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Abstract. We study the problem of computing the parity of the number of homomorphisms
from an input graph G to a fixed graph H. Faben and Jerrum [ToC’15] introduced an explicit
criterion on the graph H and conjectured that, if satisfied, the problem is solvable in polynomial
time and, otherwise, the problem is complete for the complexity class ®P of parity problems. We
verify their conjecture for all graphs H that exclude the complete graph on 4 vertices as a minor.
Further, we rule out the existence of a subexponential-time algorithm for the @P-complete cases,
assuming the randomised Exponential Time Hypothesis. Our proofs introduce a novel method of
deriving hardness from globally defined substructures of the fixed graph H. Using this, we subsume
all prior progress towards resolving the conjecture (Faben and Jerrum [ToC’15]; Gébel, Goldberg
and Richerby [ToCT’14,’16]). As special cases, our machinery also yields a proof of the conjecture
for graphs with maximum degree at most 3, as well as a full classification for the problem of counting
list homomorphisms, modulo 2.
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1. Introduction. A homomorphism from a graph G to a graph H is a map h
from V(G) to V(H) that preserves edges in the sense that, for every edge {u,v}
of G, the image {h(u),h(v)} is an edge of H. Many combinatorial structures can be
modelled using graph homomorphisms. For this reason, graph homomorphisms are
ubiquitous in both classical and modern-day complexity theory with applications in
areas such as constraint satisfaction problems [24], evaluations of spin systems in sta-
tistical physics [2, 1], database theory [31, 25], and parameterised algorithms [4, 34].
The computational problems of finding and counting homomorphisms are therefore
amongst the most well-studied computational problems; the analysis of their com-
plexity dates back to the intractability result for computing the chromatic number,
one of Karp’s original 21 NP-complete problems [28]. More recent work builds on
Hell and Nesetiil’s celebrated dichotomy theorem [26], which shows that determining
whether an input graph G has a homomorphism to a fixed graph H is polynomial-time
solvable if H is bipartite, or if H has a self-loop. For any other graph H, they show
that the problem is NP-complete.

This paper focusses on the problem of counting homomorphisms. Applications of
this problem are discussed in [1]. The complexity of the problem has been the focus
of much research (see, for example, [9, 16, 17, 30, 3]).!

*A preliminary version of this paper (without the proofs) appeared in the proceedings of SODA
2021. The research leading to these results has received funding from the European Research Council
(ERC) under the European Union’s Horizon 2020 research and innovation programme (grant agree-
ment No 714532). Jacob Focke has received funding from the Engineering and Physical Sciences
Research Council (grant ref: EP/M508111/1). Stanislav Zivny was supported by a Royal Society
University Research Fellowship. The paper reflects only the authors’ views and not the views of the
ERC or the European Commission. The European Union is not liable for any use that may be made
of the information contained therein.
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IThere is also a huge literature on generalisations of this problem such as counting weighted
homomorphisms (computing partition functions of spin systems or holant problems), counting ho-
momorphisms to directed graphs, counting partition functions of constraint satisfaction problems,
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The complexity of counting homomorphisms was initiated by Dyer and Green-
hill [9], who gave a complete dichotomy theorem. The complexity of counting the
homomorphisms from an input graph G to a fixed graph H is polynomial-time solv-
able if every component of H is either a complete bipartite graph with no self-loops
or a complete graph in which every vertex has a self-loop. For any other graph H,
they show that the problem is #P-complete.

Given that (exactly) counting the homomorphisms to H is #P-complete for al-
most every graph H, research has focussed on restrictions of the problem. Instead
of determining the exact number of homomorphisms from G to H, compute an ap-
proximation to this number [16, 17, 30], or determine whether it is odd or even
[11, 12, 19, 18], or determine its value modulo any prime p [20, 29]. Alternatively,
consider the parameterised complexity [14]. For example, the problem can be studied
when the input G is assumed to have bounded treewidth [6] or when H has a bounded
treewidth, for example when H is a tree [12, 20, 29, 21].

Restricting the input G to have bounded treewidth makes counting homomor-
phisms tractable — given this restriction, the problem is solvable in polynomial
time for any fixed H [6, Corollary 5.1]. Restricting the fixed target graph H to
have bounded treewidth leads to a more nuanced complexity classification, even for
treewidth 1 (when H is a tree). For example, the complexity of approximately count-
ing homomorphisms to a tree H has still not been fully resolved, and it is known that
different trees lead to vastly different complexities. For example, approximately count-
ing homomorphisms to the very simple tree that is a path of length 3 is equivalent to
#BIS, which is the canonical open problem in approximate counting [10]. Moreover,
[21] shows that for every integer ¢ > 3 there is a tree J; such that approximately
counting homomorphisms to J, is equivalent to classic problem of approximating the
partition function of the g-state Potts model from statistical physics. Also, it shows
that there are trees H such that approximately counting homomorphisms to H is
NP-hard.

1.1. Counting modulo 2 and Past Work. Faben and Jerrum [12] combined
the restriction that H is a tree with the restriction that counting is modulo 2. Their
result will be important for our work, so we next give the definitions that we need to
state their result.

The complexity class @P [33, 22] contains all problems of the form “compute
f(z) mod 2” such that computing f(z) is a problem in #P. Toda [35] showed that
there is a randomised polynomial-time reduction from every problem in the polynomial
hierarchy to some problem in @&P. Thus, ®P-hardness is viewed as a stronger kind
of intractability than NP-hardness. We use @HOM(H) to denote the computational
problem of computing the number of homomorphisms from G to H, modulo 2, given
an input graph G. It is immediate from the definition that @HOM(H) is in ®P.

The involution-free reduction of a graph H, from [12], is defined as follows. An
involution o of H is an automorphism of H whose order is at most 2 (that is, c o o
is the identity permutation). An involution is non-trivial if it is not the identity
permutation. A graph H is involution-free if it has no non-trivial involutions. H?
denotes the subgraph of H induced by the fixed points of o (the vertices v with o(v) =
v). We write H — K if there is a non-trivial involution o of H such that K = H°.
The relation —* is the reflexive-transitive closure of the relation —. Thus, H —* K
means that either K = H, or there is a positive integer j and a sequence Hy, ..., H;

and counting homomorphisms with restrictions such as surjectivity. These generalisations and re-
strictions are beyond the scope of this paper.



of graphs such that H = Hy, K = H; and, for all i € [j], H; — H;y1. Faben
and Jerrum [12, Theorem 3.7] showed that every graph H has, up to isomorphism,
exactly one involution-free graph H* such that H —* H*. This graph H* (labelled in
a canonical way) is the involution-free reduction of H. The relevance of the involution-
free reduction is given by the following theorem.

THEOREM 1.1 ([12, Theorem 3.4]). For all graphs G and H, the number of
homomorphisms from G to H has the same parity as the number of homomorphisms
from G to H*.

Thus, the computational problem @HOM(H) reduces to @HOM(H*). Faben and
Jerrum made the following conjecture [12].

CONJECTURE 1.2 (Faben-Jerrum Conjecture). Let H be a graph. If its invo-
lution-free reduction H* has at most one vertex, then ®HOM(H) can be solved in
polynomial time. Otherwise, ®HOM(H) is ®P-complete.

The following progress has been made on the Faben-Jerrum conjecture.
e Faben and Jerrum [12, Theorem 3.8, Theorem 6.1] proved the conjecture for
the case where every connected component of H is a tree.
e Gobel, Goldberg and Richerby [18, Theorem 3.8] proved the conjecture for
the case where every connected component of H is a cactus graph, which is
a connected, simple graph in which every edge belongs to at most one cycle.
e Gobel, Goldberg and Richerby [19, Theorem 1.2] proved the conjecture for
the case where H is a simple graph whose involution-free reduction H* is
square-free (meaning that it has no 4-cycle).
The cactus-graph result generalises the tree result, and is incomparable with the
square-free result.

1.2. Contributions and Techniques. Our first (and main) contribution is to
prove the Faben-Jerrum conjecture for every simple graph H that does not have a
K4-minor.

Here, K, denotes the complete graph with four vertices. The concept of graph
minors is well known (see, for example, [7]). In short, a graph H is Ky-minor-free if
K, cannot be obtained from H by a sequence of vertex deletions, edge deletions, and
edge contractions (removing any self-loops and multiple-edges that are formed by the
contraction). Graph classes based on excluded minors form the basis of the graph
structure theory of Robertson and Seymour (see [32]).

The class of Ky-minor-free graphs is a rich and well-studied class. It is equivalent
to the class of graphs with treewidth at most 2 and it includes all outerplanar and
series-parallel graphs [§].

Both trees and cactus graphs are K4-minor free, so our result subsumes the tree
result of Faben and Jerrum [12] and also the cactus-graph result of Gébel et al. [18].
K,-minor-free graphs can contain a 4-cycle and, going the other way, square-free
graphs can have a K4-minor. Thus, our result is incomparable with the result of [19].
(As a more minor contribution, our techniques also give a shorter proof of the result
of [19] — see Remark 5.8.)

Our second contribution is to extend ®P-hardness, using the randomised version
of the Exponential Time Hypothesis of Impagliazzo and Paturi (rETH) to rule out
subexponential algorithms. In order to state our result, we first state the hypothesis.

CONJECTURE 1.3 (fETH, [27]). There is a positive constant ¢ such that no al-
gorithm, deterministic or randomised, can decide the satisfiability of an n-variable
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3-SAT instance in time exp(c-n).

Using the rETH, we can now state our main result. Here (and in the rest of the
paper) we denote the size of the input graph G as |G| = |[V(G)| + |E(G)].

THEOREM 1.4. Let H be a simple graph whose involution-free reduction H* is
Ky-minor free. If H* contains at most one vertex, then ®HOM(H) can be solved
in polynomial time. Otherwise, ®HOM(H) is ®P-complete and, assuming the ran-
domised Exponential Time Hypothesis, it cannot be solved in time exp(o(|G])).

As an example of an application of Theorem 1.4, consider the following K 4-minor-
free graphs Hy and Hs.

H,y Hy

The graph H; has a non-trivial involution whose only fixed-point is the solid vertex,
so H7 has one vertex. By Theorem 1.4, @HOM(H;) can be solved in polynomial time.
The graph Hs does not have any non-trivial involutions, so H5 = Hy. By Theorem 1.4,
@HOM(H>) is @P-complete and it cannot be solved in time exp(o(|G])), unless the
rETH fails.

Before describing our techniques, we mention that they lead easily to a couple of
other results — a proof of the Faben-Jerrum conjecture for graphs whose involution-
free reduction have degree at most 3 (Theorem 10.2) and a complete complexity
classification for counting list homomorphisms modulo 2 (Theorem 11.3).

Technical Overview. Given Theorem 1.1, we focus on the case where H is invo-
lution-free. In general, our proof proceeds in two steps. Given an involution-free
K -minor-free graph H, in step 1 we try to find a biconnected component of H, let us
call it B, that allows us to derive @P-hardness of @HOM(H) by exploiting the local
structure of B to construct a reduction from counting independent sets, modulo 2.
The latter problem, denoted by @IS, is known to be @P-complete [36] and cannot
be solved in subexponential time, unless the rETH fails [5].

A careful analysis of biconnected and K4-minor-free graphs, which crucially relies
on the absence of non-trivial involutions, shows that the first step is always possible,
unless all biconnected components of H have a very restricted form; examples are
depicted in Figure 1.

The second step of the proof exploits the global structure of H and deals with
the case where step 1 fails. Note that all of the depicted biconnected components
have non-trivial involutions; consider for example the involution given by swapping
the vertices « and y in Figure 1. Since the overall graph H is promised to be free of
such involutions, we infer that at least one of z and y has a neighbour in a further
biconnected component of H, which will allow us to successively construct a global
“walk-like” structure in H that eventually yields a reduction from ®IS.

We consider the construction of those global substructures as our main technical
contribution. While the formal specifications are beyond the scope of the introduction,
we give an illustrated example which we hope gives some flavour of the graph theory
that we will encounter in this work:



Fig. 1: Examples of three types of biconnected and Kj4-minor-free graphs that, if
viewed as biconnected components, do not yield a reduction from GIS. We will re-
encounter those graphs as “impasses” (left), “diamonds” (centre), and “obstructions”

(right).

[
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The above illustration depicts a K -minor-free graph H’ without non-trivial invo-
lutions, together with a subgraph, highlighted in red, that allows for a reduction
from @IS. Solid vertices depict articulation points, i.e., vertices that lie in the inter-
section of at least 2 biconnected components. Note that each biconnected component
of H' that is not an edge is of one of the three types given in Figure 1. Also, each
biconnected component of H' has an involution. These non-trivial involutions prevent
us from exploiting the local structure of the biconnected components to derive GP-
hardness. Instead, we will see that the highlighted subgraph is what makes @HoM(H)
hard.

In the next section we provide an overview of the general framework that allows us
to reduce @IS to ®HOM(H). The structures used in such reductions are captured by
the so-called hardness gadgets introduced by Gobel, Goldberg and Richerby [18, 19].
Prior applications of hardness gadgets could only be used to construct a reduction
from @IS to @HoM(H) if H has certain local substructures, based around a path or a
cycle. In contrast, our analysis will establish global walks such as the one highlighted
in H'. As far as we can tell, none of the prior machinery [12, 18, 19, 29] is capable
of proving the @P-hardness of ®HoM(H'), however, this will follow as a result of our
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abstract consideration of global substructures of K,-minor-free graphs.

2. Warm-up: useful Ideas from Previous Papers — Retractions and
Hardness Gadgets . Instead of directly reducing &IS to @HOM(H), it is useful to
consider the intermediate problem @RET(H), the problem of counting retractions?
to H, modulo 2. Given a graph H, a partially H-labelled graph J = (G, T) consists
of an underlying graph G and a corresponding pinning function T, which is a partial
function from V(G) to V(H). A homomorphism from J to H is a homomorphism h
from G to H such that, for all vertices v in the domain of 7, h(v) = 7(v).

A homomorphism from a partially H-labelled graph J to H is also called a re-
traction to H because we can think of the pinning function 7 as a way of identifying
an induced subgraph H of G which must “retract” to H under the action of the ho-
momorphism — see [13] for details. We use @RET(H) to denote the computational
problem of computing the number of homomorphisms from J to H, modulo 2, given
as input a partially H-labelled graph J.

It is known [19] that @RET(H) reduces to @®HOM(H) whenever H is involution-
free. Since 7 allows us to pin vertices of G to vertices of H arbitrarily, it is much easier
to construct a reduction from @IS to @RET(H) than to construct a direct reduction
from @IS to @HOM(H).

Consider the following example. Suppose that H is the 4-vertex path (o, s, , z)
and that our goal is to reduce ®IS to ®RET(H). Let G be an input to $IS. That
is, G is a graph whose independent sets we wish to count, modulo 2. For ease of
presentation, suppose that G is bipartite,* _that is, the vertices of G can be partitioned
into two independent sets U and V. Let G be the graph obtained from G by adding
two additional vertices u and v, and by connecting u to all vertices in U, and v to
all vertices in V, respectively. Let 7 be the pinning function defined by 7(u) = s and
7(v) = i. We provide an illustration of the construction in Figure 2.

