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Abstract—Markov Decision Processes (MDPs) are widely used
as decision-making models, commonly specified over factored
state spaces through state variables and their valuations. The
exponential blowup in the number of states renders many
reasoning tasks in MDPs challenging. Abstractions are promising
techniques to reduce MDPs and thus mitigate scalability issues.
In this work, we introduce a notion of causality on factored
MDPs and a novel property-driven causal abstraction technique
that retains many characteristics of the original MDP model. For
this, we rely on causal relations over state variable predicates and
identify those states that share the same reasons for fulfilling
or violating a given abstraction property. We theoretically and
empirically compare various causal MDP abstractions using
different model types such as MDPs, interval MDPs, or stochas-
tic games. Our evaluation demonstrates the potential of our
approach: For several standard benchmarks, we obtain small
abstractions that allow us to compute near-optimal policies for
the original MDP. Furthermore, our causal abstractions often
generalize to related large-scale MDP models.

I. INTRODUCTION

Markov Decision Processes (MDPs) are a common model
for sequential decision-making under uncertainty. A standard
way to specify an MDP is by factoring its state space, where
each state corresponds to a valuation of a vector of state
variables [1]. These variables inherently carry meaning, cap-
turing structural properties of the environment and providing
a compact description of the system dynamics. Probabilistic
model checking tools like PRISM [2] or Storm [3] have
input languages that follow this principle and provide mature
implementations for formally analyzing MDPs.

Abstractions. As the number of variables increases, the
induced state space quickly grows beyond the reach of exact
analysis, which motivates the use of abstractions. Abstractions
reduce the size of the original MDP model, simplifying
the solving while preserving the information relevant to the
property of interest. Predicate abstraction [4] groups states
according to the truth values of predicates over the state
variables. However, choosing suitable predicates is difficult,
domain-dependent, and may result in abstractions that are ei-
ther still too large to be solved or too coarse to be informative.

Example 1. Throughout this paper, we use the electric taxi
MDP [5], visualized in Fig. 1, as our illustrative running
example. In brief, the taxi must navigate a 2D grid-world,
to bring a passenger to a destination, while ensuring that it
does not run out of battery. Passing by a charging station
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Fig. 1: The electric taxi MDP model, used as our running
example throughout the paper.

MDP

Property Effect Causal
Partition Abstraction

Analysis
Causal

Reasoning Aggregation

Fig. 2: The property-driven causal abstraction workflow.

allows the battery to be recharged. Already for a 3× 3 grid,
this MDP consists of 93 states. A grid of size 10× 10 has ca.
8200 states, a 100×100 grid has ca. 107, and even larger state
spaces are to be expected in real-world scenarios. Many states,
however, carry similar information: For example, the agent’s
grid position can be identical across different battery levels
and regardless of the passenger’s status. Slightly different
position valuations may also induce the same level of safety
criticality. An abstraction only focused on safety can merge
these states, leaving a smaller model for exact analysis.

Causality. The example illustrates that property-relevant
information often depends on concrete valuations of specific
state variables only. To reveal such information, we employ
approaches from causal inference [6], [7]. In our context
of MDPs, such reasoning helps identify state variables and
valuations that cause the satisfaction or violation of a property.

Our approach: Property-driven causal abstractions. We
provide formal concepts of causality for factored MDPs,
establishing feature causality [8] over state variable predicates.
We develop abstraction methods that (1) find causes for a given
property of interest in a factored MDP, (2) use these causes
to obtain state-space partitions, from which we (3) construct
abstract models that provide a suitable tradeoff between model
size and preservation of property-relevant information. We
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now detail the steps of our approach as visualized in Fig. 2.
Effect sets and predicates. In the first step, we analyze the

input MDP regarding the property at hand, such as reaching
certain unsafe states. Based on that, we build so-called effect
sets that distinguish states with respect to (potentially multiple
different) probabilities to satisfy (“good effects”) or violate
(“bad effects”) the property, or more fine-grained notions such
as nearly satisfying or violating. Then, we employ a Boolean
encoding of the factored state towards a predicate abstraction
describing the membership of states to the various effect sets.

Causes. The second step introduces the novel concept of
feature causality for factored MDPs. Our notion of causes
takes into account specific valuations of state variables and
not just the states, exploiting the inherent meaning of variables.
Using causal inference, we determine such causes as minimal
sets of predicates sufficient to show an effect.

Causal partition. We then partition the state space based
on causally relevant parts. In particular, we consider three
approaches towards such a partition: one-shot, which groups
states that satisfy the same causes; iterative, which iteratively
considers multiple effect sets; and causal graph, a standard
way to aggregate states that neglect specific state valuations.

Abstraction. Given a partition and the original MDP, we
finally build an abstraction by aggregating states in the same
subset of the partition into one abstract state. To achieve
a thorough evaluation of the approach, we compare three
methods for abstracting an MDP’s transition function: (1)
using a weighted average, resulting in an MDP [5], (2)
constructing an interval MDP where the intervals capture all
possible transition probabilities [9], [10], [11], and (3) using
a stochastic game where an opponent chooses original states
from the partition [12].

Results. Our paper introduces property-driven causal ab-
stractions and demonstrates their potential: Our experimental
evaluation shows that, on many models, causal abstractions
reduce model size, while hardly compromising the quality of
optimal policies. Further, causes can generalize from small
model variants to larger ones. Our detailed analysis of different
choices in analyzing the property, performing causal reason-
ing, and aggregating states reveals that usually, focusing on
states that are close to satisfying the property leads to the best
partitions, and that using SG-based abstractions leads to the
best performance. Overall, our contributions are the following:

• A new notion of causality exploiting the meaning of state
variables in factored MDPs.

• Property-driven causal abstractions, including interval
MDPs, and their theoretical analysis.

• An empirical evaluation of the tradeoff between abstrac-
tion and policy performance on standard benchmarks.

