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Abstract. We employ automata over infinite alphabets to capture the
semantics of a finitary fragment of ML with ground-type references. Our
approach is founded on game semantics, which allows us to translate
programs into automata in such a way that contextual equivalence is
characterized by a finitary notion of bisimilarity. As a corollary, we derive
a decidability result for a class of first-order programs, including open
ones that contain unspecified first-order procedures.

1 Introduction

Recent years have seen a surge of interest in automata-theoretic models over
infinite alphabets. It stemmed from the realization that finite automata, while
immensely successful, do not lend satisfactory representations of a variety of in-
teresting phenomena. In program verification, for instance, one might want to
consider the interaction of unboundedly many agents, each of which issues re-
quests that have to be traceable. In database theory, in turn, integrity constraints
are often expressed in terms of data values possibly drawn from an infinite set
(as opposed to data labels, which come from a finite one). Since giving automata
too much power in manipulating values from an infinite domain quickly results
in undecidability, decidable models over infinite alphabets have to be restricted
so that the values can only be tested for equality. A number of such formalisms
have been proposed in recent years: register automata [7], pebble automata [14]
and data automata [3], to name a few.

The general goal of our paper is to draw techniques from these developments,
adapt them to use in programming language semantics so that, ultimately, they
can be applied to program verification: in our case, to automated equivalence
checking.

Our results will concern Reduced ML [16], which is a subset of ML with
ground-type references only (neither higher-order functions nor reference names
can be stored in memory). This is a simple fundamental language that combines
functional and imperative programming in a minimal fashion and in the style of
ML. Despite its simplicity, it gives rise to a subtle theory of contextual program
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equivalence, which comprises elements of secrecy, freshness, locality and object
identity. Here are several sample (in)equivalences that can be (dis)proved in an
automated fashion using our results.

Dynamically generated reference names are private?.

Fletn = ref(0)in Ax™™ (2 =intrer n) = 2™ false : intref — bool

Intermediate states of computation are invisible.
r:intrefFz:=0;2:=1 = x:=1:unit
— Local declarations and function abstraction do not commute in general.
F Azt letn = ref(0)inn 2 letn = ref(0)in (Az“".n) : unit — int ref
— But they do sometimes, at the cost of explicit initialization.

f:intref —int = Az"".letn = ref(0)in f(n)
& letn = ref(0)in Az"".n:=0; f(n) : unit — int

In a similar fashion local variables can be globalized.

guard : unit — int, body : intref — unit -
while guard() do (let n = ref(0) in body (n))
> letn = ref(0) in (while guard() do (n :=0; body(n))) : unit

— Not all differences between names can be picked up by the environment, as
reference names are not storable.

f:intref — unitF letny = ref(0)inletng = ref (0)in f(n1); (n2 :=n1); no
>~ letn =refOin f(n);n : intref

In order to derive decidability results for program equivalence, we shall consider
a finitary fragment of Reduced ML: with finite datatypes, no recursion and
restricted higher-order types. To be exact, our approach will be applicable to
terms I' = M : 6, where 6 as well as the type of each identifier in I" is of the
form 8 or 8 — 3, and 8 stands for any base type (unit, int or intref), like in all
of the examples given above.

To enable a systematic and computer-aided verification of equivalence be-
tween such terms, we translate them into a special class of automata over infi-
nite alphabets in such a way that languages accepted by the automata will be
faithful representations of their fully abstract game semantics [12].

Game semantics views interaction as an exchange of moves (play) between
two players representing the environment (Opponent) and the program (Propo-
nent) respectively. In our particular game model the moves will contain (refer-
ence) names drawn from a countable set of locations. Each move will also be
equipped with a carefully selected fragment of the current heap, represented as

3 & =intrer 7 denotes reference equality test.



a set of (name,value) pairs. The involvement of an infinite set of names makes
it very natural to view such plays as words over an infinite alphabet.

The automata we employ are deterministic variants of fresh-register au-
tomata [17], which themselves build upon register automata [7]: each automaton
will be equipped with a finite set of registers in which names can be stored for
future reference. The automata are designed in such a way that, in the spirit of
register automata, they can classify each name coming from the environment as
known (currently stored in one of the registers) or as locally fresh — not present
in current memory. On the other hand, the names that a program can send to its
environment will be either those already in its memory, or globally fresh ones, i.e.
names that have not been encountered thus far, but can be obtained on demand
by invoking a fresh-name generator, in the style of fresh-register automata. We
therefore see that local freshness is inherently a property of Opponent, while
global freshness is specific to Proponent.

Our decision procedure comprises three stages.

— First we construct automata that represent term behaviour (in the sense
of game semantics) under the liberal assumption that the environment is
capable of distinguishing all names created by the program and modifying
the corresponding values at any time.

— Subsequently we refine the automata so that they capture exactly the inter-
actions with contexts of Reduced ML.

— Finally, we introduce a finite notion of bisimilarity on the automata to as-
certain that they represent equivalent interactions. Because the underlying
game model is fully abstract, this relates contextual equivalence to decidable
bisimilarity.

On the whole, our work combines automata-theoretic and semantic insights to
develop a new verification routine.

Related work. We make a notable step towards a full classification of decidable
fragments of Reduced ML. Our results apply to reference types, while all earlier
work [6, 10, 13] on that topic was based on the game model of RML [1], a variant
of Reduced ML with “bad variables” (terms of type int ref with designated meth-
ods for reading and writing). Consequently, when reference types were present in
a typing judgment the induced notion of equivalence was strictly stronger than
in Reduced ML proper. For example, :=!z and () could be distinguished by a
bad variable that crashes on dereferencing. Another drawback of RML was that
reference equality could not be studied, as it did not make sense. RML had a
definite advantage though, as the associated game model was based on a finite
set of moves. Equivalence in Reduced ML turns out much more subtle and the
corresponding fully abstract game model [12] is unsuited to finite-alphabet repre-
sentations. It so happens that the presence of bad variables does not change the
induced observational equivalence in the call-by-name case of Idealized Algol [§],
where a complete map of decidable fragments already exists [11] and increases in
complexity (of deciding equivalence) are tightly linked to type-theoretic order.



