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Abstract

The monads used to model effectful computations traditionally con-
centrate on the ‘destination’—the final results of the program. However,
sometimes we are also interested in the ‘journey’—the intermediate course
of a computation—especially when reasoning about non-terminating in-
teractive systems. In this article we claim that a necessary property of a
monad for it to be able to describe the behaviour of a program is com-
plete iterativity. We show how an ordinary monad can be modified to
disclose more about its internal computational behaviour, by applying an
associated transformer to a completely iterative monad. To illustrate this,
we introduce two new constructions: a coinductive cousin of Cenciarelli
and Moggi’s generalised resumption transformer, and States—a State-like
monad that accumulates the intermediate states.

1 Introduction

In this article we are concerned with semantics of programs like the following
Haskell fragment:

echo :: I0 ()
echo = do { x <- getChar ; putChar x ; echo }

More precisely, we are interested in programs that (1) have side-effects, and (2)
depend on a (not necessarily terminating) recursion—or a corecursion, if you
will. In the example, echo performs observable actions and then calls itself,
‘unfolding’ the whole infinite series of events.

Since Moggi’s groundbreaking work [20], monads have become the standard
model for computational effects. A popular choice for I/O is to employ the
State monad A — (A x S)°, model the outside world as an object S, and see
the program semantics as a function transforming an initial state into a final
state [7, 15]. Alternatively, we could consider side-effects as communication
with the environment, so no assumption about semantics of effects needs to be
made at this point: the program semantics is a free structure generated by the
‘effectful’ constructs (getChar and putChar), which is then interpreted by an
external handler [13, 25, 28].

The situation becomes much more complicated in the context of (2). For
example, the State monad does not build the final state incrementally, so in



case of non-terminating programs, such as echo, it is useless. The free struc-
ture, on the other hand, sometimes needs to be infinite, so in general the free
monad X* (for an endofunctor ¥ representing the signature) is ‘too small’. Ev-
idently, to encompass these examples we need monads that capture not only
the final results of the program, but rather its behaviour, for example in the
form of execution traces. In this article we identify this property as complete
iterativity. A monad is completely iterative (‘is a cim’) if it is equipped with a
certain corecursion scheme that is coherent with its monadic structure (for the
full definition see Section 2). In particular, the free cim X°° generated by an
endofunctor ¥ captures both finite and infinite X-terms.

Nevertheless, we should not discard the ‘usual’ monads too hastily. For
example, if we program a divergent computation in the State monad, the inter-
mediate states are physically ‘put’ and ‘gotten’ somewhere in the memory of the
computer, so the internal behaviour of the computation is, in a sense, accurate.
The point is to reify it as a mathematical model. An interesting fact is that the
I0 monad in the Haskell Glasgow Compiler (GHC) is implemented as the State
monad [17], so whatever its mathematical model, the two have to be related.

Our idea is to use transformers associated with the ‘usual’ monads to trace
computations. For a cim T and an adjunction F' 4 U that gives rise to a monad
M (that is UF = M), we use the monad UTF to trace computations in M.
Clearly, UTF supports M-computations (via the canonical monad morphism
M — UTF), but it can also store some observations about the course of the
computation in the inner cim. The choice of the monad T and the adjunction
reveals different aspects of computations in M. As our main technical result,
we prove that UTF is completely iterative.

As an example, we use the currying adjunction to derive what we call the
States monad, which behaves like State, but it also gathers the intermediate
states in a stream. This way, the result of the computation is not a single, final
state, but rather a possibly infinite trace consisting of intermediate states.

Then we introduce the Coinductive Generalised Resumption transformer
M (XM)®°, where ¥ is an endofunctor. It is a coalgebraic cousin of Cenciarelli
and Moggi’s Generalised Resumption transformer M (XM)* [9]. We characterise
it as the composition of a free cim in the category of free Eilenberg-Moore M-
algebras with the standard free-underlying adjunction, which yields that it is
itself a cim.

2 Completely iterative monads

2.1 Initial assumptions and notations

For the entire article, we assume that we are working in a base category B with
coproducts and all the necessary final coalgebras. We denote the composition of
a natural transformation with a functor by a subscript; for example, for functors
H and J, if € : FF — G is natural, then £y : FH — GH. If £ is natural in two
variables, by £ ; we mean a natural transformation (4 = £ga,74. We define
gra= [idA,idA} A+ A— A

Working with infinite computations means working also with infinite data
structures. To set the notation, we recall a few standard definitions. For an
endofunctor F', an F-coalgebra is a pair (A, f : A — FA). We call A the carrier



of the coalgebra. A morphism h : A — B is an F-coalgebra homomorphism,
denoted as h : (A, f) — (B,g), if g-h = Fh- f. An F-coalgebra (VF,f) is
final if for every F-coalgebra (A, f) there exists precisely one homomorphism
(A, f) = (VF, B), called an anamorphism and denoted as [ f].

2.2 Ideal and idealised monads

In this article we deal with monads that support corecursion: infinite compu-
tations are described by single steps. However, a step might not produce any
observable behaviour, for example if it is a pure computation constructed with
the unit, or we want to be more selective about which monadic actions are ob-
servable. To formalise productive computations, we need the notion of (right)
ideals of monads. These are analogous to ideals in a ring or a semigroup—
subsets closed under the operations. (All the definitions in this section are as
given by Adamek, Milius, and Velebil [2].)

Definition 1. For a monad (M,n, ), let M together with a natural transfor-
mation o : M — M with monomorphic components be a subfunctor of M. We
call M an ideal of M if there exists a natural transformation & : MM — M
such that the following diagram commutes.

— oM
MM M?
i u
M M

We call a pair of a monad and its ideal an idealised monad. An idealised
monad M is called an ideal monad if M = |d + M with n = i“||d,M and o =
inr|d,ﬁ-

Examples of ideal monads include: free monads, exceptions, interactive out-
put, and nonempty lists.

We also need morphisms that respect the internal structure of idealised mon-
ads. If ¥ is an endofunctor, then a natural transformation £ : ¥ — M is ideal
if its codomain contains only productive computations. Intuitively, this means
that an interpretation of a symbol from the signature should never yield a pure
computation. An ideal monad morphism r : M — N always maps productive
computations in M to productive computations in N. Formally:

Definition 2. Let (M,o™M) and (N,o™) be idealised monads. A natural trans-
formation € : ¥ — M is ideal if it factors through o™ . A monad morphism
r: M — N is idealised if it preserves the ideals, that is there exists T such that

r-oM =N .7, for a natural transformation ¥ : M — N.

