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Abstract

VS K logic is afamily of multi-modallogics for reasoningaboutthe information
propertiesof computationalagentssituatedin someenvironment. Using VSK

logic, we canrepresentvhatis objectivelytrue of the ervironment,the informa-
tion thatis visible or knowableaboutthe ervironment,informationthe agentper-

ceivesof the environment,andfinally, informationthe agentactuallyknowsabout
the environment. The semanticof VSK logic are given in termsof a general,
automata-lik model of agents.In this paper we prove completenesfor an ax-

iomatisationof VSK logic, and presentcorrespondenceesultsfor a numberof

VS K interactionaxiomsin termsof the architecturabropertiesof the agentthat
they representThis completenesproofis novel in thatwe areableto prove com-
pletenessvith respecto theautomata-lik semantic®f theformalism.We give an
exampleto illustratethe formalism,andpresentonclusionsandissuedor further
work.

Topic Area: Logicsfor Practical Reasoning



1 Intr oduction

When designingan agentto carry out a taskin someervironment, it is frequently
necessaryo reasorabouttheinformationpropertiesof the agentandits environment.
For example,mary tasksdependon anagentbeingableto accessertaininformation
in the ervironment. If this informationis not accessiblethenwe will not be ableto
implementan agentto carry out the desiredtask. Similarly, knowing thata particular
pieceof informationis essentiafor sometaskgivesusafunctionalrequiremenfor ary
agentthatwill carryoutthetask:theagentssensorsnustbecapableof perceivingthis
information. Finally, mary applicationsdemandhe ability to storeandreasonabout
informationfrom the ervironment.

In this paper we present logic thatallows usto capturesuchinformationproper
ties. VSK logic allows usto representvhatis objectivelytrue of anervironment,what
is visible, or knowableaboutthe ernvironment,whatanagentperceivesof the erviron-
ment,andfinally, whatthe agentactuallyknowsaboutthe ernvironment.Syntactically
VSK logic is a propositionaimulti-modallogic, containingmodalities“V”, “S”, and
“K”, whereVyp meanghattheinformationy is accessiblén the currentervironment
state;S¢ meanghatthe agentpercevesy; andXy meanghattheagentknows .

A key featureof VSK logic is thatits semanticaregivenwith respecto asimple,
generaimodelof agentsandtheir ervironments.We areableto characterisgossible
axiomsof VSK logic with respecto this semanticmodel, althoughwe do it by us-
ing standarcdtanonicaimodelconstructionsConsideyfor example,the VSK formula
schemaVp = Sy, which saysthatif theinformation is accessiblethenthe agent
percevesy. Intuitively, this axiom characteriseagentsequippedwith “perfect” sen-
sors,i.e., sensorshatobtainall theinformationfrom the ervironmentthatis available.
In thefollowing, we presentesultsthatcorresponaxactly to this andotherintuitions.
In addition,we give an axiomatisatiorof VSK logic, which we prove to be complete
with respecto our modelof agentsandervironments.

2 A SemanticFramework

In this section,we presenta semantionodelof agentsandthe ervironmentsthey oc-
cupy. Thismodelplaystherolein VSK logic thatinterpretedsystemglayin epistemic
logic [2, pp103-107}— whenwe later prove completenessf a VSK axiomatisation,
we prove it with respectto this semanticmodel. We begin by defining the compo-
nentsmodellingthe ervironment;we thendefineour modelof agentsandfinally, we
combinetheseto give the notion of a VSK system. A visual representatiorf the
framework is givenin Figurel1.

