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Abstract

We consider Cops and Robber games on digraphs and theispon@ing decompositions. In
particular we show non-monotonicity of two important vat&of these games, namely the variants
underlying DAG- and Kelly-decompositions. Furthermoreex@lore the limits of the algorithmic
applicability of digraph decompositions and show thatmasinatural candidates for problems that
might benefit from digraphs having small “directed width'r@in NP-complete even on almost
acyclic graphs.

1 Introduction

The seminal work of Robertson and Seymour in their graph npngject has focused much attention on
graph decompositions and associated measures of grapbativity such as tree- or path-width. Aside
from the interest in graph structure theory, these noti@we lalso proved fruitful in the development of
algorithms. The tree-width of a graph is a measure of howlikeethe graph is and small tree-width
allows for graph decompositions along which recursive @lgms can work. Many problems that are
intractable in general can be solved efficiently on graphbaafnded tree-width. These include such
classical NP-complete problems as finding a Hamiltoniaslecyn a graph or detecting if a graph is
three-colourable. See [9, 8] and references therein fontaoduction to tree-width.

Closely related to the theory of graph decompositions ighikeery of Cops and Robber games. In
a Cops and Robber game a number of cops, tries to catch a roidlbeg in the graph. There are many
variants of these games. The robber can hide on edges aregitie can be fast or lazy, he can be visible
or not, the game can be played on undirected or directed grapd many more. Cops and Robber games
are particularly interesting in relation to graph deconifmss, as many width measures for graphs based
on decompositions can also be described in terms of varidr@®ps and Robber games. For instance,
in 1993, Seymour and Thomas [12] showed that the tree-widéhgoaph equals the minimal number of
cops required to catch a visible and fast robber (minus dhe)dris, Kirousis, and Thilikos [10] gave an
analogous characterisation in terms of an invisible, labper game. Other variants of Cops and Robber
games have also been used to characterise the path-widtapbfsgand similar connectivity measures.

An important concept in the theory of Cops and Robber gamesitonicity. A game isnonotone
if wheneverk cops can catch a robber on a graph they can do so without atjotkie robber to re-
occupy vertices. In general, restricting the cops to mam®trategies may require additional cops to
catch a robber. LaPaugh [20] gave a first proof of monotoniit a Cops and Robber game. Since
then, monotonicity has been intensely studied and a largebau of monotonicity results have been
established. See e.g. [20, 7, 10, 4, 13, 14, 21, 27] or theeg(i&} and references therein.



Despite the considerable interest and the large numbersuoftsen this field, two cases have so far
resisted any attempts to solve the monotonicity problerme-Cibps and Robber game with a visible, fast
robber and the game with an invisible, lazy robber, both gdiagn digraphs. In this paper,we solve the
problems by showing that both games are non-monotone.

Digraph decompositions. In recent years, attempts have been made to generalise tiba nbtree-
decompositions and their algorithmic applications to aid graphs. Clearly, we can define the tree-
width of a directed graph as the tree-width of the undiregieghbh we get by forgetting the direction of
edges, a process which leads to some loss of informatios.|3$8 may be significant, if the algorithmic
problems we are interested in are inherently directed. Adgexample is the problem of detecting
Hamiltonian cycles. While we know that this can be solvedlgas graphs with small tree-width,
there are directed graphs with very simple connectivitycitre which have large tree-width. Therefore,
several proposals have been made to extend the notiongafémmpositions and tree-width to directed
graphs (see [24, 17, 4, 6, 25, 16]). In particular, Reed [24] dohnson, Robertson, Seymour, and
Thomas [17] introduce the notion dfrected tree-widtrand they show that Hamiltonicity can be solved
for graphs of bounded directed tree-width in polynomialeim

Following this initial paper, several alternative defioits of directed graph decompositions have
been proposed, with the aim of overcoming some shortconohgise original definition. Berwanger,
Dawar, Hunter, Kreutzer [5], and Obdrzalek [23] introdute notion of DAG-width and Hunter and
Kreutzer [16] introduce the notion of Kelly-width. All theeproposals are supported by algorithmic ap-
plications and various equivalent characterisations imseof obstructions, elimination orderings, and,
in particular, variants of Cops and Robber games on diregtaghs. However, so far the algorith-
mic applications are restricted to few classes of problemparticular the problem of finding disjoint
paths, Hamiltonian-cycles and similar linkage problenrg] eertain problems in relation to combina-
torial games (parity games) played on graphs that are ntetivay the theory of computer-aided ver-
ification. Whereas the tree-width of undirected graphs leestemployed to solve a huge number of
problems on graphs of small tree-width, the algorithmiotlieof directed graph decompositions is not
nearly as rich.

