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Abstract. In thispaperwedefinetwo logics,KLn andBLn, andpresentresolution-
basedproofmethodsfor both.KLn is a temporal logic of knowledge. Thus,in ad-
dition to theusualconnectivesof lineardiscretetemporallogic, it containsa set
of unarymodalconnectivesfor representingtheknowledge possessedby agents.
The logic BLn is somewhat similar: it is a temporallogic that containsconnec-
tives for representingthe beliefsof agents.The proof methodswe presentfor
theselogicsinvolvetwo key steps.First,aformulato betestedfor unsatisfiability
is translatedinto a normalform. Secondly, a family of resolutionrulesareused,
to dealwith theinteractionsbetweenthevariousoperatorsof thelogics.In addi-
tion to adescriptionof thenormalform andtheproofmethods,wepresentsome
shortworkedexamplesandproposalsfor futurework.

1 Intr oduction

This paperpresentstwo logics,calledKLn andBLn respectively, andgivesresolution-
basedproofmethodsfor both.Thelogic KLn is a temporal logic of knowledge. Thatis,
in additionto theusualconnectivesof lineardiscretetemporallogic [4], KLn contains
an indexedsetof unarymodalconnectivesthat allow us to representthe information
possessedby a groupof agents.Theseconnectivessatisfyanaloguesof theaxiomsof
the modalsystemS5 [2], which is widely recognizedasa logic of idealizedknowl-
edge [10]. It is for this reasonthat we call KLn a temporallogic of knowledge.(The
propertiesof KLn-like logicsarestudiedin [11, 5], wherea versionof KLn is usedthat
containsonly futuretimeconnectives.)Syntactically, thelogic BLn is identicaltoKLn. It
is alsoa temporallogic thatcontainsconnectivesfor representingtheinformationpos-
sessedby a groupof agents.However, theagentmodalitiesin BLn satisfyanaloguesof
themodalaxiomsKD45— asystemwidely acceptedasalogic of idealizedbelief [10].
For this reason,wesaythatBLn is a temporal logic of belief.

Logics suchasKLn andBLn have beenstudiedin both AI andmainstreamcom-
puter sciencefor sometime (see,e.g.,[9, 12, 11, 6, 5]). However, very little effort
hasbeendirectedat developingproof methodsfor suchlogics [14]. This is perhaps�
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becauseof the complexity of the problem:it is proved in [11, 5] that even for com-
paratively simple temporallogics of knowledge,the decisionproblemfor validity is
PSPACE complete.For morecomplex variants,theproblemis undecidableevenin the
propositionalcase.However, recentadvancesin proofmethodsfor theunderlyingtem-
poral logic (for which the decisionproblemis alsoPSPACE complete)indicatethat
practicaltheoremproversfor suchcomplex logicsmaybepossible[7, 3]. In thispaper,
weextendtheproofmethodfor purelytemporallogicsdescribedin [7] to dealwith KLn

andBLn. Specifically, we presenta clausalresolutionmethodfor BLn, which we show
to besoundandrefutationcomplete.A simpleextensionto this methodgivesa sound
andrefutationcompleteproofmethodfor KLn. Thiswork representsthefirst attemptto
extendthis resolutionmethodto multi-modallogics,andis thefirst resolutionmethod
for temporallogicsof knowledgeandbelief.

Theremainderof this paperis structuredasfollows.Section2 givescompletefor-
mal definitionsof the two logics.Section3 definesSNF� , a normalform for KLn and
BLn. Theproof methoditself is presentedin section4. Workedexamples,illustrating
theproof method,arepresentedin section5, andsomeconcludingremarksappearin
section6.

Notation: If � is a logicallanguage,thenwewrite Form���	� for thesetof (well-formed)
formulaeof � . WeusethelowercaseGreeklettersϕ, ψ, andχ asmeta-variablesranging
over formulaeof thelogical languagesweconsider.

2 Temporal Logicsof Knowledgeand Belief

In this section,we formally presentthe syntaxand semanticsof two logics: BLn is
a temporal logic of belief, and KLn is a temporal logic of knowledge. Theselogics
actuallysharea commonsyntax,which we shallcall the language� . Notethatdueto
spacerestrictions,ourpresentationof thesyntaxandsemanticsof thelanguage,though
complete,is of necessitysomewhatterse.

