji |sisis)s)) @ |ujafaial) @ opoioloy)

m 1,7,k
® |LLLL))
= Y Acireoran, ([bRb550%) @ |sisisis!)) @ Lopaz (Jo)aialz})) © ecpasz (Jopojofol) ® |LLLL))
m,i,j,k

= > cncign Opalsi) (Onls?) Brls?) (Olst) (kI L) (0R|L) (0} L) (03IL) (la5) @ [aF) @ [af) @ [a5))

m,i,j,k
= 3 i (LB st sttt (okotolot LLLL) (Jalatale?))
m,i,j,k
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Explicitly:

(eopmz ® lopaz @ eCPM]zV)(p(Q)(Beirut) @ p@ (celebrate) @ p@ (Lebanese national day))
=((AAAA|AAAA) + (AAMM|AAMM) + (MMAAIMMAA) + (MMMM|MMMDM))
T (LLLL|LLLL)
—=4T%"
The derivation shows clearly that the only terms that impact the meaning of this sen-

tence are the ones related to the city of Beirut, and that all neighbourhoods of Beirut are

represented in this sentence. Furthermore, this sentence is true, as expected.

“Beirut that performs”. We expect this noun phrase to completely disambiguate

the meaning of Beirut, while still subsuming all members.

that

crm?
The meaning of this noun phrase is given by the following derivation:

(Acpuz ® LCPM@)(P(Q)(BeiT“t) ® p® (perform))
=(Acpmz ® LCPM%)(Z Con b3, 00,b3,b7,) © Z ey |sisisisy) @ |vjaiaia])
2%

m

= Z C?ncijACPMJ%,(|b’}nb$nb§nbfn> ® |s;ss7s;)) @ LCPM§(|$}$§$?$?>)

m727‘7

= nCiiOimimOinOim 151) © |57) ® |57) @ [s)

m,i,J
=3 diay Istatslsd
1]
The meaning of “Beirut that performs” is therefore:
(Acpuz ® LCPMg)(p(Q)(Beirut) ® p¥(perform)) = ZZZ7Z + ZZPP + PPZZ + PPPP

This clearly shows that “Beirut that performs” disambiguates the meaning of “Beirut”

and subsumes all members.

“Beirut that performs celebrates”. We expect this sentence to disambiguate the
meaning of “Beirut”, but to neither be true nor false according to the definition of cele-

brate, since the band celebrates Zach’s birthday but not winning “top single”.
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NfS|N
v s

CPM?

We treat this as an intransitive sentence with subject “Beirut that performs”. The deriva-
tion for the meaning of this sentence is similar to the derivation for “Beirut celebrates”,

and the meaning of “Beirut that performs celebrate” is given by:

((ZZZZ|\ZZZZ) + (ZZPP|ZZPP) + (PPZZ|PPZZ) + (PPPP|PPPP))
(T+ )T+ L)(T+L)(T+1)
=A(T + L)(T+ L)(T+ L) (T +1)

We see clearly that the only terms that impact the meaning of the sentence are the terms
representing the members, and the resulting sentence is neither true nor false. We can

say that this sentence is unambiguously true and false.

“Beirut plays in Beirut”. In this sentence, the first occurrence of “Beirut” refers
to the band and subsumes all band members, and the second occurrence of “Beirut”
refers to the city, and subsumes only “Ashrafieh”, since the band cannot play in two

places at the same time.

The derivation for the meaning of this sentence works like the one for “Beirut celebrates

Lebanese national day”. Explicitly:

(ECPM}’V ® lopuz ® €CPM12V)(P(2)(B€ir“t> ® p'? (play-in) @ p? (Beirut))
=((ZZZZ|\ZZZZ)+ (ZZPP|ZZPP) + (PPZZ|PPZZ) + (PPPP|PPPP))
T (AAAA|AAAA)
—=4T7%"
The middle step of this computation shows clearly that the terms related to the band mem-

bers interact with the subject component of play-in, and that neighbourhood “Ashrafieh”

interacts with the object component of the verb.
Note: One could compute the meaning of the noun phrases “Beirut who plays in Beirut”

and “Beirut that Beirut plays in” to recover respectively only the terms related to the

band members and only the term representing Ashrafieh.
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“Zach performs” versus “Beirut performs”. This example will enable us to better

see the subsumption relationships. To make this more interesting, we redefine perform to

be:
[perform) =12) ® [T) + |P) © (51T + 3 |1))

This means that Zach performs all the time, and Paul performs half of the time.

