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Abstract. In this paper we introduce a nominal m-calculus and examine
its operational behavior under early-transition relation. Our calculus is
a reformulation of the m@-calculus, i.e. the m-calculus of name-abstracted
processes, in the theory of nominal sets of Gabbay and Pitts. The me-
chanics of nominal sets provide ease of nominal manipulations such as
name-abstractions, and the use of abstracted processes yields a finitely-
branching transition relation. Moreover, we introduce nominal automata
as the natural candidates for representing the operational semantics.

1 Introduction

The treatment of names in computational theories has received notable attention
since researchers ceased to be satisfied with the conventional approach, epito-
mised in the Barendregt variable convention. It was argued (see e.g. [MP99,Pit03])
that the conventional approach of name binding in abstract syntax, which equates
terms under a-equivalence and then reasons with specifically selected represen-
tatives, leaves a lot to be desired: an abstract syntax involving a-equivalence
classes as base terms is more appropriate. Such a syntax is provided by use
of (at least) two kinds of abstract syntax: Higher-Order Abstract Syntax and
Nominal Abstract Syntax. In this paper we examine the use of the latter for a
presentation of the m-calculus?.

We formulate a nominal m-calculus based on the theory of nominal sets de-
veloped by Gabbay and Pitts [Gab00,GP02,Pit03]. Our presentation deals ele-
gantly with a-equivalence, name-freshness and name-abstraction, and introduces
a transition relation which efficiently encodes early transition. An earlier inves-
tigation on the m-calculus in this nominal setting was carried out in [Gab03],
where early and late transition relations were considered. In this paper we re-
formulate that calculus by considering abstracted? processes and actions (and
adding recursion), which allows us to use simpler notions of nominal theory?

The use of abstracted processes in the m-calculus is not new. Apart from
work conducted in the HOAS framework (e.g. [MP99,HMS01]), in [BHLMO4]
the mh-calculus is introduced as a calculus of “processes under a list of abstrac-
tions”, these latter called #-abstractions. The operational semantics of 76 is

! And refer the reader to e.g. [GP02, Section 1.1] and [Gab03, Section 5] for a discussion
on the pros and cons of typing nominal signatures in NAS instead of HOAS.

2 We refer to nominal abstraction, see definition 2.

3 Specifically, we do not use generalised /-quantifiers and related notions.



finitely branching and allows for a finite representation of finitary processes in
appropriate automata: f-automata. Our Mm-calculus is a nominalisation of 6.

As in [BHLMO04], the transition relation we use is ‘economically’ early, by be-
having early when receiving known names and late when receiving (or creating)
fresh ones (definition 13). In contrast to [BHLMO4], the notion of known names
is taken directly from the processes (i.e. from their finite support), instead of ex-
plicitly attaching it to the transition relation. The resulting transition relation
is finitely branching and allows for efficient algorithmic interpretations of early
transition in nominal automata, which we introduce.

Nominal automata (or M-automata) are automata built in nominal sets, and
which use a memory list (called a proper name-list) to store names. At each
step of the computation the automaton evaluates its input by recourse to its
current name-list, and the list is updated at each such step. List update involves
introduction of fresh names (which is modeled as name-abstraction) or deletion
of known names that are not of further use. l-automata are more general than
f-automata, as the latter are too specific to m-calculus processes (e.g. in order
to check indexed bisimilarity of two f-automata one has to check transitions of
mwh-processes not appearing in the automata), and could be seen as an analog of
HD-automata ([MPO05]) in nominal sets, yet with the additional feature of using
also abstracted states (as f-automata do).

2 Nominal sets, the category Nom

In this paper all constructions are based on Nominal Sets ([GP02,Pit03]), which
are ordinary sets entailing names (atoms), in the following manner.

Definition 1 (Nom, # and /1) We assume a distinguished countably infinite
set of names N. A nominal set X is a set equipped with a name-swapping oper-
ation (- _)-_: N? x X — X such that for all a,«’, 8,3 €N, z € X,

(@a)z =z, (a B)(aB)z == and (a B)(a' f')z = ((a f)d (ap)f)(af)z
Moreover, all elements of 2z € X have finite support S(x), where
S(x) := {« | for infinitely many 3. (o 8)-x # z}

x is equivariant if it has empty support. We say that «a s fresh for x, and
write a#x, if @ ¢ S(x). A function f : X — Y between nominal sets X,Y is
called equivariant if, for every o, 8 € Nand z € X, (a B)}f(z) = f((a B)z) . Thus,

Nom is the category of nominal sets and equivariant functions. A

So N in particular is a nominal set, and so is N#, the set of finite lists of distinct
names. Moreover, (- )-_: N® x X — X are by definition equivariant. We also
introduce the freshness quantifier:

MaeN.¢p <= ¢ holds for cofinitely many o € N

Some further definitions will be of use.



Definition 2 Let X be a nominal set, z € X and « € N, and define:

o N#X :={(a,2) e Nx X | a#x} and NH#X :={(o,x) e N xX | aFz}.
e The abstraction of x at o as

(@)z = {0, (a f)-2) | B =V #a}

We have S({a) z) = S(z) \ {a}, and setting (N) X := {{a)z | (e, x) ENX X}

we get (_)_ : Nx X — (N) X in Nom.

Given some basic nominal set Xy we obtain the abstracted sets:
(N)°Xo:=Xo, (N)""'Xq:=(N}(N)"Xo, (N)*Xq:= Un€w<N>nXo

Usually, when we use metavariable x to range in (N)* X then & ranges in Xy
and 2 ranges in (N)">9X,.

e Dually to name-abstraction, name-concretion @ : N#(N) X — X. For each
(o, &) € N#(N)X the concretion of & at « is the unique y € X such that
= {(a)y, ie TQa=y < &= (a)y.

e The nominal set of strict name-abstractions on X, (N) X := {{a)x | aftz},
and, as above, (N)"X and (N)*X . A

Regarding notation, note that we will usually denote sequences of names «;...c,
by @, and we will write (@) = for (a1) ...{a) z, and Q& for (...(xQay )Q...)Qcy,.

A useful nominal notion, introduced in [Gab00] as fresh operator, is that of
cofinitely constant values: if f: N#X — Y returns, at any = € X, the same
f(a, ) for cofinitely many o € N, then we can obtain a ‘curried’ version of f,
denoted Nav. f(er,-) : X — Y, returning for each x precisely this (unique) value.