Observe that any homomorphism ¢ from (@, 7) to H must map every vertex in
U to either o or i, and every vertex in V to either s or z. Since H has no edge from o
to x, the definition of homomorphism ensures that ¢~*(0) Up~!(z) is an independent
set of G. Tt is easy to verify that the function ¢ — p~1(0) U ¢~!(z) is a bijection
between the homomorphisms from (@, 7) to H and the independent sets of G, which
gives a reduction from (bipartite) ®IS to ®RET(H ).

The observant reader might notice that the 4-vertex path has a non-trivial in-
volution, and thus, we cannot further reduce ®RET(H) to @HOM(H) in this case.*
However, the construction works for any graph H with an induced path (o, s, 1, )
such that s and ¢ each only have two neighbours.

The notion of a hardness gadget, which we formally introduce in Section 4, is
essentially a generalisation of the previous construction. For example, we could sub-
stitute each of o, s, ¢ and x with an odd number of copies, since we are only interested
in the parity of the number of independent sets. Furthermore, we could identify o
and x, since we only need the edge {0,x} to be absent in H. A more sophisticated
generalisation is obtained by observing that we can, to some extent, substitute the
edges {o, s}, {s,i} and {4, z} with more complicated graphs, e.g. with length-2 paths,
if we substitute the edges in G accordingly. Finally, observe that the construction

2In some definition versions a retraction is surjective. However, for algorithmic problems this
surjectivity requirement is not important [13, 15]

3The case of general graphs will be discussed later in the paper.

4In fact, the problem @HoM(H) is trivial when H is the 4-vertex path since the number of
homomorphisms will always be even.
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Fig. 2: Illustration of the reduction from (bipartite) @IS to @RET(H) where H is
the 4-vertex path (left), and H is the graph Hy from page 4 (right).

(6’,7) uses the partial function 7 in a very simple manner: By adding a common
neighbour u for all vertices in U and setting 7(u) = s, the construction enforces the
constraint that any homomorphism from (@77') to H must map every vertex in U
to a neighbour of s. More sophisticated constructions will allow us to enforce much
stronger constraints on homomorphisms. We will need this flexibility to construct
reductions from @IS to ®RET(H) for more general graphs H.

We conclude by making a generalisation explicit for one further example — the
graph Hy from page 4. We provide a more convenient drawing of Hs, including a
labelling of its vertices and an illustration of the reduction in Figure 2. Again, we will
assume for ease of presentation that the input G to @IS is bipartite. To construct G,
we add two additional vertices u; and us and make them adjacent to every vertex in
U. Similarly, we add two additional vertices v; and ve and make them adjacent to
every vertex in V. Let 7 be the pinning function defined by 7(u1) = y, 7(u2) = s,
7(v1) = 2, and T(v2) = 1.

Consider any homomorphism ¢ from (CAT', T) to Hs. Since ¢ is edge-preserving, it
must map every vertex in U to a common neighbour of s and y in Hy. Consequently,
o(U) C {o,i}. Similarly, we obtain ¢(V) C {s,z}. Again, it is easy to see that the
mapping ¢ — ¢~ 1(0)Up~!(z) is a bijection between the homomorphisms from (G, 7)
to H and the independent sets of G, which gives a reduction from (bipartite) @IS to
@®RET(H).

Note that the second example, while being less straightforward than the first, is
still a very simple reduction. The proof of Theorem 1.4 requires us to consider much
more intricate “hardness gadgets”; the necessary tools will be carefully introduced in
Sections 5 and 6.



3. Proof Outline and Organisation of the Paper. We start with the formal
definitions that we need in Section 4; in particular we set up the framework of hardness
gadgets. Section 5, our “toolbox”, presents the most important class of hardness
gadgets that we use.

Sections 6-9 constitute the proof of our main result and should be considered the
technical core of this paper. In Section 6 we deal with biconnected K4-minor-free
graphs that are additionally chordal bipartite graphs (that is, they have the property
that every induced cycle is a square). The reason for our separate treatment of these
graphs is that our main gadget from Section 5 cannot be applied to graphs without
an induced cycle of length # 4. We identify two families of such graphs, impasses and
diamonds, that prevent us from constructing a local hardness gadget; examples of an
impasse and a diamond are depicted in Figure 1.

After that, we dedicate Section 7 to the analysis of K4-minor-free graphs that
contain certain sequences of biconnected components, each of which is either an edge,
an impasse, or a diamond. In Section 8 we consider biconnected K4-minor-free graphs
that are not necessarily chordal bipartite. We identify another family of graphs that
does not allow for a local, i.e., an “internal”, hardness gadget; we call such graphs
obstructions; obstructions always contain an induced cycle of length other than 4, and
an example of an obstruction is depicted in Figure 1.

In combination, Sections 7 and 8 reveal the structure of involution-free K4-minor-
free graphs that do not allow for a local hardness gadget. In Section 9 we use this
structure, which allows us to constructively prove the existence of global hardness
gadgets for all remaining K4-minor-free graphs without non-trivial involutions. Our
main theorem, Theorem 1.4, follows.

In Sections 10 and 11 we explore the applicability of our machinery to further
classes of graphs and problems: Section 10 presents a full classification for counting
homomorphisms to graphs of degree at most 3, modulo 2. Section 11 considers the
problem of counting list homomorphisms, modulo 2, a variation of the homomorphism
problem that generalises retractions as follows: Let H be a fixed graph. The problem
@LHOM(H) expects as input a graph G and a function 7 that maps every vertex of
G to a list of vertices of H. The goal is then to compute the parity of the number of
homomorphisms from G to H which additionally map every vertex v of G to a vertex
contained in 7(v). We provide a full classification of @LHOM(H) for all graphs H,
even if self-loops are allowed.

Finally, in Section 12, we provide an index containing the most important symbols
and definitions.

4. Preliminaries. An index of notation and terminology is in Section 12. Given
a positive integer ¢ let [¢] = {1,...,q}. Given a finite set S, we write |S| for its
cardinality.

Graph theory. Graphs in this work are simple, that is, without multiple edges,
and do not contain self-loops, unless stated otherwise. The size of a graph G is defined
as |G| = |V(G)| + |E(G)|. Given a graph H and a subset S of its vertices, we write
H|[S] for the subgraph of H induced by S.

Given a non-negative integer k, a walk of length k in a graph H is a sequence of
(not necessarily distinct) vertices (vo, ..., vy) such that, for all ¢ € [k], {vi—1,v;} €
E(H). The walk is closed if vy = vj. Note that for k = 0, the single vertex (uvg) is a
closed walk of length 0. A path of length k is a walk of length k for which vy, ..., vg
are distinct. For k& > 3, a cycle of length k is a closed walk of length k£ such that
v1,...,0; are distinct. A square is a cycle of length 4.
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For i,j € {0,...,k} with ¢ < j, we say that (v;,vi41...,v;) is a subwalk of
(vo,...,v). For vertices u,v € V(H), disty(u,v) is the length of a shortest path
between u and v.

Definition 4.1 (chordal bipartite graph, see e.g. [23]). A graph in which every
induced cycle is a square is called a chordal bipartite graph.

Given a graph H and a vertex v € V(H), we write Iy (v) for the neighbourhood of v
in H and we write degy(v) for the degree of v. That is, I'y(v) = {u € V(H) |
{u,v} € E(H)} and degy(v) = [Ty (v)|. Given a subset S of V(H), we set I'y(S) =
Nyey T'a(v) and note that I'y (v) = g ({v}).

Definition 4.2 (walk-neighbour-set). Let W = (wy,...,wq—1,wp) be a closed
walk in a graph H. We use Ny, g (w;) to denote I'yr(w;—1) N Iy (wit1), where the
indices are taken modulo g. We refer to the sets Ny, g (wo), ..., Nw m(wg—1) as the
walk-neighbour-sets of W in H.

Definition 4.3 (articulation point, biconnected, block-cut tree). An articulation
point of a graph is a vertex whose removal increases the number of connected com-
ponents. A graph is biconnected if it has at least 2 vertices and has no articulation
point. A biconnected component is a maximal biconnected subgraph.

Let H be a connected graph. The block-cut tree of H is the tree BC(H) that has
a vertex for each biconnected component of H (such vertices are called blocks) and a
vertex for each articulation point of H (such vertices are also called cut vertices) such
that T has an edge between each biconnected component B and each articulation
point a in B.

Partially labelled graphs. Let H be a graph. Recall from Section 2 that a partially
H-labelled graph J = (G, ) consists of an underlying graph G and a corresponding
pinning function 7, which is a partial function from V(G) to V(H). A vertex v in
the domain of the pinning function is said to be pinned, pinned to 7(v), or a 7(v)-pin.
We write partial functions as sets of pairs, for example, writing 7 = {a — s,b — ¢}
for the partial function 7 with domain {a, b} such that a is an s-pin and b is a ¢-pin.
The size of a partially H-labelled graph J = (G, 7) is defined as |J| = |G].

Homomorphisms and Counting (mod 2). Given graphs G and H, hom(G — H)
denotes the set of homomorphisms from G to H and hom(J — H) denotes the set of
homomorphisms from J to H.

It will sometimes be convenient to consider a graph G together with some number
of distinguished vertices z1,...,z, of G. We denote such a graph by (G, z1,...,z,).
The distinguished vertices need not be distinct. A homomorphism from a graph
(G,z1,...,2.) to (H,y1,...,yr) is a homomorphism h from G to H with the property
that, for each i € [r], h(z;) = y;. We write hom((G, z1,...,2.) = (H,y1,...,y)) for
the set of such homomorphisms.

Given a partially labelled graph J = (G, 1) and distinguished vertices 1, ...,z
of G that are not in the domain of 7, a homomorphism from (J,z1,...,2,) to
(H,y1,...,yr) is a homomorphism from J' = (G,7 U {z1 — y1,..., 2, — y,}) to H.
The set of such homomorphisms is denoted by hom((J, x1,...,2,) = (H,y1,...,Yr)).

Useful tools. The following theorem of Gobel, Goldberg and Richerby will be of
crucial importance in this work, as it will allow us to derive hardness of ®@HOM(H)
from hardness of @RET(H).

THEOREM 4.4 ([19, Theorem 3.1]). Let H be an involution-free graph. Then
there is an algorithm with oracle access to ®HOM(H) that takes as input a partially
H-labelled graph J and computes |hom(J — H)| mod 2 in time poly(|J|). The size
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of the input to every oracle query is O(|J]).

The statement of Theorem 4.4 in [19, Theorem 3.1] does not mention the fact that
the size of the input to every oracle query is O(]J|). Nevertheless, it is easy to see,
by examining the proof in [19] that this linearity requirement is met (without making
any changes to the proof). The reason that we introduce this linearity constraint
is so that our hardness results can also rule out subexponential-time algorithms for
@HOM(H) in the ®P-hard cases, using the rETH.

The following theorem of Faben and Jerrum will also be useful, as it will allow us
to focus on connected graphs. The statement of [12, Theorem 6.1] does not mention
the linearity requirement on the size of oracle queries, but this requirement does not
present any difficulties. Faben and Jerrum’s proof is given in a slightly different setting
(pinning to orbits of vertices of H rather than to vertices) so, for completeness, we
give a short proof.

LEMMA 4.5 ([12, Theorem 6.1]). Let H be an involution-free graph and let H'
be a connected component of H. Then there exists an algorithm with oracle access
to DHOM(H) that takes as input a graph G and computes |hom(G — H')| mod 2 in
time poly(|G|). The size of every oracle query is O(|G|).

Proof. Let G be a graph. If G is the empty graph then the algorithm returns 1,
which is the number of homomorphisms from G to H'. Otherwise, there exists a vertex
u € V(G). For each v € V(H') we define the partially H'-labelled J, = (G, {u +— v}).
Note that [hom(G — H')| = >, cy (g lhom(J, — H)|.

By Theorem 4.4, there is an algorithm A with oracle access to @®HOM(H) that
takes as input a partially H-labelled graph J and computes |hom(J — H)| mod 2
in time poly(]J|) such that the size of every oracle query is bounded by O(]J]). Our
algorithm uses algorithm A as a subroutine to compute the parity of |hom(J, — H)|
for each v € V(H'). This requires |V (H’)| executions of the subroutine A. Thus, the
algorithm runs in time

O( > poly(I2.])) = poly(G)).

veV (H')

Moreover, for each v € V(H'), the size of each @HoM(H) oracle query is bounded by
O(| 1)) = O(|G]). 0

Hardness Gadgets. The following is a slightly generalised version of the hardness
gadget introduced in [19, Definition 4.1]. The only difference between their definition
and ours is that they require the sets I and S to have size 1.

Definition 4.6. [19, Definition 4.1] A hardness gadget for a graph H is a tuple
(I, S, (J1,9), (J2, 2), (J3,y, z)) that consists of odd-cardinality sets I,S C V(H) to-
gether with three connected, partially H-labelled graphs with distinguished vertices
(J1,9), (J2,2z) and (Js,y, z) that satisfy certain properties as explained below. Let

Qy ={a € V(H) | [hom((J1,y) — (H,a))| is odd},
Q, ={beV(H) | |hom((Js,z) — (H,b))| is odd}, and
Yop = hom((Js,y,2) = (H,a,b)).

The properties that we require are the following.
1. |9, is even and I C Q,,.
2. |2.| is even and S C Q..
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3. ForeachieI,oecQ,\I,se€Sandeachz € Q,\ S,
o |3, ] is even.

o |X; s, |X0,s] and |E; ;| are odd.

The following theorem of Gobel, Goldberg and Richerby establishes intractability
of ®RET(H) whenever H has a hardness gadget.

THEOREM 4.7 ([19, Theorem 4.2]). Let H be an involution-free graph that has
a hardness gadget. Then ®RET(H) is ®P-hard. Also, assuming the randomised
Ezponential Time Hypothesis, BRET(H) cannot be solved in time exp(o(|J])).

Proof. Although the hardness gadgets from [19] are more constrained than the
ones that we use, the proof of [19, Theorem 4.2] establishes the @P-hardness in
Theorem 4.7 with only very minor changes, which we now describe.

As noted in the introduction, Valiant [36] showed that the problem @IS is GP-
complete. The proof of [19, Theorem 4.2] gives a polynomial-time Turing reduction
from @IS to ®RET(H). The reduction uses G and the hypothesised hardness gadget
for H to construct a partially H-labelled graph J such that the number of indepen-
dent sets of G, which we denote |Z(G)], is equal, modulo 2, to |hom(J — H)|. The
reduction concludes by making a single oracle call to ®RET(H) with input J.

In our case, the construction of J is exactly as it is in [19]. The proof that
|Z(G)| = hom(J — H)| mod 2 needs only a very minor modification to account for
the fact that the sets I and S in the hardness gadget may have more than one element.
At some point in the proof of [19], it is argued that a certain quantity n(a,a’) is even
if @ and @’ are both in I, and odd otherwise. This is still true even when I and S
contain more than one element — it follows from item 3 in the definition of hardness
gadget (and from the fact that I and S have odd cardinality).

