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Abstract. Inthispapemwedefinetwo logics,KL, andBL,, andpresentesolution-
basedproof methoddgor both.KL, is atempoal logic of knowledg. Thus,in ad-
dition to the usualconnectiesof lineardiscretetemporallogic, it containsa set
of unarymodalconnectiesfor representinghe knowledg possessely agents
Thelogic BL,, is somavhat similar: it is a temporallogic that containsconnec-
tivesfor representinghe beliefsof agents.The proof methodswe presentfor
thesdogicsinvolve two key stepsFirst,aformulato betestedor unsatisfiability
is translatednto a normalform. Secondlya family of resolutionrulesareused,
to dealwith theinteractionsetweerthevariousoperatorof thelogics.In addi-
tion to a descriptionof the normalform andthe proof methodswe presensome
shortworked examplesandproposaldor futurework.

1 Intr oduction

This paperpresentswo logics, calledKL, andBL,, respectiely, andgivesresolution-
basedproof methoddor both. Thelogic KL, is atempoal logic of knowled@. Thatis,
in additionto the usualconnectvesof lineardiscretetemporallogic [4], KL, contains
an indexed setof unarymodalconnectesthat allow usto representhe information
possessely a groupof agentsTheseconnectvessatisfyanalogue®f the axiomsof
the modal systemS5[2], which is widely recognizedas a logic of idealizedknowl-
edee [10]. It is for this reasonthat we call KL, a temporallogic of knowledge.(The
propertieof KL,-like logicsarestudiedin [11, 5], wherea versionof KL, is usedthat
containonly futuretime connectves.)Syntacticallythelogic BL, isidenticalto KLy,. It
is alsoatemporallogic thatcontainsconnectvesfor representinghe informationpos-
sessedby a groupof agentsHowever, the agentmodalitiesin BL, satisfyanaloguesf
themodalaxiomsKD45 — a systenwidely acceptedsalogic of idealizedbelief [10].
For thisreasonwe saythatBL,, is atempoal logic of belief

Logics suchasKL, andBL, have beenstudiedin both Al and mainstreantom-
puter sciencefor sometime (see,e.g.,[9, 12, 11, 6, 5]). However, very little effort
hasbeendirectedat developing proof methodsfor suchlogics[14]. This is perhaps
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becauseof the compleity of the problem:it is provedin [11, 5] that even for com-
paratizely simpletemporallogics of knowledge,the decisionproblemfor validity is
PSRACE complete For morecomplex variants the problemis undecidablevenin the
propositionatase However, recentadvancesn proof methodgor theunderlyingtem-
poral logic (for which the decisionproblemis also PSRACE complete)indicatethat
practicaltheoremproversfor suchcomplex logicsmaybepossible[7, 3]. In this paper
we extendthe proof methodfor purelytemporalogicsdescribedn [7] to dealwith KL,
andBL;. Specifically we presenta clausalresolutionmethodfor BL,, which we shav
to be soundandrefutationcomplete A simpleextensionto this methodgivesa sound
andrefutationcompleteproof methodfor KL,,. Thiswork representthefirst attemptto
extendthis resolutionmethodto multi-modallogics,andis thefirst resolutionmethod
for temporallogicsof knowledgeandbelief.

Theremainderof this paperis structuredasfollows. Section2 givescompletefor-
mal definitionsof the two logics. Section3 definesSNF*, a normalform for KL, and
BL,. The proof methoditself is presentedn section4. Worked examplesiillustrating
the proof method,are presentedn section5, and someconcludingremarksappeaiin
section®.

Notation: If £ isalogicallanguagethenwewrite Form( L) for thesetof (well-formed)
formulaeof £. We usethelowercasésreekiettersd, P, andx asmeta-\ariableganging
overformulaeof thelogical languagesve consider

2 Temporal Logics of Knowledgeand Belief

In this section,we formally presentthe syntaxand semanticof two logics: BL, is
a tempoal logic of belief and KL, is a tempoal logic of knowled@. Theselogics
actuallysharea commonsyntax,which we shall call the language£. Note thatdueto
spacaestrictionspur presentatiorf the syntaxandsemantic®f thelanguagethough
completejs of necessitysomavhatterse.

