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Abstract. We give a precise algebraic characterisation of the power of Sherali-Adams relaxations
for solvability of valued constraint satisfaction problems to optimality. The condition is that of
bounded width which has already been shown to capture the power of local consistency methods for
decision CSPs and the power of semidefinite programming for robust approximation of CSPs.

Our characterisation has several algorithmic and complexity consequences. On the algorithmic
side, we show that several novel and many known valued constraint languages are tractable via
the third level of the Sherali-Adams relaxation. For the known languages, this is a significantly
simpler algorithm than the previously obtained ones. On the complexity side, we obtain a dichotomy
theorem for valued constraint languages that can express an injective unary function. This implies
a simple proof of the dichotomy theorem for conservative valued constraint languages established
by Kolmogorov and Zivn}'f [JACM’13], and also a dichotomy theorem for the exact solvability of
Minimum-Solution problems. These are generalisations of Minimum-Ones problems to arbitrary finite
domains. Our result improves on several previous classifications by Khanna et al. [SICOMP’00],
Jonsson et al. [SICOMP’08], and Uppman [ICALP’13].
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1. Introduction. Convex relaxations are one of the most powerful techniques
for designing polynomial-time exact and approximation algorithms [17, 3]. The idea
is to formulate the problem at hand as an integer program and relax it to a convex
program which can be solved in polynomial time, such as a linear program (LP) or a
semidefinite program (SDP). A solution to the problem is then obtained by designing
a (possibly randomised) polynomial-time algorithm that converts the solution to such
a relaxation into an integer solution to the original problem.

Convex relaxations can be strengthened by including additional constraints which
are satisfied by an integer solution. This process of generating stronger relaxations by
adding larger (but still local) constraints is captured by various hierarchies of convex
relaxations, including the hierarchy of linear programming relaxations proposed by
Sherali and Adams [60], that by Lovasz and Schrijver [55], and their semidefinite
programming versions, including the hierarchy of Lasserre [53] (see also [54] for a nice
comparison of these hierarchies). For an integer program with n variables taking values
in {0,1}, the convex program obtained by n levels of any of the above-mentioned
hierarchies has integrality gap 1, that is, it gives an exact solution (but the program
may take exponential time to solve). Since the size of a program obtained by & levels
of these hierarchies is n°®) | for a constant k, the program can be solved in polynomial

*An extended abstract of part of this work appeared in the Proceedings of the 42nd International
Colloquium on Automata, Languages, and Programming (ICALP’15) [65].

Funding: Stanislav Zivn}'f was supported by a Royal Society University Research Fellowship.
Part of this work was done when the second author was visiting the Simons Institute for the Theory
of Computing at UC Berkeley. This project has received funding from the European Research
Council (ERC) under the European Union’s Horizon 2020 research and innovation programme (grant
agreement No 714532). The paper reflects only the authors’ views and not the views of the ERC or
the European Commission. The European Union is not liable for any use that may be made of the
information contained therein.

T Université Paris-Est, Marne-la-Vallée, France (thapper@u-pem.fr).
¥ Department of Computer Science, University of Oxford, UK (standa.zivny@cs.ox.ac.uk).

1


mailto:thapper@u-pem.fr
mailto:standa.zivny@cs.ox.ac.uk

2 J. THAPPER AND S. ZIVNY

time.

In this paper we study constant level Sherali-Adams relaxations for ezact solvability
of discrete optimisation problems. We do this within the framework of constraint
satisfaction problems, which captures a large family of both theoretical and practical
problems. An instance of the valued constraint satisfaction problem (VCSP) is given
by a collection of variables that is assigned labels from a given finite domain with
the goal to minimise an objective function given by a sum of weighted relations (cost
functions), each depending on some subset of the variables [20]. The weighted relations
can take on finite rational values and positive infinity.

By varying the codomain of the weighted relations, we get a variety of interesting
problems. When the codomain is {0, 00}, we get the class of decision problems known
as constraint satisfaction problems [30] with the goal to determine whether or not
there is a labelling for all variables that evaluates the objective function to zero. When
the codomain is {0,1}, we get the class of optimisation problems known as minimum
constraint satisfaction problems [23, 24, 42]. When the codomain is Q, we get the
class of optimisation problems known as finite-valued (or generalised [57]) constraint
satisfaction problems [66]. The special case of having a domain of size two has been
studied extensively under the name of pseudo-Boolean optimisation [8, 22]. Finally,
by allowing a codomain to be both Q and positive infinity, we get the large class of
problems known as valued constraint satisfaction problems [20, 48]. Intuitively, the
infinite value deems certain labellings forbidden and thus all constraints are required to
be satisfied, whereas the rational values model the optimisation aspect of the problem.

We remark that this framework is more general than that of mized CSPs with hard
and soft constraints used in the approximation community [49], where each constraint
is either hard or soft; hard constraints correspond to {0, co}-valued weighted relations
in our framework, and a soft constraint corresponds to a {0, w}-valued weighted
relation, where w is the weight of the constraint. Thus, all constraints in mixed CSPs
are 2-valued.

Valued CSPs are sometimes also called general-valued CSPs to emphasise the fact
that (decision) CSPs are a special case of valued CSPs.

For constraint satisfaction problems, an important algorithmic technique is local
consistency methods, i.e. considering a bounded number of variables at a time and
propagating infeasible partial assignments. Problems for which such techniques suffice
to decide satisfiability are said to have bounded width. In an important series of papers,
[56, 52, 10, 5], the property of having bounded width has been shown to be equivalent
to a universal-algebraic condition, now known as the “bounded width condition”. There
is a clear relation between the local propagation in consistency methods for decision
CSPs and the consistent marginals-condition of Sherali-Adams relaxations. In this
paper, we demonstrate the applicability of powerful universal-algebraic techniques,
developed for decisions CSPs, in the study of linear programming hierarchies for valued

CSPs.

Contributions. A set I' of weighted relations on some fixed finite domain is called
a valued constraint language. We denote by VCSP(T") the class of VCSP instances
with all weighted relations from T'.

In our first result, we give an algebraic [11, 18] characterisation of the power of
Sherali-Adams relaxations for VCSPs. Theorem 3.3, presented in Section 3, shows
that for a valued constraint language I' of finite size the following three statements
are equivalent: (i) T is tractable via a constant level Sherali-Adams relaxation; (ii)
T is tractable via the third level Sherali-Adams relaxation; (iii) the support clone of
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T contains (not necessarily idempotent) m-ary weak near-unanimity operations for
every m > 3.1 The condition (iii) is precisely that of “bounded width” for constraint
languages with codomain {0, 00} (such languages are known as crisp) [56, 52, 10, 5].
Note that the implication “(ii) = (i)” is trivial.

The implication “(iii) = (ii)”, proved in Section 4, is shown via linear pro-
gramming duality and fundamentally relies on [5] and [4]. This result simplifies
and generalises several previously obtained tractability results for valued constraint
languages, as discussed in Section 3.3. For example, valued constraint languages
with a tournament pair multimorphism were previously known to be tractable using
ingenious application of various consistency techniques, advanced analysis of constraint
networks using modular decompositions, and submodular function minimisation [19].
Here, we show that an even less restrictive condition (having a binary conservative
commutative operation in some fractional polymorphism) ensures that the third level
of the Sherali-Adams relaxation solves all instances to optimality.

The implication “(i) = (iii)”, proved in Section 5, is shown by proving that, given
a language T' that violates (iii), I' can simulate linear equations in some Abelian group.
This result is known for {0, co}-valued constraint languages [5]. It suffices to show that
linear equations can fool constant level Sherali-Adams relaxations, which is proved
in Section 7, and that the “simulation” preserves bounded level of Sherali-Adams
relaxations for valued constraint languages, which is proved in Section 6. Previously,
it was only known that this “simulation” preserves polynomial-time reducibility. One
immediate corollary of our result is a classification of conservative valued constraint
languages [45] without relying on [61]. In fact we give an alternative and still simple
proof of the complexity classification of conservative valued constraint languages [45],
which implies that tractable conservative valued constraint languages are captured by
a majority operation in the support clone, which was not previously known.

Overall, we give a precise characterisation of the power of Sherali-Adams relaxations
for exact solvability of VCSPs. This rather surprising result demonstrates how robust
the concept of bounded width is, capturing not only the power of local consistency
methods for decision CSPs [10, 5, 13] and the class of decision CSPs that can be
robustly approximated [6], but also the power of Sherali-Adams relaxations for exact
solvability of VCSPs.

Minimum-Solution [40] problems are special types of VCSPs that involve {0, co}-
valued weighted relations together with a single unary Q-valued weighted relation that
is required to be injective. (The natural encoding of Vertex Cover as a VCSP instance is
of this kind.) Minimum-Solution problems include integer programming over bounded
domains and can be viewed as a generalisation of Min-Ones problems [24, 42] to larger
domains. Compare this to the result [21] that any VCSP instance is equivalent to a
VCSP instance with only binary relations and unary (not necessarily injective) finite-
valued weighted relations. Hence, unless we settle the CSP dichotomy conjecture [30],
some additional requirement on the unary weighted relations (such as injectivity) is
necessary.

As a corollary of our characterisation, we give, in Section 3.4, a complete complexity
classification of exact solvability of Minimum-Solution problems over arbitrary finite
domains, thus improving on previous partial classifications for domains of size two [42]
and three [68], homogeneous and maximal (under a certain algebraic conjecture)
languages [39] and on graphs with few vertices [41]. Theorem 3.19 shows that the
Minimum-Solution problem is NP-hard unless it satisfies the bounded width condition.

IThe precise definition of weak near-unanimity operations can be found in Section 2.
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Previous partial results included ad-hoc algorithms for various special cases. Our
result shows that one algorithm, the third level of the Sherali-Adams relaxation, solves
all tractable cases and is thus universal. As a matter of fact, we actually prove a
complexity classification for a larger class of problems that includes Minimum-Solutions
problems as a special case, as described in detail in Section 3.4.

Related work. The first level of the Sherali-Adams hierarchy is known as the
basic linear programming (BLP) relaxation [16]. In [63], the authors gave a precise
algebraic characterisation of I' for which any instance of VCSP(T') is solved to optimality
by BLP, see also [44]. The characterisation proved important not only in the study of
VCSPs [36] and other classes of problems [34], but also in the design of fixed-parameter
algorithms [37]. In [66], it was then shown that for finite-valued CSPs, the BLP solves
all tractable cases; i.e. if BLP fails to solve any instance of some finite-valued constraint
language then this language is NP-hard. The BLP has been considered in the context
of CSPs for robust approximability [50, 27] and constant-factor approximation [29, 26].
Higher levels of Sherali-Adams hierarchy have been considered for (in)approximability
of CSPs [28, 14, 70]. Semidefinite programming relaxations have also been considered in
the context of CSPs for approximability [57] and robust approximability [6]. Concrete
lower bounds on Sherali-Adams and other relaxations include [59, 15, 32, 1]. Whilst
the complexity of valued constraint languages is open, it has been shown that a
dichotomy for constraint languages, conjectured in [30], implies a dichotomy for valued
constraint languages [43]. Our results give a complete complexity classification for a
large class of VCSPs without any dependence on the dichotomy conjecture [30]. Since
the announcement of our results [65], the tractability results obtained in this paper were
shown using different methods (preprocessing combined with an LP relaxation) [43].

One ingredient of our proof is the fact that constant level Sherali-Adams relaxations
cannot solve exactly instances involving equations over a non-trivial Abelian group.
This is known to follow, via [67], from a stronger result of Grigoriev [33], later
rediscovered by Schoenebeck [58], that limits the power of Q(n) levels of Lasserre
SDP relaxations for approximately solving Max-CSPs involving equations. However, a
formal proof would require the definition of SDP relaxations that are not in the scope
of this article. Rather, we provide here a direct, elementary proof of this fact and
observe that our proof actually gives a gap instance for Sherali-Adams relaxations of
level ©(y/n). This also has the advantage of our proof being self-contained.

2. Preliminaries.

2.1. Valued CSPs. We denote by [m] the set {1,2,...,m}. Let Q = QU {oo}
denote the set of rational numbers extended with positive infinity. Throughout the
paper, let D be a fixed finite set of size at least two, also called a domain; we call the
elements of D labels.

DEFINITION 2.1. An r-ary weighted relation over D is a mapping ¢ : D" — Q.
We write ar(¢) = r for the arity of ¢.

A weighted relation ¢: D" — Q is called finite-valued if ¢(x) < oo for all x € D".
A weighted relation ¢: D" — {0,000} can be seen as the (ordinary) relation {x € D" |
¢(x) = 0}. We will use both viewpoints interchangeably.

For any r-ary weighted relation ¢, we denote by Feas(¢) = {x € D" | ¢(x) < oo}
the underlying r-ary feasibility relation, and by Opt(¢) = {x € Feas(¢) | Vy € D" :
d(x) < ¢(y)} the r-ary optimality relation, which contains the tuples on which ¢ is
minimised.
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DEFINITION 2.2. Let V = {x1,...,x,} be a set of variables. A valued constraint
over V is an expression of the form ¢(x) where ¢ is a weighted relation and x € yar(o),
The tuple x is called the scope of the constraint.

We will use the notational convention to denote by X; the set of variables occurring
in the scope x;.

DEFINITION 2.3. An instance I of the valued constraint satisfaction problem
(VCSP) is specified by a finite set V. = {x1,...,x,} of variables, a finite set D of
labels, and an objective function ¢; expressed as follows:

q

(1) ¢I(x17"'7zn)zz¢i(xi)a

i=1

where each ¢;(x;), 1 < i < q, is a valued constraint. Each constraint may appear
multiple times in I. An assignment to I is a map o: V — D. The goal is to find an
assignment that minimises the objective function.

For a VCSP instance I, we write Val(I, o) for ¢r(o(z1),...,0(xy)), and Opt(I)
for the minimum of Val(I, o) over all assignments.