The final sentence in the statement of Theorem 4.7, asserting that GRET(H)
cannot be solved in time exp(o(|J|)) unless the rETH fails, was not contained in the
original theorem of [19], however it follows immediately from the fact that |J| =
O(|G|) (which is easily checked) and from the fact that @IS cannot be solved in
time exp(o(|G|)), unless the rETH fails, which was proved by Dell, Husfeldt, Marx,
Taslaman and Wahlen [5]. °

More precisely, for establishing the conditional lower bound for @RET(H), let us
assume for contradiction that we can solve @RET(H) in time exp(o(|J])). We obtain
an algorithm for @IS that, on input G, runs the (polynomial-time) Turing-reduction
from [19, Theorem 4.2] and then simulates each oracle query J for GRET(H) in time
exp(o(|J])); note that this simulation is possible by our assumption. Since each oracle
query J has size at most O(|G|), the total running time of our algorithm for @IS is
bounded by poly(|G|)-exp(o(|G|)) = exp(o(|G|)), contradicting rETH. This concludes
the proof of the conditional lower bound. ]

5. Toolbox.

5.1. Path Gadget. We will use the following path gadget, which is called a
“caterpillar gadget” in [19].

Definition 5.1. Given a path P = (vg,...,v,) in H with ¢ > 1, define the path
gadget Jp = (G, 1) as follows. V(G) = {w1,...,uq—1,W1,...,we—1,Yy,2} and G is

5In more detail, Dell et al. established that counting independent sets cannot be done in time
exp(o(|E(G)])), unless the rETH fails [5, Theorem 1.2]. They point out explicitly that their reduction
also works in the case of counting modulo 2. Furthermore, their reduction always yields a graph
without isolated vertices — for such graphs we have |E(G)| = ©(|G]).
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the path (y,u1,...,uq—1, 2) together with edges {u;,w;} for j € [¢ —1]. 7 = {w1 —
U1y ..., Wg—1 > 'Uq—l}-

We will use the following lemma of Gobel, Goldberg and Richerby. The original
lemma was stated for square-free graphs, but the proof only uses the fact that no edge
of P is part of a square in H.

LEMMA 5.2 ([19, Lemma 4.5]). For an integer ¢ > 1, let P = (vo,...,vq)
be a path in a graph H. Suppose that no edge of P is part of a square in H and
that degg(vy) is odd for all j € [q —1]. Let Q, C I'g(vg) and Q, C I'p(vy), with
I'={vi} CQyand S ={vg1} CQ,. Fori=wv1, s =uvg_1 and for each o € Q, \ I
and x € Q. \ S we have the following:

o [hom((Jp,y,2) = (H,0,2))| =0,

i |hom(( pyYs % ) (H,O,S))| =1,

i |hom(( vaa ) (H,’L,l’))| = 1; and
o |hom((Jy,y,2) = (H,1,8))| is odd.

5.2. Cycle Gadget. We will use the following cycle gadget, which is a general-
isation of the cycle gadget in [29].

Definition 5.3 (Cycle gadget). For an integer ¢ > 3, let C = (Co, . ..,Cq—1) where,
fori=0,...,q—1, s; is a positive integer and C; = {c},...,c]'} is a set of s; vertices.
We define the cycle gadget Jo = (G, 7) as follows (see Figure 3). Fori =0,...,q—1, let
U; = {u;,...,uj"} be aset of s; vertices. Then V(G) = {vo,...,v4—1}UUU---UU,_4
(where all named vertices are assumed to be distinct) and E(G) = {{vi, Vi41 mod ¢} |
i€{0,....¢q—1}}U{{v,ul} |i€{0,....q—1},j € {1,....8}}. 7={ul — & |
Vie{0,...q—1},5 €{1,...s:}}.

Fig. 3: The cycle gadget J¢ is depicted in black. The corresponding pinning function
7 is depicted in red, it maps to the vertices of C, depicted in blue.
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In fact, we will also need a further generalisation of the cycle gadget from Defini-
tion 5.3.

Definition 5.4 (Generalised cycle gadget). Intuitively, we generalise the cycle
gadget by attaching, at each vertex v;, a gadget J;. Let H be a graph. For an
integer ¢ > 3, let C = (Co,...,Cq—1) where, for ¢ = 0,...,¢ — 1, s; is a positive
integer and C; = {c},...,ci*} is a set of s; vertices of H. Let J¢ be the cycle gadget
from Definition 5.3. Let (Jo, 20), - - ., (Jg—1, 2q—1) be partially H-labelled graphs with
distinguished vertices. Then the generalised cycle gadget J(J¢, Jo, ..., Jg—1) is the
gadget obtained from Je, Jy,. .., Jy—1 by identifying, for each i € {0,...,¢ — 1} the
vertex v; from Je with the vertex z; from J;.

LEMMA 5.5. For an integer ¢ > 3, let H be a graph which contains sets of vertices

Co, .. .,Cq—1 (not necessarily disjoint or even distinct). Let (Jo,20), ..., (Jg—1,2q—1) be
partially H-labelled graphs with distinguished vertices, and, for eachi € {0,...,q—1},
let Q; = {a € V(H) | |hom((J;,z;) = (H,a))| is odd}. Suppose that for all i €
{0,...,q — 1} we have the following.

(L551) |Ci—1 mod q n Qz| and |Ci+1 mod q N Qz| are odd.

(L552) If w € Ci_1 mod q then FH(”U}) N FH(Ci+1 mod q) =C;.

(L553) Ifw e Ci+1 mod ¢ then FH(CZ',1 mod q) N I‘H(w) =C;.

(L5.5.4) There is no walk of the form D = (do,...,dq—1,do) such that, for all

(S {0? s q 1}} dl S FH(Cl) \ (Ci—l mod ¢q Uci"rl mod q)-

Let Je be the cycle gadget (Definition 5.8) and let J* = J(J¢, Jo,. .., Jq—1) be the
generalised cycle gadget (Definition 5.4) Then, for all k € {0,...,q — 1},

{a € V(H) | hom((J*,vg) — (H,a))| is odd} = (Ck—1 mod ¢ Y Ck+1 mod ¢) N k.-

Proof. To simplify notation, all indices in this proof are considered to be modulo q.
Fora e V(H),let k€ {0,...,¢q—1} and h € hom((J*,v;) — (H,a)). By construction
of J* and the fact that h has to preserve edges, for all i € {0,...,q — 1}, we obtain

h(vi) € Ty (Co),
h(v;) ¢ C; (since we do not allow self-loops in H),
h(v;) is adjacent to h(v;41) in H,

® h(")l) # h(vit1).

Consequently, it holds that h(vi41) € T (h(v;)) NT g (Ciy1). Suppose, for some
i € {0,...,q — 1}, that h(v;) € C;—1. Then, by (L.5.5.2), we have h(v;y1) € C;.
Therefore,

(51) If h(’l)l) € C;_1 then h(le) e C;.
Analogously, using (L5.5.3),
(52) If h(”Ul) € Cijy1 then h(’Ui_l) e C;.

Thus, if there exists some ¢ € {0,...,q — 1} such that h(vy) € Cy—1 then we can
use (5.1) iteratively to obtain h(v;) € C;—1 for all ¢ € {0,...,¢ — 1}. In particular,
h(vk) € Crx—1. Analogously, if there exists some ¢ € {0,...,q — 1} such that h(v,) €
Co+1 then we can use (5.2) iteratively to obtain h(v;) € Cjyq for alli € {0,...,¢—1}.
This means that h(vg) € Cri1.

Suppose that h(vy) ¢ Cx—1UCk11. We have established that, using (5.1) and (5.2)
iteratively, we obtain, for all ¢ € {0,...,q — 1}, h(v;) ¢ Ci—1 UCi41 and consequently
h(v;) € T (Ci) \ (Ci—1 UCit1). However, (h(vg),...,h(vg—1), h(vo)) is a walk in H,
which gives a contradiction to (L5.5.4).
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We have shown that h(vg) € Cip—1 UCry1. Moreover, for each a € Ci_1, we have
hom ((J*, ) = (H,0))] = Ihom((Ji, ) — (H,a))| - Thego... o1y Cot N,
which is odd if and only if a € Cr—1 N Qx by (L5.5.1). The statement for a € Cyq1 is
analogous. ]

LEMMA 5.6. For an integer q > 3, let H be a graph which contains sets of vertices

Co, .. .,Cq—1 (not necessarily disjoint or even distinct). Let (Jo, 20), - .., (Jg—1, 2q—1) be
partially H-labelled graphs with distinguished vertices, and, for eachi € {0,...,q—1},
let Q; = {a € V(H) | |hom((J;,z) = (H,a))| is odd}. Suppose that for all i €
{0,...,q— 1} we have the following properties from the statement of Lemma 5.5.

(L5.5.]) |Ci,1 mod ¢ M Qll and |Ci+1 mod ¢ M Ql| are odd.

(L552) Ifw € Ci_1 mod q then FH(IU) N FH(CH-I mod q) =C;.

(L5.5.8) If w € Cit1 mod q then Ty (Ci—1 mod q) NTy(w) =C;.

(L5.5.4) There is no walk of the form D = (dy,...,dq—1,do) such that, for all

xS {0, e, q— 1}, d; € PH(CZ) \ (Cifl mod q U Ci+1 mod q).

Furthermore, there exists k € {0,...,q — 1} such that

(L5.6.1) there are no edges between Ci, and Cr+3 mod q5

(L5.6.2) |(Ck U Ck+2 mod q) n Qk+1| and |(Ck+1 mod ¢ U Ck+3 mod q) n Qk+2| are even.

Then H has a hardness gadget.

Proof. To simplify notation all indices in this proof are considered to be modulo
g. We construct a hardness gadget (I, .S, (J1,y), (J3, 2), (J5,y, z)) for H, as defined in
Definition 4.6.

Let C = (Co,...,Cq—1). Let J{ and Jj each be an instance of the generalised
cycle gadget J(Je, Jo,...,Jg—1), let y = vgq1, and let 2z = viyo. Then we have
Qy = (Ck UCk+2) n Qk+1 and Q, = (Ck+1 UCk+3) N Qk+2 by Lemma 5.5. It follows
that |Q,] and |€2,| are even by (L5.6.2). Let I = Crio N Qpy1 and S = Crpq N Qpopo.
We note that I and S have odd size by (L5.5.1) and that I C €, and S C Q..

Let Js be an edge from y to z. For each o € Q, \ I C Cx, s € S C Crt1,
1€I1CCrizand z € Q,\S C Crys,

e |X,;| = 0 since no edge exists between Cj, and Cyy3 according to (1.5.6.1).
o 35| =|Ziz| = |Z0s| = 1 since, by (L5.5.2), for all £ € {0,...,q — 1} we have
Ce CTH(Cotr). O

We point out a corollary which is more easily accessible and does not use the full
generality of the gadget J(J¢, Jo, ..., Jg—1) but rather only uses the cycle gadget Je.

COROLLARY 5.7. For an integer ¢ =3 or q > 5, let H be a graph which contains
a cycle C' = cy,...,cq-1,co such that
o forallie{0,...,q—1}, we have |Nc,u(c;)| =1, and
o there is no walk of the form D = dy, ..., dq—1,do withd; € Tr(c;)\(ci—1Uciy1)
(Vi e{0,...,q—1}).
Then H has a hardness gadget.

Proof. All indices in this proof are considered to be modulo ¢. For i € {0,...,q—
1} we choose C; = N¢ m(c;), which by the fact that |N¢ m(c;)| = 1 implies C; = {¢;}.
We choose k = 0. For each i € {0,...,q — 1}, let (J;, z;) be the partially H-labelled
graph that only contains the single vertex z; and has an empty pinning function. It
follows that Q; = V(H) and that J(J¢, Jo,. .., Jy—1) is essentially Jo. We check that
the requirements of Lemma 5.6 are met. (L5.5.1) holds since C;—1N§; = C;—1 = {¢;—1}
and Ci+1 N Qi = Ci+1 = {Ci+1}. (L552) and (L553) hold since |NC,H(Ci)| =1 and
therefore ¢; is the only common neighbour of ¢;_; and ¢;41. There is no walk of the
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form D = dy,...,dg—1,do with d; € T (c;) \ (ci—1 U ¢i41), as required by (L5.5.4).
Since ¢ > 3 and C'is a cycle, the vertices ¢y, c1, co are distinct. If ¢ = 3, as C' is a cycle,
we have ¢y = ¢3, and (L5.6.1) holds since we do not allow self-loops in H. If otherwise
g > 5 then (L5.6.1) holds since I'y(c1) N Ty (c3) = Ne,m(c2) = {ca} and therefore ¢
(which is a neighbour of ¢;) cannot be a neighbour of ¢3. Since ¢ > 3 (1.5.6.2) holds as
(CoUCo) Ny = {co,c2} and (C1 UC3) Ny = {c1,c3} are sets of 2 distinct vertices.O

Remark 5.8. Suppose that a square-free graph H contains a cycle C. Clearly, the
requirements of Corollary 5.7 are met and, by Theorem 4.7, we obtain &P-hardness for
@®RET(H). If, in addition, H is involution-free @P-hardness carries over to @HOM(H)
by Theorem 4.4 (from [19, Theorem 3.1]). This argument, together with the classifica-
tion of @®HOM(H) for trees by Faben and Jerrum [12] (or alternatively the shorter [19,
Lemmas 5.1 and 5.3]) implies the dichotomy for square-free graphs presented in [19].

6. Chordal Bipartite Components. As our main strategy for proving GP-
hardness of ®HOM(H) for K4-minor-free graphs will rely on finding induced cycles
whose lengths are not equal to 4. However, this requires us to treat the case of (Ky-
minor-free) graphs that include only squares as induced cycles separately; recall that
such graphs are called chordal bipartite graphs.

In the current section we will construct a hardness gadget for every involution-free,
K,-minor-free, biconnected chordal bipartite graph H, unless H has a very restricted
form (this is Lemma 6.17). In this restricted case we call H an impasse (which will be
formally defined in Definition 6.15). The main tool that we use to construct hardness
gadgets relies on two squares that share one edge. More formally, we will consider the
following graph:

Definition 6.1 (The graph F, I'yn\p(i,5)). The graph F is defined to be the
graph depicted in Figure 4.

V2
(%1 O V3
V4 O Vg
Us

Fig. 4: The graph F.

Given a graph H that contains F' as a subgraph, and i # j € [6], we define
Cpp(i, ) = (Pa(vi) N T (v;) \ V(F).

Definition 6.2 (Type V). Let H be a Ky-minor-free graph that contains F' as a
subgraph. We say that F' has type V in H if one of the following is true
e I'y\p(1,5) and I'g\ p(3, 5) are non-empty and I' i\ p(2,4) and ' p(2, 6) are
empty.
e I'y\p(2,4) and I'gn\ p(2, 6) are non-empty and I'g\ #(1,5) and T'g #(3, 5) are
empty.
An illustration of the former case is given in Figure 5.

The following observation will be useful in the remainder of this section:
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U2

U1 O V3
V4 O Ve
Us

Fig. 5: A Kj-minor-free graph containing F' of type V.