0= unit | int | intref | 0 —0

1€{0,- -, maz} _IEM:6_
TF():unit I icint g "€ PermD)
I'= M :int I'EMgy:0 ' My : 0 I'EM:int ' N :unit
I't case(M)[Mo, -, Myaz] : 0 T while M do N : unit
I'F M :intref I'EM :intref I'E N :int I'H M :int
I'F 1M :int I'H M:=N : unit I'Fref M :intref
I'tM:0—0 T'+N:0 Na:0-M:0
Tx:0Fz:0 I'FMN: 0 Ftx?M:0—0

Fig. 1. Syntax of RedMLgy,.

Contextual equivalence in ML-like languages, also those richer than Reduced
ML, has also been studied extensively using relational techniques [15, 2, 4], albeit
without decidability results.

2 Finitary Reduced ML

Finitary Reduced ML (RedMLg,) is the (call-by-value) A-calculus over the ground
types unit, int, int ref augmented with (finitely many) integer constants 0, - - - , maz,
branching, looping and reference manipulation. Its typing rules are given in Fig-
ure 1. Note that we have not included reference equality testing, as it is express-
ible [15] (assuming maz > 0). For instance, one can define eq,, o : intref —
intref — int to be

Azintref \yintref et v, = ref lzin
letv, = reflyin
letb =ref Oin
(z:=0;y:=1;(ifle = Lthenb:=1else ()); x :=v,; y :=luy; ).

In the above and in what follows, we write

— letz = Min N for the term (A\z?.N)M;

— M; N for the term (\z?.N)M, if z is not free in N;
if M then M else My for case(M)[Mg, My, - -+, Mi];
— and M =intref IV for eqj o M N.

We refer the reader to [16] for a detailed exposition of the operational semantics.

Definition 1. Two terms-in-context I' = M : 6 and I' = N : 0 are contex-
tually equivalent if, and only if, for any RedMLgy-context C[—] such that +
C[M],C[N] : unit, C[M] evaluates to () iff C[N] does. Then we write I"
M =N :0.



In this paper we show that contextual equivalence is decidable for a fragment of
RedMLy,, called RedMLE " to be defined next.

Definition 2. Suppose I' = [x1 : 01, , & : Op]. The term-in-context I' b
M : 0 belongs to Redl\/ngn_’ﬁ provided each of 601, ,0,,,0 is generated by the
grammar

0= [ | B—=p

in which 8 stands for any base type (unit, int or intref).

In Section 4 we shall define a class of automata over infinite alphabets to which
terms of RedMLg: # will be translated in Sections 5 and 6. In order to make the
translation more concise, we are going to focus on translating terms in canonical
form only. The canonical shapes are defined as follows.

Cu=() | i | amref | case(a™)[C, - ,C] | (while(!z™"f)doC);C |
(ztrefi=4); C | lety™ =lz™"finC | leta™ " = ref (0)inC |
MP.C | lety® = z()inC | lety® = 2iinC | lety” = za™ " inC

Lemma 3. Let I' = M : 0 be an Redl\/ILgn_’B-term. There exists a RedMLgsﬁ-
term I' = Cpy 2 0 in canonical form, effectively constructible from M, such that
I'EM=Cy.

Proof. Cps can be obtained via a series of n-expansions, S-reductions and com-
muting conversions involving let and case. ad

3 Game Semantics

In this section we briefly recapitulate the game semantics of Reduced ML [12],
insofar as it concerns modelling RedMLg: P We present it in a more concrete
way, specialized to the types of RedMLgn_’ A , along with examples that motivate
the respective technical conditions.

Game semantics views computation as a dialogue between the environment
(Opponent, O) and the program (Proponent, P). The game model we are go-
ing to sketch falls into the realm of nominal game semantics: moves may in-
volve names drawn from an infinite set A. Consequently, we can apply name-
permutations to moves, plays and strategies. Put otherwise, they form nominal
sets [5]. We begin with some auxiliary definitions before specifying what it means
to play our games.

Definition 4. — For every type 0 let us define the associated set of labels Lo
as follows: Lynit = {x}, Lint = {0, -+, maz}, Lintref = A, Lo_g = {x}. We
shall write L for the set of all labels.

— Gien a RedMLQ:B typing judgment I' = M : 0 we write Tprg for the set of
associated tags, defined to be

{casra|(x:6s) €T, 60, Z BYU{r }U{c r|0# 5}



Thus, for each function-type identifier x in I", we have introduced tags c, and r,.
They can be viewed as calls and returns related to that identifier. Similarly, r|
can be taken to correspond to the fact that M was successfully evaluated, and, if
0 is a function type, c and r refer respectively to calling the corresponding value
and obtaining a result.

Given I' = M : 0, £ € £ and t € Tprg, we shall say that the pair (¢,t) is
consistent if the following conditions are satisfied.

— Ift =r| then { € Ly.
—Ift=c, then 0, =0 — (' and £ € Lg.
—Ift=r, then0, =5 — 3 and £ € Ly.
Ift=cthenf0=p0— [ and £ € Lg.
Ift=rthenfd=p— p and ¢ € Ly .

Suppose I' = [x1 : 01, , &y, : 0,,]. The set of initial moves I is defined to be
{1, ) | bi € Ly, 1 <i<m}.

Definition 5. A play* over I' - 0 is a (possibly empty) sequence of the form
t(ly,t1) - (L, tr) such that v € Ip, all pairs (€;,t;) are consistent and ty - - -ty
is a prefix of a word matching Xr| (cXr)*, where X = (3 (z:0,)er(Carz))”. We
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assume that Xr|(cXr)* degenerates to Xr| if c,r are not available (i.e. 0 is a base
type). A play is complete whenever tq - - -t matches a word from Xr|(cXr)*.

The shape of plays can be thought of as a record of computation. First, calls are
being made to the free identifiers of function type (expression X), then a value
is reached (r|) and, if the type of the value is a function type, we have a series
of calls and returns with external calls in-between ((cXr)*).