2.3 Cims defined

For an idealised monad M, we describe a step of a computation by a morphism
of type e : X — M(A + X), called an equation morphism. The object X
represents (a set of) wvariables—the seeds of the corecursion. The object A
represents (a set of) parameters, which are final values of the computation.



An equation morphism is guarded if it always produces effects (in the sense of
idealised monads) or a final value, but not a variable:

Definition 3. A morphisme: X — M(A+Y) is guarded if it factors through
the morphism [0 a4y, a1y -inla,y], that is there exists a morphism j such that
the following diagram commutes.

X —5 - M(A+Y)
\\\ j .
N [0aty, Naty -inlay]
q
MA+Y)+ A

If X =Y, we call e a guarded equation morphism.

We use a guarded equation morphism e to unfold a computation e, called a
solution. Intuitively, a solution is an infinite iteration of parameter-preserving
Kleisli-compositions of e. A monad is a cim if such a composition always exists
and is unique. Formally:

Definition 4. Lete : X — M(A+ X) be a morphism. We call a morphism
el : X = MA a solution of e if the following diagram commutes.

.
X € - MA

€ HA
M(na,e']

M(A+X) M?A
An idealised monad M is completely iterative if every guarded equation mor-
phism has a unique solution.

Cims make it possible to separate the corecursion guarded by invocation of
effects from a recursive structure of the base category, like order or metric en-
richment. This separation is important conceptually. Consider a server dealing
with some requests: though it is non-terminating, it probably does not require
unbounded recursion in between handling two requests.

Conversely, in a language with unbounded recursion, M-computations con-
sisting of guarded steps are necessarily solutions: An infinite computation can
be seen as the colimit of the w-chain consisting of single steps. Consider an
w-chain {f; : X; =& M X, 11 }ien of Kleisli morphisms that factor through U%_“.
In a category with countable coproducts, we define a guarded equation mor-
phism e = [(ido + Min;11) - filien : [Lien Xi = M(0+][];c Xi). One can show
that the family of morphisms {ef-in; : X; — MO0};cy is the colimit of the chain
in the Kleisli category of M.

2.4 The free cim

An example of a cim is a generalisation of the infinite term monad generated
by an endofunctor (intuitively, a signature) X. Its functorial part is given by a



family of final coalgebras ¥*°A = vX.A 4+ ¥ X. Below we define the unit, 1,
and a natural transformation emb : ¥ — 3°° that embeds ¥ in X*°. For an
explicit definition of the multiplication > refer to Section 7?7, and put Id for
M in the definition of pf€.

Id by
l’l]oo = in||d7g;zoo lemb = inr|d722m . 27700
Id 4- £3°° =2 3 Id 4- £3°° =2 3

As discussed by Aczel et al. [1], 3 is the free cim generated by . In-
tuitively, this means that every interpretation of ¥ in a cim M extends in a
unique way to an interpretation of the entire (possibly infinite) term X in M.
Formally, for an ideal natural transformation £ : ¥ — M, there exists a unique
monad morphism ¢(§) : ¥°° — M such that the following diagram commutes.

b
v MO v

u(€)
M

The monad morphism ¢(£) is given by [n™M, fgx] Diagrammatically:

ryee nye $% 2 |d 4 BN
Jeo- lfgm [oe) = . g
MY = M(ld + £3°) Mid = M M

Apart from the free cim and the Exception monad A — A + E, there are
hardly any examples of cims commonly used in programming or semantics. This
paper aims to fill this void in a rather generic fashion.

3 Cims and adjunctions

Let M be a monad, and let (F,U,n,e) : B — C be a factorization of M as
an adjunction, that is M = (UF,n,Ucp). Let (T,n",u™,0T) be a cim with
solutions -f. It is standard that UTF is a monad with nY7¥ = UnL - and
pUTE = Uk -UTerp, and that lift = UnL : UF — UTF is a monad morphism.
We prove that UTF' inherits complete iterativity from 7.

Theorem 5. The functor UTF together with the natural transformation Uck :
UTF — UTF form an ideal. The monad UTF is completely iterative with
respect to this ideal.

Proof. Right adjoints preserve monomorphisms, hence the components of nat-
ural transformation UoZ are monic, and so UTF is a subfunctor. We define &

to be UE -UTerp. Tt satisfies the condition for ideals:



T
Uopurp

KUTFUTF ~ UTFUTF —~
UTerp UTerp
! Uotp !
°w UTTF » UT2F W
Unp Upj

) UckL
N UTF £ - UTF ~—
The top square is the naturality of ¢7. The bottom square is the U-image of
the ideal condition for 7.

Let e : X — UTF(A + X) be a Usk-guarded equation morphism. By
|-] : C[FA,B] = B[A,UB] : [-] we denote the natural isomorphism associated
with the adjunction. Recall that left adjoints preserve coproducts, that is F'(A+
B) 2 FA + FB. We calculate:

e=[odi X, Mtk -inlax] - j
& { definitions }
e = [Uokasxy Unparx)  Nasx -inlax]-j
& { F-image and F preserve coproducts }
Fe=[FUoka:xy FUNp(ayx) - Fiasx - Finla x] - Fj
= { coposing both sides with € }
err(a+x) - Fe = [erpiatx) 'FUUzTr(A+x)a
ETF(A+X) " FU{U;(AJFX) “Fnayx - Finly x| - Fj
& { right adjunct and naturality }
[e] = [0hasx)  ETr(asx) Th(ALX) " EF(A+X) - Fayx - Finla x]- Fj
& { zig-zag equalities }
[e] = [0h(asx) 'ETF(AJF)():"]};(A-&-X) - Flinly x| - Fj
= { coproducts }
[e] = [Ug(A+X)7n£(A+x) - Finlg x] - (ETF(AJrX) +ida) - Fj
& { F preserves coproducts }
[e] = [U(TFA+FX)a 77(TFA+FX) Cinlra,px)) - (ETF(A+X) +ida) - Fj

This means that [e] : FX - TF(A+X) 2 T(FA+ FX) is a guarded equation
morphism in 7 with a unique solution [e]f : FX — TFA.



