Solving PDEs

Solving simple PDEs using the finite element method
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FEM for simple PDEs: elliptic and parabolic linear PDEs
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Second-order PDEs commonly arise in physical models. There are three
archetypal second-order PDEs

@ Elliptic PDEs, for example, Poisson's equation V2u+ f =0
@ Parabolic PDEs, for example, the heat equation u; = V2u + f

© Hyperbolic PDEs, for example, the wave equation uy = Viu
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@ Hyperbolic PDEs, for example, the wave equation uy; = V2u




Solving PDEs

Defining PDEs in an object oriented manner
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where D is a matrix-valued function of position (the diffusion tensor):
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Abs. method: GetDiffusionTensor (x)
Abs. method: GetForceTerm(x)
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Solving PDEs

Defining PDEs in an object oriented manner

First, an abstract class defining a general linear elliptic PDE V- DVu = f,
where D is a matrix-valued function of position (the diffusion tensor):

AbstractLinearEllipticPde:
Abs. method: GetDiffusionTensor (x)
Abs. method: GetForceTerm(x)

MyEllipticPde: inherits from AbstractLinearEllipticPde
Implemented method: GetDiffusionTensor (x)
Implemented method: GetForceTerm(x)

For example Vu =10

LaplacesEquation: inherits from AbstractLinearEllipticPde
Implemented method: GetDiffusionTensor (x)
> return identity matrix
Implemented method: GetForceTerm(x)
> return zero
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Next, an abstract class defining a general linear parabolic PDE
auy =V -DVu+f
where o, D and f are functions of space and time.
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Solving PDEs

Defining PDEs in an object oriented manner

Next, an abstract class defining a general linear parabolic PDE
auy =V -DVu+f
where o, D and f are functions of space and time.

AbstractLinearParabolicPde:
Abs. method: GetDuDtCoefficientTerm(t,x)
Abs. method: GetDiffusionTensor (t,x)
Abs. method: GetForceTerm(t,x)

For example u; = Viu

HeatEquation: inherits from AbstractLinearParabolicPde
Implemented method: GetDuDtCoefficientTerm(t,x)
> return 1
Implemented method: GetDiffusionTensor (x)
D> return identity matrix
Implemented method: GetForceTerm(x)
> return zero
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FEM for simple PDEs: introduction to FEM



Solving PDEs

The finite element method

© Convert equation from strong form to weak form

@ Convert infinite-dimensional problem into a finite dimensional one

© Set up the finite element linear system to be solved
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Consider Poisson’s equation:
Vu+f=0

subject to boundary conditions
u = 0 on Iy

Vu-n = g on >




Solving PDEs
Weak form of Poisson's equation

Consider Poisson’s equation:

Viu+f=0
subject to boundary conditions
u = 0 on Iy
Vu-n = g on >
Multiply by a test function v satisfying v = 0 on 1, and integrate:
v (V2u) = —fv
/V(Vzu) av = —/fvdV
Q Q
/ v(Vu~n)dS—/Vu-VvdV = —/fvdV
o9 Q Q
/Vu-VvdV = /fvdVJr/ gvdS
Q Q I
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Solving PDEs
Weak form of Poisson's equation

Let V be the space of all differentiable functions on © (more precisely, V is the
Sobolev space H*(Q)). Let

Vo={veV:v=0onTi}

Find u € V) satisfying

/Vu-VvdV:/fvdV+/ gvdS Yv € Vo
Q Q Ta

Find differentiable u satisfying
u(0) = u(1) =0 and:

Pu _ — _
Solve §7 =1, u(0) = u(1) =0 vs 01 dudv g, _fol v dx for all

vst v(0)=v(l)=0




Solving PDEs
FEM discretisation

Find u € V) satisfying

/Vu-VvdV:/fvdV+/ gvdS for all v € Vy
Q Q

M
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Take
Vi = span{¢1, ¢2}

(where ¢1, ¢ satisfy the Dirichlet boundary conditions), so

up = ag1 + B2
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Solving PDEs
FEM discretisation

Find uj, € V§ satisfying

/Vuh~V©jdV:/f®jdV+/ gh;dS  forj=1,2
Q Q Iy

Take
Vi = span{¢1, ¢2}

(where ¢1, ¢ satisfy the Dirichlet boundary conditions), so

up = ag1 + B2

Linear system:

Jo Vo1 -VérdV [, V1 VrdV } { o } | JofdrdV+ [ gerdS
JoVé2-VerdV [V -VgadV || B | | [ofé2dV + [ gp2dS



Solving PDEs
FEM discretisations

Take
Vi, = span{¢1, ¢2, ..., dn}

(satisfying ¢; = 0 on I'1) so

Up = 11+ ... + andn

Let the stiffness matrix and RHS vector be given by

K = [ Vo Vouv
Q
b = /f¢jdV+/g¢>jd5
Q [
and solve
Qa1
K =b

an



Solving PDEs

Basis functions




Solving PDEs
FEM discretisations

Let
Kk = /Qtivj -VordV stiffness matrix
My = /Q¢>j¢k dVv mass matrix
b = /fd)jdV—&-/ g¢;dS
Q ra