When we compute the meaning of “Zach performs” using the methods described above,
we obtain (ZZZZ|ZZZ7) T® = T®'. This means that it is always true that Zach per-
forms, as expected by the definition of perform.

The computation of “Beirut performs” yields

1 1, .1 1
(2272)2227) T +(ZZPP|ZZPP) TT(§T + §J_)(§T + §¢)
1 1,1 1
+(PPZZ|\PPZZ) (§T + §J_)(§T + §J_)TT

1_ 1 1 1, 1_ 1 1_ 1
PPPP|PPPP) (=T 4+ =) =T+ =L)(zT+ =) (=T +=1L
+( | )GT+50GET+50GET+5DGET+510)

which suggests that it is not always true that all members of the band perform all the

time, as expected.

8.3 Measuring ambiguity and entailment

In this section, we provide a measure of the levels of ambiguity and entailment of a word.

(2

Recall from the previous chapter that the structure of a double-density matrix p® encloses

two density matrices: applying transformation-1 to:

yields density matrix-1:




Recall that C is the ancillary system which results from the first application of the
CPM-construction, and that the first application of the CPM-construction is the one that

accounts for ambiguity.

Applying transformation-2 to the double-density matrix yields density matrix-2:

c;

/| flf\

Recall that C5 is the ancillary system which results from the second application of the

CPM-construction, and that the second application of the CPM-construction is the one

that accounts for entailment.

Density matrices come equipped with a measure of entropy, or in other words, a measure
of mizedness. In linguistic terms, density matrix-1 is equipped with a measure of ambi-
guity, and density matrix-2 is equipped with a measure of entailment. This measure is

the von Neumann entropy.

Definition 8.3.1. (Von Neumann entropy). [43] Given a density operator p, define
the von Neumann entropy S(p) of p by

S(p) = —tr(plog(p))

or, given the spectral decomposition of p as \; |i) (i|, by

S(p) = — Z Ailog(A;)

Note that the logarithm in the above definition is typically taken to be base 2, and we

use the conventions 0log(0 = 0 and xlog0 = —oo for x > 0.

The von Neumann entropy S(p) is equal to 0 if and only if p is pure, and it is maximal and

equal to log D for a maximally mixed state, where D is the dimension of the Hilbert space.

Let us now compute the levels of ambiguity and entailment of “Beirut”. For the pur-
poses of this example, we can restrict the set of context words to be {Ashrafieh, Monot,

Zach, Paul}. If {e1,eq, e3,e4} is an orthonormal basis for the noun space N, where
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=01 00 07, ea=0 10 0T, e5=(0 0 1 07, andes=(0 0 0 1),

we set A =e1, M =ey, Z =e3, and P = e4.

p@ (Beirut) =p, |AAAA) + py |[AAMM) + ps [MMAA) + py |MMMM)
+p5 |AZZA) + ps |AZPM) + p; IMPZA) + ps |MPPM)
+po | ZAAZ) + p1o | ZAMP) + p1y |PMAZ) + p1o |PMMP)
+p13|ZZZZ) + pra|ZZPP) + p15 |PPZZ) + pig |PPPP)

where the p;’s are the probability terms associated to the different components. We
denote by p;(w) and ps(w) density matrices-1 and -2 associated to word w. p;(Beirut)

is composed of the following terms:

p1(Beirut) =p; |AA) (AA| 4+ po |MM) (AA| + p3 |[AA)Y (M M| + py [MM) (M M|
+p5 | ZA) (ZA| + pe |PM) (ZA| + pr | ZA) (PM| + ps |PM) (P M|
+po |AZ) (AZ| + pro |M P) (AZ| + p11 |AZ) (PM| + p12 |M P) (M P|
013 |ZZ)(ZZ| + pra|PP) (ZZ| + p15 | ZZ) (PP| + p16 |PP) (PP

and po(Beirut) is composed of the following terms:

pa(Beirut) =py | AA) (AA| + py | AM) (AM] + ps |MA) (MA| + py | MM) (MM|
+p5 |ZZ) (AA| + pe | ZP) (AM| + p7 |[PZ) (M A| + ps | PP) (M M|
+po |[AAY (ZZ| + pro |AM) (ZP| + p11 M A) (PZ| + p12 |M M) (PP|
+p13 | ZZ)(ZZ| + p1a|ZP) (ZP| + p15 |PZ) (PZ| + p1s |PP) (PP

The measurements in this section are computed using Matlab. We start by comput-
ing the ambiguity and entailment measurements of an unambiguous, non-general word.
Let us consider the word “Ashrafich”. p®(Ashrafieh) = |AAAA), and p;(Ashrafieh) =
p2(Ashrafieh) = |AA) (AA|. As expected, we obtain S(p;(Ashrafieh)) = S(pa(Ashrafieh)) =

0, because 1log1 = 0. The same goes for all unambiguous, non-general words.

At this point, it is important to stress that since p; and py are density matrices, their

trace should be equal to one. It is therefore crucial to multiply the entries of p; and po

1
tr(p2

respectively by ) and L in order to make sure their trace is one: we normalise the

1
tr(p1
matrices by their trace.

In what follows, we will deal with different probability terms: pey, and ppenq are the

probabilities related to ambiguity, where p;, is the probability that “Beirut” refers to
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“Beirut city”, and ppeng is the probability and “Beirut” refers to “Beirut band”. Nat-
urally, peity = 1 — Prand- Pash and Dmon are the probabilities associated to neighbour-
hoods Ashrafieh and Monot, where p,q, is the extent to which the city of Beirut is rep-
resented by Ashrafieh, and p,,,, is the extent to which the city is represented by Monot.
Pash = 1 — Dmon. We define p.q. and ppq, in the same way: p.q. is the extent to which
the band “Beirut” is represented by member Zach, pp,, is the extent to which the band
is represented by member Paul, and p.,c = 1 — ppeu. The probability terms pa, pas,

bz, and pp are therefore defined by PA = DcityPash; PM = PcityPmon; PZ = PbandPzac) and

PP = DhandPpau- Finally, each p; in the expressions above is of the form p}p?p3p?, where

P02, 03,0t € {pa, prs P2 PP}

Measures of ambiguity. In these examples, we will set pysh = Dmon = Pzac = Ppau = %,
and vary peiry and ppand-

For peity = Prand = %, S(p1(Beirut)) = 2.

For peity = %,pband = %, we expect this number to decrease, because the state is less
mixed. In fact, S(p1(Beirut)) = 1.4439.

Measures of entailment. In these examples, we will set peity = Prand = %, and vary

Pashs Pmons Pzac a0 Ppay.

FOr Pash = Pmon = Dzac = Ppau = 3, S(p2(Beirut)) = 2.

For pusn = Prae = %,pmon = Dpau = %, we expect this number to decrease, because the
state is less mixed. In fact, S(po(Beirut)) is an imaginary number with real part 1.4439

and negligible imaginary part.

The imaginary part comes from the fact that p; is diagonalisable but not necessarily
diagonal: p; = VDV ™! where V is the matrix of eigenvectors and D is the matrix of
eigenvalues of p;. logp; is given by Vlog(D)V 1. The eigenvectors of p; are not nec-
essarily real, and log p; could therefore have complex diagonal entries, thus leading to a
complex measurement.

In order to compare measurements, we could either disregard the imaginary part, or de-

fine a partial ordering z; < 2o if and only if |z1| < |22].