We define the solution of e as [[e]T|. The following diagram commutes:

Llel'] =Ulel™ - nx

N
Ulelt

e UFX ~UTFA
Ufe] Uligoa
UTF
UTF(A+ X) UT [0 4, [€]'] Ha
~ UT?FA
~ UT(FA + FX)
UTETF‘A\
(UTF)?A

UTFng"", Ule]" - nx]

The inner square is the U-image of the solution diagram for [e¢]f. The outer
triangles commute due to properties of adjunctions and the definition of V7.

For uniqueness, let g : X — UTF A be a solution of e. Substitute [¢] for
[e]T in the above diagram. The outer square commutes, because |[g]] = ¢
is a solution, and the triangles commute, because of properties of adjunctions,
hence the inner square precomposed with nx also commutes. For all morphisms
£ FB—=C,ifUf -ng=Uf"-np then f = f'. Therefore, [g] is a solution
of [e], so [g] = [e]", hence g = |[g]] = [[e]']. 0

3.1 Tracing

Intuitively, T' collects observations about a computation in M. Thus, we need
a new operation that allows us to actually observe the current state of the
computation, for example the current state in the State monad (this example is
elaborated in the next section). It could be given as a natural transformation
olift : M — UTF with components that factor through UckL. It will not in
general be a monad morphism; on the contrary, performing two actions and then
observing the effect differs in general from observing the effect of each action
individually. More formally, let f o g be a computation in the Kleisli category
of M. We can decorate it with observers in two different ways: olift - (f o g)
or (olift - f) o (olift - g). For example, when tracing a computation in State, we
may want to observe only ‘set’ operations, as long as we are certain that there
are only finitely many invocations of ‘get’ in between every two invocations
of ‘set’. In the rest of the paper we always define olift as Uobs for a natural
transformation obs : F' — TF. For convenience, we define a ‘save the current
state of computation’ operation save = olift - n : Ild — UTF.

Though we do not use this property directly in the rest of the article, ob-
servations should not modify the computation. This could be captured by
the following cancellation property: for all morphisms f,f’ : A — MB and
9,9 : B— MC, if (lift - g) o savep o (lift - f) = (lift - ¢’) o saveg o (lift - f’) then
gof=gof.



4 The States monad

Our first example is a monad we call States. Consider the currying adjunction
— x S 4 =% that gives rise to the State monad on cartesian closed categories.
We choose (— x S)°°, for which we write ?, to be the inner cim, and the result
is the monad A — (?(A x S))®. Intuitively, Sisa possibly infinite stream of
states of type S. The ‘base’ of the exponential is the trace of the computation:
a stream that, if finite, is terminated with an answer A and a current state S.
The latter is used only to compose two computations and is not stored in the
stream.

We define ‘put’ and ‘get’ operations as standard liftings of ‘put’ and ‘get’ for
State. The natural transformation obs duplicates the current state and puts it
in the stream as follows.

({outl, outr), outr) embaxs

AxS (AxS) xS S (A% S)

For example, consider the following computation in States on Set for S = N
(using Haskell syntax):

let £ = do {put 2; save; put 3; save; put 5}
g = do {x <- get; put (x+1); save; g}
in do {f; g}

For any initial state, £ evaluates to the trace (2,3, (x,5)), while the whole com-
putation evaluates to (2,3,6,7,8,9,...).

4.1 Example: Control structures for While
Consider a generalised While language, as given by Rutten [26]:

P,Q == A| P;Q|if b then P else @) | while b do P

For a monad M, the symbol A represents a set of actions (denoted as a), that
is morphisms of type 1 — M1. The symbol b represents a set B of Boolean
expressions, that is a set of morphisms of type 1 — M (1 4 1). We parametrise
the semantics with a ‘guard’ operation v : 1 — M1, which allows the addition
of behaviour on every choice point of a control structure. The denotation of
a program P is given by [P] : 1 — M1, defined as follows, where o is Kleisli
composition.

la] = a
[P;Q] = [Q] ~ [P]
[if b then P else Q] = [[P],[Q]] o bo
[while b do P] = ([Minry 1 - [P], Minly 1 -nM]obon)T
Actions denote themselves, and compositions of programs are just Kleisli compo-

sitions of morphisms. The denotation of if statements first performs the guard ~,
then b, and then the appropriate branch is chosen (we use the left component



of 1+ 1 to represent ‘true’). The denotation of while first builds an equation
morphism by composing the guard, the condition, and the choice between re-
turning the left component of the coproduct (a constant, which means ‘stop
the iteration’), or performing the body, and right-injecting the result (which
makes it a ‘continue the iteration’ variable). The denotation of the entire while
expression is a solution to that morphism. The solution might not exist, or
might not be unique; hence, depending on the choice of M, A, B, and ~, the
denotation might not be well-defined. This semantics specialises to a couple of
known cases:

If we choose the regular State monad on Dcppo (the category of pointed
directed-complete partial orders and continuous functions) for M and its unit on
1 for ~, the solution diagram simplifies to the familiar equation for denotation
of While [23, Chapter 4]. So, if we assume -T to be the least fixed point, we
yield the standard denotational semantics.

If we instantiate M with a cim, we can ensure that unique solutions always
exist by an appropriate y-guarding of while loops. (Note that it is not sufficient
to ask for the A actions to be guarded, since while true do while false do a
diverges without invoking an action.) In case of the States monad, this means
that every iteration stores its initial state in the stream, that is v = save.
Additionally, if we assume that ‘put’ operations are always guarded and ‘get’
are not, we obtain a semantics trace-equivalent to Nakata and Uustalu’s trace
operational semantics [22].

5 Resumptions

5.1 Monadic structure

Let (M,n™, M) be a monad, and ¥ be an endofunctor on the base category B.
In this section we give a monadic structure to M (XM ) and examine its basic
properties. We proceed by first giving a monadic structure to the endofunctor

KA=vX.M(A+¥X),

which is isomorphic to M (3M)° through the coalgebraic version of the rolling
rule [5]:

Lemma 6. Let F', G be endofunctors. Then vFG = FvGF.

