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XIV. Hahn's Functions S,(«) and U, («).
By C. STrRACHEY and P. J. Waruis *.
{Received June 29, 1945.]

1. & 2y and Introducti
Is a paper Mon the calculation of fields in certain resonators, Hahn
duced two new functions :
' m* sin® nra
= ,.(m)—

n(m‘»~ ‘nia?)
mn sin® nara

=1 0 n,»_T_z u
=

and used these functions to shorten his calculations. Since this time,
Hahun's method has been used for certain similarly-shaped resonators
and Hahn's two functions usually help to shorten the solution considerably.
Hahn himself only gave a small table of 8 («) and a few values of U, («).
n this report closed expressions are derived for the case of « rational,
and are used to produce & much more comprehensive table of S, («) and

and .(0‘)— with 0<a<1

a slightly smaller table of %U_(z). In a concluding section integral

expressions, power series in «, and asymptotic series in m are given which
togother facilitate the calculation for values of « not given in the tables.

2. Closed Expressions for Rational «.

For many purposes it is only necessary to know the values of Hahn’s
functions for rational a( —-p/q, say), and in this case it is compa.mtlvely
easy to obtain closed exp for the functions which include those
previously given by Goddard @ as a special case (when p==1). For

a=piq
@ m® sin® nmwo
-—h"(a)— = -1 2(m*—n2x?)

m? sin’—z-)w
= Z 3
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by writing n=rq+k,

.1‘);::1[,,,( )+¢(_-_) 2./,( )]smek”a, . @

* Communicated by the Authors.

—S(@).
m

\‘\ 1 2 3 4 5 6 7 8 9 10

; 1-21883 1-55718 i 175824 1-90148 201277 2~l(;5178 2-18076 2:24746 2:30631 2-35897
01 11-21058 1-54893 1-74998 1-80323 2:00452 2-09553 2:17251 2:23921 2-29806 2-35071
02 |1-18562 1-52387 1:72491 1-86814 1-97943 2:07044 2:14742 2:21412 2:27297 2-32562
0-3 |1-14324 1-48104 1-68198 1-82518 1-93645 2:02745 2-10443 2:17113 2-22998 2:28263
04 |1:082056  1-41855 161923 176234  1-87357 196454 204151 210820 216704  2:21968
05 (100000  1-33333 153333 167619 178730  1-87821  1.95513 202180 208062  2.13326
0-6 [0-89371 1-22019 1-41855 1-66078 1-:671569 1-76234 1-83916 1:90576 1:96454 2:01714
07 075775 1-06998 1:26438 1:40505 1:51510 1-60538 1-68198 1-74836 1-80705 1-85957
08 |0-58285 (-86499 1-:04939 1-18562 129335 1-38231 1-45801 1:52387 1-58212 1-63435
09 |0-35106  0-56366 071779 0-83861  0-93700 101956 109142  1-15546 121068  1-26240
0| o 0 0 0 0 0 0 0 0 0

025 | 116667  1-50476 170677 184900 196028 205128 212826 219497 225381  2.30646
075 | 0-67604 0-97604 1-16667 1-30571 1-41493 1:50476 1-58102 1-64725 170577 1-75818
+ (112500 146250 166339 180657 191784 200883 208580 215250 221135 226400
% 0-806R85 1-12500 1:32114 146250 1:57289 1-66339 1-740077 180657 1:R6529 1-91784
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STC, llIminster, 1938-45
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themselves, and all the values can be written in on the tree by
working upwards, since the value of each spot is determined by
those of its family. This process has been completed for the

Group Dynamics
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A Theory of Chess and Noughts and Crosses
Making Chemicals from Petroleum
On Looking at Old Instruments
Robots which Play Games
‘Human Colour Vision
Research Report

A THEORY OF CHESS AND
NOUGHTS AND CROSSES

D. W. DAVIES

EVERYONE who has spent the tedious hours of the mathematics
lessons in playing noughts and crosses will be aware of certain
features of the game. In Noughts and Crosses you need never
lose if you play well, whether you or your opponent takes the
first move. Since the same applies to your opponent, it follows
that you cannot expect to win if he is smart cnough. The game is
therefore rather trivial, because it both players are good the
result will always be a draw. It is easy to imagine games in which
one of the players can always win, though there seems little
point in playing such a game. All these games are trivial in the
sense that the outcome of the game, win, lose or draw, is to all
intents and purposes a foregone conclusion.

