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Abstract

In this paper, we presenta new logic for specifyingthe behaviour of multi-agentsystems.In
this logic, agentsareviewedasBDI systems,in that their stateis characterisedin termsof beliefs,
desires, and intentions: the semanticsof the BDI componentof the logic arebasedon the well-
known systemof RaoandGeorgeff. In addition,agentshave availableto thema library of plans,
representingtheir ‘know-how’: proceduralknowledgeabouthow to achieve their intentions.These
plansare,in effect, programs,that specifyhow a groupof agentscanwork in parallel to achieve
certainends.Thelogic providesa rich setof constructsfor describingthestructureandexecution
of plans. Somepropertiesof the logic areinvestigated,(in particular, thoserelatingto plans),and
somecommentson futurework arepresented.

1 Intr oduction

Thereis currentlymuchinternationalinterestin computersystemsthatgounderthebannerof intelligent
agents[17]. Crudely, anintelligentagentis asystemthatis situatedin adynamicenvironment,of which
it hasanincompleteview, andoverwhichit canexertpartialcontrolthroughtheperformanceof actions.
Agentswill typically be allocatedseveral (possiblyconflicting) tasks,and will be requiredto make
decisionsabouthow to achieve thesetasksin time for thesedecisionsto have usefulconsequences[9].

An obviousresearchproblemis to devisesoftwarearchitecturesthatarecapableof satisfyingthese
requirements.Varioussolutionshave beenproposed,many of whicharereviewedin [17]. Onesolution
in particular, thatis currentlythesubjectof muchongoingresearch,is thebelief-desire-intention (BDI)
approach[11]. A representative BDI architecture,(thePRS [4]), is illustratedin Figure1. As this figure
shows, a BDI architecturetypically containsfour key datastructures.An agent’s beliefscorrespondto
informationthe agenthasaboutthe world, which maybe incompleteor incorrect. Beliefs maybe as
simpleasvariables,(in thesenseof, e.g.,PASCAL programs),but implementedBDI agentstypically rep-
resentbeliefssymbolically(e.g.,asPROLOG-like facts[4]). An agent’s desiresintuitively correspondto
thetasksallocatedto it. (ImplementedBDI agentsrequirethatdesiresbelogically consistent,although
humandesiresoftenfail in this respect.)

An agent’s intentionsrepresentdesiresthat it hascommittedto achieving. The intuition is thatan
agentwill not, in general,beableto achieve all its desires,evenif thesedesiresare consistent.Agents
mustthereforefix uponsomesubsetof availabledesiresandcommitresourcesto achieving them.These
chosendesires,which theagenthascommittedto achieving, areintentions[2]. An agentwill typically
continueto try to achieve anintentionuntil eitherit believestheintentionis satisfied,or elseit believes
theintentionis no longerachievable[2].

Thefinaldatastructurein aBDI agentis aplanlibrary. A planlibrary is asetof plans(a.k.a.recipes)
which specifycoursesof actionthatmaybefollowedby anagentin orderto achieve its intentions.An
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Figure1: A BDI AgentArchitecture

agent’s plan library representsits procedural knowledge, or know-how. A plan containstwo parts: a
body, orprogram, whichdefinesacourseof action;andadescriptor, whichstatesboththecircumstances
underwhich theplancanbeused(i.e., its pre-condition),andwhat intentionstheplanmaybeusedin
orderto achieve (i.e., its post-condition).

The interpreter in Figure1 is responsiblefor updatingbeliefsfrom observationsmadeof theworld,
generatingnew desires(tasks)on thebasisof new beliefs,andselectingfrom thesetof currentlyactive
desiressomesubsetto actasintentions.Finally, theinterpretermustselectanactionto performon the
basisof theagent’s currentintentionsandproceduralknowledge.

In orderto givea formalsemanticsto BDI architectures,a rangeof BDI logicshavebeendeveloped
by RaoandGeorgeff [10, 12]. Theselogicsareextensionsto thebranchingtime logic CTL

�
[3], which

also containnormal modal connectives for representingbeliefs, desires,and intentions. Most work
on BDI logicshasfocussedon possiblerelationshipsbetweenthe three‘mentalstates’[10], andmore
recently, on developingproof methodsfor restrictedformsof thelogics[12]. In relatedwork, attempts
have beenmadeto graft a logic of plansontothebasicBDI framework, in orderto representanagent’s
proceduralknowledge[13, 7]. However, theformalismspresentedin [13, 7] have associatedwith them
somerathersubtletechnicalproblems.In short,theaim of this paperis to rectify theseproblems,and
thusgive aBDI logic thatallows usto representagentswith proceduralknowledge.

We begin with a brief summaryof the technicalproblemsin [13, 7] that prompt this work. In
section2, we introducethebasicsemanticobjectsthatunderpinournew logic, andthenformally define
plansandthesemanticsof planexecution.In section3, we presentthenew logic itself, which we shall
call

�
. Somepropertiesof thelogic areinvestigated,andsomeconclusionsarepresentedin section4.

Moti vation

Thekey problemwith thelogicspresentedin [13, 7] is therepresentationof plansassyntacticconstructs.
Specifically, planbodieswereformalizedasobjectlanguageexpressions,andpre-conditionsasobject-
languageformulae.Planswerethendefinedto bepre-condition/bodypairs,andasetof suchplanswere
placedin thesemanticdomainof the language[13, p64]. The intuition is clear: a pre-conditionfor a
plan,representedasa formulaof thelogic, would besatsifiedin somestateif theformularepresenting
the pre-conditionwas satisfiedin that state. (This is essentiallyhow pre-conditionsare realizedin
the PRS [4]). The idea of plan bodiesas syntacticobjectsalso seemsreasonable.After all, plans
are essentiallyprograms,and we are accustomedto thinking of programsas syntacticobjects. But
while theintuition is bothobviousandappealing,therearesomesignificantdifficultiesassociatedwith
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�

approach.Froma conceptualpoint of view it seemsstrangeto have syntacticobjects(plans,pre-
conditions)in thedomainof thelanguage.If wehave termsin theobject-languagethatstandfor plans,
thenwewouldexpectto seeplansassemanticobjectsappearingin thedomain.But this is not thecase.
Hence,we argue, thereis somecircularity in the formalizationof plans,asa resultof the confusion
betweensyntaxandsemantics.From a technicalpoint of view, it hasbeenknown sinceat leastthe
1960sthatthepracticeof puttingobject-languageformulaeinto thedomainof thelanguageoftenleadsto
inconsistentlogics[8]. (An object-languagecontainingtermswhichthemselvesdenoteobject-language
formulaeis known asaself-referential meta-language; usingsuchlogics,whichallow formulaeto refer
to themselves,it is possibleto constructstatementssuchasthefamous‘liar’ paradox.)