Proof. Let (WFG,p : vFG — FGrFQ@G) be the final F'G-coalgebra, and (vGF,~y :
vGF — GFvGF) be the final GF-coalgebra. We define the following mor-
phisms (subscripts for the lens brackets indicate the functor for the final coal-
gebra):

r:vFG — FvGF

r=F[GBler - B

r~1: FvGF — vFG
rt = [Fy]re

To prove that r is an isomorphism, with ! being its inverse, we show that
B-r~'.pr = FGr='. FGr - , which means that »—! - r is an FG-coalgebra



homomorphism, =1 -7 : (WFG,B) — (vFG, ). By uniqueness and reflexion,
r~tr =[B8) =idyrg-

B-rt-r=p8-[Fylrcg-FIGBlar - B
= { computation }
BB FG[Fy)rg Fy-Fy ' - FGF[GB)ar - FGB - f
= { cancellation of v and 4!, and  and §~' }
FG[Fy)rq - FGF[GB)gr - FGB - B
= { definitions of r and r~" }

FGr='-FGFr-p3
To prove the converse, we notice the following.

r-r~t = F[GBlar - B- [F1lrc
—  { computation }
F[GBlar-B- 57" - FG[Fy]rc - Fy
—  { cancellation of 8 and 5~ }
F[GB)ar - FG[Fy]rg - Fy
= { (see below) }
Fidygr = idruar

The left-hand side of the penultimate equation is an F-image of r—! -7, but
with F and G swapped. Thus, we can prove similarly to the previous case that
it is equal to the identity on vGF. O

For convenience, we define two auxiliary natural transformations. The first
one, flaty g : M(MA+B) — M(A+B), flattens a computation that may return
a value or a new computation.

flatap = M(MA+ B)
| M(idara + )
M(MA+ MB)
lM[MinIAB, Minr 4 5]
M?*(A+ B)
l:u%-&-B
M(A+ B)

10



The second one, unf, unfolds and flattens two levels of structure of K. In the
following, « is the final coalgebra map o : K — M(ld + X K).

unf = K2
J e
M(K + £K?)

| M(a +idse)
M(M(ld +¥K) + K?)
lﬂatIdJrZK,EKQ

M(ld+ XK + XK?)

The unit (return) of the monad K, n, is given below. The multiplication
(join) is defined as a anamorphism p€ = [m] of the following transformation

m.
nf = 1Id m= K?
linlld,ZK l“"f
Id + YK M(ld + XK + XK?)

lm]ﬁiw | M(id + S0 +ids )

M(ld + £K) M(ld +XK? + $K?)
loﬁl lM(id + grex2)
K M(ld + £K?)

Also, for any natural transformation u : K? — K, we define the transforma-
tion u to be the following composition.
K2
i unf
M(ld + K + X K?)
| M(id + [ids xc, Su))
M(ld 4+ £K)
Jo!

K

Theorem 7. The following hold:

1. The triple (K,n®™, ™) is a monad.

2. For a transformation u : K* — K that cancels n¥ on the left (that is
u-nk =idg), the following universal property holds: w = u if and only if

u = pf

Proof. Right unit. The equations below prove that m-Kn® = M (id+XKn¥)-
«, which means that Kn is a coalgebra homomorphism Kn¥ : (K, a) —

(K2,m), and so is [m] - Kn¥ : (K,a) — (K, «), since composition of two

11



homomorphisms is a homomorphism. By uniqueness, u® - Kn* = [m]- Kn¥ =
[a] = idk. Diagrammatically:

(K, )
\If”K
idg = [a] (K?,m)
= [m]
(K, )

m - Kn
= { definitions }
M(id + grs;gc2) - M(id + Sng¢ + idsxe) - flatigy s i sie
“M(a+idsye) - ax - Ko™ - Koy s - Kinlg sk
= { naturality of « }

M(id + gre2) - M(id + Snk +idsge2) - flatiyy sk s
“M(a+idsge) - M(a™t + SKa™t)
MY sk +SEnl cx) - M(inlg sk + EKinlgsx) - @
= { cancellation of a and ™" }
M(id + grs =) - M(id + S0k +idsx2) - flatg sk sie

- M(idar(a+sk) + YKa™t)- M(W%@K + EKUIIXI-&-EK)
. M(inhd;K =+ EKinhd,gK) [e

= { naturality of flat }
M(id 4 gre =) - M(id + 20 +idgge) - M(idigysx + SKa™?)

Mlatigysx srmdrsr) - MOk + SE s k)
M (inlhgsx + SKinlgsrk) - a

= { monad laws }

M (id + grypez) - M(id + Snk +idsg2) - M(idigysx + SKa™t)
- M(idiassx + SEniy sx) - M(inlg sk + ZKinlg sx) - o

= { istributivity of composition over coproduct }

M(id 4 grege2) - M(id + 29 +idgge) - M(inlg sx + SKa™?)
“M(id + 2K, i) - M(id + EKinlg sx) -

= { associativity of coproducts }

12



M(id + grs =) - M(id + inrggz sx2) - M(id + SKa™ 1)
“M(id + 2Knl s i) - M(id + EKinlg sx) -

= { properties of coproducts }

M(id+XKa™) - M(id + SKn. v x) - M(id + EKinlg sx) - o
= { definition of 7 }

M(id + ZKn®) - a

Left unit. Similarily to the previous case, we prove that m - n¥ = M(id +
YnK) - a, which means that n% is a coalgebra homomorphism 7 : (K, a) —

(K% m). By uniqueness and reflexion, u - nE = [m] - n¥ = [a] = idk.
Diagrammatically:
(K, a)
V‘ﬁ
idre = [a] (K?,m)
= [m]
(K, a)
m-ng

= { definitions }
M(id + grs =) - M(id + Sz + ids k) - flatia si i
M(a+idske) - ax - ag! Nisge - inlkske
= { cancellation of a nad aj', and naturality of ™ }
M(id + greg2) - M(id + Snk +idsxe2) - flatiyy sk s
. M(O{ + id2K2) . Mian,EK2 . 7’]%
= { naturality of inl }
M(id + grs =) - M(id + Sz + ids k) - flatia si s
- Minlyassiosie - Mozl
= { naturality of n™ }
M(id + greg2) - M(id + Snk +idske2) - flatiyy sk s
- Minlydysk) sr2 - 775\\/14(|d+21<) e

= { monad laws }

13



M(id + grs =) - M(id + Sz + idsxz) - Minlgy sk s
'Mlj\d{rZK '771\1\/41(Id+2K) na

= { monad laws }

M(id + grs,g2) - M(id + Snie + idsk2) - Minlgisk sie - a
= { naturality of inl }

M(id + grsygc) - Minlhaysge sz - M(id + S0 ) - a
= { properties of coproducts }

M(id + Yng) -«

Universal property of u. Let v : K2 — K be a natural transformation
such that u = w. We prove below that M(id + Xu) - m = « - u, which means
that u is a coalgebra homomorphism u : (K?,m) — (K,«). By uniqueness,
u=[m] = u¥.