It is an obvious question whether this is due to the fact tigragh decompositions are a relatively
new field of research, where the fundamental machinery fastis to be developed, or whether this is
due to a general limitation of this approach to algorithmggraphs. In this paper we systematically
explore the range of algorithmic applicability of digrapbcdmpositions. For this, we look at typical
NP-complete problems on graphs — as they can be found in gt5h$tance — and identify those that
are “suitable”for this approach, where by “suitable” we méaat the problems should be NP-complete
in general but be tractable on acyclic graphs. The reasaimédatter is that all digraph decompositions
proposed so far measure in some way the similarity of a gragieing acyclic. In particular, acyclic
graphs have small width in all of these measures. Hence, iibblgm is already hard on acyclic di-
graphs, there is no point in studying the effect of digrapbodepositions on this problem. We then
identify representatives for the various types of “suidlgroblems and ask whether they can be solved
in polynomial time on graphs of small directed tree-widtle|lit- or DAG-width, or directed path-width.

The results we present in Section 4 show that the border garighmic applicability of digraph de-
compositions is rather tight. Essentially, as far as otasgjraph theoretical problems are concerned, dis-
joint paths and Hamiltonian-cycles can be detected effilgi@m graphs of small directed tree-width, but
all other problems we considered such as Minimum Equivatentgraph, Feedback Vertex Set (FVS),
Feedback Arc Set, Graph Grundy Numbering, and severalodrerNP-complete even on graphs with
a very low global connectivity and thus very low directedhpat tree-width.

Organisation. The paper is organised as follows. In Section 2 we brieflylrdzesic notions from

graph and game theory needed in the sequel. In Section 3 weadgiwormal description of Cops and
Robber games and present the first main result of this papEendn-monotonicity of the two types of
games mentioned above. In Section 4 we explore the algadthoundaries of the digraph decomposi-



tions obtained so far by showing NP-completeness for a nuwiggroblems on digraphs with bounded
“width”. We conclude and state some open problems in Seétion

2 Preliminaries

We use standard notation from graph theory as can be fouedyn[11]. All graphs and directed graphs
in this paper are finite and simple.

Let G be a (directed) graph. We denote the vertex sét bfy V(G) and the edge set &f by E(G).
For X C V(G) we denote by7[X] the subgraph of7 induced byX and byG \ X the subgraph ofs
induced byl (G) \ X. Similarly forY C E(G) we setG \ Y to be the subgraph a@F after deleting all
edges inY'. A path inG from a vertexv; to a vertexv,, is a subgraph ofr with verticesvy, - -- , v, and
edges{{v;,vir1} | 1 <i < n}if Gis undirected, respectively(v;,v;11) | 1 < i < n}if G is directed.
A cycle inG is a path fromw; to v, together with an edgév,,, v1 } if G is undirected, andv,,,v1) if G
is directed. We sayX C V(G) is connected, if for all pairs, y € X there is a path from toy in G[X].
A component in7 is a maximal connected vertex setGh

Finally, for a setX andk € N, we denote byX|<* the set of all subsets of of cardinality < k.

3 Cops and Robber games

In this section we show non-monotonicity of two importantiaats of the Cops and Robber game on
digraphs, namely the variants underlying DAG- and Kellgalapositions.

Cops and Robber games are played by two players, that digripdace tokens on the vertices of a
graph. Whereas the robber player has only one token and eyradile to move his token in a restricted
way (depending on the variant of the game), the cop playeusaran arbitrary amount of tokens and
is free to move them anywhere on the graph. As the name sggiesobjective of the cop player is to
capture the token of the robber, i.e. to force the robberarposition, where he is not able to move any
more. Depending on the variant of the game — the variantsrdiif the abilities of both players — the
minimum number of tokens needed by the cop to capture theeratdfines a graph invariant.

More formally, letD be a graph — either directed or undirected. A position in theg is a pair
(X,r),with X C V(D) andr € V(D), and a play is a sequence of positidiX,r1), -, (Xn, 7)),
such thatX; = () and a move from one position to another is legal, if the rolghayer is allowed to
move fromr; to r; 1 with respect taD \ (X; N X;,1), X;.1, and the variant of the gante For a play
((X1,71),---,(Xn,rn)) we define the robber-space as a sequence of verteXBets- - , R,,), with
Ry = V(D) andR; = {r | the move fromr;_; tor; is legal}, for i > 1. The cop player wins, if there
is a position satisfying; € X;, otherwise the robber player wins.

We are mainly interested in the type sifategiesthe cop-player can employ. One can easily verify
that strategies in these games only depend on the curreitiopas the game, i.e. are deterministic
and positional. Hence, a strategy for the cop-player is atfon f : (X,r) — X’ that assigns a new
position X’ to the cops depending on the current positidh r) in the game. A strategy winning if
the cop-player wins all plays consistent with it, i.e. whalléransitions from one position to another are
consistent with that strategy.