LEMMA 6.3. Let H be a Ky-minor-free graph containing F as a subgraph. At
least one of T'g\p(1,5) and T'gy\p(2,4) is empty, and at least one of I'gn\ p(2,6) and
T\ r(3,5) is empty.

Proof. If T\ p(1,5) and I' g\ p(2,4) are both non-empty, then the vertices vy, va,
vq and vy yield a Ky-minor. If 'y p(2,6) and 'y p(3,5) are both non-empty, then
the vertices vg, v, v5 and vg yield a K4-minor. 0

LEMMA 6.4. Let H be a K4-minor-free graph containing F as a subgraph. If F
does not have type V in H then either 'y p(1,5) = T\ p(2,6) = 0 or T\ p(2,4) =
Cm\r(3,5) = 0.

Proof. Note that either I'gy\ p(2,6) or I'g\p(3,5) are empty by Lemma 6.3. As-
sume w.l.o.g. that the former is empty; the other case is symmetric. We distinguish
two cases:

(I) Ti\r(3,5) # 0. Now assume for contradiction that I'gy\p(1,5) # (). Then,
again by Lemma 6.3, we obtain I'j\ p(2,4) = (), which implies that F has type
V in H, yielding the desired contradiction. In combination with the previous
assumption, we thus have I'p p(1,5) = T\ p(2,6) = 0.

(IT) T\ p(3,5) = 0. By Lemma 6.3 we have that either I'y\ p(1,5) or T'y\p(2,4)
is empty. This concludes the proof as the current case provides additionally

LEMMA 6.5. Let H be a Kyq-minor-free graph containing F' as a subgraph. Then
H has a hardness gadget, unless F' has type V in H.

Proof. Using Lemma 6.4 and the fact that H is K -minor free, we can w.l.o.g.
assume that
(a) The edges {v1,vs} and {vs,vs} are not present in H as, otherwise, we obtain a
K 4-minor.
(b) FH(Ul) N FH(’U5) = {’U2,1}4}.
(¢) Ty(va) NT g (ve) = {vs,v5}.
This allows us to construct a hardness gadget:
o S={vs}and I = {va}.
e J; is the graph where y is adjacent to a v;-pin and a vs-pin Note that Q, =
{va,v4} by (b).
e Jo is the graph where z is adjacent to a wve-pin and a wvg-pin. Note that
Q. = {vs,vs5} by (c).
e J3 is just the edge {y, z}.
We have Xy, vs| = |Z0s,00] = [Zvs.0s| = 1. Furthermore, |X,, | = 0 by (a). ad

Definition 6.6 (The graph Sk ). For positive integers k and ¢, S ¢ is the graph
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depicted in Figure 6.

Fig. 6: The graph Sy .

LEMMA 6.7. Let H be a K4-minor-free graph containing F as a subgraph. If F
has type V in H and |T'g\p(1,5)] and Ui\ p(2,4)] are even, then H has a hardness
gadget.

Proof. As F has type V in H we can assume w.l.o.g. that T's\ #(2,4) # 0 and
L\ r(2,6) # 0, and that Ty p(1,5) = Ty p(3,5) = 0; the other case is symmetric.
In other words, there exist positive integers k and ¢ such that H contains the subgraph
Sk,e (Definition 6.6) with T'g\p(2,4) = {y1,...,yx} and [\ p(2,6) = {21,. .., 2¢}.
By the premise of the lemma, k& must be even. We will emphasise some crucial
properties of H:

(a) Tg(v3) NTh(vs) = {va,v6}, since T\ p(3,5) = 0.
(b) we is not adjacent to any vertex in {y1,...,yx,v1}: Assuming otherwise, let w €

{y1,...,yk,v1} be adjacent to vs. We obtain the following K,-minor of H:

Us Vg
Vg v3
w V2

We proceed by constructing a hardness gadget:
o S={vo} and I = {uvs}.
e J; is the graph where y is adjacent to a vs-pin and a vs-pin. Note that

Qy = {’U]_,’U5}' UFH\F(274> = {U17U57y1a"'ayk}-

In particular, || is even as k is.
e J, is the graph where z is adjacent to a ws-pin and a vs-pin. Note that
0, = {v2,v6} by (a).
e J3 is just the edge {y, z}.
We have |2, o] = |Zus,04| = 1 and, for every o € Q,\{vs}, |Z, 4,| = 1. Furthermore,
by (b), |26.us| = 0. O

6.1. Strong Hardness Gadgets.

Definition 6.8 (strong hardness gadget). A graph J is called a strong hardness
gadget if every K4-minor-free graph that contains J as a subgraph has a hardness
gadget.
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LEMMA 6.9. The following graph J is a strong hardness gadget:

X

Proof. Let H be a K, -minor-free supergraph of J. We construct a hardness
gadget of H:
e S={s}and I = {i}.
e J; is the graph where y is adjacent to a w-pin and an i-pin. Note that
Q, = {x,s} as H is K -minor free.
e J, is the graph where z is adjacent to a v-pin and an s-pin. Note that
0, = {x,i} as H is K4-minor free.
e J3 is just the edge {y, z}.
We have || = [Es2] = |22 = 1 and |E; ] = 0 — recall that we do not allow
self-loops. ]

For the proof of the following lemma recall the definition of walk-neighbour-sets
from Definition 4.2.

LEMMA 6.10. Let H be a Ky-minor-free graph containing two adjacent vertices a
and b such that Ty (a) NT g (b)] is odd and at least 3. Then H has a hardness gadget.

Proof. Let ¢ be a common neighbour of a and b and consider the triangle C' =
(a,b,c,a): If a and ¢ have a common neighbour apart from b, or if b and ¢ have a
common neighbour apart from a then Lemma 6.9 applies, as a and b have a common
neighbour apart from ¢ by assumption. Otherwise, we have that |N¢ g(a)| = 1,
|Nc,u(b)] =1, and |N¢ g(c)| = j > 3, where j is odd. For any w € N¢ g(c) we can
assume that

(6.1) I'g(w)NTx(a) = {b} and Ty (w) NTx(b) = {a},

as otherwise we obtain a hardness gadget from Lemma 6.9 (choose w instead of c).
Next we can apply Lemma 5.6 to obtain a hardness gadget as follows.

Let ¢ = 3 and Cyp = Ngo,u(a) = {a}, C1 = No,u(b) = {b}, C2 = N¢,u(c). For
each i € {0, 1,2}, let (J;, z;) be the partially H-labelled graph that only contains the
single vertex z; and has an empty pinning function. It follows that Q; = V/(H). We
choose k = 0 and check that the requirements of Lemma 5.6 are met.

e (L5.5.1) holds since, for each i € {0,1,2}, ; = V(H) and C; has odd cardi-
nality (either 1 or j).

e (I5.5.2) and (L5.5.3) hold by (6.1) and the fact that I'y(a) N Tx(b) =
NC,H(C) = CQ.

e Suppose for contradiction that there exists a walk D = (dg,dp, d¢, d,) with
do € Ty(a)\{b,c}, dp € Tg(b)\{a,c} and d. € Ty (c)\{a,b}. Consequently,
as we do not allow self-loops in H, d, # a, d, # b and d. # c¢. Then the
vertices dg,a,b, ¢ induce a K -minor (where the path from d, to b goes via
dp, and the path from d, to ¢ goes via d.). Hence (L5.5.4) holds.

e Since Cy = C3 mod ¢ = {a}, (L5.6.1) holds by the fact that we do not allow
self-loops in H.

18



e (L.5.6.2) holds since (Co U C2) Ny = Cy U Cq, which has cardinality j + 1 (as
we do not allow self-loops in H and therefore Cy = {a} and C» = N¢ m(c) =
Iy (a) NT g (b) are disjoint), and j+ 1 is even. Analogously, (C; UC2) Ny =
C1 UCy has even cardinality. 0

LEMMA 6.11. The following graph J is a strong hardness gadget:

V2
V1 O U3
V4 O Vg

ot

Proof. Let H be a K -minor-free supergraph of J. In particular, the graph F' is
a subgraph of J and thus of H. Note that, due to the edge {v1,vs5}, the vertices v
and v4 have no common neighbours apart from vy and vs in H, as we would obtain
a Ky-minor otherwise. In other words, I\ r(2, 4) = 0. By Lemma 6.5 we are done,
unless F" has type V in H. In particular, as 'y p(2,4) = (), only the following case
remains:

U2
(%1 O U3

V4

In particular, I'g\p(1,5) = {y1,..., 4y} and T\ p(3,5) = {z1,..., 2¢} and k,£ > 0.
Now, if k is even, then Lemma 6.7 yields a hardness gadget of H. Finally, if k is odd,
then Lemma 6.10 yields a hardness gadget of H — note that Lemma 6.10 is applicable
as v1 and v5 have precisely k42 common neighbours, which is an odd number greater
or equal than 3 since k is odd and positive. 0

LEMMA 6.12. The following graph J is a strong hardness gadget:

V2 V3
U1 O O Vg
Us O O Us
Ve U7

Proof. Let H be a K -minor-free supergraph of J.

Claim A If J is not an induced subgraph of H then H has a Ky-minor or a hardness
gadget.
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Proof: If J is not an induced subgraph of H then there is an edge e = {v;,v;} €
E(H)\ E(J) for some i # j € [8]. If e is a diagonal of one of the three squares, such
as {vg,v7}, then H has a hardness gadget by Lemma 6.11.

If e is not a diagonal of a square, then we obtain a K4-minor; each case is similar
to one of the following two:

V2 U3 V2 U3
U1 o—0---=-=-=-- —(P Vg4 U1 oD --=-=-=-- —(P Vg
1 1
1 1
1 1
1 1
1 1
1 1
U5 O— SO - - - -5 v s o— O ------ - g
Ve vr Ve U7

Thus assume for the remainder of the proof that J is an induced subgraph of H.
Note that J has two subgraphs isomorphic to F'. We are done unless both have type
Vin H by Lemma 6.5. If both have type V, but Lemma 6.7 is applicable, we are done
as well. There is thus only one case (up to symmetry) remaining:

FH(’Ul) N FH('Uﬁ) == {’UQ, ’U5},

Lp(vs) NTH(ve) = {va, v7},

Lar(vs) N T (vs) = {vg, 07},

IT g (v2) NTgr(vs)] is odd,

Tz (v2) NT g (v7)] is odd, and

Ty (ve) NT g (v7)] is odd.

We provide an illustration for convenience:

V2 U3

0O

V6 v

Note that k, £ and m are odd. We construct a hardness gadget:
e S ={vg} and I = {v7}.
e J; is the graph where y is adjacent to a wvi-pin and a wvg-pin. Note that
Qy ={v2,v5} by (a).
e Jo is the graph where z is adjacent to a wvs-pin and a wg-pin. Note that
Q. = {vr,v4} by (c).
e J3 is a path of length 2 from y to z.
By (d), (e) and (f) we have that |X,; 4,|, |Xvs.0,] and |Xy, 4, | are odd. Furthermore,
we observe that |X,, ,,| = 0 as any path of length 2 from v5 to vy would create a
K4-minor. O

LEMMA 6.13. The following graph J is a strong hardness gadgets:
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O-

o o

Proof. Let H be a K -minor-free supergraph of J. Note that J has two subgraphs
isomorphic to F. By Lemma 6.5, we obtain a hardness gadget of H, unless both of
the subgraphs isomorphic to F' have type V. If this is the case, however, we obtain
the following subgraph J of H:

B

U1 &

Vg

V6

Us

InJ, k,¢,m > 0 and all common neighbours in H between the pairs (v2,v4), (v2,v6)
and (vg, 8) are depicted. By definition of type V, we also obtain that each of the
pairs (v1,vs), (vs,v3) and (v3, @) has only the two common neighbours in H depicted.
Note further, that H has a hardness gadget if at least one of k,¢ or m is even by
Lemma 6.7. Thus assume for the remainder of the proof that all three are odd. We
will rely on the following claim, that we can assume J to be an induced subgraph of
H:

Claim A: Ifj is not an induced subgraph of H then H has a K4-minor or a hardness
gadget.

Proof: Let e € E(H)\ E(J) be an edge of H that connects two vertices of .J. We
first assume that e connects two vertices in

{71171)2,“3»”4»@57@6,11/1» ey Yky 21y - '72E} .

We show by case distinction that e either yields a hardness gadget, or a K -minor:
(I) z € efor x € {v1,y1,...,yx}. Let 2’ be the other endpoint of e and note that
x' ¢ {vy,va, 2} as we do not allow self-loops and multiple edges.
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(i) If 2’ € {v1,y1,- .-, Yk, v5} then we obtain a K4-minor induced by z,z’, v,
vy — note that, as k > 0, there exists a 2-path from vs to vy whose
internal vertex is neither x nor z’.
(ii) If 2’ € {vs,21,...,2¢} then we obtain a Ks-minor induced by z,vq, ', v
— note that there is a 2-path from vs to x via vy, and a 2-path from vs
to 7’ via vg.
(iii) If 2’ = vg, then we obtain a K4-minor induced by x, va, vg, v5 — note that
there is a 2-path from vs to x via v4, and a 2-path from vg to v via vs.
(II) z € e for z € {vs, #1,...,2¢}. Symmetric to the previous case (I).
(ITI) vy € e. Let 2’ be the other endpoint of e. Note that ' ¢ {v4, v1,¥1,..., Yk, U5}
as we do not allow self-loops and multiple edges.
(i) If 2’ € {vs, z1,..., z¢} then the case is symmetric to case (I)(iii).
(ii) If 2’ = ve then we obtain a K4-minor induced by vy, va, vg, v5 — note that
there is a 2-path from vy to vy via v, and a 2-path from vy to vg via vs.
(iii) If 2’ = vg, then H has a hardness gadget by Lemma 6.11.
(IV) v € e. Symmetric to the previous case (III).
(V) vy € e. Let 2’ be the other endpoint of e. Then, as we do not allow self-loops
and multiple edges, it follows that ' ¢ {ve,v1,91,...,Y%, V5, 21,.-., 20,03} .
The only remaining candidates for z’ are thus v4 and vg. However, both of the
latter candidates yield a hardness gadget by Lemma 6.11.
(VI) vs € e. Let 2’ be the other endpoint of e and note that =’ ¢ {vs, vy, v2,v6} as
we do not allow self-loops and multiple edges. Similarly as in the previous case
(V), all other candidates for z’ yield a hardness gadget by Lemma 6.11.
This concludes the case distinction. Observe now, that a symmetric case analysis
shows H has a hardness gadget or a Ky-minor if e connects two vertices in

/ /
{U5,’l}2,0{,’l)67’03,ﬁ,21, ey Ry Ry '7Zm} .
The remaining possibility for e is to have one endpoint in {vy4,v1,¥1,...,yr} and the
other endpoint in {«, 3,2],...,2,,}. However, in this case, we find a path from vs
to v3 whose vertices are disjoint from {vs, 21, ..., 2¢,v6}. Consequently, we obtain a
K -minor induced by vs, vs, vs, vg. |