M(id + Xu) - m
= { definition }

M(id 4 Su) - M(id + grege) - M(id + 0k +idy =)

flatigy sk sz - M(a +idgge) - ak

= { naturality of gr and flat, and u =u }

M(id + gre ) - flatigr sk sk - M(M(id + Xu) + Zu)

- M(M(id + Sng ) + idsg2) - M(a +idgg2) - ax
= {u-ng =idg }

M(id + grs.xe) - flatia sk i - M(idasassi + Su) - M(a+ idsge) - ax
= { naturality of flat }

M(id + gry ) - M(idigysix + 2u) - flatigrsg sre - M(a+idpge) - ax
= { introduction of a - o' on the left and definition of u }

a-Uu

Conversely, assume that v = u = [m], which gives us M(id + Xu) -m = a - u,
since [m] is by definition a coalgebra homomorphism. We prove that v = u as
follows.

v=aota-u=a"t M(@d+Zu)-m
= { definition of m }

a”t - M(id 4+ Xu) - M(id 4 gre ) - M(id + 0K +idgx2)

. flat|d+ZK72Kz . M(Oé —+ idZKQ) c K
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= { gr is natural }

o™t M(id + grag) - M(id 4+ Su 4 Su) - M(id + S + idy x2)

. ﬂat|d+2K)2K2 . M(O{ =+ idZK2) oK

= { u cancels nE , definition of 7 }

u

Associativity. To prove that p - & = u¥ - K| we introduce an auxiliary
transformation w : K3 — M(Id + £ K?3) defined as the following composition:

K3
lOéKz
M(K?+ $K?)
| M(ak +idsres)
M(M(K +XK?) +XK?3)
lﬂatK+2K2,2K3
M(K + K2 + ¥K?)
lM(Oé +idsk24sKs)
M(M(d+ 3K) + K2 + XK3)
lﬂatld+ZK,2K2+ZK3
M(ld + LK + ©K? + K?)
| M(idig + S(nfs - nf) + S0k + Sidges)
M(ld + ZK? + XK?3 + ©K?)
lM(idldJrZKS + 8rsis)
M(ld + SK3 + X K3)
| M(id + greses)
M(ld + XK?)

Below, we prove that m-uf = M (id+Xpf)-w and m-Kp® = M (id+XKp®)-w,
which means that both pf and Ku® are coalgebra homomorphisms pf, Kpu* :
(K3,w) — (K?,m). By uniqueness, u’ - uff = [m] - pf = [w] = [m] - KpX =
p® - Kp. Diagrammatically:

(K2, w)

15



m- i
= { definition of m, universal property of u®* }
M(id + gregz) - M(id + Sng + idsxe) - flatigy sk s
“M(a+idsge) - ag - agt - M(idg + grage) - M(idg + ids gz + Suk)
. fIatKJrng’ng . M(aK + idEKS) e ¢
= { cancellation of ay and oz[}l, and naturality of « }
M(id + gregz) - M(id + Sng + idsxe) - flatigy sk sk

- M(idysarsk) + 8rsxz) - M(idyassi) + ids ke + Sui)
. M(Oé + idEK2+ZK3> . ﬂatK+ZK2’2K3 . M(O{K + IdEKJ) o) ¢

= { naturality of flat }
M(id + grs,2) - M(id + Sng +idsgz) - M(idigrsi + grsge)

M (idigysk + idsge + Suf) - flatrsi sressis
. M(Oé + id2K2+2K3) . fIatK+gK272Ks . M(OéK + idEKS) e3¢

= { distributivity of composition over coporduct }
M(id + gryg2) - M(idigrsxz + 8rsge)
- M(idig + Sk +idsre + Spk) - flatiy sk sz sis
. M(Oé + idEK2+ZK3> . ﬂatK+2K2’2K3 . M(O{K + IdEKJ) c QK2
= { naturality of gr, right unit for K }
M (id + Spge) - M(id + grsypes) - M (idigysics + 8rsies)
- M(idia + S(ng= - ) + Enge + Sidgs) - flatigg sk s 4 nis

. M(Oé + id2K2+2K3) . ﬂatKJrngngs . M(OéK + idEKS) e3¢
= { definition of w }

M(id + Xpf) -w

m- KX
= { definition of m }

M(id + grep2) - M(id + Eﬁ}lg +idsge) - ﬂat|d+ZK7ZK2
-M(a +idsge) - ax - Kp®
= { naturality of « }
M(id + gry =) - M(id + Enk + idsx2) - flatig s sz
M (a+idsge) - M(u" + SKu®) - age
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{ properties of coproducts }

(id + grege) - M(id + Sk +idsgz) - flatiyy sk sxe
“M(a+idsge) - M(idg + SKp™) - M(p® +idsgs) - age

{ universal property of u }

(id + groge) - M(id + S + idsg2) - flatiy sk sice

M (a+idsge) - M(idg + SKp®) - M(a™ +idygs)

- M(M(id + gry ) + idsgs) - M(M(id 4 ids e 4+ 2p) + idygs)
- M(flatigy sx2 si2 +idsgs) - M(M(a +idsgz) + idsks)
“M(ag +idsgs) - age

{ cancellation of o and o' }

(id + grsype2) - M(id + Sni + idsxe) - flatigy s i sk

- M(idar(a+sk) + SK ")

- M(M(id + gr ) +idsgs) - M(M(id 4 ids i + Zp®) + idsgs)
- M(flatig s iz sx2 +idsgs) - M(M(a +idskz) + idsks)
“M(ag +idsgs) - age

{ naturality of flat }

(id + grspe2) - M(id + Tng +idsg2) - M(idiaox + SKp™)
-M(id + greg +idsgs) - M(id + ids g + Sp +idggs)
. flat|d+ng+2K27ng . M(flat|d+ng,ng + ide3)

{ monad laws }

M(id + grs2) - M(id + SnE +idsg2) - M(idigy sk + 2K u)

- M(id + gry e +idsgs) - M(id + ids ik + E,UK +idsgs)
flatigysx sre s - M(a+idsge + idsks)

. fIatK+ngngs . M(CVK + idEKS) Q2

{ naturality of gr }

M(id 4 grsg2) - M(id + grs g2 + idsg2)

- M(id + S0 + Sng +idsk2) - M(idarsk sk + SKp")