For thesereasons,wehereintroduceanew BDI logic of planningagents:
�

. Thenew logic is similar
in many respectsto thosedefinedin [13, 7], (in particular, theBDI semanticsarebasedon [10], andwe
try to captureasmany of theintuitionsof [13] aspossible,sincewebelievetheseareessentiallycorrect).
However, we take careto avoid theproblemsoutlinedabove by treatingplansassemanticobjects.We
believe theresultingformalismhasseveraladvantagesover [10, 7]: thedistinctionbetweensyntaxand
semanticsis unambiguous,andthe languageclearlyallows us to quantifyover plans,without running
into thedifficultiesassociatedwith meta-languages.

2 Plansand Plan Execution

As notedabove, we intendour logic
�

to let us representthe propertiesof reasoningagents,eachof
which hasassociatedwith it a plan library, containingplansthat it can usein order to achieve its
intentions.In this section,we formally defineplansandthesemanticsof planexecution.We begin by
introducingthebasicsemanticobjectsof our logic.

2.1 Worlds, Situations,and Paths

The logic
�

that we develop in section3 allows us to representthe propertiesof a systemthat may
evolve in differentways,dependinguponthechoicesmadeby agentswithin it. We let DAg bethesetof
all agents,andusea binarybranching timerelation, R, to modelall possiblecoursesof systemhistory.
TherelationR holdsover a setT of time-points, i.e., R � T � T. Any time-pointmaybe transformed
into anotherthroughtheexecutionof aprimitiveactionby someagent:arcsin R thuscorrespondto the
performanceof suchactions.We let DAc bethesetof all primitive actions,andassumeanarclabeling
functionAct thatgivestheactionassociatedwith every arc in R. Similarly, we assumea functionAgt,
whichgivestheagentassociatedwith everyprimitive action.

Definition 1 A world is a pair � T ��� R�
	 , whereT ��� T is a non-emptysetof timepoints,andR��� T ��� T �
is a total, backwards linear branching timerelationon T � . LetW �� w� w� �������
� bethesetof all worlds
(over T). If w � W, thenwe write Tw for the setof time points in w, and Rw for the branching time
relationin w.

Definition 2 A pair � w� t 	 , wherew � W andt � Tw, is knownasa situation. If w � W, thenthesetof all
situationsin w is denotedbySw, i.e., Sw ���� w� t 	�� t � Tw � . LetS �� w� W Sw bethesetof all situations.
Weuses (with decorations: s� � s1 ������� ) to standfor members of S.

Wenow presentsometechnicalapparatusfor manipulatingbranchingtimestructures.

Definition 3 Let w � W be a world. Thena finite path throughw is a sequence� t0 � t1 ��������� tk 	 of time
points,such that � u ��� 0 ��������� k � 1� , wehave � tu � tu 1 	!� Rw. Let f paths� w	 denotethesetof finitepaths
throughw. An infinite path(or just ‘path’) throughw is a sequence� tu � u � IN 	 , such that � u � IN, we
have � tu � tu 1 	"� Rw. Let paths� w	 denotethesetof pathsthroughw. If p is a (finite or infinite) path
and u � IN, then p � u	 denotesthe u # 1’th elementof p (where this is defined).Thusp � 0	 is thefirst
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Figure2: PlanBodyStructure

time-pointin p, p � 1	 is thesecond,andsoon. If p is a (finiteor infinite)pathandu � IN, thenthepath
obtainedfrom p by removing its first u time-pointsis denotedby p . u/ (where this is defined).

2.2 Plan Structure

An agent’s planlibrary is asetof ‘recipes’,which theagentcanuseusein orderto bringaboutits inten-
tions. Plansareactuallymulti-agent plans,which closelyresembleparallelprograms.A plancontains
a plan body, which representsthe ‘program’ part of the plan,anda plan descriptor, which character-
izesthepre- andpost-conditionsof the plan. The atomiccomponentsof planbodiesareactions, i.e.,
elementsof thesetDAc. Actionsarecomposedinto planbodiesby theuseof plan constructors: these
arepreciselythekind of constructsthatonewould expectto find in a parallelprogramminglanguage1,
allowing for sequentialandparallelcomposition,iteration,andchoice.Formally, thesetDB, of all plan
bodies,is definedby the grammarin Figure2. We useβ (with decorations:β � � β1 ������� ) to standfor
membersof DB.

Therearetwo pointsto noteaboutthisdefinition.First,althoughwehave usedagrammarto define
planbodies,andthey thusappearto besyntacticobjects,they arein factsemanticobjects,built up from
othersemanticobjects(actionsandsetsof situations). Therearegoodreasonsfor emphasizingthis
point. In our language,

�
, wewill needto beableto quantifyover plans(andplanbodies).Hencethere

mustbetermsin the languagewhich standfor plans(andplanbodies),andbothplansandplanbodies
mustappearin thedomainof the language.Thusplansarenot syntacticconstructs:they aresemantic
objects.Thesecondpoint to noteis thata testactiontakesasits argumenta setof situations: the test
actionc?will succeedif thecurrentsituationis amemberof thesetc. A morenaturalrepresentationfor
conditionsmightappearto beformulaeof thelanguage,soatestactionϕ?wouldsucceedif theformula
ϕ wassatisfiedin thecurrentsituation. But this would confusesyntaxandsemantics:testactionsare
semanticobjects,sincethey arepartof planbodies,whichin turnarecontainedwithin thedomainof the
language.In contrast,formulaearesyntacticconstructs.Puttingformulaeof theobject-languageinto
the domainof the object-languagewould, in effect, make

�
a kind of self-referential meta-language,

andsuchlanguageshave anumberof difficultiesassociatedwith them[17].
A planbodyis not, in itself, of muchuseto anagent,asit specifiesneitherthecircumstancesunder

whichtheplanmaybeused,norwhatit isgoodfor. A planbodyis thusverymuchlikeanundocumented
fragmentof programcode.For this reason,we introduceplan descriptors, which characterizethepre-
andpost-conditionsassociatedwith plans.Theplandescriptorassociatedwith a planbodyrepresents
bothwhentheplanbodycanbeexecuted,andwhatexecutionof theplanbodywill achieve.