First,notethat � is not a quantifiedlanguage.We shall thusbuild formulaefrom a
setΦ 
�� p  q  r �������� of primitivepropositions. In fact,thelanguage� generalizesclas-
sicalpropositionallogic, andthusit containsthestandardpropositionalconnectives �
(not)and � (or); theremainingconnectives( � (and), � , (implies),and � (if, andonly
if)) areassumedto be introducedasabbreviationsin the usualway. We usetemporal
connectivesthatcanreferbothto thepastandto the future. With respectto thefuture,
we usetwo basicconnectives: � (for ‘next’), and � (for ‘until’). With respectto the
past,weuse‘ �������� ’ (for ‘last’) and‘ � ’ (for ‘since’). We explain theseconnectivesin de-
tail below. The temporalconnectivesareinterpretedover a flow of time that is linear,
discrete,boundedin the past,andinfinite in the future.An obviouschoicefor sucha
flow of timeis � IN �� � , i.e.,thenaturalnumbersorderedby theusual‘lessthan’relation.

With respectto belief/knowledgeconnectives,we assumea setAg 
!� 1 ������� n � of
agents. We thenbuild anindexedsetof unarymodalconnectives �#" i $&% i ' Ag� , where
a formula " i $ ϕ is to beread(in BLn) as‘agenti believesthatϕ’, or (in KLn) as‘agenti
knowsthatϕ’. In bothcases,ϕ ' Form���	� .



2.1 Syntax

Definition 1. The setForm���	� of (well-formed)formulaeof � is definedby the fol-
lowing rules:

1. (Primitivepropositionsareformulae):if p ' Φ thenp ' Form���	� ;
2. (Nullary connectives):false ' Form���	� , true ' Form���	� ;
3. (Unaryconnectives):if ϕ ' Form�(�)� then � ϕ ' Form�(�)� , � ϕ ' Form�(�)� , �������� ϕ '

Form�(�)� , and � ϕ �*' Form���	� ;
4. (Binaryconnectives):if ϕ  ψ ' Form���	� , thenϕ � ψ ' Form���	� , ϕ � ψ ' Form���	� ,

andϕ � ψ ' Form���	� ;
5. (Agentmodalities):if ϕ ' Form���	� andi ' Ag then " i $ ϕ ' Form���	� .

Definition 2. If p ' Φ thenbothp and � p areliterals. If l is a literal andi ' Ag, then" i $ l and �+" i $ l areagentliterals.

2.2 Semantics

Definition 3. It is assumedthattheworld maybein any of a setSof states. We gener-
ally uses (with annotations,e.g.,s0, s, , . . . ) to denoteastate.

Definition 4. A timeline, l, is an infinitely long, linear, discretesequenceof states,in-
dexedby thenaturalnumbers.For convenience,we definea timeline l to bea function
l : IN - S. Let TLinesbethesetof all timelines.

Notethattimelinescorrespondto therunsof Halpernetal [11, 5].

Definition 5. A point,p, is a pair p 
!� l  u� , wherel ' TLinesis a time line andu ' IN
is a temporalindex into l. Let thesetof all points(overS) bePoints.

Definition 6. A valuation, π, is a functionπ : Points . Φ -/� T  F � .
Definition 7. A model, M, for � is a structureM 
10 TL  R1 ������2 Rn  π 3 , where:TL 4
TLines is a setof timelines;Ri , for all i ' Ag, is an agentaccessibilityrelationover
Points, i.e.,Ri 4 Points . Points; andπ : Points . Φ -5� T  F � is a valuation.

As usual,we definethe semanticsof the languagevia the satisfaction relation ‘ % 
 ’.
For � , this relationholdsbetweenpairsof the form 0 M  p3 (whereM is a modeland
p ' Points), and � -formulae.The rulesdefiningthe satisfactionrelationaregiven in
Figure1. Satisfiabilityandvalidity in � aredefinedin theusualway.

Knowledgeand belief models: We shall now definetwo classesof � -models:KLn-
modelsaremodelsof knowledge, andBLn-modelsaremodelsof belief.

Definition 8. An � -modelM 
60 TL  R1 ������2 Rn  π 3 is a KLn-modelif f Ri is anequiva-
lencerelation,for all i ' Ag.



