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Types as C*-algebras
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Types as C*-algebras

> A type Ais interpreted as a C*-algebra [A].
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Types as C*-algebras

> A type Ais interpreted as a C*-algebra [A].

e (C*-algebra = algebra of physical observables

(measurable quantities of a physical system).
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Types as C*-algebras

> A type Ais interpreted as a C*-algebra [A].

e (C*-algebra = algebra of physical observables

(measurable quantities of a physical system).

» Bool: [bool] =C& C
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Types as C*-algebras

> A type Ais interpreted as a C*-algebra [A].

e (C*-algebra = algebra of physical observables
(measurable quantities of a physical system).

» Bool: [bool] =C& C

» Qubit: [qubit] = M, = B(C?)
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Types as C*-algebras

> A type Ais interpreted as a C*-algebra [A].

e (C*-algebra = algebra of physical observables
(measurable quantities of a physical system).

» Bool: [bool] =C& C
» Qubit: [qubit] = M, = B(C?)

> Tensor: [x:Ay:B]=A®B
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Types as C*-algebras

> A type Ais interpreted as a C*-algebra [A].

e (C*-algebra = algebra of physical observables
(measurable quantities of a physical system).

» Bool: [bool] =C& C
» Qubit: [qubit] = M, = B(C?)
> Tensor: [x:Ay:B]=A®B

» Void: [()]=C
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Types as C*-algebras

> A type Ais interpreted as a C*-algebra [A].

e (C*-algebra = algebra of physical observables
(measurable quantities of a physical system).

» Bool: [bool] =C& C

» Qubit: [qubit] = M, = B(C?)
> Tensor: [x:Ay:B]=A®B
» Void: [()]=C

» Natural numbers: [nat] = @,eny C
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Programs as completely positive maps

» f=[x:AFt:B]:[B] — [A] (predicate transformer)
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Programs as completely positive maps

» f=[x:AFt:B]:[B] — [A] (predicate transformer)

e unital: preserves the unit.
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Programs as completely positive maps

» f=[x:AFt:B]:[B] — [A] (predicate transformer)

e unital: preserves the unit.
e positive: preserves observables
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Programs as completely positive maps

> f=[x:AbFt:B]:[B] — [A] (predicate transformer)
e unital: preserves the unit.
e positive: preserves observables
» positive element: a = x*x for some x.
» observables are determined by positive elements.
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Programs as completely positive maps

» f=[x:AFt:B]:[B] — [A] (predicate transformer)

e completely positive: allows to run the computation on a
subsystem of a bigger system.
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Programs as completely positive maps

» f=[x:AFt:B]:[B] — [A] (predicate transformer)

e completely positive: allows to run the computation on a
subsystem of a bigger system.

> Man(f) : Man(B) — Man(A) positive.
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Programs as completely positive maps

» f=[x:AFt:B]:[B] — [A] (predicate transformer)

e completely positive: allows to run the computation on a
subsystem of a bigger system.

> idjqubigen @F 1 [qubit]®” @ [B] — [qubit]®” @ [A] positive.
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Programs as completely positive maps

» f=[x:AFt:B]:[B] — [A] (predicate transformer)

e completely positive: allows to run the computation on a
subsystem of a bigger system.

> idjqubiegen @F 1 [qubit]®” @ [B] — [qubit]®” @ [A] positive.

» Complete positivity is at the core of quantum computation
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Programs as completely positive maps

» f=[x:AFt:B]:[B] — [A] (predicate transformer)

e completely positive: allows to run the computation on a
subsystem of a bigger system.

> idjqubiegen @F 1 [qubit]®” @ [B] — [qubit]®” @ [A] positive.
» Complete positivity is at the core of quantum computation

» Our contribution: a method to consider complete positive maps as
natural families of positive maps.
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Where we are, sofar

How to build representations of completely positive maps
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What is a representation?
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What is a representation?

» Representation of C in R

e full and faithful functor

F:C—R
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What is a representation?

» Representation of C in R
e Natural isomorphism
C(A, B) = R(F(A), F(B))

for A, B objects in C
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What is a representation?
» Representation of C in R

e Natural isomorphism
C(A, B) = R(F(A), F(B))
for A, B objects in C

» Biggest advantage: it gives more structure to types without altering
the interpretation of programs.

How to buil ly p maps
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States and effects duality: the “Nijmegen triangle”’
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States and effects duality: the “Nijmegen triangle”’

predicate T state
transformers ) <~ \ transformers
(computations)
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States and effects duality: the “Nijmegen triangle”’

predicate /Tﬂ‘ state
transformers ) <~ \ transformers

(computations)

» This view works in many settings, including probabilistic and
quantum computation.

