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Full Abstraction for Nominal General References — Overview

This talk is about formulating a fully-abstract semantics of nominal
general references using nominal games.
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Full Abstraction for Nominal General References — Overview

This talk is about formulating a fully-abstract semantics of nominal
general references using nominal games.

We will be talking about:
e Nominal Sets (Gabbay, Pitts)

e A functional higher-order language with nominal general
references (Pitts, Stark, NT), the vp-calculus:

e good variables (references),
e reference-equality tests.

e Nominal Games (Abramsky, Ghica, Murawski, Ong, Stark, NT)
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Nominal Sets

Assume a countable set of types TY and foreach A € TY a
countably infinite set of names N 4. Take,

e N =4, N4 tobe the set of general names,

e and PERM(N) = @, v PERM(N ).
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Nominal Sets

Assume a countable set of types TY and foreach A € TY a
countably infinite set of names N 4. Take,

e N =4, N4 tobe the set of general names,

e and PERM(N) = @ ,.rv PERM(N ).

A nominal set X is a set equipped with an action from PERM(N),
_o_ :PERM(N) x X — X (e.9. Tox)

such that all z € X have finite strong support S(x) C N,

Vi € PERM(N). mox =2 <= Va € S(z).7m(a) = «

N Tzevelekos, FA for Nominal General References Wroclaw, July 13th -3



Nominal Sets

Assume a countable set of types TY and foreach A € TY a
countably infinite set of names N 4. Take,

e N =4, N4 tobe the set of general names,
e and PERM(N) = @ ,.rv PERM(N ).
A nominal set X is a set equipped with an action from PERM(N),
_o_ :PERM(N) x X — X (e.9. Tox)
such that all z € X have finite strong support S(x) C N,
Vi € PERM(N). mox =2 <= Va € S(z).7m(a) = «

~ N, the set of finite lists of distinct names, is a nominal set.
(denote names by «, 3, etc. and lists of names by «, 5, etc.)
~ If X, Y nominal sets then X x Y a nominal set.
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The vp-calculus —use names for general references!

The vp-calculus is a functional calculus with nominal references.

TY> A B:=1|N||A|l|A—-B|A®B
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The vp-calculus —use names for general references!

The vp-calculus is a functional calculus with nominal references.

TY> A B:=1|N||A|l|A—-B|A®B

TE> M,N = x| XM | M N A-term
skip return
n | pred M | succ N arithmetic

if0 M then N; else N, If_then_else
(M,N) | fst M | snd N pair/projections
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The vp-calculus —use names for general references!

The vp-calculus is a functional calculus with nominal references.

TY> A B:=1|N||A|l|A—-B|A®B

TE> M,N = x| Xe.M | M N A-term
skip return
n | pred M | succ N arithmetic

if0 M then N; else N, If_then_else
(M,N) | fst M | snd N pair/projections

o) name, « € N = |4 ,.rv Na
vo. M v-abstraction

M = NJ name-equality test
M:=N update

\M dereferencing
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The vp-calculus —use names for general references!

The vp-calculus is a functional calculus with nominal references.

TY> A B:=1|N||A|l|A—-B|A®B

TE> M,N = x| Xe.M | M N A-term
skip return
n | pred M | succ N arithmetic

if0 M then N; else N, If_then_else
(M,N) | fst M | snd N pair/projections

o name, « € N = |4 ,.rv Na
vo. M v-abstraction

M = NJ name-equality test
M:=N|'M update / dereferencing

VAS V. W = n|skip|a|z|Xe.M | (V,W)

N Tzevelekos, FA for Nominal/General References Wroclaw, July 13th — 4



The vp-calculus: Typed Terms

Terms are typed in environments (&, ') consisting of:

e a list @ of distinct names (& € N¥) FITE M:A

~ freevarsin I’

a set I' of variable-type pairs .
* YPe P ~ (free) names in &
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The vp-calculus: Typed Terms

Terms are typed in environments (&, ') consisting of:

e a list @ of distinct names (& € N¥) FITE M:A

~ freevarsin I’

a set I' of variable-type pairs .
* YPe P ~ (free) names in &

a€es(a)
all,z:AbFz:A G0 Fa: 4 "o
ac | ' M : B all' =M : A all' = N:[A]
all'Fva.M:B all'F|[M=N]:N
all' = M:|A] all' = M:A] all'FN:A
all'=IM: A all'FM:=N:1
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The vp-calculus: Reduction