Definition 4 Aplandescriptor, δ, isabinaryrelationδ � S � S, with theconstraint thatif ��� w� t 	��0� w� � t � 	�	1�
δ, thenw  w� . Let ∆ bethesetof all plandescriptors.

1It is worth noting that we do not have any of the CSP-like primitivesfor communicationandsynchronizationthat one
findsin parallellanguageslikeoccam[6].

4



Plan
2

descriptorsare interpretedas follows. If δ � ∆ is intendedto characterizethe behaviour of a
plan body β � DB, then: (i) domδ representsthe set of situationsfrom which executionof β may
legally commence— intuitively, domδ representsthe pre-conditionof β; (ii) ranδ representsthe set
of situationsthatmayariseasa resultof executingβ from oneof thesituationsin domδ — intuitively,
ranδ representsthepost-conditionof β; and(iii) if � s� s� 	3� δ, thens� is a situationthatcouldpossibly
ariseasa resultof executingβ startingin situations.

Theconstraintonplandescriptors,(thatif ��� w� t 	��0� w� � t � 	�	4� δ thenw  w� ), ensuresthatplanexecu-
tion alwayshappenswithin worlds,ratherthanbetweenworlds.

Thismethodfor characterizingthepre-andpost-conditionsof aplanmightatfirst sightappearto be
somewhatroundabout— amoreobviousapproachwouldbetocharacterizetheseconditionsasformulae
of
�

. However, this approachwould run into exactly thesamedifficulties thatwe outlinedabove with
respectto testactions,in that putting formulaeinto the domainof the languageis problematic. It is
worth noting that the approachwe have adoptedis essentiallyidentical to the way that programsare
representedin dynamiclogic, wherethebehaviour of aprogramis representedasabinaryrelationover
programstates[5].

Definition 5 A plan is a pair � β � δ 	 , where β � DB is a plan body, and δ � ∆ is a plan descriptor,
intendedto representthe behaviourof β. Let DΠ  DB � ∆ be the set of all plans; we useπ (with
decorations: π ��� π1 ������� ) to standfor membersof DΠ. If π � DΠ, thenlet β̂ � π 	5� DB denotethebodyof π,
andδ̂ � π 	5� ∆ denotethedescriptorin π. Thusdom δ̂ � π 	 representsthepre-conditionof π, andran δ̂ � π 	
representsthepost-condition.If s � domδ̂ � π 	 , thenlet δ̂ � π 	6� s	 denotetheimage of s throughδ̂ � π 	 , i.e.,
δ̂ � π 	6� s	7�� s�8�9� s� s�:	5� δ̂ � π 	0� .
If β � DB is aplanbody, thenwedenoteby agents� β 	 thesetof all agentsthatcouldpossiblyberequired
to performtheactionsin β:

agents� α 	 def � Agt � α 	0� (whereα � DAc)

agents� β ; β � 	 def agents� β 	�< agents� β � 	 (where ;=�>� ; ���?�6@A� )
agents� β BC	 def agents� β 	
agents� c?	 def /0 �

2.3 Plan Execution

We now turn to the semanticsof planexecution. We definea 4-placemeta-level predicateexec, such
thatexec� β � p � u � v	 holdsjust in casetheplanbodyβ � DB is executedon pathp betweentimesu � v �
IN. Formally, the execpredicateis definedinductively by six equations:oneeachfor the plan body
constructors,andonefor theexecutionof primitive actions.Thefirst equationrepresentsthebasecase,
whereaprimitive actionis executed.

exec� α � p � u � v	 if f v  u # 1 andAct � p � u	�� p � u # 1	�	D α (whereα � DAc) (1)

Thesecondequationcapturesthesemanticsof sequentialcomposition:β;β � will beexecutedbetween
timesu andv if f thereis sometime point n betweenu andv suchthatβ is executedbetweenu andn,
andβ � is executedbetweenn andv.

exec� β;β � � p � u � v	 if f E n �F� u �������0� v � s.t.exec� β � p � u � n	 andexec� β � � p � n � v	 (2)

Thesemanticsof non-deterministicchoiceareevensimpler:β � β � will beexecutedbetweentimesu and
v if f eitherβ or β � is executedbetweenthosetimes.

exec� β � β � � p � u � v	 if f exec� β � p � u � v	 or exec� β � � p � u � v	 (3)
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or the executionof parallelplan bodiesβ @ β � , we requirethat both β andβ � areexecutedover the
path,with thesamestartandendtimes.Thesemanticsof concurrency clearlyrepresentasimplification,
whichwemake in orderto preventtheformalismbecomingcomplicatedby tangentialsideissues.

exec� β @ β � � p � u � v	 if f exec� β � p � u � v	 andexec� β � � p � u � v	 (4)

Thesemanticsof iterationrely uponthefactthatexecutingβ B is thesameaseither(i) doingnothing,or
(ii) executingβ onceandthenexecutingβ B . This leadsto thefollowing fixedpoint equation,wherethe
right handsideis definedin termsof theleft handside.

exec� β BH� p � u � v	 if f u  v or exec� β; � β BC	�� p � u � v	 (5)

(Thereadermayliketo comparethisequationwith thefixed-pointsemanticsgivento loopsin imperative
programminglanguages[14].) Finally, we have anequationthat definesthesemanticsof testactions
(thefreevariablew, thatappearson theright handsideof thisequation,is theworld throughwhich p is
apath,andin practicethisvariablewill alwaysbebound).

exec� c?� p � u � v	 if f � w� p � u	�	�� c (6)