We shall refer to ¢ and (¢;,t;) as moves. Moves are assigned ownership as
follows: ¢ and those with tags r,, ¢ belong to O (environment) and the rest (tags
Cy, 1), r) belong to P (program). We shall write o and p to range over O- and
P-moves respectively. We shall say that £ € A is an O-name (resp. P-name) in a
given play s, provided the first occurrence of ¢ was in an O-move (resp. P-move).
The set of O- and P-names in s will be denoted by O(s) and P(s) respectively.

The fully abstract game model of Reduced ML [12] is based on a more com-
plicated notion of plays, in which each move can contain a store. Since we are
considering a language with ground-type references only, i.e. references names
themselves cannot be stored, programs will not be able, in general, to remember
all names obtained from the environment. Accordingly, we shall not insist that
the stores contain values for all names introduced by O, but only those that are
potentially available to the program. Intuitively, these are environment names
that the program has managed to bind. The notion of P-view helps to capture
this concept.

1 Readers familiar with game semantics will notice that we omit justification pointers
in plays. This is because they are uniquely recoverable with the help of tags.



Definition 6. Given a play s, we define its P-view "s™ as follows.

Mil=1
s (gr; rm)—l =Ts' (gr; rm)
Fs(le,c) =81l 1) (be, ) s =5"(l,,r)s"

,_Sp—l — I_S—Ip

It can be checked that the P-view of a play is also a play. Given a play s, the
set Avp(s) of P-available names is defined as P(s) U O("s™). We can now define
a new notion of play, in which players can play moves equipped with stores
(moves-with-store, for short).

Definition 7. A play-with-store over I' - 0 is a sequence mlE1 e mkx’“ of moves-

with-store satisfying the conditions below.

— my---mg is a play over I'+ 6.

— For any P-move ma; = (l2;,12;), if ba; € O(myq -+~ ma;) thenlo; € "my - -mag—1 .

— For any 1 < i <k, X, is a partial function from A to {0,--- maz} such
that dom(Zl) = AVP(m1 s ml)

Using the richer notion of play we define strategies.

Definition 8. A strategy o is a non-empty, even-prefiz closed set of plays-with-

store closed under name-permutation. Given a play s, let us write [s] for its

equivalence class with respect to name-permutation. A deterministic strategy is

also required to satisfy the following condition: whenever 51012117121,520222])222 €
1 =}

0, [s1071] = [5203%], then [s107 p) ] = [s2052p5 ).

We have shown how to assign deterministic strategies to programs of Reduced
ML in [12]. Let us write [I"F M : 0]y for the deterministic strategy correspond-
ing to the RedMLY~#_term "+ M : 6.

Ezample 9. — [ F Az“"*.letn = ref(0)inn : unit — intref]y consists of plays of
the following shape

LQ) (*7 ri)m (*7 C)Eé (nlv r)El (*7 C)Ei (n27 r)EQ e (*7 C)ELI (niv r)Ei (*a C)EI{ T
O P O P O P O P O

where X = 0 and, for all i > 0, ¥; = X/_, U{(n;,0)}, dom(X!) = dom(X}).
Moreover, for any ¢ # j we have n; # n;. Note that X} can be different
from X, i.e. the environment is free to change the values stored at all of the
locations that have been revealed to it. Here the stores keep on growing as
the names are being generated by the program.

— [ = Azntref case(l2)[1,0,0,---,0] : intref — int]y generates, among others,
the play

P () (n,0) ™D (0,02 (1, 0)™0 (1)) (g, )0 (1, r)(MO),

Note that in the play above the store does not grow as the names are being
played by the environment and they disappear from P-view after each call.



By comparing strategies corresponding to terms we cannot yet prove all equiv-
alences. This is because strategies do not take into account the fact that the
environment (O) must also be subjected to restrictions concerning recognizabil-
ity and visibility of names.

Ezxample 10. The following equivalences hold. Yet, strategies corresponding to
the terms on the left contain plays-with-store, given below, that seem to contra-
dict this.

1. f intref — unit = letn = ref(0)in fn; (A2 " .eq;, o 2 71)
=~ letn = ref(0)in fn; (A2'""F.0) : intref — int

* (n,ep) 0 (6, 1) 2 (5,1 )2 ()2 (1, r)(2)
0] P O P 0] P

2. f:intref — unit = letn = ref(0)in fn;n:=0; (\z“"".case(n)[1,0,0,---]) =
letn = ref(0)in fn; (Az""™.1) : unit — int

* (mcf)(n,o) (*, rf)(n,k) (*’ rl)(n,O) (*’C)(n,l) (O,I’)("’l)

In 1. O played a P-name that could not possibly be remembered by a context
with ground-type references. In 2. O changes the value stored at such a location.
This mismatch motivates further restrictions on the shape of strategies that are
dual to those already imposed on P.

Definition 11. Given a play s, we define its O-view (Lsl) as follows.

LEs=¢
Les(ley Cp)a=1t(le,,Cq)
Les (e rp)a=u(l,r))
LS (beyr)a =183 (le, ) (br,r) s=5"(lc,c)s"” and c ¢ s”

LSO4 = LS10

The side condition in the last but one case stipulates that ({c,c) be the last move
in s with tag c (i.e. ¢ matches r).

Returning to our examples, we can now see that in the fifth move O was play-
ing/modifying a location from outside the current O-view.

Definition 12. — A play-with-store mlz1 = ~mk2k is relevant if, for all O-moves

(boiy1,t2i01)>2 1 (1 < 2i+1 < k) the following conditions hold.
L] If £2i+1 € P(m1 te m2i+1) then €2i+1 CLmy Mo .
o Foranymn € P(my---ma;), if n & Lmq -+ mo; 1 then Xo;p1(n) = Xoi(n).
— A protoplay is a sequence of moves-with-stores mlz1 e me’“ such thatmy - - - my
is a play and, for any 1 <1i <k,
e n&dom(X;,)NP(my---my) iff n € Lmq -+ -my;
e nc dom(EZ) n O(m1 . mz) z[fn c™my---my .