The reduction calculus is defined in store environments S’
Si=€¢|la,S|a=VS

with their domains being lists of distinct names.
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The vp-calculus: Reduction

The reduction calculus is defined in store environments S’
Si=€¢|la,S|a=VS

with their domains being lists of distinct names.

n=1Iif a#£(
Sk [a=p8 —> S F i n=0ifa=p

BES(S)

NE

WS FrvaM — S8 F (af)oM

DR

" S,a:V,S Fla — S,a: V., EV

UPD

Sa(zW),S"Fa:=V — S a:V S5 F skip

LA

"SF Oz M)V — SaF M{V/x)
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vp-calculus ;. Observational Equivalence

Reduction yields the following notion of equivalence.

Fortypedtermsa | ' FM:Aanda | T'F N : A,

allFMIN <—
VC[_]: N.(35". F C[M] —» S’ F 0)
— (359”. F C[N] — S" F 0)

where C|_]| is a variable- and name-closing context.

N Tzevelekos, FA for Nominal General References Wroclaw, July 13th — 7



vp-calculus ;. Observational Equivalence

Reduction yields the following notion of equivalence.

Fortypedtermsa | ' FM:Aanda | T'F N : A,

allFMIN <—
VC[_]: N.(35". F C[M] —» S’ F 0)
— (359”. F C[N] — S" F 0)

where C|_]| is a variable- and name-closing context.

For example,

va.M = M if o & S(M)
va, B.M = vp, o.M
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Nominal Games: Arenas and Prearenas

Game semantics gained prominence in the mid-90’s
by providing the first fully abstract semantics for PCF
Since then, game semantics have been used in order
to model fully-abstractly languages with a wide range of
computational effects —mostly in LICS.
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Nominal Games: Arenas and Prearenas

A (nominal) game can be described by plays —sequences of moves
played in alternation by Opponent and Player— on a prearena.

Anarena A = (Mya, I4,F4,)\4) is given by:
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Nominal Games: Arenas and Prearenas

A (nominal) game can be described by plays —sequences of moves
played in alternation by Opponent and Player— on a prearena.

Anarena A = (Mya, I4,F4,)\4) is given by:
e A nominal set M, of moves,
e A nominal subset 74, C M 4 of initial moves,
e A nominal justification relation -,C My x (M4 \ 14),

e A nominal labeling function A4 : M4 — {O, P} x {A,Q}.
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Nominal Games: Arenas and Prearenas

A (nominal) game can be described by plays —sequences of moves
played in alternation by Opponent and Player— on a prearena.

Anarena A = (Mya, I4,F4,)\4) is given by:
e A nominal set M, of moves,
e A nominal subset 74, C M 4 of initial moves,
e A nominal justification relation -,C My x (M4 \ 14),

e A nominal labeling function A4 : M4 — {O, P} x {A,Q}.

S FOfG&ChmE(MA\[A): tabFamibEqg---Fam;Eam

3 Initlal moves are P-Answers, and whenever my =4 mo,

my, mo by different players , m; Answer — my Question
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Nominal Games: Arenas and Prearenas

A (nominal) game can be described by plays —sequences of moves
played in alternation by Opponent and Player— on a prearena.

Anarena A = (Mya, I4,F4,)\4) is given by:

e A nominal set M, of moves,

e A nominal subset 74, C M 4 of initial moves,
My \ 1),
21— 10, P} x{4,Q}.

e A nominal justification relation =,4C M4

e A nominal labeling function A4 :

i Amll—A---l—Amil—Am

¢ Foreachm e (M \ I4):

% Initial moves are O-Questions, and whenever my 4 mo,

m1, mo by different players , m; Answer — my Question
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Basic Arenas, Prearenas
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Basic Arenas, Prearenas

1 N N 4 N =Ny
M; £ {x} My =N My, = Ny %
e In 2 N In, 2N no
1= N = Na = N4 L
87
AN |
. AR
Al|l B Al|l B Al B
A®B Ay A= B A=B (A% B))
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Basic Arenas, Prearenas