How to build repr y p maps
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States and effects duality: the “Nijmegen triangle”’

predicate /?N state
transformers ) <~ \ transformers

(computations)

» This view works in many settings, including probabilistic and
quantum computation.

» Goal: Make this view compositional for quantum computation
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Examples of representations (for positive maps)

::%ve; T:ﬁ,ﬁj Renne|a StammF 15th July 2015 Cr:ranpp"ete positivity as naturality icis | Digital Security

Radboud University



Examples of representations (for positive maps)

» C*-Algpy: category of C*-algebras and positive unital maps.
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Examples of representations (for positive maps)

» C*-Algpy: category of C*-algebras and positive unital maps.

_
effect T convex
modules ) <« sets
Pk At
*
C*-Algpy
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Examples of representations (for positive maps)

» C*-Algpy: category of C*-algebras and positive unital maps.

effect — = [ convex
T
modules ) <« sets
Pk At
C*-Algpy

» Pred and Stat are representations (i.e. full and faithful).
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Representation for completely positive maps?
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Representation for completely positive maps?

» C*-Alg.py: category of C*-algebras and completely positive unital

maps
_—
effect T convex
modules ) < sets
Pk At
C*-Algcpy
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Representation for completely positive maps?

» C*-Alg.py: category of C*-algebras and completely positive unital

maps

T

-~ 0 0 0@

Pk At

C*-Algcpy

effect
modules

» Pred and Stat are NOT representations.

I

convex
sets
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Main theorem
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Main theorem

» Niom: category of natural numbers and isometries (i.e. matrices
F € Mpxn such that F*F = 1), which induce completely positive
unital maps F* F : M, — M,.
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Main theorem

» Niom: category of natural numbers and isometries (i.e. matrices
F € Mpxn such that F*F = 1), which induce completely positive
unital maps F* F : M, — M,.

> Functor M : C*_AIgCPU — [NISOm7 C*‘AIgPU]
e (C*-algebra) — (indexed family of C*-algebras)
M(A) = {Mn(A)}n
e (CPU-map) — (natural family of PU-maps)
M(f : A— B) = {M,(f): My(A) = M,(B)},
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Main theorem

» Niom: category of natural numbers and isometries (i.e. matrices
F € Mpxn such that F*F = 1), which induce completely positive
unital maps F* F : M, — M,.

» Functor M : C*-Algcpy — [Nisom; C*-Algpy]
e (C*-algebra) — (indexed family of C*-algebras)
M(A) = {Mn(A)}n
e (CPU-map) — (natural family of PU-maps)
M(f : A— B) = {M,(f) : M,(A) = Mp(B)}n

The functor M : C*-Algcpy — [Nisom, C*-Algpy] yields a representation
of C*-Alggpy in [Nisom, C*-Algpy].
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Variation on the index category

::%ve:iob?f. 1al ."Renne|a Statﬁ.}n 15t|1 Ju|y 2015 r(;.‘:r:’plete positivity as naturality icls | Digital Security

Radboud University



Variation on the index category

» Ngpuy: category whose objects are natural numbers and where a
morphism m — n is a completely positive unital map M,, — M,.

:ao%ve;obzfl 18 FRenne|a Statc}n 15tl:h JILJ|yF20_1_5 S‘:r:splete positivity as naturality icIs | Digital Security
repr y

Radboud University



Variation on the index category

» Ngpu: category whose objects are natural numbers and where a
morphism m — n is a completely positive unital map M,, — M,.

> FunCtOI’ M . C*'AIgCPU — [NCPU, C*—AIgPU]
e (C*-algebra) — (indexed family of C*-algebras)

M(A) = {Ma(A)}n
e (CPU-map) — (natural family of PU-maps)
M(f : A— B) = {My(f) : My(A) = Mp(B)}n
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Variation on the index category

» Ngpu: category whose objects are natural numbers and where a
morphism m — n is a completely positive unital map M,, — M,.