First, notethat £ is not a quantifiedlanguageWe shallthusbuild formulaefrom a
set® = {p,q,r,...} of primitive propositionsIn fact,thelanguager generalizeslas-
sical propositionalogic, andthusit containsthe standardoropositionalkconnectves—
(not)andyv (or); theremainingconnectves(A (and),=, (implies),and< (if, andonly
if)) areassumedo be introducedasabbreiationsin the usualway. We usetemporal
connectesthatcanreferbothto the pastandto the future. With respecto thefuture,
we usetwo basicconnectves: O (for ‘next’), and U (for ‘until’). With respecto the
pastweuse' @’ (for ‘last’) and*' §’ (for ‘since’). We explain theseconnectvesin de-
tail below. The temporalconnectvesareinterpretedover a flow of time thatis linear,
discrete boundedn the past,andinfinite in the future. An obvious choicefor sucha
flow of timeis (IN, <), i.e.,thenaturalnumbersrderedy theusuallessthan’relation.

With respecto belief/knovledgeconnectves,we assume setAg= {1,...,n} of
agents We thenbuild anindexed setof unarymodalconnectves{[i] | i € Ag}, where
aformula[i]¢ is to beread(in BLy) as‘agenti believesthat¢’, or (in KL,) as‘agenti
knowsthat¢’. In bothcasesp € Form(L).



2.1 Syntax

Definition 1. The setForm(L) of (well-formed)formulaeof £ is definedby the fol-
lowing rules:

1. (Primitive propositionsaareformulae):if p € ® thenp € Form(L);

2. (Nullary connectves):falsee Form(L), true € Form(L);

3. (Unaryconnectves):if & € Form(L) then—¢ € Form(L£), O € Form(L), O¢ €
Form(£), and(¢) € Form(L);

4. (Binary connectves):if ¢, € Form(L£), thend VY € Form(L), ¢ UY € Form(L),
andd Sy € Form(L);

5. (Agentmodalities)if ¢ € Form(L£) andi € Agthen[i]¢ € Form(L).

Definition 2. If p € ® thenbothp and—p areliterals. If | is aliteral andi € Ag, then
[i]l and—[i]l areagentliterals.

2.2 Semantics

Definition 3. It is assumedhattheworld maybein ary of a setS of states We gener
ally uses (with annotationse.g.,%, S, ...) to denotea state.

Definition 4. A timeling |, is aninfinitely long, linear, discretesequencef statesjn-
dexedby the naturalnumbersFor corveniencewe defineatimelinel to beafunction
| :IN — S Let TLinesbethesetof all timelines.

Notethattimelinescorrespondo therunsof Halpernetal [11, 5].

Definition 5. A point, p, is apairp = (I,u), wherel € TLinesis atimeline andu € IN
is atemporalindex into |. Let the setof all points(overS) be Points

Definition 6. A valuation 1, is afunctiont: Pointsx ® — {T,F}.

Definition 7. A mode| M, for L is a structureM = {TL,Ry,..., Ry, ), where:TL C
TLinesis a setof timelines;R;, for all i € Ag, is an agentaccessibilityrelation over
Points, i.e., R, C Pointsx Points andrt: Pointsx ® — {T,F} is avaluation.

As usual,we definethe semanticf the languagevia the satishctionrelation‘ |='.
For £, this relationholds betweenpairs of the form (M, p) (whereM is a modeland
p € Points), and L-formulae. The rules defining the satishctionrelationare given in
Figurel. Satisfiabilityandvalidity in £ aredefinedin theusualway.

Knowledgeand belief models: We shall now definetwo classef £-models:KL-
modelsaremodelsof knowledg, andBL,-modelsaremodelsof belief

Definition 8. An £-modelM = (TL,Ry,...,R,, ™ is a KLy-modeliff R; is anequia-
lencerelation,for all i € Ag.



(M, (I,u))

M, (Lu) =Ep iff  1((l,u),p) =T (wherep € ®)

M, (Lu)E-¢ iff (M, () ¢

M, (Lup Eove it (M, (I,u)) = ¢ or (M, (l,u) Ey

M, (L,u)) = [i]¢ iff  VI"e TLYvelN, if (Lu),(',v) €R,
then(M, (I',v)) = ¢

M, (Lu)) = Od iff  (M,(Lu+1))=¢

M, (l,u)) = O iff  (u>0)and(M,(Lu-1))E=¢d

M, (Lu)y Eduy iff 3Fve N suchthat(v>u) and(M,(I,v)) E ,
andvwe IN, if (u<w<v) then(M,(I,w)) Eé

M, (Lu)y EdSy iff  Tve IN suchthat(v < u) and(M,(I,v)) E ,
andvw € IN, if (v<w < u) then(M,(l,w)) = ¢

Fig. 1. Semanticef L

It shouldbeclearthatasagentaccessibilityrelationsin KL, modelsareequialencere-
lations,theaxiomsof thenormalmodalsystemS5arevalid in the classof KL, models.