1 N NA []\|:>NA
é{*} Mn\]é[]\l MNAéNA B
2 1) In 2 N In, 2N no
= N = Na — N4 N
87
(/— |
H _)
A \\ / B Al B
A® A= DB A=B (A= B))
A— B
1A
Al B =

A B
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Moves and Plays

| _ = & € N# —local state
A move-with-names of a prearena A is: mO“\\i m € My

An a-play on A is a sequence of moves-with-names such that:

e moves are O P-alternating, e (O-moves cannot change the local state,
e every move is justified by a previous one, e P-moves can add fresh names to the
local state,

e except from the first move, which is initial and
has local state &, e P-moves must add fresh names to the

s , L local state to use them,
e Visibility and Well-Bracketing are satisfied.

e.g. Nso—— Ny= Ny
5 OQ
PA
OQ
PA
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Moves and Plays

| _ = & € N# —local state
A move-with-names of a prearena A is: mO“\\i m € My

An a-play on A is a sequence of moves-with-names such that:

e moves are O P-alternating, e (O-moves cannot change the local state,
e every move is justified by a previous one, e P-moves can add fresh names to the
local state,

e except from the first move, which is initial and
has local state &, e P-moves must add fresh names to the

s , L local state to use them,
e Visibility and Well-Bracketing are satisfied.

e.J. Ny—— Ny=Ny

b, OQ
T e PA
OQ
PA
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Moves and Plays

a. ——aeN¥ —local state
~_ __meEMy
An a-play on A is a sequence of moves-with-names such that:

A move-with-names of a prearena Ais: 1

e moves are O P-alternating, e (O-moves cannot change the local state,
e every move is justified by a previous one, e P-moves can add fresh names to the
local state,

e except from the first move, which is initial and
has local state &, e P-moves must add fresh names to the

s , L local state to use them,
e Visibility and Well-Bracketing are satisfied.

e.J. Ny—— Ny=Ny

g 0Q

/*O‘ PA
v OQ)
PA
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Moves and Plays

a. ——aeN¥ —local state
~_ __meEMy
An a-play on A is a sequence of moves-with-names such that:

A move-with-names of a prearena Ais: 1

e moves are O P-alternating, e (O-moves cannot change the local state,
e every move is justified by a previous one, e P-moves can add fresh names to the
local state,

e except from the first move, which is initial and
has local state &, e P-moves must add fresh names to the

s , L local state to use them,
e Visibility and Well-Bracketing are satisfied.

e.J. Ny—— Ny=Ny

0Q

o PA
£ o
a PA
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Moves and Plays

a. ——aeN¥ —local state
~_ __meEMy
An a-play on A is a sequence of moves-with-names such that:

A move-with-names of a prearena Ais: 1

e moves are O P-alternating, e (O-moves cannot change the local state,
e every move is justified by a previous one, e P-moves can add fresh names to the
local state,

e except from the first move, which is initial and
has local state &, e P-moves must add fresh names to the

s , L local state to use them,
e Visibility and Well-Bracketing are satisfied.

e.J. Ny—— Ny=Ny
p 0Q
——
* PA
/
g OQ
a“ PA
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Strategies

An a-strategy o Is a prefix-closed and O-move-closed set of
equivalence classes |s|5 of a-plays, satisfying:

[S]@’é {mos|moa = a}
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Strategies

An a-strategy o Is a prefix-closed and O-move-closed set of
equivalence classes |s|5 of a-plays, satisfying:

e If even-length [si21]g, |s222]a € 0 @and |s1|g = |s2]s then
[s121]a = [s272]5. (determinacy)

[S]@’é {mos|moa = a}
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Strategies

An a-strategy o Is a prefix-closed and O-move-closed set of
equivalence classes |s|5 of a-plays, satisfying:

e If even-length [si21]g, |s222]a € 0 @and |s1|g = |s2]s then
[s121]a = [s272]5. (determinacy)

e Innocence and Totality. slg 2 {mos|mod = a}

An a-strategy c on A — Bis writteno : A — B.
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Strategies

An a-strategy o Is a prefix-closed and O-move-closed set of
equivalence classes |s|5 of a-plays, satisfying:

e If even-length [siz1]g, |s222]a € 0 @and [s1|g = |s2]s then
[s121]a = [s272]4. (determinacy)

e Innocence and Totality.