0 M �� l  u��37% 
 true0 M �� l  u��37% 
 p if f π ��� l  u�8 p�&
 T (wherep ' Φ)0 M �� l  u��37% 
9� ϕ if f 0 M �� l  u��3):% 
 ϕ0 M �� l  u��37% 
 ϕ � ψ if f 0 M �� l  u��3;% 
 ϕ or 0 M �� l  u��37% 
 ψ0 M �� l  u��37% 
<" i $ ϕ if f = l , ' TL �= v ' IN  if ��� l  u�>2� l ,  v���?' Ri 
then 0 M 2� l ,  v��37% 
 ϕ0 M �� l  u��37% 
@� ϕ if f 0 M �� l  u A 1��3?% 
 ϕ0 M �� l  u��37% 
 �������� ϕ if f � u B 0� and 0 M �� l  u C 1��3?% 
 ϕ0 M �� l  u��37% 
 ϕ � ψ if f D v ' IN suchthat � v E u� and 0 M 2� l  v��3F% 
 ψ 
and = w ' IN  if � u G w � v� then 0 M �� l  w��3H% 
 ϕ0 M �� l  u��37% 
 ϕ � ψ if f D v ' IN suchthat � v � u� and 0 M 2� l  v��3F% 
 ψ 
and = w ' IN  if � v � w � u� then 0 M �� l  w��3H% 
 ϕ

Fig.1. Semanticsof �
It shouldbeclearthatasagentaccessibilityrelationsin KLn modelsareequivalencere-
lations,theaxiomsof thenormalmodalsystemS5arevalid in theclassof KLn models.

Theorem9.

% 
 KLn " i $I� ϕ � ψ �&�J��" i $ ϕ �J" i $ ψ � (1)% 
 KLn " i $ ϕ �K�+" i $(� ϕ (2)% 
 KLn " i $ ϕ � ϕ (3)% 
 KLn " i $ ϕ �5" i $I" i $ ϕ (4)% 
 KLn �+" i $ ϕ �J" i $(�+" i $ ϕ (5)

TheseaxiomsarecalledK, D, T, 4, and5, respectively. ThesystemS5is widely recog-
nizedasthelogic of idealizedknowledge, andfor this reasonwesayKLn is a temporal
logic of knowledge. (The future-timecomponentof KLn correspondsto Halpernand
Vardi’s logic KL L mM [11], alsoknown asS5U

n in [5, p283],wherea completeaxiomati-
zationis given.)We now definebeliefmodels.

Definition 10. An � -modelM 
N0 TL  R1 ������2 Rn  π 3 is a BLn-model if f for all i ' Ag,
wehave:

1. (Euclidean:)= p  p,  p, , ' Points, if � p  p, �*' Ri and � p  p, , �*' Ri , then � p,  p, , �?' Ri ;
2. (Serial:) = p ' Points, D p, ' Pointssuchthat � p  p, �*' Ri ; and
3. (Transitive:) = p  p,  p, , ' Points, if � p  p, �O' Ri and � p,  p, , �*' Ri , then � p  p, , �*' Ri .



It is well-known that theaxiomsK, D, 4, and5 from normalmodallogic arevalid in
modelswhoseaccessibilityrelationssatisfyproperties(1)–(3)of Definition 10. How-
ever, axiomT (formula3 above)is not.Axiom T is generallytakento betheaxiomthat
distinguishesknowledgefrom belief: it saysthatif anagentknowsϕ, thenϕ is true.As
thisaxiomis notBLn-valid, wesaythatBLn is a temporal logic of belief.

Derived Temporal Connectives Otherstandardtemporalconnectivesareintroduced
asabbreviations,in termsof � , � and �������� :

P
ϕ def
 true � ϕ

P Q
ϕ def
 true � ψ

ϕ def
R� P � ϕ ϕ def
<� P Q � ϕ
ϕ S ψ def
 ϕ � ψ � ϕ ϕ T ψ def
 ϕ � ψ � ϕU

ϕ def
R�6�������� � ϕ start def
 U
false

We now informally considerthemeaningof the temporalconnectives.First, consider
thetwo basicfuture-timeconnectives: � and � . The � connectivemeans‘at thenext
time’. Thus � ϕ will besatisfiedat sometime if ϕ is satisfiedat thenext time.The �
connective means‘until’. Thusϕ � ψ will besatisfiedat sometime if ψ is satisfiedat
that time or sometime in the future,andϕ is satisfiedat all timesuntil the time that
ψ is satisfied.Of thederivedconnectives,