We thus assume that J is an induced subgraph of H in what follows. Next, we perform
a case distinction on the parity of the degree of vs; in both cases, we construct a
hardness gadget.
(I) deggr(v2) is even. We construct a hardness gadget:
o I ={v4} and S = {uvg}.
e J; is the graph where y is adjacent to a vi-pin and a vs-pin so €, =
{112, ’U4}.
e J, is the graph where z is adjacent to a vs-pin and a wvs-pin so 2, =
{’UQ, UG}~
e J3 is a 2-path between y and z.
As the degree of vy is even, |3, .| is even. As k and ¢ are odd, |2,, | and
|X0, 0,| are odd. Finally, we claim that |3, ,,| is odd: Otherwise there must
be an additional 2-path from vg to vs. As J is an induced subgraph of H,
the internal vertex of this path, let us call it z, cannot be contained in V(j );
otherwise, H would contain an edge between x and a vertex v of J while z and
v are not adjacent in J.
This, however, yields a Ks-minor induced by the vertices vy, v2,v6 and vs —
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note that vy and vy are connected by the 2-path via vy, vo and vg are connected
by the 2-path via v3, and v4 and vg are connected by the 2-path via x.
(IT) degy(v2) is odd. We construct a hardness gadget:
o I =5={uv}.
e J; is the graph where y is adjacent to a v;-pin and a vs-pin so Q, =
{1}2, U4}.
e J, is the graph where z is adjacent to an a-pin and a v3-pin so 2, =
{'UQ, /3}

e J3 is a 2-path between y and z.
As the degree of vy is odd, |y, ,| is odd. As k and ¢ are odd, we have that
|X0, .| and |X,, g| are odd. Finally, we claim that |X,, g| is even: Assuming
otherwise, there must be at least one 2-path in H from v4 to [3; we show that
there is none.
As J is an induced subgraph of H, the internal vertex of this path, let us call it
x, cannot be contained in V(j ); otherwise, H would contain an edge between
2 and a vertex v of J while z and v are not adjacent in J.
This, however, yields a K, -minor induced by the vertices vy, 8,v5 and vy —
note that v4 and v, are connected by the 2-path via vy, vo and 8 are connected
by the 2-path via «, v4 and 8 are connected by the 2-path via z, and vs and 8
are connected by the 3-path via vg and vs. 0

6.2. Chordal Bipartite Component Lemma.

Definition 6.14 ((1,2)-supergraph). Let J be a connected graph. We say that a
supergraph H of J is a (1,2)-supergraph of J if every edge of H connecting vertices
of J is also an edge of J and every length-2 path of H connecting vertices of J is also
a path of J.

For what follows, recall that a chordal bipartite graph is a graph in which every
induced cycle is a square. The following notion captures the K4-minor-free (bicon-
nected) graphs that are obtained by gluing squares together without inducing ®P-
hardness.

Definition 6.15 (impasse, pair of connectors). A Ky-minor-free biconnected
graph B is called an impasse if there are odd positive integers k& and ¢ such that
B is a (1,2)-supergraph of the graph Sy ,. Also, with the vertex labels from Def-
inition 6.6, all of the vertices in {vi,y1,...,Yk,vs,21,...,2¢} are required to have
degree 2 in B. The pair (v, v3) is called a pair of connectors of the impasse B. (Note
that a pair of connectors of B is not unique as, for instance, (v1, 1) is also a pair of
connectors.)

The graph in Figure 5 is an example of an impasse.

Definition 6.16 (diamond). A biconnected graph B is a diamond if, for an integer
k>2,V(B)={stx1,...,2} and E(B) = Usepy{{s, i}, {zi, t} }.

Note that a square is a diamond with k& = 2. The following lemma classifies
biconnected chordal bipartite graphs:

LEMMA 6.17 (Chordal Bipartite Component Lemma). Let H be a K4-minor-free
graph and let B be a biconnected component of H. If B is chordal bipartite and not
just a single edge, then at least one of the following is true:

(a) B is a diamond.
(b) H has a hardness gadget.

23



(¢) B is an impasse.

Proof. As B is biconnected, chordal bipartite and not a single edge, there exists
an induced square C' = (a, b, ¢,d,a) in B. Let us write I'g\ ¢ (a, ¢) for the set I'z(a) N
g (c)\{b,d} and T'g\ ¢ (b, d) for the set I'yy (b)NT'(d)\{a, c}. Since B is a biconnected
component of i, and a, b, ¢,d € B, we actually have that I'in\ ¢ (a, c) = I'p(a)NT'p(c)\
{b,d} and T'g\¢(b,d) = T'p(b)NI'g(d)\{a,c}. As H is Ky-minor free, we observe that
at least one of I'yy ¢ (a, ¢) and 'y ¢ (b, d) is empty. Assume w.l.o.g., that I'g\ (b, d)
is empty. Let B’ be the graph consisting of C' together with the edges from a and ¢
to 'mc(a,c). If B = B’ then B is a diamond. Otherwise, as B is biconnected, there
is a shortest path P in B connecting two vertices of C'UI'g\¢(a,c) whose internal
vertices are not in B’. This path P has an internal vertex since B has no triangle.

Claim A: P has length 3, one endpoint of P is contained in I'g(a) NTp(c) and the
other endpoint is contained in {a,c}.

Proof: Assume first, for contradiction, that both endpoints of P, let us call them s
and t, are in I'g(a) NT'g(c). The only possible length for P under this assumption is
2, as, otherwise, we obtain an induced cycle (a, s, P,t,a) of length # 4. As P must
have length 2, the endpoints of P cannot be b and d, as I'g\ ¢ (b, d) is empty. Thus
we can assume w.l.o.g. that s # b and t # b, which yields the following K4-minor; P
is depicted dashed:

a S
1
1
1
b 1
1
c 5t

This yields the desired contradiction.

Next, if P starts in ¢ and ends in ¢, then we obtain an induced cycle that is not
a square, unless P as length 2. However, in the latter case, the internal vertex of
P is contained in I'g\ ¢ (a, ), contradicting the fact that P is not fully contained in
CUTg\c(a,c). This shows that one endpoint of P is in I'g(a) NI'g(c) and the other
endpoint is in {a, c}.

Recall that the length of P is greater than 1 (since it has internal vertices). If
P has length 2, then we obtain a triangle, contradicting the fact that B is chordal
bipartite. Finally, if P has length at least 4, we obtain an induced cycle of length at
least 5, also contradicting chordal-bipartiteness. Consequently, P must have length
3. |

Claim A yields that B contains a subgraph isomorphic to the graph F — recall
from Definition 6.1 that F is just the graph containing two squares that share one
edge. We use the vertex labels from Figure 4, i.e., the vertices are {vy,...,vs}. Now
assume that (b) is not true, i.e., that H does not have a hardness gadget. Using
the fact that H is Ky-minor free, and invoking Lemma 6.5 we obtain that F' has
to be of type V. So, without loss of generality (by renaming), we can assume that
I'p(vs) NTr(ve) = {v1,91,..., Yk, v5} and T'g(vg) N Tp(va) = {vs, 21, ..., 20,03} for
some k, ¢ > 1. Consequently, since H is K4-minor-free I'g(v1)NTp(vs) = {va,v4} and
Tp(vs) NT'p(vs) = {va, vs} have to hold. By Lemma 6.7, we obtain that k and ¢ have
to be odd. So we have shown that B contains Sk ¢ (Definition 6.6) as a subgraph.
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Claim B Sj ¢ is an induced subgraph of B.

Proof:

Assume that Sk is not an induced subgraph. Then B (equivalently, H)

contains an edge e ¢ E(Sy ) between two vertices of Sy . We need to distinguish a
variety of (simple) cases:

e vy € e: The other endpoint of e cannot be one of vy, vs,y1,. .., Yk, v1 as we do
not allow self-loops and multi-edges. Further, it cannot be vg or vy, as this
would create a triangle, contradicting the fact that B is chordal-bipartite.
Finally, if the other endpoint of e is « € {vs, 21, ..., 2¢}, then we obtain a K4-
minor induced by the vertices v4, v5,v2 and x — note that there is a 2-path
from z to vs via vg, and a 2-path from vy to vy via vy.

e vg € e: Symmetric to the previous case.

e z € e for some x € {v1,y1,...,yr}: The other endpoint of e cannot be one of

V1, Y1y -+ Yk, V4,V2,VU5,V3, 21, -+ -, 20,

as each of those cases would yield a self-loop, a multi-edge, or a triangle (in
B). The remaining candidate for the other endpoint is vg, which was covered
in the previous case.

e 1 € e for some z € {'Ug, Z1y...,2¢}: Symmetric to the previous case.

e v5 € e: Any (additional) edge from vs to a vertex of Sy ¢ would create either
a multi-edge, a self-loop, or a triangle.

e v, € e: The other endpoint of e cannot be vy as we this would create a
self-loop. Consequently, one of the previous cases must be true for the other
endpoint of e.

|

Recall that we want to show that (a) B is a diamond, (b) H has a hardness
gadget, or (¢) B is an impasse. For what follows, we distinguish two cases:

@

(IT)

All vertices v1,¥y1,..., Yk, 21,---,2¢,v3 have degree 2 in B. In this case we will
show that B is a (1,2)-supergraph of Sy ¢. This implies (see Definition 6.15) that
B is an impasse, so we are finished. To see that B is a (1,2)-supergraph of S ¢,
recall (from Claim B) that Sy, is an induced subgraph of B. All neighbours
of vi,¥1,...,Yk,21,-..,2¢,v3 in B are included in Si,. Thus, it suffices to
show that B has no 2-path connecting vertices in {vy, v, vg, v2} whose internal
vertex z, is outside of Sy . We noted above that I'g(vs) NT'p(ve) C V(Sk.e)
and I'g(vs) NT'g(v2) C V(Sk,e). There is no 2-path in B from v, to vs because
that would yield a triangle in B. Similarly, 2-paths from v5 to v4 or vg would
yield triangles in B, so the only possibility is a 2-path from vy to vg but this
would yield the Ky-minor {vg,vs,vg,v2} in B, contradicting the fact that H
(hence B) has no K4-minor.

Otherwise, assume w.l.o.g. that v; has degree at least 3 in B. As B is bicon-
nected, there exists a shortest path P in the remainder of B connecting v; with
another vertex w of Sy . We claim that the only candidates for w are v, and
v, which we will prove by case distinction:

e w € {y1,...,Yk,Us}. Then we obtain a Ky-minor: (v, w,vq,v1,v4) is a
square, P connects v; and w via vertices not contained in S ¢, and v4 and
vy are connected by a 2-path via a vertex « € {y1,...,yr, v5} \ w — note

that x exists as k > 1.
e w = vg. Then we obtain a K -minor induced by the vertices vs, vg, v1 and
v9 — note that vy is connected to vs by the 2-path via vy, and that vy is
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connected to vg by the 2-path via vs.

e w € {z1,...,2¢,v3}. Then we obtain a K4-minor induced by the vertices
vs, V1,02 and w — note that vy is connected to vs by the 2-path via vy,
and that vs is connected to w by the 2-path via vg.

Consequently, w must either be vy or v as all other possibilities create a Ky-
minor. As B is chordal bipartite, P must have length three. However, if P
connects v, and ve, we obtain a strong hardness gadget by Lemma 6.13, and if
P connects v; and v4, we obtain a strong hardness gadget by Lemma 6.12. In
both cases, H therefore has a hardness gadget. ]

The following lemma shows that impasses already yield hardness if the vertex vy
has even degree:

LEMMA 6.18. Let H be a graph containing an impasse B as biconnected compo-
nent, that is, there are odd integers k and £ such that B is a (1,2)-supergraph of the
graph Sy, ¢ such that, using the vertex labels from Figure 6, all vertices v, y1, ..., Yk, U3,
Z1,..., 20 have degree 2 in B. If degy (v2) is even, then H has a hardness gadget.

Proof. We construct a hardness gadget:
o [ ={vs} and S = {vg}.
e Jy is the graph where y is adjacent to a v1-pin and a vs-pin so €, = {va,v4}
as H has the impasse B as a biconnected component.
e Jo is the graph where z is adjacent to a vs-pin and a vs-pin so Q, = {va, vg}
as H has the impasse B as a biconnected component.
e J3 is a 2-path between y and z.
As the degree of vs is even, |X,, ,,| is even. As k and ¢ are odd, we have that |5, ,,|
and |X,, 4| are odd. Finally, we also have |¥,, ,,] = 1 as an additional 2-path from
v4 to vg would contradict the fact that the biconnected component B of H is an
impasse. ]

7. Sequences of Chordal Bipartite Components. In Section 6, we proved
(Lemma 6.17) that every chordal bipartite biconnected component B of a K -minor-
free graph H is an edge, a diamond, or an impasse, or the graph H has a hard-
ness gadget. The goal of the current section is to establish a structural property
(Lemma 7.14) of a graph H, informally stating that a path in a block-cut-tree of H
consisting only of edges, diamonds, and impasses either induces a hardness gadget of
H, or has endpoints that satisfy a technical criterion necessary for our construction
of global hardness gadgets in Section 9.

Definition 7.1 (good start, good stop). Let H be a graph and let B be a subgraph
of H. Let y be a vertex in B and let Ly C Ty (y) NV(B).
e We say that (Lp,y) is a good start in B if there is a gadget (J, z) such that
{veV(H)| hom((J,z) — (H,v))|is odd} = Lp U Rp, where |Lg| is odd
and RB = FH(y) \ V(B)
o We say that (Lpg,y) is a good stop in B if it is a good start in B and |Rp| is
odd.

For non-negative integers k and ¢, we define some (classes of ) graphs with a pair of
distinguished vertices a and b each, see Figure 7 (The graph Sy ¢ was already defined
in Definition 6.15, however, for the scope of this section it will be more convenient to
work with the vertex labels as given in Figure 7.).

7.1. Good Starts.
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Fig. 7: The graphs BDy, (for “backward diamond”), F'Dj, (for “forward diamond”)
and Sy ¢ (from left to right).

LEMMA 7.2. Let B be a biconnected component of a graph H, where B is an edge
between vertices a and b. Then ({a},b) is a good start in B.

Proof. Clearly, {a} has odd cardinality, and is contained in I'y;(b) N V(B). Let
(JB, zB) be the gadget where zp is adjacent to a b-pin and let Rp = I'gy(b)\{a}. Then
{veV(H)| |hom((Jg,z5) = (H,v))|isodd} =Ty (b) = {a} U Rp, as desired. O

LEMMA 7.3. Let B be a biconnected component of a graph H such that, for an
even non-negative integer k, B is a graph of the form F Dy and the vertices a and b
are as given in Figure 7. Let A be a subgraph of H such that V(A) NV (B) = {a}
Suppose that Ly CTg(a)NV(A). If (La,a) is a good start in A but not a good stop
in A then ({a},b) is a good start in B.

Proof. By the definition of a good start, |L 4| is odd and there is a gadget (J4, z4)
such that {v € V(H) | |hom((Ja,z4) — (H,v))|isodd} = Ly U R4 where Ry =
Th(a)\ V(A). Since (L4, a) is not a good stop in A, |R4| is even.

Let Ly = {a}. We now prove the lemma by showing that (Lg,b) is a good start
in B. Clearly, |Lp| is odd.