An a-strategy c on A — Bis writteno : A — B.

o : A — B an a-strategy
T : B — C an a-strategy A ? B . C
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Strategies

An a-strategy o Is a prefix-closed and O-move-closed set of
equivalence classes |s|5 of a-plays, satisfying:

e If even-length [siz1]g, |s222]a € 0 @and [s1|g = |s2]s then
[s121]a = [s272]4. (determinacy)

e Innocence and Totality.

An a-strategy c on A — Bis writteno : A — B.

o : A — B an a-strategy o7
. e
7 : B — C'an a-strategy A B C
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Strategies

An a-strategy o Is a prefix-closed and O-move-closed set of
equivalence classes |s|5 of a-plays, satisfying:

e If even-length [siz1]g, |s222]a € 0 @and [s1|g = |s2]s then
[s121]a = [s272]4. (determinacy)

e Innocence and Totality.

An a-strategy c on A — Bis writteno : A — B.

o : A — B an a-strategy o7
. e
7 : B — C'an a-strategy A B C

o;7:A— C an a-strategy, obtained by:
~» composing and hiding B-moves
~ respecting Name_Conditions
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Semantics in V&

Let V¥ be the category of nominal arenas and &-strategies

Translate types to arenas:

[1]=1 [NI=N [l =Na [A®B] = [A]s[B]
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Semantics in V&

Let V¥ be the category of nominal arenas and &-strategies

Translate types to arenas:
1] =1 [NJ=N [l[A] =N4 [A®B] = [A][B]

[A—=B]=[Al®f=[B]®¢ &= QANa= [A])

— solved as a recursive domain equation.
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Semantics in V&

Let V¥ be the category of nominal arenas and &-strategies

Translate types to arenas:
1] =1 [NJ=N [l[A] =N4 [A®B] = [A][B]
[A— B] =[A] = (=[B] ®¢) § = Q@ ANa=[A])

We obtain a store monad 7, taking TA = ¢ = (A ® §).
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Semantics in V&

Let V¥ be the category of nominal arenas and &-strategies

Translate types to arenas:

[1]=1 [NI=N [l =Na [A®B] = [A]s[B]

[A— B] =[A] = (= [B] ®¢) § =@ 4Na=[A])
We obtain a store monad 7, taking 74 = ¢ =(A® £).
§
® PA
CE_J 0@ (aeNy)
—

fo)
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Semantics in V&

Let V¥ be the category of nominal arenas and &-strategies

Translate types to arenas:

[1]=1 [NI=N [l =Na [A®B] = [A]s[B]
[A—= B] =[A] = (£=[B] ®¢) & = QANa=[A])

We obtain a store monad 7, taking 74 = ¢ =(A® £).

3 TN (E=N®E)
ﬁ PA r\jk PA

Q 00 (aeNZ) ) 0Q
— F/(r;@) PA

@
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Examples of semantics in the model vV £ (V¥ T%) 4

la|lz:AF [x=a] :N] [|x:AF vajr=a]:N]
N4 IT'N N 4 IT'N
a” (€ = N&§) (€ = N®E)
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Examples of semantics in the model

% = <V&7 T&>&EN#

NA TN NA
a (£ = N®E)
__— O\,
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(€ = N&§)
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Examples of semantics in the model vV £ (V¥ T%) 4

N, TN N4 TN
a” (€ = N&§) (€ = N®E)
__— O\,

)

@CY
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Examples of semantics in the model vV £ (V¥ T%) 4

N, TN N, TN
a” (€ = N&§) (€ = N®£)
\___——
)
@CY
(0,®)"
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Examples of semantics in the model

% = <V&7 T&>&EN#

NA TN NA
a® (£ = N®E)
\_—
e’
—
@04

()
87
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Examples of semantics in the model

% = <V&7 T&>&EN#

NA TN NA
a® (£ = N®E)
\_—
e’
—
@04

[ J
(87
K/_ika

_
@04

(1,®)"
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Examples of semantics in the model vV £ (V¥ T%) 4