At first sight, a game like Chess is an entirely different matter.
If black could always win then nobody would play white, and if
it could always be drawn, the game would consist of waiting for
your opponent to make a mistake. Chess does not seem to be
like this at all, but perhaps this is merely because we do not
understand it sufficiently. Is it possible that the only difference
between Chess and the trivial games in which the outcome can
be foreseen is in complexity? We propose to show that this is so,
and that there is a wide class of games in which the outcome is
just as much a foregone conclusion as in Noughts and Crosses.

There seem to be different opinions on this question - some
people feel that it is obvious and some, particularly chess players,
rebel against the idea. Fortunately, we can decide in favour of
the ‘foregone conclusion’ theory by mathematical methods, and
that is what we proposc to do. The mathematics is such that it
can be developed from first principles and does not require the
reader to have any special knowledge; in fact many readers will
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Fig. 14. Values for the game of Fig. 12

trative game of Iig. 12 and is shown in Fig. 14, In this

e the possible outcomes are

21,0, +1,42

naturally, all the values of spots belong to this sct of num-
. In a win/lose/draw game the values would all be -1,
1.

lhe concept of value, although it was defined rigorously
pgh, was obtained by considerations involving ‘rational
'es’. As far as your own moves are concerned, you may well
de to make them all ‘rational’ in this sense, but you cannot
lire that your opponent will do the same. If you say that to

a non-rational m
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16 Noughts and Crosses Playing Machine
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Dawn of Electronic Computers, NRDC 1952-1959

The Manchester Mark |
St Lawrence Seaway Calculations
Computer Design

Time-Sharing

Lord “Tony” Halsbury, 1908 - 2000



Honey Dear
My sympathetic affection beautifully attracts your
affectionate enthusiasm. You are my loving adora-
tion: my breathless adoration. My fellow feeling
breathlessly. hopes for your dear eagerness. My
lovesick adoration cherishes your avid ardour.
Yours wistfully
M. U. C.

The Manchester Mark |, 1952
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Backwater calculations for the St. Lawrence
Seaway with the first computer in Canada

Scott M. Campbell

Abstract: As the oldest branch of engineering, it is fitting that civil engineering was the first in Canada to make use of
modern computing techniques. In the early 1950s, serious planning was underway regarding the St. Lawrence Seaway and
Power Project, but before construction could begin, a lengthy series of backwater calculations was required to predict up-
river changes to the water profile. It was estimated that these calculations would have taken 20 person-years to complete
by hand, but in 1952 and 1953 Ontario Hydro was able to make use of the first electronic computer in Canada — the Ferut
at the University of Toronto — to complete in about eight months. These were the first major calculations carried out on
any electronic computer in Canada, and helped prove that an all-Canadian navigation route was possible.

Key words: history, computing, backwater, Canada

Résumé : Etant la plus ancienne branche d’ingénierie, il est normal que le génie civil soit le premier au Canada 2 utiliser
les techniques informatiques modernes de calcul. au début des années 1950, une planification majeure était en cours pour
le Projet de Voie maritime et de centrales hydro-électriques du Saint-Laurent mais, avant que la construction ne puisse dé-
buter, une longue série de calculs des retenues a &é requise pour prédire les changements en amont de la coupe OU du
profil des eaux. Tl a été estimé que ces calculs pourraient avoir demandé 20 années-personne & réaliser & la main mais, en
1952 et en 1953, Ontario Hydro a pu utiliser le premier ordinateur électronique au Canada — le Ferut & I'Université de To-
ronto — pour les compléter en environ huit mois. Ce fut les premiers calculs d’importance effectués sur un ordinateur élec-
tronique au Canada, et ils ont aidé a révéler qu'une voie de circulation entiérement canadienne était possible.

Mots-clés : histoire, calcul, retenue, Canada.

[Traduit par la Rédaction]

1. Introduction

There are several book-length histories of the St. Law-
rence Seaway, as well as countless articles, reports, and bro-
chures. Most dedicate a significant portion to the social and
political history of the waterway prior to its construction.
but few explore the engineering challenges in great depth.
Several diminish or altogether ignore the associated Power
Project and, to my knowledge. none mention the crucial
role played by a computer. This article aims to fill several
of these gaps and explore how civil engineering — the old-
est branch of engineering — came to be the first in Canada
to make prominent use of a computer.