“M(id + idsi + Xp® +idsgs) - flatigy sk sre s nks

. M(OL + idez + idEK3) . fIatK+ZK2,ZKs . M(CYK + idZK3) c 2
{ properties of coproducts }

(id + grsg2) - M(id + gre g2 + idsi2)

- M(id + S + S(ng - p™) + SKp") - flati sk ke ok

. M(Oé + idEK2 + idEK3) . ﬂatK+ZK2,2KS . M(OéK + idEKB) c QU2
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= { naturality of n }

M(id 4 grsg2) - M(id + grs g2 + idsi2)
- M(id + Snge + S(Kp™ - nfe) + SKp") - flatigy sk sie s i

. M(Oé + idEKZ + idEKS) . fIatKJrng’EKs . M(OéK + idZK3) e3¢
= { right unit for K, naturality of gr }

M(id + K p™) - M(id + grsxs) - M(id + gre ez + idsgs)

- M(id + S(ng= - nig) + g + idsgs) - flatigy sk s re sk
. M(a + id2K2 + idEKS) . f|atK+2K212K3 . M(QK + idgKS) e3¢

= { definition of w }
M(id + SKp®) - w
O

The fact that u® = uX serves as an efficient definition of 1 in a program-
ming language: ;€ can be defined as the greatest fixed point of the operation —.
The middle component of the coproduct in the codomain of unf in a step of
computation of p€ is already the final result of the computation, and is always
preserved. That is why Vene and Uustalu’s apomorphism may seem to provide
a more accurate level of abstraction for a definition of €, since they allow
to give a short-cut answer in a single step. In this case € can be defined as
(M (id+[Zinrg g2, Xinlg g2])-unf)]. Nevertheless, we stick to the definition with
an anamorphism, since we have found that it makes the present proofs much
simpler—instead of pushing the short-cut answers through coproducts, we can
push them with n’, which gives us, in this case, more flexibility, especially in
the proof of the associativity of u€, where we need to deal with K2, which is
neither the final structure (K), nor the seed for unfolding (K?3).

5.2 Distributive law

Theorem 8 (Distributive law). There exists a monad distributive law X\ :
(SM)>®M — M(XM)>®, given by X\ = u ~775\§M)OOM(EM)OQ (BM)>®Mn>™.

Proof. Tt is sufficient to check that the monads M and (XM)* are compatible
(see Barr and Wells’ book [6, Chapter 6]) with K = M (XM)®°. In this case the
compatibility conditions specialise to:

L = g = M
2. Mp> = p - M(EM)>n{5

(Note that Barr and Wells give five conditions for compatibility, but the last
two are redundant, and follow from the first three. See [10] for discussion.)

Equalities (1) and (2) are trivial. To prove (3) we introduce a morphism
w: M(EM)®(SM)>® — M(ld + SM(EM)™(SM)>) defined as:
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M(SM)>®(SM)>
| Mo
M((SM)> + SM(SM)>®(SM)>®)
lM(ozoo + idsar(nam) (i) )
M(ld + SM(EM)>® + XM (SM)>(SM)>)
lM(id + (M + idsa o mane])
M(ld + SM(SM)>®(SM)>)

Below we prove that a'/LK~M(EM)°°77£‘§M)OO = M(id+2(uK~M(EM)°°né‘§M)oo )
w, which means that u® - M(XM)>nM is a coalgebra homomorphism
(M(EM)>®(EM)>®°,w) — (M(XM)*®, a), and that a- M p> = M (id+ XM p)-

w, which means that M p is a coalgebra homomorphism (M (XM)>°(XM)*>®, w) —
(M(XM)>, a). By uniqueness, Mu>® = [w] = uf - M(ZM)OOné\gM)W. Dia-
grammatically:

(M(EM)>(XM)>, w)

' M(EM)>n (50 [w] Mp>

(M(EM)>, o)

a- i M(SM)®ni e
= { universal property }

a-a”' M(id + fids g, Su™]) - unf - M(EM)*®n e
= { cancellation, unf }

M(id + [idsx, 2p]) - M(a™ + idsarsan e m(san =)

latman (@ msan= - Ma™ - M(SM)™nis -
= { monad laws }

M (id + [ids, Sp]) - M (0™ + idsarsane msin=)
- M(id(sanyee + SM(EM)®n{gane) - My

= { coproducts }
M(id + [idsx, D)) - M (0 + EM(EM)®n{E ) - My

= { coproducts }
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M(id + [idsre, S(u" - M(EM)®ni00)]) - M (0™ + idsarsane )

= { monad laws }

M(id + [S(u - M(SM) iy ) - SM00 -

S - MEM)® iy )]) - M(a™ +idsarsan= =) - My
= { coproducts }

M(id + [S(u" - M(EM)®n ), (0™ - M(EM)*n{ )

- M(id + ZMnS e +idsmsay= =) - M (@™ +idsasan= =)

= { coproducts }
M (id + S(p" - M(SM)*n )

- M(id + [EMn S +idsarsan=smy=]) - M (@™ +idsysan < s =)

“MaF e
= { definition }
M(id + S(p" - M(SM)*n ) - w
* kK
- Mp™
- { universal property }

a- Ma®~" - M(id + [idsarsan, EMp™)) - M(a™ + idsysane s> )

= { cancellation }

M(id + [idsar(saryee, EMp]) - M(a™ + idsp(sanye (san=)

= { monad laws }
M(id + [SMp™ - SM0 0, SMp™]) - M (0™ + idsarsane= san=)
Moy
= { coproducts }
M (id + X Mp) - M(id + [SMn e + idsassan = san=))
- M(a™ +idsyp(say=san) - MaF e
= { definition }
M@Gd+XMp*>) - w
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5.3 Free Eilenberg-Moore M-algebras

Definition 9. We call M -Fema the category of free Filenberg-Moore algebras,
that is algebras (M A, p’l : M2A — MA), where A is an object in the base
category. We identify (M A, pX) with MA.

A morphism in M -Fema (called a homomorphism) is a morphism f : M A —
MB in B such that the following diagram commutes.