Proposition 3 Let f : N#X — Y in Nom. There exists a unique morphism
f: X =Y st.VeeX. VNaeN. f(z) = f(a,z), iff VeeX. NaeN. a#f(a,x). o

Definition 4 (CCV) Let f: N#X — Y in Nom. If f satisfies the condition:
Vee X. NaeN. a#f(a, x) (CCV)

then define, for each = € X, Na . f(a,z) to be the value f(:c), with f as in
the above proposition. N« . f(«, z) is the cofinitely constant value of the non-
equivariant partial function f(_,z). A

This operator gives us all the machinery needed to reason about abstracted terms
namelessly, i.e. without having to resort to selection of representatives. For exam-
ple, we can extend name-abstraction into a functor (N) : Nom — Nom by send-
ingeach f: X - Y to (N)f: (N)X — (N)Y, where (N) f(Z) := VNa.(a) f(2Qa).
Functoriality of (N) can be easily shown using the following proposition.

Proposition 5 Let f : NA(Y x Z) — W and g : N#X — Z in Nom. If
Ve X. NaeN. a#g(a,z) and VyeY.Vze Z. UGEN. B#f(8,y, z) then we have,
foralze X,yeY, NB.f(B,yNa.gla,z)) =VB.f(B,y,9(B,z)) 0



2.1 Proper name-lists

4 A construction in Nom particularly useful to us is that of proper name-lists,
which are a special class of abstracted lists of names. Given a basic nominal set
Xy, we can describe any element x € (N)* X, by a pair (L, z’) of a proper name-
list and an element of (N)*Xy, so that L contains precisely the abstraction-
structure of  whereas x’ contains only the strict abstractions. This description
will be useful when considering algorithmic interpretations of the nominal -
calculus, so in place of Xy we put some set of basic states Stsg .

Definition 6 (Proper name-lists) Define Lo := N#, and fix the denotation
L =|[L4,...,Ly,], for each L € Ly. Proper name-lists are abstracted name-lists
L € (N)"Ly which satisfy the properness condition: (&) L is proper iff

Vi, 3,3’ j i =Ly Ny =Ly Ni<j = i <j
We let L C (N)*Ly denote the set of proper name-lists. A

Informally, proper name-lists are lists of distinct names with name-abstractions
on the front that respect the list-ordering. For example, let:

P ¢ Stsg, S(P) = {x,2}, P:= (xy2)P, L:= (xyz)[z, 2] and P’ := (zz)P (1)
Then, P can be represented by (P, L) € ({N)*Stsg) x L.

We proceed to some useful functions for proper-name-list manipulation.

Definition 7 Let L = [a1,...,an] € Lo and L € L, and define:

e A length function | |:L — wby: |Ljo:=n , |L|:=Wa.|LQd]|.
e Left-push and right-push functions push and add, both of type N#L — L:
pushy(z, L) := [z, a1, ...,a] , push(z, L) :=WNa. () pushy(z, LQJ)
addo(x, L) := [a1, ..oy, @], add(x, L) := N . (&) addg(z, LQA)

e Fresh-name addition function addfresh : . — L, which right-pushes some
fresh name in a list and inner-abstracts on it:

addfresh(L) :=WNa . (@) NG . (B)addo (0, LQX)
e A deletion function del : {m € w* | m strictly increasing} — L — L:
del(m)o(L) = L—[amy;s oy ] 5 del(m)(L) := Ua.(a) del(mi)o(LQQ)
(where we write L — L’ for sublist deletion). We let |del(m)| := || . A

Not all pairs of lists and strictly-abstracted states can represent a state, and not
all pairs of lists and states are such that the list encodes the abstraction-structure
of the state; some compatibility constraints must be satisfied.

4 Note that the material in this section won’t be needed until section 3.1.



Definition 8 Let Stso be some basic nominal set of states, Sts® := (N)*Stsg
and Sts := (N)*Stsg. The compatible Sts®-L pairs form the set Sts® L and
the compatible Sts-L pairs form Sts L, as follows.

StsEL:={(P,L) € Sts* x L | S(P)NS(L) = @ AIm. P € (N)™Stso Am = |L|}
StsEL:={(P,L) € Sts x L | (L) C S(P) AUGEN.Vi < |d|. ;#PAG < o;#LAa}

For each P € Sts we obtain an equivariant proper name-list (P)E] and a strictly-
abstracted state (P)® as follows. If P € Stsg then (P)™ := [| and (P)® := P, ow:

(P Na () (PQa)Y (PP = Na. (PQa) if NaeN. a#PQa
" |Ma. (a)push(a, (PQa)?) " M. (@)(PQa) if MaeN. afPAa
A

The compatibility constraints of Sts [J L ensure that, in a pair (P,L) € Sts
L, P can be described by a strictly-abstracted state P’ € Sts® and the list
L, as they ensure that the list L follows the abstraction-structure of state P.
Notably, (P, (P)Y) € Sts[L, since (P)™ is constructed precisely by copying the
abstraction-structure of P. On the other hand, the compatibility constraints of
Sts® B L ensure that a pair (P,L) € Sts® 5L may encode a state P’ € Sts:
P and L must not have common names, while L. may keep enlisted only those
abstracted names that are active in P. In particular, ((P)®, (P)P) € Sts® B L,
where (P)Y is just P with its non-strict abstractions removed.

We formalise the intuitions regarding representations of abstracted states by
pairs of strictly-abstracted states and lists with the following translations.

Definition 9 Let Stsg be a basic nominal set of states, and Sts, Sts® as above.
Define the translations (_)® : Sts L — Sts® and (_)Y : Sts® B L — Sts as:

(P,L)El — <L1Ln>P . (P, L)E] — P@(Lan) . R if L € IFJO
Na. (PQa, LQa) Na . (o) (P, LQa) , otherwise

A

Note that, for any (P, L) € StsEL, we have (P, L)®, L) € StsEL, and, for any
(P,L) € Sts* B 1L, we have ((P,L)", L) € Sts®[01L. Moreover, for any P € Sts,
(P)® = (P, (P))¥. The relation between the above translations is depicted by
the following proposition.

Proposition 10 Let Stsg be some basic set of states, and Sts,Sts® as above.
Then, for each (P,L) € Sts AL, (P,L)®,L)Y = P, and, for each (Q,L) €
Sts*EL, ((Q,L)",L)7 = Q. 0

Hence, returning to our previous example (1), we see that (P, L) € Sts[L and
(P', L) € Sts®E L. Moreover, L = (P)¥, (P,L)® = P' and (P',L)® = P.
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3 The Nominal w-calculus (/m-calculus)

Let us fix a countably infinite set N of names x,y, a, 3, ..., and consider nominal
sets over N. The nominal 7-calculus (Um-calculus) is then defined as follows.

Definition 11 The processes of the /m-calculus form the nominal set IT:
IT .= (N)*IIy where

IIy>P:= 0| 7.P|zyP|z(y)P| P|P | P+P | v(y)P | [z =y|P | p(Z)
Elements of IT are ranged over by P, Q, etc. Each used process constant p must
be accompanied by a definition of the form p(¥) £ P, where P € Il and

S(P) = 8(%) and ¥ € N#. Moreover, each occurrence of a process variable p
must be guarded, i.e. must come in one of the forms Zy.p, x.(y)p or T.p. A

In comparison to the ordinary m-calculus one notes the formulations for input
processes (z.(y)P) and fresh-name processes (v{x)P), as well as the use of ab-
stracted processes (P € (N)*>°1I,), which stand for (a-equivalence classes of)
processes having received or created fresh names.