FEM discretisations
Laplace's equation: VZu+f =0 — KU=b
Heat equation:

ou s du B

Time-discretised heat equation:

T — v2un+1+fn+1 — MUn+1+AtKUn+1 — MUn+Atbn+1




Solving PDEs
Anisotropic diffusion

Suppose we have an anisotropic diffusion tensor D (symmetric, positive
definite), for example, in Poisson’s equation:

V- (DVu)+f=0
subject to boundary conditions

u = 0 on
(DVu)-n = g on >



Solving PDEs
Anisotropic diffusion

Suppose we have an anisotropic diffusion tensor D (symmetric, positive
definite), for example, in Poisson’s equation:

V- (DVu)+f=0
subject to boundary conditions

u = 0 on
(DVu)-n = g on >

The weak form is: find u € V, satisfying
/(DVU)-VVdV:/fvdV—i—/gvdS Yv € Vo
Q Q M

and the only change in the FEM discretisation is that the stiffness matrix
becomes

Ki = /ij .(DVy) aV



Solving PDEs

Implementing Dirichlet boundary conditions

In practice, rather using the basis functions in V§ (i.e. bases satisfying ¢; = 0
on I'1), we use V", i.e. all the basis functions corresponding to all nodes in the
mesh.
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Implementing Dirichlet boundary conditions

In practice, rather using the basis functions in V§ (i.e. bases satisfying ¢; = 0
on I'1), we use V", i.e. all the basis functions corresponding to all nodes in the
mesh.

We then impose (any) Dirichlet boundary conditions by altering the appropriate
rows of the linear system, for example, for KU = b, if we want to impose
U1 =C

K11 K2 - Kin Ur by
Ko Koo - Kon U» by

Kni Kz B Knn Un by



Solving PDEs

Implementing Dirichlet boundary conditions

In practice, rather using the basis functions in V§ (i.e. bases satisfying ¢; = 0
on I'1), we use V", i.e. all the basis functions corresponding to all nodes in the
mesh.

We then impose (any) Dirichlet boundary conditions by altering the appropriate
rows of the linear system, for example, for KU = b, if we want to impose
U1 =C

1 0 . 0 Ur c
Ko Koo - Kon U» by

Kni Kz B Knn Un by



Solving PDEs
FEM stages

Solve:
V- (DVu)+f=0

subject to boundary conditions

u = u on

(DVu)-n on Ny

|
0q

© Set up the computational mesh and choose basis functions

@ Compute the matrix K and vector b:

Kik

/V@- (DVéy) dV
Q

/fqudV—i—/ go;dS
Q )

© Alter linear system KU = b to impose Dirichlet BCs

bj

@ Solve linear system
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FEM for simple PDEs: FEM details
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Computing a finite element matrix/vector by assembly

Consider computing the mass matrix Mj = fQ ¢jpdV, an N by N matrix say,
and let’s suppose (for clarity only) that we are in 2D. Also, assume we are
using linear basis functions.
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matrix of the form f)c ¢jdr dV for 3 choices of j and k only.



Solving PDEs

Computing a finite element matrix/vector by assembly

Consider computing the mass matrix Mj = fQ ¢jpdV, an N by N matrix say,
and let’s suppose (for clarity only) that we are in 2D. Also, assume we are
using linear basis functions.

We do not write out the full basis functions explicitly in computing this
integral. Instead: firstly, we break the integral down into an integral over

elements:
Mi = Z/ ¢ipxdV
o JK

Consider f/c @i dV. Key point: The only basis functions with are non-zero in
the triangle are the 3 basis functions corresponding to the 3 nodes of the
element.

Therefore: compute the elemental contribution to the mass matrix, a 3 by 3
matrix of the form f)c ¢jdr dV for 3 choices of j and k only.

Then add elemental contribution to full N by N mass matrix.



Solving PDEs
Computing an elemental contribution

We have reduced the problem to computing small matrices/vectors, for

example the 3 by 3 matrix
[ sronav
K

where ¢;, ¢« are the 3 basis functions corresponding to the 3 nodes of the
mesh.

Next, map to the reference triangle (also known as the canonical triangle),
Kret, the triangle with nodes (0,0), (0,1), (1,0).

The basis functions on the reference triangle are easy to write down

Ni(¢,m) = 1-§&—n
Na(&,m) = €&
Ns(&,m) n



Solving PDEs
Computing an elemental contribution

We now need to be able to compute

/ @ik dxdy :/ N; Nk det J dédn
K K

-ref

where J is the Jacobian of the mapping from the true element to the canonical
element.
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We now need to be able to compute

/ @ik dxdy :/ N; Nk det J dédn
K K

-ref

where J is the Jacobian of the mapping from the true element to the canonical
element.

J is also required if V¢, is needed (for example, in computing the stiffness
matrix), since V¢; = JV¢N;.



Solving PDEs

Computing an elemental contribution

We now need to be able to compute
/ Bjprdxdy = / N; Nk det J dédn
K Kret

where J is the Jacobian of the mapping from the true element to the canonical
element.

