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Applications of Modal Semirings

1 Survey

aim: give algebrai
 semanti
s to some modal logi
ssu
h as multiagent 
ommon knowledge logi
and preferen
e logi
apply the algebra to some examples
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2 The Wise Men Puzzle
wise men puzzle:a king wants to test the wisdom of his three wise menthey have to sit on three 
hairs behind ea
h other, all fa
ingthe same dire
tionthe king puts a hat on ea
h head, either red or bla
khe announ
es that at least one hat is redhe asks the wise man in the ba
k if he knows his hat 
olourthat one denieshe asks the middle one who denies, toonow he says to the front one: \If you are really wise, you shouldnow know the 
olour of your hat."
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formalisation:rules of the puzzle represented as individual knowledge Kjϕ ofman i or 
ommon knowledge Cϕ where ψ are 
ertain formulaslet ri mean that i's hat is red (numbering in order ofquestioning, i.e. from ba
k to front)every man 
an only see the hats before him

C(ri → Kjri) C(¬ri → Kj¬ri) (j < i)at least one hat is red
C(r1 ∨ r2 ∨ r3)after the king's questions

C(¬Kiri ∧ ¬Ki¬ri) (i = 1, 2)
an we infer anything about K3r3 from that?
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3 Modelling Knowledge (Epistemic

Modal Logic)

Kripke semanti
s for modal logi
:set of possible worldspredi
ates 
hara
terise subsets of possible worldsa

ess relation between worldsthe worlds a

essible from a 
urrent world w are 
alled theepistemi
 neighbours of wbox/diamond a
t as universal/existential quanti�ers over theneighbour worldsknowing p means that p holds in all neighbour worlds
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setting: systems with several agentsea
h has its own a

ess relation with asso
iated box operator Kinow Kip is interpreted as \agent i knows p"
orresponding spe
ial properties :
Kip ≤ p if i knows p, it's a
tually true

Kip ≤ KiKip if i knows p, she knows that she knows p,positive introspe
tion
¬Kip ≤ Ki¬Kip negative introspe
tion
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4 Algebraic Semantics

abstra
tion:use a test semiring (see appendix for pre
ise de�nitions)tests (= monotoypes = 
ore
exives) play the role of predi
atesor sets of worlds
0 ↔ false ↔ ∅ 1 ↔ true ↔ set of all worlds

≤ is impli
ation (or subsethood)general elements play the role of a

ess relations
ompositions pa and ap of an a

ess element a with a test pmean restri
tion of a on the input/output sidehen
e paq is the part of a that takes p-elements to q-elements
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informal de�nition of the box operator:a world w satis�es [a]q i� all worlds a

essible from w via asatisfy (or guarantee) pfor the algebrai
 
hara
terisation we lift this to sets of worldsall p-worlds satisfy [a]q i� there is no a-
onne
tion from

p-worlds to ¬q-worlds:
p ≤ [a]q

def
⇔ pa¬q ≤ 0the diamond is the de Morgan dual of box:

〈a〉q

def
⇔ ¬[a]¬q
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onsequen
es of the de�nition:box is normal, i.e.
[a]1 = 1 [a](p → q) ≤ [a](p) → [a](q)
onsequently, box is 
onjun
tive, hen
e isotone,diamond is disjun
tive, hen
e isotonebox is anti-disjun
tive

[a+ b]p = [a]p ∧ [b]p
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additional axiom for 
omposition:
[ab] = [a][b]in a Kleene algebra this entails box star indu
tion:

q ≤ p ∧ q ≤ [a]q ⇒ q ≤ [a∗]p

Möller { 10 { WG 2.1 06 Namur



Applications of Modal Semirings

modelling 
ommon knowledge:assume agents i ∈ I = {1, . . . , n}agent group G ⊆ Itwo operators for expressing 
ommon knowledge:

EGp: everyone in group G knows p
CGp: everyone knows that everyone knows that . . .
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formal de�nition: exploit the algebra of modal operatorsfor G = {k1, . . . , km},

EGp = Kk1
p ∧ · · · ∧ Kkm

p

= [ak1
]p ∧ · · · ∧ [akm

]p

= [ak1
+ · · · + akm

]p

= [aG]pwhere aG

def

= ak1
+ · · · + akm
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for CG we obtain
CGp = EGp ∧ EGEGp ∧ EGEGEGp · · ·

= [aG]p ∧ [aG][aG]p ∧ [aG][aG][aG]p · · ·

= [aG + a2

G
+ a3

G
· · · ]

= [a+

G
]pif the underlying semiring is even a Kleene algebrain sum we have an algebrai
 version of the multiagent logi
 KT45n(see e.g. [HR04℄)
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using 
ommon knowledge:impli
ation order
a ≤ b

def

⇔ b = a+ bexpresses that b o�ers at least as mu
h transition possibilitiesas athe addition law entails
a ≤ b ⇒ [b]p ≤ [a]p(if more 
hoi
es are o�ered, one 
an guarantee less)now, sin
e akj

