Identifying Uniformly Mutated Segments within
Repeats

S. Cenk Sahinalp!, Evan Eichler?, Paul Goldberg?
, Petra Berenbrink?, Tom Friedetzky®, and Funda Ergun®

! Dept of EECS, Dept of Genetics and Center for Computational Genomics, CWRU,
USA; cenk@cwru. edu.
2 Dept of Genetics and Center for Computational Genomics, CWRU, USA;
eee@po.cwru.edu.
3 Dept of Computer Science, University of Warwick, UK; pug@dcs .warwick.ac.uk.
4 Simon Fraser University, School of Computing, Canada; petra@cs.sfu.ca
5 Pacific Institute of Mathematics, Simon Fraser University, Canada;
tfQ@pims.math.ca
8 NEC Research Institute and Dept of EECS, CWRU, USA;
ergun@research.nj.nec.com

Abstract. Given a long string of characters from a constant size alpha-
bet we present an algorithm to determine whether its characters have
been generated by a single i.i.d. random source. More specifically, con-
sider all possible n-coin models for generating a binary string S, where
each bit of S is generated via an independent toss of one of the n coins
in the model. The choice of which coin to toss is decided by a random
walk on the set of coins where the probability of a coin change is much
lower than the probability of using the same coin repeatedly. We present
a procedure to evaluate the likelihood of a n-coin model for given S, sub-
ject a uniform prior distribution over the parameters of the model (that
represent mutation rates and probabilities of copying events). In the ab-
sence of detailed prior knowledge of these parameters, the algorithm can
be used to determine whether the a posteriori probability for n = 1 is
higher than for any other n > 1. Qur algorithm runs in time O(¢* log ¢),
where £ is the length of S, through a dynamic programming approach
which exploits the assumed convexity of the a posteriori probability for
n.

Our test can be used in the analysis of long alignments between pairs
of genomic sequences in a number of ways. For example, functional re-
gions in genome sequences exhibit much lower mutation rates than non-
functional regions. Because our test provides means for determining vari-
ations in the mutation rate, it may be used to distinguish functional
regions from non-functional ones. Another application is in determining
whether two highly similar, thus evolutionarily related, genome segments
are the result of a single copy event or of a complex series of copy events.
This is particularly an issue in evolutionary studies of genome regions
rich with repeat segments (especially tandemly repeated segments).
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1 Introduction

The human genome consists of numerous segments “repeated” with various de-
grees of similarity [27,3,17]. Long repeat sequences are more likely to be gen-
erated as a result of segmental copies during evolution rather than by chance.!
Approximately 60% of the human genome appears to be repeated.?

Repeat segments are commonly classified into three main categories. Over
45% of the human genome comprises common repeats; one example is the
~ 300bp alu element, occurring more than 1M times within a divergence rate of
5% — 15%. Another ~ 5% consists of the centromeric repeats, particularly the
alpha satellite and microsatellite DNA. A final ~ 7% is made up of much longer
repeat segments (which include partial or complete genes) exhibiting small di-
vergence rates (< 10%). These figures support the theory that copying followed
by point mutations provide the main process underlying genome evolution [16].

Several biochemical mechanisms underlying segmental copies have been iden-
tified in the last 30 years (e.g. unequal cross over [23], replication slippage and
retrotransposition); potentially many more are waiting to be discovered. The
task of identifying all copying mechanisms in the genome for a better under-
standing of the genome evolution process poses a number of algorithmic and
computational challenges. First and foremost, one needs to identify a posteriori
all pairs of repeat sequences which were generated as a result of a single copy
event during evolution. Note that a repeat can be a result of multiple complex
copy events: for example a long tandemly repeated sequence S, S, S,S may be
a result of tandemly copying the first S three times or copying the first S once
to obtain S, .S and copying this whole segment again to get S, 5,5, S; there are
many other possibilities. We address the problem of identifying these copying
events and the order in which they occurred.

Contributions. In this paper we present a probabilistic test for identifying whether
a pair of genome sequences with a high similarity score are indeed a result of
a single copy event. For this purpose we employ the “neutral hypothesis”; i.e.
that point mutations occur independently at random with a fixed probability
(1.5 —3 x 1079 per base pair per year for non-functional segments of humanoids
and old world monkeys).