An assignment o with Val(I,0) < oo is called satisfying. A VCSP instance T
is called satisfiable if there is a satisfying assignment to I. CSPs are a special case
of VCSPs with (unweighted) relations with the goal to determine the existence of a
satisfying assignment.

A walued constraint language, or just a constraint language, over D is a set of
weighted relations over D. We denote by VCSP(T') the class of all VCSP instances in
which the weighted relations are all contained in I'. A constraint language A is called
crisp if A contains only (unweighted) relations. For a crisp language A we denote
by CSP(A) the class VCSP(A) to emphasise the fact that there is no optimisation
involved.

A valued constraint language T is called tractable if VCSP(I) can be solved (to
optimality) in polynomial time for every finite subset IV C T', and T is called NP-hard
if VCSP(IV) is NP-hard for some finite IV C T".

2.2. Fractional Polymorphisms. Given an r-tuple x € D", we denote its ith
entry by x[i] for 1 <i <r. A mapping f: D™ — D is called an m-ary operation on
D; f is idempotent if f(x,...,x) = x. We apply an m-ary operation f to m r-tuples
X1,...,Xm € D" coordinatewise, that is,

(2) f(x1, e xm) = (f&x1], - o xm[1]), - f(xA[r], -y xm[r])) -

DEFINITION 2.4. Let ¢ be a weighted relation on D and let f be an m-ary operation
on D. We call f a polymorphism of ¢ if, for any x1,...,%,, € Feas(¢), we have that
f(x1,...,%m) € Feas(¢).

For a valued constraint language T', we denote by Pol(I') the set of all operations
which are polymorphisms of all ¢ € T'. We write Pol(¢) for Pol({¢}).

A probability distribution w over the set of m-ary operations on D is called an
m-ary fractional operation. We define supp(w) to be the set of operations assigned
positive probability by w.

The following two notions are known to capture the complexity of valued constraint
languages [18, 47] and will also be important in this paper.
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DEFINITION 2.5. Let ¢ be a weighted relation on D and let w be an m-ary fractional
operation on D. We call w a fractional polymorphism of ¢ if supp(w) C Pol(¢) and
for any x1,...,X,, € Feas(¢), we have

3) E oG oxm))] < ave{g(xa)s o, d(xm)} -

For a valued constraint language T, we denote by fPol(T") the set of all fractional
operations which are fractional polymorphisms of all weighted relations ¢ € I'. We say
that T' is improved by w if w € fPol(T"). We write fPol(¢) for fPol({¢}).

EXAMPLE 2.6. Consider the domain D = {0, 1} and the two binary operations min
and max on D that return the smaller and the larger its two arguments, respectively.
A walued constraint language on D is called submodular if it has the fractional
polymorphism w defined by w(min) = w(max) = 1.

DEFINITION 2.7. Let T" be a valued constraint language on D. We define

(4) supp(T) = [ J supp(w).
wefPol(T)
An me-ary projection is an operation of the form wgm) (z1,...,2m) = z; for some
1 < i < m. Projections are polymorphisms of all valued constraint languages.
The composition of an m-ary operation f : D™ — D with m n-ary operations
gi : D™ — D for 1 <i < m is the n-ary function f[g1,...,gm]: D™ — D defined by

(5) f[glv“'agm](xlv"'axn) = f(gl(xla"'7xn)7"'7gm(‘r17"'7xn))'

A clone of operations is a set of operations on D that contains all projections and
is closed under composition. Pol(T") is a clone for any valued constraint language T

LEMMA 2.8. For any valued constraint language T, supp(T) is a clone.

We note that Lemma 2.8 has also been observed in [31] and in [47]. For complete-
ness, we give a proof here. (Our proof is slightly different from the proofs in [31, 47]
as we have defined fractional polymorphisms as probability distributions.)

Proof. Observe that supp(I') contains all projections as 7, € fPol(T") for every
m > 1, where 7, is the fractional operation defined by Tm(ﬂ'gm)) = % for every
1 <i < m. Thus we only need to show that supp(T") is closed under composition.

Let f € supp(I') be an m-ary operation with w(f) > 0 for some w € fPol(T").
Moreover, let g; € supp(I') be n-ary operations with u;(g;) > 0 for some p; € fPol(T),

where 1 < i < m. We define an n-ary fractional operation

(6) W(p) = Pr [t hm] =p] .
hi~op;

Since w(f) > 0 and p;(g;) > 0 for all 1 < < m, we have w'(f[g1,.-.,9m]) > 0.
A straightforward verification shows that w’ € fPol(T"). Consequently, f[g1,...,9m] €
supp(T). |

The following lemma is a generalisation of [66, Lemma 2.9] from arity one to
arbitrary arity and from finite-valued to valued constraint languages, but the proof
is analogous. A special case has also been observed, in the context of Min-Sol
problems [68], by Hannes Uppman [69].
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LEMMA 2.9. Let ' be a valued constraint language of finite size on a domain D
and let f € Pol(I'). Then, f € supp(T') if, and only if, f € Pol(Opt(¢r)) for all
instances I of VCSP(T').

Proof. Let m be the arity of f. The operation f is in supp(T) if, and only if, there
exists a fractional polymorphism w with f € supp(w). This is the case if, and only if,
the following system of linear inequalities in the variables w(g) for m-ary g € Pol(T") is
satisfiable:

> wg)dlg(x, ... xm)) < avg{d(x1),...,d(xm)}, V6o €T, x; € Feas(),

g€Pol(T)
Z w(g) =1,

gE€PoI(T)

(7) w(g) >0, Vm-ary g € Pol(T).

By Farkas’ lemma (e.g. [66, Lemma 2.8]), the system (7) is unsatisfiable if, and
only if, the following system in variables z(¢,X1,...,Xm), for ¢ € I',x; € Feas(¢), is
satisfiable:

Vm-ary g € Pol(I)
Yo Adxise e xi) (ave{(x)s - d(xm)} = Blg(x1, - Xm))) O

perl
x; EFeas(¢)

V¢ € T',x; € Feas(¢)
S b X, xm) (ave{d(xa), . d(xm)} — d(f (X1, ., Xm))) <O,

pel
x; EFeas(¢)

(8) 2(h, X1, .y Xm) >0,

First, assume that f ¢ supp(I') so that (8) has a feasible solution z. Note that
by scaling we may assume that z is integral. Let V(™) = {v, | x € D™} and let
v = (v1,...,v,) be an enumeration of V(™). Define ¢: V("™ — D™ by 1(vy) = x and
let I be the instance of VCSP(I') with variables V(™) and objective function:

¢1(v) =
Z 2(y X1, X )AL (X1 [1]s -y X [1]), - e (x1[ar(@)], - - -, Xm[ar(9)])),

¢el’
x,;EFeas(¢)

where the multiplication by z is simulated by taking the corresponding constraint
(m)

%

with multiplicity z. According to (8), every projection 7
assignment 7rl(m) ot to I. Interpreted as D™-tuples, we therefore have ﬂgm) € Opt(¢r)
for 1 <4 < m. On the other hand, (8) states that fo¢ is not an optimal assignment, so
f(wgm)7 e 77T$:ZL)) & Opt(¢r). In other words, f & Pol(Opt(¢r)), and I is an instance
of VCSP(T).

For the opposite direction, assume that f € supp(T'), so that (8) is unsatisfiable. Let
I be an instance of VCSP(I') with objective function ¢ (y1,...,yn) =>_, dp(yp). Let
O1,...,0m € Opt(¢r). We will consider o; both as tuples and as assignments V' — D.

induces an optimal
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In particular, o;(y,) is the projection of o; onto the scope y,. Let z(¢,X1,...,Xy,) be
the number of indices p for which ¢ = ¢, and ¢;(y,) = x; for every 1 < j < m. Then,

Z Z((bv X1y axm) an{¢(X1)7 DR} ¢(Xm)} = Z anj{¢p(Uj (yp))}

¢el
x;EFeas(¢)

= avgj{z bp(0i(yp))}

= Opt()
and, for all g € Pol(T"),

Z Z((bv X1y 7Xm)¢(g(xlv T 7Xm)) = Z ¢p(g(01(YP)v ) Um(yp)))‘
oel’ P

x; EFeas(¢)
It follows that all non-strict inequalities in (8) are satisfied by z, and since (8) is
unsatisfiable, this implies that Opt(I) < >° ¢,(f(01(yp),---;0m(yp)) must hold
with equality so f(o1,...,0m) € Opt(¢r). Since the o; were chosen arbitrarily,
f € Pol(Opt(¢r)). This establishes the lemma. o

2.3. Cores and Constants.

DEFINITION 2.10. Let I' be a valued constraint language with domain D and let
S C D. The sub-language I'[S] of T induced by S is the valued constraint language
defined on domain S and containing the restriction of every weighted relation ¢ € T’
onto S.

DEFINITION 2.11. A walued constraint language T' is a core if all unary operations
in supp(T") are bijections. A valued constraint language T is a core of T if T is a core
and T' =T[f(D)] for some unary f € supp(T).

The following lemma implies that when studying the computational complexity of
a valued constraint language I', we may assume that I' is a core.

LEMMA 2.12. Let T be a valued constraint language and I a core of T'. Then,
for all instances I of VCSP(T) and I' of VCSP(I"), where I' is obtained from I by
substituting each weighted relation in T for its restriction in I, the optimum of I and
I’ coincide.

A special case of Lemma 2.12 for finite-valued constraint languages was proved
by the authors in [66]. Lemma 2.12, proved below using Lemma 2.9, has also been
observed in [47] and in [64], where it was proved in a different way (and without the
use of Lemma 2.9).

Proof. By definition, IV = T'[f(D)], where D is the domain of I" and f € supp(w)
for some unary fractional polymorphism w. Assume that I is satisfiable, and let o
be an optimal assignment to I. Now f o o is a satisfying assignment to I’, and by
Lemma 2.9, f oo is also an optimal assignment to I. Conversely, any satisfying
assignment to I’ is a satisfying assignment to I of the same value. ]

Let Cp = {{(a)} | @ € D} be the set of constant unary relations on the set D. It
is known (cf. [47, Proposition 20]), that for a valued constraint language I" on D and
a core IV of T" on D’ C D, the problem VCSP(IV U Cp) polynomial-time reduces to
VCSP(T'). In Theorem 5.5(5) in Section 5, we present a stronger form of this reduction.

Let I" be a valued constraint language on D with Cp C I'. It is well known and
easy to show that any f € Pol(I') is idempotent [11].
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2.4. Relational Width. We define relational width which is the basis for our
notion of valued relational width.

Let J be an instance of the CSP with ¢ (z1,...,2,) = Y i, ¢i(x;), X; CV =
{z1,...,2,} and ¢;: D) — {0, 00}.

For a tuple t € DX, we denote by mx-(t) its projection onto X’ C X. For a
constraint ¢;(x;), we define mx/(¢;) = {mx/(t) | t € Feas(¢;)} where X’ C X,.

Let 1 < k </ be integers. The following definition is equivalent? to the definition
of (k,£)-minimality [9] for CSP instances given in [4].

DEFINITION 2.13. Let J be a CSP instance with ¢j(x1,...,xn) = Y oy di(Xi),
X; CV ={21,...,2,} and ¢;: D*(®) — {0,00}. Then J is said to be (k,£)-minimal
if:
e For every X CV, |X| <, there exists 1 <i < q such that X = Xj.
o For every i,j € [q] such that |X;| <k and X; C Xy, ¢; = mx,(ds).

There is a straightforward polynomial-time algorithm for finding an equivalent
(k, £)-minimal instance [4]. This leads to the notion of relational width:

DEFINITION 2.14. A constraint language A has relational width (k,£) if, for every
instance J of CSP(A), an equivalent (k,£)-minimal instance is non-empty if, and only
if, J has a solution.

An me-ary idempotent operation f: D™ — D is called a weak near-unanimity
(WNU) operation if, for all z,y € D,

(9) f(y5z7x7"'7:17) :f(x7y’x"1:7""x) :f(z7x7"'7x7y)'

DEFINITION 2.15. We say that a clone of operations satisfies the bounded width
condition (BWC) if it contains a (not necessarily idempotent) m-ary operation satisfy-
ing the identities (9), for every m > 3.

The following result is known as the “bounded width theorem” as it characterises
constraint languages of bounded relational width, that is, constraint languages that
are tractable via the (k, ¢)-minimality algorithm for some k < /.

THEOREM 2.16 ([5, 10, 52]). Let A be a constraint language of finite size con-
taining all constant unary relations. Then, A has bounded relational width if, and only

if, Pol(A) satisfies the BWC.
Moreover, a collapse of relational width is known.

THEOREM 2.17 ([4, 10]). Let A be a constraint language of finite size containing

all constant unary relations. If A has bounded relational width, then it has relational
width (2,3).

REMARK 2.18. We remark that most of the papers cited above use a different
bounded width condition, namely that of having WNU operations of all but finitely
many arities [56, Theorem 1.2]. By [46, Theorem 1.6 (4)], this is equivalent to
Definition 2.15. Also note that our definition of the BWC does not require idempotency
of the operations. The reason is that we prove our main result, Theorem 3.3 below,
without the requirement of including the constant unary relations, which is often
assumed in the algebraic papers on the CSP.

2The two requirements in [4] are: for every X C V with |X| < £ we have X C X, for some
1 <4< ¢; and for every set X C V with |X| < k and every 1 <4,5 < g with X C X; and X C X
we have mx (¢i) = mx (¢;).
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3. The Power of Sherali-Adams Relaxations. In this section, we state our
main result on the power of the Sherali-Adams linear programming relaxation [60] to
VCSPs. We also give a number of applications of this result. The Sherali-Adams linear
programming relaxation is defined in Section 3.1 and the characterisation of its power
is stated in Section 3.2. In Section 3.3, we give a number of algorithmic consequences
of our result and Section 3.4 show how it can be used to derive complete complexity
classifications for large families of valued constraint languages. In Section 3.5, we
compare our result to the characterisation of valued relational width 1 which we
obtained in previous work. Finally, in Section 3.6, we address the problem of finding
an actual solution and of determining whether or not a valued constraint language has
bounded valued relational width.