Let us write [I" + M : 0] for the set of protoplays obtained by restricting [I" +
M : 0] to relevant plays and subsequently constraining stores to contain only
P-names occurring in the suitable O-view. Protoplays are still not sufficient to
prove all equivalences, because they do not convey the idea that the environment
might not be able to recognize all different P-names.

Ezxample 13. The following terms are equivalent, yet they induce different pro-
toplays.

f:intref — unit b letn; = ref(0)inletng = ref (0)in f(n1); (n2 :=n1); no
>~ letn =ref (0)in f(n);n : intref

0 (1, )0 (1) ) (ng ) 2B ()0 (1) ) () ()

In an interaction the environment will only be able to detect a difference between
two P-names if they occur in the same O-view. Consequently, if P repeats a name
introduced by himself, but none of the previous occurrences are present in the
O-view, the name should present itself to the environment as if it were fresh.
This motivates the last definitions.

Definition 14. Given a protoplay s, let us subject it to the following refreshment
routine: as long as s = s1({,t)* so, where (£,t) is a P-move, £ € P(s), £ occurs
in s1, but its only occurrence in Ls1(¢,t)1 is in the final move, apply the following
to s

— if t =r| then replace { with a fresh name.

— if t = ¢, then replace £ with a fresh name and, provided ¢ occurs there, also
in the following O-move;

— if t =r then replace ¢ with a fresh name and, provided £ occurs there, in all
the following moves with tags ¢ and r.

Definition 15. Let [I" = M : 0]2 consist of protoplays from [I" = M : 0]y re-
freshed according to Definition 14.

A play-with-store or a protoplay will be called complete, if the underlying play is
complete. Given a set S of plays-with-store or protoplays, let us write comp(S)
for the subset of S consisting of complete elements only.

Theorem 16 (Lemma 17 [12]). For any RedMLg:ﬁ—terms 't M, M, : 0,
't My =2 Ms : 0 if, and only if, comp([I" + My : 0]2) = comp([I" = Ma : 6]2).

In Section 5, for a given term I' = M : 0 of RedMLg:B in canonical form, we
shall construct a family of automata representing [I" F M : 0]¢. It will be refined
in Section 6 to represent [I" - M : 0]z. Section 7 will be devoted to crafting a
bisimulation relation that will enable us to implement the equivalence test from
Theorem 16.



4 Automata

As Example 9 demonstrates, the stores present in plays can grow indefinitely
and, even though we shall work with infinite alphabets, we cannot afford to
represent them literally, as this would amount to being able to memorize an
unbounded supply of names. Instead we shall skip store information in O-moves
on the understanding that, whenever this is done, the omitted value could be
arbitrary. Similarly, if store values are omitted for P-moves, it will be the case
that P does not change them, i.e. they remain the same as in the previous
O-move. According to this convention the first play from Example 9 can be
faithfully represented by .? (x, rl)w (*, c)Q) (ny, )0 (x, c)Q) (ng,r)20) ...

Next we introduce the kind of automata that will be used as acceptors of
(representatives of) plays. In a single transition step they will be able to read
a (representation of a) single move-with-store (¢,¢)* (subject to the condition
that X is a subset of the actual store). On the technical level, the automata are
a variant of fresh-register automata [17], adapted to process plays-with-stores.
Their sets of states will be partitioned into O- and P-states, which correspond
to the stages of play when O and P respectively are about to make a move. The
machines will be equipped with a finite number of registers for storing names.
At O-states they will be able to recognize whether the currently read name is
present in one of the registers. At P states they will be able to process a currently
stored name or a fresh one (one that has not been processed so far).

To enable a finite specification of the automata and to describe their seman-
tics we introduce the following definitions. Recall that A is the set of names. Let
C = {,0,--- ,maz} be the set of constants. Let us also fix a finite set T of tags
and a positive integer n.

Definition 17. — L = CU{fr(i),kn(i) | 1 < i < n} is the set of symbolic
labels. We use £ to range over its elements.

— Reg is the set of all p : {1,--- ,n} — AU{t} such that p(i) = p(j) € A
implies © = j. Its elements will be called register assignments and, from now
on, we shall use p to range over them.

— Sto® ={1,...,n} = {#,0,..., mazx} is the set of symbolic stores, which will
be ranged over by S.

— Sto is the set of partial functions X : A — {0,..., maz} such that dom(X)
contains at most n elements. Its elements will be referred to as stores and
ranged over by 3.

— LT =L x T x Sto® is the set of transition labels, ranged over by (£,t)%.

We shall abuse notation somewhat and write dom(p) for the set p~!(A), and
similarly for dom(S). Given a pair (p,S) € Reg x Sto® such that dom(p) =
dom(S), we can derive the store Sto(p, S) = { (p(4), S(7)) | i € dom(p) }.

We can now define (n,,n)-automata, which will be used for representing
game semantics. An (n,, n)-automaton is equipped with n registers, the first n,
of which will be read-only.

Definition 18. An (n,,n)-automaton of type 0 is given as a quintuple A =
(Q, qo, po, 0, F) where:



— Q is a finite set of states, partitioned into Qo (O-states) and Qp (P-states);

— qo € Qp is the initial state;

— po € Reg is the initial register assignment such that dom(pg) = {1,--+ ,n.};

—0C(QoxLTxQp)U(Qp xLTxQo)U(Qo x P({n,+1,...,n}) x Qo) U
(Qp X P{n,+1,...,n}) X Qp) is the transition relation;

— F C Qo is the set of final states.

Additionally, the following properties must hold.

— if (q,(4,4)%,¢') € § and £ = fr(i) then i > n, and i € dom(S).
— if 6 is a base type then there is a unique final state qr, and 6 | {qr} =0 (no
outgoing transition).

Our automata operate on words over the infinite alphabet (C U A) x T x Sto.
We shall write (£,¢)* to refer to its elements. We first explain the meaning of
the transition function informally. Suppose A is at state ¢; and p is the current
register assignment.