Let D be a digraph, and a strategy. We define thep-widthof f, in terms cwf), to be cw(f) =
max{|f(X,r)] | X € V(D),r € V(D)}, and thecop-widthof D to be cwD) = min{cw(f) |
fis winning on D}. Thus the cop-width of a graph defines the graph invariartiiezare interested in.

Before explaining the different variants of the game weadtrce the concept of monotonicity. We
say a play((Xy,r1),---,(Xn,rs)) iS cop-monotone, if the cop player never reoccupies a pusiyo
vacated vertex, i.e. there are no indides i < j < n, such that X; \ X;;1) N (X;) # 0. We say a play

IFor example in the reachability dynamic variant of this garmeove is legal, if there exists a directed path frano ;1
inD \ (XZ N Xi+1).



is robber-monotone, if the corresponding robber-spacerrigereases. A play is monotone, if it is both
robber- and cop-monotone.

The notion of monotonicity directly applies to cop-stragsg so we say that a cop-strategy is robber-
monotone, cop-monotone or just monotone, if all plays &tasi with this strategy are. We denote by
mon-cw D) = min{cw(f) | fis monotone and winning on [ and say that a game is monotone, if
mon-cw( D) = cw(D) for all graphsD, and non-monotone otherwise.

We are now ready to introduce the variants of the game. Onmextdd graphs a move fro(X, r) to
(X', r") is legal, if there exists a path fromto " in D\ (X NX’), i.e. the robber is allowed to move along
cop free paths. The variant of the game that places no otkicten on the robber is calledynamicas
the robber is allowed to move in every move of the game, exebph he is captured. Contrary to that is
the so callednert variant, where the robber is only able to move when the cogepla going to occupy
his current position, i.e. a move frofX,r) to (X’,»’) is legal if r € X’. Furthermore there is also a
variant of the game where the cops are unable to see the roblieh is calledinvisible The normal
version, i.e. where the cops can see the robber, is cailidue

Combining these, one obtains four variants of the game, attwdnly three are considered in litera-
ture, namely: visible and dynamic (vis), invisible and dyna (invis), and invisible and inert (inert). On
undirected graphs all these variants are monotone andlysatis

1. vis-cw( D) = inert-cwm(D) = tw(D) + 1, for every graphD, where tw(D) denotes the tree-width
of D ('see [12] and [10]).

2. invis-ew(D) = pw(D) + 1, for every graphD, where pwD) denotes the path-width d ( see
[71).

Depending on how one translates the notion of an undirectdtp the directed setting, i.e. whether
one regards it as a directed path from source to destinatias two directed paths, one in each direction,
there are two natural variants of this game on directed grap¥e refer to the first variant, i.e. where
the robber is allowed to move along (cop-free) directed fpah reachability variant (reach), and to the
second one, i.e. where the robber is only allowed to move where exist a path in each direction,
as strong connected component (scc) variant, since in #sis the robber is only allowed to move in
strongly connected components.

Combining these two main versions of the game with the vegidiscussed for the undirected set-
ting one retrieves a number of interesting games on diregtaphs of which the following have been
discussed in literature so far: strong connected componesible and dynamic (scc-vis); reachability,
visible and dynamic (reach-vis); reachability, invisilaled dynamic (reach-invis); and reachability, invis-
ible and inert (reach-inert). We briefly relate these garnebké corresponding digraph decompositions
and recall what is known about monotonicity.

scc, visible, and dynamic: This variant is closely related to directed tree-width as iknown that
sce-vis-cw D) — 1 < dtw(D) < 3-scc-vis-ew D) + 5, for every digraphD, where dtw D) is the
directed tree-width as defined in [18]. It has been shown todiner robber- nor cop-monotone
[1, 17]. However, although not explicitly stated, [17] gévan upper bound for the monotonicity
costs with respect to robber-monotonicity. It remains d@ergsting open question whether this
holds for the cop-monotone variant as well.

reachability, invisible, and dynamic: This variant defines directed path-width and has been shown t
be monotone in [4].

reachability, visible, and dynamic: The monotone version of this variant defines DAG-width [5 W
therefore refer to these game<#G-gamesind notate by dag-cilD) respectively mon-dag-c{)
the non-monotone respectively monotone cop-width of algfapwith respect to this variant.



Figure 1: The graptD,, with dag-cwD,,) # mon-dag-cwD,,).

reachability, invisible, and inert: The monotone version of this variant defines Kelly-width][1\8/e
therefore refer to these gamedadly-gamesnd notate by kelly-cwD) respectively mon-kelly-c\D)
the non-monotone respectively monotone cop-width of algfapwith respect to this variant.