P
means‘either now, or at sometime in the

future’. Thus
P

ϕ will be satisfiedat sometime if eitherϕ is satisfiedat that time, or
somelatertime.The connectivemeans‘now, andatall futuretimes’.Thus ϕ will
besatisfiedat sometime if ϕ is satisfiedat that time andat all later times.ThebinaryS connective means‘unless’.Thusϕ S ψ will be satisfiedat sometime if eitherϕ
is satisfieduntil suchtime asψ is satisfied,or elseϕ is alwayssatisfied.Notethat S
is similar to, but weaker than,the � connective; for this reasonit is sometimescalled
‘weakuntil’.

Thepast-timeconnectivesaresimilar: �������� and
U

aretrueat somemomentif their
argumentsweretrueatthepreviousmoment.Thedifferencebetweenthemis that,since
themodelof time underlyingthelogic is boundedin thepast,thebeginningof time is
a specialcase: �������� ϕ will always be falsewhen interpretedat the beginning of time,
whereas

U
ϕ will alwaysbetrueat thebeginningof time.The

P Q
connective is a past-

time versionof
P

. Thus
P Q

ϕ will betrueat sometime if ϕ wastrueat someprevious
momentin time.The connective is a past-timeversionof . Thus ϕ will betrue
at sometime if ϕ wastrueat all previousmomentsin time.The � connective mirrors� , andsoϕ � ψ will betruenow if ψ wastrueatsomepreviousmomentin time,andϕ
hasbeentruesincethen; T is thesame,but allowing for thepossibilitythatthesecond
argumentwasnever true.Thus T mirrors S . Finally, a temporaloperatorthat takes
noargumentscanbedefinedwhichis trueonly at thefirst momentin time:thisoperator
is ‘start’.



3 A Normal Form for KLn and BLn

Theproof methodswe presentin section4 dependon formulaebeingrewritten into a
normalform, which we call SNF� (after the separatednormal form of [7, 8]). In this
section,we defineSNF� , andoutline the procedureby which an arbitrary � -formula
mayberewritten in this form. Thetranslationdependsupontheuseof renaming[13]
to simplify formulae.We thereforebegin, in the following section,by describinghow
renamingworks.

3.1 Renaming

Thebasicideaof renamingis to simplify aformulaϕ by replacingsub-formulaeof ϕ by
new propositionsymbolsthatact,in effect,asabbreviationsfor thesub-formulaethey
replace.In orderto preserve satisfiabilityduring this process,we mustlink the truth-
valueof a new propositionto thetruth-valueof thesub-formulait replaced.Enforcing
this link in modal logic is complicatedsomewhat by the fact that a formula can be
interpretedin many differentstates:we mustensurethat the link is maintainedin all
statesthatcanplayapartin theinterpretationof aformula.In temporallogic,wecando
this by carryingout therenamingwithin thescopeof a ‘ ’ connective.For example,
in temporallogic, renamingcanbe usedto replacea formulaesuchas

P � ϕ � ψ � byP � ϕ � p�*� � p � ψ � , wherep is a new propositionsymbol.In temporallogic, the
operator‘ ’ accessesall reachablestates,thusp is definedasanabbreviationfor ψ in
everystate,andsosatisfiabilityis preserved.

Unfortunately, in our logics,thesituationis complicatedyet furtherby thepresence
of twokindsof modallinks: temporalones,andthosegivenbyeachagent’saccessibility
relationRi . We mustthereforeintroduceaderivedoperator � , suchthat � ϕ means
ϕ is satisfiedin every reachablestate— intuitively, every statethat can play a part
in interpretinga formula.Renamingis thencarriedout within the context of the �
operator, andthusthelink betweenanew propositionandthesub-formulait replacesis
forcedacrossall reachablestates.

