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What is probabilistic 
programming?
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(Bayesian) probabilistic 
modelling of data

1. Develop a new probabilistic (generative) model.

2. Design an inference algorithm for the model.

3. Using the algo., fit the model to the data.

a generic inference algo. 
of the language

as a program

in a prob. prog. language



Line fitting



Line fitting

f(x) = s*x + b
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Bayesian generative model
s

b
yi

i=1..5

s     ~ normal(0, 10) 
b      ~ normal(0, 10) 
f(x)  = s*x + b 
yi    ~ normal(f(i), 1) 
           where i = 1 .. 5 
  
Q: posterior of (s,b) given y1=2.5, 
…, y5=10.1?



Anglican program

(let [s (sample (normal 0 10)) 
      b (sample (normal 0 10)) 
      f (fn [x] (+ (* s x) b))] 

  (observe (normal (f 1) 1) 2.5) 
  (observe (normal (f 2) 1) 3.8) 
  (observe (normal (f 3) 1) 4.5) 
  (observe (normal (f 4) 1) 8.9) 
  (observe (normal (f 5) 1) 10.1) 

  f))
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Samples from posterior



Why should one care 
about prob. programming?



My favourite answer

“Because probabilistic programming is a good 
way to build an AI.”            (My ML colleague)



Lesson 1

• The expressiveness of the language matters.

• Powerful language features: High-order fns, 
meta-programming features, etc.

• New language concepts: Distribution objects, 
nested queries, stochastic future, etc.



Lesson 2

• Look at advanced models.

• Procedural modelling.

• Nonparametric Bayesian models.

• Reinforcement learning.



Procedural modelling

Controlling Procedural Modeling Programs with
Stochastically-Ordered Sequential Monte Carlo
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Figure 1: Controlling the output of highly-variable procedural modeling programs using our Stochastically-Ordered Sequential Monte Carlo
algorithm. Here, the controls encourage volumetric similarity to a target shape (shown in black).

Abstract

We present a method for controlling the output of procedural
modeling programs using Sequential Monte Carlo (SMC). Previ-
ous probabilistic methods for controlling procedural models use
Markov Chain Monte Carlo (MCMC), which receives control feed-
back only for completely-generated models. In contrast, SMC re-
ceives feedback incrementally on incomplete models, allowing it to
reallocate computational resources and converge quickly. To handle
the many possible sequentializations of a structured, recursive pro-
cedural modeling program, we develop and prove the correctness
of a new SMC variant, Stochastically-Ordered Sequential Monte
Carlo (SOSMC). We implement SOSMC for general-purpose pro-
grams using a new programming primitive: the stochastic future.
Finally, we show that SOSMC reliably generates high-quality out-
puts for a variety of programs and control scoring functions. For
small computational budgets, SOSMC’s outputs often score nearly
twice as high as those of MCMC or normal SMC.
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and systems;

Keywords: Procedural Modeling, Directable Randomness, Prob-
abilistic Programming, Sequential Monte Carlo
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1 Introduction

Procedural modeling has long been used in computer graphics
to generate varied, detailed content with minimal human effort.
Procedural models for trees, buildings, cities, and decorative pat-
terns enrich the virtual worlds of movies and games [Měch and
Prusinkiewicz 1996; Müller et al. 2006; Wong et al. 1998]. Am-
bitious new projects aim to produce fully-procedural, galactic-
scale environments for players to explore [Procedural Reality 2014;
Hello Games 2014].

This expressive power comes at a cost: procedural models often
use complex, recursive control logic, resulting in emergent behav-
ior which is difficult to direct. As a result, technical artists often
must tweak parameters and massage initial conditions to achieve a
desired look. This time and effort may defeat the purpose of using
procedural modeling in the first place.

Fortunately, recent years have seen advances in the use of proba-
bilistic inference techniques to control procedural models [Talton
et al. 2011; Stava et al. 2014; Yeh et al. 2012]. Viewing a procedu-
ral model as sampling from a probability distribution allows for the
application of Bayesian inference techniques: the prior is the pro-
cedural model itself, and the likelihood is some high-level control
expessed as a scoring function.

This previous work relies on Markov Chain Monte Carlo (MCMC),
but other Bayesian posterior sampling algorithms are available: an-
other popular choice is Sequential Monte Carlo (SMC). SMC uses a
set of samples, or particles, to represent a distribution that changes
over time as new evidence is observed. As the distribution changes,
SMC shifts more particles (and thus more of its computational bud-
get) to higher-probability regions of the state space. For proba-
bilistic models that fit this pattern of ‘evidence arriving over time,’
such as modeling the location of a mobile robot, SMC is often the
method of choice: the incremental evidence it receives provides
feedback early and often, allowing it to converge quickly [Doucet
et al. 2001]. In contrast, MCMC receives feedback only after run-
ning through the entire model.