Although the decorated notation P is useful for the definition, we will aban-
don it for most of the sequel for aesthetic reasons. Now, we extend constructions
for parallel composition and v-abstractions to processes in (N) Il as follows. For
any P,Q € (NVII, and P,Q € IIy,

P|Q :=Wa. (o) (PAa|Q@a) P|Q:=Wa. (o) (Pan|Q)
P|Q :=Wa. (o) (P|Qaq) viz) P :=WNa. (o) v(z) (PQa)
These will be used implicitly below (e.g. in PAR, CLOSE, RES of definition 13).

Name-swapping comes for free in II, as it is a nominal set. It follows that
the support of a process P is exactly the set of its “free names”. Name-for-name
substitution (simply substitution) in IT can be introduced as an arrow in Nom,
{-/-}-: N2 x IT — II. For any P € IT and any 1,22 € N, let o be {z1/22} and
define o-P :=WNa . (@) o-(PQQ&), where the case of P € I is given by:

c-0:=0 o-(r.P):=71.0-P o-(x.P) :=(0-2).0-P [...]

(2)

and {21 /22 }-P := V. (@) {21 /22 }-(PQa) , the unique process we come out with
for every a#xy, za, P, if we do all the syntactic operations in () {x; /x5 }{( PQa).

Using substitution we can expand name-concretion to non-fresh names. That
is, we define (equivariant) @ : N x (NYII — IT as:

POS :=Va.{B/a}-(PAq) (3)
Substitutions distribute over @. Moreover, # is reflected by substitution (but
not preserved by it, e.g. {a/G} 8#{a/8} ).

Proposition 12 For any substitution o, any y € N, P € Il and Pell \ Iy,
e S(0-P)=0-3(P) and y#P = o-y#o-P
e (0-P)O(c-y)=0-(P0Oy) O



We proceed to the transition calculus of V.

Definition 13 The set of actions is a nominal set Act (ranged over by a, b, etc.):
Act := (N)* Actg where Actoda= 7| Ty | zy | xe | To

7, ® and o are equivariant constants. xe denotes input of a locally fresh name,
and Zo output of a globally fresh name (bound output).

The transition calculus is defined below. Note that some rules have (omitted)
symmetric counterparts, while in all rules but ABS we have P, Py, P, € Il.

i T T = — —_— yHazP
Mop-p O Zy.P s p P Y poy
. P _a P _:no A
T Sunt 1—_’aQ St 1 :y’ QA y# Py
: Pi+P,— Q Pi+Py = QQy rvkP:
a a xre A
ABs P—@Q h—Q h— q y# P

@)P <25 (3Q PP, =5 QP Py | Py Quy | Py AvkPs

P -% Q P-%Q P Q
MaTcH 2 RES @ Y#a Open o zH#y
[z=2lP — Q  viyP — vy viy) P — (y)Q
P _:Ey P _xy P _a?y P _xe A
ComMm {— Ql_,_ 2 — Qs ComM {— Qi 2 A—) Qo y# P2
PP —— Q1]Q P | P, — Q1] Q2Qy
_5:0 A _xe A — P - _a .
CLOSE h— Qi PQA —)AQQ REC (@) _?@aa — @ p(Z)=P
PPy —— v(Q1]Q2) p(@) — Q R

We note here that the nominal w-calculus of [Gab03] is given in IT (excluding
recursion) and Actg, and the transition relation is a subset of ITo x (N) (Acto x I1p).
The presentation we have given here, of —C II x Act x II, is more convenient
when considering strings of actions and algorithmic interpretations.

The transition relation defined above is early on known (non-fresh) names
and late on fresh ones. That is, an input process z.P may either receive a known
name y and move to P@y (early), or receive a fresh name and move to P (late).
This allows for a finitely branching formulation of what is essentially an early
transition semantics. Note that the set of a process’ known names is exactly its
support, in contrast to [BHLMO04] where known names are explicitly inserted in
the transition relation as a third argument.

Moreover, the transition relation is equivariant; in fact, it is preserved under
any finite series of swappings and substitutions.

Lemma 14 For any P,Q,Q €ll,a€ Act and x,y € N,

e if P - Q is derivable by D, then (x y)-D derives (z y)-P {2 v)e (x y)Q,
o ifP % Q then, for every name z#P, P - Q@z. a



Proposition 15 Let ¢ = 01,...,0, and T = 71, ..., Tm be finite series of swap-
pings and substitutions, P,Q € II and a € Act, then,
o (Vxes(P).d(z)=7(x)) = ¢-P=7-P,

e P-% Q = &P 2% 5.Q O

We can define structural congruence for U, as follows.

Definition 16 A relation R C II? is called a congruence if,

e TR is reflexive, symmetric and transitive in Iy,
e forany P,Q,R € Iy and z,y € N, if (P,Q) € R then R also contains:

(PR, Q|R), (PHR, Q+R), (v(y) P, v(y)Q), (z-(y) P, 2.{y)Q), (zy.P, 7y.Q), (T.P, 7.Q)
e forany P,Q € Il and x € N, if (P,Q) € R then ((z)P, (z)Q) € R.

Structural congruence is the smallest congruence relation, =, such that, for every
P,Q,R € Iy and every z,y, z € N with z# P, = contains:

(Pl0, P), (P|Q,QIP), (PIQ)IR, P|(Q|R)), (P+0,P), (P+Q,Q+P)
(P+Q)+R, P+(Q+R)), (v(2)0,0), (v(z)(P [ Q), (P |v{z)Q))
(v(z)v(y) P, v{y)v{z)P), ([x = 2]P, P), ([z = y]0,0) A
In reasoning about the transition calculus, one traditionally considers some
bisimilarity relation. Here we will consider a strong bisimilarity ([SWO01, sec-
tion 2.2]), i.e. one that takes equally into account 7 and other actions. Now note
that in ordinary m-calculus under early transition one has to tackle the problem
of two processes being essentially bisimilar yet having different transitions be-
cause of ‘dummy’ names. For example, although the 7-processes vy.zy.[z = z].0
and vy.Zy.0 are essentially ‘the same’, the former cannot transit via Z(z) as
the latter can. In 7 the analogous problem arises with inputs. For example, the
essentially equivalent processes x.(y)[z = z]0 and z.(y)0 differ in that the latter
cannot transit via zz. Such considerations lead to the following definition.