@ K

[ J
(8
K/_Tka

_
@O&

(1,®)"
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Examples of semantics in the model vV £ (V¥ T%) 4

@ K

()
(87

O\,

S
_
@O&

(1,®)"

= [[|a::A|—1/oz./f:D\l]]
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Y is a model of vp

~~ Name-abstraction:
Ga|TFM:B [M] = [I] — T[A]
alT Fva.M: B [va.M] = @[M] : [T] — T[A]
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Y is a model of vp

~~ Name-abstraction:
Ga|TFM:B [M] = [I] — T[A]
alT Fva.M: B [va.M] = @[M] : [T] — T[A]

[ —L—T[A]
mie (€= [A]&€)
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Y is a model of vp

~ Name-abstraction:

Ga|TFM:B [M] - [I'] — T[A]
FITFvaM:B [vaM]=[M]:[] — T[A]
[r] —L—T[4] (1] 24 7[4]
mie  (£=[A]®€) mé
K_/—\&oz \/\*&

J Y

@ ®°

o yaa
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VY is a model of vp (2)

~ Update:
[M] :T" — TNy IN]: T — TA

NAR[A] s T1

(Oé,iA)a (€:> 1@5)
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VY is a model of vp (2)

~ Update:
[M] :T" — TNy IN]: T — TA

NAR[A] P i

—

(c, M 1&¢)
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VY is a model of vp (2)

~ Update:
[M] :T" — TNy IN]: T — TA

NAR[A] s T1
(cr, M 1&¢)
*52
-
@CM
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VY is a model of vp (2)

~ Update:
[M] :T" — TNy IN]: T — TA

NAR[A] e T1
(Q,M 1&¢)
*52
o
@CM
\___\ ~
(*, ®)"
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VY is a model of vp (2)

~ Update:
[M] :T" — TNy IN]: T — TA

NAR[A] P4 i
(a, w 1®¢)
*52
-
@CM
(x,®)"
6&
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VY is a model of vp (2)

~ Update:
[M] :T" — TNy IN]: T — TA

NAR[A] P4 i

—

(oz,@/g\:> 1®€)

(x,®)"

—

/8@
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VY is a model of vp (2)

~ Update:
[M] :T" — TNy IN]: T — TA

NAR[A] e T1
(Q,M 1&¢)
*52
o
@CM
\___\ ~
(*, ®)"

a

87
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VY is a model of vp (2)

~ Update:
[M] :T" — TNy IN]: T — TA

NAR[A] tpda T1
(a,54)" = 1®¢)
\ \a

—

@CM

\—’ﬁ ~
(*, ®)"

aOé
—

U's
|
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Y is a model of vp (3)

~ Dereferencing:

[M] : [T] — TNy
] o] 2 7N, IR, 7214 & TA]

drf 5

N T[A]
a? (€= [A]®€)
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Y is a model of vp (3)

~ Dereferencing:

[M] : [T] — TNy
] o] 2 7N, IR, 7214 & TA]

drf 5

N 4 T[A]
w{Aﬂ ®E)
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Y is a model of vp (3)

~ Dereferencing:

[M] : [T] — TNy
] o] 2 7N, IR, 7214 & TA]

drf 5

N4 T[A]
wAﬂ ®E)
/_)*Oé
@O&
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Y is a model of vp (3)

~ Dereferencing:

[M] : [T] — TNy
] o] 2 7N, IR, 7214 & TA]

NA drf 5 T[[A]]
¢ e
*62
—~
@O&
=
(87
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Y is a model of vp (3)

~ Dereferencing:

[M] : [T] — TNy
] o] 2 7N, IR, 7214 & TA]

drf 5

N4 T[A]
wﬂﬂ ®E)
\a
—
@O&
&/
a
\—)
LA
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Y is a model of vp (3)

~ Dereferencing:

[M] : [T] — TNy
] o] 2 7N, IR, 7214 & TA]

drf 5

N4 T[A]
¢ el
*O_Z
—
@O&
il
Q
\—»
1A
(ZAv ®)&
|
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Y is a sound model

We can show equational soundness.
[M] =[N] = M 3N

— Do we also have completeness?
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Y is a sound model

We can show equational soundness.
[M] =[N] = M 3N
— Do we also have definability? No.

