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1 Introduction
approa
hes to semanti
s of imperative programspartial/total 
orre
tness (wlp/wp) [Hoare 69, Dijkstra 74℄general 
orre
tness [Morgan/Morris/Nelson 87, Doornbos 94℄Kleene algebra with tests (partial 
orre
tness) [Kozen 97℄demoni
 relational semanti
s [Nguyen 91, Ba
khouse 93,Desharnais 95, Desharnais/Mili/Nguyen 97,Desharnais/M�oller/T
hier 02/04℄Unifying Theories of Programs (UTP) [Hoare/He 98℄omega algebra [Cohen 00℄demoni
 re�nement algebra (DRA) [von Wright 02℄how do all these interrelate?
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2 Commands (General Correctness)

basi
 idea [Broy et al. 79, Berghammer/Zierer 86, Parnas 83℄model a program as a pair (a, p) 
onsisting ofa transition relation a between states anda set p of states with guaranteed termination[Parnas 83℄ required p ≤ doma (= set of starting states of a)allows distinguishing the \must-termination" given by pfrom the \may-termination" given by dom aex
ludes \mira
ulous" program behaviour[Morgan/Morris/Nelson 87℄ dropped this restri
tion
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basi
 non-iterative 
ommands

fail

def

= (0, 1)

skip

def

= (1, 1)

loop

def
= (0, 0)

(a, p) ⌈⌋(b, q)

def
= (a ∨b, p ∧q)

(a, p) ; (b, q)

def
= (a ∧b, p ∧[a]q)where{ 0 =̂ empty transition relation/false{ 1 =̂ identi
al transition relation/true{ [a]q

def

= ¬dom (a ∧¬q) (analogue of wlp)
Möller { 4 { WG 2.1 06



Command Algebra

algebrai
 properties:
(COM(S), ⌈⌋, fail, ; , skip) is a left semiring

fail is only a left zeroeven right-distributiveasso
iated natural order on COM(S):
(a, p) ≤ (b, q) ⇔ a ≤ b ∧ p ≥ q
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if S is a 
omplete latti
e then so is COM(S)if S has a greatest element ⊤ then chaos

def

= (⊤, 0) is thegreatest element of COM(S)whereas havoc

def
= (⊤, 1) represents the most nondeterministi
but everywhere terminating program
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weakest (liberal) pre
ondition

wlp.(a, p).q

def

= [a]q

wp.(a, p).q

def
= p ∧wlp.(a, p).q

then p = wp.(a, p).1, so that, for 
ommand k,

wp.k.q = wp.k.1 ∧ wlp.k.q(Nelson's pairing 
ondition)by antitony of box: k ≤ l ⇒ wp.k ≥ wp.l(
onverse of the usual re�nement relation)
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3 wp is wlp

de�nition of 
ommands based on tests (abstra
t versions of

assert-statements that 
hara
terise sets of states)analogous test 
ommands: (p, 1) where p is a testthis admits a domain operation on 
ommands:

dom k = (grd.k, 1)where, as usual,

grd.(a, p)

def
= ¬wp.(a, p).0 = p → dom a
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orresponding box operator

[k] (q, 1) = (wp.k.q, 1)

this equation explains the title of this se
tion:

wp is nothing but wlp in the semiring of 
ommandsex
ept for fail the usual wp/wlp laws are just general laws forbox operatorsmoreover, we 
an re-use the general soundness and relative
ompleteness proof for propositional Hoare logi
 from[M�oller/Struth 04℄this yields fairly qui
kly a sound and relatively 
omplete proofsystem for wp
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re�nement relation:
(a, p) ⊒ (b, q)

def
⇔ q ≤ p ∧ q ∧a ≤ b

⊒ is a preorderasso
iated equivalen
e:
(a, p) ≡ (b, q) ⇔ p = q ∧ p ∧a = p ∧b
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4 Relation to UTP

UTP spe
s and programs are predi
ates relating initial values vof variables with their �nal values v ′ok ↔ program has been startedok ′
↔ program has terminatedboth may o

ur freely in predi
ates
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set of all su
h predi
ates is too generalsub
lass: designs
P ⊢ Q

def
⇔ (ok ∧P ⇒ ok ′

∧Q)where ok and ok ′ do not o

ur in P or Qinformal meaning: a 
omputation is allowed by the design i�when started in a state satisfying P it will terminate in a statesatisfying Q
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still narrower sub
lass: normal (or (H3)) designswhere the pre
ondition P may involve only initial valuessu
h a predi
ate is formally 
alled a 
onditionan (H3) design p ⊢ a 
an be modelled as the 
ommand (a, p)(a
tually as an equivalen
e 
lass under re�nement equivalen
e)the more general normal pres
riptions of [Dunne 01℄ 
orrespondpre
isely to the set of all 
ommands (without a quotientformation)
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feasible (or (H4)) designs model programs that 
annot\re
over" from nontermination
hara
terised by chaos ; k = chaosequivalent to Parnas's 
ondition p ≤ doma
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general UTP predi
ates:
an be modelled as 2 × 2-matri
es that re
ord the residualpredi
ates for the four possible 
ombinations of the values ofok and ok ′ [M�oller 06℄in this way the unobservables ok and ok ′ are truly hidden
hoi
e then be
omes matrix additionand ; be
omes matrix multipli
ationdesigns and pres
riptions 
orrespond to matri
es of spe
ialshapes, from whi
h many of the relevant laws 
an be derivedmore simply and 
on
isely than from the original predi
ativespe
i�
ations
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5 Relation to Demonic Semantics

demoni
 semanti
s is a simpli�
ation of the general 
ommandsemanti
s for feasible 
ommandsproje
tion: (a, p) 7→ (p ∧a, p ∧doma)for su
h 
ommands the termination information 
oin
ides withthe domain of the �rst 
omponent,hen
e 
an be omittedi.e., (a, p) 7→ p ∧a suÆ
esinverse operation (up to re�nement equivalen
e) b 7→ (b, dom b)
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this is the view of demoni
 semanti
s:all states that have the possibility of triggering anon-terminating 
omputation are 
onsidered \unsafe", andhen
e all \proper" transitions for them are deleted as wellhen
e all su
h states are ex
luded from the domain of the
orresponding semanti
 elementthis means that the transition part alone is suÆ
ientthe demoni
 operators 
an now be 
al
ulated from the
ommand versions using the above proje
tion/inje
tion pair[Guttmann/M�oller 06℄
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6 Iteration and Demonic Refinement

Algebra
�nite/in�nite iteration: (left) Kleene/ω algebraDRA: strong iteration (�nite or in�nite iteration)
onne
tion [H�ofner/M�oller/Solin 06℄DRA = left ω algebra + chaos is a left zerostrong iteration = ∗ + ωin parti
ular, the 
ommands form a DRAthis 
an be non-extensional, hen
e not isomorphi
 to apredi
ate transformer modeltherefore the DRA axioms do not 
hara
terise predi
atetransformer models uniquely
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