Definition 17 A relation R C II? is a bisimulation if it is symmetric and
whenever (P,Q) € R and P —*> P/,

if a ¢ Acty then MaeN. (PQa, QQa) € R,

else, if @ = xe then there is Q" such that Q@ ——> Q" and (P’,Q’) € R, and,
for all y € 5(Q)\S(P), there is @, such that Q@ - @, and (P'Qy,Q,) € R,
else, if a = xy with y#Q then there is Q' s.t. Q — Q' and (P',Q'Qy) € R,
otherwise, there is Q' such that Q@ — @’ and (P',Q') € R.

Bisimilarity, ~C IT2, is the largest bisimulation relation. 0

It is easy to see now that z(y).[z = 2]0 ~ z(y).0. More generally, using trans-
lations from and to the ordinary m-calculus, we can show that P = @ implies
P ~ Q. For now, we show the following.



Lemma 18 Let P € (N)"IIy and Q € (NY™IIy, with m,n > 0.
Then, P~ Q <= (MaeN.PQa ~ QQa«). Moreover, if P ~ Q and P — P,

for some P, a, thenm =n and Q = Q', some Q',b. O

Proposition 19 (~ equivariant and transitive)

o Forany P,QeIll anda,fEN, P~Q = (af)-P~ (af)Q.
e Forany P,Q,Rell, P~R~Q — P~Q. a

3.1 Algorithmic interpretations, Automata

The transition calculus of I7 is finitely branching due to the nominal treatment
of fresh names. This is very convenient, yet we can obtain more. In particular,
we notice that as a process evolves it is affixed with information on the fresh
names received or created, by means of name-abstractions in the front. However,
it may be the case that not all of these names appear in the process, since as a

process evolves it may lose names. For example, the process p(x) £ v(y)zy.p(y)

creates an infinite transition sequence:

T € W)y (yz)zo

v(y)zyp(y) — W)py) —— )v(2)jz.p(z) =2 (yz)p(z) —= (yz)v(w)zw.p(w) —= .

where y is abstracted in (yz)p(z), although it does not appear in (z)p(z). If we
devised a separate mechanism to keep track of the abstracted names in a transi-
tion sequence and kept only strictly-abstracted states, then the abstraction of y
would be redundant in (yz)p(z) and we could dismiss it. Thus, the above tran-
sition sequence would become:
v(y)ayply) == W)p(y) == Whr(gzp(z) 2 (p(z) == (2vw)zwplw) 22
or simply p(z) = (y)p(y) <O,

In order to provide such a mechanism we will use proper name-lists, intro-
duced in section 2.1. As we saw in that section, a state (a process) can be repre-
sented by a strictly-abstracted state and a proper name-list. Hence, the transition
trees can be represented by trees with pairs of strictly-abstracted processes and
proper name-lists as nodes, or, even better, by automata with strictly-abstracted
states and an auxiliary memory device, the latter being a proper name-list.

We introduce nominal automata, or /l-automata for short. M-automata are
automata with access to an auxiliary memory device, in particular a proper
name-list. At each control step the whole list may be accessed and the list may
grow unboundedly large. The states of a M-automaton have finite support, and
the automaton evaluates strings of input which contain names, symbols for fresh
names and other equivariant symbols. The auxiliary list stores the fresh names
encountered: if while evaluating a string of input a symbol for fresh name is
encountered, the M-automaton adds a fresh entry in its list of names. This allows
us to abstract states solely at active fresh names, so the states are kept as strict
abstractions of the basic states.

Definition 20 (/l-automata) Fix a (possibly infinite) nominal set Stso of
basic states. A M-automaton is a construction A := (S, Xeqt, 0, Po, Lo) attached
with a proper name-list L, such that:
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o S8 C Sts® (= (N)*Stsp) is the set of states, with S(S) = S(Fp) and all states
in § are accepting. The set of possible configurations of A is the set SEIL :=
(SxL)N(Sts*EL) of all compatible state-list pairs. The abstraction-sup of A,
written Ny, is the least ordinal containing all n € w with SN (N)"Stsy # @.

o Py is the initial state.

o Yeqt is the set of equivariant input symbols, which generates the set of input
symbols X := (N)*Xy , where Xy :=NU {e,0} U Xy .

“e” [“0”] is the symbol denoting a locally [resp. globally] fresh name.

o Ly is the initial configuration of L, with S(Lg) = @ and (Py, Lg) € SEI L.

o §:8 — P(Sx X xD)is a function assigning to each state P a set of transi-
tion instructions.® (P, (Q,a,d)) € § is denoted by P o=~ @ and means that,
whenever the automaton is in a configuration (P, L) and a symbol a is re-
ceived, if a = a[L] then L is updated to upd(a,d, L) and the control proceeds
to state Q. Further definitions:

ac X :=NU{e 0} Uy UNy
d € D :={del(m) | m € Na* A |Mi| € Na A 7 strictly increasing}
upd(a,d, L) :=d(add,(L))
add, :=addfresh if a € {e,0}, and add, := id (= L — L) otherwise
Thus, tags a € X may be symbols from X or L-references denoted by i € Ny,

and encode a (possibly abstracted) input symbol. The latter is obtained using
al]:L — X, defined by:

a[L] = I/lcjz: . @)(L@o?)i ,ifa= z‘.
Na.(a)a , otherwise
We impose the following restrictions on §: if P O?Ia(mT Q then,

Thus, the automaton starts from an initial state and list, and evaluates strings
that may contain abstractions of equivariant symbols ¢, of known names x, or of
e, 0. Given an input symbol a and a current configuration (P, L) the automaton
either halts; or accepts the symbol, updates the list and moves to a next state.
List update depends on the input symbol being a fresh-name symbol e, 0 and
on the del(m) associated with the transition. Fresh-name symbols add a fresh
entry to the list, and del(ni) applied to the list discards names with indices .
We define bisimilarity between configurations of /-automata as follows.

Definition 21 Let A, B be /-automata with sets of states S4 and Sz respec-
tively, and common input alphabet X = (N)*X. Then, R C (S4EIL) x (SgEL)
is an AB-bisimulation relation if, whenever (P, L)R(Q, K), if P o—:—> P’ then:

o if a[L] ¢ Yo then L, K ¢ Lo and VlaeN. (P, LQa)R(Q, KQ«) ,

o else, if a = e then O—d:r—> Q" with (P, upd(e,qd, Ll))R(Q’,upd(o, d,K)),
and, for all y € 8(Q, K) \ S(P, L), we have Qo—:—;—> Q' with a'[K] =y and
(P',d(add(y, L)))R(Q',upd(a’,d’, K)),

5 Essentially,  is a ‘curried form’ of a transition relation of type SEILx X — P(SEIL).
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o else,ifa[L] = a#Q, K then Qo—;—> Q' with (P’,upd(e,d, L))R(Q’,d(add(e, K))),
o else @ o—:—:—> Q' with a[L] = a/[K] and (P’,upd(a,d, L))R(Q’,upd(a’,d’, K));

. . a /
and viceversa if Q) o=~ Q.