— If (q1, (¢, 1)%,q2) € § , A can move to state gz on the input symbol (¢,1)*> if
one of the following conditions is satisfied.
e /€C, V' =¥, dom(S) C dom(p) and X = Sto(p, S).
e (e A ' =kn(i), p(i) = £, dom(S) C dom(p) and X = Sto(p, S).
o /€ A V' =1r(z), dom(S) C dom(p) U {i}, X = Sto(p[i — £],S) and
* either ¢g; € Qo and ¢ does not belong to p({1,--- ,n}) (locally fresh),
* or q1 € Qp and ¢ has not appeared in the current run of A (globally
fresh).
In this case the automaton also sets p(i) to .
— If (g1, N, q2) € 0, where N is a subset of writable register indices, A can clear
all registers in N (i.e. set p(i) = ff for all ¢ € N) and move to go without
reading any input symbol (e-transition).

The above is formalized next. A configuration of A is a triple (¢,p, H) € Q.
where @ = Q X Reg X Pn(A) and P (A) is the set of finite subsets of A.

Definition 19. Let A = (Q, qo, po,d, F) be an (n,,n)-automaton. The configu-
ration graph (Q, —s) of A is defined as follows (transitions are labelled by e or
elements of (CUA) x T x Sto). For all (¢,p, H) € Q and (q,(¢,t)%,q') € 6:

p34
— if £ € C and dom(S) C dom(p) then (q,p, H) (@’5 (¢, p, H) where X =

Sto(p, 5),
— if £ ¢ C and dom(S) C dom(p’) then (q,p, H) 2N s (¢, 0, H") where ¥ =
Sto(p,S), H = H U {{}, and
o if £ =kn(i) then £ = p(i) and p' = p,
o if { =fr(i) and ¢ € Qo then £ & p({1,--- ,n}) and p' = pli — ¢,
o if { =1r(i) and g € Qp then £ ¢ p({1,--- ,n.})UH and p’ = pli — £].

Morcover, for all (g, p, H) € O and (q, N, ¢') € & we have (,p, H) ~ (¢, ', H),
where p' = p[N — f]. The set of strings accepted by A is defined to be

‘C(A):{Ze ((CUA) XTXStO)* | (q05p07®) LW (q7p7H)a qu}



Definition 20. We say that A is deterministic if, for any reachable configura-
. ~ ~ ll N ~ ez ~ . N ~

tion ¢ and any ¢ —=5 41,4 —>5 G2, if {1 = la then g1 = Ga.

Here is a structural constraint that guarantees determinacy.

Definition 21. A is strongly deterministic if:

— for each q € Qp there exists at most one transition out of q: |6 | {q}| < 1;
- fO’f’ each q € QO and (Qa (617t>515q1)7 (Qa (625 t)Szan) €4:
[ Zf 61 = fr(zl) and €2 = fr(zg) then il = 7:2,
e if {1 =/{5 and S1 = Sy then q1 = g2,
° dom(Sl) \ {’L | fl = fl’(l)} = dom(Sg) \ {’L | fg = fr(z)}
— for any q1 € Qo, if there exists ¢2 € Qo such that (q1, N, q2) € §, then this
is the only outgoing transition from q1: 16 | {¢1}] = 1.

Definition 22. Let A = (Q, qo, po,d,qr ) be a strongly deterministic automa-
ton of base type. We define the set of quasi-final states E to be the set of
states that reach qr in one step. Then E is canonically partitioned as E =
Li_-J(“)S E s where Eyys ={q€ Q| (g (€,)%,qr) € 0} and A is uniquely
determined by the structure A~ = (Q, qo, po, 9, E).

The following remark sheds some light on the formal nominal setting underlying
our constructions. It can be safely skipped by readers not familiar with nominal
sets [5].

Remark 23. Note that the initial register assignments of our automata contain
names. One can view the automata as elements of nominal sets where name-
permutation works as follows: for any name-permutation , 7 - (Q, qo, po, 9, F) =
(@, qo,7 - po,0, F), where m - p = o p. Note that then L(7 - A) =7 - L(A).
Moreover, the indexed families of automata to be used in the next definition
are of nominal nature. Let X be a nominal set. By an X-indexed family of
automata of type 6 we mean aset { A, | x € X } such that each A, is an (n¥, n*)-
automaton of type 6 and, moreover, for any name-permutation w, A,., = 7-A,.

5 From terms to plays-with-stores

Let I' =21 : 61, & : 0] and I' C : 0 be a RedMLS - ?-term in canonical
form. Let us write IJJEFH for the set of plays-with-store of length 1 over I"
0. Recall that each of them will have the form (>, where + € I, ie. ¢+ =
(1, ,lm), where ¢; € Lp,. Let L, = {£;|0; = intref} and n, = |£,]|. Then
dom(Xy) = L,. Let idx : {1,--- ,n,} — {1,---,m} be defined by idx(i) = j if
lj € L,, there are i —1 different names in ¢ to the left of ¢; (|{¢1,--- ,{;—1}NL,| =
i —1) and ¢; is not among them (¢; & {¢1,--- ,¢;_1}).

We now instantiate the automata defined in the previous section by using the
finite set of tags T = 7pg. A canonical form of RedMLg: # will be translated
into a family of automata indexed by IIJE,_G. For each 10 € I;E,_e, the correspond-
ing automaton will accept exactly the words w such that (*°w is a complete
play induced by the canonical form. The family will be infinite, but finite when
considered up to name-permutability.



Definition 24. For any RedMLg:B—term I'=C: 0 in canonical form we define
an I}, 4-indezed family of automata (C) = { (C),s, | >0 € I}, } by induction
on the shape of C. In all cases (C),=, will have nﬁzo = n, read-only registers and
the initial assignment will be pézo (1) = ligu(i)- The precise number of registers
can be calculated easily by reference to the constituent automata. Let us write Sy
for the function Sy : {1,--- ,n} — {§,0,---,maz} defined by So(i) = Lo (liax(i))
(1 <i<mn,)andSo(i) =4 (i > n,). The base and inductive cases are as follows.?