Beforeleaving plans,we definethe notion of soundness. Intuitively, a plan is soundif its plan body
is completelycorrectwith respectto its plandescriptor. That is, a planπ � DΠ is soundiff whenever
its body β̂ � π 	 is executedfrom a situation � w� t 	 suchthat � w� t 	"� dom δ̂ � π 	 , it will terminatein some
situation � w� t � 	 suchthat ��� w� t 	��0� w� t � 	�	5� δ̂ � π 	 . For simplicity, weshallassumethatall plansaresound.
Formally, this condition is expressedas follows: � π � DΠ, � w � W, � p � paths� w	 , � u � v � IN, if
exec� β̂ � π 	�� p � u � v	 then � w� p � u	�	I� domδ̂ � π 	 and � w� p � v	�	I� δ̂ � π 	6��� w� p � u	�	�	 .
3 A Logic of BDI Agentswith ProceduralKnowledge

In this section,we formally defineour logic
�

, which is anextensionto theexpressive branchingtime
logic CTL

�
[3]. Thelogic builds on thework of RaoandGeorgeff [10], andour own previouswork in

agenttheory[16].�
containstheusualconnectivesandquantifiersof sortedfirst-orderlogic: we take asprimitive the

connectives J (not)and K (or), andtheuniversalquantifier� (for all), anddefinetheremainingclassical
connectivesandexistentialquantifierin termsof these.As

�
is basedon CTL

�
, a distinctionis made

betweenstateformulaeandpathformulae. The ideais that
�

is interpretedover a tree-like branching
timestructure.Formulaethatexpressa propertyof nodesin this structureareknown asstateformulae,
whereasformulaethat expressa propertyof pathsthroughthe structureareknown aspath formulae.
Stateformulaecanbeordinaryfirst-orderformulae,but variousotheradditionalmodalconnectivesare
alsoprovided for makingstateformulae. Thus � Bel i ϕ 	 is intendedto expressthe fact that the agent
denotedby i believesϕ (whereϕ is somestateformula). Thesemanticsof belief aregivenin termsof
anaccessibilityrelationover possibleworlds, in muchthestandardmodallogic tradition[1], with the
propertiesrequiredof belief accessibilityrelationsensuringthat the logic of belief correspondsto the
normalmodalsystemKD45 (weak-S5).Thestateformulae � Goal i ϕ 	 and � Int i ϕ 	 meanthatagenti
hasa desireor intentionof ϕ, respectively: the logicsof desireandintentioncorrespondto thenormal
modalsystemKD. (Note thatworlds in

�
arenot instantaneousstates(asin [16]), but arethemselves

branchingtime structures:theintuition is thatbelief accessibleworldsrepresentanagent’s uncertainty
not only abouthow the world actually is, but alsoaboutits pastandfuture; similarly for desiresand
intentions[10].)

In addition,
�

containsvariousconnectivesfor representingtheplanspossessedby agents.Thestate
formula � Has i π 	 is usedto representthe fact that in thecurrentstate,agenti is in possessionof the
plandenotedby π. The stateformulae � Pre π 	 and � Post π 	 representthe fact that the pre- andpost-
conditionsof the plan π respectively aresatisfiedin the currentworld-state.The formula � Body π β 	
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usedto representthe fact that β is the body of the plan denotedby π. We alsohave a connective� Holds c	 , whichmeansthattheconditiondenotedby c is satisfiedin thecurrentworld state.
Turning to path formulae, � Exec β 	 meansthat the plan body denotedby β is executedon the

currentpath. Stateformulaemay be relatedto path formulaeby using the CTL
�

path quantifier A.
This connective means‘on all paths’. It hasa dual,existentialconnective E, meaning‘on somepath’.
ThusAϕ meansthat thepathformulaϕ is satisfiedon all historiesoriginatingfrom thecurrentworld
state,andEϕ meansthat ϕ is satisfiedon at leastonehistory that originatesfrom the currentworld
state.Pathformulaemaybebuilt upfrom stateformulae(or otherpathformulae)by usingtwo temporal
connectives: the U connectivesmeans‘until’, andso a formula ϕUψ means‘ϕ is satisfieduntil ψ is
satisfied’.The M connective means‘next’, andso M ϕ meansthatϕ will besatisfiedin thenext state.

3.1 Syntax�
is amanysortedlogic,whichpermitsquantificationovervarioustypesof individuals:agents,actions,

plans,planbodies,setsof agents(groups),setsof situations(conditions),andotherindividualsin the
world. All of thesesortsmusthave acorrespondingsetof termsin thealphabetof thelanguage.

Definition 6 Thealphabetof
�

containsthefollowingsymbols:

1. A denumerablesetPredof predicatesymbols;

2. A denumerablesetFunof functionsymbols, theunionof thefollowingmutuallydisjointsets:N FunAg — functionsthat returnagents;N FunAc — functionsthat returnactions;N FunΠ — functionsthat returnplans;N FunB —functionsthat returnplanbodies;N FunGr —functionsthat returnsetsof agents(groups);N FunC —functionsthat returnsetsof situations(conditions);N FunU — functionsthat returnotherindividuals.

3. A denumerablesetVar of variablesymbols, theunionof themutuallydisjoint setsVarAg, VarAc,
VarΠ, VarB, VarGr, VarC, andVarU .

4. Theoperatorsymbolstrue, Bel, Goal, Int, Agts,  , � , A, Pre, Post, Body, Has, Holds, Exec, U,
and M .

5. Theclassicalconnectives K (or) and J (not),andtheuniversalquantifier, � .

6. Thepunctuationsymbols	 , � , and O .
Associatedwith eachpredicateandfunctionsymbolis a naturalnumbercalledits arity, given by the
functionarity : Pred < Fun P IN. Predicatesof arity 0 areknown aspropositionsymbols, andfunctions
of arity 0 areknown asconstants.