AB-bisimilarity, ~4gC (S4 B L) x (Sg B L), is the largest AB-bisimulation.
Moreover, A and B are bisimilar, A ~, B, if (Py, Lg) ~a5 (Qo, Ko), for the
initial configurations (Py, Lo) and (Qo, Ko) of A and B respectively. A

The intuition behind the formulations regarding locally-fresh-name transitions
should be seen in the context of bisimulation in the M7-calculus. Thus, a locally-
fresh-name transition a from P must be matched by a similar transition from Q;
moreover, any transition from @) that accepts a name y fresh for P but not for
@ must be matched by the transition a from P.

we will now use /-automata to model processes of the Vim-calculus. Let the
nominal set of strict Mw-calculus processes be II° := (N)* I .

Definition 22 (6™ and /m-automata) Assume Y., = {7,7} and Ny = w,
and define a (universal) Wr-instruction function §™ : IT® — P(II° x 3 x D),
with (@, a,d) € 6™ (P) written P o—::—> Q, by the following rules.

S — ————yHa.P ——— VaeN. aP@
Pl P NP poy WPz p T
our 7y - P 0_:_> Q — NoeN. a#Paa
7 P Maren ———————F—— 2T
Ty.Po—%> P o = 2P Q " xP dll)—>|/1a PQo
P o= NILENYs P <
Sum l—d—;Q Sum 1! — Q y# Py SuMm ﬂ%ﬁ y#P1
P1+P2 O_d_)Q P +P2 LN Q@y Ny# P> P1+P2 o—y—>Q/\y#P2
a xre Te A
. Plo—g—>Q an Plo_del(l) > Q y#Py an P10—>Q JA P,
P P> Q[ P Py | Py Q| Py My#P Py | Py QQy | Py Av#P:
P o—2 P o_:vy_) P o_:vy
RES g Q y#a OPEN Q Q/L;#iQ OPEN ;E? Q z#y
v{y) P o3> v(y)Q v{y >P°—del(1>—> QM v{y)P o (y)Q "v#Q
((®)P)@d o—— Q Po del(r_ﬁ) Q o¥P Pogamy @ #P.O
Ree et POEP Avs (1/z} @), Ae#Q A {1/z} (a*") .
p(a@) o=~ ()P ogrqa sy @ ()P orimy (0)@Q
JE Pyo—22s P oY P50y .
CoMM ! @ p 2% a1 ()~ del(l) @ CoMM 1 — Qi 2 A—) Qs Y# Q2
Py | Py Q1] Qo Py | Pyo—— Q1] Q2Qy
P1°—jy—>Q1 Py @y P1°_xdo_>Q1 P2°_3;7.—>Q2
CoMMm T CLOSE p
Py | Pyo—— Q1] Q2 Pr | Pyo——v(Q1]|Q2)

ajaza a: ar .
where each P o222 ( is short for P o=t P* o2 P** o—2s (), using

decompositions Zy = (7)(x)(y) , etc., and dummy states P*, P**; and also:

¢ In all rules but ABS we have P, Py, P, € Il and missing d-parts mean del().
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¢ The operator _t+ increases all integers in an expression by 1.
o In case Q1,Q2 € Iy in CLOSE, we let v(Q1 | Q2) :=WNa.v{a)(Q1 | Q2) -

To any Py € IT we relate a W-automaton Ap, = (S,{r,}, 5, (Po)™, (Py)"),
where we set S := {P | P is §™-accessible from (P,)®} and 6 := 67 [ S.
We call Ap, a Wm-automaton. O

Note the utility of the two INP rules for fresh-name input: the first rule adds a
fresh entry to L and abstracts on it; the second adds solely an empty abstraction
to L (by adding a name, abstracting on it and the deleting it), since the received
name does not appear in the rest of the process.

Let us proceed to an example: the Vir-automaton for (x)x.(y) z.(2) §z.p(y),
with p(z) 2 z.(y)x.(2)§z.p(y) , is depicted below. We write the initial configu-
ration below the start arrow. Also, for ease of understanding, we attach to each
state the corresponding configuration of its list, modulo recursion, and we use

@lod] Tjfar (@)@ (y) ©.(2) g2.p(y) . (@) e

(@, BB, | (@, B) o, ]

The succinctness of the Mr-automata representation can be firstly seen in the
following result. Let /17/¢T¥* be the sub-calculus of V7 containing those processes
which have finite control and which reduce to processes whose v-abstractions are
strict 6. The corresponding /r-automata have finitely many states.

Proposition 23 If Py is in Un/Tvs then Ap, is finite. 0

It is possible to extend the above result to finitary processes in general, as it is
done in the case of f-automata. For this, one has to work in ITo modulo structural
congruence =. We do not pursue this here.

Finally, we show the intended correspondence between transitions in V7 and
0™, which allows us to show that bisimilarity between processes in 7 is equiv-
alent to bisimilarity of their m-automata.

Lemma 24 Let P,QQ € II°, L € L, (a,d) € ¥ x D. If (P,L) € [I*E L and
Po—:l—> Q in 6™, then (P,L)Y ~lLl, (Q,upd(a,d, L) in Nx. O

6 A process has finite control if no parallel compositions appear in its recursive defi-
nitions. vP is a strict v-abstraction if Mo € N. a# PQa.
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Lemma 25 For any P,Q € II, a € Act and L € L with (P,L) € I L
and P =% Q in Ur, there exists (a,d) € ¥ x D such that a[l] = a and
(P,L)® o2 (Q, upd(a,d, L))® in 67, 0

Theorem 26 For any Py, Qo € II, Py ~ Qo <= Ap, ~4 Ag, - O

4 Conclusion

This paper provides an investigation on the applicability of nominal theory to
defining the m-calculus under early transition semantics. The resulting presen-
tation deals elegantly with fresh-name introduction and produces a finitely-
branching transition calculus. Moreover, it leads to considerations of nominal
automata, /l-automata, for these transitions. M-automata have a restricted state-
space, as one state is needed for each fresh-name introduction step instead of
one state for each possible fresh name. Each fresh-name introduction leads to a
state with one more name-abstraction than the current state. To cope with the
accumulation of irrelevant name-abstractions in states, a -automaton stores its
history of name-abstractions in a proper name-list.