Ritchie, Mildenhall, Goodman, Hanrahan [2015]



Procedural modelling

Ritchie, Mildenhall, Goodman, Hanrahan [2015]



Procedural modelling

Ritchie, Mildenhall, Goodman, Hanrahan [2015]

Asynchronous function 
call via future



Nonparametric Bayesian: 
Indian buffer process

A stochastic programming perspective on nonparametric Bayes

checks to see if the mapping for its given arguments
already exists, and if so, returns that cached value.
Otherwise, it applies the underlying procedure, stores
the result in the map, and returns it. This stateful-
ness allows us to delay countably many computations
while preserving exchangeability. Using mem, we can
implement the Dirichlet process, following [12]:

(define (DP concentration base-measure)

(let ((sticks (mem (lambda j (random-beta 1.0 concentration))))

(atoms (mem (lambda j (base-measure)))))

(lambda ()

(let loop ((j 1))

(if (flip (sticks j)) ;; with probability (stick j)

(atoms j) ;; return j’th sample from base measure

(loop (+ j 1))))))) ;; otherwise move to (j+1)’th stick

In fact, DP lets us generalize memoization to a form
more useful in the stochastic setting. On repeated
calls with the same arguments, we want a stochasti-
cally memoized procedure that sometimes returns old
values, but sometimes samples new values.

(define (DPmem alpha proc)

(let ((restaurants (mem (lambda args (DP alpha

(lambda () (apply proc args)))))))

(lambda args ((apply restaurants args)) )))

DPmem with alpha set to 0 recovers mem, and with
alpha set to 1 recovers no memoization (wasting
space). This idiom lets us compactly describe a wide
range of Dirichlet process based models in the liter-
ature, in particular recursively structured models not
easily describable in graphical terms (see Figure 1).
Many other higher order procedures play important
roles in functional programming, and may suggest new
stochastic processes.

We also provide a Church program that uses the stick
breaking representation of the Indian Bu↵et Process
[16, 5] introduced in [15]:

(define (ibp-stick-breaking-process concentration base-measure)

(let ((sticks (mem (lambda j (random-beta 1.0 concentration))))

(atoms (mem (lambda j (base-measure)))))

(lambda ()

(let loop ((j 1) (dualstick (sticks 1))}

(append (if (flip dualstick) ;; with prob. dualstick

(atoms j) ;; add feature j

’()) ;; otherwise, next stick

(loop (+ j 1) (* dualstick (sticks (+ j 1)))) ))))))

This procedure does not halt, and therefore does not
induce a well-defined distribution on values, although
the original IBP does. This raises the question of
whether the IBP has a computable de Finetti represen-
tation and may have implications for sampler design.

Church also introduces (query <expr> <pred>),
which samples a value v from the marginal distribu-
tion on values of <expr> given that (<pred> v) re-
turns true. This provides a Turing-universal target
for exact and approximate inference, and exposes fur-
ther connections between probability and computing.
For example, a Church representation of a distribution
also has well-defined time, space and entropy complex-
ity, which interacts with the complexity of inference
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Figure 1. Exact posterior samples from a DP mixture of
Gaussians (with Gaussian mean and inverse gamma vari-
ance), using the collapsed rejection algorithm for query.

schemes that use forward simulation (including our
MH algorithm). Di↵erent Church representations of a
given nonparametric object may thus be more or less
suitable for di↵erent inference algorithms. Further-
more, although our generic inference algorithms are
currently less e�cient than special-purpose alterna-
tives, techniques for functional program analysis and
transformation between marginally equivalent repre-
sentations could yield significant improvements. For
example, we think exploiting the dynamic program-
ming ideas from [9] in the general context of Church (or
programmatically identifying the subset of programs
to which those techniques apply) will implicate flow
analysis techniques [13].

Figure 1 Examples of stochastic transition models.