Theorem?.
Exw [0 = W) = ([i]¢ = [i]Y) 1)
L, (119 = —[i-¢ 2
FkL, (110 = ¢ 3)
Fxea [0 = [i][i]$ (4)
Exw, [il¢ = [i]-[i]¢ (5)

TheseaxiomsarecalledK, D, T, 4, and5, respectiely. ThesystemS5is widely recog-
nizedasthelogic of idealizedknowledg, andfor this reasorwe sayKL,, is atemposl

logic of knowled@. (The future-timecomponenbf KL, corresponds$o Halpernand
Vardi'slogic KLy, [11], alsoknown asS% in [5, p283],wherea completeaxiomati-
zationis given.)We now definebeliefmodels

Definition 10. An £-modelM = (TL,Ry,...,Ry, T is a BLy-modeliff for all i € Ag,
we have:

1. (Euclidean:)p,p’,p" € Points if (p,p') € R and(p,p’) € R, then(p',p") € R;
2. (Serial:)Vp € Points, 3p’ € Pointssuchthat(p,p’) € R;; and
3. (Transitve:)Vp,p’,p” € Points if (p,p’) € R and(p,p") € R, then(p,p’) € R.



It is well-known thatthe axiomskK, D, 4, and5 from normalmodallogic arevalid in
modelswhoseaccessibilityrelationssatisfy propertie1)—(3) of Definition 10. How-
ever,axiomT (formula 3 above)is not. Axiom T is generallytakento betheaxiomthat
distinguisheknowledgefrom belief: it saysthatif anagentknows ¢, then¢ is true.As
this axiomis not BLy-valid, we saythatBL, is atempoal logic of belief

Derived Temporal Connectives Otherstandardemporalconnectvesareintroduced
asabbreiations,in termsof §, U and ©:

OO0 = true U & o = true Sy
D¢:=e:ﬁ = .¢:=e:ﬁ )
dOWY=ouUPv e ¢z =oSpvle
) =-0-0 start £ @false

We now informally considerthe meaningof the temporalconnectves.First, consider
thetwo basicfuture-timeconnectves: O and U. The O connectve meansat thenext
time’. ThusO¢ will besatisfiedat sometimeiif ¢ is satisfiedat thenext time. The U
connectve meansuntil’. Thus¢ U will besatisfiedat sometime if Y is satisfiedat
thattime or sometime in the future,and ¢ is satisfiedat all timesuntil the time that
Y is satisfied Of the derived connectves,{> meanseither now, or at sometime in the
future’. Thus S will be satisfiedat sometime if either¢ is satisfiedat thattime, or
somelatertime. The [ ] connectve meansnow, andatall futuretimes’. Thus [ will
be satisfiedat sometime if ¢ is satisfiedat thattime andat all latertimes.The binary
W connectve meansunless’. Thus¢ W Y will be satisfiedat sometime if either
is satisfieduntil suchtime asy is satisfied or else¢ is alwayssatisfied Note that W
is similarto, but wealer than,the U connectve; for this reasorit is sometimesalled
‘weakuntil’.

The past-timeconnectvesaresimilar: @ and @ aretrue at somemomentif their
argumentsveretrueatthe previousmoment.Thedifferencebetweernthemis that,since
the modelof time underlyingthelogic is boundedn the past,the beginningof time is
a specialcase: @¢ will always be falsewhen interpretedat the beginning of time,
whereas@®¢ will alwaysbetrueatthebeginningof time. The & connectveis a past-
time versionof . Thus & ¢ will betrueat sometime if ¢ wastrue at someprevious
momentin time. Thel connectieis a past-timeversionof []. Thusll¢ will betrue
atsometime if ¢ wastrueatall previousmomentsn time. The § connectve mirrors
U, andso¢ SY will betruenow if P wastrueat somepreviousmomentn time, andé
hasbeentruesincethen; Z is thesameput allowing for the possibilitythatthe second
argumentwasnever true. Thus Z mirrors /. Finally, a temporaloperatorthattakes
noarmgumentsanbedefinedwhichis trueonly atthefirst momentn time: thisoperator
is ‘start’.



