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The nu-calculus

Types lerms
[ ::= Name t = 1 (gj c V) Variables
‘ Bool a (CL ~ A) ;ames
‘ ' — 7T va.t name binder
L == free names: fn(t)
true
false

A1
it

if £ thent else {

variable binder



Some typing rules

S I'x: T S: ' a : Name
S;F,ZEITFtZT’ Swialh, 'Ft:T
STHMt:T—T S:I'vat:T

S:I'F1t;:Name S;I'F ty: Name
S;I' -ty ==ty :Bool




Reduction
(S,t) — (8", 1)
e SandS’ are finite subsets of A

. f(t)C S, fn(t) C 9’

* tandt are general (open) terms



Reduction rules

v:i= x| a|true| false | \x.t

(S, (Ax.t)v) — (S, tv/x])

(S,va.t) — (SW{a},t)




Reduction rules

vi= x| altrue | false

1.1

(S, (Ax.t)v) — (S, tv/x])

(S,va.t) — (SW{a},t)

ad S

(S,va.t) — (Sw {a'},tla’ /a])

o' ¢ SUfn(va.t)




Reduction rules

v:i= x| a|true| false | \x.t

(S, (Ax.t)v) — (S, tv/x])

(S,va.t) — (SW{a},t)

(S,a ==a) — (5, true)

(S,a ==a') — (S, false)




Reduction rules

v:i= x| a|true| false | \x.t

(S, (Ax.t)v) — (S, tv/x])

(S,va.t) — (SW{a},t)

(5,1) = (5", 1)
(5, Elt]) — (5", E[t'])

E:= t| Xet) | ==t | a==_




Fvaluation and contextual equivalence

e Thm: Reduction is SN to UNF modulo fresh names.

e Evaluation: (S,t) v = 35 (S,t) — (S, v)



Fvaluation and contextual equivalence

e Thm: Reduction is SN to UNF modulo fresh names.

e Evaluation: (S,t) v = 35 (S,t) — (S, v)

e for all closing contexts C'|—] : Bool

(S, Clt1]) | true <= (5,C|ta]) | true



Sample (inJequivalences

vat = t a & fn(t)

/ /
va.rva .t = va.va.t

va.Ar.a F* Ar.va.a :Bool — Name

(Azyy.s)tita = (Ay,x.8)taty

AN N
DN
~— S

AN TN
H~ W
— S—



Sample (inJequivalences

vat = t a ¢ fn(t)

/ /
va.rva .t = va.va.t

AN TN
o =
— S

va.Ar.a % Ax.va.a :Bool — Name

A~ N
>~
— —

(Azy.s)tita = (\y,z.8)taty

var.(xr ==a) = Ax.false:Name — Bool  ())

val,ao. Af. (fa1 = fa,g) = Af.true: (N — B) — B

(6)



Proots of (6)

» |Stark'94]: via Predicated Logical Relations

e [AGMOS'04]: Nominal Game Semantics

e [Benton&Koutavas'O8]: Environmental Bisimulations



Stark's proof

Names and Higher-Order Functions
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Logical Relations

Define spans: R : 51 = 59
Extend to: Ry C Valp(Sy) x Valp(5S9)




Logical Relations

e Define spans: R : S| = 59
* Extend to: Ry C Valp(Sy) x Valp(5S9)
b1 RBool b2 = by = Db

a1 Ryame a2 = a1 R ap
()\Zlﬁ'tl) RT—>T’ ()\ZEtQ)

VR': 51 =55, v; € Val(S; W S)).
v (RW R)p vy = ti[vi/a] (RW R')7y talva/x]



Logical Relations

e Define spans: R : S| = 59
e Extendto: Ry C Valp(S)) x Valp(59)

AR S = 55, v; € Val(S; W S)).

(83, My) — (Sj,v;) A v (RYR)p v

()\Zlﬁ'tl) RT—>T’ ()\ZEtQ) —
VR': 51 =55, v; € Val(S; W S)).
v (RW R)p vy = ti[vi/a] (RW R')7y talva/x]



Complete at order |

12

* Forall T: ty idy to = 1 to : T

 For T of order 1 the converse holds too.

va.r.(r ==a) = Ar.false:Name — Bool (5) V¥

vai,as. Af. (fa,1 = fa,g) = Af.true: (N — B) —~B X

(6)



Predicated Logical relations

N

* Augmented spans: R :S{ = S

b1 Boo1 P2 = by =by

a1 Ryame a2 = a1 1 a1 R ag Ry as



Predicated Logical relations

N

* Augmented spans: R :S{ = S

b1 Boo1 P2 = by =by

a1 Ryame a2 = a1 1 a1 R ag Ry as

(\z.t) Rp_p (Aa.ty) =
(Az.t1) (R)p_qr (Azty) A (Ax.ta) (Ra)p_pr (Az.lo)
AVR': ST = S5 vy € Val(S1 W S)), va € Val(Saw S5).
v (RYR)pvy = tifor/a] (R R}, tolva/x]



