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(: balance : (All (A) ((RBTree A) -> (RBTree A))))
(define (balance tree)
(RBTree (RBTree-comparer tree)
(balance-helper (RBTree-tree tree))))

(: balance-helper : (All (A) ((Tree A) -> (Tree A))))
(define (balance-helper tree)
(match tree
[ (struct RBNode
('black (struct RBNode ('red (struct RBNode ('red a x b))
(RBNode red (RBNode black a x b) y (RBNode black c z d))]
[ (struct RBNode
('black (struct RBNode ('red a x (struct RBNode ('red b y
(RBNode red (RBNode black a x b) y (RBNode black c z d))]
[ (struct RBNode
('black a x (struct RBNode ('red (struct RBNode ('red b y
(RBNode red (RBNode black a x b) y (RBNode black c z d))]
[ (struct RBNode
('black a x (struct RBNode ('red b y (struct RBNode ('red
(RBNode red (RBNode black a x b) y (RBNode black c z d))]
[else tree]))

(: color : (All (A) ((Tree A) -> Color)))
(define (color tree)
(if (null? tree)
black
(RBNode-color tree)))

(: insert : (All (A) (A (RBTree A) -> (RBTree A))))
(define (insert elem tree)
(let ([func (RBTree-comparer tree)])

y ¢)) z d))

©)))) z d))

c)) z d))))

czd))))))

(RBTree func (rake-black (ins elem (RBTree-tree tree) func)))))

(: ins : (All (A) (A (Tree A) (A A -> Boolean) -> (Tree A))))
(define (ins elem tree func)
(if (null? tree)
(RBNode red empty elem empty)
(ins-helper elem tree func)))

(: ins-helper : (All (A) (A (RBNode A) (A A -> Boolean) -> (Tree A))))

(define (ins-helper elem tree func)

(let* ([nod-elem (RBNode-elem tree)]
[left-cmp (func elem nod-elem) ]
[right-cmp (func nod-elem elem) ]
[left (RBNode-left tree)]
[right (RBNode-right tree)]
[color (RBNode-color tree)])

(cond
[(and left-cmp right-cmp) tree]
[left-cmp

(balance-helper (RBNode color (ins elem left func) nod-elem right))]

[else

(balance-helper (RBNode color left nod-elem (ins elem right func)))])))

(: rake-black : (All (A) ((Tree A) -> (Tree A))))
(define (rake-black tre)
(if (null? tre) tre

(RBNode black (RBNode-left tre) (RBNode-elem tre) (RBNode-right tre))))

(: delete-root : (All (A) ((RBTree A) -> (RBTree A))))
(define (delete-root redblacktree)
(if (empty? redblacktree)
(error 'delete-root "given tree is empty")
(delete (root redblacktree) redblacktree)))

(: delete : (All (A) (A (RBTree A) -> (RBTree A))))
(define (delete key redblacktree)
(let ([func (RBTree-comparer redblacktree)]
[tree (RBTree-tree redblacktree)])
(RBTree func (delete-helper key tree func))))

(: delete-helper : (All (A) (A (Tree A) (A A -> Boolean) -> (Tree A))))

(define (delete-helper key tre func)
(if (null? tre)
(error 'delete "given key not found in the tree")
(del-help key tre func)))

(: del-help : (All (A) (A (RBNode A) (A A -> Boolean) -> (Tree A))))

(define (del-help key tre func)
(: del-left : (Tree A) A (Tree A) -> (Tree A))
(define (del-left left x right)
(if (symbol=? (color left) 'black)
(bal-left (delete-helper key left func) x right)
(RBNode red (delete-helper key left func) x right)))
(: del-right : (Tree A) A (Tree A) -> (Tree A))
(define (del-right left x right)
(if (symbol=? 'black (color right))
(bal-right left x (delete-helper key right func))
(RBNode red left x (delete-helper key right func))))
(let ([root (RBNode-elem tre)]
[left (RBNode-left tre)]
[right (RBNode-right tre)])
(cond
[ (func key root)

(if (func root key) (append left right) (del-left left root right))]

[ (func root key) (del-right left root right)]
[else (append left right)])))

(: rake-red : (All (A) ((Tree A) -> (Tree A))))
(define (rake-red tre)
(if (null? tre)
tre
(RBNode red
(RBNode-left tre)
(RBNode-elem tre)
(RBNode-right tre))))

(: get-left : (ALl (A) ((Tree A) -> (Tree A))))
(define (get-left tree)
(if (null? tree)
(error "Tree empty" 'left)
(RBNode-left tree)))

(: get-right : (All (A) ((Tree A) -> (Tree A))))
(define (get-right tree)
(if (null? tree)
(error "Tree empty" 'right)
(RBNode-right tree)))

(: bal-left : (All (A) ((Tree A) A (Tree A) -> (Tree A))))
(define (bal-left left x right)
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(cond
[ (func key root)

(if (func root key) (append left right) (del-left left root right))]

[ (func root key) (del-right left root right)]
[else (append left right)])))

(: rake-red : (All (A) ((Tree A) -> (Tree A))))
(define (rake-red tre)
(if (null? tre)
tre
(RBNode red
(RBNode-left tre)
(RBNode-elem tre)
(RBNode-right tre))))

(: get-left : (All (A) ((Tree A) -> (Tree A))))
(define (get-left tree)
(if (null? tree)
(error "Tree empty" 'left)
(RBNode-left tree)))

(: get-right : (All (A) ((Tree A) -> (Tree A))))
(define (get-right tree)
(if (null? tree)
(error "Tree empty" 'right)
(RBNode-right tree)))

(: bal-left : (All (A) ((Tree A) A (Tree A) -> (Tree A))))
(define (bal-left left x right)
(cond
[ (symbol=? 'red (color left))
(RBNode red (rake-black left) x right)]
[ (symbol=? 'black (color right))
(balance-helper (RBNode black left x (rake-red right)))]