A major issue which has not been pursued in this paper is that of bisimulation-
decidability for finite M-automata; it is left for future consideration. So is the issue
of (nominal) algorithms related to this class of automata.
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A Appendix: Deferred Proofs

Proof of proposition 3:
Note first that if such an f exists, then Vo € X. Na €N. a# f(a, z), since for any
x € X and any a#x such that f( ) = fa, x), if B#, f( ),

a=(af)p#(af) f(z) = f(z) = f(a,2)
Conversely, suppose that that Ve € X. MaeN. a# f(«a, x). Define

fi=A{(,9) | NaeN.a#f(a,z) Ay = f(a,x)}

We show first that f is a partial function: if (x,y), (z,2) € f, then for cofinitely
many « we have a# f(«, x) =y, and for cofinitely many « we have a# f(«, z) =
z. Hence, there are cofinitely many « that do both:

a#f(a,x) =Yy==z

Moreover, f is total. Take any = € X, then there is a cofinite set A C N such
that Va€ A. a# f(a,x). Take a # § € A with «, 8#x (so f#f(a, x)), then

f(B,z) = f((a B)-a, (o B)-z) = (a B) fe,x) = f(a,z)
Hence, there exists y € Y such that Ya € A\ S(x). a# f(a, z) = y. Since A\ S(x)

is cofinite, f(x) = y.
Moreover, f : X — Y is equivariant:

(@ B)-flz) =y < f(z)=(aB)y

= NyeNy#f(v,2) A (a B)-y= f(v,z)

< NyeN.(a B)#(a B) f(v,z) ANy = (aB) f(v,z)
(

L Yy eNA#F (1, (a B)-2) Ay = f(, (@ B)a) < f((aB)a)=y

In step (%) note that a sentence holds for cofinitely many v € N iff it holds for
cofinitely many such with y#a, 8. For similar reasons,

f:{(x’y)l l/laeN.y:f(a,x)} O

Proof of proposition 5:

Take any x € X,y € Y. Let z, = V. g(e, ) be the cofinitely constant value
of g(-,z), and wy , =WVB. f(B,y, zz) the cofinitely constant value of f(_,y, z5).
Then, there are cofinite sets A, C N, B, , C N such that Ya€ A,. g(a, x) = 2,
and VB € By 5. f(8,Y, 22) = wy 2. Hence, VB € Az N By 2. 25 = g(B, @) N Wy o =
f(B,y, zz) , as required. O

Proof of proposition 10:
Note first that, for any (P, L) € Sts®* B L, if L = push(w, L), some «, L', then
(P,L)¥ = (PQq,L’)*. This is shown by induction on L: for L € Ly it is
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clear, otherwise, (P, )2 = UB. (3)(P, L@B)> = NB. (B)(P,push(a, L’GB))E L
na.(B)(Paa, ') = (PQa, L") .

Now, for the first statement let L € (N)™Lg ; we proceed by induction on n+|L|.
For the base case of L = [d] € Ly, we have ((P,L)¥,L)® = ((a)P,[d]))® = P.
Now, suppose Vla € N. a#LQq, then,

(P, L)®, L) = (Na. (PQa, Laq)®, L)
=U3. (B Na. (PQa, Laa)®, Lag)™
=UB . (B)(PaB, Lap), Lap)? = NB. (3)(Pag) = P
On the other hand, if o €N. L@q = push(a, L),
(P,L)?,1)P = UB. (B)(P@p, L))?, )"
=UB.(B)Na. (a)(PQa, L')®, Lag)?
"LUUG (B ((PaB, L), L) E UG (B)(Pag) = P

Finally, if o eN. a#¥L@Qa A L = push(8, L), then,
(P, L)P,1)P = (B)(P,L))®, L)P "2 (P, 1)®, )P L p

For the second statement we proceed dually by induction on n + |L|. For the
base case of L = [d] € Ly we have,

(@, D)%, )" = (Qad, [a)® = Q
Now, suppose Vla €N. a# LQa, then,
(@, L)%, L)" = Ua. (a)(@, L@a)”, )"
=Us.(Na.(a)(Q, Lan)*)as3, Lag)®
=VB.((Q,Lap)”, Lap® £ @
On the other hand, if Ma€N. L@a = push(a, L), then,
(Q, L)Y, L)¥ = M. (a)(Q, L@a)”, L)¥ "= Nar. (a)(Q@a, L), L)¥
=B ((B) (N ()(Qaa, L')?)ap, 1)¥)
=UB. ((B)(QaB, L), L)) = 8. (8)(QEp) = Q
Finally, if Ua €N. a# L@« A L = push(3, L'), then,

(Q, L)%, L)% "2° ((Qap, L')?, L)? = (8)((Qap, L), L") & (3)(Qap) = Q

Proof of proposition 12:
The first conjunct of the first statement is proven by straightforward induction
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on P. For the second conjunct we have that

y#P — ye€S(P) = oy€o-P = o-yHfo-P.

Now, for the second statement, denote for economy o-y by v’ and o-P by P
If y#P, then o-(P@y) = o-(PQy) = Va.o-(y a)-(PQa) .

Moreover, if y/#P’ then,

P'oy' =WNa{y'Ja{oP)aa = Nau{y' Ja N B.(B)o(PQS))Qa = Va.{y' /a}o( PQa)
We claim that, for any such a#y,o and any z € S(P@oz)7

{y'/a}-oc-x =0-(y @)-xz and hence
J.(P@y) =o-WNa.(y a).(P@a)) =WNa.o-(y Oé)~(p@04) _ p/@y/

Indeed, if = a then oz =z =a,s0 {y'/a}ox={y/ata=y =0c(y a)z.

If affz then also afto-r,s0 {y'/a}-ocx =02 vEPZv#e

Otherwise, if y'# P’ then,

o-(y a)-z.

P'oy = P'ay = Na.(a)o-(PAa))@y =WVa.(y «)-o-(PQa)

and note that, for a#o,y, functions (y" a) o o and o o (y ) are equal (in N).
Now, if y# P then y'#P’, by the previous lemma. Therefore,

P'oy =Wa.{y'/a}-0-(PQa) and o-(POy) =Wa.o-{y/a}-(PQq)
and now note, for a#o,y, the functions {y’'/a} oo and oo {y/a} are equal. O

Proof of proposition 15:

The former property is shown by induction on P, using the fact that &z = &(x)
for every name .

For the latter, assume P —%> (@ and take & a finite series of substitutions
and swappings, say ¢ := o1, ...,0,. We argue by induction on n; for n = 0 we
have that ¢ acts on P, a, @ like the identity permutation, because of the former
property.

Now suppose n > 0; we ha\ie 0 =o,T , for some series 7 of length n — 1, so, by
induction hypothesis, P’ —~> Q' holds for P’ := 7-P, Q' := 7-Q and o' := 7-a.

We need to show that o- P’ AL o-Q’ also holds. If ¢ is a name-swapping use
the previous lemma.