3 A Normal Form for KL, and BL;,

The proof methodswe presenin sectiond4 dependon formulaebeingrewritten into a
normalform, which we call SNF (after the sepaated normal form of [7, 8]). In this
section,we define SNF*, and outline the procedureby which an arbitrary L-formula
may be rewritten in this form. The translationdependsiponthe useof renaming[13]
to simplify formulae.We thereforebegin, in the following section by describinghow
renamingworks.

3.1 Renaming

Thebasicideaof renamings to simplify aformula¢ by replacingsub-formulaef ¢ by
new propositionsymbolsthatact,in effect, asabbreiationsfor the sub-formulaghey
replaceIn orderto presere satisfiability during this processwe mustlink the truth-
valueof a new propositionto the truth-valueof the sub-formulait replaced Enforcing
this link in modallogic is complicatedsomavhat by the fact that a formula canbe
interpretedn mary differentstateswe mustensurethat the link is maintainedn all
stateghatcanplayapartin theinterpretatiorof aformula.In temporalogic, we cando
this by carryingout the renamingwithin the scopeof a‘ [ ]’ connectve. For example,
in temporallogic, renamingcanbe usedto replacea formulaesuchas (¢ U W) by
$(0 Up) A LI(p < W), wherep is a nev propositionsymbol.In temporallogic, the
operator [ ]' accesseall reachablestatesthusp is definedasanabbreviationfor g in
every state andsosatisfiabilityis presered.

Unfortunatelyin ourlogics,thesituationis complicatedyet furtherby thepresence
of two kindsof modallinks: temporabnes andthosegivenby eachagentsaccessibility
relationR;. We mustthereforentroducea derivedoperator[_]*, suchthat [ ]*¢ means
¢ is satisfiedin every reachable state— intuitively, every statethat can play a part
in interpretinga formula. Renamings then carriedout within the contet of the [ ]*
operatorandthusthelink betweeranew propositionandthesub-formulat replacess
forcedacrossll reachablestates.

In orderto definethe operator[_]*, we mustfirst definean operatorC to capture
the notion of commorknowledg (or, in BL,, mutualbelief). This, in turn requiresan
operatolE to capturetheideaof everyagentknowing (believing) aformula.We define
E by

Ed & Alilo.

i€eAg

The commonknowledgeoperator C, is then definedas the maximalfixpoint of the
formula

Cod & E(0ACH).
Finally, the [ ]* operatoris definedasthe maximalfixpoint of
¢ & LI(dACLI"d).

Toillustratethepropertief thisoperatoywe mustformalisethenotionof readability.



Definition 11. Let M be an £-modeland (I, u), (I',v) be pointsin M. Then (I',v) is

reachable from (I,u) iff either: (i) | = 1" andv > u; (ii) ((I,u),(I',v)) € R for some
agenti € Ag; or (iii) thereexists somepoint (I”,w) in M suchthat (1”,w) is reachable
from (I,u) and(l’,v) is reachabldrom (1" w).

Theimportantpropertyof the [ ]* operatorcannow be stated.

Theorem12. LetM bean £-modelandp,p’ bepointsin M suc that(M,p) = [ *¢.
Then(M,p') = ¢ if p’ is reachablefromp.

Now, renamingpf aformulasuchas<> (¢ U W) produces>(¢ Up) A [1*(p< ). This
theoremthereforeguaranteeghat renamingcarriedout within the contet of the [*
operatowill presere satisfiability

3.2 SNF*: A Normal Form for L

We now describeSNF, the normalform thatwe usein the proof methodslescribedn
Section4. An L-formulain SNF is of theform:

n

O A @i = i)

i=1

whereeachof the'd; = ;' (calledrules) is oneof thefollowing

r
stat = \/Ilx (aninitial CJ-rule)
k=1
q r
O /Am= \/lk (aglobalJ-rule)
j=1 k=1

r
true = \/Ic (aglobalrenamingule)
k=1

start = Ol (aninitial $-rule)
q

o Am= <l (aglobal {-rule)
j=1

whereeachm, or | is aliteral, andly is eitheral literal or anagentiteral.