In orderto definethe operator � , we mustfirst definean operatorC to capture
thenotionof commonknowledge (or, in BLn, mutualbelief). This, in turn requiresan
operatorE to capturetheideaof everyagentknowing (believing) a formula.We define
E by

Eϕ � V
i W Ag

" i $ ϕ �
The commonknowledgeoperator, C, is then definedas the maximalfixpoint of the
formula

Cϕ � E � ϕ � Cϕ �X�
Finally, the � operatoris definedasthemaximalfixpoint of

� ϕ � � ϕ � C � ϕ �>�
To illustratethepropertiesof thisoperator,wemustformalisethenotionof reachability.



Definition 11. Let M be an � -model and � l  u�>2� l ,  v� be points in M. Then � l ,  v� is
reachable from � l  u� if f either: (i) l 
 l , and v E u; (ii) ��� l  u�>2� l ,  v���	' Ri for some
agenti ' Ag; or (iii) thereexistssomepoint � l , ,Y w� in M suchthat � l , ,( w� is reachable
from � l  u� and � l ,  v� is reachablefrom � l , ,  w� .
Theimportantpropertyof the � operatorcannow bestated.

Theorem12. Let M bean � -modelandp  p, bepointsin M such that 0 M  p3;% 
 � ϕ.
Then 0 M  p,Z3?% 
 ϕ if p, is reachablefromp.

Now, renamingof a formulasuchas
P � ϕ � ψ � produces

P � ϕ � p�&� �[� p � ψ � . This
theoremthereforeguaranteesthat renamingcarriedout within the context of the �
operatorwill preservesatisfiability.

3.2 SNF � : A Normal Form for �
We now describeSNF� , thenormalform thatweusein theproofmethodsdescribedin
Section4. An � -formulain SNF� is of theform:

� nV
i \ 1

� ϕi � ψi �
whereeachof the‘ϕi � ψi ’ (calledrules) is oneof thefollowing

start � r]
k\ 1

lk (an initial -rule)

�������� qV
j \ 1

mj � r]
k\ 1

lk (aglobal -rule)

true � r]
k\ 1

lk (aglobal renamingrule)

start � P
l (an initial

P
-rule)

�������� qV
j \ 1

mj � P
l (aglobal

P
-rule)

whereeachmj , or l is a literal, andlk is eithera literal or anagentliteral.

Theorem13. Thereexistsa translationfunctionτ : Form�(�)�^- Form� SNF�>� such that
for anyϕ ' Form�(�)� , wehaveτ � ϕ � is satisfiablejust in caseϕ is satisfiable.

Proof. Full detailsof the translationprocessare rathercomplex, and so we simply
sketchthemainsteps.Notethatthetranslationis similar to thatdescribedin [8], where
moredetailscanbefound.Themainstepsare:



1. ‘Pushing’negations(convertinginto negationnormalform).
This involvesapplyingtransformationssuchas

�+� ϕ � ψ �+C_-`� ϕ �a� ψ�b� ϕ C_-c�d� ϕ� ϕ C_- P � ϕ

bothinsideandoutside(but not across) agentmodalities.Thisoperationpreserves
validity.

2. Dealingwith axiomK:

" i $I� ϕ � ψ �eC_-f�+" i $�� ϕ �d" i $ ψ
Preservationof validity is obvious.

3. Removing derivedtemporaloperators.
Thissimply involvesthereplacementof varioustemporaloperatorsby theirdefini-
tions,for example

ϕ S ψ Cg- ϕ � ψ � ϕ �
Again,thisoperationpreservesvalidity.

4. Renamingembeddednon-literalformulae.
Here,therenamingproceduredescribedabove is appliedexhaustively to removed
embeddedformulae,for example

ϕ � ψ Cg- x � y � �h� x � ϕ �i� �j� y � ψ �" i $ ϕ Cg-k" i $ z � �j� z � ϕ �X�
whereϕ andψ arenon-literalformulae.
Oncesuchtransformationshavebeenapplied,eachliteral isguaranteedtobewithin
thescopeof atmostonemodalor temporaloperator(apartfrom ‘ � ’).

5. Removing maximalfixpoint operators,e.g.‘ ’.
This involvesunwindingfixpoint operatorsdefinedin temporallogic, for example

ϕ C_- ϕ � x � �h�)�������� x �l� ϕ � x���
(For moredetail,see[8].) Again,thissteppreservessatisfiability.