Definition 7 A sort is eitherAg, Ac, Π, B, Gr, C, or U. If σ is a sort, thenthesetTermσ, of termsof
sortσ, is definedasfollows:

1. if x � Varσ, thenx � Termσ;

2. if f � Funσ, arity � f 	D n, and � τ1 �������0� τn �Q� Term,then f � τ1 �������0� τn 	I� Termσ
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$
ag-term% :: & any elementof TermAg

$
Π-term% :: & any elementof TermΠ$

β-term% :: & any elementof TermB
$
gr-term% :: & any elementof TermGr$

c-term% :: & any elementof TermC
$
term% :: & any elementof Term$

pred-sym% :: & any elementof Pred
$
var % :: & any elementof Var$

state- f mla% :: &
true

)R$
pred-sym%�' $ term%�S-TUT-TVS $ term%-( )' Bel

$
ag-term% $ state- f mla%U( ) ' Goal

$
ag-term% $ state- f mla%-( )' Int

$
ag-term% $ state- f mla%V( ) ' Agts

$
β-term% $ gr-term%W( )' $ term%X& $ term%-( ) ' $ ag-term%ZY $

gr-term%-( )' Pre
$
Π-term%U( ) ' Post

$
Π-term%-( )' Body

$
Π-term% $ β-term%U( ) ' Has

$
ag-term% $ Π-term%U( )' Holds

$
c-term%U( )

A
$
path- f mla% )[ $ state- f mla% )R$

state- f mla%9\ $ state- f mla% )] $
var %�^ $ state- f mla%$

path- f mla% :: &' Exec
$
β-term%U( )_$

state- f mla% )$
path- f mla% U $ path- f mla% )a`b$

path- f mla% )[ $ path- f mla% )_$
path- f mla%9\ $ path- f mla% )] $

var %�^ $ path- f mla%$
f mla% :: & $

state- f mla%
Figure3: Syntax

where thesetTerm,of all terms,is definedby

Term �cd� Termσ � σ �>� Ag� Ac� Π � B � Gr� C � U ���H�
Weuseτ (with decorations: τ �:� τ1 ������� ) to standfor members of Term.

Thesyntaxof thelanguageis thendefinedby thegrammarin Figure3 (it is assumedthatpredicateand
functionsymbolsareappliedto theappropriatenumberof arguments).

3.2 Semantics

In additionto thevarioussemanticsetsdiscussedabove, theworld maycontainotherobjects(suchas,
for example,blocksandtables),given by the setDU . The objectsover which we canquantify in

�
togetherconstituteadomain.

Definition 8 A domainis a structure: D e� DAg � DAc � DΠ � DB � DGr � DC � DU 	 where:N DAg �� 1 ��������� n � is a non-emptysetof agents;N DAc =� α � α �f�������
� is a non-emptysetof actions;N DΠ �� π � π � �������g� is a non-emptysetof plans;N DB is a setof planbodies;N DGr  ℘� DAg	h�i� /0 � is thesetof non-emptysubsetsof DAg, i.e., thesetof agentgroupsoverDAg;N DC is a non-emptysetof situations;andN DU is a non-emptysetof otherindividuals
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sucj h that (i) all actionsin elementsof DB are members of DAc; (ii) all plan bodiesin elementsof DΠ
mustbein DB; and(iii) anyplan bodiescontainedin elementsof DB are alsoin DB. If D is a domain,
thenwedenoteby D̄ theset �k� Dσ � σ �>� Ag� Ac� Π � B � Gr� C � U ��� . If D is a domainandu � IN, thenby
D̄u wemeanthesetof u-tuplesover D̄.

In orderto interpret
�

, weneedvariousfunctionsthatassociatesymbolsof thelanguagewith semantic
objects.Thefirst of theseis an interpretationfor predicates.

Definition 9 A predicateinterpretation, Φ, is a function

Φ : Pred � W � T P ℘�4c
u� IN

D̄u 	
such that � Q � Pred�l� n � IN �l� w � W�l� t � Tw � if arity � Q	m n thenΦ � Q � w� t 	n� D̄n (i.e., predicate
interpretationspreservearity).

Definition 10 An interpretationfor functions, F, is a second-order function

F : Fun Po�7c
u� IN

D̄u P D̄ 	
such that (i) � f � Fun�l� n � IN � if arity � f 	D n thendomF � f 	D� D̄n (i.e., functioninterpretationspre-
servearity), and(ii) F preservessorts.

Similarly, avariableassignmentassociatesvariableswith elementsof thedomain.

Definition 11 Avariableassignment, V, is a functionV :Var P D̄, such thatif x � Varσ, thenV � x	p� Dσ,
(i.e., variableassignmentspreservesorts).

Wenow introduceaderivedfunction q qr�����ts s V u F , whichgivesthedenotationof anarbitraryterm.

Definition 12 If V is a variableassignmentandF is a functioninterpretation,thenby q qr�����ts s V u F , wemean
thefunction q qr�����ts s V u F : Term P D̄, which interpretsarbitrary termsrelativetoV andF:

q q τ s s V u F defav F � f 	6��q q τ1 s s V u F ���������0q q τn s s V u F 	 where τ is f � τ1 �������0� τn 	
V � τ 	 otherwise.

SinceV andF will alwaysbe clearfrom context, referenceto themwill be suppressed.We cannow
definemodelsfor

�
.

Definition 13 A model, M, for
�

, is a structure

M e� T � R� W� D � Act � Agt � P� BR� DR� IR� F � Φ 	
where:N T is thesetof all timepoints;N R � T � T is a total, backwards-linearbranching timerelationoverT;N W is a setof worlds,such that � w � W, wehave:

1. Tw � T;

9



2. Rw is therelationobtainedfromRbyremovingfromit anyarcsthatcontaincomponentsnot
in Tw;N D w� DAg � DAc � DΠ � DB � DGr � DC � DU 	 is a domain;N Act : R P DAc associatesanactionwith everyarc in R;N Agt : DAc P DAg associatesanagentwith everyaction;N P : DAg � W � T P ℘� DΠ 	 givestheplanlibrary of everyagentin everysituation;N BR: DAg P ℘�W � T � W 	 associateswith everyagenta serial, transitive, euclideanbelief ac-

cessibilityrelation;N DR : DAg P ℘�W � T � W 	 associateswith everyagenta serialdesireaccessibilityrelation;N IR : DAg P ℘�W � T � W 	 associateswith everyagenta serial intentionaccessibilityrelation;N F : Fun Po� � u � IN D̄u P D̄ 	 interpretsfunctions;N Φ : Pred � W � T P ℘� � u � IN D̄u 	 interpretspredicates.