Following [2], we usethe term “environment”to denoteall the componentof a
systemexternalto the agent. Sometimeservironmentscanbe representedsjust an-
otheragentof the systemmoreoftenthey serne a specialpurposeasthey canbeused
to modelcommunicatiorarchitecturesgtc. We modelanenvironmentasa4-tuplecon-
taininga setof possibleinstantaneoustates a visibility function which characterises
theinformationcontentof ary given ervironmentstate,a statetransformerfunction,
which characterisethe effectsthat an agents actionshave on the ervironment,and,
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Figurel: An overview of theframework.

finally, aninitial state

Definition 1 (Environments) Anervironmentis atuple Env = (E, vis, 7¢, &), whee:
e E={e,e,...} isasetof instantaneoukcal statedor the environment.

e vis: E — 2F is thevisibility functionof the VSK system It is assumedhat the
functionvis partitions E into mutually disjoint setsandthat e € vis(e), for any
e € E. Element®fthecodomainof thefunctionvis are calledvisibility sets We
saythatvisis transparenif for anye € E wehavethatvis(e) = {e}.

e 7o : E x Act — E is a total statetransformeifunction for the environment(cf.
[2, p154]), wher Actis the setof actionsfor the agent (seeDefinition2). The
function, is assumedo beaninjection.

e g € Eistheinitial stateof Env.

Modelling an ervironmentin termsof a setof statesanda statetransformeris quite
corventional(seee.g.,[2]). Theonly pointworthy of noteis thatwe implicitly assume
ernvironmentsevolve deterministically thereis no uncertaintyaboutthe resultof per
forming anactionin somestate. The useof the visibility function, however, requires
someexplanation.Thevisibility functiondefineswvhatis in principleknowableabouta
VSK systemiheideais similarto thenotionof “partial obserability” in POMDPS[7].
Intuitively, not all the informationin an ervironmentstateis in generalaccessibléo
anagent.So,in a globalstateg = (e, 1), vis(e) = {e, €, €'} representshe factthat
the ervironmentstatese, €, €' areindistinguishabldo the agentfrom e. This is so
regardlesof theagents effortsin performingtheobsenation— it representthemax-
imum amountof informationthatis in principle availableto the agentwhenobserving
the statee. The conceptof transparengin Definition 4 captures‘perfect” scenarios,
in which all the informationin a stateis accessibldo an agent. Note that visibility



functionsarenotintendedo capturethe everydaynotionof visibility asin “objectx is
visible to theagent”.

We adopta simple,and,we argue,generalmodel of agentswhich makesonly a
minimal commitmentto an agents internal architecture. One importantassumption
we do malke is that agentshave an internal state,althoughwe make no assumptions
with respecto theactualstructureof this state.Agentsareassumedo be composeaf
threefunctionalcomponentssomesensompparatusan actionselectionfunction,and
anext-statefunction.

Definition 2 (Agents) Anagentis atupleAg = (L, Act, seedo, 74, lo), whee:

L = {l1,l,...} is asetof instantaneoukcal statedor theagent.
o Act={a,d,...} isasetof actiors.

e see: Vis(E) — Perc is the perceptionfunction, mappingvisibility setsto per
cepts Elementof thesetPerc will bedenotedasp, o/, . .. andsoon. If seeis an
injectioninto Perc thenwe saythat seeis perfect otherwisewe sayit is lossy.

e do: L — Actistheactionselectionfunction, mappinglocal statesto actions.

e 7, : L x Perc — L is the statetransformerfunction for the agent. We say
that 7, is completeif for any global statesg = (e, 7a(l, p)),d' = (¢, a(l’, p'))
we havethat (1, p) = 7a(l', p') impliesp = p', for everyl,l' € L';e,€ €
E; p, p' € Perc. We saythat 7, is local if for any global statesg = (e, 7a(l, p)),
g = (¢,m(l', p)) wehavethat my(l, p) = 7a(l', p) for everyl,I’ € L;e € €
E;p € Perc. We saythat an agent has perfectrecall if the functionr, is an
injection.

e |o € Listheinitial statefor theagent.

Perfectperceptionfunctionsdistinguishbetweenall visibility sets;lossy perception
functionsareso calledbecausehey canmapdifferentvisibility setsto the sameper
cept,therebylosinginformation. We saythatan agenthasperfectrecall of its history
if it changests local stateateverytick of theclock (cf. [2, pp128-131]) Perfectrecall
is a very strongpropertyto demandof agentsasit requiresthatthey candistinguish
every possibleconfigurationof the system.As we will seebelow, perfectrecallleads
to an agenthaving perfectknowledgeof the system,which is not likely to be possi-
ble in practice. Note that we have implicitly madethe simplifying assumptiorthat
ervironmentevolve synchronouslyvith the agent.