This deterministic higher-order function defines the basic
structure of stochastic transition models:
(define (unfold expander symbol)

(if (terminal? symbol)

symbol

(map (lambda (x) (unfold expander x))

(expander symbol) )))

A Church model for a PCFG transitions via a fixed multi-
nomial over expansions for each symbol:
(define (PCFG-productions symbol)

(cond ((eq? symbol ’S) (multinomial ’((S a) (T a)) (0.2 0.8)))

((eq? symbol ’T) (multinomial ’((T b) (a b)) (0.3 0.7))) ))

(define (sample-pcfg) (unfold PCFG-productions ’S))

The HDP-HMM [2, 14] uses memoized symbols for states
and memoizes transitions. Fresh symbols are generated by
the exchangeable (but stateful) primitive gensym, which
returns distinct symbols on each call:
(define get-symbol (DPmem 1.0 gensym))

(define get-observation-model (mem (lambda (symbol) (make-100-sided-die))))

(define ihmm-transition (DPmem 1.0 (lambda (state)

(if (flip) ’stop (get-symbol)) )))

(define (ihmm-expander symbol)

(list ((get-observation-model symbol)) (ihmm-transition symbol)) )

(define (sample-ihmm) (unfold ihmm-expander ’S))

The HDP-PCFG [8] is also straightforward:
(define terms ’( a b c d))

(define term-probs ’(.1 .2 .2 .5))

(define rule-type (mem (lambda symbol)

(if (flip) ’terminal ’binary-production))

(define ipcfg-expander (DPmem 1.0 (lambda (symbol)

(if (eq? (rule-type symbol) ’terminal)

(multinomial terms term-probs)

(list (get-symbol) (get-symbol)) ))))

(define (sample-ipcfg) (unfold ipcfg-expander ’S))

Making adapted versions of any of these models [6] only
requires stochastically memoizing unfold:
(define adapted-unfold

(DPmem 1.0 (lambda (expander symbol)

(if (terminal? symbol)

symbol

(map (lambda (x) (adapted-unfold expander x))

(expander symbol)) ))))

Roy et al.  2008
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This deterministic higher-order function defines the basic
structure of stochastic transition models:
(define (unfold expander symbol)

(if (terminal? symbol)
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A Church model for a PCFG transitions via a fixed multi-
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The HDP-HMM [2, 14] uses memoized symbols for states
and memoizes transitions. Fresh symbols are generated by
the exchangeable (but stateful) primitive gensym, which
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(define (ihmm-expander symbol)

(list ((get-observation-model symbol)) (ihmm-transition symbol)) )

(define (sample-ihmm) (unfold ihmm-expander ’S))

The HDP-PCFG [8] is also straightforward:
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My research 1: 
Program optimisation



Can program language techniques be used to 
do efficient inference on Anglican programs?



1. Small. No assignments.
2. Continuous distributions.
3. High-order functions.
4. Lisp-style quote/eval.

Can program language techniques be used to 
do efficient inference on Anglican programs?
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Can program language techniques be used to 
do efficient inference on Anglican programs?

help MC inference algorithms for

Yes. In compile time,
1. integrate some random variables;
2. compute posterior of some random variables 

wrt. some data.
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Problem: find two clusters

0 20

m1 m2

Find means of two clusters: m1 and m2

Find the probability p of choosing the first cluster. 

p 1-p
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yk ~ flip(p)   xk ~ normal(m(yk+1),10) 
            for i = 1..50, k = 51..55 

Q: posterior of p?
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m1 ~ normal(10,10) m2 ~ normal(10,10) 
yi ~ flip(p)   xi ~ normal(m(1-yi),10)   
yk ~ flip(p)   xk ~ normal(m(1-yk),10) 
            for i = 1..50, k = 51..55 

Q: posterior of p?



p

m1

m2

xi

yi

i=1..50

xk

yk

k=51..55 

p ~ beta(1,1) 
m1 ~ normal(10,10) m2 ~ normal(10,10) 
yi ~ flip(p)   xi ~ normal(m(1-yi),10)   
yk ~ flip(p)   xk ~ normal(m(1-yk),10) 
            for i = 1..50, k = 51..55 

Q: posterior of p?



p

m1

m2

xi

yi

i=1..50

xk

yk

k=51..55 

p ~ beta(1,1) 
m1 ~ normal(10,10) m2 ~ normal(10,10) 
yi ~ flip(p)   xi ~ normal(m(1-yi),10)   
yk ~ flip(p)   xk ~ normal(m(1-yk),10) 
            for i = 1..50, k = 51..55 

Q: posterior of p?



p

m1

m2

xk

yk

k=51..55 

p ~ beta(1,1) 
m1 ~ normal(10,10) m2 ~ normal(10,10) 
yi ~ flip(p)   xi ~ normal(m(1-yi),10)   
yk ~ flip(p)   xk ~ normal(m(1-yk),10) 
            for i = 1..50, k = 51..55 

Q: posterior of p?