The formal semanticsof the languagearedefinedin two parts,for path formulaeandstateformulae
respectively. Thesemanticsof pathformulaearegivenvia thepathformulasatisfactionrelation,‘ �  ’,
whichholdsbetweenstructuresof theform � M � V � w� p	 , (whereM is amodel,V is avariableassignment,
w is aworld in M, andp isapaththroughw), andpathformulae.Therulesdefiningthisrelationaregiven
in Figure4. Thesemanticsof stateformulaearegivenvia thestateformulasatisfactionrelation,which
for conveniencewealsowrite as‘ �  ’: context will alwaysmake it clearwhich relationis intended.The
stateformulasatisfactionrelationholdsbetweenstructuresof theform � M � V � w� t 	 , (whereM is amodel,
V is a variableassignment,w is a world in M, andt � Tw is a time-pointin w) andstateformulae.The
rulesdefiningthis relationarealsogivenin Figure4. Weassumethestandardinterpretationfor validity.
Thus a path formula ϕ is valid, (notation: � yx ϕ), iff for all � M � V � w� p	 , we have � M � V � w� p	z�  ϕ.
Similarly, a stateformulaϕ is valid iff for all � M � V � w� t 	 we have � M � V � w� t 	m�  ϕ. We write � |{ ϕ to
indicatethat the stateformula ϕ is valid. Satisfiabilityfor pathandstateformulaearedefinedin the
obviousway.

3.3 DerivedConnectives

In additionto the basicconnectives definedabove, it is useful to introducesomederivedconstructs.
Thesederivedconnectivesdonotaddto theexpressive powerof thelanguage,but areintendedto make
formulaemoreconciseandreadable.First,weassumethattheremainingconnectivesof classicallogic,
(i.e., } — ‘and’, ~ — ‘if. . . then.. . ’, and � — ‘if, andonly if ’) havebeendefinedasnormal,in terms
of J and K . Similarly, we assumethat theexistentialquantifier, E , hasbeendefinedasthedualof � .
Next, we introducetheexistentialpathquantifier, E, which is definedasthedualof theuniversalpath
quantifierA. Thusa formulaEϕ is interpretedas‘on somepath,ϕ’, or ‘optionally, ϕ’:

Eϕ def=J A J ϕ �
It is alsoconvenientto introducefurthertemporalconnectives. Theunaryconnective � means‘some-
times’. Thusthepathformula � ϕ will besatisfiedonsomepathif ϕ is satisfiedatsomepointalongthe
path.Theunary connective means‘now, andalways’. Thus ϕ will besatisfiedon somepathif ϕ
is satisfiedat all pointsalongthepath.We alsohave a weakversionof theU connective: ϕWψ is read
‘ϕ unlessψ’.
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PathFormulaeSemantics' M S V S wS p( ) & ϕ if f ' M S V S wS p ' 0(-( ) & ϕ (whereϕ is astateformula)' M S V S wS p( ) & [ ϕ if f ' M S V S wS p(D�) & ϕ' M S V S wS p( ) & ϕ \ ψ if f ' M S V S wS p( ) & ϕ or ' M S V S wS p( ) & ψ' M S V S wS p( ) & ]
x ^ ϕ if f ' M S V † � x �� d ��S wS p( ) & ϕ

for all d Y D̄ s.t.x andd areof thesamesort' M S V S wS p( ) & ϕUψ if f � u Y IN suchthat ' M S V S wS p � u� ( ) & ψ and]
v Y IN S if ' 0 � v � u(�S then ' M S V S wS p � v� ( ) & ϕ' M S V S wS p( ) & `

ϕ if f ' M S V S wS p � 1� ( ) & ϕ' M S V S wS p( ) & ' Exec β ( if f � u Y IN suchthatexec'-� � β � �lS p S 0 S u(
StateFormulaeSemantics' M S V S wS t ( ) & true' M S V S wS t ( ) & Q ' τ1 SUT-TUTUS τn ( if f

$ � � τ1 � �fS-TUT-TVSU� � τn � �g%pY Φ ' Q S wS t (' M S V S wS t ( ) & [ ϕ if f ' M S V S wS t (D�) & ϕ' M S V S wS t ( ) & ϕ \ ψ if f ' M S V S wS t ( ) & ϕ or ' M S V S wS t ( ) & ψ' M S V S wS t ( ) & ]
x ^ ϕ if f ' M S V † � x �� d ��S wS t ( ) & ϕ

for all d Y D̄ s.t.x andd areof thesamesort' M S V S wS t ( ) & ' Bel i ϕ ( if f
]

w�9Y W S if ' wS t S w��(+Y BR'-� � i � �g(�S then ' M S V S w��S t ( ) & ϕ' M S V S wS t ( ) & ' Goal i ϕ ( if f
]

w�9Y W S if ' wS t S w��(+Y DR'-� � i � �
(�S then ' M S V S w�:S t ( ) & ϕ' M S V S wS t ( ) & ' Int i ϕ ( if f
]

w�9Y W S if ' wS t S w��(+Y IR'-� � i � �g(�S then ' M S V S w��S t ( ) & ϕ' M S V S wS t ( ) & ' Agts β g( if f agents'U� � β � �g(�&�� � g� �' M S V S wS t ( ) & ' τ & τ �?( if f � � τ � �9&�� � τ ��� �' M S V S wS t ( ) & Aϕ if f
]

p Y paths' w(�S if p ' 0(X& t S then ' M S V S wS p( ) & ϕ' M S V S wS t ( ) & ' Pre π ( if f ' wS t (!Y domδ̂ 'U� � π � �g(' M S V S wS t ( ) & ' Post π ( if f ' wS t (!Y ranδ̂ '-� � π � �
(' M S V S wS t ( ) & ' Body π β ( if f β̂ '-� � π � �g(X&�� � β � �' M S V S wS t ( ) & ' Has i π ( if f � � π � ��Y P '-� � i � �fS wS t (' M S V S wS t ( ) & ' Holds c( if f ' wS t (!YZ� � c� �
Figure4: Semanticsof

�

� ϕ def trueUϕ ϕ defdJ���J ϕ ϕWψ def�� ϕUψ 	�K ϕ �
ThusϕWψ meansthateither: (i) ϕ is satisfieduntil ψ is satisfied,or else(ii) ϕ is alwayssatisfied.It is
weakbecauseit doesnot requirethatψ beeventuallysatisfied.