Otherwise, if 0 = {x1/x2} for x1, 22 € N, then we (again) proceed by induction
on the derivation of P/ ~%> Q', using lemmata 12 and 14, and manipulations of
Naw’s . Below we show two characteristic examples of the induction step.
Suppose P’ <, Q' is in fact v{y)P o, (1)Q , derived by P —% Q with y#x.
By lemma 14, we can derive (a y)-P —=% (o y)-Q , for some fresh a, in the
same number of steps. Thus, the IH is applicable, so o-(a y)-P SCALIEN o (ay)Q

o-Txx

is derivable. Applying OPEN, we get v{(a)o-(a y)-P —— {(a)o-(a y)-Q .
Suppose P’ N Q' is in fact p(@) <, Q' , derived by ((Z)P)@a <, Q' . By
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H, o (((Z)P)@a) —= <5 5 @' . Now note that, by lemma 12, o-((Z)P)@c-& =
(0-(Z)P)@o-d . But (Z)P is equivariant, so the action of ¢ on it is the same as

the action of the identity permutation. Hence, ((£)P)@o-d ——*— ¢-@Q’ , and
thus, by REC, p(o-d) —— o-Q’ , as required. O

Proof of lemma 18:

The first statement is straightforward, by definition of bisimilarity. For the sec-
ond, suppose P —% P’. Then, MaeN. PQa —*~ w92, p'@a A PQa ~ QQq, and
repeating this n times we get Ma@eN. PQa 998, P'Qd A PQF ~ QQa , where
|&] = n. NOW Q@a has to simulate a@Qda € Actyg, hence Q@a e lly,..m=mn,

and Q@a —— Q" . Applying ABS n times we get Q — (@)Q". O

Proof of proposition 19:

For the first statement, take R := {(P, Q) | (a 8)-P ~ (a §)-Q} . It is straight-
forward to show that R is a bisimulation.

For the second statement, take R := {(P,Q) | 3R€Il.P ~ R ~ Q} . We show
that R is a bisimulation. Note first that R is symmetric. Moreover, suppose that
(P,Q) €R,s0 P~ R~Q, and P - P'.

If a ¢ Acty then Mo eN. PQo ~ RQa and R N R’, some R’ and a’ ¢ Actp.
Thus Mo € N. RQa ~ Q@ , hence VMla € N. PQa ~ RQa ~ QQa, ... Na €
N. (P@a,Q@a) € R.

Else, if a = ze then R > R' ~ P', . Q > Q' ~ R'. Hence, (P',Q’) € R.
Moreover, if y € S(Q) \ S(P) and y#R then Q -“ Q, ~ R'Qy. But, by the
previous lemma and equivariance of ~ , R' ~ P’ implies R'Qy ~ P’'Qy, thus
(P'ay,Q,) € R Otherwise, if y € S(Q)\S(P) and y#R then R 5 R, ~ P'Qy
and thus Q@ =% Q, ~ R, , hence (P'Qy, Q,) € R.

Else, if a = zz, some 2#Q, R, then R = R’ with R'Qz~P', . Q = Q' ~
R' and (P',Q'Qz) € R. If a = xz, some z#Q but z%R, then R —> R’ ~ P’
Q= Q' with R’ ~ Q'Qz, hence (P',Q'@Qz) € R.

Else, if a = xz, some z#R but z%#Q, then R —> R’ with P ~ R'Qz,
Q5 Q. ~ R'Qz, hence (P',Q,) € R. The other cases are clear. O

Proof of proposition 23:
Let Ap, = (S,{7,7}, 9, Pj, Lo) . Moreover, suppose that P invokes the definitions

pi(Zi) 4 Pi,i=1,..,N, and take M := |P}| 4+ |P}| - max{|P;| | i < N}. The size

function |-| : IT — w is given by:

0l:=1, [p(Z)| := |Z], [2y.P|:=2+|P|, [z.P|:=1+|P|, |P|Q|:=|P|+Q],
|P4+Q|:=|P|+1|Q|, |vP|:=|P|, |[xr=y|P|:=2+|P|, |P| :=WNa.|PQq|

Now, if @ is 6™-accessible from P} then |Q| < M , as P} may only increase its size

by recursion, and recursions cannot obtain size greater than max{|P;| | i < N},
as Py has finite control. Moreover, if @ € (N)"IIy then n < W& .|QQd4| = |Q)].
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Hence,
M
S<{Qe|JIN'IT | QI < M AS(Q) S S(R)}
i=0
Because of strict v-abstractions, the RHS-set above is finite, so S is finite. O

Proof of lemma 24:
By induction on the derivation of P o3> Q. Note that P € IIy implies |L| = 0,

and thus L = (@)[], for any & € N¥. In this case, (P, L)Y = (@)P and a[l] =
(d)a, by choosing any sufficiently fresh &. We proceed with a case analysis on
the last rule in the derivation and show some characteristic cases:

> If 7y.Q —2> Q, then (@)P 2% (g
> If 2.0 Q, then (@)P 2% (7)Q
295 de.« ANE = (@QMB(aB) [ﬁ])E = (@ Mﬁ-(Q, (BYB)T = (@) Nr{7) (Q@) =
ayQ.

> If2.Qo—2 del(l My .Q@~y, then (&)P [d)ze, (@Q.

1<\To>w (17:Q@y, del(1)(adds ((@)[))™ = (N7.QQ@y,Uru(@n[)™ = (@7)(Q@y) =
ayQ.
> If

>Q TAU rule similarly.

)

Py | Py Qay | Py )

thus P =2 Q. By Par, Py | P, % Qy | Py, hence (@)(P; | Py) 2%
(@)(Qay | ). X
It P o225 Q

Pl | P2 s Q | P2 )

Q. By PAR, P[Py =% Q| P, =VB.(5)(QQf| P2), hence (@)(Py | Py) ~*%

V3 (@B)(QQS | Py) . Now, (Q| Po, B (@B) ()" = (@)U . (Q| P2, (B)18)7 =

v#PiAv#Ps | then, by TH, (@)Pp %% (3)Q and

, then, by IH, ()P, 2% (3)Q and thus P; =%

(@Y (MUQ | R)a7) = (D)@ ).
" d = del( )_> Q P
> If . (12} (at / 2#P then ((z)P',L) € II° B L implies that
()P mﬁ) (2)Q
either L = push(w, L') for some a#P L', or L = Na . {(a)push(a, L'). In the

/\

former case we have that, ((x)P’, L)¥ = ((a z)-P’, L') | while in the latter,

((z)P', L) = NB.(B)((x)P', L&B)T = NB.(B)((x)P', push(B, L) = UNB.(B)((8 z}P', L')"

We treat only the latter case, the former is treated similarly. Take any S#x, P, L'
and let L” := (B z}L' . By TH we have that , (P, L")Y ~lL, (Q’',upd(a,d, L)Y
and hence, by equivariance of transition and of all used functions,

((82)-P, )7 L2 (5 2).Q' upd(a.d. L))"
(B)(8 @) P, 1) LUEDBILY (5)((5 7). wpa(a, 4, L))"