[(and (symbol=? 'red (color right)) (symbol=? 'black (color (get-left right))))
(RBNode red (RBNode black left x (get-left (get-left right)))

(elem (get-left right))
(balance-helper (RBNode black
(get-right (get-left right))
(elem right)
(subl (get-right right)))))]
[else (RBNode black left x right)]))

(: bal-right : (All (A) ((Tree A) A (Tree A) -> (Tree A))))
(define (bal-right left x right)
(cond

[ (symbol=? 'red (color right))

(RBNode red left x (rake-black right))]

[ (symbol=? 'black (color left))

(balance-helper (RBNode black (rake-red left) x right))]

[(and (symbol=? 'red (color left))

(symbol=? 'black (color (get-right left))))

(RBNode red (balance-helper (RBNode black
(subl (get-left left))
(elem left)

(get-left (get-right left))))

(elem (get-right left))

(RBNode black (get-right (get-right left)) x right))]

[else (RBNode black left x right)]))

(: subl : (All (A) ((Tree A) -> (Tree A))))
(define (subl tree)
(cond

[(null? tree) tree]
[ (symbol=? 'black (color tree))
(RBNode red
(RBNode-left tree)
(RBNode-elem tree)
(RBNode-right tree))]
[else (error "Invariaance violation" 'subl)]))

(: append : (All (A) ((Tree A) (Tree A) -> (Tree A))))
(define (append treel tree2)
(let ([tl-color (color treel)]
[t2-color (color tree2)])
(cond
[(null? treel) tree2]
[(null? tree2) treel]

[(and (symbol=? 'red tl-color) (symbol=? 'red t2-color)) (appendRR treel tree2)]

[(and (symbol=? 'black tl-color) (symbol=? 'black t2-color)) (appendBB treel tree2)]

[ (symbol=? 'red t2-color) (RBNode red (append treel (RBNode-left tree2))
(RBNode-elem tree2) (RBNode-right tree2))]

[else (RBNode red (RBNode-left treel) (RBNode-elem treel)
(append (RBNode-right treel) tree2))])))

(: appendRR : (All (A) ((RBNode A) (RBNode A) -> (Tree A))))
(define (appendRR nodel node2)
(let ([bc (append (RBNode-right nodel) (RBNode-left node2))])
(if (and (RBNode? bc) (symbol=? 'red (color bc)))
(RBNode red

(RBNode red
(RBNode-left nodel)
(RBNode-elem nodel)
(RBNode-left bc))

(RBNode-elem bc)

(RBNode red
(RBNode-right bc)
(RBNode-elem node2)
(RBNode-right node2)))

(RBNode red

(RBNode-left nodel)

(RBNode-elem nodel)

(RBNode red bc
(RBNode-elem node2)
(RBNode-right node2))))))

(: appendBB : (All (A) ((RBNode A) (RBNode A) -> (Tree A))))
(define (appendBB nodel node2)
(let ([bc (append (RBNode-right nodel) (RBNode-left node2))])
(if (and (RBNode? bc) (symbol=? 'red (color bc)))
(RBNode red
(RBNode red
(RBNode-left nodel)
(RBNode-elem nodel)
(RBNode-left bc))
(RBNode-elem bc)
(RBNode red
(RBNode-right bc)
(RBNode-elem node2)
(RBNode-right node2)))
(bal-left (RBNode-left nodel)
(RBNode-elem nodel)
(RBNode black bc
(RBNode-elem node2)
(RBNode-right node2))))))
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{- Version 2, 1st typed version

data Unit a = E deriving Show

type Tr ta = (taat
data Red t a = C (t a)

{- explicit Show instance as we work with 3rd order type comstructors

instance (Show (t a), Show a)

a)
| R (Tr t a)

Show (Red t a)

where showsPrec _ (C t) = shows t

showsprec _ (R(a,b,c))

("R("++) . shows a . (*,"++) . shows b . (

data AddLayer t a = B(Tr(Red t) a) deriving Show

data RB t a = Base (t

{- this Show instance

instance (Show (t a),Show a)

show (Base t)
show (Next t)

type Tree a = RB Unit
empty :: Tree a
empty

Base E

a) | Next (RB (addlayer t) a)

is not Haskell98, but hugs -98 accepts it -
Show (RB t a)

show t
show £

type RR t a = Red (Red t) a
type RL t a = Red (AddLayer t) a

nember :: Ord a => a
member x t = rbmember

rbmember :: Ord a =>

-> Tree a -> Bool
xt (\ _ -> False)

a->RB ta-> (ta->Bool) -> Bool

rhmember x (Base t) m

rhmember x (Next u) m =

bmem :+
bmem x m (B(L,y,5))

| ®y = men x n x
| otherwise = True

rmem :: Ord a

mem x m (C €)

zmem x m (R(1,y,¥))
| xey =m1

mt

| oy =mr
| otherwise = True

= rbmenmber x u (bmem X m)

ord a => a -> (t a->Bool) -> AddLayer t a -> Bool

a -> (t a->Bool) -> Red t a->Bool

insert :: Ord a => a -> Tree a -> Tree a

insert = rbinsert

class Tnsertion t where ins :: Ord a
instance Insertion Unit where ins x E

rhinsert :: (Ord a,Insertion t)

rhinsert x (Next t)
rbinsert x (Base t)

blacken :: Red t a

>a->ta->Redta
R(E,x,E)

a->RBta->RBta

Next (rbinsert x t)
blacken(ins x t)

Sreta

blacken (C u) = Base u

blacken (R(a,x,b))

balancelL :: RR t a

= Next(Base(B(C a,x,C b))