We now require a working definition of the statesof a VSK system,or global
states

Definition 3 (Global statesfor a VSK system) A set of global statesG = {g,
g,...} foraVSK systenis asubsebfE x L.

We do not rule out G being equalto the Cartesianproductof E andL; when this
happensthe VSK systemis saidto bein ahypercubeconfigumationandit enjoyssome
specialpropertiegsee[10, 9] for details).We cannow defineVSK systems



Definition 4 (VSK systems) AVSK systemis a pair S= (Env, Ag), where Envis an
ervironmentand Agis an agent. Theclassof VSK systemés denotedoy S.

Althoughthelogicswe discusdn this papermay be usedto referto static proper
tiesof knowledge visibility, andperceptionthe semantianodelnaturallyallows usto
accounftfor thetemporalevolution of a VSK system.The behaiour of anagentsitu-
atedin anernvironmentcanbe summarisedsfollows. The agentstartsin statel,, the
ervironmentstartsin stateey. At this pointtheagent‘synchronisestwith the erviron-
mentby performinganinitial obsenationsedvis(e)), throughthevisibility function
vis, and generates perceptsedvis(ey)). The internal stateof the agentis thenup-
dated,andbecomesra(ly, se€vis(e))). The synchronisatiorphaseis now over and
the systemstartsits run from theinitial stategy = (&y, 7a(lo, Se€vis(ey))). An action
ap = do(7a(lo, Sedvis(ep, lp)))) is selectecand performedby the agenton the ervi-
ronmentwhosestateis updatednto e; = 7¢(€g, @g). Theagententersanothercycle,
andsoon. A run of a systemis thusa (possiblyinfinite) sequencef global states
definedasfollows.

Definition 5 (Runs) A sequencégdo,di,0z,--.) over G representsa run of an agent
Ag = (L,Act seedo, 74, l¢) in anernvironmentEnv = (E, vis, 7e, ) if

* 9o = (€, 7a(lo, sedvis(ey)))), and
e forall u,if g, = (ey,lu), thengur1 = (eut1, lur1) is definedoy:

er1 = Te(&y,do(ly)) and
lup1 = 7a(ly, sedvis(eut1)))-

Notethat,sincere is aninjection, two globalstatesvith the sameernvironmentcompo-
nentneveroccurin arun.

Definition 6 (Reachablestates) Givena VSK systents = (Ernv, Ag) wesayG is the
setof global statesgeneratedby Sif g € G if andonlyif g occursin therun of S.

WhenS = (Env, Ag) is clearfrom the context we will refer to the setG of global
stategyeneratedy S= (Env, Ag) simply asthesetof globalstatef the VSK system
S= (Env, Ag). NotethatsincebothagentsandernvironmentsaredeterministicaVSK

systemhasonly a singlerun;in this, we differ from [2].

3 VSK Logic

We now introducea languagel, which will enableus to representhe information
propertieof VSK systemsln particular it will allow usto represenfirst whatis true
of theVSK systemthenwhatis visible, or knowableof thesystemthenwhatanagent
perceivesof the systemandfinally, whatit knowsof the system.

Definition 7 (Syntax of VSK Logic) Givena setP of propositionalatoms,the lan-
guage £ of VSK logic is definedby the following BNF grammar:

(wif) ::= true | anyelemenof P | —=(wff) | (Wif) A (wff) | V(wff) | S(wif) | IC{wif).