3.1. Valued Relational Width. Let I be an instance of the VCSP with
Sr(@1,. .., xn) = Yob di(xi), X; CV = {z1,...,2,} and ¢;: D) — Q. A
null constraint is a constraint that has a weighted relation identical to 0. Ensure that
for every non-empty X C V with |X| < £ there is some constraint ¢;(x;) with X; = X,
possibly by adding null constraints.

The Sherali-Adams relaxation with parameters (k, £), henceforth called the SA(k, £)-
relaxation of I, is given by the following linear program. The variables are \;(c) for
every i € [g] and assignment o: X; — D. We slightly abuse notation by writing
o € Feas(¢;) for o: X; — D such that o(x;) € Feas(¢;).

min Z Z Ai(0)¢i(o(xs))

i=1 g€Feas(¢;)

(10) AN(m) = > Nlo) Vijelgd:X; CXi,|X;[ <k X; > D
o: X;—D
O'lXj:T
1 Y Ao =1 vi € [q)
o: X;—D
(12) Ai(o) =0 Vi€ [q],0: X; — D,o(x;) & Feas(¢;)
(13) Ai(o) >0 Vieq,o: X; = D

The relaxation SA(k, k) is often referred to as “k rounds of Sherali-Adams”.
We write Valpp(I, A) for the value of the LP-solution A to the SA(k, £)-relaxation
of I, and Optrp(I) for its optimal value.

DEFINITION 3.1. We say that a valued constraint language I' has valued relational
width (k,£) if, for every instance I of VCSP(I'), Opt(I) = Optrp(I) (i.e. the optimum
of I coincides with the optimum of the SA(k, £)-relaxation of T).

When I" has valued relational width (k, k) we also say that I' has valued relational
width k. When I" has valued relational width & for some fixed k > 1, then we say that
I" has bounded valued relational width.

We say that an instance I of VCSP(T') is a gap instance for SA(k, (), if its
SA(k,¢) optimum is strictly smaller than its VCSP optimum. Then, I having bounded
valued relational width is equivalent to saying that there is some constant level of the
Sherali-Adams hierarchy for which there are no gap instances in VCSP(T).

DEFINITION 3.2. Let T' and A be two valued constraint languages. We write
A <ga T if there is a polynomial-time reduction from VCSP(A) to VCSP(T") that
preserves bounded valued relational width.
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By Definition 3.2, <ga reductions compose. Let A <ga I'. By Definition 3.2, (i) if
I has bounded valued relational width then so does A; (ii) if A does not have bounded
valued relational width then neither does T'.

3.2. A Characterisation of Bounded Valued Relational Width. The fol-
lowing characterisation of bounded valued relational width is our main result. It
precisely captures the power of Sherali-Adams relaxations for exact optimisation of

VCSPs.

THEOREM 3.3 (Main). Let I’ be a valued constraint language of finite size. The
following are equivalent:
(i) T has bounded valued relational width.
(i) T has valued relational width (2, 3).
(iii) supp(I') satisfies the BWC.

The proof of Theorem 3.3 is based on the following two theorems which show that
the BWC is a sufficient and necessary condition, respectively, for a constraint language
to have bounded valued relational width.

THEOREM 3.4. Let ' be a valued constraint language of finite size containing all
constant unary relations. If supp(T") satisfies the BWC, then T' has valued relational
width (2,3).

THEOREM 3.5. Let T' be a valued constraint language of finite size containing

all constant unary relations. If T has bounded valued relational width, then supp(T")
satisfies the BWC.

We prove Theorems 3.4 and 3.5 in Section 4 and 5, respectively. In order to finish
the proof of Theorem 3.3, we must reduce to the case when the language I' is assumed
to contain all constants. This is done by taking a core IV of I" on a domain D’ C D
and adding Cpr to I We need the following two lemmas to ensure that this can be
carried out. Lemma 3.6 is proved in Section 6 (as Lemma 6.7). Lemma 3.7 is proved
in Section 8.

LEMMA 3.6. Let I be a valued constraint language of finite size on domain D. If
T’ is a core of T' on domain D' C D, then T'UCp <gaT.

LEMMA 3.7. Let T be a valued constraint language of finite size on domain D and
I a core of T' on domain D' C D. Then, supp(T") satisfies the BWC if, and only if,
supp(I” UCp) satisfies the BWC.

Proof of Theorem 3.5. The implication (i) = (i) is trivial. We first prove the
implication (iii) = (ii). Suppose that supp(T') satisfies the BWC. We start by
going to a core of I' and adding constant unary relations with the goal of applying
Theorem 3.4. Let IV be a core of I' on domain D’ C D and let I, =TV UCp/. By
Lemma 3.7, supp(I',) also satisfies the BWC. By Theorem 3.4, T, has valued relational
width (2,3), so clearly I has valued relational width (2,3) as well. Every feasible
solution to the SA(2,3)-relaxation of an instance I’ of VCSP(I") is also a feasible
solution to the SA(2, 3)-relaxation of the corresponding instance I of VCSP(T'). The
result now follows from Lemma 2.12 as the optimum of I’ and I coincide.

It remains to prove the implication (i) = (i4i). Suppose that supp(I') does not
satisfy the BWC. We start by going to a core of I" and adding constant unary relations
with the goal of applying Theorem 3.5. Let IV be a core of I on domain D’ C D and
let TY. =TV UCps. By Lemma 3.7, supp(I',) does not satisfy the BWC. By Theorem 3.5,
I, does not have bounded valued relational width. Finally, by Lemma 3.6, I does not
have bounded valued relational width either. O
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3.3. Algorithmic Consequences. We now give examples of previously studied
valued constraint languages and show that, as a corollary of Theorem 3.3, they all
have, as well as their generalisations, valued relational width (2, 3).

EXAMPLE 3.8. Let w be a ternary fractional operation defined by w(f) =w(g) =
w(h) = % for some (not necessarily distinct) majority operations f, g, and h. Cohen
et al. proved the tractability of any language improved by w by a reduction to CSPs
with a majority polymorphism [20)].

EXAMPLE 3.9. Let w be a ternary fractional operation defined by w(f) = % and
w(g) = %, where f : {0,1}% — {0,1} is the Boolean majority operation and g :
{0,1}* — {0,1} is the Boolean minority operation. Cohen et al. proved the tractability

of any language improved by w by a simple propagation algorithm [20)].

ExaMPLE 3.10. Generalising Fxample 3.9 from Boolean to arbitrary domains, let
w be a ternary fractional operation such that w(f) = %, w(g) = 1, and w(h) = &
for some (not necessarily distinct) conservative majority operations f and g, and a
conservative minority operation h; such an w is called an MJN. Kolmogorov and Zivngj
proved the tractability of any language improved by w by a 3-consistency algorithm and

a reduction, via Example 3.12, to submodular function minimisation [45].
The following corollary of Theorem 3.3 generalises Examples 3.8-3.10.

COROLLARY 3.11. Let I' be a valued constraint language of finite size such that
supp(I") contains a majority operation. Then, T has valued relational width (2,3).

Proof. Let f be a majority operation in supp(I"). Then, for every k > 3, f generates
a WNU g of arity k: gx(z1,...,25) = f(z1,22,23). By Lemma 2.8, supp(T') is a
clone, so gi € supp(T') for all k& > 3. Therefore, supp(I") satisfies the BWC and the
result follows from Theorem 3.3. 0

EXAMPLE 3.12. Let w be a binary fractional operation defined by w(f) = w(g) = %,

where f and g are conservative and commutative operations and f(z,y) # g(z,y) for
every x and y; such an w is called a symmetric tournament pair (STP). Cohen et al.
proved the tractability of any language improved by w by a 3-consistency algorithm and
an ingenious reduction to submodular function minimisation [19]. Such languages were
shown to be the only tractable languages among conservative finite-valued constraint
languages [45].

The following corollary of Theorem 3.3 generalises Example 3.12.

COROLLARY 3.13. Let I' be a valued constraint language of finite size such that
supp(I") contains two symmetric tournament operations (that is, binary operations f
and g that are both conservative and commutative and f(x,y) # g(x,y) for every x
and y). Then, T has valued relational width (2,3).

Proof. Tt is straightforward to verify that h(z,y,2) = f(f(g9(x,y), 9(z, 2)),9(y, 2))
is a majority operation, as observed in [19, Corollary 5.8]. The claim then follows from
Corollary 3.11. ]

ExXaMPLE 3.14. Generalising Example 3.12, let w be a binary fractional operation
defined by w(f) = w(g) = %, where f and g are conservative and commutative
operations; such an w is called a tournament pair. Cohen et al. proved the tractability
of any language improved by w by a consistency-reduction relying on Bulatov’s result [9],

which in turn relies on 3-consistency, to the STP case from Example 5.12 [19].

The following corollary of Theorem 3.3 generalises Example 3.14.
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COROLLARY 3.15. Let I' be a valued constraint language of finite size such that
supp(T') contains a tournament operation (that is, a binary conservative and commu-
tative operation). Then, I' has valued relational width (2,3).

Proof. Let f be a tournament operation from supp(T’). We claim that f is
a 2-semilattice; that is, f is idempotent, commutative, and satisfies the restricted
associativity law f(z, f(z,y)) = f(f(z,x),y). To see that, notice that f(z, f(z,y)) =«
if f(z,y) = o and f(z, f(,9)) = y il f(z,) = y; together, f(z, f(z.1)) = F(z,1).
On the other hand, trivially f(f(z,z),y) = f(x,y).

Also note that f(z, f(y,x)) = f(x, f(x,y)) = f(z,y). For every k > 3, f generates
a WNU g;, of arity k: gr(x1,...,2x) = f(f(-.. (f(z1,22),23),...), ). By Lemma 2.8,
supp(T") is a clone, so gx € supp(I") for all k& > 3. Therefore, supp(I') satisfies the
BWC so the result follows from Theorem 3.3. d

EXAMPLE 3.16. In this example we denote by {{...}} a multiset. Let w be a
binary fractional operation on D defined by w(f) = w(g) = % and let p be a
ternary fractional operation on D defined by pu(hi) = p(he) = p(hs) = 5. Sup-
pose that, for every x and y, {f(z,y),9(x,y)}} = {z,y}} and, for every z, y, and
z, {h1(z,y, 2), ha(z,y, 2), hs(x,y, 2) 1} = {x,y, 2}}. Moreover, suppose that for every
two-element subset {a,b} C D, either w|(apy is an STP or pliapy is an MJN. Let
T be a language on D improved by a fractional polymorphism w as described above.
Kolmogorov and Zivngj proved the tractability of I' by a 3-consistency algorithm and a
reduction, via Example 5.12, to submodular function minimisation [45]. Such languages
were shown to be the only tractable languages among conservative valued constraint
languages [45]. We will discuss conservative valued constraint languages in more detail
in Section 3./.

The following corollary of Theorem 3.3 covers Example 3.16.

COROLLARY 3.17. Let I' be a valued constraint language of finite size with frac-
tional polymorphisms w and p as described in FExample 3.16. Then, I' has valued
relational width (2,3).

Proof. Let P be the set of 2-element subsets of D such that w|;, ) is an STP
for {a,b} € P and pl(qpy is an MJN for {a,b} & P. Let P ve defined by p(x,y, z) =
f(f(g(y,x),9(x,2)),9(y,2z)). Observe that p|¢, s is a majority for {a,b} € P, and
Pl{a,py is either 7r§3) or Tré?’) for {a,b} ¢ P (possibly different projections for different
2-element subsets from P). Now let ¢(z,y,2) = p(h1(z,y, 2), ha(x,y, 2), hs(z, y, 2)).
For z,y € {a,b} € P, q(z,2,y) = q(z,y,2) = q(y,2,7) = p({{z,z,y}}) = z. For
x,y € {a,b} € P, q(x,x,y) = q(z,y,z) = q(y,z,z) = p(x,x,y) = x as p is either the
first or the second projection. Thus, ¢ is a majority operation. The claim then follows
from Corollary 3.11. O

3.4. Complexity Consequences. We now give some computational complexity
consequences of Theorem 3.3. First, we obtain a new and simpler proof (in fact two
proofs) of the complexity classification of conservative valued constraint languages [45].
Second, we obtain a complexity classification of (generalisation of) Minimum-Solution
problems over arbitrary finite domains.

Minimum-Solution (Min-Sol) problems [40], studied under the name of Min-Ones
on Boolean domains [24, 42], constitute a large and interesting subclass of VCSPs
including, for instance, integer linear programming over bounded domains.

DEFINITION 3.18. A walued constraint language T' on finite domain D is called a
Min-Sol language if I' = A U {v}, where A is a crisp constraint language on D and
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v:D — Q is an injective finite-valued weighted relation.

In other words, in Min-Sol problems the optimisation part of the objective function
is a sum of unary terms involving an injective finite-valued weighted relation.

As our main result in this section, we give a complexity classification of all Min-
Sol languages on arbitrary finite domains, thus improving on previous classifications
obtained for Min-Sol languages on domains with two elements [42], three elements [68],
and other special cases [41, 40, 39].

By Lemma 3.6, we can, without loss of generality, restrict our attention to languages
that include constants.

THEOREM 3.19. Let D be an arbitrary finite domain and let T' = AU {v} be an
arbitrary Min-Sol language of finite size on D with Cp C T'. Then, either supp(T")
satisfies the BWC, in which case T' has valued relational width (2,3), or VCSP(T') is
NP-hard.

In order to prove Theorem 3.19, we prove a more general result classifying valued
constraint languages that can express an injective unary finite-valued weighted relation.
Theorem 3.19 is then a simple corollary of the following result.

THEOREM 3.20. Let D be an arbitrary finite domain and let I be an arbitrary
valued constraint language of finite size on D with Cp C T'. Assume that T' expresses a
unary finite-valued weighted relation v that is injective on D. Then, either supp(T)
satisfies the BWC, in which case T' has valued relational width (2,3), or VCSP(T') is
NP-hard.