Theorem13. Thee existsa translationfunctiont : Form(L) — Form(SNF*) suc that
for any$ € Form(L), wehavet(d) is satisfiablgustin case is satisfiable

Proof. Full detailsof the translationprocessare rathercomples, and so we simply
sketchthe mainstepsNotethatthetranslations similarto thatdescribedn [8], where
moredetailscanbefound. The mainstepsare:



1. ‘Pushing’negations(cornvertinginto negationnormalform).
Thisinvolvesapplyingtransformationsuchas

“(OAY) — =0V -
—|O¢ — O_‘¢
- — 06

bothinsideandoutside(but not acrosg agentmodalities.This operationpreseres
validity.
2. Dealingwith axiomK:

[l(ovVWw) — —[i]-¢ v [i]y

Preserationof validity is obvious.
3. Remawing derivedtemporaloperators.
This simply involvesthereplacemenof varioustemporaloperatordy their defini-
tions,for example
OWY — ¢upv Ld.

Again, this operationpreseresvalidity.

4. Renamingembeddedhon-literalformulae.
Here,the renamingproceduralescribedabore is appliedexhaustvely to removed
embeddedormulae,for example

dUY — xXUYA [T*xe o)A [T (yeu)
[0 — [i]zA [I*(z< 9).

where¢ andy arenon-literalformulae.
Oncesuchtransformationtiave beenapplied eacHiteral is guaranteetb bewithin
the scopeof at mostonemodalor temporaloperatorapartfrom ‘ [_*').

5. Rema/ing maximalfixpoint operatorse.g.' [ 1".
Thisinvolvesunwindingfixpoint operatorsiefinedin temporallogic, for example

(o — dAXA [*(Ox & (DAX))

(For moredetail,see[8].) Again, this steppreseressatisfiability

6. Rewriting into SNF* (effectively anextensionof CNF).
This final phaseinvolvesthe useof classicaltransformationsanalogougo those
usedto produceclausalform, to producea setof SNF rulesfrom the formula
producedsofar.
This stepis a variationon the standardransformatiorinto CNF, andsopreseres
validity.

Thus,the proof reducego shaving thatthe renamingprocesstself preseressatisfia-
bility, which canbe shovn by observinghat

— thenew propositiongntroducedaredefinedin every state(seeTheoreml2);
— theoriginalformulais satisfiedff therenamedormulais satisfiedwhich follows
from the structureof the formularesultingfrom renaming).



In orderto ensurghatrenamingulesareavailableeverywhereformulaesuchas
' (x<0)

arerepresentety SNF rules
true = -xVv ¢
true = - Vv x

which againappeamithin the context of an‘ [ ]*' operatorNote thatsuchrules(with
‘true’ ontheirleft-handside)areonly usedfor renamingn thisway.

4 Resolution-BasedProof Methodsfor KL,, and BL,

Beforedescribingheresolutionmethodin detail,we give anoverview of ourapproach.
First, recallthe two basicproblemsassociatedvith extendingresolutionto modaland
multi-modallogicssuchasthoseconsideredn this paper:

1. Literals cannotgenerallybe movedin andout of modalor temporalcontexts. In
particular if M is a modalor temporaloperator p and M—p cannotbe resohed.
Thus,the only inferenceghat canbe madeoccurin particularmodalor temporal
contets. For example bothp and—p canberesoled,as,for certaintypesof modal
operatorcanMp andM-p.

2. In mary non-classicdlogics,particularlymulti-modallogics,the operatorsnteract
in complex ways. For example,the logics considerecerehave transitive accessi-
bility relationsandsotheaxiomM¢ = MM¢ holds.Thus,in additionto theprob-
lem of reasoningn the presenc®f modalandtemporalcontexts, theproof process
musttake into accounthis interactionbetweeroperators.

Theresolutionmethoddescribedn this papertacklestheseproblemsy:

— using the normal form SNF*, which separate®ut complex formulaefrom their
contets throughthe useof renaming(asdescribedibore); and

— utilizing additionaltranslationresolution,andsimplificationrulesin orderto rep-
resentheinteractionbetweeroperators.

Thetranslationof a formulainto a normalform is particularlyimportant.In removing
formulaefrom their contexts andreplacingthemby new propositiongeffectively, ab-
breviations),we areableto manipulatehesegormulaeusingwhatis essentiallyclassical
resolution,only returningtheresultsto their contexts underspecificconditions.