We are now ready to state our main results of this sectionjimgahat DAG- and Kelly-Games are
non-monotone.

3.1 Non-Monotonicity of DAG-Games

Theorem 3.1. For everyp > 2 there exists a digraphD, with mon-dag-cwD,,) = 4p — 2 and
dag-cwD,) = 3p — 1.

Proof. A schematic overview of),, is given in Figurel. The graph consists of three main parts with
2p — 1 vertices eachCyy andC; are cliques orp — 1 vertices,C? is a clique onp — 1 vertices and
C1} forms an independent set havipgertices. A directed edge between two pattand B means that
there are edges from every vertexdrno every vertex inB. Undirected edges mean that there are edges
betweenA and B in both directions. Thus there are edges in both directi@tedenC| andC?, and
betweenC, andC{ U C%. Furthermore there are edges fréto Cs, and edges front; to C1.

It is easy to see that dag-¢W,) > 3p — 1 since the vertices iy U C7 together with a vertex of
C1 form a clique of size8p — 1. To show that dag-cwD, ) < 3p — 1 consider the following strategy for
3p—1 cops onD,,. In the first move the cops occupy, U C1. If the robber plays t@’; the cops capture
him by playing onC} U Cs,. Otherwise, if the robber plays 167 the cops move t6y U CZ. Now the
robber has to be on a vertexc C. Since the vertices iv} form an independent set the robber is now
captured by playing tgv} U C% U Cy.

It remains to show that mon-dag-¢w,) = 4p — 2. Itis easy to see thaip — 2 cops can capture the
robber onD,, by playingCy U C> and thenCy U C} U C%. To show that mon-dag-o,) > 4p — 2 we
give a strategy for the robber agaidgt— 3 cops playing monotonously af,,.

First the robber stays i@ until the cops occupy all vertices 6f,. There are two cases to consider.

1. The cops occupy ( at least) U C{. In this case there is a vertexc C? which is not occupied
by a cop and which the robber can reach from his current pasitiCy. Since every € C? has
an edge to every other vertex iy U C{ U C? the cop cannot capture the robber monotonously
with less thantp — 2 cops.

2. The cops occupy ( at least’), and there is at least one vertex@f which is not occupied by a
cop. Then there exists a vertexc Cy which is not occupied by a cop and which the robber can
reach from his current position ifiy. Since from every vertex if; there is a path to every other



Figure 2: The graptD,, with kelly-cw(D,,) # mon-kelly-cw(D,,).

vertex in the graph (as long as there is at least one vertéy inot occupied by a cop) the robber
can stay inC, until the cops occupy all vertices ifi{. And if they do the robber can move to a
vertex inC? and play as in the first case.

O

3.2 Non-Monotonicity of Kelly-Games

We now consider Kelly-games. Recall that in a Kelly-game, ribbber is invisible. Hence, a strategy
must be independent of the current position of the robberc&ietherefore represent a cop-strategy in a
digraphD by a sequencévy, ..., v|p|) of vertices in the order in which they are visited by the cops.

Theorem 3.2. For everyp > 2 there exists a digrapi®,, with kelly-cw(D,,) = 6p and
mon-kelly-cw(D,,) = 7p.

Proof. A schematic overview oD, is given in Figure2. The graph consists of five cliques witty| = p,
|Co| = |C1| = | X1| = 2p, | X2| = 3p. An edge between two parts and B means that there are edges
from every vertex inA to every vertex inB, where again an undirected edge betwdeand B means
that there are edges i, in both directions.

The following strategies show that mon-kelly-¢i,) < 7p and kelly-cw(D,,) < 6p. For the mono-
tone game we use the stratggy U Cp, Xo UCyUC1, X1 UCyU C1, X7 UC), i.e. the cops first occupy
all of X andCy, then proceed t&X, U Cy U Cq, and X7 U Cy U C7 and finally move taX; U C. For the
non-monotone case we ug& U Cy, Xo UCo U C1, X3 UC, X3 UC UCo, X, X U Cy).

To see that kelly-c@wD,) > 6p note thatCy U X is a clique of siz&p. It remains to show that
mon-kelly-cwW( D) > 7p. Suppose mon-kelly-caD,) < 7p and letS = (v1,--- , vy (p,)) be a cop-
strategy witnessing this. For each partc {Cy, C1,Co, X1, X2,C, X} of D), let I(Y) be the greatest
index of a vertex inY’, i.e. vyy) is the last vertex ob” which is searched by. Then the following
statements hold:

1. I(X) < I(Cy) andI(X) < I(Cy). For the sake of contradiction, suppageX) > I(C;) and let
v = vy(x). Hence, when the cops clearthey have already cleared all verticesinother tharw
and all vertices irC;. Asv has edges to every other vertex(in U X, the cops need to occupy all
of (C1 U X) \ {v} before they can place a token onBut this require§p cops.