Proot of (6)
 Forall T: 1 iEI*T to = t1 = to: T

e Take R: {aj,ax} =0
with R=Ro=0, Ry={(a1,a9),(as,ay)}



Proof of (6)
 Forall T: 1 iEI*T to = t1 = to: T

e Take R: {aj,ax} =0
with R=Ro=0, Ry={(a1,a9),(as,ay)}

» (Af.(far = fag)) R(N—>B)—>B (Af.true)

e bay,ay. (Af (fCLl fCLQ)) N—>B)—>B ()\f true)



Simple robust method

Logical relations are derivable from spans

Complete only up to order 1

Predicated version good for (6); ow?



AGMOS' Proof

Nominal Games and Full Abstraction for the Nu-Calculus

S. Abramsky D. R. Ghica A. S. Murawski C.-H. L. Ong I. D. B. Stark
Oxford University Oxford University Oxford University Oxford University Edinburgh University
Abstract to capture notions of scope, privacy and sharing.

We introduce nominal games for modelling program-
ming languages with dynamically generated local names,
as exemplified by Pitts and Stark’s nu-calculus. Inspired
by Pitts and Gabbay’s recent work on nominal sets, we
construct arenas and strategies in the world (or topos) of
Fraenkel-Mostowski sets (or simply FM-sets). We fix an
infinite set A" of names to be the “atoms” of the FM-theory,
and interpret the type v of names as the flat arena whose
move-set is A'. This approach leads to a clean and pre-
cise treatment of fresh names and standard game construc-

Game semantics has emerged as a powerful paradigm for
giving accurate semantics for a wide spectrum of program-
ming languages. Fully abstract' game models have now
been constructed for languages with references of various
kinds, such as statically-scoped assignable variables [2] and
general references [1]. Game models that have been con-
structed for these languages (with the notable exception of
[8]) follow Reynolds in viewing a reference type ref[A]
as a product of “read method” and “write method™. As
O’ Hearn has pointed out, using this interpretation, functori-
ality of the ref[—] type constructor requires the presence of




Gcme Semdnﬂcs lefh Ndmes

Computation is a game between P and O




Game Semantics with Names

Computation is a game between P and O

e For each S construct a category of games gs:

Strategy arena



Game Semantics with Names

Computation is a game between P and O

e For each S construct a category of games gs:

Strategy arena

e SST'HFM:T — [M]:[I'l — [T7]



Examples

Az, y.x ==y] : [#)] — [Name — Name — Bool]

1 — [ (Name, — (Name, — Bool*)9)/ ]

¥ kp Ay kg a?’J b,
O F O P O F



Examples

o [Mz,y.x==y]:[0] — [Name — Name — Bool]

1 — [ (Name, — (Name, — Bool*)9)/ ]

¥ kf Qp *g a?'J b,
o P O P O P

[va.dx.a] -1 — [B— N] <

(

[Ax.va.a] : 1 — [B— N]

* x b a b a ---

O FP O P OP

x *x b a b d -

0,

o P O F



Full Abstraction

* Define semantic equivalence:

o091 —> A =

Vp:A—[B]. ocip={x*t} < onp={xt}

e SDFH =ty — [t1] = [t9]



Prootf of (6)

e |[Af.true|:1 — [(N — B) — B] Kok kgt
o P O P




Prootf of (6)

e |[Af.true|:1 — [(N — B) — B] Kok kgt
o P O P

o |vay,as.Af. fa; = fas] : 1 — (N — B) — B]

Fan R

* **fa1b1a2b2 b b = (b; = bo)

o P O P O F O F



Proot of (6) (ll)

lvay,a9.Af. fa1 = fas] : 1 — [(N — B) — B]

e Recursive calls?

>1< **;?mal*faltag f
o Fr O PO F O F O



Proot of (6) (ll)

lvay,a9.Af. fa1 = fas] : 1 — [(N — B) — B]

* Recursive calls?  x x x7a *MQ f
O P O P OPOPO

e [emma: Forany * --- ay «++ by,

; \\_,__/ \w//

view(x - - - aq) = (a1 a9) - V|ew( °°°CL2) —> by =bg




Proot of (6) (ll)

lvay,a9.Af. fa1 = fas] : 1 — [(N — B) — B]

* Recursive calls? « x %7 1*m2 f
O P OPOPOPO

e Lemma: Forany * ---

"'CL b2’
\\____/ ”\w,/

O O
view(x - - - aq) = (a1 a9) - V|ew( c+-a9) = by =bo
o Apply to: Xk */fb\lag \b
/& \J,/ \\w,/
o F O F o P o P




e Full abstraction

o Strategies derived from the syntax compositionally

 Checking semantic equivalence not generally easy



Benton & Koutavas proot

A Mechanized Bisimulation for the Nu-Calculus

Nick Benton
Microsoft Research, Cambridge

Vasileios Koutavas*
Trinity College, Dublin

Abstract.