Talking about groups

The language
�

providesus with the ability to usesimple(typed)set theory to relatethe properties
of agentsandgroupsof agents.The operators� and � relategroupstogether, andhave the obvious
set-theoreticinterpretation; � Singleton g i 	 meansg is a singletongroupwith i as the only member;� Singleton g	 simplymeansg is asingleton.

� g � g�
	 def � i O6� i � g	4~�� i � g�g	� g � g� 	 def � g � g� 	�}ZJn� g  g� 	 � Singleton g i 	 def � j O6� j � g	7~�� j  i 	� Singleton g	 def E i O6� Singleton g i 	
� Agt β i 	 meansthat i is theonly agentrequiredto performplanbodyβ.

� Agt β i 	 def�� g O6� Agts β g	7~�� Singleton g i 	
11



T
�

alking about plans

Next, we introducesomeoperatorsthatwill allow usto convenientlyrepresentthestructureandprop-
ertiesof plans.First,we introducetwo constructs,� Pre π ϕ 	 and � Post π ϕ 	 , thatallow usto represent
thepre-andpost-conditionsof plansasformulaeof

�
. Thus � Pre π ϕ 	 meansthatϕ correspondsto the

pre-conditionof π — thatϕ is satisfiedin just thosesituationswherethepre-conditionof π is satisfied:

� Pre π ϕ 	 def A ��� Pre π 	!� ϕ 	��
Similarly, � Post π ϕ 	 meansthatϕ is satisfiedin just thosesituationsin which thepost-conditionof π is
satisfied:

� Post π ϕ 	 def A ��� Post π 	+� ϕ 	��
Thesedefinitionssaythat if � Pre π ϕ 	 , then � M � V � w� t 	��  ϕ if f � w� t 	3� domδ̂ ��q q π s sl	 , andif � Post π ϕ 	 ,
then � M � V � w� t 	��  ϕ if f � w� t 	3� ran δ̂ ��q q π s sl	 . We write � Plan π ϕ ψ β 	 to expressthefactthatplanπ has
pre-conditionϕ, post-conditionψ, andbodyβ:

� Plan π ϕ ψ β 	 def�� Pre π ϕ 	h}�� Post π ψ 	�}�� Body π β 	��
It is often usefulto be ableto talk aboutthe structure of plans: how their bodiesareput together, in
termsof the constructors;, � , @ , andso on. In order to do this, we introducesomelogical functions
(i.e., functionsdenotedby elementsof the setFun). We introduceonefunction for eachof the plan
constructors:

seqfor ; par for @ test for ? or for � iter for B .
Werequirethatthesefunctionssatisfycertainproperties.For example,for all β � β ��� TermB, werequire
that seq� β � β � 	 returnsthe plan body q q β s s ; q q β � s s , i.e., that seq� β � β � 	 returnsthe plan body obtainedby
conjoiningtheplanbodiesdenotedby β andβ � with thesequentialcompositionconstructor. Similarly,
we requirethanpar � β � β � 	 returns q q β s s5@|q q β � s s , thator � β � β � 	 returns q q β s sp�Hq q β � s s , that iter � β 	 returns q q β s s�B ,
andfinally, thattest � c	 returnsq q cs s ?,for all c � TermC. Thesefunctionsallow usto constructplanbodies
within our language.However, complex plan bodieswritten out in full usingthesefunctionsbecome
hardto read.To make suchexpressionsmorereadable,we introducea quotingconvention. Theideais
bestillustratedby example.Wewrite�

β;β � � to abbreviate seq� β � β �:	�
β; � β �1@ β � �
	-� to abbreviate seq� β � par � β �W� β � �g	�	�
β; � β � @ β � � 	0B � to abbreviate seq� β � iter � par � β � � β � � 	�	�	

andsoon. In theinterestsof consistency, weshallgenerallyusequotesevenwherethey arenotstrictly
required.

Next, we introducea constructthat makes testactionsmorereadable.Let c � TermC be a term
denotingasituationset,(i.e.,acondition),andlet ϕ beastateformula.Then � c   ϕ 	 representsthefact
thatϕ is satisfiedin just thosesituationsdenotedby c:

� c   ϕ 	 def A ��� Holds c	!� ϕ 	��
Hereafter, insteadof writing c? we write ϕ?, whereit is understoodthat � c   ϕ 	 . Thus,whenwe write� Exec

� � Bel i p	 ?��	 , it shouldbeunderstoodthatthisabbreviates� c O�� c  =� Bel i p	�	p~¡� Exec
�
c?��	 . Any

formulaabbreviatedin thiswaymaybesystematicallyrewritten into thefully expandedform. Notethat
onepropertyof thisstyleof abbreviation is � yx�� Exec

�
ϕ?��	p� ϕ.
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The readabilityof plan body expressionsmay be further improved by the introductionof derived
constructscorrespondingto thehigh-level statement-typesonewould expectto find in a standardim-
perative languagesuchasPASCAL. First, the if. . . then.. . construct:�

if ϕ then β else β � � def � � ϕ?;β 	����WJ ϕ;β � 	 � �
Whileandrepeatloopsaresimilarly easyto define:�

while ϕ do β � def � � ϕ?;β 	0B ; J ϕ?��
repeat β until ϕ � def �

β;while J ϕ do β � �
Finally, wedefineanawait construct:�

await ϕ � def �
repeat true?until ϕ � �

Thusawait ϕ will beexecutedonapathp if thereis somepointon p atwhichϕ is true.Thereis thusa
closerelationshipbetweenawait andthetemporal‘sometimes’connective: �  x � Exec

�
await ϕ ��	8�� ϕ.