We cannow describethe proof method.This methodextendsthatof theunderlying
temporallogic [7] andconsistof thefollowing steps.To determinevhethera formula
¢ € Form(L) is unsatisfiable:

1. Rewrite ¢ into SNF.

2. Repeat
(a) applystepresolution(effectively a form of classicakesolution)
(b) rewrite new resohentsinto SNF*



(c) applysimplificationandsubsumption

(d) applytemporalresolution

(e) rewrite new resolhentsinto SNF

until eitherfalseis derivedor no morerulescanbeapplied.

Theproces®f applyingtemporalandstepresolutionrulesto a setof formulaein SNF*
eventuallyterminatesOn termination,eitherfalse hasbeenderived (shaving thatthe
formulais unsatisfiablepr no morerulescanbe applied(shawving thatthe formulais
satisfiable) As in classicalresolution,simplificationand subsumptiomproceduresre
appliedthroughoutheprocess.

Sinceagentliteralscannever occureitheron theleft-handsideof anSNF rule, or
within a {-formula, rules containingsuchliterals cannot directly participatein tem-
poralresolutionsteps.Thus,in extendingthetemporalresolutionmethodof [7] to BL,
andKL,, we needonly considerthe additionalstepresolutionrulesandsimplification
rulesfor handlingformulaecontainingmodaloperators.

4.1 StepResolution

The stepresolutionrule is simply a versionof the classicakesolutionrule rewritten as

follows.
b=y VI
b2 = YoVl (SRES

b1 A 2= WV,
Now, however, the‘l’ aborveis now anatom.In particular we canresolhe agentliterals
via thefollowing rule:

1=V [i]m
2= Yo vV [ilm (SRESa
b1 A 2= Y1V,
In additionto this generalrule, we add a more specificresolutionrule for resolving
within modalcontexts:

1=y Vv [i]m
b2= Yo V [i]-m (MRES)
b1 A 2= WV,
This resolutionrule derivesfrom axiom (2) of thelogic, (whichin turn correspondso
axiom D of normalmodallogic).

4.2 Simplification

Thesimplificationrulesusedaresimilarto thetemporalcasewhichare,in turn, similar
totheclassicaktaseconsistingof bothsimplificationandsubsumptiomules. Themajor
rule requiredin thetemporalresolutionmethodis usedwhena contradictionin a state
is produced:

O¢ = false

T (SIMP2)



¢ Fromthe propertiesof the‘ [ 1*' operatoywhich implicitly surroundsall SNF* rules,
we areableto derive the following rule:

true = ¢

true = [i]¢ (SIMP2)

where[i]¢ mustagainberewritteninto SNF.

Additional simplificationrulesareprovidedby axioms(3), (4), and(5), correspond-
ing to normalmodalaxiomsT, 4, and5 respectrely. Thefirst, (SIMP3), is derivedfrom
axiomT.

W= V [i]o

_—— SIMP3

Y=y Vo ( )
Note that this rule is not usedin the BL,, proof method,as axiom (3) is not valid in
BLy: it is only usedin KL,,. The useof this rule representshe only differencebetween
theproof methodfor KL, andthatfor BL,,. Thenext simplificationrule is dervedfrom
axiom (4). It canbeusedat mostonceperrule within SNF.

P1=> g2 V [i]d
P1=>Yo VvV [i]X (S||\/|P4)
x< [i]o

Thisfinal rule, (SIMP5), is derivedfrom axiom 5. Like (SIMP4), thisrule is alsoused
atmostonceperformulain SNF.

Y=o vV —[ijd
Y=z Vv [ily (SIMPYS)
y< lilo

4.3 Temporal Resolution

Ratherthandescribehetemporakesolutiorrule in detail, werefertheinterestedeader
to [7]. Thebasicideais to resolve one{-rule with asetof [ J-rulesasfollows?.

Od1=Un )
[« LPEAT

0= Y '
Ox= <l > where\/ ¢; = -l (TRES

true = ﬂ(\n/ di AX) =
i=1

Ox=(—\/ o) Wl

i=1 J
Theresolhentsproducednustagainbetranslatednto SNF.

2 A similarrule resolvingwith a {)-rule of theform start = <}| is alsoused.



4.4 Termination

Finally, if ary of thefollowing rulesareproducedthe original formulais unsatisfiable
andtheresolutionprocesgerminates.

start = false (NULL1)
Otrue = false (NULL2)
true = false (NULL3)

4.5 Correctness

Theorem14. Theresolutionmethodis sound,i.e., if a contradictionis derivedusing
theresolutionmethodthenthe original formulais unsatisfiable

Theorem15. Theresolutionmethodis refutationcompletei.e., if a formulais unsat-
isfiable thentheresolutionmethodwill eventuallyderivea contradictionwhenapplied
to thatformula.