We introduce a Sumii-Pierce-Koutavas-Wand-style bisimulation for Pitts and Stark’s nu-
calculus, a simply-typed lambda calculus with fresh name generation. This bisimulation co-
incides with contextual equivalence and provides a usable and elementary method for estab-
lishing all the subtle equivalences given by Stark [29]. We also describe the formalization of
soundness and of the examples in the Coq proof assistant.
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soundness and of the examples in the Coq proof assistant.




Annotated relations

* Define annotated relations: (51,52, R)

with R=(Rp)

Ry C Valp(Sy) x Valp(Ss)

@;$ZT|—8:T UlRTUQ

sfor/z] R suo/a]




Adequate Bisimulations Sets

» Examine sets X of annotated relations

e Adequate(X) = V(S51,59, R) € X.th,tQ,S{,vl.
ty Rpty A (S1,t1) — (5], 01)
— ElSé,’UQ,Q. R C(Q
A (S1WS], S ShQ)e X
A (S2,t2) — (S5, v9)
AN (IT'=B) = (v =0
A v Qo



Completeness

* Define flattening:

S:x:THt (X)) ty: T =
(S, S, R) € X. (A\x.t; Ry Ax.to) A (Va € S. a Ry a)

o t] =ty <= JAdequate(X). t1(X)°ts



Prootf of (6)

Uayar = Af.(far = fas)
7-1 — Vajlj@Q.UalaQ
™ = Af.true

0,0, { \y.7, \y.m)}) e X

(51,52, R) e X Sin{ap,a} =0
(S1W{ar, a2}, 52, RU{ (Ugyay, ™) }) € X

(Sl,SQ,R) cX R/:S{:‘Sé SZ-HSZ(:@

(S1wS],SowS), RYR) e X




Check first rule

0,0, { (\y.7, \y.m)}) e X

Adequate(X) = V(51,59, R) € X.th,tQ,S{,Ul.
ti Rpty A (Si,t1) — (S, v1)
= 355,19,Q0. RCQ

A (S1w S, SwShQ)eX

A (S2,t9) — (53, v9)
A (T'=B) = (v1 =19
AN Q%Ug




Check first rule

0,0, { (\y.7, \y.m)}) e X

e Suppose (51,59, R) € X, t1 R™ to

e wlog: (Ay.71) by R* (Ay.79) by
b1 R* bs



Check first rule

0,0, { (\y.7, \y.m)}) e X

e Suppose (51,59, R) € X, t1 R™ to

e wlog: (Ay.71) by R* (Ay.79) by
b1 R* bs

 Then (51, (Ay.11)b1) — (S1 W {a1, a2}, Ugyay)
(S92, (Ay.12) ba) — (52, ™)

and Sl H_J {&17 &2}7 827 R U { (UCHGQv 7-2) }) S X



Check second rule
(51,9, R)e X Sin{a, a2} =0

(81 W, {al, GQ}, So, R U { (Ua,la,g; 7‘2) }) c X

e Suppose (51,9, R) € X, 1| R™ to
. W]OgZ (Ualag Ul) R" (7_2 UQ)
v R* v9



Check second rule
(51,9, R)e X Sin{a, a2} =0

(81 W, {al, GQ}, So, R U { (Ua,la,g; 7‘2) }) c X

Suppose (51,52, R) € X', t] R* to

wlog:

Then

show:

(Uayay v1) R* (T202)
vy R* vo

(Sla Ua1a2 Ul) — (Sl 4 S/7b)
(52, o v2) —» (52, true)

b = true



Check second rule (Il)

e Show: Ugya,v1 — true

e Note vi Rf vy = vy = Az.s[ui/z], wup R us

* 501 Uajapv1 — s(up)lar/z| = s(uy)|az/?]



e Show:

Check second rule (ll)

Ugya, V1 — true

e Note vi Rf vy = vy = Az.s[ui/z], wup R us

¢ SO:

Unias 01 — s(@)[ar/2] = s(@i)las/2]

s(up)lar/z] — b

= (a1 az) - (s(u1)]a1/z]) — b

= s(u)
= s(u)

as/z

as/z

[Uagal/Ualag] — b

—» b



A complete method

Proofs can be checked

Bisimulation set needs to be guessed

Showing adequacy is not automatic



Last slide

» Several methods for contextual equivalence

* The language is simply difficult



Last slide

» Several methods for contextual equivalence
* The language 1s simply difficult

(1s equivalence decidable?)

» [ ogical relations / bisimulations on strategies?
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