6. Rewriting into SNF� (effectively anextensionof CNF).
This final phaseinvolvesthe useof classicaltransformations,analogousto those
usedto produceclausalform, to producea set of SNF� rules from the formula
producedsofar.
This stepis a variationon thestandardtransformationinto CNF, andsopreserves
validity.

Thus,theproof reducesto showing that therenamingprocessitself preservessatisfia-
bility, whichcanbeshown by observingthat

– thenew propositionsintroducedaredefinedin everystate(seeTheorem12);
– theoriginal formulais satisfiediff therenamedformulais satisfied(which follows

from thestructureof theformularesultingfrom renaming).



In orderto ensurethatrenamingrulesareavailableeverywhere,formulaesuchas

� � x � ϕ �
arerepresentedby SNF� rules

true �J� x � ϕ
true �J� ϕ � x

which againappearwithin thecontext of an ‘ � ’ operator. Notethatsuchrules(with
‘ true’ on their left-handside)areonly usedfor renamingin thisway.

4 Resolution-BasedProof Methods for KLn and BLn

Beforedescribingtheresolutionmethodin detail,wegiveanoverview of ourapproach.
First, recall thetwo basicproblemsassociatedwith extendingresolutionto modaland
multi-modallogicssuchasthoseconsideredin thispaper:

1. Literals cannotgenerallybe moved in andout of modalor temporalcontexts. In
particular, if M is a modalor temporaloperator, p andM � p cannotbe resolved.
Thus,theonly inferencesthatcanbemadeoccurin particularmodalor temporal
contexts.For example,bothp and � p canberesolved,as,for certaintypesof modal
operator, canMp andM � p.

2. In many non-classicallogics,particularlymulti-modallogics,theoperatorsinteract
in complex ways.For example,the logicsconsideredherehave transitive accessi-
bility relationsandsotheaxiomMϕ � MMϕ holds.Thus,in additionto theprob-
lemof reasoningin thepresenceof modalandtemporalcontexts,theproofprocess
musttake into accountthis interactionbetweenoperators.

Theresolutionmethoddescribedin thispapertacklestheseproblemsby:

– using the normal form SNF� , which separatesout complex formulaefrom their
contexts throughtheuseof renaming(asdescribedabove);and

– utilizing additionaltranslation,resolution,andsimplificationrulesin orderto rep-
resenttheinteractionbetweenoperators.

Thetranslationof a formulainto a normalform is particularlyimportant.In removing
formulaefrom their contexts andreplacingthemby new propositions(effectively, ab-
breviations),weareabletomanipulatetheseformulaeusingwhatis essentiallyclassical
resolution,only returningtheresultsto their contextsunderspecificconditions.

Wecannow describetheproofmethod.Thismethodextendsthatof theunderlying
temporallogic [7] andconsistsof thefollowing steps.To determinewhethera formula
ϕ ' Form���	� is unsatisfiable:

1. Rewrite ϕ into SNF� .
2. Repeat

(a) applystepresolution(effectively a form of classicalresolution)
(b) rewrite new resolventsinto SNF�



(c) applysimplificationandsubsumption
(d) applytemporalresolution
(e) rewrite new resolventsinto SNF�
until eitherfalse is derivedor nomorerulescanbeapplied.

Theprocessof applyingtemporalandstepresolutionrulesto asetof formulaein SNF�
eventuallyterminates.On termination,eitherfalsehasbeenderived(showing that the
formula is unsatisfiable)or no morerulescanbeapplied(showing that the formula is
satisfiable).As in classicalresolution,simplificationandsubsumptionproceduresare
appliedthroughouttheprocess.

Sinceagentliteralscanneveroccureitheron theleft-handsideof anSNF� rule,or
within a

P
-formula,rulescontainingsuchliterals cannot directly participatein tem-

poralresolutionsteps.Thus,in extendingthetemporalresolutionmethodof [7] to BLn

andKLn, we needonly considertheadditionalstepresolutionrulesandsimplification
rulesfor handlingformulaecontainingmodaloperators.

4.1 StepResolution

Thestepresolutionrule is simply a versionof theclassicalresolutionrule rewritten as
follows.