We now define conservative valued constraint languages [45].

DEFINITION 3.21. A wvalued constraint language T' on D is called conservative if T’
contains all {0,1}-valued unary weighted relations.

We remark that for crisp constraint languages a different definition is used [12].

Note that any conservative language I is a core and by Lemma 3.6 we can assume
that Cp CT.

Theorem 3.20 implies the following dichotomy theorem, first established in [45]
with the help of [61].

THEOREM 3.22. Let D be an arbitrary finite domain and let T be an arbitrary
conservative valued constraint language on D. Then, either supp(I") satisfies the BWC,
in which case T' has valued relational width (2,3), or VCSP(T') is NP-hard.

We now give a different proof classifying conservative valued constraint languages
that relies on [61] but has the advantage of giving a more specific tractability criterion
than the BWC that is different from the STP/MJN criterion established in [45] and
discussed in Example 3.16.

The following theorem was proved by Takhanov [61] with a small strengthening
in [45].

THEOREM 3.23 ([45, 61]). Let ' be a conservative valued constraint language. If
Pol(I") does not contain a majority polymorphism, then VCSP(T') is NP-hard.

We can strengthen Theorem 3.23 to show NP-hardness of VCSP(T") for a conserva-
tive valued constraint language I" which lacks a majority operation in the support clone
of I'. Consequently, we obtain an alternative tractability criterion for conservative
valued constraint languages to the original criterion [45] that involved a binary STP
multimorphism and a ternary MJN multimorphism (cf. Example 3.16).
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THEOREM 3.24. Let T' be a conservative valued constraint language. Fither
VCSP(T') is NP-hard, or supp(I') contains a majority operation and hence T' has
valued relational width (2,3).

3.5. Related Work on BLP and Relational Width. The SA(1,1) relaxation
is also known as the basic linear programming relazation (BLP). The following result
capturing the power of BLP has been established.?

An me-ary operation f : D™ — D is called symmetric if f(x1,...,2,) =
f(Tr(1y, -, Tr(m)) for every permutation 7 of {1,...,m}.

DEFINITION 3.25. We say that a clone of operation satisfies the SYM condition if
it contains an m-ary symmetric operation, for every m > 2.

THEOREM 3.26 ([44]). Let T be a valued constraint language of finite size. Then
the following are equivalent:
1. T has valued relational width 1.
2. supp(T") satisfies the SYM.

By definition, the SA(1, ¢)-relaxation is at least as tight as the SA(1, 1)-relaxation;
i.e., any solution to the SA(1, ¢)-relaxation gives a solution to the SA(1,1)-relaxation
of the same value. Hence any language with valued relational width 1 has valued
relational width (1,¢). We now show that for any fixed ¢, SA(1,1) and SA(1,¢) have
the same power.

ProprOSITION 3.27. Let I' be a valued constraint language of finite size and let
> 1 be fixed. If T' has valued relational width (1,¢) then T has valued relational width
1.

Proof. Let I be an instance of VCSP(I"). Assume that Opt(I) = Optrp(I) for the
SA(1, £)-relaxation of I. For the sake of contradiction, suppose that Opt(I) > Optrp (1)
for the SA(1, 1)-relaxation of I and let A* be an optimal solution to SA(1,1) of value
OPT*. Define X as follows. If A\;(0) is a variable of SA(1,1) then A,(0) = A} (o).
Otherwise, let \;(o) correspond to the ith valued constraint ¢;(x;) with variables
{z1,...,2}. We define \;(0) as the product of the A\*’s corresponding to o(z;),
1 < j < r. More formally, if ¢;(z;) are the valued constraints with the scope z;,
for 1 < j < r, then we define A,(0) = H;Zl Aj(o(x;)). By the definition of X',
X is a feasible solution to SA(1,¢). By the definition of the SA relaxations, the
extra valued constraints present in SA(1,¢) but missing in SA(1,1) are null and thus
Valpp(I, ') = OPT* < Opt(I). But this contradicts I' having valued relational width
(1,9). O

COROLLARY 3.28. Let T' be a valued constraint language of finite size. Then, the
valued relational width of T' is either 1, or 2, or (2,3), or unbounded.

Proof. If the valued relational width of I is bounded then it is (2, 3), by Theo-
rem 3.3. If the valued relational width of T" is (1, ¢) for some ¢ > 1 then it is 1, by
Proposition 3.27. O

There are valued constraint languages that have valued relational width (2, 3) but
not 1. For example, languages improved by a tournament pair fractional polymor-
phism [19], discussed in detail in Example 3.14 in Section 3.3, have valued relational
width (2, 3) by the results in this paper, but do not have valued relational width in 1
as shown [44, Example 5] using Theorem 3.26.

3Theorem 3.26 as stated here follows from [44, Corollary 3] using Lemma 2.8.
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It could be that either SA(1) and SA(2), or SA(2) and SA(2,3) have the same
power. The former happens in case of relational width. Dalmau proved that if a crisp
language has relational width 2 then it has relational width 1 [25]. Together with
Theorem 2.17 and the analogue of Proposition 3.27 for relational width established
in [30], this gives a trichotomy for relational width.

THEOREM 3.29 ([30, 25, 4]). Let A be a crisp constraint language of finite size.
Then precisely one of the following is true:
1. A has relational width 1.
2. A has relational width (2,3) and does not have relational width 2, nor (1,£)
forany £ > 1.
3. A does not have bounded relational width.

REMARK 3.30. It follows from the definitions that if a crisp constraint language
A has relational width (k,£) then A also has valued relational width (k,£). However,
the converse does not hold. There exists a constraint language on a three-element
domain with two relations that has valued relational width 1 but not relational width
1/51, Example 99].

3.6. Obtaining a Solution and the Meta Problem. We now address two
questions related to our main result.

Firstly, we show that for any VCSP instance over a language of valued relational
width (2,3) we can not only compute the value of an optimal solution but we can also
find an optimal assignment in polynomial time.

PROPOSITION 3.31. Let ' be a valued constraint language of finite size and I an
instance of VCSP(T'). If supp(T") satisfies the BWC, then an optimal assignment to T
can be found in polynomial time.

Proof. Let T be a core of ' on domain D’, and let ', = I"U{Cp-}. By Lemma 3.7,
supp(T'.) satisfies the BWC, so by Theorem 3.4 we can obtain the optimum of I by
solving a linear programming relaxation. Now, we can use self-reduction to obtain
an optimal assignment. It suffices to modify the instance I to successively force each
variable to take on each value of D’. Whenever the optimum of the modified instance
matches that of the original instance, we can move on to assign the next variable.
This means that we need to solve at most 1+ |V||D’| linear programming relaxations
before finding an optimal assignment, where V' is the set of variables of 1. O

Secondly, we show that testing for the BWC is a decidable problem. We rely on
the following result that was proved in [46], and also follows from results in [4].

THEOREM 3.32 ([46]). An idempotent clone of operations satisfies the BWC if,
and only if, it contains a ternary WNU f and a quaternary WNU g with f(y,z,z) =
gy, z,x,x) for all x and y.

PROPOSITION 3.33. Testing whether a valued constraint language of finite size
satisfies the BWC is decidable.

Proof. Let I be a valued constraint language of finite size on domain D. Let I
be a core of I defined on domain D’ C D. Finding D’ and I can be done via linear
programming [66, Section 4]. By Lemma 3.7, supp(I") satisfies the BWC if, and only
if, supp(IV U Cp) satisfies the BWC. As constant unary relations enforce idempotency,
by Theorem 3.32, supp(I” U Cp-) satisfies the BWC if, and only if, supp(I" U Cp)
contains a ternary WNU f and a 4-ary WNU ¢ with f(y,z,z) = g(y, x,z, z) for all x
and y. It is easy to write a linear program that checks for this condition, as it has
been done in the context of finite-valued constraint languages [66, Section 4]. O
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4. Sufficiency: Proof of Theorem 3.4. In this section, we prove that the
BWC is a sufficient condition for a valued constraint language with all constant unary
relations to have valued relational width (2, 3).

We start with a technical lemma. For a feasible solution A of SA(k,?), let
supp(A;) = {o: X; = D | \i(0) > 0}.

LEMMA 4.1. Let I be an instance of VCSP(I"). Assume that SA(k,¢) for I is
feasible. Then, there exists an optimal solution A* to SA(k,?) such that, for every i,
supp(A}) is closed under every operation in supp(T').

Proof. Let w be an arbitrary m-ary fractional polymorphism of I', and let A be
any feasible solution A to SA(k, £). Define A“ by

A (o) = fE{J [fo(o1,...,0m)=0]
T1yeeeyOm~ A

We show that A is a feasible solution to SA(k, ¢), and that if A is optimal, then so is
v,

Clearly A\¥ is a probability distribution for each i € [¢], so (11) and (13) hold.
Since w is a fractional polymorphism of I, we have o € Feas(¢;) for any choice of
f € supp(w) and o1, ...,0m € supp(A;). Hence, A\¢(c) = 0 for o & Feas(¢;), so (12)
holds.

Finally, let j € [¢] be such that X; C X;, |X,| <k, and let 7: X; — D. Then,

Z )\‘:(O') Z flil‘l) [fo(ala"'aam) :0]

o: X,i—>D,o\Xj:T o: Xri%D,U\Xj:T 01,y T~

= flil; [(f0(01,-~-’0m))|xj =]

|
-
-

s [fO(Ol‘Xj,...,O'm|Xj):T]
150, 0m ™~

= Z Pr [01|Xj:7'1,...,

frow
TlyeosTm: X;—D O1yersOmoNs

o-m‘Xj :Tmafo(7-17~-~a7—m> :T}
= > X (1) - Xj(Tm) Prfo(ri,...,Tm) =1]
TlyeosTm: X;—D frow

fPr [fol(r,...,7m)=T]

Tlvwﬂ'?n"’/\j

= A7(7),

where, we have used the fact that (10) can be read as A;(7) = Pry, [J|X7, = T] It
follows that (10) also holds for A“, so A“ is feasible.
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For each i € [q], we have:

> Aol = E bl = E =S 6ox)
o€Feas(¢;) ‘ Ty Tm AL j=1
2 fIE Gi(flo1(xi), - -, om(x3)))
o1, .,O':Jnfv)w
— Z ( fP:I:u [fo(o1,...,om) :U]>¢i(U(Xi))

o€Feas(p;) T1yeeeyOm~ A

> N(o)ilo(xi).

o€Feas(¢;)

Therefore, if X is optimal, then A* must also be optimal.

Now assume that A is an optimal solution and that supp(A) is not closed under
some operation f € supp(w) for w € fPol(T"), i.e. for some o1, ...,0,, € supp(A), we
have f(o1,...,0m) & supp(A\). But note that f(o1,...,0m) € supp(A\Y). Therefore,
N = %()\ + A\¢) is an optimal solution such that supp()\;) € supp(\,) € DXi. For each
i € [q], DX is finite. Hence, by repeating this procedure, we obtain a sequence of
optimal solutions with strictly increasing support until, after a finite number of steps,
we obtain a A\* that is closed under every operation in supp(I'). 0

We now have everything that is needed to prove Theorem 3.4.

Proof of Theorem 3.J. Let I be an instance of VCSP(I') with ¢;(z1,...,z,) =
T oi(xi), Xi CV ={21,...,2,} and ¢;: D¥¥) = Q.

The dual of the SA(k,¢) relaxation can be written in the following form, with
variables z; for ¢ € [¢] and y;.; for i,5 € [¢] such that X; C X;, |X,| < k, and
7: X; = D. The dual variables corresponding to A;(¢0) = 0 are eliminated together
with the dual inequalities for i, 0 & Feas(¢;).

q
maXZzi
i=1
Vi € [q], |X;| < k,o € Feas(¢;)
(14) zi < ¢i(0) + Z Yiolx,i — Z Yi,oj

jelq,X;CX; Jj€lq], XiCX;
Vi € [q],]X;| > k,o € Feas(¢;)
(15) Z<ilo)+ > Yjalx, i
j€la],X;CX;
|X;[<k

It is clear that if I has a feasible solution, then so does the SA(k, ¢) primal. Assume
that the SA(2, 3)-relaxation has a feasible solution.
By Lemma 4.1, there exists an optimal primal solution A* such that, for every
i € [q], supp(A}) is closed under supp(T’). Let y*, 2* be an optimal dual solution.
Let A = {¢/}L_, U{Cp}, where ¢ = supp()\}), i.e. ¢}(x) =0 if x € supp(A\}) and
@ (x) = oo otherwise. We consider the instance J of CSP(A) with ¢j(x1,...,2,) =
321 ¢} (x5)-

We make the following observations:
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1. By construction of A*, supp(I') C Pol(A), so A contains all constant unary
relations and satisfies the BWC. By Theorems 2.16 and 2.17, the language A
has relational width (2, 3).

2. The first set of constraints in the primal say that if i, j € [g], | X;| < 2and X; C
Xi, then X3(7) > 0 (i.e. 7 € ¢}) if, and only if, ) Af(o) >0

(i.e. 7 satisfies 7y, (4;)). In other words, J is (2, 3)-minimal.
These two observatlons imply that J has a satisfying assignment a: V' — D. Let
@i = alx,. By complementary slackness, since A} (a;) > 0 for every i € [q], we must
have equality in the corresponding rows in the dual indexed by ¢ and «;. We sum
these rows over i:

o: Xi—=D,o|y =T
J

q q

1) Y = Yoo+ (X Y v XY )

i=1 i=1 i=1 jelq],X,; CX; i€lq]  j€lq]
X, |%2 1x; <2 X, CX;

By noting that O‘i|Xj = a5 when X; C X;, we can rewrite the expression in
parenthesis on the right-hand side of (16) as:

(17) Yo Yapi— D Yaw = O

i,j€[q],. X; CX; i,5€[q],X: C X
|X;51<2 |X;|<2
Therefore,
q q q
YooY N@eilex) =D 2 =Y dilalx)),
i=1 oc€Feas(¢;) i=1 i=1

where the first equality follows by strong LP-duality, and the second by (16) and (17).
Since I was an arbitrary instance of VCSP(I"), the theorem follows. a

5. Necessity: Proof of Theorem 3.5. In this section, we prove that the BWC
is a necessary condition for a valued constraint language with all constant unary
relations to have bounded valued relational width.

