A remarkable representation of the Clifford group

Steve Brierley
University of Bristol

March 2012

Work with Marcus Appleby, Ingemar Bengtsson, Markus Grassl,
David Gross and Jan-Ake Larsson



Outline

» Useful groups in physics

» The Zak basis for finite systems

» An application to SIC-POVMs



Heisenberg Groups

Heisenberg groups can be defined in terms of upper triangular
matrices
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where x, p, ¢ are elements of a ring, R.

» R =R - a three dimensional Lie group whose Lie algebra
includes the position and momentum commutator
» R = Zy - a finite dimensional Heisenberg group H(N)

» R =T, - an alternative finite dimensional group



Finite and CV systems

Finite systems ‘ CV systems

Heisenberg group H(N) Heisenberg group H(R)
elements are translations in elements are translations in
discrete phase space (N = p) phase space

H(R)|0) — Coherent states

normalizer H(N) = C(N) normalizer H(R) = HSp
The Clifford group The Affine Symplectic group
C(N) = H(N) x SL(2, N) HSp = H(R) x SL(2,R)

HSp|0) — Gaussian states

Our new basis Zak basis



The Clifford group

Write elements of H(N) as
Dy =7IX'ZI

where 7 = —e, X|j) = |j + 1) and Z|j) = wil}).
Then the composition law is

DDy = 79" Dy g v
The Clifford group is the normalizer of H(N) i.e. all unitary
operators U such that

UD,JUJr = Tk/ D,'/’j/



Definition of the basis

The Heisenberg group H(N) is defined by w = e2™/N and
generators X, Z with relations

ZX = wXZ, xXN=7N=1
» There is a unique unitary representation [Weyl]
» The standard representation is to choose Z to be diagonal.
But suppose N = n?, then
Z"X"=X"Z"

» There is a (maximal) abelian subgroup (Z", X") of order
n?=N

» So choose a basis in which this special subgroup is diagonal



The entire Clifford group is monomial in the new basis

Armchair argument:
» The Clifford group permutes the maximal abelian subgroups
of H(N)

It preserves the order of any element
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In dimension N = n? there is a unique maximal abelian
subgroup where all of the group elements have order an

Hence the Clifford group maps (Z", X") to itself
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The basis elements are permuted and multiplied by phases

Theorem:

There exists a monomial representation of the Clifford group with
H(N) as a subgroup if and only if the dimension is a square,

N = n?.



The new basis
In the Hilbert space Hy = H, ® H,, the new basis is

X|r.s) [r,s+1) ifs+1#0modn
r,s) =
o"|r,0)  otherwise

S
Z|r,s) =w’|r—1,s)
2mi 2ni
where the phases are w = e~ and 0 = e » . Indeed,

X"r,s) =0o"|r,s) Z"|r,s) = cd®|r,s)

We have gone “half-way” to the Fourier basis
n—1

1
Ir,s) = N Zw‘””|nt+ s).
t=0

i.e. apply F, ® I, where F, is the n x n Fourier matrix.



An Application to SIC POVMs

A SIC is a set of N2 vectors {|1);) € CN} such that
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> A 2-design with the minimal number of elements.
» A special kind of (doable) measurement.

» Potentially a “standard quantum measurement” (cf. quantum
Bayesianism)



Zauner's Conjecture

SICs exist in every dimension
» Exact solutions in dimensions 2 — 16, 19, 24, 35 and 48

» Numerical solutions in dimensions 2 — 67

They can be chosen so that they form an orbit of H(N) i.e. the
SIC has the form Djj|1)) and there is a special order 3 element of
the Clifford group such that

Uzlh) = )

» All available evidence supports this conjecture



Images of SICs in the probability simplex

) = (to0, Yo1, ¢10, - - ) T = (\/Poo, V/ pore’tor, \/ proeitio, .. )T

J} image w.r.t the basis

prob vector = (poo, pot, P10 - --) "

Consider the equations
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Take the Fourier transform

Zprs:N+1

1
> Prbrissey = g for (x.y) £ (0.0)



SICs are nicely aligned in the new basis

Geometric interpretation: When the SIC is projected to the basis
simplex, we see a regular simplex centered at the origin with N
vertices.