> FunCtOI’ M . C*'AIgCPU — [NCPU, C*—AIgPU]
e (C*-algebra) — (indexed family of C*-algebras)

M(A) = {Ma(A)}n
e (CPU-map) — (natural family of PU-maps)
M(f : A— B) = {My(f) : My(A) = Mp(B)}n

The functor M : C*-Alg-py — [Neopu, C*-Algpy]| yields a representation
of C*-Algcpy in [Nepu, C-Algpy].
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A recipe for representations of completely positive
unital maps
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A recipe for representations of completely positive
unital maps

> Take a representation F of C*-Algpy; in a category R.
e F:C*Algpy — R full and faithful.
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A recipe for representations of completely positive
unital maps

> Take a representation F of C*-Algpy; in a category R.
e F:C*Algpy — R full and faithful.
e Examples:
» Pred: C*-Algp; — (effect modules)
» Stat : C*-Alg};, — (convex sets)
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A recipe for representations of completely positive
unital maps

> Take a representation F of C*-Algpy; in a category R.
e F:C*Algpy — R full and faithful.
e Examples:
» Pred: C*-Algp; — (effect modules)
» Stat : C*-Alg};, — (convex sets)
> Mix it with our representation M of C*-Algcpy in
[NIsom; C*—Alng]

e Theorem: M : C*-Algcpy — [Nisom, C*-Algpy] full and
faithful.
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A recipe for representations of completely positive
unital maps

> Take a representation F of C*-Algpy; in a category R.
e F:C*Algpy — R full and faithful.
e Examples:
» Pred: C*-Algp; — (effect modules)
» Stat : C*-Alg};, — (convex sets)

» Mix it with our representation M of C*-Algcpy in
[leoma C*—Alng]

e Theorem: M : C*-Algcpy — [Nisom, C*-Algpy] full and
faithful.

> You get a representation of C*-Algpy in [Nisom, R] !
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A recipe for representations of completely positive
unital maps

> Take a representation F of C*-Algpy; in a category R.
e F:C*Algpy — R full and faithful.
e Examples:
» Pred: C*-Algp; — (effect modules)
» Stat : C*-Alg};, — (convex sets)

> Mix it with our representation M of C*-Algcpy in
[leom7 C*—Alng]
e Theorem: M : C*-Algcpy — [Nisom, C*-Algpy] full and
faithful.
> You get a representation of C*-Algpy in [Nisom, R] !

» Crucial point: Representing a completely positive map as a natural
family of maps rather than as a unique map.
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Where we are, sofar

Application: Quantum domain theory
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Convex dcpos
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Convex dcpos
» Convex set (X, &, : X? = X)
x@ry=r-x+(1-r)-y (rel0,1])

(4 extra conditions which describe the convex structure of X).
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Convex dcpos

» Convex set (X, &, : X? = X)
x@ry=r-x+(1—-r)-y (rel0,1])
(4 extra conditions which describe the convex structure of X).

» A convex dcpo is a convex set equipped with a dcpo structure such
that the functions that constitute its convex structure are
Scott-continuous.
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Convex dcpos

» Convex set (X, @, : X? — X)
x@ry=r-x+(1—-r)-y (rel0,1])
(4 extra conditions which describe the convex structure of X).
» A convex dcpo is a convex set equipped with a dcpo structure such

that the functions that constitute its convex structure are
Scott-continuous.

» dConv: category of convex dcpos and affine Scott-continuous maps
between them.
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Convex dcpos
» Convex set (X, &, : X? = X)
x@ry=r-x+(1—-r)-y (rel0,1])
(4 extra conditions which describe the convex structure of X).
» A convex dcpo is a convex set equipped with a dcpo structure such
that the functions that constitute its convex structure are

Scott-continuous.

» dConv: category of convex dcpos and affine Scott-continuous maps
between them.

» Example: unit interval of the reals.
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Representing state spaces as convex dcpos
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Representing state spaces as convex dcpos

> WH*-algebras are C*-algebras with nice domain-theoretic properties.
e cf. [Rennela, MFPS XXX, 2014]
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Representing state spaces as convex dcpos

> WH*-algebras are C*-algebras with nice domain-theoretic properties.
e cf. [Rennela, MFPS XXX, 2014]

> W*-Algpy: category of W*-algebras and (normal) positive unital
maps

> W*-Alg.py: category of W*-algebras and (normal) completely
positive unital maps
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Representing state spaces as convex dcpos

> WH*-algebras are C*-algebras with nice domain-theoretic properties.
e cf. [Rennela, MFPS XXX, 2014]

> W*-Algpy: category of W*-algebras and (normal) positive unital
maps

> W*-Alg.py: category of W*-algebras and (normal) completely
positive unital maps

> NS(A) =W*-Algpy(A,C) for a W*-algebra A
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Representing state spaces as convex dcpos

> WH*-algebras are C*-algebras with nice domain-theoretic properties.
e cf. [Rennela, MFPS XXX, 2014]

> W*-Algpy: category of W*-algebras and (normal) positive unital
maps

> W*-Alg.py: category of W*-algebras and (normal) completely
positive unital maps

» The functor N'S : W*-Alg2?, — dConv
taking A to NS(A)

is full and faithful.