The main idea of the proof is to show that if supp(I") does not satisfy the BWC,
then I' can, in a sense, simulate linear equations in some Abelian group. We show
that such linear equations do not have bounded valued relational width, and that
the simulation preserves bounded valued relational width. We first state the result
on linear equations in an Abelian group and then discuss the precise meaning of
“simulation”.

Let G be an Abelian group over a finite set G and let » > 1 be an integer. Denote
by Eg,, the crisp constraint language over domain G with, for every a € G, and
1 <m <r,arelation R} = {(z1,...,%m) € G™ | 1 + -+ + &, = a}. In Section 7,
we prove the following.

THEOREM 5.1. Let G be a finite non-trivial Abelian group. Then, the constraint
language Fg 3 does not have bounded valued relational width.

DEFINITION 5.2. We say that an m-ary weighted relation ¢ is expressible over a
valued constraint language T if there exists an instance I of VCSP(T') with variables
Tiyeeey T, V1, .-, Up Such that

(18) A1, ., Ty) = min Gr(x1, ..., T, V1, .., Vp).
V1,..,Up
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For a fixed set D, let ¢2 denote the binary equality relation {(z,z) | z € D}.
Denote by (I') all weighted relations expressible in I' U {¢Z}, where D is the domain
of T'. A weighted relation being expressible over I' U {¢2} is the analogue of a relation
being definable by a primitive positive (pp) formula (using existential quantification
and conjunction) over a relational structure with equality. Indeed, when T is crisp,
the two notions coincide.

DEFINITION 5.3. Let A and A’ be valued constraint languages on domain D and

D', respectively. We say that A has an interpretation in A’ with parameters (d, S, h)
if there exists a d € N, a set S C D'?, and a surjective map h : S — D such that (A')
contains the following weighted relations:

o ¢g: D' — Q defined by ¢s(x) =0 if x € S and ¢5(x) = oo otherwise;

e h™1(¢D); and

o h=Y(¢;), for every weighted relation ¢; € A,
where h=1(¢;), for an m-ary weighted relation ¢;, is the dm-ary weighted relation on

D' defined by h™1(¢;)(x1, ..., Xm) = ¢i(h(x1), ..., h(xm)), for all x1,...,xm € S.

When T is crisp, the notion of an interpretation coincides with the notion of a
pp-interpretation for relational structures [7].

THEOREM 5.4. Let A be a crisp constraint language of finite size that contains
all constant unary relations. If Pol(A) does not satisfy the BWC, then there exists a
finite non-trivial Abelian group G such that A interprets Eg ., for every r > 1.

Proof. Tt has been shown in [46, Theorem 1.6 (4)] that if the polymorphism algebra
B of A does not satisfy the BWC, then the variety generated by B admits type 1 or
2 (the notion of admitting types comes from Tame Congruence Theory [35]). By [2,
Lemmas 20 and 21], this implies that there exists a finite non-trivial Abelian group G
such that the variety generated by B contains a reduct A of the polymorphism algebra
of Eg ., for every r > 1. For finite algebras A and B, A is contained in the variety
generated by B if, and only if, A is contained in the pseudovariety generated by B. In
terms of pp-interpretations [7], this is equivalent to Eg , having a pp-interpretation in
A (see also [11]). O

Our notion of reduction will be the <ga reduction from Definition 3.2.

The following theorem shows that we can augment a valued constraint language
with various additional weighted relations. The transformations in these reductions
have previously been used to prove polynomial-time reductions [11, 18, 66, 47, 65].
Here, we show that they all additionally preserve bounded valued relational width.

THEOREM 5.5. Let T' be a valued constraint language of finite size on domain D.
The following holds:
1. If ¢ is expressible in T, then T'U {¢} <gaT.
2. TuU {¢£} <gal.
3. If I interprets the valued constraint language A of finite size, then A <gaT.
4. If p €T, then T U{Opt(¢)} <sa T and I U {Feas(¢)} <ga T
5. If TV is a core of T' on domain D' C D, then IT' UCpr <gaT.

Note that Theorem 5.5(5) is just a restatement of Lemma 3.6.

A formal proof of Theorem 5.5 is given in Section 6. Here is the main idea.

All of the reductions are based on replacing each constraint ¢;(x;) of an instance
I of the left-hand side by some gadget, given as an instance J; of the right-hand side.
The instance J is then defined as the sum of all objective functions ¢, .

If the replacements satisfy certain conditions, then we show that, for any 1 <



THE POWER OF SHERALI-ADAMS RELAXATIONS FOR GENERAL-VALUED CSPS 21

k' < ¢, there exist 1 < k < ¢ such that if A’ has valued relational width (k,¢),
then A has valued relational width (k, £), so the reductions preserve bounded valued
relational width. The conditions are: (a) for every satisfying and optimal solution
a of J, there is a satisfying assignment ¢® of I such that Val(I,c%) < Val(J, a); (b)
for every large enough k, feasible solution A to the SA(k,2k)-relaxation of I, and
assignment o: X; — D with positive support in A, there exists a satisfying assignment
af of J; such that ¢;(o(x;)) > Val(J;,a7); and (c) the assignments af are “pairwise
consistent”, i.e. )" and a" agree on the intersection of the variables of J; and J.
whenever o; and o, are restrictions of some o: X — D with positive support in \.
We will also need the following technical lemmas.

LEMMA 5.6. Let ' be a valued constraint language of finite size over domain D
and let F be a finite set of operations over D. If supp(I') N F = (), then there exists a
crisp constraint language A such that Pol(A)NF =0 and A <gaT.

Proof. By Lemma 2.9, for each f € FNPol(I'), there is an instance Iy of VCSP(I")
such that f & Pol(Opt(¢r,)). Let A = {Opt(¢r,) | f € F}U{Feas(¢) | ¢ € T'}. For
[ € FNPol(I'), we have f ¢ Pol(Opt(¢1,)) 2 Pol(A). For f € F'\ Pol(I'), we have
f & Pol(¢), for some ¢ € T, so f & Pol(A). Tt follows that Pol(A) N F = (. Finally,
A <ga T holds by Theorem 5.5(1) and (4). d

LEMMA 5.7. Let T" be a valued constraint language of finite size. If supp(I') does
not satisfy the BWC, then there is a crisp constraint language A of finite size such
that Pol(A) does not satisfy the BWC, and A <gpT.

Proof. Since supp(T") does not satisfy the BWC, there exists an m > 3 such that
supp(T") does not contain any m-ary WNU. Let F be the (finite) set of all m-ary
WNUs. The result follows by applying Lemma 5.6 to I and F'. ]

We now have everything that is needed to prove Theorem 3.5.

Proof of Theorem 3.5. Suppose that supp(T") does not satisfy the BWC. There
exists, by Lemma 5.7, a crisp constraint language A such that Pol(A) does not satisfy
the BWC and A <ga I'. Since Cp C I', we may assume, without loss of generality, that
Cp CA.

By Theorem 5.4, there exists a finite non-trivial Abelian group G and an interpre-
tation of Eg 3 in A. By Theorem 5.1, Eg 3 does not have bounded valued relational
width. By Theorem 5.5(3),we have Eg 3 <ga A <ga T, so I' does not have bounded
valued relational width. |

6. Reductions: Proof of Theorem 5.5. We show that Theorem 5.5 follows
from Lemmas 6.2-6.7 proved in this section.

For a valued constraint language T, let ar(I") denote max{ar(¢) | ¢ € T'}.

It will sometimes be convenient to add null constraints to a VCSP instance
as placeholders, to ensure that they have a scope, even if these relations may not
necessarily be members of the corresponding constraint language I'. In order to obtain
an equivalent instance that is formally in VCSPT), the null constraints can simply be
dropped, as they are always satisfied and do not influence the value of the objective
function.

We extend the convention of denoting the set of variables in x; by X; to tuples y;,
v;, and v, whose sets are denoted by Y;, Y/, and V;, respectively.

The following technical lemma is the basis for most of the reductions.

LEMMA 6.1. Let A and A’ be valued constraint languages of finite size over
domains D and D', respectively.
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Let (I,i) — J; be a map that to each instance I of VCSP(A) with variables
V' and objective function Y i_, ¢i(x;), and index i € |q], associates an instance J;
of VCSP(A') with variables Y; and objective function ¢;,. Let J be the VCSP(A')
instance with variables V' = J{_,Y; and objective function > "7 | ¢

Suppose that the following holds:
(a) For every satisfying and optimal assignment o of J, there exists a satisfying

assignment o of I such that

Val(I,0%) < Val(J, ).

Furthermore, suppose that for k > ar(A), and any feasible solution \ of the
SA(k, 2k)-relazation of I, the following properties hold:
(b) Fori € [q], and o: X; — D with positive support in A, there exists a satisfying
assignment of of J; such that

¢i(o(xi)) = Val(Ji, a7 );

(c) fori,r €[q], any X CV with X; UX, C X, and o: X — D with positive support

m A,

o7 ly,ny, = " lviny,.,

where 0; = 0|y, and oy = ol .

Then, I — J is a many-one reduction from VCSP(A) to VCSP(A'), and for any
1<K <V, there exist 1 < k < ¥ such that if I is a gap instance for SA(k, (), then J
is a gap instance for SA(K',0'). In particular, the reduction preserves bounded valued
relational width.

Proof. First, we show that Opt(I) = Opt(J). From condition (a), if .J is satisfiable,
then so is I and Opt(I) < Opt(J). Conversely, if I is satisfiable, and ¢ is an optimal
assignment to I, then the SA(k,2k) solution A that assigns probability 1 to o]y
for every X C V with [X| < 2k is feasible. Let 0; = o[y . By (b), there exist
satisfying assignments aj of J;, for all ¢ € [g], such that Opt(I) > Optrp(I) >
el ]Val(JZ,o/”). Define an assignment a: V' — D’ by letting a(y) = af'(y) for
an arbitrary 7 such that y € Y;. We claim that af,, = o', for all i € [g]. From
this it follows that « is a satisfying assignment to J such that Zze (d] Val(J;, af') =
Val(J, ) > Opt(J), and hence that Opt(I) > Opt(J). Indeed, let y € V' and assume
that y € Y; and y € Y,.. Let X = X; U X,. Then, since )\(J|X) =1, it follows from (c)
that o (y) = 27 (y).

Let 1 < k' < ¢’ be arbitrary, and let k = max{¢’,ar(A’)} - ar(A), £ = 2k. Assume
that I is a gap instance for the SA(k,¢)-relaxation of VCSP(A), and let A be a
feasible solution such that Valpp(I,A) < Opt(I) (where Opt(I) may be oo, i.e. T
may be unsatisfiable). We show that there is a feasible solution x to the SA(K', ¢')-
relaxation of J such that Valpp(J, k) < Valpp(I,A). Then, by condition (a), we
have Valpp(J, k) < Valpp(I,A) < Opt(I) < Opt(J), so J is a gap instance for the
SA (K, ¢')-relaxation of VCSP(A’). Since k' and ¢’ were chosen arbitrarily, the result
then follows.

To this end, augment I with null constraints on Xg41,..., Xy so that for every
at most ¢-subset X C V, there exists an ¢ € [¢] such that X; = X. Rewrite the
objective function of J as Z _1 95(y}), ¢ € A’, where, by possibly first adding extra
null constraints to J, we W111 assume that for every at most ¢-subset Y C V', there
exists a j € [p] such that Y] =Y. For each i € [q], let C; be the set of indices j € [p]
corresponding to the weighted constraints in the instance J;.
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For X C V, define Yx = U,¢(g.x,cx Yi- Fori € [¢']\ [g], let J; be an instance on
the variables Yx, containing a single null constraint on the variables. For o € supp(\;),
and any r,s € [q] such that X, U X, C X, and y € Y, NYj, by (¢), it holds that
a?r(y) = a9 (y). Therefore, we can uniquely define of : Yx, — D’ for i € [¢'] \ [q] by
letting of (y) = a?(y) for any choice of r € [¢] with X, C X; and y € Y,.. Furthermore,
this definition is consistent with af for ¢ € [¢] in the sense that (¢) now holds for all
i, € [q].

Form > 1, let X(<py ={X =U;cg Xi | S C [q], |X| <m}, and for Y C V' with
Y[ <, let X<m)(Y) ={X € X< | Y CYx}

Let j € [p| be arbitrary and let X = {J;cg Xi € X(<n)(Y), for some S C [q],
where n = |V|. For each y € Y/, let i(y) € S be an index such that y € Yj(,) and let
X' = UerJ/ Xigy)- Then, Y/ CYyxs, X' C X, and |X'| < max{¢',ar(A")} -ar(A) <k,
so X' e X(Sk)(YJ’)

In other words,

(19)
for all X € X(<n)(Y), there exists i € [¢] such that X; € X and X; € X(<x)(Y}).

In particular (19) shows that for every j there exists i € [¢'] such that X; € X (<) (Y),
since ;e (g Xi € X(<n)(Y]) for all j.
For j € [p], a: Y] — D', and an i € [¢] such that X; € X(<4)(Y]), define

(20) pi@) = Y Ao

o€esupp(A;)
a§’|y(:a
J

Claim: Definition (20) is independent of the choice of X; € X (<4 (Y]).
First, we prove this equality for X, C X; with X, € X)(Y]) and X; €

X (V).
We have,
pile)= Yool = D xe) = D Aile) = pi(w),
T€supp(Ar) oEsupp(A;) o€supp(A;) oesupp(A;)

aply = olx,=7 allly =a af |y =a
E i i

where the first equality follows by (20) and (10) for A since |X,| < k, and the second
equality follows by interchanging the order of summation and noting that o € supp(\;)
implies that o, = o]y € supp(\.), again by (10) for A. The third equality follows by
(c) extended to i,7 € [¢'].