The case of (X) < I(C») is analogous.



2. I(Cy) < I(Cy). Again, assume the contrary, i.5Cy) > I(C1). Hence, when clearing;(c,)
there is a free vertex € C, through which the robber can reach all®t As I(X) < I(Cy),
the cops needs to occupy at le@dt U C1) \ {vy(c,)} before clearingy;(c,), which yields the
contradiction.

3. I(C1) < I(Cq). With a similar reasoning as before we obtain that othentligsecops have to
occupy X U C2 when searching;c,), using7p cops.

The statement$1)-(3) imply I(X) < I(Cy) < I(C1) < I(Cs) but now the cop needs to occupy
|Co U Cy U CyU X;| = Tp vertices in order to searah(CQ). So0S uses at leastp cops. O

4  Limits of Algorithmic Applications

In [17] it has been shown that thedisjoint path problem and related problems, which inclte
Hamilton-path problem, are solvable in polynomial time aaphs of bounded directed tree-width.
However, up to now only few other problems are known to beaddt with the help of digraph de-
compositions, a further example being parity games, whiehtrmactable on graphs of bounded DAG-
and Kelly-width [5, 16]. As directed tree-width is the mosigral of these width-measures, tractability
results for directed tree-width directly extend to all atheeasures. The converse is not true, for example
it is not known whether parity games are tractable on graphsunded directed tree-width.

In this section we explore the algorithmic boundaries ofdlggaph measures introduced so far. In
our analysis we focus on NP-complete problems that arecttpldirected. All analysed problems are
solvable in polynomial time on digraphs whose underlyinglitetted graph has bounded tree-width —
but as mentioned in the introduction, tree-width is not adjo@asure for the global connectivity of a di-
graph. Furthermore, we discard problems that are not tskectan acyclic graphs, as all measures defined
so far are bounded on acyclic graphs. As representativegafaus types of the remaining problems,
we have considered the following problems: Minimum EquvalSubgraph, Directed Feedback Vertex
[ Arc Set, Graph Grundy Numbering, and Kernel.

It turns out that all of these problems remain NP-comple&n@n digraphs that have very low global
connectivity, i.e. digraphs that can be decomposed intopoorants of constant size just by removing a
small number of vertices. In particular, these graphs hawenlidth with respect to all digraph decompo-
sitions defined so far, i.e. small directed path width, slD&G-, Kelly-, and directed tree-width, small
Entanglement and D-width. In order to state the proofs iir ii@st general way we define the class
CON N7 as follows:

Definition 4.1. Leti andj be integers. We defir&(’)/\//\/{ to be the class of digraphs, such that for every

digraph D € C(’)N’N’{ there exists a vertex sé&t C V(D) with |.X| < j, such that every component in
D\ X has at most vertices.

As mentioned above it is easy to see that:
Proposition 4.2. For all ¢ andj the classi(”)/\//\/g has bounded directed path-width, directed tree-width,
D-width, DAG-width, Kelly-width and Entangleme?nt
4.1 Minimum Equivalent Subgraph

The Minimum Equivalent Subgraph (ME$joblem is the problem to compute in a given digrdplan
edge-minimal subgrapP’ C D that preserves reachability iD.

2An upper bound for all given width parameters is ;.



Definition 4.3. Let D be a digraph andt € N. MES is the problem to decide, if there exists a set
E' C E(D) with |E’| < k, such that the digrapl®’ = (V (D), E’) contains a path between two vertices
if, and only if, such a path exists i, i.e. D and D" have the same transitive closure.

MES is NP-complete for arbitrary digraphs (see [15]), blniewn to be solvable in polynomial time
for acyclic and undirected graphs. In [22] it is also showat thsuffices to consider MES on connected
digraphs. There MES is equivalent to a generalisation ofitrected hamilton cycle problem, the so-
called round-trip-problem, in which vertices can be usedenban once. This is particularly interesting
because the directed hamilton cycle problem is a special ebthek-linkage problem, which can be
solved in polynomial time on digraphs of bounded directee-wvidth.

Definition 4.4. Let D be a connected digraph. A round-trip = (vy,--- , vk, v1) iS @ sequence df + 1
vertices ofD, such that(v;,v;+1) € E(D) and R visits every vertex ab at least once. The size &
equalsk + 1.

Lemma 4.5.[22] Let D be a connected digraph arida natural number. The® has a MES of size less
than k if, and only if,.D has a round-trip of size less than k.