The new basis is nicely orientated...

\



Solutions to the SIC problem

» Dimension N = 22 is now trivial
» Dimension N = 32 can be solved on a blackboard

» Dimension N = 42 can be solved with a computer



Solving the SIC problem in dimension N = 22
First write the SIC fiducial as

oo
_ | Yo
) D10
Y11
In the monomial basis, Zauner's unitary is
0100
0 010
Uz = 1 000
0 0 01

Hence, Zauner's conjecture, U,|1)) = |¢)), gives us

a

a

a
bei@

) =



Solving the SIC problem in dimension N = 22

The SIC fiducial is

a
vy =1 °
bei?
Then we have two conditions,
Norm =1 = 322 + b =1 (1)
Zp,s—N+1 3a4+b4:§ (2)

Solving these equations gives

5-v5 [543V
20 N 20




Solving the SIC problem in dimension N = 22

Plugging these values into the equation

1
[(IX[w)? =
Gives Y /B
3-v5 1+V5 ,, 1
20 + 10 cos 9—5
Hence Xt 1
ez(z)w A=0,1,2,3

Conclusion: The Zauner eigenspace contains the fiducials

1
5-5 1
/9 + \/gewi/4 I')\



Solving the SIC problem in dimension N = 32

In the new basis, we can solve the SIC problem on the blackboard...



Solving the SIC problem in dimension N = 32

Zauner's conjecture implies that

|¢> = _leql’ 1> - ZZw‘272> + 23((“‘}6’072) + ‘170> +w8‘27 1>)
T 2(]0,1) + [2,0) + w[1,2)) .
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71 =/p1e"®  zo = /ppe M z3=/p3e'"®  z4 = /pse't



Solving the SIC problem in dimension N = 32

The absolute values:

pr=ai+br, p2=a—br, p3 =az+bz, ps=az— bz

a = 410 (5*505\[+503\[+\ﬁ)

by = 60 15(f+sof)

1
a3 = @(154-505\@—503[—\/@)
by = 60 ( 18—s07xf+so6\f+5f)

where so = 51 = sp = +1



Solving the SIC problem in dimension N = 32
The phases:

: 1 1
e’ = §+C—i51\/§—c0
1
ip3 ms3 1 . 1 3
e = q — §—c1+c2+15152 §+c1—c2
1
. 1 . 1 ’
g™ | — E—cl—q—l—lslsg §—|—C1+C2

o = %\/2(64—50\@— V15)

aq = %0\/9—504\/54—503f—2\/ﬁ

o = %\/15(—19+5012\f3—509\/§+6\/ﬁ)

eiM4 —




Solving the SIC problem in dimension N = 42

The new basis allows us to solve the SIC problem in dimension 16...

The solutions are given in a number field

K= Q(\/Qa Vv 137 \% 177 ra, rs3, t].a t2, t37 t4a \% 71)5
of degree 1024, where

rp = \/ﬁ r3 = \/m
t = \/15+(4— V1T)rs —3V17
t5 = ((3—5V17)V13 + (39V17 — 65))rs
+ ((16V17 — 72)v/13 4 936))t; — 208v/13 + 2288

t5=\/2—2 ta=2+t3




Conclusion

v

A basis were every element of the Clifford group is a
monomial matrix

» The SICs are nicely orientated in the new basis

» The solutions to the SIC problem in dimensions 4, 9 and 16
are given entirely in terms of radicals, as expected (but not
understood!)

» The result can be extended to non-square dimensions kn?

> Are there other applications in quantum information?

N = n? . QIC vol 12, 0404 (2012), arXiv:1102.1268
N = kn? : in preparation