>a->Redta->RLta

balancelL (R(R(a,x,b),y,€)) z d = R(B(C a,x,C b),y,B(c,z,d))

balancel (R(a,x,R(b,y,c))) z d
balanceL (R(C a,x,C b))

balancelL (C a) x b

balanceR

balanceR a x (R(R(b,¥,€),2,d))
balanceR a x (R(b,y,R(c,z,d)))

= R(B(a,%,C b),y,B(C ¢,2,d))
zd = C(B(R(a,x,b),2,d))
= c(B(a,x,b))

tRedta->a->RRta->RLta

= R(B(a,%,C b),¥,B(C ¢,2,d))
= R(B(a,%,b),y,B(C ¢,2,C d))

balanceR a x (R(C b,y,C ©)) = C(B(a,x,R(b,y,c)))

balanceR a x (C b)

instance Insertion

instance Insertion t

Rt a

balance

= c(B(a,x,b))

> Insertion (AddLayer t) where
ins x te(B(L,y,r))

| x<y = balance(ins x 1) y (C 1)
| x>y = balance(C 1) y (ins x 1)
| otherwise = C ¢t

Insertion (Red t) where

ins x (C ) = C(ins x t)

ins x te(R(a,y,b))

R(ins x a,y,C b)

€

| x<y
| %2y = R(C a,y,ins x b)
| otherwise

>a->RRta->RLta

balance (R a) y (R b) = R(B a,y,B b)

balance (C a) x b
balance a x (C b)

class Append t wh

instance Append Unit where app

balanceR a x b
balancel a x b

ere app tt ta->ta->Redta

-ce

instance Append t => Append (AddLayer t) where

> (B(a,x,b)

threeforns

threeforns a x (R(b,¥,¢))

) (B(c,y,d)) = threefornd a x (appRed b c) y d

Redta->a->RRta->a->Rdta->RLta

= d = R(B(2,x,b),y,B(c,2,d))

threeforns a x (C b) y ¢ = ballefts (C a) x (B(b,y,c))

appRed :: Append

t=Redta->Redta->RRta

appRed (C ) (C y) = Clapp x ¥)

appRed (C £) (R(
appRed (R(a,x,b)
appRed (R(a,x,b)

threefornR:: t a
threeforn® a x (
threefornk a x (

balleft :: RR €
balleft (R a) y
balleft (C t) x

a,x,0))
) (ct
)(R(c,y,d)) = threefornk a x (app b ¢) y d

>a->Redta->a->ta->RRta
R(b,y,c)) = d = R(R(a,x,b),y,R(€,2,d))
€ b) yc = R(R(a,x,b),y,C c)

a->a ->RLta->RR (AddLayer t) a

© = R(C(B a),y,c)
(R(B(a,y,b),2,€)) =

balleft b x (C t) = C (ballefts b x t)

ballefts :: RR t a -> a —> Addlayer t a —> RL € a
ballefts bl x (5 y) = balance bl x (R y)

balright :: RL t a -> a > RR t a -> RR (AddLayer t) a

balright a x (R b) = R(a,%,C(B b))

balright (R(a,x
balright (C t)

balrights
balrights (5 y)

class Append t

class Append t

class (Delred

instance DelRed Unit where

instance Deletion &

/B(b,y,c))) 2z (Cd)
x b =C (balrightd ¢ x

AddLayer t a > a > RRta > RL t a

% t = balance (R y) % t

=> DelRed t where
a>Trta->Rdta

delRight

=> Del t uhere
1 ::0rda=>a -> Addlayer t a -> RR t a

Deletion t

€, pel t)

ie then C E else R £
R(C B,y,b)

R(a,y,C E)

delTup z t8(_,%,
delteft x _y b
delRight x a y

belRed (AddLayer t) where
delTup z (a,x,b)

| otherwise = app a b
delieft x a y b = balleft (del x a) y b
balright a y (del x b)

delRight x a y b

instance DelRed t => Del t where

del z (B(a,x,b))
| 2<x = delfornLeft a
| 2>x = delfornright b
| otherwise = appRed a b
where delformleft(C t) = delleft z t x b
delfornieft(r ) = R(delTup 2 t,x,b)
delfornRight(C t) = delRight z a x t

delfornRight(R t) = R(a,x,delTup z t)

instance Deletion t => Deletion (AddLayer &)

instance Deletion Unit

rbdelete ::

(0rd a,Deletion t) => a -> RB (AddLayer t) a -> RB & a

rbdelete x (Next t) = Next (rbdelete x t)

rhdelete x (

blacken2 ::
blackenz (C(
blackenz (C(
blacken2 (R

delete::

Base t) = blacken2 (del x t)

RRta ->RBta
€ t)) = Base t

R(a,x,b))) = Next(Base(B(C a,x,C b)))
P) = Next(Base(B p))

ord a => a -> Tree a -> Tree a

delete x (Next u) = rbdelete x u

delete x _

enpty

J+4) . shows c .

= R(C(B(t,%,2)),y,balleftB (C b) z c)

= R(balrightB a x (C b),y,C(B(c,2,d)))

a=>a->ta->a->Redta->RRta
orda=>a->Rdta->a->ta->RRta

| z<x = ballefts (del z a) x b
| 2>x = balrights a x (del z b)

(Kahrs, 2001)



{- Version 1, 'untyped' -}
data Color = R | B deriving Show
data RB a = E | T Color (RB a) a (RB a) deriving Show