The NP-completeness of MES for digraphsGi@® N N} follows from a reduction of 3-SAT to the
problem of finding a minimum round-trip in a connected digraPue to space restrictions the proof is
deferred to the appendix.

Theorem 4.6. The MES-problem is NP-complete even when restricted tapligr inCON N},

4.2 Feedback Vertex Set / Feedback Arc Set

TheFeedback Vertex/Arc Set (FVS/FABdblem is the problem to find a minimum set of vertices (afige
in a digraphD, whose removal leave® acyclic. Both problems are known to be NP-complete on
arbitrary digraphs (see [19]). Trivially both problems bew efficiently solvable on acyclic graphs.

We prove the NP-completeness of FVS/FAS on digrapt&iVN} respectively}CONNZ by re-
ducing it to a special variant of 3-SAT namely 3-SAT-2, whigé introduce now.

Definition 4.7. 3-SAT-2 is the variant of 3-SAT, so that every literal is uiseat most two clauses.
3-SAT-2 is NP-complete. As before the proofs can be fountiénaippendix.

Theorem 4.8. FVS respectively FAS are NP-complete even when restrictetigtaphs inCON N}

respectiveN\CONN2.

4.3 Graph Grundy Numbering and Kernel

Definition 4.9. Graph Grundy Numbering the problem to decide for a digraph, if there exists a
functionf : V(D) — N, such that for allv € V (D), f(v) is the smallest natural number not contained
in{f(u) :ueV(D),(v,u) € E(D)}.

Definition 4.10. Kernelis the problem to decide in a digraph, if there existd/’ C V (D), such that
1. there is no edge between two vertice¥’ini.e. V' is an independent set.
2. foreveryv € V(D) \ V' there exists a. € V' with (v,u) € E(D).

Observe, that on undirected graphs the maximisation wersfoKernel is thelndependent Set
problem, whereas the minimisation version of Graph GrundynBering equals Vertex-Colouring. In
contrast to the undirected case, where every graph has epdndent Set and a Vertex Colouring, not ev-
ery digraph has a Kernel or a Graph Grundy Numbering and itéeady NP-complete to decide whether

8



a Kernel or a Graph Grundy Numbering do exist [26]. A simplaraple of a digraph that neither has a
Graph Grundy Numbering nor a Kernel is the directed cyclé whtee vertices. Nevertheless it is easy
to see that Kernel and Graph Grundy Numbering are triviadlyable on acyclic graphs. We are now
ready to prove the NP-completeness for Graph Grundy Numdpen digraphs i ON Y.

Theorem 4.11.Graph Grundy Numbering and Kernel are NP-complete even wdstricted to digraphs
in CONNY.

Proof. Due to space restrictions the proofs are deferred to thenalppe O

5 Conclusion and Open Problems

In this paper we considered Cops and Robber on directed geamh established non-monotonicity for
two important types of games. Our examples show that the tooiuity costs for these games can not be
bound by an additive term, i.e. for aiythere are digraphs where at leasddditional cops are required
to catch a robber with a monotone strategy. However, so éetis no upper bound for the monotonicity
costs involved. It is conceivable that there is a constanN such that whenever cops suffice to catch
a robber on a digrapl in any of the two variants, than- n cops suffice for a monotone strategy. This,
however, is left as an open problem.

A different trait we explored in this paper are the limits of algorithm theory based on directed
graph decompositions. We showed that while there are stiegeand important examples for natural
problems that become tractable on digraphs of small widgémyrother natural problems remain NP-
complete even if the digraphs have very low global connigtiv
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Appendix

A Proofs omitted from Section 4

A.1 Minimum Equivalent Subgraph
Theorem 4.6. The MES-problem is NP-complete even when restricted tapligrinCON A3,

Proof. The proof reduces 3-SAT to round-trip. Létbe a 3-SAT-Formula with variables,, - - - , z,
and clause¢’, - - - , C,,,. From ' we construct a digrapp satisfying:

(A) Fis satisfiable if, and only ifD has a round-trip of sizg/(D)| + m.
(B) D is constructable in polynomial time, given
(C) D € CONN3.

We constructD as follows:

e For each variable; in F' add the digrapti;, which is shown in Figure 3 a), tb.
e Add avertexd to D.

e Connectd and the graphé#/; as illustrated in Figure 3 b), i.e. add the ed¢ésa;1), (d,,d) and
(d, al) toD.

e For each claus€’; add the vertices’} andC? together with the edge&”;, d) and(d, C7) to D.

e For each occurrence of, respectivelyr; in a clause”; add the edged®; 2.1, le) and(C]?, Ci2sl),
respectively(c; 241, le) and(CJZ, bi 2+1) to D, wherel is the smallest integer, such that neither
bi 2«1—1 NOr ¢; 2,01 have been used by a clause before.