As mentioned above, a high similarity score between two sequences is an
indication of an evolutionary relationship. One possible relationship between two
such sequences is that one may have been copied from the other in a single copy
event. Because after a copying event both copies would be subject to independent

! Given a sequence of size 3 x 10°bp (the size of the human genome) generated by
an i.i.d. random source on the four letter DNA alphabet, the probability of having
a pair of 100bp segments with Hamming distance of 5 or less is smaller than 2 7°
(practically nil).

2 The chance that an arbitrary 1Kbp segment in the human genome to have a corre-
sponding segment with 30% divergence is 60%.
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point mutations, a number of edit errors would be observed in their alignment.
However, these mutations would have been applied to each character in an i.i.d.
fashion; as a result, the normalized similarity score between the two sequences
is expected to be uniform (allowing for the statistically expected amount of
variation) throughout their alignment.

A common strategy for identifying copies between two genome regions is
to iteratively locate pairs of sequences with the highest similarity score (e.g.
via Smith-Waterman method). Shortcomings of this strategy in terms of “sig-
nal strength” are discussed in [2], where an alternative “normalized” similarity
measure based on [20] is described along with an efficient algorithm for comput-
ing it. This approach is designed for identifying pairs of sequences with higher
functional relationship rather than providing a tool for studying the evolution
of repeat segments. As mentioned at the beginning of this section, a pair of
sequences with a high alignment score may be a result of a number of com-
plex copy events occurring at different points of evolutionary time. They may
also involve segments with varying degrees of functionality which are subject to
different rates of mutation; this is due to evolutionary pressures for conserving
highly functional segments. As a result, a high overall alignment score (absolute
or normalized) cannot be used (due to its consolidation of the individual align-
ment scores of smaller segments in the sequences) to measure the evolutionary
time passed since the separation of two such sequences. For instance, in satellite
DNA, which contains a large number of tandem repeats of the same subsequence,
there are many possibilities as to the actual progression of the copying events,
including their order, as well as the source and destination subsequences [15].
Assuring that the sequences have been subject to independent point mutations
only, rather than a complex series of copying events, is critical to the accuracy
of phylogenetic analysis, especially based on distance comparisons (e.g. [24])
involving these sequences.

To address the above issue we propose a new method for pairwise sequence
comparison in the form of a probabilistic test to determine whether a given
pair of sequences with high similarity score have been generated as the result
of a single copy event. More specifically, we consider n-state Hidden Markov
Models (HMMs) for generating the alignment sequence S (on which a 0 may
represent a correct alignment and a 1 may represent a misalignment) between
two highly similar sequences. In the models that we consider, the bit values of S
are generated by independent tosses of biased coins (with output 0/1) which are
fixed for each state of the HMM in consideration. (Thus each state represents
a random process which imposes a fixed mutation rate on the segment it is
applied upon.) The sequence of states which are responsible for the generation
of S is decided by a random walk where the probability of a state change is
much lower than that of remaining at a given state. We present an algorithm
which determines a posteriori for any given S, whether among all possible n-
state Hidden Markov Models, those for which n = 1 are more likely than any
other for which n > 1 (we compare the aggregate likelihood of all 1-state HMMs
with that of n-state HMMs for n > 1). Our algorithm runs in time O(¢* log¥),
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where £ is the length of S, through a dynamic programming approach which
exploits the convexity of the probability function for n.

Similar problems have been considered earlier in [12,11,26,9,14,14]. In fact
[9] considered a two state HMM for identifying the cutoff point between one mu-
tation rate and another for a given alignment sequence S. The most likely HMM
is constructed through standard expectation maximization (EM) techniques. In
contrast we focus on the aggregate effects of all possible 1 or 2 state HMMs rather
than focusing on a single model for robustness purposes as it does not require
specification of a cut-off point for differentiating one coin and two coin models.
Furthermore our approach need not consider a single alignment between the pair
of sequences considered: it is possible to generalize our method to aggregate over
all possible alignments according to the likelihood of their occurrence.

2 Preliminaries

For the purposes of this paper, the genome is a long string of characters from
the DNA alphabet {a,c,g,t}. A genome segment is a substring of the genome.
We assume that we are given the correctly assembled genome (partially or as a
whole) as part of the input.