≤ aG ≤ a+

G

we get
CGp ≤ EGp ≤ Kkj

pand

CGp ≤ CGKkj
p
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5 Solving the Wise Men Puzzle

main reasoning prin
iple: isotony of modal operators M

p ≤ q ⇒ Mp ≤ Mq(remember that ≤ means impli
ation)basi
 equivalen
e (shunting)
p ≤ q ⇔ 1 ≤ p → q
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repetition of the knowledge assertions

C(ri → Kjri) C(¬ri → Kj¬ri) (j < i)

C(r1 ∨ r2 ∨ r3)

C(¬Kiri ∧ ¬Ki¬ri) (i = 1, 2)before using isotony we take the 
ontrapositives of the �rst two
lauses to have simple literals right of → and rewrite the third intoan impli
ation (fourth un
hanged):
C(¬Kjri → ¬ri) (1)

C(¬Kj¬ri → ri) (2)

C(¬r2 ∧ ¬r3 → r1) (3)
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C(¬Kjri → ¬ri) (1)

C(¬Kj¬ri → ri) (2)

C(¬r2 ∧ ¬r3) → r1) (3)

now we reason as follows:
K1((¬r2 ∧ ¬r3) → r1)

≤ K1(¬r2 ∧ ¬r3) → K1r1 normality
= ¬K1r1 → ¬K1(¬r2 ∧ ¬r3) 
ontraposition
= ¬K1r1 → (¬K1¬r2 ∨ ¬K1¬r3) 
onjun
tivity, de Morgan

≤ ¬K1r1 → (r2 ∨ r3) by (2)
Möller { 17 { WG 2.1 06 Namur



Applications of Modal Semirings

hen
e
C(r1 ∨ r2 ∨ r3) ∧ C(¬K1r1)

≤ CK1(r1 ∨ r2 ∨ r3) ∧ C(¬K1r1) use of 
ommon knowledge

≤ C(¬K1r1 → (r2 ∨ r3)) ∧ C(¬K1r1) previous derivation

= C(r2 ∨ r3) normality, modus ponensanalogously,

C(r2 ∨ r3) ∧ C(¬K2r2) ≤ C(r3) ≤ K3(r3)and we are done
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generalised form of the argument: for agent groups G and H ⊆ G,

C(
∨

j∈G

rj) ∧ C(
∧

i∈H

¬Kiri) ∧ C(
∧

i∈H

∧

j∈G−H

rj → Kirj) ≤ C(
∨

j∈G−H

rj)

puzzles with a similar stru
ture that should allow re-use of thegeneral result:muddy 
hildrenunexpe
ted hangman's paradoxMr. S and Mr. P
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6 Preferences and Their Upgradesome agent logi
s allow expressing preferen
es between possibleworlds, e.g. [BL04℄sin
e we are 
ompletely free in 
hoosing our a

essibilityelements, we 
an also in
lude theseea
h agent i has her own preferen
e relation �ithen [�i]p holds in a world w i� p holds in all worlds thatagent i prefers to w under �irequirements on �i: preorder, modally expressed by
[�i]p ≤ p re
exivity
[�i]p ≤ [�i][�i]p transitivityantisymmetry is not required: agent i is indi�erent about w1and w2 if w1 �i w2 ∧ w2 �i w1
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an be modelled that way:regret: Ki¬p ∧ 〈�i〉palthough agent i knows her wish p 
annot be satis�ed, she'dstill prefer a world where it 
ouldthe agent system 
an be updated in various waysin belief revision agents may dis
ard or add links to epistemi
neighbour worldse.g., publi
 announ
ement of property p, denoted !p:make sure that all agents now know pto this end, remove all links between p and ¬p worlds:

ai!p = paip+ ¬pai¬ppreferen
e upgrade by suggesting that p be observed:
p#�i

def
= p�ip ∪ ¬p�inow agent ai no longer prefers ¬p worlds over p ones
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and so on | the �eld is vast...
References[BL04℄ J. van Benthem, F. Liu: Dynami
 logi
 of preferen
e upgra-de. Manus
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alLogi
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ien
e|Modellingand Reasoning About Systems, 2nd Edition. CambridgeUniversity Press 2004
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Appendix: Algebraic Background

Definition 6.1 semiring: stru
ture (S,+, ·, 0, 1) su
h that

(S,+, 0) is a 
ommutative monoid
(S, ·, 1) is a monoidthe distributive laws hold
0 is an annihilator: 0 · a = 0 = a · 0if S is idempotent, i.e., x+ x = x, the relation a ≤ b

def

⇔ a+ b = bis a partial order, the natural ordertest: element p ≤ 1 that has a 
omplement ¬p relative to 1
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interpretation:
+ ↔ 
hoi
e,
· ↔ sequential 
omposition

0 ↔ empty set of 
hoi
es
1 ↔ identity
≤ ↔ in
rease in information or in 
hoi
estest: ↔ assertion/predi
ateKleene star and plus 
an be added with the usual axioms
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