An example forD is shown in Figure 4. It remains to show thatactually satisfies (A)-(C).

(A) = Let g be a satisfying assignment fér. We have to show thab contains a round-trigk of
size|V(D)| + m. R uses the following edges:
° (dz, CLZ'_H), (dn, d) and(d, al).
e For eachH;, such that3(x;) = true, respectively3(x;) = false, R uses the edges
(ai, b@l), (b@l, 61'71) and(em, Ci,l), respectiveMai, Ci,l), (Cz‘,I, 62',1) and(em, bz‘,l)-
o If B(z;) = true, respectivelys(z;) = false andc;;, respectivelyb; ; has an edge to
a clauseC}, such that neitheC} nor CJZ are already contained iR, use the edges
(ci1,C}), (Cf,d), (d,C3) and(C7, b; 1 11), respectively(b; s, C} ), (C},d), (d,C7) and
(C]?, ¢ii+1)- If not R uses the edgg:; i, b; 141), respectively(b; ;, ¢; i41).
It is easy to see thak is a round-trip forD, using every vertex excegtat most once and

every vertex inHy, - - - , H,, exactly once. Ag is a satisfying assignment féf every vertex
Cj, C7 is used at least once arids used exactlyn + 1-times. SoR has siz¢V (D) + m.

<= Now suppose we are given a round-tfipon D of size|V(D)| + m. We have to show that
there exist a satisfying assignment #or We show this by a series of claims:

a) In every round-tripl has exactlyn + 1 predecessors.
b) In every round-tripi has exactlyn + 1 successors.

11



a)

Figure 3: a) The graplt/; for the reduction of 3-SAT to MES in Theorem 4.6. b) The conioes

between the graphd., - - - , H,, and the vertex.

H,
O 4
|
O a
Hy
I
L
Hy,
O 4,
|
—O




o C2 Cly ¢!

J J2 J1

Figure 4. An example for the reduction of 3-SAT to round-timpTheorem 4.6. In this example; is
positive inC;,, C;, and negative irC;,.
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c) All vertices in R exceptd have in- and out-degree one addas in- and out-degree
m+ 1.

d) R contains exactly one db; ;,e; ;) and(e; ;,b; ;). The same holds fofc; ;, e; ;) and
(€34, ¢ij)-

e) R contains eithe(b; ;, e; ;) and(e; j, c; j) O (¢; 5, €;,5) and(e; 5, b; ;) for everyi andj.

f) R contains either all edgés; ;, e; ;) and(e; ;, c; ;) or all edgesc; 5, e; ;) and(e; 5, b; ;),
for everyi.

g) If R contains an edg@; ;,, C}l), thanR does not contain an edge; ;,, C}Q), for every
1.

h) The assignment, with 3(x;) = true, if R contains edges of the forifb; ;, Cll) and

B(x;) = false otherwise is a satisfying assignment for

Proof of (a)-(h):

a) This follows from the fact that is the only successor of it'ls, + 1 predecessors ib.
b) This follows from the fact thad is the only predecessor of itia + 1 successors ib.
c) This follows from (a) and (b) together with the fact tha #ize ofR is |V (D)| + m.

d) SupposeR contains concurrently; ;, e; ;) and(e; j, b; ;). Then it follows from (c) that
b;,; ande; ; are isolated ink, a contradiction.

e) This follows from (d) and the fact that ; andc; ; are the only neighbours ef ;.

f) We show this by induction ori. Forj = 1 this follows from (e). W.l.o.g. we can
assume thak? contains(b; ;,e; ;) and(e; ;, c; ;). We have to show thak also contains
(bij+1.€ij+1) and(e; j11,¢ijv1)- As (e 4, c; ;) is contained ik, ¢; ; has eithelC! or
b;,j+1 as successor ikR. We therefore distinguish two cases:

(a) R contains(c; ;, Cll). Then the only predecessors@f in D areb; ; ande; ;.
As b; ; already has a successorf R has to contairfe; j11, ¢; j+1)-

(b) R contains(c; ;,b; j+1). In this casé; ;1 cannot have another predecessofiin
thus R cannot contairfe; 1, b; j+1).

g) Because of (f) for everyeither all vertices; ; are succeeded hy ; or all verticesc; ;
are succeeded by ; in R. So R contains either only edges of the forfx ;, C}') or
only edges of the fornfb; ;, C}').

h) This follows from (g) and the fact thd? has to contain all vertices d?, in particular
cL.

(B) This follows from the construction ab.