Next, let X, € X(<)(Y]) and X; € X(<4)(Y]) be arbitrary. From (19), it follows
that X; contains a subset X € X(<)(Y}). Since | X, U X;| < 2k = £, there exists an
index u such that X, = X, U X,. The claim now follows by a repeated application of
the first case: uj = uj = pj = ,ug

By the claim, we can pick an arbitrary X; € X<y (YJ’ ) and uniquely define x; = u;
We now show that this definition of x satisfies the equations (10)—(13).

e To verify that the equations (10) hold, let s, j € [p] be such that Y, C Y/, and
B: Y] = D' Let X; € X(<p)(Y]). We now have:

Yo omil@= ) pila)=pl(B) = ra(B),
a: Y/—)D' a: Y/—)D'
a\YS/:5 a\YS/:5
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where the second equality follows from Y, C Y] and a rearrangement of
terms, and the last equality follows from the claim since Y. C Yj’ C Yx,, so
!/
Xi S X(Sk)(ys)
e To verify that the equations (11) hold let Y] = {y} be a singleton and let
Xi € X(<p)(Y]). We have:

Yookil= > > A= D> Ae)=1,

a: Y}’—>D’ a: Y}’—>D’ o€supp(A;) og€supp(A;)
af lyr=a
J

where the last equality follows from (11) for A;.
e The equations (12) hold trivially if ¢’ is a null constraint. Otherwise, j € C; for
some i € [g]. This implies that X; € X(<1)(Y]), and by the claim that x; = u;
Then, a € supp(k;) implies that there is a o € supp(A;) such that Oé,ﬂyjl =a.
By condition (b) and equation (12) for A;, the tuple af (y}) € Feas(¢}), so r;
satisfies (12).
® K; = ,ué is defined as a sum of X’s, which are nonnegative by (13), and thus
also satisfies (13).
We conclude that « is a feasible solution to the SA(%’,!’)-relaxation of J.
Let ¢ € [g] and note that by the claim, for every j € C;, we have k; = u;
Therefore,

Y Y m@ey) =% S Y A al))

j€C; a€Feas(¢)) JjeC; a€Feas(¢}) o€supp(A;)

ol |y =a
J

= D N Y ey

oesupp(A;) JEC; acFeas(¢’;)
(21) of Iy =a

- Y M) Y )

oesupp(A;) JjeC;

< ) Xi(o)eilo),

oesupp(A;)

where the inequality follows from assumption (b). Summing inequality (21) over i € [q]
shows that Valyp((J, k) < Valpp(I,A) and the lemma follows. |

LEMMA 6.2. Let I' be a valued constraint language of finite size and let ¢ be a
weighted relation expressible over T'. Then, T'U{¢} <gaT.

Proof. Let I be an instance of VCSP(I' U {¢}) with variables V = {x1,...,z,}

and objective function ¢r(x1,...,2,) = Y i, ¢i(x;), where ¢; € I' U {¢} and x; is
such that X; C V. Let I’ be an instance of VCSP(T") such that ¢(z1,...,2m) =
miny,ep @ (1, ... Tm, V1,...,Up).

For i € [g] such that ¢; € T, let J; be the instance on variables Y; = X; with
¢, (Y:) = ¢i(x;). For i € [¢] such that ¢, = ¢, let v; be a copy of the variables
v1,...,Up, and let J; be the instance on variables Y; = X; U V; with objective function
¢5,(Y:) = ¢ (x4,v;). Let J be the VCSP(T') instance with variables | J;Y; and
objective function ), ¢ ,.

We verify properties (a)—(c) of Lemma 6.1.
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(a) Let a be any satisfying assignment of J and define 0 = «f,,. For i € [¢] such
that ¢, € T', we have ¢;(c%(x;)) = ¢, (a(Y;)) < 0o. For i € [¢q] such that ¢; = ¢, we
have ¢;(0%(x;)) < ¢4, (a(Y7)) = ¢r(a(x;,v;)) < oo. Summing over all ¢ € [q] gives
Val(I,0%) < Val(J, o) < 0.

Let k > ar(I' U {¢}) and suppose that A is a feasible solution to the SA(k, 2k)-
relaxation of I. For all i € [¢] and o: X; — D with positive support in A, define af as
follows. If ¢; € I, then define af = 0. Otherwise, ¢; = ¢. Let v7: V; = D be any
assignment such that ¢;(o(x;)) = ¢s(0(x;),77(v;)), and define of : X; UV; — D by
af =oU~yf.

(b) For all i € [q], Val(J;, af) = ¢, (a? (Y;)) = ¢i(o(x;)) < oo, where the equalities
hold by construction, and the inequality follows from the feasibility of \.

(c) Let i,7 € [g] and X C V be as in the lemma and suppose that 0: X — D
has positive support in A. If ¢ = r, then there is nothing to show. Otherwise,
Y;NY. = X;NX,, 50 of |lviny, = 0ilx;nx, = 0lx,nx, = or[xinx, = a7 |viny,.

It follows that Lemma 6.1 is applicable, so I'U {¢} <ga T. d

LEMMA 6.3. Let I' be a valued constraint language of finite size over domain D.
Then, T U{¢2} <saT.

Proof. Let I be an instance of VCSP(T'U {¢2}) with variables V = {z1,...,2,}
and objective function ¢r(z1,...,2,) = > i, ¢i(x;), where ¢; € T' U {¢P} and x; is
such that X; C V. Define the undirected graph G = (V, E), where E contains an
edge between u and v if, and only if, there is a constraint ¢2(u,v) in I. Let ~ be
the equivalence relation on V defined by u ~ v if w and v are in the same connected
component of G. For v € V, let © denote the equivalence class of ~ containing v. For
a tuple of variables x = (vy,...,vy) € V™, define X = (01, ...,0m).

For i € [q], let y; = %X; and let J; be an instance on variables Y;. If ¢; € T', then
let the objective function be ¢, (Y;) = ¢;(y;). Otherwise, let ¢, be a null-constraint
on Y;. Let J be the VCSP(I") instance with variables | J; Y; and objective function

ZZ‘ ¢Ji'

We verify properties (a)—(c) of Lemma 6.1.

(a) Let a be satisfying assignment of J and define 0%(v) = () for all v € V.
It is clear that ¢;(c®(x;)) = ¢4, (a(Y;)) for all ¢ € [g]. Summing over all i gives
Val(I,0%) = Val(J, ).

Let k > ar(TU{¢2}) > 2 and suppose that A is a feasible solution to the SA(k, 2k)-
relaxation of I. We claim that, for all ¢ € [¢] and o: X; — D with positive support in
A,

(22) u~v = o(u) =o(v).

For v € Y}, let af (9) = o(u) for some u € ¥ N X;. By the claim, the definition of
of is actually independent of the choice of v € ¥ N X;. The justification of the claim
follows at the end of the proof.

(b) For all i € [g], Val(Ji,a?) = 6, (a7 (¥i)) = ¢i(0(xs)) < o0, where the second
equality holds by (22), and the inequality follows from the feasibility of A.

(c) Let i,7 € [g] and X C V be as in the lemma and suppose that 0: X — D
has positive support in A. Let o € Y; NY,., let v; € 9N X; and vy € 9N X,.. By (22),
o(v) = o(v2), so o] (0) = 0;(v1) = o(v1) = o(v2) = 0 (v2) = aZ" (D).
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It remains to prove that (22) holds for all o: X; — D with positive support in
A. The proof is by induction over the length of a shortest path, u = ug,...,uq = v,
between u and v in the graph G. If d = 0, then u = v, so there is nothing to prove.
Assume therefore that d > 0 and that the claim holds for all assignments with positive
support and all v’ ~ v’ with a shortest path of length strictly smaller than d. Let
X" = {ug,uq} and note that since | X'| = 2 < k, there exists an assignment 7': X’ — D
with positive support in A such that 7/ = o|,. Now, let X = X" U {uqg_1}. Since
|X| < 3 < 2k, it follows that A\ has a distribution over assignments to X, so there
exists an assignment 7: X — D with positive support in A such that 7|y, =7’ = ol ,.
In particular, 7(ug) = o(up) and 7(ug) = o(uq).

By assumption, there is an equality constraint on X' = {ug_1,uq} in J, so any
assignment 7”: X" — D with positive support in A must have 7" (ug—1) = 7" (uq).
Since equation (10) holds for X” C X, it follows that 7|, has positive support in A,
and hence 7(ug-1) = 7(uq).

By the induction hypothesis applied to 7 and the path uy,...,u4—1, we now have
o(ug) = 7(ug) = 7(ug—1) = 7(ugq) = o(ugq). It follows that Lemma 6.1 is applicable, so
Fu{¢}<sal. o

LEMMA 6.4. Let A’ and A be constraint languages of finite size and assume that
A’ interprets A. Then, A <gp A’.

Proof. Let D and D’ be the domains of A and A’, respectively. Let (d, S, h) be
an interpretation of A in A’. By Lemma 6.2 and Lemma 6.3, we may assume that
A’ contains the d-ary weighted relation ¢g, and for each ¢; € A, that A’ contains
h= ()

Let I be an instance of VCSP(A) with variables V' = {x1,...,z,} and objective
function ¢r(@1,...,2,) = > i, i(x;). Assume that ¢; contains a distinguished unary
null-constraint for each singleton subset {mJ} C V, i.e. that for each 1 < j < n, there
exists an ¢ € [g] such that ¢; is a null constraint, and x; = (x;). Let vq,...,v, be
d-tuples of distinct fresh variables (nd distinct variables overall) and let V; be the set
of variables in v, for each 1 < j < n.

For i € [q], let J; be an instance on variables Y; = ;. oyex; Vie If ¢i(z;) is one
of the distinguished null-constraints, then let ¢ 5, (Y;) = ¢5(v;). Otherwise, assuming
x; = (w4,,...,7;), let 65, (Y;) = h=Y(di)(Viys-..,vi.). Let J be the VCSP(A')
instance with variables | J; Y; and objective function ), ¢j,.

We verify properties (a)—(c) of Lemma 6.1.

(a) Let a be any satisfying assignment of J and define 0*: V' — D by ¢%(z;) =
h(ca(v;)). This is well-defined since there always is a constraint ¢g(v;) in J which
ensures that a(v;) € S. For all i € [¢], ¢;:(c%(x;)) = ¢i(h(a(vy,)), ..., hla(v,))) =
¢, (a(Y;)), where x; = (24,,...,2;,). Summing over all ¢ gives Val(I,0%) = Val(J, a).

For each z; € V and a € D, let 7;,: V; — D’ be an assignment such that
Tj.a(vj) € S and h(7;4(v;)) = a. Let k > ar(A) and suppose that X is a feasible
solution to the SA(k, 2k)-relaxation of I. For all ¢ € [¢] and o: X; — D with positive
support in A, define af : Y; — D' by af (v) = 7 5(z,)(v) where j is the index such that
RS Vj, i.e., Ozg = Uj; z;€X; Tj,o(x;)-

(b) For all i € [q], assuming x; = (4, ...,2;,), Val(Ji,af) = ¢,,(af (V7)) =
h=H@)(af (Vir),- -, 0 (vi,)) = ¢i(h(af(vi))), ... h(af (vi,))) = ¢i(o(x)) < oo,
where the inequality follows from the feasibility of A.

(c) Let 4,7 € [¢] and X C V be as in Lemma 6.1 and suppose that o: X — D
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has positive support in A\. Let v € Y; NY, and let v; be the tuple of variables that
contains v. Then, z; € X; N X;, s0 ' (v) = 7j 5(z;)(v) = a7 (v).
It follows that Lemma 6.1 is applicable, so A <ga A’. ]

LEMMA 6.5. Let I" be a valued constraint language of finite size and ¢ € T'. Then,
FU{Opt(¢)} <saT.

Proof. To avoid trivial cases, we will assume that all weighted relations in I" take
at least one finite value. Moreover, in order to simplify the proof, we will assume that
min(¢’) = 0 for every ¢’ € T'. This is without loss of generality as replacing ¢’ by
@' + ¢, for any ¢ € Q, changes the value of the objective function of a VCSP instance
by the same additive constant as the objective function of the LP relaxation, for all
feasible solutions to the corresponding problems.

Let I be an arbitrary instance of VCSP(I' U {Opt(¢)}) with variables V and
objective function Y 7 ¢;(x;). We create an instance J of VCSP(T) as follows. The
variables of J are the same as the variables in I. Every weighted constraint ¢;(x;)
in I, where ¢; # Opt(¢) appears also in J. Every weighted constraint Opt(¢)(x;) is
replaced by C copies of ¢(x;) in J, where the value of the constant C' is chosen as
follows: If ¢ only takes a single distinct finite value (which we assume is 0), then let
C = 1. Otherwise, let U = >~ | max(¢;), where max(¢;) denotes the largest finite
value of the weighted relation ¢;. Let J be the smallest non-zero finite value of ¢.
Now, let C' = [(U 4+ 1)/d]. U can be computed in polynomial time and the value of C
depends linearly on the number of constraints in I, so the size of J is polynomial in
the size of I.

First, we prove that Opt(J) determines Opt(I). Any satisfying assignment to I is also
a satisfying assignment to J, so

(23) Opt(J) < Opt(I).

If J has a satisfying assignment, then let o be an optimal assignment. We
distinguish two cases. First, assume that o assigns the optimal zero value to every
copy of ¢. Then, o is also a satisfying assignment of I, so

(24) Opt(I) < Val(I,0) = Val(J, o) = Opt(J).

From (23) and (24), we see that Opt(I) < Val(I,0) = Opt(J) < Opt(I), so o is also
an optimal assignment to I.
Otherwise, o assigns a sub-optimal value to at least C copies of ¢, so

Val(J,0) > Cd+ Opt(1) > U + 1.

In this case, Opt(J) > U. But U > Opt(I) if I is satisfiable, which contradicts (23),
and hence I is unsatisfiable. In summary, if J is unsatisfiable, or if Opt(J) > U, then
I is unsatisfiable, and otherwise Opt(I) = Opt(J).