ThemodaloperatorV” allows usto representheinformationthatis instantaneously
visible or knowableaboutthe stateof thesystem.Thus,supposeheformulaVy is true
in somestateg € G. Theintendedinterpretationof this formulais thatthe property
 is knowableof the ervironmentwhenit is in stateg — not only is ¢ true of the
ervironment,but any agentequippedwith suitablesensorapparatusvould be ableto
percevetheinformationy. To putit anothemway, Vo meanghatanimpartialexternal
obsenerwould saythatin its currentstate the ervironmentcarriedtheinformation.
If =V weretruein somestate thenno agenthomatterhow goodits sensompparatus
was,would be ableto perceve .

The factthat somethingis visible in a VSK systemdoesnot meanthat an agent
actually seesit. What an agentdoesseeis determinedby its sensors. The modal
operator'S” will beusedto representhe informationthatan agent‘sees”. Theidea
is asfollows. Supposean agents sensoryapparatugrepresentedby the seefunction
in our semantianodelabove) wasa video cameraandsothe perceptseingreceved
by the agenttake theform of avideofeed. ThenSyp meanghatanimpartial obsener
would saythatthevideofeedcurrentlybeingsuppliedby the video cameracarriedthe
information — in otherwords, ¢ is true all situationswherethe agentrecevedthe
samevideofeed.

Finally, VSK logic allows us to representan agents knowled@. We represent
knowledgeby meansof a third modal operator “X”. In line with the tradition that
startedwith Hintikka [4], we write K¢ to representhefactthatthe agenthasknowl-
edgeof theformularepresentetdy ¢. Our modelof knowledgeis that popularisedy
Halpernandcolleagued?]: anagentis saidto know ¢ whenin local statel, if ¢ is
guaranteedo be true whenever the agentis in statel. As with the ) andS modal-
ities, knowledgeis an external notion — an agentis saidto know ¢ if animpartial,
omniscientobsenerwould saythatthe agents statecarriedtheinformation.

We now proceedo interpretour formal language.While it is entirely possibleto
do so directly with respectto VSK systemswe will find it beneficialto useKripke
semanticqd8] in orderto prove completenessf an axiomatisation.In particular we
will useKripke framesdefinedby threerelationson their supportset.

Definition 8 (Kripk e framesand models) A frameF is a tuple F = (W,Ry,Rs,
Rk ), whee W is anon-emptget(whoseslementsre calledworlds), andRy, Rs, R C
W x W are binary relationson W. If all relationsare equivalenceelations,the frame
is an equivalenceframeandwewrite ~,,, ~g, ~k for Ry, Rs, Ri.

We candefinea mappingfrom the classof VSK systemsto the classof Kripke
framesandwe canmake useof theseimagesto interpretour formal language.

Definition 9 (GeneratedKripk e structur es) Givena VSK systemS = (Env, Ag),
theKripkeframeFs = (W, ~,, ~s, ~k) generatedy Sis definedasfollows:

e W = G, whee G is thesetof global statesreactableby the systens,
e ~, isdefinedby: (g ) ~, (€,l") if € € vis(e),
e ~gisdefinedoy: (g 1) ~s (€,1') if sedvis(e)) = sedvis(€¢')),



e ~isdefinedby: (e 1) ~ (¢,1")ifl =1".

The classof framesgeneratedy the classof VSK systemS will bedenotedby Fgs;
similarly Fs will denotethe framegeneratedy the systemS. As might be expected,
thegeneratedramesareequivalenceframes.

Lemmal Givenany VSK systent € S, theframeFs geneiatedby Sis an equiva-
lenceframe

With Definition 9 we have effectively built a bridgebetweenVSK systemsandKripke
frames.In whatfollows, we assumehe standardiefinitionsof satishctionandvalidity
for KripkeframesandKripke modelsdefinedby threerelationsonthesupportset— we
referthereaderto [6, 3] for a detailedexpositionof the subject.Following [2] and[9],
we definethe conceptsof truth andvalidity on Kripke modelsthat are generated by
VSK systems.