{- Insertion and membership test as by Okasaki -}

insert :: Ord a => a -> RB a -> RB a
insert x s =

TBazb

where

T _ azb=ins s

ins E=TRE X E

ins s@(T B a y b)
| x<y = balance (ins a) y b
| x>y = balance a y (ins b)
| otherwise = s

ins s@(T R a y b)
| x<y = TR (ins a) y b
| x>y = TR ay (ins b)
| otherwise = s

member :: Ord a => a -> RB a -> Bool
member x E = False
member x (T _ a y b)

| x<y = member x a

| x>y = member x b

| otherwise = True

{- balance: first equation is new,
to make it work with a weaker invariant -}
balance :: RB a -> a -> RB a -> RB a

balance (TR a xb) y (TRczd) =TR(TBaxb)y (TBczd)
balance (TR (TR axb)yc)zd=TR(TBaxb)y (TBczd)
balance (TR ax (TRbyc)) 2zd=TR(TBaxb)y (TBczd)
balance a x (TRby (TRczd)) =TR(TBaxb)y (TBczd)
balance a x (TR (TRbyc) zd) =TR (TBaxb)y (TBczd)
balance a x b=T B a x b
{- deletion a la SMK -}
delete :: Ord a => a -> RB a -> RB a
delete x t =
case del t of {T _ayb->TBayb; ->E}
where
del E = E
del (T _ ay b)
| %<y = delformLeft a y b
| x>y = delformRight a y b
| otherwise = app a b
delformLeft a@(T B _ _ _) y b = balleft (del a) y b
delformLeft a y b =T R (del a) y b
delformRight a y b@(T B _ _ _) = balright a y (del b)
delformRight a y b = T R a y (del b)
balleft :: RBa -> a -> RB a -> RB a
balleft (TR axb) yc=TR (TBaxb)yc
balleft bl x (T B a y b) = balance bl x (T R a y b)
balleft bl x (TR (T Bayb) zc)=TR (T BDbl xa)y (balance b z (subl c))
balright :: RB a -> a -=> RB a -> RB a
balright a x (TRbyc)=TRax (TBbyc)

balright (T B a x b) y bl = balance (T R a x b) y bl
balright (TR a x (T Bbyc)) zbl =TR (balance (subl a) x b) y (T B c z bl)

subl :: RB a -> RB a

subl (T Baxb) =TRaxb

subl _ = error "invariance violation"
app :: RB a -> RB a -> RB a

app E x = X

app Xx E = x

app (TR axb) (TRcyd) =

case app b c of
TRb'zc¢c' -=>TR(TRaxb')z (TRc'yd)
bc -=> TR ax (TR bcyd)
app (T Baxb) (TBcyd)-=
case app b c of
TRDb'z2c' -=>TR(TBaxb') z (TBc'yd)
bc -> balleft a x (T B bc y d)
app a (TRbxc) =TR (app a b) x ¢
app (T R a xb) c=TRazx (app b ¢)

“Untyped” Kahrs)



// Based on Stefan Kahrs' Haskell version of Okasaki's Red&Black Trees
// http://www.cse.unsw.edu.au/~dons/data/RedBlackTree.html
def del(k: A): Tree[B] = {
def balance(x: A, xv: B, tl: Tree[B], tr: Tree[B]) = (tl, tr) match {
case (RedTree(y, yv, a, b), RedTree(z, zv, c, d)) =>
RedTree(x, xv, BlackTree(y, yv, a, b), BlackTree(z, zv, c, d))
case (RedTree(y, yv, RedTree(z, zv, a, b), c), d) =>
RedTree(y, yv, BlackTree(z, zv, a, b), BlackTree(x, xv, c, d))
case (RedTree(y, yv, a, RedTree(z, zv, b, c)), d) =>
RedTree(z, zv, BlackTree(y, yv, a, b), BlackTree(x, xv, ¢, d))
case (a, RedTree(y, yv, b, RedTree(z, zv, c, d))) =>
RedTree(y, yv, BlackTree(x, xv, a, b), BlackTree(z, zv, c, d))
case (a, RedTree(y, yv, RedTree(z, zv, b, c), d)) =>
RedTree(z, zv, BlackTree(x, xv, a, b), BlackTree(y, yv, c, d))
case (a, b) =>
BlackTree(x, xv, a, b)
}
def subl(t: Tree[B]) = t match {
case BlackTree(x, xv, a, b) => RedTree(x, xv, a, b)
case _ => error("Defect: invariance violation; expected black, got "+t)
}
def balLeft(x: A, xv: B, tl: Tree[B], tr: Tree[B]) = (tl, tr) match {
case (RedTree(y, yv, a, b), c) =>
RedTree(x, xv, BlackTree(y, yv, a, b), c)
case (bl, BlackTree(y, yv, a, b)) =>
balance(x, xv, bl, RedTree(y, yv, a, b))
case (bl, RedTree(y, yv, BlackTree(z, zv, a, b), c)) =>
RedTree(z, zv, BlackTree(x, xv, bl, a), balance(y, yv, b, subl(c)))

case _ => error("Defect: invariance violation at "+right)

}

def balRight(x: A, xv: B, tl: Tree[B], tr: Tree[B]) = (tl, tr) match {
case (a, RedTree(y, yv, b, c)) =>

RedTree(x, xv, a, BlackTree(y, yv, b, c))
case (BlackTree(y, yv, a, b), bl) =>
balance(x, xv, RedTree(y, yv, a, b), bl)
case (RedTree(y, yv, a, BlackTree(z, zv, b, c)), bl) =>
RedTree(z, zv, balance(y, yv, subl(a), b), BlackTree(x, xv, c, bl))

case _ => error("Defect: invariance violation at "+left)

}

def delLeft = left match {
case _: BlackTree[_] => balLeft(key, value, left.del(k), right)
case _ => RedTree(key, value, left.del(k), right)

}

def delRight = right match {
case _: BlackTree[_] => balRight(key, value, left, right.del(k))
case _ => RedTree(key, value, left, right.del(k))