!
M2A MA
f Mf
M
I
M2B E MB

The category M-Fema is equivalent to the more widely used Kleisli category of
M. We prefer to use M-Fema over Kleisli for two reasons: it is a subcategory
of the base category B, which makes a commuting diagram in M-Fema a com-
muting diagram in B, and it makes a clearer connection with the monad K, as
can be seen in the next section. We use the following properties of morphisms
and functors:

Lemma 10. The following hold:

e For an object A in the base category, u’l : M2A — MA is a homomor-
phism.

e For a morphism f : A — B in the base category, M f is a homomorphism.

e For an endofunctor F' over the base category, the composition MF is an
endofunctor over M-Fema.

The inclusion functor U : M-Fema — B has a left adjoint F' defined as
FA = MA and Ff = Mf, with the unit and counit defined as n = n™ and
e = uM respectively. It means that M-Fema has coproducts, which we denote
as MA@ MB, given as M (A + B), with Minls g and Minra g as the left and
right injections respectively. For two homomorphisms f : MA — MC and
g : MB — MC, their mediator, denoted by [[f,¢]], is given by the following
composition:

MA® MB = M(A+ B)
M[f-n™, g-nM]
M2C

/J'ZM

Y

MC

Lemma 11. For morphisms f: A — C and g : B — C, the mediator of their
M-images [[Mf,Mg]] : MA® MB — MC is equal to M[f,g].
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As discussed by Mulry [21], liftings of an endofunctor T on B to M-Fema
are in one-to-one correspondence with distributive laws TM — MT. Moreover,
a simple calculation shows that if T" has a monadic structure and the distributive
law respects this structure, the corresponding lifting (T') is also a monad.

More precisely, let A : TM — MT be a monad distributive law. We define
an endofunctor (7") on M-Fema as:

(TYMA=MTA
(TY(f: MA — MB) = p}ly - MAp - MTf - MTnl : MTA — MTB
We define a monadic structure for (T') as:

P MA - (TYMA (= MA — MTA)

Mirh = M}

p$Eh (TY2MA — (TYMA (= MTTA — MTA)
T
/‘§v1,>4 = My

It is an easy calculation to show that (T') is an endofunctor and that ¢™? and
u{T) are natural transformations and that monad laws hold.

Lemma 12. The monad induced by the distributive law (that is, (MT, n3! -
n*, Mp" - pfh - MAr)) is equal to U(T)F.

Proof. Since (T') is a lifting, that is (T)F = FT, we reason that U(T)F =
UFT =UMT = MT, so they are equal as functors.
Unit:

i = Unfl)  na = Unffd na
= { definition of 7‘™? and 7 }
UMy -y
= { definition of U }
Mg -y
= { naturality of n™ }

M T _  MT
Nra-Ma =14

Multiplication:
Ha " = Unid - U(Deqryra
= { definitions of U, F, and (T') }
ph - (Tyenrra
= { definition of € }
T
/l}wix ) <T>NJMA
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= { definition of (T) }

T
M§w,)4 : MIT\:ITA “MAra-M TMYMA -M Tn%TA

= { monad laws }

Hg,)éx g MATa
= { definition of ¢™? }

Mg - ppa - MAza = py"

5.4 Complete iterativity of K

Consider the monad (XM)*°. The monad distributive law A from Theorem 8
gives rise to a lifting ((XM)*°), defined on objects as

(SM)®YMA = M(SM)®A = KA.

The following theorem states that the lifting is also a free cim. Note that M
is an endofunctor also over M-Fema (Lemma 10):

Theorem 13. The monad {(XM)) is the free cim generated by MY in M -Fema.
We denote it as (MX)™.

Proof. For an M-Fema homomorphism f : MX — M(A + XMX), consider
the following diagram in the base category. It commutes, because K A is the
carrier of the final M (A + X—)-coalgebra.

a4

KA M(A+3XKA)
[£] M(ida +2[f])
mx —2 M(A+3XMX)

It is easy to see that as and M (A 4+ X[ f]) are also homomorphisms, and [ f]
is a homomorphism as a composition of homomorphisms via the computation
law: [f] = a' - M(A+ 2[f]) - f. This means that this diagram commutes
also in M-Fema. Expanding the definition of coproducts we get the following
commutative diagram in M-Fema:

(EM)®YMAY M(A + S((EM)®)MA) = MA & ME{(SM)>®)MA
(] M(ida + X[ f]) = idma & ME[f]

MX

M(A+XMX)=MA® MSMX

Note that in M-Fema, M(A+ ¥—) = MA@ M¥— is a functor (Lemma 10),
hence ((XM)>°)M A is the carrier of the final (M A & MY —)-coalgebra, and so,
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according to [18, Corollary 6.3], ((3M)*°) is the functorial part of the free cim
generated by M3, understood as a functg\r in M-Fema. We denote free cims
in M-Fema as ->, so ((SM)>) = (MX)*> as functors.

It is left to see that ((XM)>®) = (MX)™ also as monads. It is easy to
see that the units are equivalent. For multiplications, compare the universal
properties from Theorem 7 (for the identity monad and XM and MY as respec-
tive functors). In case of ((XM)°°) the multiplication is equal to M. The
M-image of the universal property of ;> simplifies to:

((SM)>®)2M = M(SM)>(SM)>
> M(1d + SM(SM)™ + SM(SM)>(SM)>)
lM(id + [idsar(sanye=, 2M p])
M(ld + SM(SM)>®) = M(SM)>

In case of (M 2)65, the universal property can be simplified using Lemma 11 as
follows:

(M) (M) M = (ME)®M & MS(MS) S (ML)®M
~ M@ MS(ME)®M e MS(MS)® (MS)® M
= M(ld + S(ME)® M + S(ME)®(MX)* M)

id @ [[id g arsy=, MBS
= M(id + [idg sy prs S0%))
(M )

Mo MX(M E) =
=M(d+X(M E) M) =
It means that the multiplication M ;> satisfies the universal property of u®. [

Theorem 5 and the above characterisation yields that K is completely iter-
ative. The guardedness specialises as:

X » K(A+X)

71 . K .
. (@4t x - Minra x sr(a+x), Magpx - inlax]

MSK(A+X)+ A

5.5 A more robust cim-like property of K

We can define a more general notion of iterativity for K than one provided by
Theorem 5. It states that an equation morphism X — K (A + X) has a unique
solution as long as every ‘value’ of the outer monad M is a parameter or at
least one level of the ¥-guarded recursive structure, but not a variable. (The
guardedness of Theorem 5 needs the result of an equation morphism to be either
a parameter or an M where all the ‘values’ are ¥-guarded.)
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Theorem 14. Let e : X — K(A+ X) be a morphism such that it factorizes
through o~ ! - M(inlg x + idsk(a+x)), that is there exists a morphism j such
that t.f.d.c.