Definition 10 (Satisfactionon VSK systems) Givenan interpretationr : W — 2P,
we saythat a formulay € L is satisfiedat a pointg € G ona VSK systenSif the
modelMs = (Fs, ) built onthegeneatedframeFs by useof 7 is sut thatMs =4 ¢.
The propositionalconnectivesire assumedo be interpretedas usualand the modal
openators V, S, K are assumedo beinterpretedin the standad way (seefor example
[6]) by meansftheequivalenceelations~,,, ~s, and ~ respectively

We are especiallyinterestedn the propertiesof a VS systemasa whole. The
notionof validity is appropriatdor this analysis.

Definition 11 (Validity on VSK systems)A formulay € £ is valid on a classS of
VSK systemsf for anysystent € S, wehavethatFs |= .

4 Axiomatising VSK Systems

In this sectionwe study variousVSK systemsrom an axiomaticperspectie. This
analysiswill let us explorein moredetail the propertiesof visibility, knowledge,and
perceptionof VSK systemsWe begin by presentingcorrespondenceesults;we then
reportcompletenessf anaxiomatisatiorwith respecto themostgeneratlassof VSK
systems.

Let usfirst notethatthe classFs of framesgeneratedy VSK systemss aproper
subclas®f equivalenceframes.Indeed thefollowing holds.

Lemma 2 For anyframeF € Fs, wehave~,C~s.
Lemma3 Fs | Sy = Vg if andonlyif ~, C~s.
In view of thesdemmasary VSK systemvalidatestheformulabelow.

Corollary 1 GivenanySwehaveS|= Sp = Vp.



Corollarylisin line with ourintuitionsaboutvisibility andperceptionit saysanagent
cannotseesomethinghatit is notvisible.

We now proceedo give basiccorrespondenceesults(see[1] for a detailedexpo-
sition of the subject)for axiomsrelatingvisibility, perceptionknowledgewith respect
to the architecturalclassesof VSK systemsdescribedin Section2. Note that our
correspondenceesultsare not simply givenwith respecto the Kripke framesbut to
architecturafeaturesof VSK systems.

Lemma4

1. SE p = Vpif andonlyif thesystenSis transpaent.

2. SE p = Spif andonlyif thesysten8is transpaentandtheperceptionfunction
of theagentAgin Sis perfect.

3. SE p= Kpif andonlyif theagenthasperfectrecall.

Lemma4 makes precisethe intuition givenin the semanticof VSK systemsabout
transparenyg, perfectperfection,andperfectrecall. In particular in orderfor theagent
to be ableto perceve everythingthatis true, it is not enoughfor it to have a perfect
perceptiorfunction: it alsoneedgo inhabita systenwith a transparenvisibility func-
tion. Lemma4 alsoclarifiesthe consequencesf an assumptiorof perfectrecall on
VSK systems.Thusan agentwith perfectrecall will be ableto distinguishbetween
every configurationof the system. This is a ratherstrongproperty it impliesthatan
agentknows everythingthatis true.

We now investigatenteractionaxiomsbetweervisibility, perceptionandknowl-
edge. First, recall from Corollary 1 that on ary generatedrame the implication be-
tweenperceptionand visibility is valid. Herewe turn to the corversedirection: if a
factis visible, thenit is seenby the agent— in otherwords,the agentseeseverything
visible. Intuitively, this axiom characteriseagentswith “perfect” sensoryapparatus,
i.e.,aseefunctionthatneverlosesinformation Indeed asthe next lemmashaows, this
axiom correspondg$ormally to the perceptionfunction of the agentbeing perfect(as
definedin Definition 2).

Lemma5 S}= Vp = Spif andonlyif the perceptionfunctionseeof the agentAgin
Sin perfect.

GivenCorollary 1, we canstrengtherthe above asfollows.

Corollary 2 S|= Vp < Spif andonly if the perceptionfunctionseeof the agentAg
in Sin perfect.

Supposeave have anagentwhich assumetshatif it cannotseeyp, thenp mustbefalse.
Suchan agentis emplgying a kind of strict closedworld assumption. We formally
analysethe contrapositie of it.

Lemma6 S = -S—p = Vpif andonlyif systemSis transpaentand the visibility
functionis perfect.