Limitations. Currently, our approach requires expensive steps,
namely analyzing the whole MDP to find effect sets and
computing the causes. However, our main goal is to achieve
a fundamental understanding of feature causality and its po-
tential for abstracting MDPs. Then, given this knowledge, the
next step is to develop efficient ways to approximate the effect
set and its causes, for example by reinforcement learning or

by solving small MDPs precisely to obtain causes and then
using them to abstract larger model variants. We remark that
no automated abstraction method can be expected to work for
every MDP, independent of property and structure. We view
our approach as a step on the route towards scalability instead
of a complete practical solution.

II. RELATED WORK

Causality has been extensively studied in philosophy, social
sciences, and artificial intelligence [13], [6], [14]. Seminal
work by Halpern and Pearl led to actual causality [15]
establishing cause-effect relationship-based structural causal
models (SCMs). Feature causality [16] is a form of actual
causality that does not rely on learning SCMs [8] and can serve
as abductive explanations under constraints [17]. Our approach
relates most to work on causal reasoning in Markovian models,
recently considered in formal verification and reinforcement
learning (RL). Probabilistic causes were defined as state sets
for which the probability of an effect increases [18], [19],
[20]. Other approaches rely on hyperproperties [21], [22],
using counterfactual logic [23], or smallest prefix paths [24].
Due to their path dependency, they are not directly suitable
for local causal state abstractions as we present here. In the
context of RL, causal information is mainly used to improve
the performance – cf. surveys on causal RL [25], [26]. Most
approaches there rely on given SCMs and adapt existing
model-free [27], [28] and model-based methods [29], [30].

Abstracting Markovian models. Various state-abstraction
and refinement methods tackle the state-space-explosion prob-
lem in MDP-based analysis [31]. Probabilistic bisimula-
tion [32] is prevalent, which has been extended to MDPs with
factored state spaces [33] or using bisimulation metrics [34],
[35]. PrIC3 [36] generates ad-hoc and local on-the-fly abstrac-
tions to find inductive invariants, but does not generate a-priori
sufficient or necessary conditions for these abstractions. Simão
et al. considered abstractions in constrained factored MDPs
during RL at the level of variables [5]. Our abstraction method
is more fine-grained, relying on variable valuations and their
impact.

Causal abstractions. Lally et al. [37] consider causal ab-
stractions towards interval MDP with theoretical guarantees,
however relying on SCMs compatible with an underlying
MDP. Zhang et al. [38] identify causal state features in so-
called block MDPs using invariant causal prediction to im-
prove RL but rely on different notions of causality depending
on conditional probabilities. Another line of work learns causal
graphs over state variables to derive abstractions [39], [40].
Clustering states in an MDP with similar causal importance
for an RL objective has shown to improve learning [41].
Similarly, we propose a property-driven abstraction method
lumping explanatory equivalent states.

In contrast to the aforementioned abstraction approaches, we
provide a foundational formal framework for property-driven
causal abstraction in factored MDPs that does not rely on SCM
learning, statistical data, nor is limited to the application of RL.
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III. PRELIMINARIES

We recall Markov decision processes (MDPs, Section III-A)
and their extensions to interval MDPs and stochastic games
(Section III-B) that we use for abstractions. Finally, we provide
the basic notions of feature causality (Section III-C).

For bounds ℓ, u ∈ N, let us denote by [ℓ..u] the interval
{n ∈ N | ℓ ≤ n ≤ u}. Given a finite set Y , a partition of Y
is a set P = {P1, . . . ,Pk ⊆ Y } of pairwise disjoint sets such
that

⨄︁
i∈[1,k] Pi = Y . A probability distribution over Y is a

function d : Y → [0, 1] where
∑︁

y∈Y d(y) = 1. The set of all
probability distributions over Y is denoted by D(Y ), and Y ω

is the set of all infinite sequences of elements in Y .

A. Markov Decision Processes

Definition 1 (Markov decision process (MDP)). An MDP [42]
is a tuple M = (S,A,P) with finite sets of states S and actions
A, and a (partial) transition function P : S ×A → D(S).

We say that an MDP M = (S,A,P) is factored if every
state s ∈ S is a vector of n state valuations (x1, . . . , xn) ∈
X1 × . . .×Xn over state variables Xi associated with a finite
domain of mi elements xi,j for i ≤ n, j < mi. We write
A(s) for the set of available actions in state s ∈ S, i.e., those
where P is defined, and assume A(s) ̸= ∅ for all s ∈ S. We
write P(s, a, s ′) for P(s, a)(s ′).

Example 2. We model the taxi example from the introduction
(see Fig. 1) as the following MDP: The state space is made up
of four state variables X1 ×X2 ×X3 ×X4 ∈ [0..2]× [0..2]×
[0..5] × {0, 1}, with two variables for the position, one for
the battery, and one for the passenger’s status. The actions
are A = {u, d, l, r, e}, where the first four move the taxi up,
down, left, or right, and e allows the passenger to enter or exit
the taxi. Action e is only available in states with battery > 0
at the pickup location (x = 0, y = 0). For a moving action, the
transition function P(s, a) assigns probability 0.9 to the state
in the chosen direction and probability 0.1 of getting stuck
in traffic; in both cases, the battery decharges. States with
battery = 0 are self-looping sink states, and the taxi resets
battery to 5 by passing the charging station at x = 2, y = 2.

The semantics of MDPs is defined as usual through policies
and paths. A policy is a function π : S → A assigning to each
state s an available action a ∈ A(s). We restrict to memoryless
deterministic policies , as these suffice for optimality under the
objectives we consider [43]. A path is an infinite sequence
ρ = s0a0s1a1 . . . ∈ (S × A)ω where P(si, ai, si+1) > 0 for
all i ∈ N0. We write ρi for the state si of a path ρ. Π is the
set of all policies and PathsM the set of all paths. Applying
a policy π to an MDP M induces for each state s a unique
probability measure over paths Pπ

s,M [43, Chapter 10.1].