(kn(4),r )50 _
qo ——qF , where ¥ = xy and Lligy;) = Ck

(
(
(

— (case(x)[Co, -+, Chaz] )izo = (Cj ) =0, where x = xy, and b, = j
((z:=1i);C),z = (C) 5, where x = xx and Ty = Zo[ly — 1]
(lety ='zinC)),20 = (C)(, 54(24))%0 » where x =y,

(

%,c5)° x,r.)°
— (lety""t = 2()inC),=, is given by 9o !i a1 u> (](CD(L*)ES , where S
ranges over all symbolic stores with domain {1,...,n,} and Xs(ligxs)) =
S(7).
int . (*vCZ)SO (jer)S .
— (lety™ = z()inC)),z = o —> @ ——(C)(,jy5s with S as above

and 0 < j < max.

. *,Cz So kn(j),r= g
~ (lety™ ™ = 2()inC),sy = @0 @ P () gy5s where

m\ q(cl)(uz)zs/

1 <j <mn, S is as above, a is a name that does not occur in 1,5 S’
ranges over symbolic stores with domain {1,--- ,n, +1}, Yg (liaxs)) = ' (1)
(1<i<n,)and ¥s (a) =5"(n,+1)

— (lety® = ziinC)),s, and (lety? = zz™" inC|),s, are defined similarly to

the above.
0 (%,r1)%0 ol ‘/(*C)S\

— (A2t C), 5 = ((CDwy=slr/r1]) , where the
loopback connects the final state of (C|)(, ,y=s[r/r|] to q1. Note that S ranges
over all symbolic stores with domain {1,...,n,} and Xs(liges)) = S(i) (1 <
1 <n,). The other cases of A-abstraction are dealt with in a similar way.

— Case of let """ = ref (0)in C. Let a be a name not in 1, let 3} = Xpla — 0]
and consider the (n, + 1,n)-automaton Q(C[)(La)%. For each 0 < j < maz

9 4o be a copy of(](C[)(La

10

define an (n,,n)-automaton (C) sy, in which

)
5 Note that we ignore initial register assignments of automata that do not appear in
starting positions in the diagrams.

6 Any such choice of a yields the same automaton (C) La)Zs/ after its initial register

(

assignment is removed.



o all transitions with label kn(n, + 1) are removed,

e all transitions with symbolic store S such that S(n,+1) # j are removed,

e and n, + 1 is removed from all symbolic stores in remaining transitions.
We define (let ™™ = ref (0)inC) as an (n,,n)-automaton obtained by in-

terconnecting (C ng)o ;o (C D(maz) and (C D(La)% :

PR]

The transitions between the copies (arrows in the figure) are as follows. For

S
each q1 1SN g2 in (](C[)L%, where q1 is a P-state:
o if ¢ # kn(n,+1) then, for each j # S(n,+1), we add a transition from the
state q1 of (C [)EJE)U to state g2 of (C nggm-’_l)), with, label (£,t)31(domSN\{n+1}) .
o if { = kn(n, + 1) then, for each 0 < j < maz, we add a transition from
the state q1 of (](C[)EJZ)0 to state gz of (C)) s, with label (fr(n, + 1),t)5.
— For (while (12) do C); C’, let Xy, ..., Xy, be all the stores with the same domain
as Xy. Assume x = xy. Recall the presentation of an automaton given in
Definition 22. We define (| (while (12) do C); C')), =, to be (C')), =0 if Xo(Ly) =
0. Otherwise it is defined to be a combination of (C)) vy, -+ ,(C) s, and
(C'),=0,--,(C'),=, connected together as explained below.

TRS——0"
(CD,> (C'),=

(](CD:E;L (](C/DLZh

For each quasi-final state ¢ € E(, s of each (C) s, let i be such that
ligx(iy = lr- Add transitions labelled {n, +1,...,n} in the following cases.

e IfS(i) =0, add one from q to the initial state of (C')),=s,

e if S(i) # 0 add one from q to the initial state of (C) s, .

We shall now formalize in what sense the automata defined above can be taken
to represent strategies.

Definition 25. Let s = mlz1 o ~mk2’“ be a play over I' =0 and t = ml@1 o ~mk@’“

be a sequence of moves-with-store. We say that s is an extension of t if the
following conditions are satisfied.



e, CZ (1<i<k)
— For any 1 <i < |k/2], if a € dom(Xy;) \ dom(Os;) then Xs;_1(a) is defined
and Egi(a) = Egi_l(a).

Note that, because s is a play, the clause about Xs;_1(a) being defined amounts
to stipulating that ©s;(a) be defined if the first occurrence of a in my - - - my, is in
me;. Observe that this is always the case for words accepted by automata from
Definition 24, as the store values are always printed out for fresh labels. Let us
write ext(t) for the set of all extensions of t.

Lemma 26. For any (> € I}, ,, the automaton (C|,s, is strongly determin-
istic and Uyer((c) o) ext(t¥0t) = {1*ot | ¥t € comp([I"+C: 6]o) }.

Proof. Strong determinacy follows from the shape of the automata. For the latter
part, the non-trivial cases are:

letz = ref (0)inC : The role of (](C[)EJE)U (0 < j < maz) is to mimic the strategy
corresponding to let z = ref (0) in C before the name a (corresponding to the
reference name x) is revealed. Accordingly, O is not allowed to play the name
for the first time (as in the definition of composition [12]) or change store-
values associated with a. P can still change them, though, and the current
value at a is represented by the superscript (j). If P reveals the name for
the first time, a fresh name is generated, written to register n, + 1, and
computation proceeds to (C) ;.

Az?.C : Correctness follows from the fact that the strategy corresponding to
Ar”.C is single-threaded, i.e., following (x,r|), it is an interleaving of inde-
pendent copies of strategies for C.

(while (1z) do C); C’ : Observe that the strategy for (while (1z) do C) can be viewed
as a subset of the single-threaded strategy for A\y“"t.if 1z then C else (), where
the final values of free variables are communicated to the next thread and on
reaching 0 by z control is transferred to the strategy for C’. This is precisely
what the construction achieves. a

6 Automata for protoplays

In this section we shall transform the automata representing [I" F C]y to rep-
resent [I" F CJz2. To that end, we need to focus on protoplays that have been
refreshed according to Definition 14. Such protoplays adhere to a specific pat-
tern with respect to P-names: any P-name that appears in the O-view for the
first time has not appeared earlier. This implies that in each such protoplay
s =51(¢,t)* with £ € P(s):

— if t =c; or t =r| then £ is fresh for sy,
— if ¢t = r then either ¢ is fresh for s; or it has been introduced by some move
with tag r.