We now turnto therelationshipbetweerwhatanagentpercevesandwhatit knows.
Recallfrom Definition 2 that completetransformeirfunctionscharacterisagentshat
never loseinformationwhenthey updatetheirinternalstate.Thefollowing holds.

Lemma?7 Sk Sp = Kpif andonlyif the statetransformerfunctionr, is complete

Supposehat an agents internal stateat any momentis determinedsolely by the
perceptit recevesat that moment— the agentchoosests next stateby ignoring its
currentlocal state,andonly takinginto accountthe percepthatit is currentlyrecei-
ing. Thisis thelocality propertyof the statetransformerfunction 7, asdescribedn
Definition 2. For suchagentsknowledgewould appearto be determinedsolely by the
currentstateof the ervironment.Indeed we reportthe following.

Lemma8 Sk Kp = Spif andonlyif thestatetransformerfunctionr, of systenBis
local.

Sofar we have identified certainclassef VSK systems.In particularwe were
ableto reportthat somearchitecturafeaturesof particularVSK systemsarereflected
in the validity of someaxiomsexpressingmplicationsbetweervisibility, perception,
andknowledge.We now turn our attentionto theissueof completeness.

Many differentVSK systemsareworth exploring. As discussedibove, the ervi-
ronmentcan be transparenbr not, the agents perceptionfunction canbe perfector
otherwise the agents next statefunctioncanbe complete Jocal or neitherof the two,
andsoon. While we reportedcorrespondenceesults thesearein generalnot enough
to provide completenessand eachsemanticclassneedsts own appropriateanalysis.
In this articlewe focuson a basicVSK logic: we prove thatthis logic axiomatiseshe
mostgeneraklassof VSK systems.

Definition 12 Thelogic Lysk is thesetof formulasgeneratedby thefollowing axioma-
tisation.

Taut k1, P, Whee pis anypropositionaltautolagy
K/C l_LVSK K(p = q) = (’Cp = }CQ)

TIC l_LVSK ’Cp =p

4)(; l_LVSK Kp = K’Cp

Sk Frys« 7Kp = K-K-p

Ky  Frg V(P=0) = (Vp=Va)

TV }_LVSK Vp =p

4y, l_LVSK Vp = VVp

5y l_LVSK —|Vp = V—|V—|p

Ks  FrS(p=0) = (Sp= Sq)

TS }_LVSK Sp =p

4s Flysc SP = SSp

ds l_LVSK —|Sp = S—|S—|p

|nt5_v l_LVSK Sp = Vp

us If |_LVSK 'z them—LVSK ¢[¢1/p17 s ,¢n/pn]
MP If l_LVSK 72 and I_LVSK Y = ¢, thenFLVSK w



Nege If br e @, thenkr, o Ko
Neg, If bFr o @, thenkr,o Vo
Neg If Fr o @, thenkp, o S

It is immediatelyapparenthateachof the VSK modalitiesenjoy the propertiesof
anS5modallogic: they eachvalidateanaloguesf themodallogic axiomskT45[6, 3].
The appropriatenessf S5asa logic of (idealised)knowledgehasbeendiscussedat
lengthin the literature,andis now widely accepted2, pp30-36];for this reasonwe
will not motivatethe S5logic of knowledge. However, the appropriatenessf S5 for
theV andS modalitiesrequiressomejustification.

Considerthe V modalityfirst. Recalltheintendedinterpretatiorof a formulaVe:
thatVy is truein somestateif animpartial obsener would saythatthis statecarried
theinformation¢p. Takingthe axiomsKT45 in turn, Ky, seemaunproblematicif the
informationp = g andp is carriedby a state,then q mustalso be carried by that
state.Axiom Ty, simply saysthatif informationp is carriedby a state thenp mustbe
true. Thisis a desirableproperty sinceit would seemunreasonabléo saythata state
really carriedsomeinformationif thatinformationwerefalse. Axiom 4y, saysthat if
we canconcludethat a statecarriesinformationp, thenwe alsohave someadditional
(althougharguablynotterribly helpful) information:thatit carriestheinformationthat
it carriesthe informationp. Sincewe have axiomTy,, it followsthatVp < VVp will
beanaxiom: we canremove repeatedccurrencesf the) modalitywithout affecting
thetruth of aformula. Finally, axiom 5y, saysthatif we canconcludethata statedoes
not carrytheinformationp, thenwe canconcludethatthe statecarriestheinformation
thatit doesnot carrytheinformationp. Axioms4,, and5,, thusextendourinformation
abouta statefrom understandinghelimits to the informationcarriedby thatstate.