In the reduction calculus the treatment of the store follows a
specific store-discipline; for example,

e If a store S is updated to S’ then the original store S is not
accessible any more.
In strategies stores are treated as variables.
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Y is a sound model

We can show equational soundness.
[M] =[N] = M 3N
— Do we also have definability? No.

In the reduction calculus the treatment of the store follows a
specific store-discipline; for example,

e If a store S is updated to S’ then the original store S is not

accessible any more.
In strategies stores are treated as variables.

e When the store is asked a name, it either returns its value or it

deadlocks; there is no third option.
When Opponent asks the value of some name, Player is free

to evade answering and play elsewhere
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Tidy strategies and Full Abstraction

We therefore restrict strategies by imposing tidiness conditions,
obtaining thus tidy strategies.

Let 7° be the subcategory of V¥ with objects [A]
and arrows tidy strategies
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Tidy strategies and Full Abstraction

We therefore restrict strategies by imposing tidiness conditions,
obtaining thus tidy strategies.

Let 7° be the subcategory of V¥ with objects [A]
and arrows tidy strategies

T = (T% T9) .+ is a sound model

If o : [A] — T[B] is in 7 and has

finite description then it is definable

[M] S [N] <= M3 N
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Last slide, really

Summary:

% we Introduced vp,

%+ described Nominal Games,

% constructed a store arena, and a sound model V,
Q-

restricted to tidy strategies to obtain definability, and hence FA.
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Last slide, really

Summary:

% we Introduced vp,

%+ described Nominal Games,

% constructed a store arena, and a sound model V,

% restricted to tidy strategies to obtain definability, and hence FA.
Further on:

e Names for exceptions and the exception monad

e Abstract categorical models

e ‘Simpler’ quotiening to obtain the ‘nominal’ equalities

e Effectiveness and decidability
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Last slide, really

Summary:

% we Introduced vp,

%+ described Nominal Games,

% constructed a store arena, and a sound model V,
Q-

restricted to tidy strategies to obtain definability, and hence FA.

THANKS

Names for exceptions and the exception monad

e Abstract categorical models
e ‘Simpler’ quotiening to obtain the ‘nominal’ equalities

e Effectiveness and decidability
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The vp-calculus: An Example

M 2 va. o := (A\x™ y™ if0 2 then y else (la)(predz)(succy));la

— What does it do?
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The vp-calculus: An Example

M 2 va. o := (A\x™ y™ if0 2 then y else (la)(predz)(succy));la

>

~ elgbFM:N—N—N
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The vp-calculus: An Example

M= va. a = ()\SE N 1f0 x then y else (la)(pred x)(succy));!a
%4

~ elgbFM:N—N—N

SEMam —s S,6:V F (18)7m
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The vp-calculus: An Example

M 2 va. o := (A\x™ y™ if0 2 then y else (la)(predz)(succy));la

>

~ elgbFM:N—N—N

SEMnm — S,6:V F (10)n
— S, 802V EVnm
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The vp-calculus: An Example

A

M 2 va. o := (A\x™ y™ if0 2 then y else (la)(predz)(succy));la

>

~ elgbFM:N—N—N

SEMnm — S,6:V F (18)nm
— S, 802V EVnm

”»n »~nN

— S50V E(IH(n-1)(m+1)
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The vp-calculus: An Example

A

M 2 va. o := (A\x™ y™ if0 2 then y else (la)(predz)(succy));la

>

~ elgbFM:N—N—N

Sk Mam —s S,8:V F (18)7m
— S, 802V EVnm
— 5 8,8V F(18)(n 1) (m 1)
— 5 S BV EVn-1)(m+1) —> ...
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The vp-calculus: An Example

A

M =va. a:= ()xzc N o™ if0 x then y else (la)(pred x)(succy));!a
%4

w el@FM:N—-N-=N
Sk Mim —s S,8:V F (I8)7m

—— S, 8V EVnm

— S8V F (18) (n—1) (m+1)

— S S AV EVm-—1)(m+1) —s

— 5 S B8:VEVOImtn) —s S8V Fmin
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