Property, objective and value. A reachability property com-
bines a set of target states T ⊆ S with an optimization objec-
tive opt ∈ {min,max} that captures the optimal probability
to reach T, denoted ♢T := {ρ ∈ PathsM | ∃i ∈ N0 : ρi ∈ T}.
The value of a state s is VM(s) := optπ∈ΠPπ

s,M[♢T].

Example 3. An example property for the taxi model uses
opt = min and T = {(x , y , battery , passenger) | battery =
0}. Intuitively, the value of a state captures the minimum
probability for it to run out of battery.

B. Interval Markov Decision Processes and Stochastic Games

Definition 2 (Interval MDP (IMDP)). An IMDP [9] is a tuple
M = (S,A,PL,PU ), where S and A are as for MDPs and
PL,PU : S × A × S → [0, 1] are functions providing lower
and upper bounds on transition probabilities.

We write M ∈ M to indicate that an MDP M is con-
sistent with an IMDP M. That is, they share state and
action spaces, and for all states s, s ′ and actions a we
have PL(s, a, s

′) ≤ P(s, a, s ′) ≤ PU (s, a, s ′) Note that if
PL(s, a, s

′) > PU (s, a, s ′), there exists no consistent MDP.

Example 4. Recall from Example 2 that the chances of
being stuck in traffic are precisely known to be 0.1. In an
IMDP, we can instead have, e.g., P(s0, l, s1) = [0.8, 0.95] and
P(s0, l, s2) = [0.05, 0.2], adding uncertainty to the transition
probability. In Section V, we will abstract IMDPs from MDPs
by grouping states. Then, the bounds on the transition proba-
bilities are determined by the extremal transition probabilities
in the group of states.

IMDP semantics and value. The semantics of an IMDP is the
set of all consistent MDPs. We focus on consistent MDPs with
best- and worst-case value: For a given optimization direction
opt ∈ {min,max}, we write opt for its complement, i.e.,
opt := min if opt = max and opt := max otherwise. Then,
BM(s) := optM∈MVM(s) and WM(s) := optM∈MVM(s)
are the best- and worst-case value of a state s , respectively.

Definition 3 (Stochastic game (SG)). An SG [44] is a tuple
G = (S,S△,S▽,A,P), where S, A, and P are as for MDPs
and S = S△⊎S▽, i.e., the state space is partitioned into states
of the agent (△) and opponent (▽).

SG semantics and value. In SGs, we separately consider
the sets of policies Π△ and Π▽ of the agent and opponent,
where π△ ∈ Π△ is a function S△ → A and analogously
for the opponent. Fixing a pair of policies (π△, π▽) induces
a probability measure Pπ△,π▽

s,G as in MDPs. The value of a
state is VG(s) := optπ△∈Π△

optπ▽∈Π▽
Pπ△,π▽
s,G [♢T]. We addi-

tionally define an analogue of the best-case value of IMDPs,
where the opponent states also play in favour of the agent:
BG(s) := optπ△∈Π△

optπ▽∈Π▽
Pπ△,π▽
s,G [♢T].

C. Feature Causality

Feature causality [8] reasons about Boolean features and
their influence on properties. For features F , let F = {a, a |
a ∈ F} denote the set of literals indicating that a feature a
is active (a) or inactive (a). An assignment δ ⊆ F is a set
of literals where no feature occurs twice, called total if every
feature occurs exactly once. We denote by ∆(F ) and Θ(F )
the set of assignments and total assignments, respectively. The
semantics JδK of an assignment δ is the set of consistent
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total assignments, i.e., JδK := {θ ∈ Θ(F ) | δ ⊆ θ}. Let
Valid ⊆ Θ(F ) be the set of valid assignments satisfying
domain constraints, and Effect ⊆ Valid a set of effect assign-
ments. The goal is now to determine those assignments that
are sufficient to guarantee an effect among those that are valid.

Definition 4 (Cause [8]). Let Effect ⊆ Valid ⊆ Θ(F ). A cause
of Effect w.r.t. Valid is an assignment γ ∈ ∆(F ), where
(C1) ∅ ̸= JγK ∩ Valid ⊆ Effect (sufficiency)
(C2) JδK ∩ Valid ⊈ Effect for all δ ⊂ γ (subset minimality).

Inspired by actual causality [7], (C1) implements the suffi-
ciency condition, ensuring that all total assignments from γ are
in Effect, and (C2) ensures subset minimality. A cause γ thus
can serve as explanation for any assignment θ ∈ JγK∩ Effect.
Causes is the set of all causes of Effect w.r.t Valid.
Cause-effect covers. A cause-effect cover is a set of causes
C ⊆ Causes that explain the whole set Effect, i.e., Effect ⊆⋃︁

γ∈CJγK. We call C a minimal cover if there is no cause-
effect cover C ′ where |C ′| < |C| [8, Section 4.2]. Computing
an exact minimal cover is expensive, therefore heuristics based
on most general causes [8, Definition 4] are used to establish
small cause-effect covers.

IV. CAUSAL PARTITIONS FOR FACTORED MDPS

In this section, we establish several approaches to derive
partitions of MDP state spaces using property-driven causal
predicates. We thereby define the concept of feature causality
for MDPs. We fix a factored MDP M = (S,A,P) and
introduce predicates over its state variables Xi as a basis for
predicate abstractions of its state space S. We assume that
state variables Xi are either ordinal or categorical. Ordinal
variables are interpretable with a meaningful order, like a
coordinate of a grid position. Let O ⊆ [1..n] be the index set
of all ordinal state variables in M. Categorical state variables
represent distinct categories like the color of a signal.

A. Predicate Abstraction for Factored MDPs

We define a set of Boolean features FM, which includes one
Boolean for each state variable valuation except the smallest
one in ordinal variables. Then, every state s ∈ S uniquely
corresponds to a total assignment θs ∈ Θ(FM). Hence, the
semantics of an assignment over the features FM corresponds
to a set of states in M. We refer to the Boolean features as fi,k
where i is the index of the state variable Xi and k ∈ [0..|Xi|]
its k-th valuation. For an ordinal state variable Xi we assume
the order xi,j ≤ xi,k iff j ≤ k. We now describe sets of states
through assignments over FM modulo a theory over ordinal
and categorical predicates.