}

def append(tl: Tree[B], tr: Tree[B]): Tree[B] = (tl, tr) match {

case (Empty, t) => t
case (t, Empty) => t
case (RedTree(x, xv, a, b), RedTree(y, yv, c, d)) =>
append(b, c¢) match {
case RedTree(z, zv, bb, cc) => RedTree(z, zv, RedTree(x, xv, a, bb), RedTree(y, yv, cc, d))
case bc => RedTree(x, xv, a, RedTree(y, yv, bc, d))
}
case (BlackTree(x, xv, a, b), BlackTree(y, yv, c, d)) =>
append(b, c) match {
case RedTree(z, zv, bb, cc) => RedTree(z, zv, BlackTree(x, xv, a, bb), BlackTree(y, yv, cc, d))
case bc => ballLeft(x, xv, a, BlackTree(y, yv, bc, d))

}
case (a, RedTree(x, xv, b, c)) => RedTree(x, xv, append(a, b), c)
case (RedTree(x, xv, a, b), c) => RedTree(x, xv, a, append(b, c))
}
// RedBlack is neither A : Ordering[A], nor A <% Ordered[A]
k match {

case _ if isSmaller(k, key) => delLeft
case _ if isSmaller(key, k) => delRight

S (“Untyped” Kahrs / Scala)


http://www.cse.unsw.edu.au/~dons/data/RedBlackTree.html
http://www.cse.unsw.edu.au/~dons/data/RedBlackTree.html

let rec min tree =
match tree with

Node (_, Leaf _, x, _) -> x
| Node (_, 1, _, _) => min 1
| Leaf _ -> failwith "Impossible"

let unBB tree =
match tree with
Leaf BB -> Leaf B
| Node (BB, 1, x, r) -> Node (B, 1, x, r)
| _ -> failwith "Impossible"

let addB tree =
match tree with
Node (R, 1, x, r) -> Node (B, 1, x, r)
| Node (B, 1, x, r) -> Node (BB, 1, x, r)
| Leaf B -> Leaf BB
| _ -> failwith "Impossible"

let value tree =
match tree with
Node (_, _, x, _) => X
| Leaf _ -> failwith "Impossible"
let left tree =
match tree with
Node (_, 1, _, _) =>1
| Leaf _ -> failwith "Impossible"
let rigth tree =
match tree with
Node (_, _, _, r) =>r
| Leaf _ -> failwith "Impossible"
let isBlack tree =
match tree with
Leaf B -> true
| Node (B, _, _, _) -> true
| _ -> false

let isRed tree =

match tree with
Node (R, _, _, _) -> true

| _ -> false

let double tree =
match tree with
Node (BB, _, _, _) =-> true
| Leaf BB -> true
| _ -> false

let rec balDell node =
match node with
(B, d, y, Node (R, 1, z, r)) —>
if double d
then Node (B, balDell (R, d, y, 1), z, r)
else Node (B, d, y, Node (R, 1, z, r))
| (¢, d, y, Node (B, 1, z, r)) ->
if double d
then
if isBlack 1 && isBlack r
then addB (Node (c, unBB d, y, Node (R, 1, z, r)))
else if isRed 1 && isBlack r
then balDell (c, d, y, Node (B, left 1, value 1, Node (R, rigth 1, z, r)))
else Node (c, Node (B, unBB d, y, 1), z, addB r)
else Node (¢, d, y, Node (B, 1, z, 1))
| (¢, 1, x, r) => Node (c, 1, %, r)

let rec balDelR node =
match node with
(B, Node (R, 1, z, r), y, d) ->
if double d
then Node (B, 1, z, balDelR (R, r, y, d))
else Node (B, Node (R, 1, z, r), y, d)
| (c, Node (B, 1, z, 1), y, d) ->
if double d
then
if isBlack 1 && isBlack r
then addB (Node (c, Node (R, 1, z, r), y, unBB d))
else if isBlack 1 && isRed r
then balDelR (c, Node (B, Node (R, 1, z, left r), value r, rigth r), y, d)
else Node (c, addB 1, z, Node (B, r, y, unBB d))
else Node (c, Node (B, 1, z, r), y, d)
| (¢, 1, x, r) => Node (c, 1, %, r)

let rec del (e, t) =
let rec aux tree =
match tree with

Node (R, Leaf _, x, Leaf _) ->
if El.comp (e, x) = Eq then Leaf B else tree
| Node (B, Leaf _, x, Leaf _) ->
if El.comp (e, x) = Eq then Leaf BB else tree
| Node (_, Leaf _, x, Node (_, 1, y, r)) ->
if El.comp (e, x) = Eq
then Node (B, 1, y, r)
else if El.comp (e, y) = Eq

then Node (B, Leaf B, x, Leaf B)
else tree
Node (_, Node (_, 1, y, r), x, Leaf _) ->

if El.comp (e, x) = Eq
then Node (B, 1, y, r)
else if El.comp (e, y) = Eq

then Node (B, Leaf B, x, Leaf B)
else tree
Node (¢, 1, x, r) ->
(match El.comp (e, x) with
Lt -> balDellL (c, aux 1, X, r)
| Gt -> balDelR (c, 1, x, aux r)
| Bq —>

let m = min r
in balDelR (¢, 1, m, del (m, r)))

“Untyped”

in
aux t

Kahrs / OCaml)



local
datatype zipper
= TOP
| LEFT of (color * int * tree * zipper)
| RIGHT of (color * tree * int * zipper)

in
fun delete (SET(nItems, t), k) = let
fun zip (TOP, t) =t
| zip (LEFT(color, x, b, z), a) = zip(z, T(color, a, %, b))
| zip (RIGHT(color, a, x, z), b) = zip(z, T(color, a, x, b))

(* bbZip propagates a black deficit up the tree until either the top
* is reached, or the deficit can be covered. It returns a boolean
* that is true if there is still a deficit and the zipped tree.