Post. wrt. yk.
Post. wrt. xk.
Run MC.
Integrate yi. xi

yi

i=1..50



p

m1

m2

xk

k=51..55 

p ~ beta(…, …) 
m1 ~ normal(10,10) m2 ~ normal(10,10) 
yi ~ flip(p)   xi ~ normal(m(1-yi),10)   
yk ~ flip(p)   xk ~ normal(m(1-yk),10) 
            for i = 1..50, k = 51..55 

Q: posterior of p?

Post. wrt. yk.
Post. wrt. xk.
Run MC.
Integrate yi. xi

yi

i=1..50



p

m1

m2

xk

k=51..55 

p ~ beta(…, …) 
m1 ~ normal(10,10) m2 ~ normal(10,10) 
yi ~ flip(p)   xi ~ normal(m(1-yi),10)   
yk ~ flip(p)   xk ~ normal(m(1-yk),10) 
            for i = 1..50, k = 51..55 

Q: posterior of p?

Post. wrt. yk.
Post. wrt. xk.
Run MC.
Integrate yi. xi

yi

i=1..50



p

m1

m2

p ~ beta(…, …) 
m1 ~ normal(…, …)  m2 ~ normal(…, …) 
yi ~ flip(p)   xi ~ normal(m(1-yi),10)   

            for i = 1..50 

Q: posterior of p?

Post. wrt. yk.
Post. wrt. xk.
Run MC.
Integrate yi. xi

yi

i=1..50



p

m1

m2

p ~ beta(…, …) 
m1 ~ normal(…, …)  m2 ~ normal(…, …) 
yi ~ flip(p)   xi ~ normal(m(1-yi),10)   

            for i = 1..50 

Q: posterior of p?

Post. wrt. yk.
Post. wrt. xk.
Integrate yi.
Run MC. xi

yi

i=1..50



p

m1

m2

p ~ beta(…, …) 
m1 ~ normal(…, …)  m2 ~ normal(…, …) 
xi ~ p*normal(m1,10) + (1-p)*normal(m2,10)   

            for i = 1..50 

Q: posterior of p?

Post. wrt. yk.
Post. wrt. xk.
Integrate yi.
Run MC. xi

i=1..50



p

m1

m2

p ~ beta(…, …) 
m1 ~ normal(…, …)  m2 ~ normal(…, …) 
xi ~ p*normal(m1,10) + (1-p)*normal(m2,10)   

            for i = 1..50 

Q: posterior of p?

Post. wrt. yk.
Post. wrt. xk.
Integrate yi.
Run MC. xi

i=1..50



p

m1

m2

xi

yi

i=1..50

x0

y0

(assume p (sample (beta 1. 1.)) 
(assume m1 (sample (normal 10. 10.))) 
(assume m2 (sample (normal 10. 10.))) 

(assume f  
  (lambda (P M1 M2) 
    (let ((y (sample (flip P)))) 
      (if y (normal M1 10.) 
            (normal M2 10.))))) 

(observe (flip p) y0) 
(observe (if y0    (normal m1 10.)  
                   (normal m2 10.)) 
         x0) 
(observe (f p m1 m2) x1) 
… 
(observe (f p m1 m2) x50)



p

m1

m2

xi

yi

i=1..50

x0

y0

(let [p  (sample (beta 1. 1.)) 
      m1 (sample (normal 10. 10.)) 
      m2 (sample (normal 10. 10.)) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.))))] 

  (observe (flip p) false) 
  (observe (if false (normal m1 10.)  
                     (normal m2 10.)) 
           102.3) 
  (observe (f p m1 m2) x1) 
  … 
  (observe (f p m1 m2) x50) 
  (predict :p p))



p

m1

m2

xi

yi

i=1..50

x0

y0

(let [p  (sample (beta 1. 1.)) 
      m1 (sample (normal 10. 10.)) 
      m2 (sample (normal 10. 10.)) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.)))))] 

  (observe (flip p) false) 
  (observe (if false (normal m1 10.)  
                     (normal m2 10.)) 
           102.3) 
  (observe (f p m1 m2) x1) 
  … 
  (observe (f p m1 m2) x50) 
  (predict :p p))



p

m1

m2

xi

yi

i=1..50

x0

y0

(let [p  (sample (beta 1. 1.)) 
      m1 (sample (normal 10. 10.)) 
      m2 (sample (normal 10. 10.)) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.)))))] 

  (observe (flip p) false) 
  (observe (if false (normal m1 10.)  
                     (normal m2 10.)) 
           102.3) 
  (observe (f p m1 m2) x1) 
  … 
  (observe (f p m1 m2) x50) 
  (predict :p p))



p

m1

m2

xi

yi

i=1..50

x0

y0

(let [p  (sample (beta 1. 1.)) 
      m1 (sample (normal 10. 10.)) 
      m2 (sample (normal 10. 10.)) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.)))))] 