FM =
⋃︂
i∈O

{︁
fi,k | k ∈ [0..mi]

}︁
\
{︁
fi,0 | i ∈ O

}︁
.

Let s = (s0, . . . , sn) be a concrete state in M. The inter-
pretation of state s , θs , distinguishes ordinal and categorical
features: If Xi is ordinal, then we define fi,k = 1 if si ≥ xi,k
and fi,k = 0 otherwise. That means that fi,k is interpreted as a
predicate Xi ≥ xi,k. Note that binary variables Xi with domain

Fig. 3: Predicate partition of the taxi running example.

{0, 1} are covered by our definition of ordinal features. In this
case, we simplify notation and write Xi instead of Xi ≥ 1.
If Xi is categorical, then fi,k = 1 iff si = xi,k, i.e., fi,k
is interpreted as a predicate Xi = xi,k. Given an assignment
δ ∈ ∆(FM) and a state s , we write δ(s) = 1 if θs is in the
semantics of δ, and otherwise δ(s) = 0.

Example 5. In our taxi MDP running example, all state vari-
ables are ordinal. We focus here on the battery: if battery = 3,
that implies battery ≥ 2, battery ≥ 1, and battery ≥ 0. In our
definition of taxi, the domain of this variable is battery ∈ [5].
Therefore, we get five boolean variables: fbattery,k, k ∈ [1..5].
For states in which battery = 3, these are assigned as follows:
fbattery,k = 1, k ∈ {1, 2, 3} and fbattery,k = 0, k ∈ {4, 5}.

B. One-shot Causal Partition

We propose a partition technique that is conceptually simple
yet powerful. For an MDP M and a set of predicate assign-
ments C ⊆ ∆(FM), our partition groups states that are in the
semantics of the same subset of assignments. We refer to the
partition algorithm as PredPart, as it is well-defined indepen-
dent of the method used to generate C. As we use causal
predicates, and the input is exactly one set of predicates C,
we call partitions generated using PredPart one-shot causal
partitions, abbreviated to C-1 in the evaluation. We define:

PredPart(M, C) = {{s ′ ∈ S | ∀δ ∈ C : δ(s ′) = δ(s)} | s ∈ S}

Example 6. Fig. 3 shows a predicate partition of the taxi
MDP, in three dimensions (x, y, and battery) as the passenger
is causally irrelevant. Circles represent states in the original
MDP, and colors indicate partition subsets. For subset 0, the
predicate is (battery ≥ 1) ∧ (x ≥ 2) ∧ (y ≥ 2), which covers
all states where x and y are 2, and the battery level is ≥ 1.

When we use the partition as input for aggregations (Sec-
tion V), its size determines the size of the abstract model.
There are at most 2|C| groups in a PredPart partition, if
the semantics of every combination of assignments are not
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Fig. 4: Different settings of Effect and Valid for PredPart.

empty. If C is a minimal cause-effect cover, the size of the
partition is minimal and still fully covers Effect. That means
when PredPart is used with a minimal cause-effect cover, it
is optimal in size and thus serves as a theoretical milestone
of what causal partitions can achieve in terms of size. It is,
however, expensive to compute, since it requires solving the
model for the Effect set and computing a minimal cover of
Effect. We formalize the suggested minimality characteristic
in Remark 1.

Remark 1. Given an MDP M and sets Valid and Effect,
let C be a minimal cover of Effect w.r.t. Valid. Then,
PredPart(M, C) is the coarsest (i.e., lowest cardinality) causal
partition induced by Valid and Effect. This follows directly
from the definition of minimal covers.

Choosing assignment sets. The Valid and Effect sets determine
the state space partition and are built according to the given
property and objective, such as the minimal reachability prob-
ability. The property induces a value for each state, and we
use different thresholds on those values to partition states into
the Valid and Effect sets. We consider percentile and relative
thresholds. For percentile thresholds, ε fixes the percentage
of states to include. For example, if ε = 0.1, and the 10%
of states with lowest value have V(s) ≤ 0.25 and the highest
10% have V(s) ≥ 0.93, then we use those values as thresholds
τ0 and τ1. Relative thresholds depend not only on ε, but also
the value of a state of interest s0, e.g. an initial state. Then,
the relative threshold is τ = V(s0) · (1 ± ε). For example, if
V(s0) = 0.5 and ε = 0.1, we get lower and upper relative
thresholds τ0 = 0.45 and τ1 = 0.55.

Next to the thresholds, we also consider different ways to
use them to construct Valid and Effect. For Valid, we can
either use all reachable states as Valid = {θs ∈ Θ(FM) | s ∈
S : s is reachable} (Valid 0 in Fig. 4), or exclude states with
values larger (Valid 2) or smaller (Valid 1) than τ . Further,
we formalize the Effect set using the predicates in FM: Given
an interval I ⊆ [0, 1], Effect(I) = {θs ∈ Θ(FM) | V(s) ∈
I}. Fig. 4 shows different effect sets for intervals under two
thresholds τ0 and τ1, e.g., Effect 4 is provided by I4 = [0, τ1).

Example 7. For an MDP with a reachability property and
maximizing objective, Valid 1 in Fig. 4 excludes the “worst”,
and Valid 2 the “best” states. Effect 0 and 4 capture “bad”
states. The meaning of Effect 2 depends on Valid. For the
specific example in Fig. 3, we consider a “good” Effect set
with Valid 0 and Effect 3.

Ek
. . . E2 E1 E0

Fig. 5: Visualization of the intuition for IterPredPart.