Now note that {1/z}-(a™)(L) =UB.(B3)((3 z)-a)(L’) and
((2) Q' upd(a,d’, L))" = (6)((8 2)-Q', upd(a,d, L'))" . 0

ABSs
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Proof of lemma 25:
We formulate a translation from transitions in V7 to transitions in 67 as follows.
For any P —*> @Q and L such that (P, L) € Il DL, take

(P,L,Q,a)" := (a,del(1)) if L= A (a=mzeVa=2Z0)AWNa. a#QQu
T ") (a,del())  otherwise if L =[]
([1/Oé]a’++,7/)(047 Q, d/)) if (L €LoVHNaeN. a#L@a) AL = PUSh(Oc)(L/)

and (a’,d') = (P, L',Q,a)E'
Na. (PQa, LQa, a@a, Q@a)E if NaeN. a#LQa
a.([1/ala"™ ¢¥(a,Q@a,d")) if Ma€N. LQa = push(a)(L’)
and (a’,d') = (PQa, L', QQa, a@a)®

N .

where ¢ (z, Q,del(m)) := {del(m . ) ?f THO

del(l,m*+) if x#Q
Take now (a,d) to be (P, L, Q,a)*. We can easily show a[L] = a.
Now, we observe that (P,L) € II DL implies (Q,upd(a,d,L)) € ITI DL, since
the update d deletes exactly the names in L that do not exist in @, according
to the definition above. For the rest of the proof we proceed by induction on the
derivation of P -2 Q. a

Proof of theorem 26:
Let A:= Ap,, B:= Ag, and ~ B =~ U~vpa .
For the («<=) part we proceed as follows. Take

R:={(P,Q) e II” | 3L, KeL.((P,L)®,L) ~53 (Q, K)¥, K)}

It suffices to show that R is a bisimulation. Note that R is symmetric. Now,
take some (P,Q) € R with, say, (P,L)®,L) ~a5 ((Q,K)®, K) and suppose
P -%s P’ then,

» IfP % P then (P,L)® 2> (P,upd(a,d, L))?, with (a,d) = (P, L, Q, a)®
a[L] = xe and add, = addfresh. Now ((P,L)®,L) ~45 ((Q,K)® K), so
(Q, K)7 o> @', with '[K] = a[L] = we and (P, upd(a,d, L)), upd(a,d, L)) ~.as
(Q',upd(a’,d’, K)).

Then, Q = (Q, K)®, K)® =% (Q',upd(a’,d’, K))” = Q, and (Q,upd(a’,d’, K))¥ =

Q' so (P,Q) €R.

Now, if y € S(Q)\S(P) then y € 5((Q, K)¥, K)\s((P,L)®, L), so (Q, K)¥ o=

Q" , with a”[K] = zy and ((P d(addfresh( M, d(add(y, L))) ~a5 (Q”,upd( " d" K)).
NOW? Q = ((Qa K)Elﬂ K) (Qﬂa upd(a// d// ))El Qy ’ and (an upd(aﬂa d//a K))El =
Q" so it suffices to show that (p,d(addfresh(L)) © — (Pay,d(add(y, L)),

in order to get (PQy,Q,) € R. But, if L = d(addfresh(L)) then L@y =

d(add(y, L)), so it is shown.

> IfP = P/ with y#Q, then (P, L)¥ o> (P’,upd(a,d, L))¥, with (a,d) =

(P,L,P',ay)? and a[L] = zy. Now, y#((Q.K)?, K), so (Q.K)% o @,
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with a’[K] = ze , add, = addfresh and ((P’,upd(a,d, L))®,upd(a,d, L)) ~ 45

(@, d’(add(y, K))). . .

Now, Q = ((Q,K)”, K)” =% (Q',upd(2/,d', K))P = Q , and (QQy, '(add(y, K)))® =
(Q,upd(a ,d’,K))E' =Q,so (P',Q@y) €R.

» If P -%s P’ with a € Acty and not listed above, work as in the case of

a = re.

» If P % P’ with a ¢ Acty, then (P,L)® o= (P’ upd(a,d,L))¥, with

(a,d) = (P, L, P’,a)® and a[L] = a,so VlaeN. ((P, ) , LQa) ~AB (Q, K)® K@a)
But now note that la €N. (PQa, L@a)® = (P, L)¥ (Q@a K@a)® = (Q, )
thus MaeN. (PQa, QQa) € R, as required.

For the (=) part we proceed as follows. Take
R:={((P.L).(Q,K)) € SABL x SsEL | (P,L)” ~ (Q.K)"}

It suffices to show that R is a bisimulation. Though R is not symmetric, it
suffices to show it is a simulation, since a symmetric argument can be used
for bisimulation. So, take some (P,L)R(Q,K), with (P,L)" ~ (Q,K)" and
suppose Po—:—> P’; then, (P,L)Y SN (P',upd(a,d, L))" and,

» If a[L] = ze, then (Q,K)Y % Q ~ (P’ ,upd(a,d,L))” and add, =

addfresh. ,

Now, Q = ((Q, K)¥, K)¥ o—a—> (Q,upd(a’,d’,K))‘EI = @', with a’'[K] = ze and
((Q,upd(a’,d’, K))¥, upd(a’, Y JK))P = Q50 (P'vupd(a d,L))R (Q’ UPd(a',dCK))-

Moreover, 1f y€S8(Q,K)\ S(P L) then y € 5((Q, K)™) \S((P L) ), s

(Q,K)¥ =% Q, ~ (P',upd(a,d, L))P@Qy . Now, if upd(a,d, L) = L then d(add(y,L)) =

Lay, and (P, L)@y = Na. (P, (« >(L@a))m@y = WNa. ((a)(P', L@a)P)ay =

(P, [Aj@y)‘:' , as required.

Also, Q = ((Q,K)D,K)E o2 (Qy,upd(a”,d", K)¥ = Q" with a”[K] = ay

and (Q”,upd(a”,d", K))” = Q, , so (P, (add(y, ))) (Q", upd(a”,d”,K ) -

» If a[L] = zy with y#Q, K, then y#(Q,K)Y, so (Q, 2% @, with

Q@y ~ (P',upd(a,d, L)) Thus, @ = (@, K)¥, ) : (Q,UPd(a d, K))® =

@', with a'[K] = ze and add, = addfresh.

Now, (Q, upd(a’, &', K))2 = (Q@y, d'(add(y, K)))®, hence (@', &'(add(y, K)))R(P', upd(a, d, L))
» If a[L] € Acty and not listed above, work as in the case of a[L] = ze.

» Ifa[l] ¢ Acto, then MaeN. (P, L)PQa ~ (Q, K)”@a. But MaeN. (P, L)P@a =

(P,L@a)” A (Q, K)PQa = (Q, K@a)Y, thus MaeN. (P, L@a)R(Q, KQa), as

required. a



