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1 The Shortest Path Problem

informal problem statement:given:{ dire
ted graph (n, e){ with node set n and non-negatively weighted edge set e{ a starting node s ∈ ntask: for ea
h v ∈ n return{ length of a shortest path from s to v{ or ∞ if there is no path from s to v.
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algebrai
 formulation:
al
ulate d = s ; e∗where ; is path 
on
atenation (under adjustment of 
osts)

aim of derivation: eliminate the expensive star operation

earlier version: [Ba
khouse et al. 92/94℄
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2 Some Properties of Paths
general idea: work with an algebra of path sets (and their 
osts)edge sets: sets of paths with 2 nodesnode sets: sets of singleton paths
on
atenation: glue at 
ommon intermediate node (asso
iative)for node set m and path set a{ m ; a set of paths in a that start in m-nodes{ a ; m set of paths in a that end in m-nodeshen
e set n of all nodes is the identity of 
omposition

a∗ arbitrary �nite iteration of a, i.e., all paths that 
an be
onstru
ted out of an arbitrary �nite number of a-paths
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hoi
e:
a ⌈⌋b: for all pairs of nodes take shortest 
onne
ting pathsprovided by a or bre�nement order: a ⊑ b =df a ⌈⌋b = b(b re�nes a i� it o�ers the less 
ostly paths)sin
e singleton paths are always 
heapest (
ost 0), set n of allnodes re�nes all sets: a ⊑ na full graph may o�er better paths than a restri
ted one:

m ; a ⊑ a
omposition distributes over 
hoi
e, hen
e is ⊑-isotone
onvention: 
omposition binds tighter than 
hoi
efurther details in Appendix II
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three essential properties used in the derivation:for graph node p and path set a:

p ; a ; p ⊑ p (no detours)sin
e all path 
osts are non-negative, any path from p to itself
annot be 
heaper than the 0-
ost trivial singleton path
onsisting just of p

a∗ = n ⌈⌋a ; a∗ = n ⌈⌋a∗ ; a (star re
ursion)iteration of a either uses zero a-paths or one a-pathfollowed/pre
eded by zero or more others
(b ⌈⌋ c)∗: arbitrary alternations of b paths and c paths

(b ⌈⌋ c)∗ = c∗ ; (n ⌈⌋ b ; (c ⌈⌋b)∗) (path grouping)

= (n ⌈⌋ (b ⌈⌋ c)∗ ; b) ; c∗exhibit maximal c-sequen
es at the beginning or end
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3 Dijkstra’s Algorithm


entral ideas:generalise the problem by using a set ok of nodes for whi
h theproblem is solved exa
tlyinitially, ok is emptyextend this set node by node till all are in okfor ea
h node outside ok the algorithm 
omputes anapproximation to d, viz.the length of a shortest path whose interior nodes are from ok
Bernhard Möller { 7 { WG2.1 March 06



Dijkstra,Kleene,Knuth

formalisation:use the path algebra with node set n and edge set efor ok ≤ n de�ne generalised fun
tion dd bydd(ok) =df s ; (ok ; e)∗

expresses that dd(ok) only 
onsiders paths with interior nodesin okthen, by neutrality of n w.r.t. 
omposition, d = dd(n)\strategy": extra
t maximal subexpressions of form p ; a ; p toallow appli
ation of no-detours rule
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plan of derivation: �nd an indu
tive version of dd that does notuse star operations anymoremaintain the invariant that dd solves the problem exa
tly, i.e.,using all possible paths, for end nodes in ok :

s ; (ok ; e)∗ ; ok = s ; e∗ ; ok

more 
ompa
tly, dd(ok) ; ok = d ; ok (1)

induction base: ok = ∅dd(∅) = s ; ∅∗ = s ; n = s

invariant holds trivially for dd(∅)

Bernhard Möller { 9 { WG2.1 March 06



Dijkstra,Kleene,Knuth

induction step: 
al
ulate behaviour of dd when ok is extended bya node w ≤ ¬ok
from this infer how to 
hoose w appropriately to maintain theinvariant
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dd(w ⌈⌋ ok)

= f[ de�nition dd and distributivity ℄g
s ; (w ; e ⌈⌋ ok ; e)∗

= f[ path grouping and distributivity ℄g
s ; (ok ; e)∗ ; (n ⌈⌋ w ; e ; ((w ⌈⌋ ok) ; e)∗)

= f[ de�nition dd and abbreviation h =df (w ⌈⌋ ok) ; e ℄gdd(ok) ; (n ⌈⌋ w ; e ; h∗)
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simpli�
ation of se
ond alternative (h =df (w ⌈⌋ ok) ; e):

w ; e ; h∗

= f[ star re
ursion and de�nition of h ℄g

w ; e ⌈⌋w ; e ; h∗ ; (w ⌈⌋ ok) ; e

= f[ distributivity ℄g
w ; e ⌈⌋w ; e ; h∗ ; w ; e ⌈⌋w ; e ; h∗ ; ok ; e

= f[ middle summand ⊑ �rst one by no-detours rule ℄g

w ; e ⌈⌋w ; e ; h∗ ; ok ; e

substituted ba
k:dd(w ⌈⌋ ok) = dd(ok) ; (n ⌈⌋ w ; e ⌈⌋ w ; e ; h∗ ; ok ; e)now 
ontinue simpli�
ation with third alternative (afterdistribution)
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dd(ok) ; w ; e ; h∗ ; ok ; e