C. Iterative Causal Partition

Abstractions built from PredPart tend to be small and to
fixate on states with extreme values, motivating more elaborate
approaches. We propose to iteratively consider finer slices of
the state space as Effect, compute causes for each, and build
a partition from the causal slices, as shown in Fig. 5. This is
done by solving multiple reachability queries, where the previ-
ous iteration’s Effect set becomes the next target set. Formally,
for k iterations, with a threshold τ and starting from states of
value 1, the initial sets are Effect0 = {s ∈ S | V(s) = 1} and
Valid0 = S. Then, for the following iterations:

Effecti = {s ∈ S | Ps(♢Effecti−1) > τ}, i ∈ [1, k]

Validi = Validi−1\Effecti−1

From the iterative Valid and Effect sets and the MDP, we
obtain a list of sets of causes. We use this list in Algorithm 1
to construct the iterative partition, called C-IT. For each slice,
it generates a partial partition like PredPart, retaining states
outside Effect for future iterations. The resulting partition is
more fine-grained than PredPart.

Algorithm 1 Deriving the iterative causal partition.
procedure GET C-IT(MDP M, cause list CS)

P = ∅
S ′ = S
for all C in CS do

P = P ∪ {{s ′ ∈ S ′ | ∀δ ∈ C : δ(s ′) = δ(s) ∧ ∃δ ∈
C : δ(s ′) = true} | s ∈ S ′}

S ′ = S ′\{s ∈ S ′ | ∃δ ∈ C : δ(s) = true}
end for
if |S ′| > 0 then P = P ∪ {S ′}
end if
return P

end procedure

Choosing iterative assignment sets. There are several ways
to define iterations over Valid and Effect sets. One option is
to fix a threshold as for PredPart, and re-use it for future
iterations on new Effect sets. Alternatively, we predefine a
desired number of k iterations, adapt thresholds dynamically,
and recursively split by the median value of remaining states.
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D. Causal Graph Partition

Traditionally, causality captures dependencies between fea-
tures, which are visualized in causal graphs as edges between
causally dependent features. These dependencies are usually
assumed to be given or estimated from data using statistical
causal discovery methods. Here, we can omit those estimations
since we have access to the full model. Intuitively, a causal
graph partition ignores features that do not cause any part of
the effect. Using this information, we build a causal graph and
identify the indices of irrelevant features Iirr ⊆ [1..n]. Then,
CGPart groups states that only differ in irrelevant features:

CGPart(M, Iirr) = {{s ′ ∈ S | ∀i ∈ [1..n]\Iirr : s
′
i = si} | s ∈ S}

Given the MDP M and Effect, CGPart is always at least as
large as a corresponding PredPart, formalized as follows.

Theorem 1. Given an MDP M with sets Valid and Effect, a
cause-effect cover C of Effect w.r.t. Valid, and Iirr the irrele-
vant features given the causal graph for M and Effect. Then,
∀SCG ∈ CGPart(M, Iirr) : ∃SP ∈ PredPart(M, C) : SCG ⊆
SP . Thus, |CGPart(M, Iirr)| ≥ |PredPart(M, C)|.

Proof sketch. The first claim follows from Definition 4: An
irrelevant feature cannot appear in any cause. The second
claim follows from the first. [45, Appendix A] provides the
full proof.

Remark 2 (Inputs to the partition algorithms). Under the same
hyperparameters, all three partitions are based on, or start
from, the same set of input causes. Specifically, the set C
of predicate assignments used for the one-shot partition is the
set of causes that is obtained automatically using one Effect
set. The same set C is used to derive the irrelevant features
for the causal-graph partition. Further, C is the first iteration
step for threshold-based iterative partitions.

V. FROM PARTITION TO ABSTRACTION

Given an MDP and a state space partition, we construct
an abstract model via an aggregation method. This method
maps each subset of the partition to a single abstract state
and induces an abstract transition function that approximates
the original. Section V-A provides three such methods: the
weighted average method (WA) averages transition probabil-
ities of aggregated states (Definition 5); the IMDP method
represents all possible transition probabilities as an interval
(Definition 6); and the SG method lets an opponent player
choose an original state from an abstract one (Definition 7).
Section V-B discusses (dis-)advantages of these methods.

A. Aggregation Methods

Example 8. We start with an example to provide the intu-
ition for the three aggregation methods and showcase their
differences. Consider the MDP in Fig. 6a and a partition
that groups {q, r} and {t, u}, but leaves all other states as
singletons. In all three abstractions, this partition forms the
abstract state space, and successor distributions are aggre-
gated by summing across concrete states in an abstract state.

The WA abstraction (Fig. 6b) obtains transition probabilities
from an abstract state by averaging the probabilities of the
concrete states. E.g., P̂({q, r}, b)({s}) = 1

2 ·0.1+
1
2 ·0 = 0.05.

The IMDP abstraction (Fig. 6c) obtains transition probabil-
ities via the minimum and maximum of the probabilities of its
concrete states. When taking action b in {q, r}, the probability
for {s} is in [0, 0.1] and for {t, u} is in [0.9, 0.2 + 0.8] =
[0.9, 1]. As we prove in Section V-B, the best- and worst-case
value of the IMDP always contains the original MDP’s value.

The SG abstraction (Fig. 6d) frames the abstract model as
a 2-player game. Abstract states belong to the opponent and
offer a choice of multiple successor states (gray squares). Each
of these states corresponds to a set of original states that have
equivalent outgoing distributions for each action. Here, states
q and r behave differently, resulting in two choices in {q, r}.

Action- and target-consistent partition. Before formally defin-
ing the aggregation methods, we provide two notions that sim-
plify the definitions. Action-consistency requires that all states
s in an abstract state ŝ share the same set of available actions.
This set then constitutes the set of available abstract actions
Â(ŝ), i.e., A(s) = Â(ŝ). This simplifies transferring policies
between abstraction and original model. The assumption is
easily satisfied by refining any given partition P to be action-
consistent by splitting groups of states into new sets that agree
on their available actions. Formally, for every subset ŝ ∈ P
and original state s ∈ ŝ , the refined partition contains the set
{s ′ ∈ ŝ | A(s ′) = A(s)}. Related work often assumes that all
actions are available in all states [46], [5].