The Ferut, the heart of the story, is a first-generation Brit-
ish electronic computer that was installed at the University
of Toronto in 1952 (Ferut stood for Ferranti at the Univer-
sity of Toronto). Yet a proper prologue cannot fail to men-
tion the role of the Manchester Pioneer, which carried the
computer from Manchester to Canada on its maiden voyage
across the Atlantic in April 1952, long before construction
of the St Lawrence Seaway would begin in 1954. The ship

Received 27 August 2008. Revision accepted 25 March 2009.
Published on the NRC Research Press Web site at cjce.nrc.ca on
22 July 2009.

S.M. Camphell. Centre for Society, Technology and Values,
University of Waterloo, Waterloo, ON N2L 3G1, Canada (e-
mail: sm2campb@ uwaterloo.ca).

Written discussion of this article is welcomed and will be
received by the Editor until 30 November 2009.

Can. J. Civ. Eng. 36: 11641169 (2009)
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was specially designed to navigate the shallow channels and
narrow locks of the St. Lawrence River — with about 30 cm
of clearance in some places. It was an inaugural trip marked
by fanfare on both sides of the Atlantic, opening the first
two-way direct service between Manchester and the Great
Lakes. Despite the excitement among the manufacturers and
traders on both sides of the ocean, the contents of the Man-
chester Pioneer for her first trip were unremarkable, with
one exception. Among the general cargo were 15 boxes con-
taining what one anonymous reporter for the Globe and
Mail called “an electronic brain™ destined for the University
of Toronto (Anonymous 1952). It would be the first com-
puter in Canada. and although very few Canadians knew
about Ferut, its first major task would be to carry out com-
putations necessary for the completion of the St. Lawrence
Seaway and Power Project.

These computations would be an important trial for the
new technology: could this extremely expensive computer
be put to immediate and practical use? There were only
about twenty comparable computers in the world at this
point and most were dedicated to military projects, atomic
energy simulations, or other similar top secret research. In
contrast, the first nontrivial computer program ever written
in Canada would carry out a complex set of calculations re-
lated to a challenging civil engineering problem. Addition-
ally, the backwater results would eventually play a minor
political role when the initially reluctant United States even-
tually agreed to participate in the St. Lawrence Seaway and
Power Project. Unfortunately. for many years the assistance
of the computer was unmentioned and this story has been
hidden from common knowledge.

Published by NRC Research Press

Fig. 1. The backwater calculations necessary to construct the St. Lawrence Seaway and Power Project were limited (o a section of the St.
Lawrence River between Prescott and Cornwall. Ontario. (Wood 1955).
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10SES-SAUNDERS (“BIG M0”) POWER DAM AS THE WATER CAME UP BEHIND IT
Construction was almost completed on this dam, the largest single structure of the

omposed of steel cells was in the process of being removed. Half of the power dam belo
ind half to the Province of Ontario (right).
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DATA mocnssm(. FQUIPMENT
Christopher btrachzy. London, England, assignor, by
mcsne assignmeats, to International Business Machines
(“orpomi-m. New York, N.Y,, a corporation of New

York
Filed Fcb. 4, 1960, Scr, No, 6,752
Clalms priority, application Great Beitain, Feb. 16, 1959,

5,263/59
1 Claim. * (CL 340—172.5)

This invention relates to clecirical data processing
equipment and to methods of operation therefor, and
moarg particularly, but not exclusively, to digital com-
puters.

The speed of operation of computers continues to in-
ctease and computer designs now contemplated, and by
no means impracticable, are of the order of a thousand
times faster than the early clectrical computers of not
much more than ten years ago.

Even with the early mmpun:n directly the idea arose
of using them for repetitive, relatively simple programs,
the problem arose of intraducing and extracting informa-
tion 1o be processed at sufficient speed to keep the com-
puter efficiently occupied.

The prime sources of input and the ultimate recorders
of cutput were relatively very slow in operation, and
buffer equipment was introduced in which a gear change
took place: information was received at one speed and
sent out ot increased specd 10 Lhe computer. By using sev-
eral sources of this type the computer could be kept rea-
sonably cccupied.

The speeds of prime sources of information have been
much increased, but there has also been a remarkable in-
creuse in computer speed, so that the problem of effi-
cient user of computer time continues, and is the nwore
urgent since although the potential increase in capacity
is relatively much larger than the corresponding increase
in cost, its value depends on the ability to use it effectively.