Let (Jp,zp) be the gadget where zp is adjacent to the vertex z4 of the gadget
J4 and it is also adjacent to a b-pin. In order to prove that (Lp,b) is a good start
we check that {v € V(H) | |hom((Jp,25) — (H,v))|isodd} = Lp U Rp, where
LB = {a} and RB = FH(Z)) \ V(B)

Since zp is adjacent to a b-pin we need only consider each v € I'y(b) and ho-
momorphisms with zp — v. Then z4 is also adjacent to zp and can be mapped to
every vertex in the set 'y (v) N (L4 U R4). We determine the cardinality of this set
depending on v:

o Ifv=athenTy(w)N(LAUR4) = LaUR4 and |L4 U R4l is odd, as required.

e If v = ¢ (for ¢ as given in Figure 7) then v = ¢ does not have any neighbours in
L 4 since every path from L4 to B goes through a because B is a biconnected
component of H. Hence, Ty (v)N(LAURA) =Tg(v)NRs and Ty(v)NRA =
Tr(e)N(Th(a)\V(A)) by definition of R4. Finally, since B is a biconnected
component, the vertices of B have no common neighbours outside of B. Thus
Tu(e) N (Tr(a) \ V(A) = {d,b,#1,...,2,}, which has even cardinality, as
required (since k is even).

e Ifv € Ty (b)\V(B) then since B is a biconnected component we have I' g7 (v) N
Ty (a) = {b}. Consequently, 'y (v) N (Lg U R4) = {b}, which is odd, as
required. 0

LEMMA 7.4. Let B be a biconnected component of a graph H such that, for a
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non-negative integer k, B is a graph of the form BDy and the vertices a and b are as
given in Figure 7. Let A be a subgraph of H such that V(A)NV(B) = {a}. Suppose
that La CTr(a)NV(A). If (La,a) is a good start in A but not a good stop in A then
({a},b) is a good start in B.

Proof. The proof is analogous to that of Lemma 7.3. We define Lp = {a} and
use the same gadget and again have to consider each v € I'y (b) and homomorphisms
with zp +— v and consequently determine the cardinality of the set ' (v) N (LaUR4)
depending on v:

e Ifv=athen Ty (v)N(LAsUR4) = LAUR4 and |L4 U Ryl is odd, as required.

o Ifv e {c,y1,...yr} (as given in Figure 7) then v does not have any neighbours
in L4 since every path from L to B goes through a. Hence, T'y(v) N (L4 U
Ra)=Tg(@w)NRsand Tg(v) NRa =Tx(w)N(Tg(a)\ V(A)) by definition
of R4. Finally, since B is a biconnected component, the vertices of B have
no common neighbours outside of B, 'y (v) N (I (a) \ V(A)) = {b,d}, which
has even cardinality, as required.

o If v € Ty (b)\V(B) then since B is a biconnected component we have I'gr (v) N
I'y(a) = {b}. Consequently, I'y(v) N (Lg U R4) = {b}, which is odd, as
required. ]

LEMMA 7.5. Let B be a biconnected component of a graph H, where B is an
impasse (Definition 6.15). Let (a,b) be a pair of connectors of B and let my be
the unique common neighbour of a and b in H (see Figure 7). Suppose further that
degy(my) is odd. Let A be a subgraph of H such that V(A) NV (B) = {a}. Suppose
that La CTr(a)NV(A). If (La,a) is a good start in A but not a good stop in A then
({ma1},b) is a good start in B.

Proof. By the definition of a good start, |L 4| is odd and there is a gadget (Ja, z4)
such that {v € V(H) | |hom((Ja,z4) — (H,v))|isodd} = Ly U Ry, where Ry =
Ty (a)\ V(A). Since (L4, a) is not a good stop, |R4| is even.

Let Lp = {m1}. We now prove the lemma by showing that (Lg,b) is a good
start in B. Clearly, |Lp| is odd.

Let (Jp,zp) be the gadget that consists of the gadget J4 joined with a path
of length 2 from the vertex z4 to the vertex zp, and a b-pin that is adjacent to
zp. In order to prove that (Lp,b) is a good start we check that {v € V(H) |
|lhom((Jp, zp) — (H,v))| is odd } = Lp U Rp, where Lp = {m1} and Rp =T'g(b) \
V(B).

Since zp is adjacent to a b-pin we need only consider v € T'g(b) and homomor-
phisms with zp + v. Then there is a path of length 2 from z4 to zp and therefore,
for v € Ty (b),

|lhom((Jp, z5) = (H,v))|={u€ LaUR4s | [Tu(u)NTg(v)|is odd.}|.

We determine [{u € Ly UR4 | |Th(u) NTy(v)] is odd.}| depending on v and using
the vertex labels from Figure 7. Note that m; and c are the only neighbours of b in B
since the degree of b is 2 in B (by the definition of an impasse).
e Consider v = mj.
—If u € Tg(a)\ {d,m1} then u ¢ V(B) since degg(a) = 2. As Bis a
biconnected component, it follows that a is the only common neighbour
of v =my and w.
— The vertices v = m; and u = d have an odd number of common neigh-
bours in S ¢ since k is odd. They have no further common neighbours
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in B, since B is an impasse, and no further common neighbours in H
since B is a biconnected component of H.

— Finally, v = my and u = m; have an odd number of common neighbours
since degy (my) is odd by assumption of the lemma.

Therefore, {u € LyURA | [T (u) NTg(v)] is odd} = LAUR4 and |La U R4|
is odd, as required.
e Consider v = c.

—If u € Tg(a) \ {d,m1}, then v ¢ V(B) and, as B is a biconnected
component, v = ¢ and u have no common neighbours.

— The vertices v = ¢ and v = d have one common neighbour in Sy,
(the vertex ms) and no further common neighbours in H (by the same
argument as we used for v = my), so v = ¢ and v = d have an odd
number of common neighbours in H.

— Finally, v = ¢ and v = m; have an odd number of common neighbours
(since £ is odd).

Therefore, {u € Ly UR4 | |[Tu(u)NTg(v)|is odd} = {d,m1} which has
even cardinality, as required.
e Consider v € 'y (b) \ V(B).

—IfueTy(a)\{d,m} then u ¢ V(B) (since degg(a) = 2) and, as B is
a biconnected component, v and v have no common neighbours.

— If u = d then {u, b} is not an edge of B (by the definition of impasse) so it
is not an edge of H (since B is a biconnected component). Hence b is not
a common neighbour of u and v. Also, v and w have no other common
neighbours since v is not in the biconnected component containing b and
d.

— If w = my then the only neighbour of u and v is b since v is not in the
biconnected component containing m; and b.

Since Ly UR4 C T'y(a) and my € R4 it follows that {u € La U Ry |
T (u) NTh(v)| is odd} = {m1} which has odd cardinality, as required. O

7.2. Good Stops.

LEMMA 7.6. Let B be a biconnected component of a graph H. Suppose that, for
an even non-negative integer k, B is a graph of the form F Dy with vertices as given
in Figure 7. If ({a},b) is a good stop in B then H has a hardness gadget.

Proof. By the definition of a good stop, Rg = 'y (b) \ {a, ¢} has odd cardinality
and there is a gadget (Jp, zg) such that {v € V(H) | |hom((Jg, z5) — (H,v))| is odd}
equals {a} U Rp.

We give a hardness gadget (1,5, (J1,y), (Jo, 2), (J3,y,2)) for H as follows:

e I ={a} and S = {b}.
e Ji is the gadget Jp with y = zp so Q, = {a}URpg, which has even cardinality,
as required.
e J, is the graph where z is adjacent to an a-pin and a c-pin so we have
0, = {b,d,z1,...,2,}, which has even cardinality, as required (since k is
even).
e J3 is an edge between y and z.
Note that a is adjacent to every vertex in 2., and b is adjacent to every vertex in 2,
as required. Since Q, \ I = R =T'g(b) \ {a,c} and Q,\ S ={d,21,..., 2} and B
is a biconnected component, there is no edge from €, \ I to Q. \ S, as required. O

LEMMA 7.7. Let B be a biconnected component of a graph H. Suppose that, for
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a non-negative integer k, B is a graph of the form BDy with vertices as given in
Figure 7. If ({a},b) is a good stop in B then H has a hardness gadget.

Proof. By the definition of a good stop, Rg = 'y (b) \ V(B) has odd cardinality
and there is a gadget (Jp, zg) such that {v € V(H) | |hom((Jg, z5) — (H,v))| is odd}
equals {a} U Rg. We give a hardness gadget (1,5, (J1,y), (J2, 2), (J3,y,2)) for H as
follows:

e I ={a} and S = {b}.
e Ji is the gadget Jp with y = zp so Q, = {a}URpg, which has even cardinality,
as required.
e J, is the graph where z is adjacent to an a-pin and a ¢-pin so Q, = {b,d},
which has even cardinality, as required.
e J3 is an edge between y and z.
Note that a is adjacent to every vertex in ), and b is adjacent to every vertex in {1,
as required. Since Rp =T'g(b) \ V(B) and B is a biconnected component, note that
there are no edges between Q, \ I = Rp and Q. \ S = {d}, as required. O

LEMMA 7.8. Let B be a biconnected component of a graph H. Suppose that B is
an impasse (Definition 6.15) and that (a,b) is a pair of connectors of B. Let my be
the unique common neighbour of a and b in H (see Figure 7). Suppose further that
degy(mq) is odd. If ({m1},b) is a good stop in B then H has a hardness gadget.

Proof. By the definition of a good stop, Rg = 'y (b) \ V(B) has odd cardinality
and there is a gadget (Jp, zp) such that {v € V(H) | |hom((Jp, zp) — (H,v))| is odd}
equals {m;} U Rp, Using the vertex labels from Figure 7, we give a hardness gadget
(I, S, (J1,9), (J2, 2), (J3,y, 2)) for H as follows:

e I ={my}and S ={m}.
e Jy is the gadget Jp with y = zp so Q, = {m1} U Rp, which has even
cardinality, as required.
e J, is the graph where z is adjacent to an a-pin and an ms-pin so Q, = {m, d},
which has even cardinality, as required.
e J3 is a 2-path between y and z.
There are an odd number of 2-walks from m; to itself since degy(my) is odd by
assumption. There are an odd number of 2-walks from m; to d since k is odd and
no pair of vertices of S;, has common neighbours outside of Si . Since Rp =
Ty (b)\V(B) and B is biconnected there is exactly one 2-walk from m; to each vertex
in Rg. Thus, forse€ S={mi},iel={m},0eQ,\I=Rp ze€Q,\S5={d}
we have shown that |%; 4|, |X,,s| and |X; ;| are odd, as required. Finally, since B is a
biconnected component there are no 2-walks from d to a vertex in Rp and therefore
|¥6,5] is even, as required. |

7.3. Hardness Results. In this section we establish hardness results which are
used to prove Lemma 7.14 in Section 7.4.

LEMMA 7.9. Let H be a graph and let B be a biconnected component of H. Sup-
pose that, for an odd non-negative integer k, B is a graph of the form F Dy with
vertez labels as given in Figure 7. If degy(a) is even then H has a hardness gadget.

Proof. We give a hardness gadget (1,5, (J1,y), (Jz, 2), (J3,y, 2)) for H as follows:
e I ={a} and S ={b,d, z1,...2,}.
e Jy is the graph where y is adjacent to a b-pin and a d-pin so Q, = {a,c},
which has even cardinality, as required.
e Jo is the graph where z is adjacent to an a-pin so 2, = I'y(a), which has
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even cardinality, as required.
e J3 is an edge between y and z.
Note that a is adjacent to every vertex in 2,, and each vertex of S is adjacent to
every vertex in ), as required. Since B is a biconnected component there are no
edges between Q, \ I = {c} and Q,\ S =Tg(a) \ V(B), as required. 0

LEMMA 7.10. Let H be a graph and let A and B be biconnected components of
H. Suppose that, for odd integers k > 1 and € > 1, there is an isomorphism f from
the graph BDy to A and an isomorphism g from the graph F Dy to B. Suppose that
there is a vertex w = f(b) = g(a) such that degy (w) is odd. Then H has a hardness
gadget.

Proof. We give a hardness gadget (I, S, (J1,y), (J2, 2), (J3,y, 2)) for H as follows:
o [ ={w}and S = {w}.
e J; is the graph where y is adjacent to an f(a)-pin and an f(c)-pin so Q, =
{f(d), f(b)} = {f(d), w}, which has even cardinality, as required.
e Jo is the graph where z is adjacent to a g(b)-pin and an g(d)-pin so 2, =
{g9(¢),g(a)} = {g(c),w}, which has even cardinality, as required.
e J3 is a 2-path between y and z.
By the fact that A and B are biconnected components, there are exactly k + 2 walks
of length 2 from f(d) to w, and there are exactly ¢ + 2 walks of length 2 from g(c)
to w, where k and ¢ are odd. Since degy (w) is odd, there is a an odd number of
length-2 walks from w to itself. Finally, there are no length-2 walks from f(d) to g(c),
as required. 0

LEMMA 7.11. Let H be a graph and let B be a biconnected component of H that
is of the form BDy for some integer k > 0. Using the vertex names from Figure 7,
there is a gadget (J,z) such that {v € V(H) | |hom((J,z2) — (H,v))| is odd} =
L (b)\ V(B).

Proof. The graph J has three pinned vertices — an a-pin, a b-pin, and a c¢-pin.
The b-pin is adjacent to the vertex z and the other two pins are attached to z by
paths of length 2.

We will now consider each v € V(H) to determine whether hom((J, z) — (H,v))]
is odd. Since z is adjacent to a b-pin in J, this can only be true for v € Iy (b).

First, consider a vertex v € I'y(b) NV (B).

e If v € {a,y1,...,yr} then v has exactly two length-2 walks to ¢, therefore
[lhom((J, z) — (H,v))| is even.
e If v = ¢ then v has exactly two length-2 walks to a so |hom((J, z) — (H,v))|

is even.
Finally, consider a vertex v € I'g(b) \ V(B). There is exactly one 2-walk to a,
and exactly one 2-walk to ¢, so [hom((J, z) — (H,v))| is odd. O

The following lemma is essentially the same as Lemma 7.11.

LEMMA 7.12. Let H be a graph and let B be a biconnected component of H that
is of the form F Dy for some integer k > 0. Using the vertex names from Figure 7,
there is a gadget (J,z) such that {v € V(H) | |hom((J,z2) — (H,v))| is odd} =
L (a) \V(B).

Proof. The graph J has three pinned vertices — an a-pin, a b-pin, and a d-pin.
The a-pin is adjacent to the vertex z and the other two pins are attached to z by
paths of length 2.

We will now consider each v € V(H) to determine whether |hom((J, z) — (H,v))]
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is odd. Since z is adjacent to an a-pin in J, this can only be true for v € 'y (a).
First, consider a vertex v € I'y(a) N V(B).
e If v € {d, 2,...,2;} then v has exactly two length-2 walks to b, therefore
[lhom((J, z) — (H,v))| is even.
e If v = b then v has exactly two length-2 walks to d so |hom((J,z) — (H,v))|

is even.
Finally, consider a vertex v € I'y(b) \ V(B). There is exactly one 2-walk to b,
and exactly one 2-walk to d, so |hom((J, z) — (H,v))| is odd. ad

We obtain the following lemma, which is a generalisation of [19, Lemma 4.5].