*)

fun bbZip (TOP, t) = (true, t)

| bbzip (LEFT(B, %X, T(R, ¢, y, d), z), a) = (* case 1L *)
bbZip (LEFT(R, x, ¢, LEFT(B, y, d, z)), a)

| bbzip (LEFT(color, x, T(B, T(R, ¢, y, d), w, e), z), a) = (* case 3L *)
bbZip (LEFT(color, x, T(B, ¢, y, T(R, d, w, e)), z), a)

| bbzip (LEFT(color, x, T(B, ¢, y, T(R, d, w, e)), z), a) = (* case 4L *)
(false, zip (z, T(color, T(B, a, %X, c), vy, T(B, d, w, e))))

| bbzip (LEFT(R, %X, T(B, ¢, y, d), z), a) = (* case 2L *)

(false, zip (z, T(B, a, %, T(R, ¢, y, d))))
| bbzip (LEFT(B, x, T(B, ¢, y, d), z), a) = (* case 2L *)
bbzip (z, T(B, a, %, T(R, ¢, y, d)))

| bbZip (RIGHT(color, T(R, ¢, y, d), X, z), b) = (* case 1R *)
bbzip (RIGHT(R, d, x, RIGHT(B, c, y, 2)), b)
| bbzip (RIGHT(color, T(B, T(R, ¢, w, d), y, e), X, z), b) = (* case 3R *)
bbzip (RIGHT(color, T(B, ¢, w, T(R, d, y, e)), X, z), b)
| bbzip (RIGHT(color, T(B, ¢, y, T(R, d, w, e)), %X, z), b) = (* case 4R *)
(false, zip (z, T(color, c, y, T(B, T(R, d, w, e), %X, b))))
| bbzip (RIGHT(R, T(B, c, y, d), X, 2z), b) = (* case 2R *)
(false, zip (z, T(B, T(R, ¢, y, d), x, b)))
| bbzip (RIGHT(B, T(B, c, y, d), X, z), b) = (* case 2R *)
bbZip (z, T(B, T(R, ¢, y, d), X, b))
| bbzip (z, t) = (false, zip(z, t))
fun delMin (T(R, E, y, b), z) = (y, (false, zip(z, b)))
| delMin (T(B, E, y, b), z) = (y, bbzip(z, b))
| delMin (T(color, a, y, b), z) = delMin(a, LEFT(color, y, b, z))
| delMin (E, _) = raise Match
fun join (R, E, E, z) = zip(z, E)
| join (_, a, E, z) = #2(bbzZip(z, a)) (* color = black *)
| join (_, E, b, z) = #2(bbzZip(z, b)) (* color = black *)
| join (color, a, b, z) = let
val (x, (needB, b')) = delMin(b, TOP)
in
if needB
then #2(bbZip(z, T(color, a, x, b')))
else zip(z, T(color, a, x, b'))
end
fun del (E, z) = raise LibBase.NotFound
| del (T(color, a, y, b), z) =
if (k < vy)

then del (a, LEFT(color, y, b, z))
else if (k = y)

then join (color, a, b, z)

else del (b, RIGHT(color, a, y, 2z))

(Reppy, SML/NJ)

end (* local *)



type Elem = Element. T

datatype Color=R | B
datatype Tree = E | T of Color x Tree x Elem x Tree
type Set = Tree

valempty = E

fun member (x, E) = false
' member (x, T(_, a, y, b)) =
if Element.it (x, y) then member (x, a)
else if Element.it (y, x) then member (x, b)
else true

fun insert (x, s) =
letfuninsE=T (R, E, x, E)
|ins (sas T (color, a, y, b)) =

if Element.it (x, y) then (color, ins a, y, b)
else if Element.it (y, x) then (color, a, y, ins b)
else s

val T(_,a y b)=inss (s« guaranteed to be non-empty +)
inT(B, a, y, b)end



type Elem = Element. T

datatype Color=R | B
datatype Tree = E | T of Color x Tree x Elem x Tree
type Set = Tree

valempty = E

fun member (x, E) = false
' member (x, T(_, a, y, b)) =
if Element.it (x, y) then member (x, a)
else if Element.it (y, x) then member (x, b)
else true

fun balance (B,T (R,T (R,a,x,b),y,c),z,d) =T (R,T (B,a,x,b).y.T (B,c,z,d))
balance (B,T (R,a,x,T (R,b,y,c)),z,d) =T (R,T (B,ax.b),y,T (B,c,z,d))
balance (B,a.x,T (R,T (R,by,c),zd)) =T (R,T (B,ax,b)y.T (B,c,z,d))
balance (B,ax.T (R,b,y,T (R,c,z,d)) =T (R,T (B,axb)y,T (B,c,z,d))
balance body = T body

fun insert (x, s) =
letfuninsE=T (R, E, x, E)
|ins(sas T (color, a, y, b)) =
if Element.it (x, y) then balance (color, ins a, y, b)
else if Element.lt (y, x) then balance (color, &, y, ins b)
else s

val T(_, a,y b)=inss (+ guaranteed to be non-empty +)
inT(B, a,y, b)end




{- Version 2, 1st typed version

data Unit a = E deriving Show

type Tr ta = (taat
data Red t a = C (t a)

{- explicit Show instance as we work with 3rd order type comstructors

instance (Show (t a), Show a)

a)
| R (Tr t a)

Show (Red t a)

where showsPrec _ (C t) = shows t

showsprec _ (R(a,b,c))