The moral is that P-names introduced with tag c, or r| are played only once.
In the former case, O may play them in his next move, but then they will not



reappear in the protoplay. In the latter case, no moves can be made after the
P-name (6 = intref). Hence, we can safely replace P-names introduced with
tags ¢, and r; by dummy labels (®) and still have a faithful representation, pro-
vided their values are remembered. We shall accommodate them in special labels
so that the representation is still a protoplay, albeit in the following extended
syntax.

Remark 27. Using ® will also let us see that for terms I' - C : 3 one does not
need globally fresh transitions. Hence the corresponding automata will then be
variants of register automata [7] rather than fresh-register automata [17].

Definition 28. — For every base type [ we define the set of extended labels
EEZEQU{T(@ | te Lyu{®}, 0<i<maz}.
— We define the set of transition labels LT =L U{£() | e LU{®}, 0<i<
maz }.

We proceed to define a translation from an automaton A in the original syntax to
an automaton A+ in the extended one, following the intuitions described above.
As a first step, we are going to enrich A with information about ownership of
the names that are currently stored in the registers. This is concretely achieved
as follows.

Definition 29. For each automaton A = (Q,qo, po,d, F') construct the automa-
ton AT =(Q’, q, pi), 8", F') by setting

QI:{(q7NOaNP) GQXP({laan})2 | NOﬂNP:@, {13"'7’”‘!’} gNO})

ah = (q0.{1,...,ne},0), py, = po, F' = Q' | F, and defining 6’ as follows.
s . ens ., .
— Ifq—— ¢ in A then (¢, No, Np) —— (¢’, No, Np), provided dom(S) =
No U Np andﬂE(CU{kn(i) | ’iGNOUNp}.

. S . S
~ a0 " gp in A then (40, No, Np) " (g, No U {i}, Np\ {1}),
provided dom(S) = No U Np. If the transition is from qp to qo, the dual
holds.
— Ifq 5 ¢ in A then (¢, No,Np) 25 (¢, No \ N, Np \ N).

For each ¢ € Q' we shall write O(q) and P(q) for its second and third components

(i) .15
respectively. We say A™ is non-overwriting if, for any g AUVIDEN q’', we have that

i ¢ O(q)UP(q). Observe that the constructions presented in Definition 24 always
yield non-overwriting automata. We can show that the new automaton reaches
state ¢ only if its non-empty registers are those in No(q) UNp(q) and, moreover,
each register in No(q) (resp. Np(q)) is filled with an O-name (a P-name). Note
also that AT is strongly deterministic, if A was.

For the next step, recall that we are using a finite set of tags T = Tppg,
for some I, 0. The new automaton will feature states augmented with an extra
component N to record those P-names that were originally introduced by c,-
moves but have been replaced by ®. For O-states we need an extra component



S which records the symbolic store prior to hiding, and also an index i € N U
{-} reporting whether the preceding move was a name replaced now by ® (by
convention, if the preceding move was not such then the index is set to ‘-’).

Definition 30. Let AT =1(Q, q0, po, 5, F) be non-overwriting. We define an au-
tomaton AT =(Q’, qf), pb, ', F') with labels from LT by setting

Q ={(¢,N)|qeQp, NCP(q)} U
{(¢,N,S,i) | g€ Qo, N C P(q), SeSto®, i c NU{-}}

ab, = (q0,9), pb = po, F' = Q' | F and by defining 6" as follows.

(Lea)® N (6ra)® o
gp —"—q LeCU{kn(j)|j € Oq)} go ——q L¢{kn(G)|j € P(@} sy fip=s'1(v\{i})
(bicp)S10@ (S (0)),rz)S1O@ en
(qP7N)C—>(Q7N7S7') (qO7st/7Z)—>(q7N)

(kn(5),c2)® (kn(5),ra)
p — —_—

q j€ P q j€ P

SHN\{3H=5"1(N\{5})

(quN) (quysyj) (qo,N,S/,j) (qu)
fr(5),ca)® 4re) N
p T, go g ¢ {kn(j)|j € P(q)} SNy
(©(5()),ca) 5190 - (Lr2)S10@ -
(QP7N);>(Q7NU{‘7}7S,]) (qO7N7SI7')—>(Q7N)
(en* N (GO |
gp ———q (¢ {kn(j) | j € N} go ——q (¢ {kn(j)|j €N} R
(£,)S1O@UP (@)\N) L (£,0)STO@UP(@\N) B
(qP7N) (q7N7S7_) (qO7N7S7_) (Q7N)
n(5),n° ’
P(k(])’) ¢ jEN qu,
(f,,(j)y,,)sTO(G)U{J}U(P(Q)\N) . N , ,
(qP7N) (Q7N\{]}7S7_) (q7N7)‘——>(Q7N\N7)
kn(7)/fr(4),r 5 O, S
. (kn(5)/fr(4)r)) q . (Lyry) g LeC
(@(S(5)),r )STO@\IDH . (£,r)S10(@)
(qP7N) ! (q7N7S7.7) (qP7N) ! (Q7N7S7_)

Let us write [I" - C: 0], for all the protoplays from [I" F C: 6]y that
begin with +>°.

+

Lemma 31. For any>° € Il'fhg, the automaton (C DLEO is non-blocking, strongly

deterministic, non-overwriting and’ | J ext(1>0t) = comp([I" F C : 6]57°).

teL((C)Tyy)
Proof. Note that the computation histories of the new automata have been ob-
tained by restricting the automata obtained from Lemma 26 so that they trace
out relevant plays only:

— O never uses P-names invisible to him thanks to rules® 4 (j in kn(j) has to
match (¢o, N,S’,7)) and 6 (¢ ¢ {kn(j)|j € N}),

" Here ext(---) will stand for the set of extensions with respect to protoplays.
8 Counting from left to right, top to bottom.