⊑ f[ sin
e w ; e ⊑ e and h ⊑ e ℄gdd(ok) ; e ; e∗ ; ok ; e

⊑ f[ de�nition of dd(ok) and star rules ℄g

s ; e∗ ; ok ; e

= f[ de�nition of d = s ; e∗ and invariant d ; ok = dd(ok) ; ok ℄gdd(ok) ; ok ; e

⊑ f[ de�nition of dd(ok) = s ; (ok ; e)∗ and star rule ℄gdd(ok)informal interpretation: shortest paths to nodes outside ok 
annotloop ba
k through ok
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in sum: dd(w ⌈⌋ ok) = dd(ok) ; (n ⌈⌋w ; e) (∗)

algebrai
 equivalent of the usual set of assignmentsdd [v] = min (dd [v], dd [w] ⌈⌋weight(w, v))for v ≤ n(where by the invariant dd(ok) ; ok = d ; ok only the subset

¬ok − {w} needs to be 
onsidered)

now 
hoose w su
h that the invariant holds for w ⌈⌋ ok againsuÆ
ient: d ; w = dd(w ⌈⌋ ok) ; wby (∗) and no-detours rule the rhs is equal to dd(ok) ; w
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abbreviation: f =df dd(ok) = s ; (ok ; e∗)

d ; w

= f[ de�nition of d ℄g
s ; e∗ ; w

= f[ path grouping, using e = ok ; e ⌈⌋¬ok ; e ℄g

s ; (ok ; e∗) ; (n ⌈⌋¬ok ; e ; e∗) ; w

= f[ de�nitions of f and setting e+ =df e ; e∗ ℄g
f ; (n ⌈⌋¬ok ; e+) ; w

= f[ splitting ¬ok into its nodes and distributivity ℄g
f ; w ⌈⌋ (⌈⌋v≤¬ok f ; v ; e+ ; w)so goal a
hieved if ⌈⌋v≤¬ok f ; v ; e+ ; w ⊑ f ; w
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redu
tion:
⌈⌋v≤¬okf ; v ; e+ ; w ⊑ f ; w

⇔ f[ universal 
hara
terisation of 
hoi
e ℄g
∀ v ≤ ¬ok : f ; v ; e+ ; w ⊑ f ; w

⇐ f[ instan
e f ; w ; e+ ; w ⊑ f ; w of no-detours rule ℄g

∀ v ≤ ¬ok : f ; v ⊑ f ; wthis holds i� w is a node with minimal 
ost along ok paths
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omplete algorithm:dd(∅) = sdd(ok ⌈⌋w) = dd(ok) ; (n ⌈⌋w ; e)if ok 6= ∅ and w ≤ ¬ok satis�es

∀ v ≤ ¬ok : dd(ok) ; v ⊑ dd(ok) ; w
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4 Knuth’s Generalisation

observations:edge XY with weight m 
orresponds to an automaton transition

X
m
−→ Ymatrix algebra approa
h works, be
ause the problem isessentially about automata/regular languagesKnuth generalises this to a 
ontext-free setting
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h:use restri
ted 
fgs of with produ
tions of the shape (n ≥ 0)

Xi ::= f(Xi1, . . . , Xin)

and asso
iated IN-valued interpreting fun
tions fI that areisotone in ea
h argumentsuperior, i.e., satisfy
∀ j : fI(x1, . . . , xn) ≥ xj

task: 
ompute for all i

m(Xi) =df min {wI : w ∈ L(Xi)}
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the shortest path example:edge X
m
−→ Y gives produ
tion

X ::= f(Y)

with fI(x) =df m + x

f is isotone and superiorfor start node S add a produ
tion S ::= 0
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algorithm:use again a set ok and an auxiliary fun
tion mmok is the set of nonterminals X for whi
h m(X) has beendeterminedfor all other Y the value mm(Y) approximates m(Y)invariant: ∀ X ∈ ok : mm(X) = m(X)initialisation: ok := ∅ ; ∀ X : mm(X) := ∞
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loop:if all nonterminals are in ok , stopotherwise, for all Y 6∈ ok , 
omputemm(Y) =df min {fI(m(X1), . . . , m(Xn) |

Y ::= f(X1, . . . , Xn) ∧ {X1, . . . , Xn} ⊆ ok }(if the set involved is empty then mm(Y) = ∞)
hoose a Y with minimum mm(Y)ok := ok ∪ {Y}

m(Y) := mm(Y)
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hallenge:
�nd a ni
e 
al
ulational 
orre
tness proof/derivation for Knuth'salgorithm
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Appendix I: Just for Fun - The