("R("++) . shows a . (*,"++) . shows b . (

data AddLayer t a = B(Tr(Red t) a) deriving Show

data RB t a = Base (t

{- this Show instance

instance (Show (t a),Show a)

show (Base t)
show (Next t)

type Tree a = RB Unit
empty :: Tree a
empty

Base E

a) | Next (RB (addlayer t) a)

is not Haskell98, but hugs -98 accepts it -
Show (RB t a)

show t
show £

type RR t a = Red (Red t) a
type RL t a = Red (AddLayer t) a

nember :: Ord a => a
member x t = rbmember

rbmember :: Ord a =>

-> Tree a -> Bool
xt (\ _ -> False)

a->RB ta-> (ta->Bool) -> Bool

rhmember x (Base t) m

rhmember x (Next u) m =

bmem :+
bmem x m (B(L,y,5))

| ®y = men x n x
| otherwise = True

rmem :: Ord a

mem x m (C €)

zmem x m (R(1,y,¥))
| xey =m1

mt

| oy =mr
| otherwise = True

= rbmenmber x u (bmem X m)

ord a => a -> (t a->Bool) -> AddLayer t a -> Bool

a -> (t a->Bool) -> Red t a->Bool

insert :: Ord a => a -> Tree a -> Tree a

insert = rbinsert

class Tnsertion t where ins :: Ord a
instance Insertion Unit where ins x E

rhinsert :: (Ord a,Insertion t)

rhinsert x (Next t)
rbinsert x (Base t)

blacken :: Red t a

>a->ta->Redta
R(E,x,E)

a->RBta->RBta

Next (rbinsert x t)
blacken(ins x t)

Sreta

blacken (C u) = Base u

blacken (R(a,x,b))

balancelL :: RR t a

= Next(Base(B(C a,x,C b))

>a->Redta->RLta

balancelL (R(R(a,x,b),y,€)) z d = R(B(C a,x,C b),y,B(c,z,d))

balancel (R(a,x,R(b,y,c))) z d
balanceL (R(C a,x,C b))

balancelL (C a) x b

balanceR

balanceR a x (R(R(b,¥,€),2,d))
balanceR a x (R(b,y,R(c,z,d)))

= R(B(a,%,C b),y,B(C ¢,2,d))
zd = C(B(R(a,x,b),2,d))
= c(B(a,x,b))

tRedta->a->RRta->RLta

= R(B(a,%,C b),¥,B(C ¢,2,d))
= R(B(a,%,b),y,B(C ¢,2,C d))

balanceR a x (R(C b,y,C ©)) = C(B(a,x,R(b,y,c)))

balanceR a x (C b)

instance Insertion

instance Insertion t

Rt a

balance

= c(B(a,x,b))

> Insertion (AddLayer t) where
ins x te(B(L,y,r))

| x<y = balance(ins x 1) y (C 1)
| x>y = balance(C 1) y (ins x 1)
| otherwise = C ¢t

Insertion (Red t) where

ins x (C ) = C(ins x t)

ins x te(R(a,y,b))

R(ins x a,y,C b)

€

| x<y
| %2y = R(C a,y,ins x b)
| otherwise

>a->RRta->RLta

balance (R a) y (R b) = R(B a,y,B b)

balance (C a) x b
balance a x (C b)

class Append t wh

instance Append Unit where app

balanceR a x b
balancel a x b

ere app tt ta->ta->Redta

-ce

instance Append t => Append (AddLayer t) where

> (B(a,x,b)

threeforns

threeforns a x (R(b,¥,¢))

) (B(c,y,d)) = threefornd a x (appRed b c) y d

Redta->a->RRta->a->Rdta->RLta

= d = R(B(2,x,b),y,B(c,2,d))

threeforns a x (C b) y ¢ = ballefts (C a) x (B(b,y,c))

appRed :: Append

t=Redta->Redta->RRta

appRed (C ) (C y) = Clapp x ¥)

appRed (C £) (R(
appRed (R(a,x,b)
appRed (R(a,x,b)

threefornR:: t a
threeforn® a x (
threefornk a x (

balleft :: RR €
balleft (R a) y
balleft (C t) x

a,x,0))
) (ct
)(R(c,y,d)) = threefornk a x (app b ¢) y d

>a->Redta->a->ta->RRta
R(b,y,c)) = d = R(R(a,x,b),y,R(€,2,d))
€ b) yc = R(R(a,x,b),y,C c)

a->a ->RLta->RR (AddLayer t) a

© = R(C(B a),y,c)
(R(B(a,y,b),2,€)) =

balleft b x (C t) = C (ballefts b x t)

ballefts :: RR t a -> a —> Addlayer t a —> RL € a
ballefts bl x (5 y) = balance bl x (R y)

balright :: RL t a -> a > RR t a -> RR (AddLayer t) a

balright a x (R b) = R(a,%,C(B b))

balright (R(a,x
balright (C t)

balrights
balrights (5 y)

class Append t

class Append t

class (Delred

instance DelRed Unit where

instance Deletion &

/B(b,y,c))) 2z (Cd)
x b =C (balrightd ¢ x

AddLayer t a > a > RRta > RL t a

% t = balance (R y) % t

=> DelRed t where
a>Trta->Rdta

delRight

=> Del t uhere
1 ::0rda=>a -> Addlayer t a -> RR t a

Deletion t

€, pel t)

ie then C E else R £
R(C B,y,b)

R(a,y,C E)

delTup z t8(_,%,
delteft x _y b
delRight x a y

belRed (AddLayer t) where
delTup z (a,x,b)

| otherwise = app a b
delieft x a y b = balleft (del x a) y b
balright a y (del x b)

delRight x a y b

instance DelRed t => Del t where

del z (B(a,x,b))
| 2<x = delfornLeft a
| 2>x = delfornright b
| otherwise = appRed a b
where delformleft(C t) = delleft z t x b
delfornieft(r ) = R(delTup 2 t,x,b)
delfornRight(C t) = delRight z a x t

delfornRight(R t) = R(a,x,delTup z t)

instance Deletion t => Deletion (AddLayer &)

instance Deletion Unit

rbdelete ::

(0rd a,Deletion t) => a -> RB (AddLayer t) a -> RB & a

rbdelete x (Next t) = Next (rbdelete x t)

rhdelete x (

blacken2 ::
blackenz (C(
blackenz (C(
blacken2 (R

delete::

Base t) = blacken2 (del x t)

RRta ->RBta
€ t)) = Base t

R(a,x,b))) = Next(Base(B(C a,x,C b)))
P) = Next(Base(B p))

ord a => a -> Tree a -> Tree a

delete x (Next u) = rbdelete x u

delete x _

enpty

J+4) . shows c .