There are activities in which a computer s, at present,
very inefliciently used. One of these is program check-
ing. For many purposes the best method of program
checking is for a skilled programmer to sit at the operat-
ing console of the machine and 10 plan his operations
according to the results produced by the machine, Un-
fortunately this mcthod is so grossly wasteful of machi

chine
time, even with relatively sfow machines, that it is pen-
erally not allowed except for a few very special prob-
lems. The concept of time sharing between operators
makes it possible once more 1o allow this manual program
checking at a special console, without seriously infer-
fering with the amount of machine time available for
ordinary computing.

Anather activily which makes very memclem use of

and

the store.  This in ifs turn jntroduces the problem of
altering the interlocks. It is evident thiy

have them nllered by a machine insteucti on. The prob-
lem is 1o ensure that even if a program obeys a com-
pletely unpredictable series of orders, it still shall not be
able to alter the interlocks and spoil another program.

The other rather difficult problems are concetned with
the best method of program checking on a machine of
this sort. The majority of proprams (and Pprogrammers)
are not suitable for the manusl checking methods, It is
therefore necessary to make some provision for other
methads of program checking, and it is likely that there
will be a cansidcrable amount of this work. A particular
problem which arises in this context is the difficulty of
determining when a program under test is in error and has
come to a loop stop.  Tf this is not detected rapidly, it can
waste a disproportionate amount of computer time.

Fven now the state has ben reached, when the attempt
1o utilize & computer efficiently for the various types of
purpose which they are reguired to serve has led to such
complexity of input equipment and output cquipment

45

50

3 from 2 number of sonrces thal the computer itself be-

comes overshzdowed in size and cost by its ascillary
equipment.

Turther, the haphazard and uncoordinated use of com-
puters from a number of different input stations for
purposes some of which can be extremely wasteful of
computer time poses a problem which becomes more
and more acule os the speed of operation, and cost, of
computers increase. It [s current practice to arrange
the computer logic so that & preferred station can break
in on a current computation, and cause the current in-
stroction and the state of affairs within the log: cany-
ing out the instruction to be stored, 5o frecing the logic
for handling a preferential insteuction from the preferred
station

However, such a proposal is of very limited application
because the need to extend such a thought to cater for the
various types of program and the conflicting needs of a
number of different stations would complicate and in-
<rease the cost of the lagic 10 an undesirable extent.

An object of the present invention is to provide flexinle
and cconomic facilities within the computer, which can
handte the ahove problem however complex it becomes.

The foregoing and other objects, features and advan-
tages of the invention will be apparent from the following
more particular description of the preferred embodiment
of the invention, as illustrated in the accompanying draw-
ings.

It is proposed 1o achieve these objects by means of a
master program designed to cater automatically for the

a compuler is the
peripheral equipment such as paper tape readers und
magnelic tape uaits, Some of these need a considerable
amount of adjustment which can only be done satisfac-
torily by using the compater. If this part of the main-
tenance is carried out on a time sharing basis, it should
be possible to reduce the total machine time used for
maintenance quite considerably.

Several new problems appear as soon as it is conlem-
plated to have severa! variable programs in the machine
at the same time. ‘The most important of these is the
necessily of epsuring that the programs do not interfere
with each other. This is particularly imponn\' of
course, if one of the _programs concem:d is still under
‘The solution to
this difficslty is to provide for interlocks on the main
store so thal each program is restricted to altering (and
perhaps also to reading) numbers in its own seetion of

o5
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demands of a number of stations of dﬂfevem
types within a basic plan
a coordinating set of instructions which will be called
the Dircctor. By meuns of this program, together with
a small fixed amount of additional eguipment, all the
conllicting interests and diverse requirements can be
into an di
nated whole which utilizes the compater time on an effi-
cient and economic basis. It will be appreciated that
by having @ long-running base load program of lowest
priority which weuld come into operation in gaps be-
tween programs of higher priority and short dulanon,
the computer can be kept fully occupic
ority programs can be Toutine test prog
gram checking from a console.
Exnch ilem sent by u station will be treated, so far as
Lransmission is concerned, &s 3 separate message and will
be preceded by an “interrupt program signal, which

Dec. 7, 1965
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e More of the same — but
better paid

* Thinking seriously about
programming
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