Page 13 of 18 Rennela, Staton 15th July 2015 Complete positivity as naturality . P .
Application: Quantum domain theory iCIs | Digital Security

Radboud University



Representing state spaces as convex dcpos

> WH*-algebras are C*-algebras with nice domain-theoretic properties.
e cf. [Rennela, MFPS XXX, 2014]

> W*-Algpy: category of W*-algebras and (normal) positive unital
maps

> W*-Alg.py: category of W*-algebras and (normal) completely
positive unital maps

» The functor N'S : W*-Algh,i; — [Ngfpyy, dConv]
taking A to {N'S(M,(A))}n
is full and faithful.
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Quantum (pre)domains
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Quantum (pre)domains

» Ngpu: category whose objects are natural numbers and where a
morphism m — n is a completely positive unital map M,, — M,.
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Quantum (pre)domains

» Ngpu: category whose objects are natural numbers and where a
morphism m — n is a completely positive unital map M,, — M,.

» Quantum predomain: functor D : NCPU — dConv such that

D(f@rg):D(f)@r D(g) re [071]
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Quantum (pre)domains

» Ngpu: category whose objects are natural numbers and where a
morphism m — n is a completely positive unital map M,, — M,.

» Quantum predomain: functor D : NCPU — dConv such that

D(f@rg):D(f)@r D(g) re [071]

» Quantum domain: quantum predomain D such that D(1) has a least
element.
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Motivation: introducing lifting in (classical)
domain theory
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Motivation: introducing lifting in (classical)
domain theory

identity on objects

See—_ T —>Pfn
()+1
flat predomain flat domain
()
Predom C Dom,
forgetful
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Motivation: introducing lifting in (classical)
domain theory

identity on objects

See—_ T — —>Pfn
()+1
flat predomain flat domain
(e
Predom C Dom,
forgetful

» Predomain: set + partial order + least upper bounds of w-chains.
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Motivation: introducing lifting in (classical)
domain theory

identity on objects

See—_ T — —>Pfn
()+1
flat predomain flat domain
(e
Predom C Dom,
forgetful

» Predomain: set + partial order + least upper bounds of w-chains.

» Domain: predomain with a least element.
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Motivation: introducing lifting in quantum domain
theory

f ) Ii o P N
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Motivation: introducing lifting in quantum domain
theory

identity on objects
—_— =TT

WrAlgepy _ T 7 W*-Algepgy
(L)eC
NS NS( ).
(U)o
QPredom~ T > QDom,
forgetful
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Motivation: introducing lifting in quantum domain
theory

identity on objects
—_— = T

WoAlgepy T 7 W*-Algepgy
(L)aC
NS NS( )1

(U)e
QPredom~_ T > QDom,

forgetful
» Quantum predomain: functor D : N pu — dConv such that
D(f@rg) = D(f) Dr D(g) re [071]

» Quantum domain: quantum predomain D such that D(1) has a least
element.
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Next step: Improving quantum domains

> Axiomatization of the algebraic structure of quantum domains
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Next step: Improving quantum domains

» Axiomatization of the algebraic structure of quantum domains

A® A= My(A) in W*-Algapy
NS(My(A)) = NS(A) & NS(A) in QDom
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Next step: Improving quantum domains

» Axiomatization of the algebraic structure of quantum domains
A® A — My(A) in W-Algepy

NSE(M(A)) = NS(A) & NS(A) in QDom
cf. S. Staton. POPL'15.
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Next step: Improving quantum domains

» Axiomatization of the algebraic structure of quantum domains
A® A — My(A) in W-Algepy

NSE(M(A)) = NS(A) & NS(A) in QDom
cf. S. Staton. POPL'15.

» Algebraic compactness and quantum (pre)domains (to appear).
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Main points

» (C*-algebras with completely positive maps are a widely accepted
model of first-order quantum computation.
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> There are representations of various categories of C*-algebras with
positive maps.

» Our contribution is a general method for extending these
representations to completely positive maps.
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» (C*-algebras with completely positive maps are a widely accepted
model of first-order quantum computation.

> There are representations of various categories of C*-algebras with
positive maps.

» Our contribution is a general method for extending these
representations to completely positive maps.

The functor M : C*-Algspy — [Nepu, C*-Algpy] yields a representation
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Main points
» (C*-algebras with completely positive maps are a widely accepted
model of first-order quantum computation.

> There are representations of various categories of C*-algebras with
positive maps.

» Our contribution is a general method for extending these
representations to completely positive maps.

The functor M : C*-Algspy — [Nepu, C*-Algpy] yields a representation

» Trick for quantum domain theory: replacing Scott-continuous maps
by natural families of Scott-continuous maps.
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