Throughout the paper R and S denote genome segments, R[t] denotes the
character of segment R, and R[t : u] the substring between the #** and u‘"
characters (inclusive) of R. |R| denotes the length of the segment R.

tth

An alignment between two genome segments R and S is a pair (R',S’), where
R',S" € {a,c,g,t,—}* for some £ = |R'| = |S'|, such that R and S are obtained
if all “~” are removed from R' and S’ respectively. Furthermore, there should
be no t such that R'[t] = S'[t] = —.

Given two characters  and y, @y denotes the character-wise exclusive-OR
(XOR) function; it evaluates to 1 if x # y and to 0 otherwise. Given an alignment
(R',S"), where |R'| = |S'| = ¢, let al(R',S"), denote the alignment sequence of
(R',S") whose tt" entry is R'[t] ® S'[t]. We denote by h(R',S’) the normalized
Hamming distance between R' and S’, i.e. the number of 1’s in al(R’, S") divided
by £.

3 A probabilistic test for detecting simple copies

The sequence comparison problem we consider can be formally described as
follows. We are given two genome segments R, S and their alignment (R',S’)
for which h(R',S") < § for some predetermined threshold value 0 < ¢ < 1. Our
goal is to determine whether the alignment sequence al(R',S’) is more likely to
have been generated by a single i.i.d. random source or a combination of n i.i.d.
random sources, for some n > 1.
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The underlying motivation for the above problem is the need to test whether
the sequences R and S have been generated by a single copying event, followed
by independent point mutations only. Alternatively they could either be a re-
sult of more complex sequence of multiple copying events, where the segments
involved were subjected to mutations for different periods of time, or a result
of a single copying event after which different subregions have been subjected
to different mutation rates. When the latter possibility is indeed the case, one
expects to observe varying mutation rates throughout the sequences, resulting
in measurable variation in the normalized distance between aligned segments of
R’ and S’. Thus a probabilistic test for determining whether the edit errors be-
tween R’ and R' are more likely to have been generated by a single i.i.d. random
source than by multiple sources can be used as a tool for identifying pairs of
sequences that have been a result of a single copying event. For such sequences
an overall similarity score can be used to determine the evolutionary time passed
since their separation.

3.1 Comparing single and multiple coin models

Given the alignment sequence T' = al(R',S") = (T'[1],...,T[¢]) of length ¢, we
would like to compute the a posteriori probability that T has been generated
by independent tosses of a single coin or by a procession of multiple, coins
selected by performing a random walk in the set of coins. More formally, we
define an m-coin model as an n-state Hidden Markov Model similar to many
other applications of HMMs [4]. Note that employing HMMs in the context
of this paper is quite natural. Without any a priori information about which
positions in the alignment sequence a coin switch is more likely, it is plausible to
assume independent and identical distributions for the coin switch probabilities;
this in turn defines a HMM.

Let C = {C4,...,Cy,} denote a set of n coins, each with 0/1 outcome. Let
p;(b) denote the probability of outcome b, b € {0,1} on a flip of coin C;. Thus,
pi(0) + p;(1) = 1. If n = 1, we will denote C; as C and p;(1) as p. We denote
by ¢¢, the coin used in generating T'[t], 1 < ¢ < £. Note that for any t = 1,...,¢,
Pr(T[t] = 1| ¢ = C;) = p;(1), since the outcome does not depend on the
location itself but only on the “active” coin. Furthermore, let a; ; denote the
transition probability Pr(g:+1 = C; | ¢¢ = C;) that coin C; is replaced by Cj
between locations ¢ and ¢ + 1. Note that a; ; does not depend on the location t.
Let 7; = Pr(gx = Cj) for 1 < j < n (the probability that the first location is
generated by coin Cj).

Letting A be the n x n matrix with A(i,j) = a;j, P be the n-dimensional
vector with P(j) = p;(1) and 7 be the n-dimensional vector with 7 (j) = 7;, an
n-coin model X is now defined by the triple (A4, P, 7). For n > 1, let A,, denote
the set of all n-coin models. Denote by A =, -, A the set of all coin models.