Next, we prove that, for any given parameters 1 < k < ¢, if I' U {Opt(¢)} does not
have valued relational width (k,¢), then I' does not have valued relational width
(k,0). Let I be an instance of VCSP(I' U {Opt ¢}) and X a feasible solution to the
SA(k, ¢)-relaxation of I, with Valpp(I,\) < Opt(I), where Opt(I) could be co. We
will assume that I has been augmented with null constraints so that, for every subset
V' C V with |V’| < ¢, there is some i € [q] with X; = V'. Let J be the instance of
VCSP(T') constructed above.
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Let X be the feasible solution to the SA(k, ¢)-relaxation of J obtained from X\ by
letting )\; = )\; for all ¢-constraints of J with index j that were introduced as copies
of the Opt(¢)-constraint of I with index i. Then, X" assigns an optimal value to each
¢-constraint, so Valpp(J, ') = Valpp (I, A).

If J is unsatisfiable, then Optrp(J) < Opt(J), so " does not have valued relational
width (k,¢). If J is satisfiable and I is also satisfiable then it was shown above that
Opt(J) = Opt(I), so Optrp(J) < Optrp(I) < Opt(l) = Opt(J), and again I" does
not have valued relational width (k, £). Finally, if J is satisfiable and I is unsatisfiable
then Opt(J) > U. Since A is a feasible solution, we have OptLp(l) < U from the
definition of U. Then, Optrp(J) < Optrp(I) < U < Opt(J), so again I' does not
have valued relational width (k,¢). Since k and ¢ were chosen arbitrarily, the result
follows. O

LEMMA 6.6. Let I" be a valued constraint language of finite size and ¢ € T'. Then,
I'U {Feas(¢)} <gaT.

Proof. To avoid trivial cases, we will assume that all weighted relations in I" take
at least one finite value. As in the proof of Lemma 6.5, we will assume that min(¢) = 0.
Let I be an arbitrary instance of VCSP(I' U {Feas(¢)}) with variables V' and objective
function >°7 | ¢;(x;). We create an instance J of VCSP(T') as follows. The variables
of J are the same as the variables in I. For every weighted constraint ¢;(x;) in I
with ¢; € T, we add C copies of ¢;(x;) in J. Every weighted constraint Feas(¢)(x;) is
replaced by ¢(x;) in J. The value of the constant C' is chosen as follows: If ¢ only
takes a single distinct finite value, then let C = 1. Otherwise, let U be the largest
finite value of ¢. Let § = 1/M where M > 0 is any constant such that M - ¢; is integral
for every i. This implies that J is less than or equal to the least possible difference
between any two satisfying assignments of I. Now, let C = [N(U + 1)/d]|, where N
is the number of occurrences of Feas(¢) in I. The value of C' can be computed in
polynomial time and depends linearly on the number of constraints in I, so the size of
J is polynomial in the size of I.

An assignment o: V — D satisfies [ if, and only if, it is satisfies J, and

(25) C -Val(I,o) < Val(J,0) < C-Val(I,o) + NU.

Let o be an optimal assignment to J and suppose that there exists an assignment
o’ to I such that Val(I,0’) < Val(I, o). Then,

Val(J,0") < C - Val(I,o') + NU
<C-(Val(l,0) — )+ NU
<C-Val(I,0) + NU - C-§
< C-Val(l, o)
< Val(J,0),

which contradicts o being optimal. Hence, o is also an optimal assignment to I.
Next, we prove that, for any given parameters 1 < k < ¢, if I' U {Feas(¢)} does
not have valued relational width (k,¢), then I" does not have valued relational width
(k,?). Let I be an instance of VCSP(I' U {Feas(¢)}) and A a feasible solution to the
SA(k, ¢)-relaxation of I with Valyp(Z, ) < Opt(I). We will assume that I has been
augmented with null constraints so that, for every subset V' C V with |V’/| < ¢, there is
some i € [¢] with X; = V’. If T is unsatisfiable, then let J be the instance of VCSP(T')
constructed as above. Otherwise, let ¢ = Opt(I) — Val,p(I,\) > 0, and let J be the
instance constructed as above, but with C' = max{[N(U 4 1)/0], [N(U + 1)/e]}.
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Let X be the feasible solution to the SA(k, ¢)-relaxation of J obtained from X\ by
letting )\; = \; for every constraint of J with index j that was introduced as a (possibly
single) copy of the constraint ¢;(x;) of I. Then, Valpp(J,\') < C - Valpp(I,A) + NU.

The instance J is unsatisfiable if, and only if, I is unsatisfiable, and in this case,
Optrp(J) < Opt(J), so T does not have valued relational width (k,¢). Otherwise,
J is satisfiable, and C - Opt(I) < Opt(J), so Optrp(J) < C - Optrp(l) + NU <
C - (Opt(I) —€)+ NU < Opt(J)+ NU — C - e < Opt(J), so I' does not have valued
relational width (k, £). Since k and ¢ were chosen arbitrarily, the result follows. d

LEMMA 6.7. Let T' be a valued constraint language of finite size over domain D
and let T” be a core of T with D' C D. Then, I' UCpr <gaT.

Proof. Let I' be an instance of VCSP(I'), and let I be the instance of VCSP(T")
obtained from I’ by substituting every restricted weighted relation in IV by its cor-
responding weighted relation in I'. Then, by Lemma 2.12, Opt(I’) = Opt([). Fix
1 < k < ¢ and assume that I’ is a gap instance for the SA(k, £)-relaxation of VCSP(I").
Then, Optrp(I) < Optrp(I') < Opt(I’) = Opt(I), where the first inequality follows
from the fact that I’ is a restriction of I. This establishes IV <ga I'.

Let F be the set of unary operations on D’ that are not in supp(I") and apply
Lemma 5.6 to IV and F. This provides a crisp constraint language A on D’ such that
A <ga T and such that every unary operation in Pol(A) is also in supp(A). Since I
is a core only bijections can occur in supp(I). By Lemma 5.6, Pol(A) N F = @) and
hence only bijections can occur in Pol(A). Thus A is also a core. We finish the proof
by showing that IV U Cp: <ga IV U A, using Lemma 6.1. Indeed, by Lemma 5.6 we
have A <ga I'" and we have previously shown that IV <ga I'. Overall, I UCp <ga I"U
A <gpaTV<gaT and thus IV UCp <ga T

Let Ia be the instance on variables Va = {x, | a € D} and containing, for every
¢ € A, and a € D) a constraint ¢(x,), where xa[i] = T4 for 1 <4 < ar(¢).
Every satisfying assignment « to In defines an operation f,: D — D by the map
a — a(xy). The instance Ta is sometimes called the indicator instance [38] and has
the following property:

(26)
« is a satisfying assignment of I if, and only if, f, is a unary polymorphism of A.

Let I be an arbitrary instance of VCSP(IV UCp/) with variables V = {z1,...,2,}
and objective function ¢r(x1,...,2,) = D1 ¢i(x;), where ¢; € I UCps and x; such
that X; C V. Assume without loss of generality that V N VA = 0. For v € V, define
0 := x, if there is a unary constraint v = a in I, and define ¢ := v, otherwise. For a
tuple of variables x = (v1,...,v,,) € V™, define X = (01,...,0m)-

For i € [g] such that ¢; € T, let y; = X; and let J; be the instance on variables
Y; with objective function ¢z, (Y;) = ¢;(y;). For i € [¢] such that ¢;(z;) is a unary
constraint x; = a, let J; be the instance In on variables Y; = Va. Note that each
J; corresponding to a unary constraint xz; = a is the same instance Ia on the same
variables Va. Let J be the VCSP(I” U A) instance with variables (J; Y; and objective
function ), ¢,.

We verify properties (a)—(c) of Lemma 6.1.

(a) Let o be an optimal assignment to J and consider the operation f, in (26)
obtained from the unique copy of I in J. Since the unary operations in Pol(A) are
bijections and closed under composition, it follows that f, ! is also in Pol(A) and
therefore in supp(T'). Hence, by Lemma 2.9, 3 := f, ! o is also an optimal assignment
to J and fg is the identity operation. We define 0®(z) = a if £ = z, for some a € D',
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and 0%(z) = f(z) otherwise. All unary constraints z = a in I are satisfied by ¢® and
all other constraints take the same value as in J, hence Val(I,0%) = Val(J, o).

Let k > ar(I" UCp/) and suppose that A is a feasible solution to the SA(k, 2k)-
relaxation of I. Let v be the satisfying assignment of In that assigns a to z, for
all @ € D'. For all i € [¢] and o: X; — D with positive support in A, define
af = (0 U9)ly,-

(b) For all i € [q], Val(J;, af) = ¢, (e (Y;)) = ¢i(o(x;)) < oo, where the equalities
hold by construction, and the inequality follows from the feasibility of \.

(c) Let i,7 € [q] and X C V be as in the lemma and suppose that o: X — D
has positive support in A\. Let y € Y;NY,.. If y = z, for some a € D', then
al'(y) = a7 (y) = v(z4) = a. Otherwise, y € X; N X, s0 o (y) = 04(y) = o(y) =
or(y) = ol (y).

It follows that Lemma 6.1 is applicable, so IV UCpr <sa IV U A. a

7. Gap Instances for SA-relaxations of VCSP(Eg 3). In this section, we give
a construction of gap instances for SA-relaxations of VCSP(Eg 3), which shows that
Eg 3 does not have bounded valued relational width. This result can also be derived
from results in [58] using additional non-trivial results. We provide here a direct,
elementary proof for constant level LP relaxations, whereas [58] deals with linear level
SDP relaxations.

Let G be an Abelian group over a finite set G and let g be a non-zero element
in G. Let Ry = {(z,y,2) € G® |z = y+2+0} and Ry = {(2,y,2) € G° | x =
y+z+ g} and A ={Ry,R,}. Both Ry and R, are expressible in Eg3: Ro(z,y,2) =
miny',zl (RS’(I, y/a Z/) + R(%(ylv y) + R%(zl7 Z)) and Rg(xv Y, Z) = miny/,z/(Rg(x’ y/’ Z/) +
R:(y',y) + R3(%', 2)). By Theorem 5.5(1), it suffices to prove that A does not have
bounded valued relational width.

Let k > 3. We construct an unsatisfiable instance I of VCSP(A) and a feasible
solution to its SA(k, k)-relaxation. The construction is similar to the one in [30,
Theorem 31] where it is used to show that constraint languages without “the ability
to count” do not have bounded width. Our theorem is a strengthening of this result.

Let n > 1 be a positive integer. Let T}, x, be the torus grid graph on n x n vertices
resulting from taking the square grid graph on (n+1) X (n+ 1) vertices and identifying
the topmost with the bottommost vertices as well as the leftmost with the rightmost
vertices.

The instance I,, contains one variable for each vertex and one variable for each
edge in T}, xp. For 0 <a,b < n,let 4, Yap, and z,, be the variables corresponding
to vertices, horizontal edges, and vertical edges, respectively; cf., Figure 1. Let I,
contain the following constraints:

(27) Ya,b+1 = Ya,b + Tab + Cap
(28) Zat1,b = Zab + Tap + dap,

where indices are taken modulo n, and the elements cq 5, da» € {0, g} are chosen so
that

(29) Z Ca,b — Z da,b =4g.
a,b a,b

The following result establishes Theorem 5.1. We note that it actually shows
that I,,, which has p = O(n?) variables, is a gap instance for SA(k(p), k(p)), with

k=6(yD).
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20,0 Zo,1 Zo,2 20,0
® @ @ L J
Yo,0 Yo,1 Yo,2
20,0 20,1 20,2 20,0
Z1,0 Z1,1 Z1,2 Z1,0
[ L 4 @ L J
Y1,0 Y1,1 Y1,2
21,0 21,1 21,2 21,0
Z2,0 Z2,1 x2,2 Z2,0
® @ @ ®
Y2,0 Y21 Y2,2
22,0 221 22,2 22,0
Zo,0 Zo,1 Zo,2 20,0
® @ L g @
Y0,0 Yo,1 Yo,2

FIGURE 1. Variables in the torus T3 3 obtained from the 4 X 4 grid graph.

THEOREM 7.1. For every k > 3 and n > 2k, the instance I, is a gap instance for
SA(k, k).

Proof. The instance I, is unsatisfiable by construction: Summing the equations
(27) over a and b and simplifying implies the equation 0 = Za,b(xa,b + ¢q,p). Similarly,
the equations (28) imply 0=} ;(Zab + da,p). By taking the difference of these two
equations, it follows that 0 = >, (cap — dap) = g by (29), a contradiction. Hence,
the constraints of I,, cannot be éimultaneously satisfied. On the other hand, the
SA(k, k)-relaxation of I,, has a feasible solution by Lemma 7.4. 0

In the remaining part of the section, we prove that the SA(k, k)-relaxation of I,,
has a feasible solution.

Denote by V the set all variables of I,, and let V,, = {z45 | 0 < a,b < n}. For
S CV,, we say that S excludes a cross if there are indices o’ and b’ such that x4, & S
forall 0 <b < n, and x4 ¢ S for all 0 < a < n. We say that S contains a hole if
the induced subgraph T, »,[Vz \ S] is not connected. Let S be the family of subsets
S C V, such that S excludes a cross and does not contain a hole.

For a subgraph 7" of T}, «n, we denote by Var(7”) the set of variables on the
vertices and edges of T. Let Xi,...,X,, be an enumeration of all subsets X C V
such that X C Var(T),«,[5]) for some S € S. For i € [m], define

(30) X, = ﬂ Var (T, xn[S9]).
SeS: X;CVar(Tpxn[S])

Since S is closed under intersection, it follows that X; = Var (T}, x»[S5]) for some S € S,
so V; N X; =S excludes a cross and does not contain a hole. -
It follows from the definition of X that X; C X; = X; C X;. However, we
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will need a stronger property, namely that it is possible to move within the set family
{X’i}?;l from X j to X; by adding vertices from V, one at a time. More formally,
define the binary relation — on {X;}7, by letting X; — X if, and only if, X; C X;
and V, N (X; \ X;) = {@a,} for some 0 < a,b < n. Let < be the reflexive transitive
closure of —.