  (observe (flip p) false) 
  (observe (if false (normal m1 10.)  
                     (normal m2 10.)) 
           102.3) 
  (observe (f p m1 m2) 11.15) 
  … 
  (observe (f p m1 m2) 1.88) 
  (predict :p p))



p

m1

m2

xi

yi

i=1..50

x0

y0

(let [p  (sample (beta 1. 1.)) 
      m1 (sample (normal 10. 10.)) 
      m2 (sample (normal 10. 10.)) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.)))))] 

  (observe (flip p) false) 
  (observe (if false (normal m1 10.)  
                     (normal m2 10.)) 
           102.3) 
  (observe (f p m1 m2) 11.55) 
  … 
  (observe (f p m1 m2) 1.88) 
  (predict :p p))



Optimising a model via 
program transformation

• Compute posterior locally by moving 
observe backwards.

• Integrate random variables (p in our case) 
by ERPification. 



p

m1

m2

xi

yi

i=1..50

x0

y0

(let [p  (sample (beta 1. 1.)) 
      m1 (sample (normal 10. 10.)) 
      m2 (sample (normal 10. 10.)) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.)))))] 

  (observe (flip p) false) 
  (observe (if false (normal m1 10.)  
                     (normal m2 10.)) 
           102.3) 
  (observe (f p m1 m2) 11.55) 
  … 
  (observe (f p m1 m2) 1.88) 
  (predict :p p))



(let [p  (sample (beta 1. 1.)) 
      m1 (sample (normal 10. 10.)) 
      m2 (sample (normal 10. 10.)) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.)))))] 

  (observe (flip p) false) 
  (observe (if false (normal m1 10.)  
                     (normal m2 10.)) 
           102.3) 
  (observe (f p m1 m2) 11.55) 
  … 
  (observe (f p m1 m2) 1.88) 
  (predict :p p))

p

m1

m2

x0

y0

xi

yi

i=1..50

1. Compute 
posterior.

2. Integrate



(let [p  (sample (beta 1. 1.)) 
      m1 (sample (normal 10. 10.)) 
      m2 (sample (normal 10. 10.)) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.)))))] 

  (observe (flip p) false) 
  (observe (if false (normal m1 10.)  
                     (normal m2 10.)) 
           102.3) 
  (observe (f p m1 m2) 11.55) 
  … 
  (observe (f p m1 m2) 1.88) 
  (predict :p p))

p

m1

m2

x0

y0

p not defined. 
Hence, independent.
Beta-Flip conjugacy.
Constant importance weight.

xi

yi

i=1..50

1. Compute 
posterior.

2. Integrate



(let [p  (sample (beta 1. 1.)) 
      _  (observe (flip p) false) 
      m1 (sample (normal 10. 10.)) 
      m2 (sample (normal 10. 10.)) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.)))))] 

  (observe (if false (normal m1 10.)  
                     (normal m2 10.)) 
           102.3) 
  (observe (f p m1 m2) 11.55) 
  … 
  (observe (f p m1 m2) 1.88) 
  (predict :p p))

p

m1

m2

x0

y0

p not defined. 
Hence, independent.
Beta-Flip conjugacy.
Constant importance weight.

xi

yi

i=1..50

1. Compute 
posterior.

2. Integrate



(let [p  (sample (beta 1. 1.)) 
      _  (observe (flip p) false) 
      m1 (sample (normal 10. 10.)) 
      m2 (sample (normal 10. 10.)) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.)))))] 

  (observe (if false (normal m1 10.)  
                     (normal m2 10.)) 
           102.3) 
  (observe (f p m1 m2) 11.55) 
  … 
  (observe (f p m1 m2) 1.88) 
  (predict :p p))

p

m1

m2

x0

y0

p not defined. 
Hence, independent.
Beta-Flip conjugacy.
Constant importance weight.

xi

yi

i=1..50

1. Compute 
posterior.

2. Integrate



(let [_  (observe (flip 0.5) false) 
      p  (sample (beta 1. 2.)) 
      m1 (sample (normal 10. 10.)) 
      m2 (sample (normal 10. 10.)) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.)))))] 
bserve (flip p) false) 
  (observe (if false (normal m1 10.)  
                     (normal m2 10.)) 
           102.3) 
  (observe (f p m1 m2) 11.55) 
  … 
  (observe (f p m1 m2) 1.88) 
  (predict :p p))

p

m1

m2

x0

p not defined. 
Hence, independent.
Beta-Flip conjugacy.
Constant importance weight.