Let £2 = {0,1}* x A denote our probability space. Hence, an elementary event
is an ordered pair (B, A) where B is an £-bit binary string, and A a coin model.
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An experiment consists of the following steps. First select a coin model (by first
choosing the number of coins n, then fixing the parameters (A, P, 7)), next, use
this model to generate an alignment sequence B (a bit string of length £).

For convenience, we define the following probabilities. For some coin model
A, let Pr(\) = Pr (UBE{O,I}Z(B,)\)). Similarly, for B € {0,1}¢, let Pr(B) =

Pr (Uyea(B;A)). Note that > Befoy Pr(B) = X 5ea Pr(A) = 1.

Let W; denote the event that an i-coin model was chosen, i.e., W; = 2N
({0,1}*x A;). We are interested in the quantities Pr(W;|T) = Pr(W;| Uy (T, A))
for all ¢ > 1. By Bayes’ rule:

Pr(W; AT) Pr(T|W;)-Pr(W);)
PrWilT) = =5y~ = Pr(T)
where, as above, Pr(T|W;) = Pr(U,c,(T,A)|W;) and Pr(W; AT) = Pr(W; N
Uxea(T, ). Without any prior information, we use the non-informative prior
with Pr(W;) = Pr(W;) for all 4,5 > 1. Hence, we need to compute and compare
all Pr(T|W;) in order to compute the most probable number of coins to generate
the sequence.

Single-coin model. Let A, denote the single-coin model where p is the probability
that a 1 is generated by the coin. For discrete valued p,

Pr(T | Wi) =Y _Pr(T | A, AW1) x Pr(X, | Wh).
)
For continuous valued p for which Pr(), | Wy) is uniform over p € [0, 1],

Pr(T | Wl)z/ol Pr(T | \p AWy) dp = /OlPr(T[l]-T[2]...T[€] | Ap, Wi) dp

1
=/ p"1—p)*dp
0

_’il 0—k 1
_z':0 i —i+1

where k is the number of 1’s in T'. Hence, in a single-coin model, provided that
the number of 0’s and 1’s is given, their specific locations have no effect on
Pr(T | Wy), and thus on the likelihood of W; given T'.

Multiple coin models. For coins g;, q;11 let ag; 4., be the transition probability
for moving from g; to g;11; let py, (b) be the probability that coin ¢; outputs b
(for b =0 or 1), and let 7, denote the probability mj, for k such that ¢; = Cj.
Then for any n-coin model A and for any sequence T,

PT(T | )‘) = Z Tgq1 " Pqx (T[l]) *Qqq,92 " Pgo (T[Z]) <o+ Ogy_1,q0 " Pye (T[e])

q1-.-9¢
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which can be computed by dynamic programming using the following recurrence
relationship.

Let ay(7) = Pr(the coin model A generates T'[1: t]Aq: = C; | AAW,,). Then
01 (i) = m; - pi(T[1]) for all 4, and

a1 (j [Z (i az’,j] -pi(T[t +1]).

One can then write

Pr(T | AAW,) = iag(z')

To give an example, if A is a two-coin model, S = {C1,C5}. Let A = {a12 =
w,a1,1 = 1 —wu,a21 = v,a22 = 1 —wv} and let P = {p1(0) = r, pi(1) =
1—7, p2(0) =s, pa(l) =1— s}. Under a non-informative prior, # = {m =
1/2, m = 1/2}. Thus

Pr(T | ANW3) = a(1) + ay(2)
=[o—1(1) - (1 — ) + g_1(2) - v] - (1 — 7)1 . 1 =T
+ Joec1 (D) - u+ a1 (2) - (1—0)]- (1 —s)TH . 1T

Tteratively, we can express the terms involving «;(t) in terms of those involving
a;—1(t), finally replacing terms involving a; with the above definition of a1, to
obtain a multi-variate polynomial on u, v, r, s of total degree 2¢ with %(62 —0)?

% terms as follows.

Let

=00

and
_[A=w)-1=7r) u-(1-23)

Vl_[ v-(1-7) (1—?’)‘(1_8)].