= R(C(B(t,%,2)),y,balleftB (C b) z c)

= R(balrightB a x (C b),y,C(B(c,2,d)))

a=>a->ta->a->Redta->RRta
orda=>a->Rdta->a->ta->RRta

| z<x = ballefts (del z a) x b
| 2>x = balrights a x (del z b)

(Kahrs, 2001)









Easier way?



BST delete + balance' = red-black delete?



Color
Bubble

Balance










Problem: Paths to leaves must have same number of blacks.






Problem: Reds cannot have red children.












Insertion
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(define (balance-node node)
(match node
[(or (B (R (R axb) yc)zd)
(B Rax (Rbyc))zd
(Bax (R Bbyc zd)
Bax (Rby (Rczd)))
; =2
(R (Baxb)y (Bczd))l

[else node]))



Deletion!
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But, what about @ ?









“Bubbling”
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(define (balance-node node)
(match node
[(or (B (R (Raxb)yc)zd
(B (Rax (Rbyc) z d)
(B ax (RARBbyc zd)
(B ax Bby (Rcz d)))
. =>

b

(R (Baxb)y (Bczd)l

[else node]))



(define (balance-node node)
(match node
[(or (B/BB (R (R axb) yc)z d)
(B/BB (Rax (Rbyc) zd
(B/BBax (R Rbyc)zd)
(B/BBax (Rby (Rcz d))))
. =>

b

(T (black-1 node) Baxb) y (Bczd))l]

[else node]))
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(define (balance node)
(match node
[(or (B/BB (R (R axDb) yc)zd
(B/BB (Rax (Rbyc) zd
(B/BBax (R @®Dbyc)zd)
(B/BBax (Rby (Rcz d)))
. =>

5

(T (black-1 node) (Baxb)y (Bczd))]

[else node]))



(define (balance node)
(match node
[(or (B/BB (R (R axDb) yc)zd
(B/BB (Rax (Rbyc) zd
(B/BBax (R @®Dbyc)zd)
(B/BBax (Rby (Rcz d)))
. =>

5

(T (black-1 node) (Baxb)y (Bczd))]

[((BBax (-B(Bbyec)z (and d (B))))
. =>

b

(B (B axb)y (balance (B ¢ z (redden d))))]

[else node]))



(define (balance node)
(match node
[(or (B/BB (R (R axDb) yc)zd
(B/BB (Rax (Rbyc) zd
(B/BBax (R @®Dbyc)zd)
(B/BBax (Rby (Rcz d)))
. =>

5

(T (black-1 node) (Baxb)y (Bczd))]

[((BBax (-B(Bbyec)z (and d (B))))
. =>

b

(B (B axb)y (balance (B ¢ z (redden d))))]

[(BB (-B (and a (B)) x (B byc)) zd)
. =>

b

(B (balance (B (redden a) x b)) y (B c z d))]

[else node]))






+72 colors

BST remove

Bubble & Balance



Questions!

matt.might.net/articles/red-black-delete
Omattmight



(define (sorted-map-delete node key)

(define cmp (sorted-map-compare node))

(define/match (del node)
[(T! ¢ 1 k v r)
(switch-compare (cmp key k)
c (del 1) k v r)]

[< (.

[= (remove node) ]

[> (. c 1l kv (del r))])]
[else node])

(define/match (remove node)
[(R (L!) (L)) (L cmp) ]
[(B (L!) (L!)) (BBL cmp) ]

[(or (B (R 1 k v r) (L!))
(B (L!) (R1 kwvor)))

(T cmp 'B 1l k v r)]

[(T! ¢ (and 1 (T!)) (and r (T!)))
(match-let (((cons k v) (sorted-map-max 1))
(L* (remove-max 1)))

(bubble ¢ 1* k v r))])

(define/match (remove-max node)
[ (T! 1 (L!)) (remove node)]

[(T! c 1l kvr ) (bubble ¢ 1 k v (remove-max r))])

( - (del node)))



(define (sorted-map-delete node key)

(define cmp (sorted-map-compare node))

(define/match (del node)
[(T! ¢ 1 k v r)
(switch-compare (cmp key k)
[< (bubble ¢ (del 1) k v r)]
[= (remove node) ]
[> (bubble ¢ 1 k v (del r))])]

[else node])

(define/match (remove node)
[(R (L!) (L)) (L cmp) ]
[(B (L!) (L!)) (BBL cmp) ]

[(or (B (R 1 k v r) (L!))
(B (L!) (R1kvr)))
(T cmp 'B 1l k v r)]

[(T! ¢ (and 1 (T!)) (and r (T!)))
(match-let (((cons k v) (sorted-map-max 1))
(L* (remove-max 1)))

(bubble ¢ 1* k v r))])

(define (bubble ¢ 1 k v r)
(cond

[ (or
(balance cmp (black+l c)

(double-black? 1) (double-black? r))
(black-1 1) k v (black-1 r))]

[else (T cmp c 1 k v ir)]))

(define/match (remove-max node)
[ (T! 1 (L!)) (remove node)]
[(T! ¢ 1 kvVvr ) (bubble ¢ 1 k v (remove-max r))])

(blacken (del node)))
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