xi

yi

i=1..50

1. Compute 
posterior.

2. Integrate

y0



(let [_  (observe (flip 0.5) false) 
      p  (sample (beta 1. 2.)) 
      m1 (sample (normal 10. 10.)) 
      m2 (sample (normal 10. 10.)) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.)))))] 
bserve (flip p) false) 
  (observe (if false (normal m1 10.)  
                     (normal m2 10.)) 
           102.3) 
  (observe (f p m1 m2) 11.55) 
  … 
  (observe (f p m1 m2) 1.88) 
  (predict :p p))

p

m1

m2

x0

p not defined. 
Hence, independent.
Beta-Flip conjugacy.
Observe w/o free vars.

xi

yi

i=1..50

1. Compute 
posterior.

2. Integrate

y0



(let [ 
      p  (sample (beta 1. 2.)) 
      m1 (sample (normal 10. 10.)) 
      m2 (sample (normal 10. 10.)) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.)))))] 
bserve (flip p) false) 
  (observe (if false (normal m1 10.)  
                     (normal m2 10.)) 
           102.3) 
  (observe (f p m1 m2) 11.55) 
  … 
  (observe (f p m1 m2) 1.88) 
  (predict :p p))

p

m1

m2

x0

p not defined. 
Hence, independent.
Beta-Flip conjugacy.
Observe w/o free vars.

xi

yi

i=1..50

1. Compute 
posterior.

2. Integrate



(let [ 
      p  (sample (beta 1. 2.)) 
      m1 (sample (normal 10. 10.)) 
      m2 (sample (normal 10. 10.)) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.)))))] 
bserve (flip p) false) 
  (observe (if false (normal m1 10.)  
                     (normal m2 10.)) 
           102.3) 
  (observe (f p m1 m2) 11.55) 
  … 
  (observe (f p m1 m2) 1.88) 
  (predict :p p))

p

m1

m2

x0xi

yi

i=1..50

1. Compute 
posterior.

2. Integrate



(let [ 
      p  (sample (beta 1. 2.)) 
      m1 (sample (normal 10. 10.)) 
      m2 (sample (normal 10. 10.)) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.)))))] 
bserve (flip p) false) 
  (observe (if false (normal m1 10.)  
                     (normal m2 10.)) 
           102.3) 
  (observe (f p m1 m2) 11.55) 
  … 
  (observe (f p m1 m2) 1.88) 
  (predict :p p))

p

m1

m2

x0xi

yi

i=1..50

1. Compute 
posterior.

2. Integrate

Partial evaluation.
m2 and f are different.
Normal-Normal conjugacy.
Constant importance weight.



(let [ 
      p  (sample (beta 1. 2.)) 
      m1 (sample (normal 10. 10.)) 
      m2 (sample (normal 10. 10.)) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.)))))] 
bserve (flip p) false) 
  (observe (normal m2 10.) 102.3) 

  (observe (f p m1 m2) 11.55) 
  … 
  (observe (f p m1 m2) 1.88) 
  (predict :p p))

p

m1

m2

x0xi

yi

i=1..50

1. Compute 
posterior.

2. Integrate

Partial evaluation.
m2 and f are different.
Normal-Normal conjugacy.
Constant importance weight.



(let [ 
      p  (sample (beta 1. 2.)) 
      m1 (sample (normal 10. 10.)) 
      m2 (sample (normal 10. 10.)) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.)))))] 
bserve (flip p) false) 
  (observe (normal m2 10.) 102.3) 

  (observe (f p m1 m2) 11.55) 
  … 
  (observe (f p m1 m2) 1.88) 
  (predict :p p))

p

m1

m2

x0xi

yi

i=1..50

1. Compute 
posterior.

2. Integrate

Partial evaluation.
m2 and f are different.
Normal-Normal conjugacy.
Constant importance weight.



(let [ 
      p  (sample (beta 1. 2.)) 
      m1 (sample (normal 10. 10.)) 
      m2 (sample (normal 10. 10.)) 
      _  (observe (normal m2 10.) 102.3) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.)))))] 

  (observe (f p m1 m2) 11.55) 
  … 
  (observe (f p m1 m2) 1.88) 
  (predict :p p))

p

m1

m2

x0xi

yi

i=1..50

1. Compute 
posterior.

2. Integrate

Partial evaluation.
m2 and f are different.
Normal-Normal conjugacy.
Constant importance weight.



(let [ 
      p  (sample (beta 1. 2.)) 
      m1 (sample (normal 10. 10.)) 
      m2 (sample (normal 10. 10.)) 
      _  (observe (normal m2 10.) 102.3) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.)))))] 