5 WorkedExamples

In this section,we illustratethe proof methodsfor KL, and BL, througha numberof
shortworked examples(Note that, for brevity, we omit mary of therulesderived but
notcrucialto therefutation.)

Examplel. Considetheformula
(AP ALl-p

whichis BL,-satisfiableput KLy-unsatisfiableWe cantransformthis into SNF, giv-
ing:

. start = [1]a

. true = -avp
. true = —avb
Ob=p
Ob=Db

. start = n

. start = —p
On=n
On= -p

©ONOUAWNR

Giventhis, resolutioncanproceedasfollows.
10. start = —-a [2,7,SRES]

At this pointtherefutationstallsfor BL,, asnofurtherresolutionor simplificationrules
canbeapplied.Thustheformulais BL,-satisfiable However, in KLy, (SIMP3) canbe
usedasa simplificationrule, producing:



11 start = a [1, SIMP3]
12. start = false [10,11,SRES]

As (NULL1) hasbeenderived,representindalse theformulais KL,-unsatisfiable.

Example. Considetthefollowing formula,illustratingtheinductive natureof the un-
derlyingtemporalogic. This formulais valid in bothBL, andKL.

(Clilan L(fila = Olila)) = ¢ Ulila

If we negatethis, andtransformit into a setof SNF* rules,we getthefollowing (note
thatmis anabbreiationfor [i]a).

1 start = $m
2. Om=m
3. start = s
4, Os=s

5 O(sAm) = $—m

Theresolutionprocesghenproceedssfollows.

6. ©@(sAm)= -m [2,5, TRES]
7. true = —-svV —-m [2,5, TRES]
8. Os= -m [4,7,SRES]
9. start = mV —s [1, 4,8, TRES]
10. start = —s [7,9,SRES]
11 start = false [3,10,SRES]

Example3. To shav
[JOp A [i1O-p
is BLp-unsatisfiableye translateénto SNF, giving:

1. start = [i]x
2. start = [ily
3. true = -xVa
4. true = -yVvb

5 Q@a=p
6. Ob= —p

A contradictioncanbederivedasfollows.
7. ©O(anb) = false [5, 6, SRES]
8. true = -av —b [7, SIMP1]
9. true = —-xV —-b [3, 8, SRES]
10. true = —xV —y [4,9, SRES]
11 true = S[ix Vv [i]-y [10, SIMP2]
12. start = [i]—y [1,11,SRESa]

13 start = false [2,12,MRES]



Examplet. Finally, we considera purelymodalexample:
~fil=filp A -p
whichis unsatisfiablén KL,,. We first translatethis into SNF, giving

1. start = —p

2. start = —[i]x

3. true = -x Vv —[i]p
4. true = XV [i]p

A contradictioncanbederivedasfollows.

5 true = xVp [4, SIMP3]

6. start = x [1,5,SRES]
7. start = —[i]p [3, 6, SRES]
8. start = [ily [7, SIMP5]

9. true = =y V —[ilp [7, SIMP5]

10. true =y V [i]p [7, SIMP5]

11 true = ~yV X [4,9, SRES]
12. true = —[ily V [i]x [11, SIMP2]
13. start = [i]x [8,12,SRESa]
14. start = false [2,13,SRESa]

Spaceprecludeghe presentatiomf furtherlargerexamples.

6 Summary

While the compleity of the decisionproblemfor the temporallogics of knowledge
andbelief presentedherehasbeenstudied[11], few proof methodshave beendevel-
opedfor theselogics[14]. Proof methodsfor multi-modallogics (e.g.,[1]) have been
developedput have generallybeenbasedntableauxmethodsand,moreover, have not
beenextendedto modaland temporalcombinationsOur work thereforerepresentan
importantsteptowardsthe mechanizatiorof a classof logics with a wide variety of
applicationdn distributedsystemsanddistributedAl.

In the future, we hopeto extend the proof methodto dealwith (limited) quan-
tification, to implementthe method,andto apply the methodto the specificationrand
verificationof distributedintelligent systemsWe alsohopeto evaluatethe resolution
methodagainstableauxproof methodgor suchlogics[14].
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