Similarly, we require target-consistency, i.e., no subset of
the partition contains both target and non-target states. While
it is possible to soundly define the abstractions without this
requirement, target-consistency simplifies the definitions (an
abstract state ŝ is a target iff ŝ ⊆ T). Target-consistency is
implicitly ensured in [5] and explicitly required in [12], [46].

Definition 5 (Weighted Average (WA) Abstraction). For a P
and MDP M = (S,A,P), the WA abstraction MDP is M̂ =
(Ŝ, Â, P̂) with: Ŝ = P , Â = A and for all s ∈ ŝ , A(ŝ) =
A(s). For ŝ, ŝ ′ ∈ Ŝ and a ∈ Â(ŝ), the transition function is
P̂(ŝ, a, ŝ ′) =

∑︁
s∈ŝ

∑︁
s′∈ŝ′

1
|ŝ|P(s, a, s ′).

Definition 6 (IMDP Abstraction). For P and MDP M =
(S,A,P), the IMDP abstraction is M̂ = (Ŝ, Â,PL,PU )
with Ŝ, and Â as in Definition 5. For ŝ, ŝ ′ ∈ Ŝ and
a ∈ Â(ŝ), the lower and upper bounds on the transition
probabilities are P̂L(ŝ, a, ŝ

′) = mins∈ŝ

∑︁
s′∈ŝ′ P(s, a, s ′) and

P̂U (ŝ, a, ŝ ′) = maxs∈ŝ

∑︁
s′∈ŝ′ P(s, a, s ′).

While the definitions of WA and IMDP abstraction fol-
low naturally from Example 8, formally capturing the idea
of the SG abstraction is more involved. We introduce the
following notation: PP (s) = {(a, d) | a ∈ A(s), d ∈
D(P) : d(ŝ) =

∑︁
s′∈ŝ P(s, a, s ′)}, i.e., PP (s) is the set of

all action-distribution pairs available in s , where d is the
transition function lifted to the partition. For example, in
Fig. 6d, we have PP ({q, r}) = {(b, [{s} ↦→ 0.1, {t, u} ↦→
0.9]), (b, [{t, u} ↦→ 1]}. The subsets of the partition correspond
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Fig. 6: Example MDP and three possible abstractions after grouping states {q, r} and {t, u}: (a) Original MDP; (b) weighted
average (WA) MDP abstraction; (c) IMDP abstraction; (d) SG abstraction.

to opponent states, where first, the opponent chooses an
original state, and then the agent chooses an action (and a
distribution over successor states). Thus, the agent states merge
all original states that have the same action-distribution pairs.

Definition 7 (SG Abstraction). For P and MDP M =
(S,A,P), the abstract SG is Ĝ = (Ŝ, Ŝ△, Ŝ▽, Â, P̂) with
Ŝ▽ = P and Ŝ△ = {PP (s) | s ∈ S}. Â = A∪ Ŝ△, where for
ŝ ∈ Ŝ▽, we have A(ŝ) = {PP (s) | s ∈ ŝ}, and picking the ac-
tion surely leads to the selected successor, i.e., P̂(ŝ, Y, Y ) = 1
for Y ∈ Ŝ△. For Y ∈ Ŝ△, recall that Y is a set of action-
distribution pairs (a, d). Then, A(Y ) = {a | (a, d) ∈ Y }, and
for ŝ ∈ Ŝ▽ we have P̂(Y, a, ŝ) = d(ŝ).

Definition Origins. The WA abstraction originates from [5].
We developed the IMDP abstraction independently, but it is
effectively equivalent to transferring [46, Eqs. (5) and (6)]
to the discrete setting. The SG abstraction adapts [12] to our
notation, in particular adding action identifiers. The definitions
do not require the given partition to be causal.

B. Theoretical Comparison of Aggregation Methods

We compare the aggregation methods with respect to three
measures of quality: (i) size, (ii) value bounds, i.e., how the
value(s) of the abstraction relate to the original MDP’s value,
and (iii) policy performance, i.e., how a worst-case optimal
policy in the abstraction performs in the original MDP.
Abstraction size. Effectively, all abstractions are of the same
size with an abstract state for every subset of the partition. The
SG abstraction contains the additional agent states, but they
need not be stored explicitly, as there is a strict alternation
between states of agent and opponent [12, Section 3].
Value bounds. The WA abstraction does not provide any preci-
sion indication and the abstract MDP’s value can be arbitrarily
smaller or larger than the original MDP’s. In contrast, the
IMDP and SG abstraction yield an interval with a best- and
worst-case value that is guaranteed to contain the original
MDP’s value. The width of the interval is then a measure
of their precision. We summarize these insights in Theorem 2,
where ⪯ indicates ≤ for max and ≥ for min objectives.

Theorem 2. For MDP M and partition P , let M̂, M̂, and Ĝ be
the abstract MDP, IMDP, and SG according to Definitions 5

to 7. For every abstract state ŝ ∈ P and original state s ∈ ŝ ,
the following hold:

1) WA no guarantee: It is possible that VM(s) ⪯ VM̂(ŝ) or
that VM̂(ŝ) ⪯ VM(s).

2) IMDP guarantee: WM̂(ŝ) ⪯ VM(s) ⪯ BM̂(ŝ).
3) SG guarantee: VĜ(ŝ) ⪯ VM(s) ⪯ BĜ(ŝ).

Proof. The full proof is in [45, Appendix B]. There, for the
WA abstraction, we provide concrete counterexamples where
reachability probabilities in abstract states are strictly smaller
or larger than in the original MDP. For the IMDP abstraction,
we first show that there exist valid probability distributions
giving upper and lower bounds on the values of the original
MDP that are consistent with the IMDP. We then use an
inductive argument to prove the relevant inequalities. For the
SG abstraction, the proof from [12, Theorem 1] still applies
to our definition.