  (observe (f p m1 m2) 11.55) 
  … 
  (observe (f p m1 m2) 1.88) 
  (predict :p p))

p

m1

m2

x0xi

yi

i=1..50

1. Compute 
posterior.

2. Integrate

Partial evaluation.
m2 and f are different.
Normal-Normal conjugacy.
Constant importance weight.



(let [ 
      p  (sample (beta 1. 2.)) 
      m1 (sample (normal 10. 10.)) 
      _  (observe (normal …) 102.3) 
      m2 (sample (normal …)) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.)))))] 

  (observe (f p m1 m2) 11.55) 
  … 
  (observe (f p m1 m2) 1.88) 
  (predict :p p))

p

m1

m2

x0xi

yi

i=1..50

1. Compute 
posterior.

2. Integrate

Partial evaluation.
m2 and f are different.
Normal-Normal conjugacy.
Constant importance weight.



(let [ 
      p  (sample (beta 1. 2.)) 
      m1 (sample (normal 10. 10.)) 
      _  (observe (normal …) 102.3) 
      m2 (sample (normal …)) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.)))))] 

  (observe (f p m1 m2) 11.55) 
  … 
  (observe (f p m1 m2) 1.88) 
  (predict :p p))

p

m1

m2

x0xi

yi

i=1..50

1. Compute 
posterior.

2. Integrate

Partial evaluation.
m2 and f are different.
Normal-Normal conjugacy.
Observe w/o free vars. 



(let [ 
      p  (sample (beta 1. 2.)) 
      m1 (sample (normal 10. 10.)) 

      m2 (sample (normal …)) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.)))))] 

  (observe (f p m1 m2) 11.55) 
  … 
  (observe (f p m1 m2) 1.88) 
  (predict :p p))

p

m1

m2

xi

yi

i=1..50

1. Compute 
posterior.

2. Integrate

Partial evaluation.
m2 and f are different.
Normal-Normal conjugacy.
Observe w/o free vars. 



(let [ 
      p  (sample (beta 1. 2.)) 
      m1 (sample (normal 10. 10.)) 

      m2 (sample (normal …)) 

      f  (erpify-dist 
      (fn [P M1 M2] 
        (let [y (sample (flip P))] 
          (if y (normal M1 10.) 
                (normal M2 10.)))))] 

  (observe (f p m1 m2) 11.55) 
  … 
  (observe (f p m1 m2) 1.88) 
  (predict :p p))

p

m1

m2

xi

yi

i=1..50

1. Compute 
posterior.

2. Integrate.



(let [ 
      p  (sample (beta 1. 2.)) 
      m1 (sample (normal 10. 10.)) 

      m2 (sample (normal …)) 

      f 
      (fn [P M1 M2] 
        (mixture-dist 
          [P        (normal M1 10.)] 
          [(- 1. P) (normal M2 10.)]))] 

  (observe (f p m1 m2) 11.55) 
  … 
  (observe (f p m1 m2) 1.88) 
  (predict :p p))

p

m1

m2

1. Compute 
posterior.

2. Integrate.

xi

i=1..50



Distribution object ds

• Represents a probability distribution that has 
density.

• Has two methods:

(sample ds) for sampling a value

(observe ds v) for computing the prob. of v  



Elementary random 
procedure (ERP)

• Procedure that creates a dist. object.

• Examples:  

flip, normal, gamma, …

• Non-example:            

(fn [P] (not (sample (flip P))))



Erpification

• Generates an ERP from a procedure.

• Finds a formula for probability.

• Results expressed in terms of existing ERPs.

(fn [P] 
  (not (sample (flip P)))) 

(fn [P] 
  (flip (- 1 P)))



Erpification

Suppose   erpify(f) = f-erp.
• Then,     (f p) = (sample (f-erp p)).
• Can:       (observe (f-erp p) false).    
• Cannot:  (observe (f p) false).  

(fn [P] 
  (not (sample (flip P)))) 

(fn [P] 
  (flip (- 1 P)))



1. Symbolically enumerate all possible outputs.

2. Express the outputs using existing ERPs.



1. Symbolically enumerate all possible outputs.

2. Express the outputs using existing ERPs.

(fn [P] 
  (not  
    (sample (flip P)))) 



1. Symbolically enumerate all possible outputs.

2. Express the outputs using existing ERPs.

(fn [P] 
  (not  
    (sample (flip P)))) 

{ (false, P,   []),  
  (true,  1-P, [])  
}



1. Symbolically enumerate all possible outputs.

2. Express the outputs using existing ERPs.

(fn [P] 
  (not  
    (sample (flip P)))) 

{ (false, P,   []),  
  (true,  1-P, [])  
}

(flip (- 1 P))