Turning to the & modality, we shouldfirst emphasisdhat S is not intendedto
form a logic of perceptionin the senseof, for example,Hintikka’'s [5, pp151-183].
Rather S capturesan objectivenotion of perception,(whatan omniscientimpartial
obsenerwould sayyou areseeing) ratherthana subjectiveview of perception(what
you believeyou areseeing).ThusSy meanghatif theagentis receving somepercept
p, thenwheneverit recevesperceplp, formulayp is guaranteedb betrue. In thissense,
the perceptthe agentrecevesis carryingthe informationyp. We arguethatunderthis
interpretation the S5 axioms capturereasonableropertiesof the S modality The
mostcontroversialof theseaxiomsfor S is Ts, andit is thereforeworth examiningthis
axiomin moredetail. It saysthatif anagent‘sees”p, thenp mustbetrue. If we were
attemptingto capturethe everydaysenseof humanperceptionthenthis axiomwould
notbeacceptable— therearemary obviousreasonsvhy, if you perceve p, you could
bewrong. However, underour interpretationwe saythatSp meanghatin every state
whereyou receve the sameperceptthat you are currently receving, p is true — in
particular p mustbe true in the currentstate. We canargue similarly for axioms4s
andbgs.

We can prove that Definition 12 represents soundand completeaxiomatisation
for themostgeneraklassof VSK systems.

Theorem1 Thelogic Lysk is soundand completewith respectto the classof VSK
systemsS.

10



Proof: It is straightforvardto show that Lysk is soundwith respectto the classof
systemsS. In orderto prove completenesst sufficesto shav that Lysk I/ ¢ implies
S [~ o, forary ¢ € L. By carryingoutaroutineproofvia thecanonicamodelmethod
(cf., e.g.,[11]) onecanshaw thatthelogic Lysk is completewith respecto the class
G of equivalenceramesF = (U, ~,,, ~s, ~x), Wwhere~, C~¢. But, aswe shav below,
givenary frameG = (W, ~,, ~s, ~k) € G, onecandefineasystemS € S suchthat
its generatedrameFs is the domainof a p-morphismonto G.

Indeed,giventhe frame G above which we supposalefinedon a countablesetof
worlds, considerthe systemS = (Env, Ag) definedasfollows.

e Fortheenvironmentcomponen€trv (seeDefinition 1):

-E=W,
— vis: E — 2F definedby: vis(w) = [w]., .
— Te : E x Act — E definedasfollows. Givena pointw; andan actiong;
suchthatj = min{k | wx € [wi]~, }, thetargetervironmentis definedby
Te(Wi, ) = Wiy1. Notethatre is aninjectionasrequired.
— € = Wi.
¢ Fortheagentcomponeniig (seeDefinition 2):

- L=W/~.

- Act={aq,...,an,...}.

— Perc = W/~. Thefunctionsee: vis(E) — Percisdefinedby sed[w]..,) =
[W~,.

— Thefunctiondo : L — Act is definedby do([w]~,) = ¢j,] = min{k |
Wi € [Wi]~,}. Minimum index guaranteethatdo is well-defined.

— 7a: L x Perc — L is definedby 7a([Wi]~,, [Wi]~.) = [Wit1]~-

= lo = [W1]~,-

Giventheabove, the setof global statedor systemS aredefinedasG = {(w, [w]~,) |
we W},

By inductionit is possibleto show thatevery globalstateof G is eventuallyreached
in therunr generatedrom (wy, [w; ], ). SothesetG is effectively the setof reachable
stategqseeDefinition 6).