LEMMA 7.13. For an integer ¢ > 1, let P = vg,...,vq be a path in a graph H.
Suppose that no edge of P is part of a square in H and that degy (v;) is odd for all
j € g —1]. Suppose that

Ta) degy(vo) is even, or

1b) degy(vg) is odd and there is a biconnected component By that is isomorphic

to BDy, for some odd integer k > 1, where the isomorphism maps vg to the
vertex b from Figure 7.
Suppose further that
2a) degp(vq) is even, or
2b) degy(vq) is odd and there is a biconnected component Byy1 that is isomorphic
to F'Dy, for some odd integer k > 1, where the isomorphism maps vy to the
vertex a from Figure 7.
Then H has a hardness gadget.

Proof. We give a hardness gadget (I, S, (J1,y), (J2, 2), (J3,y, 2)) for H as follows:

o I ={vi}and S = {vg_1}.

e If 1a) holds, then J; is the graph where y is adjacent to a vo-pin so , =
T'r(vo), which has even cardinality as required. If 1b) holds then (Jp,y)
is the gadget from Lemma 7.11 and Q, = 'y (vg) \ V(Bo), which has even
cardinality as required. The vertex vy is in €, because the edge {vg,v1} is
not part of a square in H.

e If 2a) holds, then Jy is the graph where z is adjacent to a vg-pin so Q, =
g (vg), which has even cardinality as required. If 2b) holds then (Js, 2) is
the gadget from Lemma 7.12 and Q, = 'y (vy) \ V(Bg+1), which has even
cardinality as required. The vertex vgy_1 is in Q. because the edge {v4—1,v,}
is not part of a square in H.

e Js is the path gadget Jp.

This is a hardness gadget by Lemma 5.2. ]

7.4. Chordal Bipartite Sequence Lemma.

LEMMA 7.14 (Chordal Bipartite Sequence Lemma). For an integer ¢ > 1, let
By, ..., By be biconnected components of a graph H and let by, ..., by be vertices such
that, for alli € [q], bi—1 and b; are distinct vertices of B;, and B; satisfies one of the
following:

e B; is an edge from b;_1 to b,
e B; is a diamond in which {b;_1,b;} is an edge, or
e B; is an impasse, where (b;—1,b;) is a pair of connectors of B;. In this case,
let d; be the unique common neighbour of b;_1 and b; in H.
If T (bo) \ V(B1)| is odd, then at least one of the following holds:
e B, is an edge or a diamond and ({by—1},bq) is a good start in B, but not a
good stop in By,
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e B, is an impasse and ({d4},bq) is a good start in By but not a good stop
in By, or
e H has a hardness gadget.

Proof. We start by collecting some facts that we will need.
Fact 1. Ifi € [g] and B; is a diamond, then at least one of the following holds:

e for some mon-negative integer k there is an isomorphism from FDy to B;,
mapping the vertex a from Figure 7 to b;—1 and the vertex b to b; (we refer
to this situation below by saying “B; is of the form FDy”), or

e for some mon-negative integer k there is an isomorphism from BDy to B;,
mapping the vertex a from Figure 7 to b;_1 and vertex b to b;. (We refer to
this situation as “B; is of the form BDy”).

Fact 2. If By is an edge or a biconnected component of the form F Dy for an odd
integer k then T'g(bo) is even. (This is because by has and odd number of neighbours
in B; and an odd number outside of By, by assumption.)

Let Lo = Ty (bo) \V(B1) and let By be the subgraph of H induced by the vertices
in Lo U{bg}. For every i € [q] such that B; is an edge or a diamond, let L; = {b;_1}.
For every i € [g] such that B; is an impasse, let L; = {d;}. For every i € {0,...,q},

We start by considering i € {0,1} and showing that (L;, ;) is a good start in B;
or that H has a hardness gadget. We first deal with the easy case i = 0. |Lg| is odd
by assumption so, to show that (Lg,bg) is a good start in By, it suffices to use the
gadget (J, z) in which z is adjacent to a bp-pin. Note that Ry = 'y (b)) NV (B1). We
next deal with ¢ = 1 by considering four cases depending on Bs:

e If B; is an edge from by to by then, by Lemma 7.2, (L1,b1) is a good start in
B;.

e If B is a diamond of the form FDj for an odd integer k > 0 then H has a
hardness gadget by Fact 2 and Lemma 7.9.

e If B is a diamond of the form F Dy for an even integer £ > 0 then Ry has
even cardinality. Therefore (Lo, bg) is not a good stop in By and we can apply
Lemma 7.3 to show that (L1,b;1) is a good start in Bj.

e If B; is a diamond of the form BDj then R has even cardinality. Therefore
(Lo, bo) is not a good stop in By and we can apply Lemma 7.4 to show that
(L1,b1) is a good start in By.

e If By is an impasse where (by,b1) is a pair of connectors. Then by has 2
neighbours in By and hence Ry has even cardinality. Therefore (Lo, bg) is
not a good stop in By. Recall that d; be the unique common neighbour
of by and by in H. If degy(dy) is even then H has a hardness gadget by
Lemma 6.18. Otherwise Lemma 7.5 shows that (L1,b;) is a good start in Bj.

For the rest of the proof, let j be the smallest index in [g] that satisfies one of the
following properties:
(P1) |Rj| is odd and there is no odd integer k such that Bj; is of the form FDj,.
(P2) There is an odd integer k such that B; is of the form FDjy,.
(P3) j =g and |R;| is even and there is no odd integer k such that B; is of the form

FDy.

We will use the following claims.
Claim A Suppose that j does not satisfy (P2). Then H has a hardness gadget or,
for all ¢ € [j], the following are satisfied.

o (Ly,by) is a good start in By, and

o If¢ > 1 then (Ly—1,be—1) is not a good stop in By_1.

33



Proof: The proof of Claim A is by induction on £. We have already established the
base case £ = 1. Now fix £ € {2,...,7} and suppose (from the inductive hypothesis)
that (Lg—1,bs—1) is a good start in By—;. By the minimality of j, B,—1 is not of
the form F Dy for an odd integer k (otherwise ¢ — 1 would satisfy (P2)). Again, by
minimality of j, |[Ry—1| is even (otherwise ¢ — 1 would satisfy (P1)). By the definition
of good stop, (L¢—1,bs—1) is not a good stop in By_;. Since j does not satisfy (P2),
By is not of the form F Dy for an odd integer k. Thus, we can apply one of Lem-
mas 7.2, 7.3, 7.4 or 7.5 depending on the form of B, to show that (L, b,) is a good
start in By. This completes the proof of Claim A. |

Claim B Suppose that B; satisfies one of the following.

(B1) B is the edge {bj_1,b;} and degy(b;) is even, or

(B2) there is an odd integer k such that B; is of the form FDj,. d
Suppose that there is an integer £ in the range 1 < £ < j such that, fori € {¢,...,j—1},
B is the edge {b;—1,b;} and fori € {{,...,5}, Tp(bi—1) and T (bi—1)NV(B;-1) have
odd cardinality. Then H has a hardness gadget or there is an integer p in the range
1 <p<{—1 and an odd integer k' such that B, is of the form BDy . Also, for
1€{p+1,...,5— 1}, B; is the edge {b;—1,b;} where Ty (b;—1) has odd cardinality.

Proof: The proof of Claim B is by induction on . The base case £ = 1 is vacuous
— taking ¢ = 1, the precondition of the claim ensures that [Tz (bg)| is odd, contrary
to Fact 2. So consider some ¢ > 1 for which we wish to prove the claim. Since taking
i = £ guarantees that |T'g(be—1) NV (Br—1)| is odd, By_ is either an edge or it is of
the form BDy for an odd integer k’. We consider each case.
e B,_jisanedge: If degy (by—2) is even H has a hardness gadget by Lemma 7.13
(take vg,...,vg = bg—2,...,b; in Case (Bl) and wo,...,vq = by—2,...,bj_1
in Case (B2). Thus, assume that degy (by—2) is odd. By Fact 2, £ —2 > 1
and consequently (by Claim A), (Lg_2,be—2) is a good start in By_o that is
not a good stop in By_o. This implies that |Ry_o| is even, which together
with the fact that degy (be—2) is odd implies that by_o has an odd number of
neighbours in By_5. So the preconditions of the claim are met with ¢ = ¢ —1
and we can finish by induction.
e By is of the form BDy/ for an odd integer k’. The claim follows by taking
p=4{—1.
This concludes the proof of Claim B. |

We now make a case distinction, depending on which property j satisfies.
Case (P1). We will show that H has a hardness gadget.
By Claim A, either H has a hardness gadget (in which case we are finished)
or (Lj,b;) is a good start in B;. Since |R;| is odd, (L;,b;) is a good stop in
Bj. We now distinguish several cases, depending on the form of B;.
o If B; is of the form F'Djy, for even k, or of the form BDy, then H has a
hardness gadget by Lemmas 7.6 or 7.7, respectively.
o If B, is an impasse, then depending on the degree of d;, H has a hardness
gadget either by Lemma 6.18 (if the degree of d; is even) or by Lemma 7.8
(if the degree of d; is odd).
e Finally, suppose that B; is an edge. We will use Claim B with ¢ = j
to show that H has a hardness gadget. The first step is to show that
(unless H has a hardness gadget) the preconditions of the claim are met
— that is deg (b;) is even, degy (b;—1) is odd, and |T'g (bj—1)NV (B;_1)]
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is odd.

By (P1), |R,| is odd. Since b; has only one neighbour in Bj, degy (b;)
is even. If degy (bj—1) is even, H has a hardness gadget by Lemma 7.13
(taking ¢ = 1, v = bj—1 and v; = b;). From now on, we assume that
degy(bj—1) is odd. By Fact 2, j —1 > 1. By the minimality of j, |R;_1|
is even, which implies that b;_; has an odd number of neighbours in
Bj—l-

Applying Claim B with ¢ = j, either H has a hardness gadget. or there
is an integer p in the range 1 < p < j — 1 and an odd integer k¥’ such
that B, is of the form BDys. Also, fori € {p+1,...,j — 1}, B; is the
edge {b;—1,b;} where I'gy(b;—1) has odd cardinality.

Now we apply Lemma 7.13 with the path vy, ...,vq equal to by, ...,b;.

The degrees of vy, ...,vq—1 are odd and the degree of v, is even. vy is
in the biconnected component B,. This shows that H has a hardness
gadget.

Case (P2). We will use Claim B with £ = j to show that H has a hardness gadget.
The first step is to show that (unless H has a hardness gadget) the precon-
ditions of the claim are met — that is degy(b;_1) is odd, and |T'g(bj—1) N
V(Bj,1)| is odd.
If degy(bj—1) is even then H has a hardness gadget by Lemma 7.9. From
now on, we assume that degy (b;_1) is odd. By Fact 2, j —1 > 1. By the
minimality of j, |[R;_1| is even, which implies that b;_; has an odd number
of neighbours in B;_;.
Applying Claim B with ¢ = j, either H has a hardness gadget. or there is an
integer p in the range 1 < p < j — 1 and an odd integer k' such that B, is
of the form BDy/. Also, fori € {p+1,...,5 — 1}, B; is the edge {b;—1,b;}
where I'gr(b;—1) has odd cardinality.
If p=j — 1 then H has a hardness gadget by Lemma 7.10. Otherwise, we
apply Lemma 7.13 with the path vy, ...,vq equal to by, ...,bj_1. The degrees
of vy, ...,vq are odd. vg is in the biconnected component B, and b, is in the
biconnected component B;. This shows that H has a hardness gadget.

Case (P3) By Claim A, H has a hardness gadget or (L, b,) is a good start in B,.
In the latter case, since |Ry| is even, (L, by) is not a good stop in B,.

8. K,-minor-free Components. In this section, we establish a structural clas-
sification for biconnected K4-minor-free graphs. Recall that such a classification
has already been achieved for biconnected chordal bipartite graphs in Section 6 (see
Lemma 6.17). For this reason, we focus in what follows on biconnected K4-minor-
free graphs that are not chordal bipartite, which is equivalent to focusing on bicon-
nected K4-minor-free graphs which have an induced cycle that is not a square. The
main result of this section is presented in Lemma 8.10. Informally, it states that
every biconnected Ky-minor-free graph B either induces a hardness gadget for every
K,-minor-free graph containing B as a biconnected component, or B is an edge, a
diamond, an impasse, or a so-called obstruction (Definition 8.6). Together with our
insights from the previous section, obstructions will be the final building block in our
construction of global hardness gadgets in Section 9.

Definition 8.1 (separation, separator). Let G be a graph and let A and B be
subsets of V(G). The pair (A4, B) is a separation of G if V(G) = AU B and G has
no edges between A\ B and B\ A. The set AN B is called the separator of this
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separation.

8.1. Induced Cycles. Recall Definition 4.2, which defines for a closed walk
W = (wo, ..., wq—1,wp) in a graph H the walk-neighbour-set Ny, g (w;) = 'y (w;—1)N
T (w;41), where the indices are taken modulo ¢. In this section we will use this notion
mainly for cycles.

LEMMA 8.2. Let H be a biconnected K4-minor-free graph containing an induced
cycle C = (co, ..., cq—1,¢0) for some q # 4. Then the walk-neighbour-sets N m(co),
... N u(cq1) are pairwise disjoint.

Proof. If ¢ = 3 then the fact that we do not allow self-loops in H together with
the fact that H does not contain K, as a subgraph ensures that the N¢ g (c;) are
pairwise disjoint.

Suppose g > 4. Assume for contradiction that there exists a vertex w € N¢ g (¢;)N
Ne¢ m(c;) for some ¢ # j. If w is part of the cycle C, then we obtain a chord (note
that ¢ > 4), contradicting the fact that C is induced. If w is not part of the cycle C,
then w is adjacent to at least 3 vertices of the cycle, yielding a K4-minor. 0

LEMMA 8.3. Let H be a biconnected K4-minor-free graph containing an induced
cycle C = (co,...,cq-1,¢0). If ¢ >4 and |[N¢ g(c;)| > 1 for some i € {0,...,q— 1}
then there exists a separation (A, B) of H such that C\ {c;} C A, N¢ u(c;) € B and
ANB={c¢i-1,¢it1}. Furthermore, H is a (1,2)-supergraph of H|[B].

Proof. Let Si,...,S; be the connected components of the graph obtained from
H by deleting ¢;—1, c;+1, and all edges incident to ¢;—; and c¢;4+1. Then w.l.o.g. we
can assume that ¢; € V/(S7) for all j ¢ {i —1,4,i+1}. Set A=V (S1) U{ci—1,¢i+1}
and B =V (S2)U---UV(S;)U{ci—1,¢i+1}. By construction, we have AUB =V (H)
and AN B = {¢;—1,¢i+1}, and there are no edges between A\ B and B\ A. We claim
that Ne g (c;) NV (S1) = 0 as, otherwise, we obtain the following K4-minor; recall
that [Nc g (c;)| > 1 and ¢ > 4:

Ci+1

Here, the dashed lines depict the path ¢;_1,...,¢;,...,c41 which is C'\ {¢;}. Further,
¢; is a vertex of C satisfying that there exists a (shortest) path P from a vertex in
Ne,m(ci) to ¢j such that the internal vertices of P are disjoint from C'U N¢ m(c;).
Note that ¢; exists if N g(c;)NV(S1) is not empty. We depict P in the above picture
with a dotted line. In particular, P has length at least one, i.e., ¢; ¢ Nc u(c;) by
Lemma 8.2. Hence we obtain indeed a K4-minor. Consequently, no vertex of N¢ g (c;)
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is contained in A, and thus N¢ g(c;) C B.