Then one can simply write
Pr(T | u,v,7,8,Ws) =[1/21/2] - (HVTﬂ) [ ]

which can be evaluated by successive multiplications in O(Z, Lit) = O(P)
time. Thus for uniform Pr(A | Wa),

1
Pr(T | Ws) =/ Pr(T | v,u,r,s,Ws) dv dr du ds

,u,7,8=0

1 n
= / Zag(i) dv dr du ds
v,u,r,s=0 i=1
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and thus

1

Pr(T | W) :/

‘ 1
1/21/2| - it
o [1/21/2] {11;[1 V) M dv dr du ds
Notice that one can impose bounds on coin transition probabilities by sim-
ply changing the range of integration. It is quite straightforward to determine
and perform the symbolic integration of the above multivariate polynomial for
Pr(T | Wy) which involves O(£*) terms in O(¢5) time.

We now show how to conclude whether the single coin explanation is the
likeliest.

Assumption 1 Knowledge of Pr(T | W1) and Pr(T | Ws) is sufficient to
conclude whether a single-coin model W1 has the highest a posteriori probability
among all W, for creating the binary sequence T'.

The assumption is derived from an observation in [5] (Chapter 10) regarding
model order selection in the Bayesian setting; that the likelihood of the data as
a function of model complexity typically increases to a peak and then decreases
monotonically. For our purposes this suggests that Pr(T | W) as a function of
n has at most one local maximum; hence for any n-coin model, if Pr(T | W,,) >
Pr(T | Wp41) then Pr(T | Wyy1) > Pr(T | Wpya). Thus if Pr(T | Wy) >
Pr(T | W), then for any n Pr(T | Wy) > Pr(T | W,), and thus W; is the most
likely model for generating T'.

The above assumption implies that our test needs to compute and compare
Pr(T | W) and Pr(T | Ws), which can be performed in O(£3) time. We notice
that the multivariate polynomial evaluation in this step can be performed faster
than O(¢%) time via a divide and conquer approach: The multiplication of two
k-variate polynomials where the degree of each variable in a term is bounded
above by i can be done in O(k - i* - logi) time using FFT. It is not difficult to
see that the running time of the divide and conquer algorithm is dominated by
that of the final step, which requires multiplying two 2 X 2 matrices where each
entry is a 4-variate polynomial and the degree of each variable is at most £. This
leads to an overall running time of O(£* - log /) for our test, which we state in
the corollary below.

Corollary 1. Given an alignment sequence T of length £, it is possible to deter-
mine in O(£* log £) time whether a posteriori probability that T has been generated
by a 1-coin model is higher than that for any other k-coin model for k > 1.

3.2 Examples

ForT =11 (orT = 00)

1
Pr(T|W1):/ 1-=7r?dr = —, and
0
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Pr(T | W) = /0 %[(1 )21 —u)+ (1 -rul —s)+ (1 —u)(1—3s)*+ (1 —r)v(l —s)] dr du dv ds

thus it is more likely that 7" has been generated by a single coin model. This is
quite intuitive as a very likely model for generating this sequence consists of a
single coin with high bias.

ForT =10 (orT = 01)

1 1
4

Pr(T|W1):/ r(l—r)dr = / r—r*dr = —, and
0 0 24

Pr(T | W) = /0 %[Tu(l —r)+7r(1—u)(1—s) +s(1 —u)(1—7r)*+ sv(l —s)] dr du dv ds

thus it is more likely that T has been generated by a two-coin model. This is
also intuitive as such a sequence can only be a result of a single coin which is
not very biased; however one can think of both biased and unbiased two-coin
models that could be responsible of its generation.

We programmed our algorithm to test the likelihood of Pr(T | Wy) and
Pr(T | W3) on a number of alignment sequences T'.

The first table below provides some intuition on the likelihood of models on
short sequences. It is interesting to note that the last sequence is much more
likely to be generated by a two-coin model due to its periodic nature. The most
likely model to generate this sequence would involve two coins which are highly
and oppositely biased; the transition probabilities from one coin to the other
should also be very high.