J is also required if V¢, is needed (for example, in computing the stiffness
matrix), since V¢; = JV¢N;.

Consider the mapping from an element with nodes x1, x2, X3, to the canonical
element. The inverse mapping can in fact be easily written down using the
basis functions.

3
x(&m) =D xNi(&,m)
j=1
from which it is easy to show that J is the following function of nodal positions

. X2 — X1 X3 — X1
J =inv
[}’2_}’1 }’3_}’1}



Solving PDEs

Computing an elemental contribution - the general case

Suppose we want to compute

/ f(X,y7 u, ¢17 ¢27 ¢3, V¢1, V¢2, V¢3) dXdy
K

We map to the reference element:

/ -7:(va7 U7¢17¢27¢37V¢1,V¢2,V¢3)detJ dgd’q
K

ref

and then use numerical quadrature, which means f just has to be evaluated
at the quadrature points.



Solving PDEs
FEM stages - full algorithm

Solve:
V- (DVu)+f=0

subject to boundary conditions

u = u on

(DVu)-n on Ny

|
0q

© Set up the computational mesh and choose basis functions

@ Compute the matrix K and vector b:

Kik

/V@- (DVéy) dV
Q

/fqudV—i—/ go;dS
Q )

© Alter linear system KU = b to impose Dirichlet BCs

bj

@ Solve linear system
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Write

bf=/f¢jdV+/ g¢;ds
Q I
as b:bvol+bsurf

@ Set up the computational mesh and choose basis functions
@ Compute the matrix K and vector b:
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FEM stages - full algorithm

Write

bf=/f¢jdV+/ g¢;ds
Q I
as b:bvol+bsurf

@ Set up the computational mesh and choose basis functions
@ Compute the matrix K and vector b:

@ Loop over elements, for each compute the elemental contributions Kejem
and b¥®' (3 by 3 matrix and 3-vector)

elem
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FEM stages - full algorithm

Write

bf=/f¢jdV+/ g¢;ds
Q I
as b:bvol+bsurf

@ Set up the computational mesh and choose basis functions

@ Compute the matrix K and vector b:
@ Loop over elements, for each compute the elemental contributions Kejem
and b¥®' (3 by 3 matrix and 3-vector)

elem
@ For this, need to compute Jacobian J for this element, and loop over quadrature
points




Solving PDEs

FEM stages - full algorithm

Write

bf=/f¢jdV+/ g¢;ds
Q I
as b:bvol+bsurf

@ Set up the computational mesh and choose basis functions

@ Compute the matrix K and vector b:
@ Loop over elements, for each compute the elemental contributions Kejem
and b¥®' (3 by 3 matrix and 3-vector)

elem
@ For this, need to compute Jacobian J for this element, and loop over quadrature
points

® Add Kgem and b¥®

elem

to K and b®! appropriately




Solving

s

FEM stages - full algorithm

Write
bf=/f¢jdV+/ g¢;ds
Q [

as b = bvol + bsurf

@ Set up the computational mesh and choose basis functions

@ Compute the matrix K and vector b:
@ Loop over elements, for each compute the elemental contributions Kejem
and b%?! (3 by 3 matrix and 3-vector)
@ For this, need to compute Jacobian J for this element, and loop over quadrature
points
@ Add Kgem and b‘é‘l’ém to K and b®! appropriately
© Loop over surface-elements on I'p, for each compute the elemental
contribution bU (a 2-vector).
@ Similar to integrals over elements, again use quadrature




Solving
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FEM stages - full algorithm

Write

bf=/f¢jdV+/ g¢;ds
Q I
as b:bvol+bsurf

@ Set up the computational mesh and choose basis functions

@ Compute the matrix K and vector b:
@ Loop over elements, for each compute the elemental contributions Kejem
and b¥®' (3 by 3 matrix and 3-vector)

elem
@ For this, need to compute Jacobian J for this element, and loop over quadrature
points
| | 3
@ Add Kglem and by, to K and bY® appropriately
© Loop over surface-elements on I'p, for each compute the elemental
] R surf
contribution b3" (a 2-vector).
@ Similar to integrals over elements, again use quadrature

0 Add b to bs'"f appropriately

elem




Solving PDEs

FEM stages - full algorithm

Write

bf=/f¢jdV+/ g¢;ds
Q I
as b:bvol+bsurf

@ Set up the computational mesh and choose basis functions

@ Compute the matrix K and vector b:
@ Loop over elements, for each compute the elemental contributions Kejem
and b¥®' (3 by 3 matrix and 3-vector)

elem
@ For this, need to compute Jacobian J for this element, and loop over quadrature
points

Add Kgjem and b¥®  to K and b¥® appropriately

elem
Loop over surface-elements on I, for each compute the elemental
3 R surf
contribution b3" (a 2-vector).
@ Similar to integrals over elements, again use quadrature

0 Add b to bs'"f appropriately

elem

© Alter linear system KU = b to impose Dirichlet BCs

o0

@ Solve linear system




	Solving simple PDEs using the finite element method