ϕ1 � ψ1 � l
ϕ2 � ψ2 �m� l

ϕ1 � ϕ2 � ψ1 � ψ2

� SRES�
Now, however, the‘ l’ above is now anatom.In particular, wecanresolveagentliterals
via thefollowing rule:

ϕ1 � ψ1 �n" i $ m
ϕ2 � ψ2 �o�+" i $ m

ϕ1 � ϕ2 � ψ1 � ψ2

� SRESa�
In addition to this generalrule, we adda morespecificresolutionrule for resolving
within modalcontexts:

ϕ1 � ψ1 �d" i $ m
ϕ2 � ψ2 �d" i $�� m

ϕ1 � ϕ2 � ψ1 � ψ2

� MRES�
This resolutionrule derivesfrom axiom(2) of thelogic, (which in turn correspondsto
axiomD of normalmodallogic).

4.2 Simplification

Thesimplificationrulesusedaresimilarto thetemporalcase,whichare,in turn,similar
to theclassicalcase,consistingof bothsimplificationandsubsumptionrules.Themajor
rule requiredin thetemporalresolutionmethodis usedwhena contradictionin a state
is produced: �������� ϕ � false

true �p� ϕ � SIMP1�



¿Fromthepropertiesof the‘ � ’ operator, which implicitly surroundsall SNF� rules,
weareableto derive thefollowing rule:

true � ϕ
true �K" i $ ϕ � SIMP2�

where " i $ ϕ mustagainberewritten into SNF� .
Additionalsimplificationrulesareprovidedby axioms(3), (4),and(5),correspond-

ing to normalmodalaxiomsT, 4,and5 respectively. Thefirst, � SIMP3� , is derivedfrom
axiomT.

ψ1 � ψ2 �q" i $ ϕ
ψ1 � ψ2 � ϕ � SIMP3�

Note that this rule is not usedin the BLn proof method,asaxiom(3) is not valid in
BLn: it is only usedin KLn. Theuseof this rule representstheonly differencebetween
theproofmethodfor KLn andthatfor BLn. Thenext simplificationrule is derivedfrom
axiom(4). It canbeusedatmostonceperrulewithin SNF� .

ψ1 � ψ2 �q" i $ ϕ
ψ1 � ψ2 �q" i $ x

x �r" i $ ϕ � SIMP4�
This final rule, � SIMP5� , is derivedfrom axiom5. Like � SIMP4� , this rule is alsoused
atmostonceperformulain SNF� .

ψ1 � ψ2 �!�+" i $ ϕ
ψ1 � ψ2 �1" i $ y

y �s�+" i $ ϕ � SIMP5�
4.3 Temporal Resolution

Ratherthandescribethetemporalresolutionrulein detail,werefertheinterestedreader
to [7]. Thebasicideais to resolveone

P
-rulewith a setof -rulesasfollows2.

�������� ϕ1 � ψ1�������� ϕ2 � ψ2
...�������� ϕn � ψn�������� χ � P

l

true �p�+� n]
i \ 1

ϕi � χ �
�������� χ �K�t� n]

i \ 1

ϕi �uS l

v wwwwwwwwwwwwwwx
wwwwwwwwwwwwwwy

where
n]

i \ 1

ϕi � � l � TRES�

Theresolventsproducedmustagainbetranslatedinto SNF� .
2 A similar rule resolvingwith a

P
-ruleof theform start z P l is alsoused.



4.4 Termination

Finally, if any of thefollowing rulesareproduced,theoriginal formulais unsatisfiable
andtheresolutionprocessterminates.

start � false � NULL1 ��������� true � false � NULL2 �
true � false � NULL3 �

4.5 Corr ectness

Theorem14. Theresolutionmethodis sound,i.e., if a contradiction is derivedusing
theresolutionmethod,thentheoriginal formulais unsatisfiable.

Theorem15. Theresolutionmethodis refutationcomplete, i.e., if a formula is unsat-
isfiable, thentheresolutionmethodwill eventuallyderivea contradictionwhenapplied
to that formula.

5 WorkedExamples

In this section,we illustratetheproof methodsfor KLn andBLn througha numberof
shortworkedexamples.(Note that,for brevity, we omit many of therulesderivedbut
notcrucialto therefutation.)