T [Pr(T [ W)[Pr(T | Ws)[Likely model|
101 0.0833  [0.104 W
11100 0.0166  [0.0208 Wo
111111 ||0.142 0.0822 W,
1110111 [0.0178 _ [0.0156 Wi
1010101010[J0.000360 _0.00149 Wo

Here are some sequences which were generated with two coins of opposite
biases switched exactly in the middle of each sequence. The test was able to
successfully identify bias differences of 10% or more.
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% 1’s in| % 1’s in Likely
T 1%t half | 27 half|Pr(T | Wy)|Pr(T | Ws)|model
111011111111110000001000000][93% 8% 1.780-10°[2.980 - 10 8] W,

1101011011111000010101000 |77% 25% 7.396-107°[1.117-1078] W,

0100101101100100101110 [[55% 45% 6.163-10 8[8.450- 10 8| W,

3.3 Extensions

It is possible to extend our probabilistic test by using a slightly larger alphabet
{0,1, —} rather than the binary, where the character “—” represents a gap in
only one of the sequences in the alignment. This increases the complexity of the
problem as two new variables, ' and s, for representing the probabilities of
generating a gap for each coin need to be incorporated into the algorithm. The
corresponding increase in the number of variables in the multivariate polynomial
from 4 to 6 leads to an O(£® log /) running time.

We also note that an alternative test, which compares Pr(T' | Wy, A1) and
Pr(T | Wa, A\2), where A; and Ay are the most likely one-coin and two-coin
models respectively can be of use. It is easy to verify that obtaining A; and s
requires a differentiation of the respective univariate and multivariate polyno-
mials and evaluating them at local maxima. This can be done in O(¥) time for
the univariate polynomial, and in O(¢* log¢) time for the 4-variate polynomial.

3.4 Identifying all copies of a pattern in a long sequence

Given a long sequence S and a pattern @, it is possible to extend our test to find
all segments R of S for which the alignment (@', R') obtained by an alignment
algorithm of choice satisfies (1) h(Q', R') < § for some threshold value 0 < § <1,
and (2) the alignment sequence al(Q', R') passes our probabilistic test. This
generalizes available pattern matching algorithms for identifying segments of S
that satisfies condition (1) only (some of the better known results in this direction
include [18,25,10,22,8]). A simple implementation which slides @) through S
takes O(|S| - |Q|* log|Q|) time.

4 Open problems and discussion

An immediate open problem is whether it is possible to improve the running time
of the pattern identification algorithm described above to O(|S|-|Q|?log |Q|) for
certain alignments. This raises the issue of generalizing our test, which considers
a single alignment between a pair of sequences, to one which considers multi-
ple possible alignments. Another important problem is how to apply this test to
“discover” all repeats in a long genome segment, extending the work on sequence
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discovery algorithms available for non-tandem repeats [1], and other motifs [6,
7,21] under conventional measures of sequence similarity. One particularly in-
teresting testbed is the identification of the exact boundaries of multi-layered
tandemly repeated DNA segments. A practical approach to this problem is to
slide a fixed size window across the sequence of interest, measuring the per-
centage similarity score of every window position w; with every other w;. It is
expected that for those w; and w; for which j —i+1 is a multiple of a period size,
the percentage similarity score will be higher than other window positions; thus
one can view each w;, w; pair whose similarity score is higher than a threshold
as evidence that k = j—i+1is a candidate period size (usually on a 2-D plot). If
the candidate period size k is supported by sufficient evidence, one may conclude
that k& is indeed the size of a period. Although this approach has been used in a
number of applications, it raises a few issues.

(1) The widely accepted hypothesis for high order tandem repeat evolution (e.g.
the high repeat alpha-satellite DNA) maintains that some early tandem copies
at the monomeric level are followed by a k-mer copying event, after which almost
all copying events occur at k-meric level [23,19]. In other words copying events
occur hierarchically in time, and “larger period” sizes are always multiples of
“smaller period” sizes.

However, one can imagine copies occurring in a number of different block sizes
scattered over the sequence; this may lead the above strategy to fail to correctly
identify the high order in the repeat pattern.

(2) Different window sizes may lead to different conclusions.

(i) if the window size is smaller than the size of a period, the method will not
compare full periods against each other and the results derived can be mislead-
ing;

(ii) if the window size is much larger than the size of a period, then the variations
in similarity between w;, w; pairs will be insignificant.

(3) The thresholds for (i) the similarity score and (ii) the number of evidences
for identifying a potential period as an actual period play a significant role in
the method. If the threshold values are too small, there will be too many periods
to report; if they are too large, some of the periods may be ignored.
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