X = - K(A+ X)
i J a~!
\ M(inlAVX +IdEK(A+X))
M(A+XK(A+ X)) » M(A+ X))+ 3K(A+ X))
There exists a unique morphism et for which t.f.d.c.
i
X ‘ - KA
(& ‘LLK
K[, e']
KA+ X) K?A

Lemma 15. 1. Every morphism f : X — MY factors as f' - n’¥ for some
homomorphism ' : MX — MX.

2. The natural transformation n™ is epic for homomorphisms, that is, for
two homomorphisms f,g: MA — MB, if f-nil =g-nil then f =g.

Proof. (i) Tt is easy to check that f = pd - Mf-n}¥. By Lemma 10, the
morphism g% - M f is a homomorphism. For (ii) we calculate:

f

= { monad laws }
o Moy

= { f is a homomorphism }
pe - Mf - My

= { assumprion }
pd - Mh- Mkt

= { h is a homomorphism }
heply - Mn)!

= { monad laws }

h O
Proof of Theorem 1. Let f: MX — (MZ)@(MA @ MX) be a guarded equa-

tion morphism in M-Fema. Then there exists a unique homomorphism f such
that t.f.d.c.
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1 (ME)®MA

= M(SM)>®A
f (A) M(Mz)@ = MpuEM=
" (M) [, f1]] S
(M) (MA® MX) - (MX)*(ME)*MA
= (EM)>®Y(MAG MX - o0 5
7(( ) O>O( o )((EM)‘”>[[777fT]] - ((ZMZO ) (MZ)OOMA
= (EM)>)M(A+ X) > = ((BEM)>=) (EM)>)MA
= M(SM)>®(A+ X) = M(SM)>(EM)>® A
(B) 1 K
© e ®)
M(EM)>[n*, f1-9M]
M2(SM)>(SM)>® A
M(EM)>pM |
M
M(EM)OO‘}W(A—FX) MEM)> [, 11 M(SM)®M(SM)> A
(D)
M(SM)>M2pM M(SM)>pM
v - M(EM)>M[n, fT] )
(SM)>*M(MA+ MX) » M(SM)>®M?(SM)> A

(A) solution property for (MX)™, (B+C) definition of lifting to M-Fema for
morphisms, (D) definition of mediator for coproducts in M-Fema, (E) defini-
tion of u via the distributive law. The ‘diagonal’ M (XM)>[n%, fT-nM] is a
simplification of the outer edges of (C+D).

Note that the longer path of the outer edges of (A + B + E) is a composition
of homomorphisms, so f is unique also among all morphisms in B.

The following diagram also commutes. Reading the outer edges it states that
the morphism p* - Me is a guarded equation morphism in the monad (MX)>
in M-Fema.
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(XIWOVIN) (W) = _
(x + 1) (N I o WV

!

(X + V) oo IWZ) 2V 1-PI

[[oum - (xptl] X+ V) W)X+ X + V)N
- [ W - eyt v ( )l V)
= ¢ . t

Lo - _potdiv (X + V) oo IWR)INZ + X + V) IV

A
(pt+ un) v 2N
(pr+un) v

(X 4+ V) WR) NIV + VIN) IV
wlen

= VAl A

‘n

XN
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Define e to be (u™ - Me)T -n™. The following diagram also commutes:

X

MX ' M(SM)®A
© e
MM(EM)>®(A + X) K
JMM 00 [, K M M
M(EM)>®(A + X) MEM) ", (- Me)' -1 ]—M(EM)O"M(EM)O"A

The bottom pentagon is the (A+B+E) square from the diagram above for f =
Mg (asx) " Me-

For uniqueness, assume that g : X — M(XM)>A substituted for et also
commutes the diagram. By Lemma 15, g factors as ¢’ -n}! for a homomorphism
g'. Substituting ¢’ for (u™ - Me)t in the diagram yields that the bottom pen-
tagon precomposed with n¥ commutes. Since n™ is epic for homomorphisms

(Lemma 15), the pentagon commutes, so ¢’ is a solution of u™ - Me. This means
that that ¢’ = (u™ - Me)T, hence g = ¢’ - nM = (UM - Me)T - nif = et. O

6 Related and future work

Cims were introduced by Elgot [11], and recently brought to attention by Aczel
et al. [1, 18]. Milius and Moss [19] consider recursive program schemes in terms
of solutions in Elgot algebras [3] (that is, Eilenberg-Moore algebras for free
cims).

Cenciarelli and Moggi [9] introduced the Generalised Resumption trans-
former M (XM)*, which decomposes a monadic computation into a series of
steps (layers of free structure). Hyland, Plotkin, and Power [16] proved it to
be the coproduct M + ¥* in the category of monads. The monad M (XM)>
captures also potentially infinite computations. In some categories—and so
programming languages like Haskell—the limit-colimit coincidence [27] identi-
fies M(XM)* and M(XM)®, but the explicit use of the free cim is signifi-
cant in Set and in type theories with guarded (co)recursion. Interleaving data
and monadic actions is a powerful abstraction studied recently also by Filinski
and Stgvring [12], Atkey et al. [4], and the present authors [24]. The monad
M (XM)®° is also a categorical model for datatypes built around resumptions,
like Haskell pipes (for YA = A + A x O). The fact that we use the free cim is
crucial, since programming patterns for pipes rely heavily on infinite computa-
tions.

Since the free cim is a final coalgebra [18], we can see (MX)> in M-Fema
from Theorem 13 as an example of Hasuo, Jacobs, and Sokolova’s generic trace
semantics [14], which models state-based systems as F-coalgebras in a Kleisli
category (or, equivalently, a FEMA). The coalgebra represents transitions (for
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example, with ¥4 = A x O for labelled transitions), and the monad repre-
sents the underlying effect (like the Powerset monad for nondeterminism or the
Probability Distribution monad for probabilistic systems).

In this paper we concentrate on the monads and tracing, and we only sketch
potential applications in defining semantics and reasoning about programs.
The natural next step is to formalise a language like Moggi’s computational
A-calculus [20] with recursion provided by a background cim. It is also an in-
teresting question whether the presented theory could be used to develop a
practical framework for reasoning about effectful programs in type theories, like
those implemented by the Coq or Agda proof systems. So far, Capretta [§]
represented general recursion by the free cim generated by the identity functor.
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