Example1. Considertheformula

��" 1$ p�X� � p

which is BLn-satisfiable,but KLn-unsatisfiable.We cantransformthis into SNF� , giv-
ing:

1 � start �{" 1$ a
2 � true �l� a � p
3 � true �l� a � b
4 �|�������� b � p
5 � �������� b � b
6 � start � n
7 � start �l� p
8 � �������� n � n
9 � �������� n �l� p

Giventhis, resolutioncanproceedasfollows.

10� start �l� a [2, 7, SRES]

At thispoint therefutationstallsfor BLn, asnofurtherresolutionor simplificationrules
canbeapplied.Thustheformulais BLn-satisfiable.However, in KLn, � SIMP3� canbe
usedasasimplificationrule,producing:



11� start � a [1, SIMP3]
12� start � false [10, 11,SRES]

As � NULL1� hasbeenderived,representingfalse, theformulais KLn-unsatisfiable.

Example2. Considerthefollowing formula,illustratingtheinductivenatureof theun-
derlyingtemporallogic. This formulais valid in bothBLn andKLn.

� P " i $ a � ��" i $ a � � " i $ a���}� P " i $ a
If we negatethis,andtransformit into a setof SNF� rules,we get thefollowing (note
thatm is anabbreviationfor " i $ a).

1 � start � P
m

2 � �������� m � m
3 � start � s
4 � �������� s � s
5 � �������� � s � m�7� P � m

Theresolutionprocessthenproceedsasfollows.

6 �~�������� � s � m�7�J� m [2, 5, TRES]
7 � true �J� s ��� m [2, 5, TRES]
8 � �������� s �J� m [4, 7, SRES]
9 � start � m �a� s [1, 4, 8, TRES]
10� start �J� s [7, 9, SRES]
11� start � false [3, 10,SRES]

Example3. To show " i $�� p ��" i $���� p

is BLn-unsatisfiable,we translateinto SNF� , giving:

1 � start �k" i $ x
2 � start �k" i $ y
3 � true �J� x � a
4 � true �J� y � b
5 �r�������� a � p
6 �r�������� b �J� p

A contradictioncanbederivedasfollows.

7 �~�������� � a � b�?� false [5, 6, SRES]
8 � true �J� a ��� b [7, SIMP1]
9 � true �J� x �a� b [3, 8, SRES]
10� true �J� x �a� y [4, 9, SRES]
11� true �J�+" i $ x �d" i $�� y [10, SIMP2]
12� start �k" i $(� y [1, 11,SRESa]
13� start � false [2, 12,MRES]



Example4. Finally, weconsiderapurelymodalexample:

�+" i $(�+" i $ p �a� p

which is unsatisfiablein KLn. We first translatethis into SNF� , giving

1 � start �l� p
2 � start �l�+" i $ x
3 � true �l� x �a�+" i $ p
4 � true � x ��" i $ p

A contradictioncanbederivedasfollows.

5 � true � x � p [4, SIMP3]
6 � start � x [1, 5, SRES]
7 � start �l�+" i $ p [3, 6, SRES]
8 � start �{" i $ y [7, SIMP5]
9 � true �l� y �a�+" i $ p [7, SIMP5]
10� true � y ��" i $ p [7, SIMP5]
11� true �l� y � x [4, 9, SRES]
12� true �l�+" i $ y ��" i $ x [11, SIMP2]
13� start �{" i $ x [8, 12,SRESa]
14� start � false [2, 13,SRESa]

Spaceprecludesthepresentationof furtherlargerexamples.

6 Summary

While the complexity of the decisionproblemfor the temporallogics of knowledge
andbelief presentedherehasbeenstudied[11], few proof methodshave beendevel-
opedfor theselogics [14]. Proofmethodsfor multi-modallogics(e.g.,[1]) have been
developed,but havegenerallybeenbasedontableauxmethodsand,moreover, havenot
beenextendedto modaland temporalcombinations.Our work thereforerepresentsan
importantsteptowardsthe mechanizationof a classof logics with a wide variety of
applicationsin distributedsystemsanddistributedAI.

In the future, we hopeto extend the proof methodto deal with (limited) quan-
tification, to implementthe method,andto apply the methodto the specificationand
verificationof distributedintelligentsystems.We alsohopeto evaluatethe resolution
methodagainsttableauxproofmethodsfor suchlogics [14].
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