— O will not change values referred to by P-names not available to him, because
restrictions of the form S | --- =5’ | --- forbid that.

The labels generate protoplays, because of the S [ --- restrictions on symbolic
stores. The refreshments of Definition 14 are performed via rules 9 and 11 (as
well as introducing ® in rules 3 and 5, if the P-names were introduced with c,
tags). Consequently, the lemma follows from Lemma 26. O
From now on we shall assume that from each non-initial state of (](C[)j'zU it
is possible to reach a final state (if this is not the case, states violating this
reachability requirement can be removed without affecting the above lemma).
Note that because of strong determinacy, this implies that the automata will
not have e-cycles. This technical assumption will allow us to relate language
equivalence to bisimulation in the next section.

7 Bisimulation

Here we define a notion of (weak) bisimilarity that will allow us to carry out
the test from Theorem 16. Note that, given a term, our second translation to
automata yields representatives for each complete protoplay in [---]2. These
representatives are by no means canonical, as can be seen below.

Ezxample 32. The following terms are equivalent.

founit —intref = f(); f() =
let z = ref (2) inwhile (1) do (f(); z :=case(!2)[0,0,1,---]) : unit

The corresponding automata for [---Jo (and [-- ]2, which coincides with [---]o
in this case) accept respectively the words given below.

(*, Cf)(/)(n17 rf)(m’kl)(*, cf)("l’kl)(ng, rf){(myki),(nmkz)}(*, rl){(nlﬁki)v("mkz)}
(k) (na, 1) P09 (e ) (ma, 1p) 2 82) (k1))

The notion of bisimulation to be introduced aims to identify different represen-
tatives of identical protoplays by checking that they represent consistent store
histories. First we define it on configuration graphs of automata. Let us say that
that stores Xy, Xy are compatible, written X7 < X, if 3 U X5 is a valid store
(i.e. for all @ € dom(Xy) Ndom(Xs), X (a) = Ya(a)).

Definition 33. Let A; = (Q;, qoi, poi, 9i, ;) be automata of type 6, for i =1,2,
and let us write FY for the set of states that can reach some final state by means

of empty transitions. We call a relation R C Ql X Ston, +n, X Qg a simulation
on Ay and As if, for all (1, X, §2) € R,

— if m(q1) € Fy then m1(G2) € F¥, (w1 the first-projection function);

O (A S . . . N R .
— if g1 Lgl G and m1(¢1) € Q1o then either go —s, G and (G1,%,4) €

R, or there is a finite D C A such that, for all X9 < X7 with dom(Xs) = D,

. L ()2 . . X N
there is some g L(;Q G, with (41, X1 U Xa,35) € R;



P (2 S NN . . . . . .
- Zf q1 L}51 qll and Tr(‘]l) € QIP then either q2 L’52 ql2 and (qla Ev‘]é) €

£,t)>2

R, or there is some (o (—>52 G with (41, X1 U X9,d5) € R and Xy =<
21U (X ] (dom(X) \ dom(Xy)));
= if 1 ==, 41 then (4,2, ¢2) € R.

We call R a bisimulation if both R and R~ are simulations. We say that A;
and Ay are bisimilar, written Ay ~ As, if there is a bisimulation R such that

((go1, po1,0), 0, (qo2, po2, 1)) € R.

Although bisimilarity is an infinite notion, we can capture it with a finite (and,
hence, decidable) notion of symbolic bisimilarity, which relates states of the au-
tomata augmented with auxiliary finite structure, rather than configurations.
This can be achieved by keeping a log of how the registers of the two automata
are dynamically related, that is, which of their registers contain common names
and which contain private ones. Transitions can then be simulated by referring
to that log and updating it. For example, at the symbolic level, a transition

(kn(i), 1)1

of the form ¢ q; of automaton A; can be matched by As with

kn(4),t)52
(@)D ¢4 if we know that registers i and j are related, and symbolic

stores S7 and Ss are equal at their related registers. If, however, our log tells us

S . . fr(4),t) 2 .
that i is private to A;, then As can only simulate it by go RUOLIEN a5 it q1,q2

are O-states.

Lemma 34. (C; [);';O ~ (| Cq [);"Z0 iff comp([I" + Clﬂf”) = comp([[" + (Cg]]ézo).

Proof. L2R: Take s € comp([I" + Cy 520). By Lemma 31 there exists ¢; €
L((Cy)7s,) such that s € ext(1*0t1). Because (Cy )%, ~ (Ca)%, we can find

PR]

to € L((Cq [):;0) such that s € ext(:*°ty) by using s to resolve choices of missing
store values in the corresponding bisimulation game. Hence s € comp([I" F

(Cg]]g20 ). The other inclusion is symmetric.

R2L: Suppose (Cy [)j;o % (Cq [);0. Because the automata are deterministic,
accept the same sets of extensions with respect to protoplays and final states
can always be reached, there must exist s € comp([I' F C1] ) = comp([I" +
C2]5°) and j € {1,2} such that s € ext(:¥°t;), where t; € L((C;)7,), but
s & ext(1*0ts_;) for any t3_; € L((Cs_;) s, ), which contradicts Lemma 31. O

Theorem 35. Program equivalence for RedMLg:ﬁ terms is decidable.

Proof. Let k be the number of equivalence classes of initial moves I with regard
to name-permutability and let ¢g, - - - , ¢ be their representatives. Then it suffices

to verify (C4 [);"Z0 ~ (| Cy [):;0 for all ¢« = 19, -+ , 1, and all possible stores Xy with
domain L,. Altogether only finitely many bisimulation queries need to be made.
O
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Further work

It would be desirable to understand what other models over infinite alphabets
are suitable for representing RedMLg,-terms featuring more complicated types.
For instance, it seems that a variant of pushdown automata would be needed
to capture terms of type F (unit — unit) — unit. Another interesting avenue for
future work concerns investigating relationships between automata over infinite
alphabets and history-dependent automata [9].
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