Alternatively, we could circumvent the problem of complex numbers by defining yet an-
other measure of entropy: tr(p ® p) for normalised p, where ® denotes the Hadamard —
or point-wise — product of matrices. tr(p ® p) varies between % for a maximally mixed

state, where D is the dimension of the Hilbert space, and 1 for pure states.

Going back to the measures of entailment, where p,sr, = Prmon = Pzac = Ppau = %:

FOr pash = Pmon = Pzac = Ppau = 3, tr(p2(Beirut) ® ps(Beirut)) = 0.125.

92



For push = Praec = %,pmon = Dpau = %, we expect this number to increase, because the
state is less mixed. In fact, tr(ps2(Beirut) ® pa(Beirut)) = 0.2312.

Thus we have demonstrated that double-density matrices reliably model ambiguity and
entailment in language: words conserve their ambiguity and the extent of their subsump-
tion when context is lacking, and they gradually collapse — i.e. lose their ambiguity or
their generality — as more and more context is provided. We have also provided ways
to measure levels of ambiguity and entailment in double-density matrices, using density

matrices-1 and -2.
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Chapter 9

Conclusion and future work

9.1 Summary

In this dissertation, I proposed a further extension to the model of [14] to include double-
density matrices. Double-density matrices are states in CPM?(C), the category resulting

from the application of the CPM-construction on C twice.

The CPM2-construction was defined and axiomatised in terms of a squared-environment
structure, following the revised model of [7]. These methods were also generalised to allow
the axiomatisation of the CPM"-construction. The CPM2-construction framework was
showed to preserve f-compact closed structure, which enables the modelling of grammat-
ical relations, and allows for measures of similarity between words and strings of words.
Furthermore, CPM?(C) possesses f-special commutative Frobenius algebras derived from
the f-special commutative Frobenius algebras in C, thus accounting for the modelling of
relational types. Theoretically, this framework is adequate in modelling two features of

language.

Double-density matrices were investigated in detail: their structure encloses two density
matrices, density matrices-1 and -2. These density matrices not only satisfy hermitic-
ity and positive-semidefiniteness, but they are also diagrammatically self-conjugate. The
properties satisfied by double-density matrices were then identified, and the entries of

density matrices-1 and -2 characterised.

Finally, we demonstrated how double-density matrices account for lexical ambiguity and
entailment, and showed that the proposed framework is successful in modelling these fea-
tures in language by the means of concrete examples. We also provided ways of measuring

independently the levels of ambiguity and entailment of words.
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9.2 Future work

Many opportunities for future research are available, some of which I discussed in the

body of my dissertation. I list here some of the directions for future research:

e In Chapter [7] I showed that every morphism satisfying the hermiticity and positive-
semidefiniteness conditions have the structure of density matrices. One aspect worth
developing — and that I could not investigate due to time limitations — is the fol-
lowing: if the morphisms given by applying transformations 1 and 2 on a state
p: I - AR A*® A® A* are hermitian, positive-semidefinite, and diagrammatically
self-conjugate, are these conditions enough to show that the original state ¢ has the

structure of a double-density matrix?

e In Chapter |8 in order to deal with the problem of having terms in the expression of
an ambiguous, general word w that do not correspond to any of the words subsumed
by w, I suggested to set all the &’s to have maximal cardinality. Other ways of
dealing with this issue could be researched, with the investigations geared towards

improving the computational efficiency of this solution.

e [ suggested extending the &;’s to have maximal cardinality by repeating some of the
subsumed words are revising the probability terms so that the original distribution
remains intact. Other ways of extending these sets could be researched, for example

by resorting to null vectors.

e It could also be particularly interesting to give the linguistic interpretation of the
states of CPM?(Rel). I offered the interpretation of some of them in the examples
of Chapter [8] but did not extend my analysis to all states due to time limitations.

e Chapter |3 offers an axiomatisation of the CPM"-construction and suggests that
higher orders of iteration account for higher orders of mixing, which could lead to
modelling an increasing number of features of language. The next step could be to

model three features of language and investigate maps in CPM?3(C).
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