3.4 SomePropertiesof ¢
After introducinganew logic by meansof its syntaxandsemantics,it is usualto illustrateits properties,
typically by meansof a Hilbert-styleaxiomsystem.However, no completeaxiomatizationis currently
known for CTL

�
, thelogic thatunderpins

� 2. For this reason,insteadof attemptinga completeaxiom-
atization,we simply identify somevalid formulaeof

�
, focusingin particularon planexecution.First,

notice that the semanticsof
�

generalizethoseof sortedfirst-orderlogic, andhence,in turn, propo-
sitional logic. Thus

�
admitspropositionalandsortedfirst-orderreasoning,asonemight expect. In

addition, the semanticsof the BDI componentof
�

ensurethat axiomscorrespondingto the normal
modalsystemKD45 (weak-S5)arevalid for theBel modalities,andaxiomscorrespondingto thenor-
mal modalsystemKD arevalid for Goal andInt modalities.RaoandGeorgeff prove thattheseaxioms
togetherconstituteasoundandcompleteaxiomatizationof this ‘basicBDI system’[12]. With respectto
theCTL

�
componentof thelogic, it is notdifficult to seethattheaxiomsonewouldexpectof CTL

�
are

valid in
�

[15]. Turningto plans,wenow presentsomevalid formulaewhichillustratethatplansbehave
ratherlike programs,andthatthelogic of planexecutionis similar to thatof many programlogics.

Lemma 1

1.
) &m£k' Plan π ϕ ψ β (C¤k' Exec ¥ β ¦V(X§_' Exec ¥ ϕ?;β ¦V(�T

2.
) &m£k' Plan π ϕ ψ β (C¤k' Exec ¥ β ¦V(X§_' Exec ¥ β;ψ?¦¨(�T
A corollaryof this is

) &m£©' Plan π ϕ ψ β (9¤©' Exec ¥ β ¦ (X§ª� ψ T
3.
) &m£k' Plan π ϕ ψ β (C¤k' Plan π � ϕ � ψ � β �?(9¤k' Exec ¥ β ) β � ¦¨(8§«' Exec ¥�' ϕ \ ϕ �?( ?; ' β ) β ��(f¦�(�T

4.
) &m£k' Plan π ϕ ψ β (C¤k' Plan π � ϕ � ψ � β �?(9¤k' Exec ¥ β ) β � ¦¨(8§«' Exec ¥�' β ) β ��( ; ' ψ \ ψ �?( ?¦¨(�T
A corollaryof this is

) &m£©' Plan π ϕ ψ β (9¤©' Plan π � ϕ � ψ � β �?(9¤©' Exec ¥ β ) β � ¦V(8§ª�F' ψ \ ψ ��(�T
5.
) &m£k' Plan π ϕ ψ β (C¤k' Plan π � ϕ � ψ � β �?(9¤k' Exec ¥ β * β � ¦V(X§_' Exec ¥f' ϕ ¤ ϕ �?( ?; ' β * β ��(�¦¨(�T

6.
) &m£k' Plan π ϕ ψ β (C¤k' Plan π � ϕ � ψ � β �?(9¤k' Exec ¥ β * β � ¦V(X§_' Exec ¥f' β * β ��( ; ' ψ ¤ ψ �r( ?¦�(�T
A corollaryof this is

) &m£©' Plan π ϕ ψ β (9¤©' Plan π � ϕ � ψ � β �?(9¤©' Exec ¥ β * β � ¦V(X§ª�F' ψ ¤ ψ �?(�T
Lemma1 statessomepropertiesof planexecutionin termsof valid

�
-formulae.By theBel-necessitation

rule,theseformulaemustbebelievedby all agents.Thisallowsusto derivesomefurthervalid formula,
which representanagent’s beliefsaboutplanexecution.

2Thesystempresentedin [15] reportedlycontainsanerrorin theproofof completeness.
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Theor
�

em 1

1.
) &5¬' Bel i ' Plan π ϕ ψ β (U(C¤k' Bel i A ' Exec ¥ β ¦V(-(8§R' Bel i ϕ (�T

2.
) &5¬' Bel i ' Plan π ϕ ψ β (U(C¤k' Bel i A ' Exec ¥ β ¦V(-(8§R' Bel i A ' Exec ¥ β;ψ?¦V(-(�T

3.
) & ¬ ' Bel i ' Plan π ϕ ψ β (U(C¤k' Bel i ' Plan π � ϕ � ψ � β �?(-(9¤©' Bel i A ' Exec ¥ β ) β � ¦V(-(X§_' Bel i ϕ \ ϕ ��(�T

4.
) & ¬ ' Bel i ' Plan π ϕ ψ β (U(9¤©' Bel i ' Plan π � ϕ � ψ � β ��(-(9¤k' Bel i A ' Exec ¥ β ) β � ¦¨(-(1§®' Bel i A ' Exec ¥f' β )
β � ( ; ' ψ \ ψ � ( ?¦ (�T

5.
) & ¬ ' Bel i ' Plan π ϕ ψ β (U(C¤k' Bel i ' Plan π � ϕ � ψ � β � (-(9¤©' Bel i A ' Exec ¥ β * β � ¦ (-(8§«' Bel i ϕ ¤ ϕ � (�T

6.
) &5¬y' Bel i ' Plan π ϕ ψ β (U(C¤k' Bel i ' Plan π � ϕ � ψ � β �?(-(9¤©' Bel i A ' Exec ¥ β * β � ¦V(U(8§R' Bel i A ' Exec ¥W' β *
β �?( ; ' ψ ¤ ψ �?( ?¦V(-(�T

In a similar way, onecanprove variouspropertiesof derived constructssuchaswhile loopsandif
statements.

4 Concluding Remarks

It is now widely acceptedthatthetechnologyof multi-agentsystemswill playakey role in thedevelop-
mentof futuredistributedsystems.As theuseof multi-agenttechnologybecomesmorecommonplace,
sotheneedfor afirm theoreticalfoundationsfor it will grow. In thispaper, wehopeto have contributed
to suchafoundation,by presentinganew logic thatcanbeusedto giveanabstractsemanticsto asignif-
icantclassof intelligentagentarchitectures.In theseso-calledBDI architectures,theinternalstateof an
agentis characterisedby symbolicdatastructureslooselycorrespondingto beliefs,desires,andinten-
tions. In addition,suchagentshave availableto thema library of plans,representingtheir ‘know-how’:
proceduralknowledgeabouthow to achieve goals.
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