LEMMA 7.2. X; C X, = X; < X;.

Proof. Assume to the contrary that there are ¢ and j such that X; C X; but
X; £ X;. Let C =V, N (X;\ X;) and assume that i and j are chosen so that |C]| is
minimised. Let z,; € C and consider the set S = (V, N X\ {Za,p}. By construction
X; CSCX;. Ifwgy €S, then [V, N(S\ X;)| < |C| which contradicts the minimality
of |C|. Therefore, V, ns = VzﬁXi, so S = X,. This means that S contains a hole, and
in particular that S and therefore X; contains all neighbours of Zq,p. Consider the set
OC of vertices in V, \ C' that are neighbours to some z,, € C. By the previous remark,
oC C (Ve N X;)\ C, 50 9C C VN X;. Let C’ be the vertices of an excluded cross in
X;. Then, any path in T},, from a vertex in C to a vertex in C’ must pass through
a vertex in dC. Therefore, the induced subgraph T}, [V, \ X ;] is disconnected, so
VonX ; contains a hole; a contradiction. 0

For i € [m], define N; to be the set of assignments : X; — G that satisfy every
constraint in I,, whose scope is contained in X;. We argue that N; is non-empty for
every i. A horizontal component of X; is a set of edges {Ya.b, Ya,b+15 - - > Ya,ptr} C X,
such that Ya,6—1,Ya,b+r+1 & X;. A vertical component of X; is defined analogously.
Let C;, H;, and V; be the number of vertices, horizontal components, and vertical
components, respectively, in X;. Since V, N X; excludes a cross, an assignment is
precisely determined by freely choosing the value of every vertex, and of one edge in
each horizontal component and one edge in each vertical component:

For 7 € N; and i such that X; C X;, let N;;(7) denote the set of assignments
0 € N; such that 7 = 5|5{ja i.e. the set of extensions of 7 to an assignment in IV;. Next,
we give an expression for the size of the sets N;;(7) that is independent of the choice
of 7.

LEMMA 7.3. For Xj C X; and all T € Nj,

_ INi|
|Nj

(32) |N;,i(T)]

Proof. First assume that Xj — X; and let Zq,p be the unique vertex in X; \ Xj.
Since X ; NV, does not contain a hole, it follows that x4, must have fewer than four
neighbours in X j- We consider the following three possible cases:

1. x4 has a single neighbour in X ;- Without loss of generality, assume that
this neighbour is x4 p+1 so that X; \Xj = {Za,b,Ya,p}- Choose the value of
Zq,p arbitrarily. If y, 41 € Xj, then the equation Y, p+1 = Ya,p + Ta,b + Cap
forces the value of y, 5. In this case, we have |G| possible extensions and
C;=C;+1,H; = Hj, and V; =V}, so (32) holds. Otherwise, yq4+1 ¢ )_(j, o)
the value of y,; can be chosen arbitrarily. In this case, we have |G|? possible
extensions and C; = C; + 1, H; = H; + 1, and V; =V}, so (32) holds.

2. x4 has two neighbours in X;. If 7., has one horizontal and one vertical
neighbour, then we can argue as in case (1). Otherwise, without loss of
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generality, assume that X; \ X; = {Ya.b—1,Za.b, Yap}- We have three possible
cases, depending on the size of the intersection {yq 52, Ya,p+1} N Xj. If this
intersection contains both y-variables, then the values of y45—1, Zap, and yap
are all forced by the equations. In this case we have 1 possible extension,
C;=C;+1, H;=H; —1,and V; =V}, so (32) holds. If the intersection
contains one or zero y-variables, then we can choose the value of z, ; arbitrarily
and proceed similarly to case (1).

3. 24, has three neighbours in X ;- This case follows by extending the argument
in (2) for two vertical neighbours.

We now prove by induction that the general expression in (32) holds. By Lemma 7.2,
there exists an ¢’ such that Xj < Xy — X;. We have just shown that (32) holds for
', 1, and all ¢’ € N;. Assume by induction that (32) holds for j, ¢/, and all 7 € N;.
Then,

_ _ INi| [Nl INi| NG|

NG = Y INea@)= D = = =

a o o= INwl NG| NG| N
a'eN; i (7) G'EN; i/ (7)

which proves the lemma. 0
We are now ready to finish the proof of Theorem 7.1.

LEMMA 7.4. For i € [m], with | X;| <k, let \; be the following probability distri-
bution:
(33) Ai(o) = ‘PB- [ﬂxi =0,
where U; is the uniform distribution on N;. Then, X is a feasible solution to the
SA(k, k)-relazation of I,.

Proof. Let X C V with | X| < k. Since | X| < k < n/2, by the pigeonhole principle,
there exists an a’ such that {ya/ b, Ta’ ps Yar+1,6} N X = 0 for every 0 < b < n. Similarly,
there exists a b’ such that {zqp,Zeps 2apr+1} N X = 0 for every 0 < a < n. Let
S=V,\{(a,b) |a=a" or b="V'}. Then, S € S and X C Var(T,,x»[S5]), so X = X;
for some 1 <4 < m. It follows that X is defined for all X C V with | X| < k.

By construction, A satisfies (11) and (12) for the SA(k, k)-relaxation of I,,. It
remains to show that it also satisfies (10).

Let X; C X; and 7: X; — G. Let X be a subset of variables such that X; C X C
Xl'. Then,

Pr {5|Xj:7}: Z Pr_[5|Xj:Tand5\X:0}

o~U;

(34) = Y Proy=o].

For X = X, equation (34) implies the following.

@ - T -

G'NUi
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where the next-to-last inequality follows from Lemma 7.3. Hence,

(36) N() = Pr[aly, =7)

(37) = > Jpr [olx, =]
o: X;—G
o\xj:T

(38) = > Ao,
U:‘Xi—)G
olx;=T

where (37) follows by (34) with X = X;. It follows that A satisfies (10), hence it is a
feasible solution to the SA(k, k)-relaxation of I,,. 0

8. Proof of Lemma 3.7.

LEMMA 8.1 (Lemma 3.7 restated). Let T' be a valued constraint language of finite
size on domain D and T a core of T' on domain D' C D. Then, supp(T') satisfies the
BWC if, and only if, supp(I" UCp/) satisfies the BWC.

Proof. Let u be a unary fractional polymorphism of I' with an operation ¢ in
its support such that g(D) = D’. We begin by constructing a unary fractional
polymorphism g’ of T such that every operation in supp(u’) has an image in D’. We
will use a technique for generating fractional polymorphisms described in [44, Lemma
10]. Tt takes a fractional polymorphism, such as p, a set of collections G, which in our
case will be the set of operations in the clone of supp(u), a set of good collections G*,
which will be operations from G with an image in D’, and an ezpansion operator Exp
which assigns to every collection a probability distribution on G.

The procedure starts by generating each collection f € supp(u) with probability
wu(f), and subsequently the expansion operation Exp maps f € G to the probability
distribution that assigns probability Prj~,[h o f = f’] to each operation f' € G. The
expansion operator is required to be non-vanishing, which means that starting from
any collection f € G, repeated expansion must assign non-zero probability to a good
collection in G*. In our case, this is immediate, since starting from a collection f, the
good collection g o f gets probability at least u(g) which is non-zero by assumption.
By [44, Lemma 10], it now follows that T" has a fractional polymorphism u’ with
supp(u') € G*. So every operation in supp(p') has an image in D’.

Now, we show that if supp(T") contains an m-ary WNU ¢, then supp(I” UCp/) also
contains an m-ary WNU. Let w be a fractional polymorphism of I" with ¢ in its support.
Define w’ by w'(f') = Prpupr fowlh o f = f']. Then, w’ is a fractional polymorphism
of I' in which every operation has an image in D', so w’ is a fractional polymorphism
of I'". Furthermore, for any unary operation h € supp(u’), h ot is again a WNU, so
supp(I'') contains an m-ary WNU t'. Next, let h(z) = t'(x,...,z). Since I is a core,
the set of unary operations in supp(I'’) contains only bijections and is closed under
composition (Lemma 2.8). It follows that h has an inverse h=! € supp(I"’), and since
supp(I"”) is a clone, h~! o ¢’ is an idempotent WNU in supp(I”). We conclude that
h=tot" € supp(I' U {Cp}).

For the opposite direction, let ¢’ be an m-ary WNU in supp(I” U {Cp-}), and let
w’ be a fractional polymorphism of IV U {Cp-} with ¢’ in its support. Then, w’ is also
a fractional polymorphism of I'. Define w by w(f) = Prypupr fraw [f'[Rs ... R = f].
Then, w is a fractional polymorphism of ', and, for every h € supp(u'), the operation
t[h, ..., h] is an m-ary WNU in supp(w). We conclude that ¢ € supp(T'), which finishes
the proof. 0
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9. Proofs of Theorems 3.20 and 3.24.

THEOREM 9.1 (Theorem 3.20 restated). Let D be an arbitrary finite domain and
let T be an arbitrary valued constraint language of finite size on D with Cp C T.
Assume that T' expresses a unary finite-valued weighted relation v that is injective on
D. Then, either supp(I') satisfies the BWC, in which case T' has valued relational
width (2,3), or VCSP(T") is NP-hard.

Proof. If T satisfies the BWC then the result follows from Theorem 3.4. If I" does
not satisfy the BWC then, by Lemma 5.7, there exists a crisp constraint language A
such that Pol(A) does not satisfy the BWC and A <ga I'. By assumption, Cp C I" and
thus A UCp <ga I'. Hence we may assume, without loss of generality, that Cp C A.
By Theorem 5.4, there exists a non-trivial Abelian group G over a finite set G and
an interpretation of Eg 3 in A with parameters (d, S, h). By Theorem 5.5(3), we have
Egs<sa A<gal.

Let C be larger than max,cp v(a) — mingep v(a). The d-ary weighted relation
d(x1,...,2q) defined by

$(a1, .., xa) = v(wr) + Cv(wz) + Cu(ws) + -+ C lw(zq)
is injective on the set of d-tuples over D. By Theorem 5.5(1), {¢} <ga T'. We define

¢/($1, s 7xd) = ylrni%/d hil(asg)(xla sy Tdy Y1y - 7yd) + ¢(y1, sy yd)

By Theorem 5.5(1) and (3), {¢’} <sa I'. Thus, we have an injective unary weighted
relation ¢’ on the interpreted Eg 3. For every x € G, let h, € D? be an arbitrarily
chosen element of h=!(x). Finally, define the unary finite-valued weighted relation
¢": G — Qby ¢"(x) = ¢'(hy). (Note that the choice of h, does not affect the value
of ¢ ().

We denote by E¢ the crisp constraint language on domain G with, for every r > 1,
a €@, and c = (c1,...,c) € Z" with Y;_, ¢; = 0, a relation Spe={(r1,...,2,) €
G" | Yoi_, ciwy = a}. By [62, Theorem 3.18], VCSP(Ej U{¢"}) is APX-hard, and thus
NP-hard since ¢" is injective and thus non-constant on G. We will finish the proof by
showing how to reduce, in polynomial time, any instance I" of VCSP(Eg U {¢"}) to
an instance I of VCSP(Eg s U {¢"}).

Let V denote the set of variables of I’. The variables of T will include V" and a set
of new auxiliary variables for each constraint of I’ not involving ¢”. Let ¢”(x) be a
constraint of I’ for some z € V. Then we include the constraint ¢ (z) in I. Let Sy, .(x)
be a constraint of I’ for some r > 1, a € G, ¢ = (¢1,...,¢,) € Z" with i, ¢; =0,
and x = (x1,...,2,) € V" . Since |Glx = 0 in G, for all x € G we can, without loss
of generality, assume that 0 < ¢; < |G|. Thus Sj . is equivalent to an m-ary relation
S’ over G where m = Y_'_, ¢; < r|G|. The relation S’ can be expressed with O(m)
relations from Eg 3 using O(m) auxiliary variables. d

THEOREM 9.2 (Theorem 3.24 restated). Let ' be a conservative valued constraint
language. Either VCSP(T') is NP-hard, or supp(T") contains a magjority operation and
hence T' has valued relational width (2,3).

Proof. If Pol(I"') does not contain a majority operation then I' is NP-hard by
Theorem 3.23. If supp(I") contains a majority operation then, by Corollary 3.11, T’
has valued relational width (2, 3).

Let F be the set of majority operations in Pol(T") \ supp(I"). By Lemma 2.9, for
each f € F', there is an instance Iy of VCSP(I") such that f ¢ Pol(Opt(ls)). Let
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I" =T U{Opt(ly) | f € F}. If Pol(I') does not contain a majority polymorphism,
then, since I is conservative, so is IV, and hence I is NP-hard by Theorem 3.23.
Therefore, I' is NP-hard by Theorem 5.5 (4). Assume that Pol(I") contains a majority
polymorphism f. Then, f & F, so f € supp(I'). From Corollary 3.11, it follows that I"
has valued relational width (2, 3). 0

10. Conclusions. Using techniques from the algebraic study of CSPs and the
study of linear programming relaxations, we have given a precise characterisation of
the power of constant level Sherali-Adams linear programming relaxations for exact
solvability of valued constraint languages. Notably, we needed to prove that certain
gadget constructions, such as going to the core and interpretations, common in the
algebraic CSP literature but not commonly used in other areas of CSPs, such as
approximation, preserve solvability by constant level Sherali-Adams relaxations.

The complexity of Min-Ones problems with respect to exact solvability and
approximability was established in [24, 42]. Minimum-Solutions problems are a
generalisation of Min-Ones problems to larger domains, including integer programs
over bounded domains [39]. Following our characterisation of the power of Sherali-
Adams, we have given a complete complexity classification of exact solvability of
Minimum-Solution problems over arbitrary finite domains.
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