From a practical perspective, the value problem for all three
models used as abstractions can be solved efficiently with
dynamic programming: value iteration [47], [44] for MDPs
or SGs; and robust value iteration [48] for IMDPs. Despite
the differences in the underlying models, the efficiency and
scalability of these solution methods are relatively similar.
Policy performance. An abstract policy can be applied in the
original MDP as follows: For a policy π̂ in the abstract MDP
or IMDP, we obtain a policy π for the original MDP by setting
π(s) = π̂(ŝ) for every original state s , where ŝ is the unique
state with s ∈ ŝ . For a policy in the abstract SG, every agent
state corresponds to a set PP (s). Thus, we can transfer an
abstract agent-policy in the SG to the MDP by selecting the
action chosen in the unique abstract agent state corresponding
to the original s . As the abstractions differ widely in how they
aggregate information, the policy performance on the original
MDP can also differ depending on the MDP’s structure and
the given partition, as empirically demonstrated in Section VI.

VI. EXPERIMENTAL EVALUATION

Our evaluation focusses on the following questions:
(RQ1) How does the property affect performance?
(RQ2) How do different causal partitions compare?
(RQ3) How do different aggregation methods compare?
(RQ4) Do the causal partitions generalize to larger models?
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A. Setup

Implementation. Our implementation builds on the model
checkers PRISM [2] and Storm [3]. Specifically, we use
version 1.11.1 of stormpy, the Python bindings of Storm
for the general framework, and adapt PRISM for computing
values of SGs and IMDPs. The overall experimental pipeline
is run on a 2023 MacBook Pro with Apple M3 Pro Chip
and 18GiB RAM. Cause computations were carried out with
an end-to-end symbolic implementation [49] based on binary
decision diagrams, and run on a workstation with Debian 12
Bookworm with AMD Ryzen Threadripper PRO 5965WX 24-
Cores CPU and 8x64GiB Samsung DDR4-3200 RAM. The
most expensive step of feature cause calculation uses a timeout
of up to 12 hours, see [45, Appendix C] for details. Our
implementation is available on Zenodo [50].

Benchmarks. We use the MDPs collected in [51] that are
available in PRISM format and have unbounded reachability
or safety properties. We exclude models where Pmin=1 or
Pmax=0, as well as highly synthetic verification benchmarks
with low inherent meaning in their state features. We configure
the benchmark parameters to state spaces in the order of 104

(small), 105 (medium), and 106 (large). A full list is in [45,
Appendix C].

Algorithms. We consider all variants of Effect and Valid sets
introduced in Section IV, as well as the three partition types,
namely causal graph (C-G), one-shot (C-1), and iterative
(C-IT). We combine these with the three aggregation methods
WA, IMDP, and SG, resulting in names such as C-IT-SG.

Remark 3. Our empirical evaluation focuses on reachability
properties with minimizing and maximizing objectives. The
former is also called safety, with the intuition that the probabil-
ity of reaching a safety-critical state is minimized. Further, our
definitions immediately includes reach-avoid properties, which
we also analyse empirically. Extending our work to reward-
based properties would require only minor changes to defini-
tions and proof statements, but does not affect the derivation
of causes. We exclude them, however, since checking reward-
based properties on non-graph-preserving interval models is
currently not supported by PRISM or Storm.

Metrics. We consider three metrics: (1) the size of the ab-
straction relative to the original model size, (2) the difference
between the worst and best case value for the IMDP and SG
aggregation method, and (3) the relative difference between
the optimal policy in the MDP and the worst case abstract
policy, scaled by the difference between minimal and maximal
reachability probability (see [45, Appendix C]. All metrics
range from 0 to 1, and small values are preferable.

(RQ1) How does the property affect performance?

The Effect set can vary depending on interpretation (see
Fig. 4) and value threshold. We group the interpretations into
those that capture “good” and “bad” effects. For maximizing
properties, 3 and 1 capture “good” effects whereas 2 and 4
capture “bad” effects. Moreover, for the C-IT partition, we

can pre-determine a desired number of iterations. We analyse
configurations using the SG method on small models.
For the C-1 partition, results are similar across hyperpa-
rameters. The detailed analysis in [45, Appendix C], shows
that the relative threshold with ϵ = 0.1 achieves the best
policy performance across benchmarks. We deem this the most
important metric for the quality of our abstraction. For Effect
choices, interpretations that find causes for large parts of the
state space (3 and 4 in Fig. 4) lead to the best abstractions.
For the C-IT partition, we receive better abstractions with
fixed numbers of iterations. Like with C-1, we find that results
are very similar across thresholds, and also when using 6 or 10
fixed iterations. [45, Appendix C] includes detailed analysis.
Between fixed thresholds or numbers of iterations, we observe
that fixing the number of iterations leads to slightly larger
abstractions, but with highly improved interval bounds and
policy performance.
We use our findings to fix hyperparameters for the subsequent
experiments. Overall we find that while some hyper-parameter
values have little influence, such as the concrete threshold
values, others matter greatly. In particular, we find that the
semantics of the Effect set are decisive, and we observe the
best performance with Effect sets covering a large part of the
“good” states. Based on these findings, for the C-1 partition,
we continue with relative ϵ = 0.1 and use the Effect sets
numbered 3 and 4 in Fig. 4. For the C-IT partition, we again
observe that concrete threshold values have little impact, but
fixing a larger number of iteration yields better performance.
Therefore, we iterate 6 times, since that leads to the best ratio
of performance and computational effort. In both cases, we
observe that “good” effect sets achieve better abstractions than
“bad” effects and include visualizations in the [45, Appendix
C]. To still cover both interpretations, we continue with the
hyperparameters on both types of effects.

(RQ2) How do different causal partitions compare?