We have completedthe descriptionof systemS. Considernow the frameFs =
(W', ~!, ~L ~1) generatedy Saccordingto Definition 9. Clearly, we have thatFs is
anequialenceframesuchthat~, C~s. We definethe naturally-induceg-morphism
p:Fs— F:

p((w, [W]~,)) = w.

The mappingp is clearly well-definedandsurjective. We prove thatit follows the
threepropertief p-morphismgsee[3]).

11



e The function p is surjectve. For ary w € W, we have the existenceof a
(W, [w]~,) suchthatp((w, [w]~,)) = w.

e Suppose ~; g';9 = (W, [w]~,),d = (W, [w]-,). Butthenit mustbe[w].., =
[W].., andthereforewe have w ~y w'.

Suppos@ ~!, g';59= (W, [W]~,),d = (W, [W].,). Sowehavethatw € [w].,,
hencew ~, W.

Suppose ~¢ g9 = (W, W), ¢ = (W, [W].,). Sowe have thatsegvis((w,
W) = sedvis(wW,[W].,))). Sowe havethat[w]., = [W].,; butthen
W~ W,

e Considerary (w, [w].,) € W andav € W suchthat p((w, [W]~,)) ~k V. So
W ~ V. But by constructiorwe have that (v, [v].,) € W' and,since[w]., =
[V]~i» We have (w, W], ) ~k (V, [V]~, ). We alsoclearlyhave p((v, [V]~,)) = V.

Considerary (w,[wW].,) € W andav € W suchthat p((w, [W]~,)) ~, V.
Sowe harew ~, v, i.e.[W., = [V].,. Sovis(w) = vis(v) andtherefore
(W, [W]~,) ~v (V,[V]~,). Wealsoclearlyhave p((v, [V]~,)) = V.

Considerary (w, [W]..,) € W' andav € W suchthatp((w, [W].,)) ~s V. So
W ~g Vandsow., = [V]~.. Sincewe have p((v, [V].,)) =V, it only remainsto
prove that (w, [W]~,) ~. (V,[V]~,), i.e. thatsedvis(w)) = sedvis(v)). But we
have [w]... = [V]~., andsothe conditionis verified.

SupposeahenLysk I/ ¢, thenby the completenessesultabore we have G £ ¢
for someG € G; but thenby constructingS asabove, we canprove that, becausef
considerationsnthetransferof validity to p-morphicimagege.g.,se€[3] pagell for
detailson the mono-modakase) Fs [~ ¢. SOS [~ ¢, henceS [~ ¢, whereS is the
classof VSK systemsThisis whatwe neededo shaw.

5 Conclusions

In this paper we have introducedVSK logic asaformalismfor representingindrea-
soningabouttheinformationpropertiesof agentsandtheir ernvironments.UsingVSK

logic, we areableto representvhatis objectiely true of someervironment,whatis

accessibleor visible of the ernvironment,what an agentseesof the ervironment,and
finally, what an agentknows. The semanticof VSK logic were presentedvith re-

spectto asimpleandgeneraimodelof agentsandtheir environments We wereableto

prove correspondenceesultsfor a numberof possibleaxiomsof VSK logic with re-

specto this modelof agentsandervironmentsthusdemonstratinghatcertainaxioms
capturedjuiteintuitive architecturapropertieof agent/emironmentsystemsFinally,

we gave an axiomatisatiorof VSK logic, and proved completenessf this logic with

respecto theformal modelof agentsandervironments.lt is worth stressinghatcom-
pletenessvasshavn with thegroundedsemantic®f Section2 andthatKripke models
areonly usedasavehicleto achieve theresult.
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Therearemary avenuedor futurework: temporalextensionsand multi-agentex-
tensionsaretwo of themostimportant. Completenesgesultsfor all basicVSK systems
areanotherareaof work. Finally, decidabilityandcomplexity resultsaredesirableper
hapsby usingtheresultsof [2, pp62-76].
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