Floyd/Warshall Algorithm

this is the all-pairs shortest non-empty path problemspe
i�
ation even simpler than for Dikstra: 
ompute e+
entral idea: use again a set ok that restri
ts the inner nodes ofpaths and in
rement it stepwisespe
i�
ation of auxiliary fun
tion:rt(ok) =df e ; (ok ; e)∗(\restri
ted transitive 
losure")
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here another star property is useful:
(a ⌈⌋b)∗ = a∗ ; (b ; a∗)∗ = (a∗ ; b) ; a∗ (star of sum)

indu
tion base: rt(∅) = e ; ∅∗ = e ; n = e
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tion step: for arbitrary node w:rt(ok ⌈⌋w)

= f[ de�nition rt and distributivity ℄g

e ; (ok ; e ⌈⌋w ; e)∗

= f[ star of sum ℄g
e ; (ok ; e)∗ ; (w ; e ; (ok ; e))∗

= f[ fold e ; (ok ; e)∗ twi
e to f =df rt(ok) ℄g

f ; (w ; f)∗

= f[ star re
ursion and distributivity ℄g
f ⌈⌋ f ; w ; f ; (w ; f)∗

= f[ star re
ursion and distributivity ℄g
f ⌈⌋ f ; w ; f ⌈⌋ f ; w ; f ; (w ; f)∗ ; w ; f

= f[ sin
e third alternative ⊑ se
ond one by no-detours rule ℄g
f ⌈⌋ f ; w ; f
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to guarantee termination, 
hoose w 6∈ ok


omplete algorithm:rt(∅) = ert(ok ⌈⌋w) = f ⌈⌋ f ; w ; fwhere f = rt(ok) and w 6∈ ok

depending on the underlying 
ost semiring (see Appendix II) this isthe Floyd or Warshall algorithm
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Appendix II: Algebraic Background

Definition 4.1 semiring: stru
ture (S, +, ·,0, n) su
h that

(S, +,0) is a 
ommutative monoid
(S, ·,1) is a monoidthe distributive laws hold
0 is an annihilator: 0 · a = 0 = a · 0if S is idempotent, i.e., x + x = x, the relation a ≤ b ⇔df a + b = bis a partial order, the natural order
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interpretation:
+ ↔ 
hoi
e,
· ↔ sequential 
omposition

0 ↔ empty set of 
hoi
es

1 ↔ identity
≤ ↔ in
rease in information or in 
hoi
es

Example 4.2 tropi
al semiring:
(min , +) = (IN∞ , min , +, ∞, 0)natural ordering: 
onverse of the standard ordering on IN∞

1 = 0 is the largest element.
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generalisation: 
ost algebraidempotent semiring with total natural orderin whi
h 1 is the greatest elementfurther examples:IR≥0 ∪ {∞} with the operations as aboveBooleans IB with impli
ation order
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MAT(M, S) = (SM×M, +, ·,0,1)set of matri
es with indi
es in M and elements of semiring S asentriesagain a semiringidempotent i� S isnatural order: 
omponentwiseMAT(M, IB) isomorphi
 to semiring REL(M) of binaryrelations over M under union and 
ompositionmodelling graphs with edge weights:MAT(N, S) where S is a 
ost algebra
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representing sets of graph nodestest semiring [Kozen 97℄: pair (S, test(S)) with Booleansubalgebra test(S) ⊆ [0,1] su
h that

0,1 ∈ test(S)

+ is join and · is meet in test(S)

S is dis
rete if test(S) = {0,1}

S = (min , +) is dis
rete, but MAT(M, S) 
an be madenon-dis
rete:
hoose as tests all matri
es with tests on the main diagonal and

0 outside
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over dis
rete S, matrix p is a point if it is an atom in

test(MAT(M, S)),i.e., if it has exa
tly one entry 1 in its main diagonal (andhen
e 0 everywhere else)general tests represent subsets of M in the analogous wayfor points p and q and matrix a

(p · a · q)uv =





auv if u = p ∧ v = q

0 otherwise
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Lemma 4.3 Consider a dis
rete 
ost algebra S, a point p and anarbitrary matrix a of MAT(M, S). Then p · a · p ≤ p.

sin
e IB is a 
ost algebra, this property holds for the relationsemiring REL(M), too
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iteration: add Kleene star and plus with standard axioms [Kozen94℄

Example 4.4 Sin
e in (min , +) the multipli
ative unit 1 = 0 is thelargest element, and x∗ = 1 for all x ≤ 1, we 
an extend (min , +)uniquely to a Kleene algebra by setting n∗ = 1 for all n ∈ N∞ .useful law

(b+c)∗ = (1+(b+c)∗·b)·c∗ = b∗·(1+b·(b+c)∗) (path grouping)
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fa
t [Conway71℄: MAT(M, S) over Kleene algebra S 
an beextended to a Kleene algebra
Corollary 4.5 Consider a dis
rete 
ost algebra S, a point pand an arbitrary matrix a of MAT(M, S). Then p · a∗ · p = p.reason: 1 ≤ a∗ holds for all Kleene algebras
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onne
tion to path problems:for graph matrix a ∈ MAT(M, S) over 
ost algebra S and

x, y ∈ M:element ai
xy gives the minimum 
ost of paths with exa
tly iedges from x to yhen
e a∗

xy is the minimum 
ost along arbitrary pathsfrom x to y
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