We compare the C-G, C-IT, and C-1 partitions with the
previously fixed hyperparameters using the SG abstraction.
The C-G partition uses the same causes as C-1.
The C-G partition does not modify the model in 38% of
our benchmarks. In these cases, no state variables can be
completely removed since all are causally relevant to the
property in some states and the abstract and original model
are the same. We exclude those benchmarks from further
evaluation but include details in [45, Appendix C].
C-IT partitions produce better abstractions than C-1 and
C-G. In terms of model size, the C-1 partition produces the
smallest abstract models on most benchmarks, retaining less
than 20% of the original states on 13 out of 14 benchmarks.
C-G returns the largest sized abstractions on most benchmarks.
However, all three partitions are able to significantly reduce
model sizes across benchmarks. On the qualitative metrics
however, C-IT-based abstractions achieve the smallest value
bounds and best policy performance, with small bounds on
10 out of 14 benchmarks and good policies on 5 out of 14
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Fig. 7: Performance of different causal partitions across benchmarks.

Fig. 8: Comparing the performance of different abstraction methods.

benchmarks. These results are visualized in Fig. 7. We find
that C-G, which is usually employed by related works, is
consistently outperformed. C-IT performs best, as it captures
the most fine-grained interplay of causes. It is, however,
expensive to derive. C-1, with lower computational cost and
often reasonable performance marks a middle ground.

(RQ3) How do different aggregation methods compare?

We compare the performance of the aggregation methods in
Fig. 8, with more details in [45, Appendix C]. Our empirical
results confirm Theorem 2, i.e., the interval for the abstract
IMDP and SG always contain the original value.

SG abstractions perform best, followed by IMDP and WA.
Since all abstractions are built from the same partition, abstract
model size is always the same. The SG abstractions mostly
achieve smaller interval value bounds than the IMDP ones,
often even achieving an interval size of 0. The policy perfor-
mance however differs more strongly between the abstraction
methods. WA abstractions often achieve a policy difference
close to 0, but can also result in arbitrarily wrong policies
without any guarantees. Between IMDPs and SGs, the results
are often similar. As in the previous experiments, we observe
that all methods perform better on effects that are interpreted
as “good” than those that are “bad”. Our findings here
show a trade-off between performance and guarantees versus

computational cost. Particularly, the SG aggregations offers
guarantees and the best performance, as it tightly preserves
uncertainty. This however comes at increased computational
cost, compared to WA. The latter still often performs well and
is easy to solve, but can be arbitrarily wrong, as the averaging
may neglect specific behaviors.

(RQ4) Do the causal partitions generalize to larger models?

Using causality in MDPs and RL is often motivated by the
potential of causal relations to generalize to scaled-up models.
We test the potential of our causes to generalize to medium and
large sized models . We apply causes retrieved on small models
to larger settings, and report the results in Fig. 9. Additionally,
[45, Appendix C] compares with medium-sized causes on the
medium-sized models.

The causes generalize well in terms of size but at reduced
performance. The small causes decrease the relative size of
larger models to less than 20%, even in cases where the
small abstraction maintained more than 60% of the original
size. However, the policy difference often becomes worse,
sometimes degrading to the worst possible policy. Still, on
several models, the abstract policy attains a policy difference
close to 0 on the large models, indicating optimal performance.

Abstract policies perform well on large models. The policy
performance for large models is often closer to the original
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Fig. 9: Generalizing causes from the small models to larger model sizes.

model performance than for medium abstractions, even if both
are derived from small causes. This is interesting, as obtaining
causes for larger models is computationally more expensive.
Our findings demonstrate the potential of our approach and
provide an avenue to efficiently apply property-driven causal
abstractions even on large models, provided they are parame-
terized to allow for small variants.

Causes fitted to the model size increase performance, but
are computationally expensive. As we show in [45, Appendix
C], those abstractions built from medium-sized causes usually
receive tighter value bounds and better policy performance.
The calculation of most general causes however becomes
more computationally expensive on larger models, with several
experimental configurations timing out even after 12 hours,
as documented in [45, Appendix C]. Our straight-forward
approach for generalizing causes between models shows our
framework’s potential to scale to models of larger sizes without
further increase in computational demands.

B. General findings and practical implications

In our empirical evaluation, we observe an overall mixed
performance across benchmarks, and across combinations of
partitions and aggregation methods. We now provide further
insights on our key takeaways from this evaluation.

Concerning benchmarks, we find that our abstractions are
effective when whole state variables or large parts of their
domain are irrelevant to the property of interest. In these cases,
our abstractions become very small in size while maintaining
good policy performance. On the other hand, handcrafted
and highly artificial models where state variables do not
carry much structural meaning, and where the outcome is
solely dependent on a single state, do not produce effective
abstractions. These benchmarks can show extreme differences
in values between states, leading to a singular cause, and an
abstraction consisting of only two abstract states.

Regarding the practical implications to draw from our
experiments, in particular, we find a trade-off between com-
putational expenses and the informativeness of partitions and
therein the preciseness of abstractions. Specifically, we find

that a combination of C-IT-SG is the most reliable yet
most expensive choice. C-1-WA on the other hand offers a
lightweight heuristic without guarantees on abstraction qual-
ity, that nonetheless often works well in practice. However,
combinations of C-1 or C-IT with the SG aggregation method
is preferable when guarantees matter.

VII. CONCLUSION

We formalize feature causality in MDPs to derive several
types of property-driven predicate-based causal abstractions.
We combine our causal state space partitions with three aggre-
gation methods and analyze their theoretical (dis-)advantages.
Empirical evaluation shows that our proposed methods can
significantly reduce model size while maintaining good policy
performance on several standard benchmarks. Further, the
derived feature causes show potential to generalize to larger
model sizes. A relevant limitation is that our approach requires
to exactly analyze the full model to obtain the causal informa-
tion. However, our aim is to gain a fundamental understanding
of how causality can be applied to obtain abstractions that are
capable of retaining relevant parts of the model. Future work
aims to tackle this limitation by, among others, approximating
the causal predicates from data or learned models.
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