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Background: Streams

data Stream a = Cons a (Stream a)

nat = Cons 0 (map (+1) nat)

nat = iterate (+1) 0
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Background: Infinite trees

data Tree a = Node (Tree a) a (Tree a)

nat = Node 0 (map (Al — 21+ 1) nat) (map (M — 2 *1i+ 2) nat)

nat = branch (Ai 5 2xi+1) (Ai > 2%i+2)0
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Lemma

Define:
a<x =map ([a]H) x
x>a =map (H[a]) x
Note:
(a<x)>b=a<(x>b)
Define:
ldoublex =0<xH 1<x
rdoublex =x>0 Y x> 1
Lemma:

ldouble - rdouble = rdouble - ldouble

5/16



Proof of lemma

ldouble (rdouble x)
{ definition of ldouble and rdouble }
0<a(x>0Yxp>l)H1a(x>0Y x>1)
{ naturality of Y }
(0<ax>0YO0<xp>l)H (1ax>0Y 1ax>1)
{ abide law }
(0<«xpO0+H1<x>0) Y (0O<xp>lH1ax>1)
{ naturality of + }
(O<axH1<x)p0Y (0<xH1<ax)>1
{ definition of ldouble and rdouble }
rdouble (ldouble x)
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Abide law

If x1 and x, are of the same length, then

(x1Hy1) Y (x2Hy2) = (x1 Y x2) # (y1 Y y2)

X1 H Vi X1 Y1
Y = Y H# Y
X2 H+ y2 X2 y2
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Theorem

Define:
Ibits = Cons [[]] (map ldouble 1bits)

rbits = Cons [[]] (map rdouble rbits)

Theorem:
Ibits = rbits
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Proof of theorem

Ibits
{ definition of lbits }

Cons [[]] (map ldouble lbits)
{ proof obligation }

Cons [[]] (map rdouble 1bits)
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Discharging the proof obligation

map rdouble lbits
{ definition of lbits and rdouble }
Cons [[0],[1]] (map rdouble (map ldouble lbits))
{ Lemma }
Cons [[0],[1]] (map ldouble (map rdouble lbits))
{x = Cons [[0],[1]] (map ldouble x) has a unique solution }
Cons [[0],[1]] (map ldouble (map ldouble 1bits))
{ definition of lbits and ldouble }
map ldouble 1bits
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Appendix: Streams

iterate :: (a — a) — (a — Stream a)
iterate f x = Cons x (iterate f (f x))
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Fusion law:

map h - iterate f; = iteratef,-h <<= h.-f;=£f,-h

iterate f x

= { definition of iterate }
Cons x (iterate f (f x))

= { fusion law: h:=f;:=1f,:=1f}
Cons x (f (iterate f x))
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Appendix: Infinite trees

branch: (a — a) — (a — a) — (a — Tree a)
branch f g x = Node x (branch f g (f x)) (branch f g (g x))
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Appendix: Proof of abide law

P(x1,x2) = (x14y1) Y (x2Hy2) =(x1 Y x2) # (y1 Y y2)
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(14 y1) ¥ (1 +y2)
{ definition of + }

y1Y7y2
{ definition of Y and + }

(1Y D+ (y1Yy2)
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P(a; :x7,a2:%2):

((a1:x1) #Hy1) ¥ ((az2:x2) #y2)
{ definition of 4 and Y }
ar:az:((x1#y1) Y (x2#y2))
{ ex hypothesi }
ar:az:((x1 Y x2) # (v1 Y y2))
{ definition of H }
(ar:az:(x1 Y x2)) H (y1 Y y2)
{ definition of Y }
((a1:x7) Y (az:x2)) H# (y1 Y y2)
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