(C) ltis easy to see thdd \ {d} decomposes into components of size at Mastd thusD € CON N,

O

A.2 Feedback Vertex / Arc Set

Before we proove Theorem 4.8, we first need the following sntgmma.

Lemma A.1. Let D be the complete bipartite graph with two vertices in eacht.p@hen every FVS of
D contains all vertices of one part. Furthermore the vertioésne part form a FVS.

Proof. Suppose for a contradiction thkt is a FVS of D anda, b ¢ V' are two vertices i/’ not in the
same part oD. Then(a,b), (b, a) is a circle inD which is not covered by”’. Now supposé’’ is a part
of D. ThenD — V"’ is an independent set and acyclic. O
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Theorem 4.8. FVS is NP-complete even when restricted to digrapt@&div L.

Proof. We reduce 3-SAT-2 to FVS. For every 3-SAT-2 formilavith variableszy, - - - , z,, and clauses
Cy,---,Cy, we construct a grapp satisfying:

(A) D has a FVS of sizén if, and only if F' is satisfiable.
(B) D is constructable in polynomial time given.
(C) D € CONN}.

D is constructed by the following steps:

e Add a vertexv to D.

e For each variable; add toD the complete bipartite graphi; with partitions{z}, 2} and{z},7?}.

e For each clause’; with literalsiy, - - - ,;,, which are ordered corresponding to the index of their
variables, add a circle, - - - , ¢;, v, ¢; to D, such that :

a) If i, equalse;, respectivelyz;, thency, is one ofz!, 22

17
b) The vertex used b, is not used by any other clause. This is always possible dslitacl
is contained in at most two clauses.

respectivelyz!, z2.

We now show thaD satisfies (A)-(C).

(A) = Let 3 be a satisfying assignment fét. Now defineV’ C V (D), such thatr},z? € V', if
B(z;) = true andz},z? € V' otherwise. S4V’| < 2n it remains to show that’ is a
Feedback Vertex Set fdp. As H; \ V' is an independent set, no circle can contain an edge
of an H;. It follows from the construction ab that every such circle corresponds to a unique
clause. As3 is a satisfying assignment fdf, VV/ contains at least one vertex for each such a
clause. Sd’’ is a FVS forD.

2

<= LetV’ be aFVS forD of size2n. Because of Lemma A’ contains either}, z? orz}, 72
for eachl < i < n. As|V’| < 2n V' contains no other vertices. Now defiféz;) = true
if 2}, 22 € V' andB(z;) = false otherwise. AS/’ isa FVS and ¢ V', V/ contains at least

17

one vertex of every clause. $as a satisfying assignment fafr.
This follows easily from the construction.

It is easy to see thdD \ {d} decomposes into components of size at rdaamtd thusD € CON N .
O

To show that FAS is NP-complete on digraphs losely connedigidphs as well, we use a simple
reduction to FVS, as follows:

Definition A.2. Let D be a digraph. Ther (D) is the digraph obtained frond after replacing every
vertexv € V(D) with two vertices;, vo and an edgévy, v2) and every edgév, w) € D with an edge
(vg, wy).

In [3] it is shown thatD has a FVS of siz& if, and only if K (D) has a FAS of sizé&. By using

Lemma 4.8 and observing that for every digrdphe CON' A the digraphi (D) € CON N2 we get:
Theorem 4.8. FAS is NP-complete even when restricted to digraph@&iv Nz,
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Figure 5: The grapl#; for a variabler; used in the proof of Theorem 4.11.
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Figure 6: The two possible colourings for the graph in Figure
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A.3 Graph Grundy Numbering and Kernel

Theorem 4.11. Graph Grundy Numbering is NP-complete even when restricteiyraphs ilCONAY.

Proof. As the proof uses the reduction of 3-SAT to Graph Grundy Numfgegiven in [26], we only

show that the graph used in [26] is@ONNY. To do this we first take a look at what the graph looks
like.

Let F' be a 3-SAT-Formula with variables, - - - , z, and clauseg’y, - - - , C,,, then the digraptD
used in the reduction from 3-SAT to Graph Grundy Numberingpisstructed as follows:

e For each variable; we add the graplif;, which is given in Figure 5, t@®.
e For each claus€’; we add the verticed ;, B;, C; and edges$A;, B;), (B;, C;), (Cj, Aj) to D.

e For each occurrence of a variablg respectivelyr; in a clause”; we add taD the edgesC}, v;),
respectively(C}, ;).

Now it is easy to see thdd already consists of components of size at rastd thusD € CONNY.
O

Theorem 4.11. Kernel is NP-complete even when restricted to digraph@@ivA/Y.

Proof. Since the prove uses the same graph as in theorem 4.11 aneldilngion is given in [26] the
result follows. O
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