1. Symbolically enumerate all possible outputs.

2. Express the outputs using existing ERPs.

(fn [P] 
  (not  
    (sample (flip P)))) 

{ (false, P,   []),  
  (true,  1-P, [])  
}

(flip (- 1 P))

(fn [P M1 M2] 
  (if (sample (flip P)) 
    (sample (normal M1 1)) 
    (let [R2 (sample (normal M2 1))] 
      (sample (normal (+ R2 2) 1)))))



1. Symbolically enumerate all possible outputs.

2. Express the outputs using existing ERPs.

(fn [P] 
  (not  
    (sample (flip P)))) 

{ (false, P,   []),  
  (true,  1-P, [])  
}

(flip (- 1 P))

(fn [P M1 M2] 
  (if (sample (flip P)) 
    (sample (normal M1 1)) 
    (let [R2 (sample (normal M2 1))] 
      (sample (normal (+ R2 2) 1)))))

{ (R1, P,   [R1:(normal M1 1)]), 
  (R3, 1-P, [R2:(normal M2 1),  
             R3:(normal (* R2 2) 1)])  
}



1. Symbolically enumerate all possible outputs.

2. Express the outputs using existing ERPs.

(fn [P] 
  (not  
    (sample (flip P)))) 

{ (false, P,   []),  
  (true,  1-P, [])  
}

(flip (- 1 P))

(fn [P M1 M2] 
  (if (sample (flip P)) 
    (sample (normal M1 1)) 
    (let [R2 (sample (normal M2 1))] 
      (sample (normal (+ R2 2) 1)))))

{ (R1, P,   [R1:(normal M1 1)]), 
  (R3, 1-P, [R2:(normal M2 1),  
             R3:(normal (* R2 2) 1)])  
}

(mixture-dist 
  [[P       (normal M1 1)] 
   [(- 1 P) (normal (* M2 2)  
                    (sqrt 5))]])



Gibbs-like algorithm (LMH) 
applied to original program

10K samples. 
26 different samples.

posterior mean 
of mixing prob. p



Gibbs-like algorithm (LMH) 
applied to original program

10K samples. 
26 different samples.

posterior mean 
of mixing prob. p

transformed program

2721



My research 2:
Semantics



(let [s (sample (normal 0 10)) 
      b (sample (normal 0 10)) 
      f (fn [x] (+ (* s x) b))] 

  (observe (normal (f 1) 1) 2.5) 
  (observe (normal (f 2) 1) 3.8) 
  (observe (normal (f 3) 1) 4.5) 
  (observe (normal (f 4) 1) 8.9) 
  (observe (normal (f 5) 1) 10.1) 

  (predict :sb [s b]))



(let [s (sample (normal 0 10)) 
      b (sample (normal 0 10)) 
      f (fn [x] (+ (* s x) b))] 

  (observe (normal (f 1) 1) 2.5) 
  (observe (normal (f 2) 1) 3.8) 
  (observe (normal (f 3) 1) 4.5) 
  (observe (normal (f 4) 1) 8.9) 
  (observe (normal (f 5) 1) 10.1) 

  (predict :sb [s b]))
(predict :f f)



(let [s (sample (normal 0 10)) 
      b (sample (normal 0 10)) 
      f (fn [x] (+ (* s x) b))] 

  (observe (normal (f 1) 1) 2.5) 
  (observe (normal (f 2) 1) 3.8) 
  (observe (normal (f 3) 1) 4.5) 
  (observe (normal (f 4) 1) 8.9) 
  (observe (normal (f 5) 1) 10.1) 

  (predict :sb [s b]))
(predict :f f)

Generates a random function of type R→R.
But its mathematical meaning is not clear.



Measurability issue

• Measure theory is the foundation of probability 
theory that avoids paradoxes.

• Silent about high-order functions.

• [Halmos] ev(f,a) = f(a) is not measurable.

• The category of measurable sets is not CCC.

• But Anglican supports high-order functions.



Use category theory to extend measure theory.
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Meas

Giry
Monad’ 

[Measop, Set]∏

[Measop, Set]∏

Yoneda
Embedding 

Left Kan 
Extension

Meas
Yoneda

Embedding 

Use category theory to extend measure theory.
Enough structure 
for function types

Preserves nearly 
all the structures



[Question] Are all definable functions from R to 
R in a high-order probabilistic PL measurable?

Our semantics says that the answer is yes for a 
core call-by-value language. 



⟦1→(R→R)⟧ consists of: 

equivalence classes of measurable functions 
f : Ω×R → R for probability spaces Ω.

The function f is what probabilists call a 
measurable stochastic process.