It remains to show that H is a (1,2)-supergraph of H[B]: It is immediate that
an edge e between two vertices in B is present in H if and only if it is present in
H|[B]. By the definition of B, H and H[B] cannot have a different number of 2-paths
between two different vertices by and by in B, unless {b1, b2} = {¢;—1, ¢i+1}. However,
regarding the latter case, all common neighbours of ¢;—1 and ¢;4; are contained in
Ne¢ u(c;) € B and thus the claim also holds for those two vertices. 1]

COROLLARY 8.4. Let H be a biconnected Ky-minor-free graph containing an in-
duced cycle C = (co,...,cq-1,¢0). If ¢ > 4 then, for alli € {0,...,q — 1}, we have
that at least one of Neo m(c;) and Ne p(ciy1) has cardinality 1.

Proof. Assume for contradiction that for some 4, both, N¢ gr(¢;) and N gr(ciy1),
have cardinality greater than 1. We invoke Lemma 8.3 for C' and 4, which yields a
separation (A, B) of H such that C\{c¢;} C A, N¢ g (c;) € B, and ANB = {¢;_1,¢it+1}-
However, by assumption, there exists ¢ € Ne g(civ1) \ {ciy1}. Note further, that
¢ # ¢;_1 as ¢ > 4 and C is induced. Thus there is a path connecting ¢; € B and
¢i12 € A which does not pass through either one of ¢;_; and ¢;11 contradicting the
assumption that (A, B) is a separation with AN B = {¢;_1, ¢iy1} O

COROLLARY 8.5. Let H be a biconnected Ky-minor-free graph containing an in-
duced cycle C = (cg,...,cq-1,¢0). If ¢ # 4 and H does not have a hardness gadget
then, for all i € {0,...,q— 1}, we have that at least one of N¢o g (c;) and Ne g(cit1)
has cardinality 1.

Proof. If ¢ > 4 the statement follows from Corollary 8.4. If ¢ = 3 then C is a
triangle and the statement follows directly from Lemma 6.9. |

8.2. Pre-Hardness Gadgets and Obstructions.

Definition 8.6 (obstruction). Let B be a Kj-minor-free biconnected graph and
let C' be an induced cycle of B whose length is not 4. We say that B is an o0b-
struction with cycle C if every even-cardinality walk-neighbour-set of C' in B only
contains vertices whose degree in B is 2. We say that B is an obstruction if, for
some C, it is an obstruction with cycle C. We use Cy(B) to denote the set {C |
B is an obstruction with cycle C'}.

Definition 8.7 (pre-hardness gadget). Let J be a connected graph. We say that
J is a pre-hardness gadget if, for every (1,2)-supergraph H of J without K4-minors,
H has a hardness gadget.

Note that if J is a biconnected graph that is a pre-hardness gadget, then every
K4-minor-free graph H which contains J as a biconnected component has a hardness
gadget.

It will be convenient to establish the following special case of an obstruction.

LEMMA 8.8. Let J be a Ky-minor-free biconnected graph such that the largest
induced cycle of J is a square. If J contains a triangle then J is either a pre-hardness
gadget or an obstruction.

Proof. Let (a,b,c,a) be a triangle of J, let aq,...,a; be the common neighbours
of b and ¢ with a = aq, let by,...,b; be the common neighbours of ¢ and ¢ with
b = by, and let cy,...,¢, be the common neighbours of a and b with ¢ = ¢;. If

at least two of k,¢, and m are at least 2, then J is a strong hardness gadget by
Lemma 6.9. In particular, every strong hardness gadget is also a pre-hardness gadget.
If k=7 =m =1 then J is a pre-hardness gadget by Corollary 5.7, as follows. Let
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H be a (1,2)-supergraph of J, let ¢ = 3, and let C' = (a,b,¢,a). Then |N¢g g(a)| =
|INc,m(b)] = |[Nc,m(c)| =1 since k = £ =m = 1. Also, suppose for contradiction that
there exists a walk D = (dg, dp,d,, d,) with d, € Tg(a) \ {b,c}, dp € T (b) \ {a,c}
and d. € Tg(c) \ {a,b}. Consequently, as we do not allow self-loops in H, d, # a,
dp # b and d. # c. Then the vertices dg, a,b, ¢ induce a K -minor (contract the edges
{b,dp} and {c,d.} to obtain a Kj).

Hence assume w.l.o.g. that £ > 1 and { = m = 1. If k£ is odd then J is a pre-
hardness gadget by Lemma 6.10. If k is even and all a; have degree 2 then J is an
obstruction. Otherwise, for some j € {1,...,k}, let a; have degree at least 3. As J
is biconnected, there exists a shortest (induced) path P of length at least 2 from a;
to one of the vertices b, ¢ or to some a; with ¢ € [k] \ {j}. The internal vertices of P
are disjoint from b, c and {a; | ¢ € [k]}. If the endpoint of P is one of the other a;, we
obtain a K4-minor, hence the endpoint must be b or ¢; suppose w.l.o.g. that it is c.
As the largest induced cycle of J is a square, P has either length 2 or 3. In the former
case, we obtain a strong (and thus also a pre-) hardness gadget by Lemma 6.9. In the
latter case, J is a strong (and thus also a pre-) hardness gadget by Lemma 6.11. 0O

LEMMA 8.9. Let H be a biconnected Ky-minor-free graph. If H contains an in-
duced cycle of length at least 5 then H is either an obstruction or a pre-hardness
gadget.

Proof. We perform induction on |V (H)|: Let C' = (cg, ..., cq—1,¢o) be an induced
cycle of length ¢ > 5. If H is not an obstruction then, by Definition 8.6 there exists i
such that N¢ g (c;) has even cardinality and contains a vertex of degree not equal to
2. Assume w.l.o.g. that i = 1. So we can assume that N¢ g (c1) = {c},...,cl} where
k > 0 is even and degy(cl) # 2.

We invoke Lemma 8.3 and obtain a separation (A, B) of H such that C\{¢1} C A,
Nc,u(c1) € B and AN B = {cp, c2}. Furthermore, H is a (1,2)-supergraph of H[B].
Now consider the neighbours of ¢: We have that ¢y € I'gy(cl) and ¢y € Tz (c}) by the
definition of N g (c1). As degy(ci) # 2, there exists another neighbour w € 'y (ct).
By the properties of the separation (A, B), for any w € I'g(c1) \ {co,ca}, w € B.

Claim A: There is a vertex w in Uy (cl) \ {co,ca} and an induced path P in H[B]
from w to either ¢y or co such that all internal vertices of P are contained in B\
(Ne.m(e1) U{co,ca}). Furthermore, no internal vertex of P is a neighbour of ci.
Proof: Let w’ € T'y(ct)\ {co,ca}. As H is biconnected, the vertex ¢l is not an
articulation point. Consequently, there exists a path P’ from w’ to ¢y not containing
ct as internal vertex. We can assume P’ to be induced by taking possible “shortcuts”.
W.lo.g. we have that P’ does not visit cy as internal vertex as, otherwise, we can
just continue with co instead of c¢g.

Assume first that P’ contains a vertex in A\ B. As (A4, B) is a separation and
w’ € B, we have that P’ is of the form

P, P
w 33,

such that P; is contained in H[B] and z € AN B = {cp,c2}. However, as P’ is a
path that does not contain ¢y as internal vertex, we obtain that P, = () and z = ¢y,
contradicting the assumption.

Next assume that P’ contains an internal vertex z in N¢ g(c1) \ {c}}; we obtain
the contradiction by identifying a Ky-minor in H as depicted in Figure 8. We have
now shown that there is an induced path P’ in H[B] from w’ to ¢y or ¢y such that
all internal vertices of P’ are contained in B\ (N¢ m(c1) U {co,c2}). Now choose w
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Fig. 8: The K4-minor used in the proof of Claim A in Lemma 8.9. The dashed line
depicts the remainder of the cycle, and the dotted line depicts P’.

C2

Fig. 9: Illustration of cycle C' consisting of the dashed line and one of the vertices
ct, and path P (dotted) in the proof of Lemma 8.9.

to be the first neighbour of ¢} along P’ from ¢y or cg, respectively, and let P be the
sub-path of P’ going from ¢y or ¢, respectively, to w.
| |

We assume in the remainder of the proof that the Claim A holds for ¢g; the
case of ¢y is completely symmetric (by substituting every subsequent appearance of
co by co and vice versa). For convenience, we also provide an illustration of our
current situation in Figure 9. For the remainder of the proof, we need the following
observation:

Claim B: H[B] is biconnected.
Proof: By Menger’s Theorem, we have to show that there are two internally vertex-
disjoint paths (in H[B]) between every pair of different vertices = and y in B. As H is
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biconnected, there are two such paths @; and Q2 connecting z and y in H. If {z,y} =
{co, c2}, then the claim follows immediately as N¢ m(c1) € B and |Neg g (c;)| > 2.

Hence we can assume that {x,y} # {cg, c2}. The next step is to show that at least
one of Q; and Qs is fully contained in H[B]. If {x, y} intersects {cg, c2} (for example,
if y = ¢o) then this is clear because ¢g can only be on one of Q1,Q2. Otherwise,
suppose that one of the paths, say @2, from z to y, leaves H[B]. It leaves by one of
the vertices in the separator {cg,c2} and returns by the other. So @1 stays within
H[B]. If Q- is also fully contained in H[B] we are done.

Otherwise we have that w.l.o.g. (otherwise switch c¢g and ¢ and proceed symmet-
rically):

1 2 3
QQZ‘TQ_gC()Q_gCQQ_gyv

where Q3 and Q3 are in H[B] and Q3 is non-empty in H[A\ B]. Next we claim that
@)1 contains at most one vertex in N¢ pr(c1) as internal vertex. Assuming otherwise,
we have

1 2 3
lemQ—%c%Q—%C%Q—%%

where ¢t # ¢ € Nopy(c1). As Q is fully contained in H[B], we obtain a Kj-
minor, unless Q% contains cg or co as internal vertices: The K4-minor is induced by
co, c, 3, co — note that ¢y is connected to ca by C'\ {c1}, and ¢} is connected to c?
by Q7.
Thus we can assume that Q2 contains ¢y or ¢z as internal vertices.
e If ¢y is an internal vertex of Q?, then y # co. In this case, however, ; and
Q2 share ¢y as internal vertex, which leads to a contradiction.
e If ¢y is an internal vertex of Q?, then x # co. In this case, however, Q1 and
(2 share ¢y as internal vertex, which leads to a contradiction.
Consequently, Q1 contains at most one vertex in N¢ g (c1). As N¢ g(c1) is of even
positive cardinality, there exists hence a vertex z € N¢ m(c1) which is not part of
Q. Finally, this enables us to modify Q2 be substituting Q3 by the path c, 2, ca.
The resulting path is fully contained in H[B] and, by the previous analysis, internally
vertex-disjoint from (1. This concludes the proof of Claim B. |
We proceed with the following claim.

Claim C: If H[B] is an obstruction, then so is H.
Proof: If H[B] is an obstruction then it contains an induced cycle D satisfying the
requirements of Definition 8.6. For the sake of readability, we state those requirements
explicitly: The graph H|[B] contains an induced cycle D = (dy, . ..,d,—1,dp) for some
r # 4. Furthermore, we have that for all i, every vertex in Np g(pj(d;) has degree 2
in H[B], unless |[Np gp)(d;)| is odd.

We claim that H is an obstruction with cycle D: Observe that

Np. mp)(di) = Tae)(di—1) NTh)(diy1) = Ta(di—1) NTa(diy1) = Np,u(d;i),

where the second equality is true as H is a (1,2)-supergraph of H[B]. Consequently,
it remains to show that for all ¢ with |[Np g(d;)| even, every vertex in Np g (d;) has
degree 2 in H. For the sake of contradiction, we assume w.lo.g. that Np g(dy) is
of even cardinality and contains a vertex d; such that d; has degree 2 in H[B], but
degree at least 3 in H. As the separator of (A, B) is {co, c2}, the only possibility for
this to happen is dy = co or di = co. However, d = cp is impossible, as cg has at
least three neighbours already in H[B]: ¢g is adjacent to every vertex in N¢ m(c1),
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which is of positive even cardinality (i.e., of size at least 2), and ¢y is adjacent to the
first vertex in the path P from ¢y to w (see Figure 9).
Hence the remaining possibility is d; = co. Recall that d; = co has neighbours

1
crs -

,c¥ in B. So if there are only two of them, then k = 2 and |N¢ g (c1)| = 2.

However, as d, € Np g (d;) has degree 2 in H[B], and ¢} and ¢2 are adjacent to d; = ¢,
in H[B], we obtain that {c!,?} = {do,da} — recall that d; € L) (do) NTgipi(da).
Finally, Np g(d1) has positive, even cardinality. Thus there exists a vertex dj # dy
in Np g(di) which is also adjacent to dy and dy. This yields the following K,-minor
of H; note that Np r(d1) C B and the dashed line is C'\ ¢1, which is in A.

This concludes the proof of Claim C. |

In what follows, we perform a case distinction along the length L of the largest
induced cycle in H[B].

(D

(ID)

L > 5. This allows us to invoke the induction hypothesis to the graph H[B];
note that |V(H[B])| = |B| is indeed strictly smaller than |V (H)| as the cycle
C has length at least 5, and thus A is not empty. Furthermore, H[B] is bicon-
nected by Claim B. If H[B] is a pre-hardness gadget, then so is H, as H is a
(1,2)-supergraph of H[B]. If H[B] is an obstruction, then so is H by Claim C.
L < 4. Consider again the path P in Figure 9. By the assumption of this
case, P is either an edge or a 2-path. If P is an edge, then H[B] satisfies all
conditions of Lemma 8.8. Consequently, H[B] is a pre-hardness gadget or an
obstruction. In the former case, we are done as H is a (1,2)-supergraph of H[B]
and thus also a pre-hardness gadget. In the latter case, we obtain that H is an
obstruction as well by invoking Claim C.

Finally, assume that P is a 2-path. We claim that H is a pre-hardness gadget.
To this end, let H' be a K4-minor-free (1,2)-supergraph of H. Then H' contains
the following subgraph:
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C2

In particular, we have that ¢! and ¢} have no common neighbours in H' apart
from ¢y and co: This is due to the fact that they have no further common
neighbours in H, as otherwise H has a Ky-minor similarly as in the proof of
Claim A, and as H' is a (1,2)-supergraph, it cannot add common neighbours
to vertices. Furthermore, we have that k > 0 is even and that c},. .. ,c’f are all
common neighbours of ¢y and ¢y in H and thus in H'. We apply Lemma 6.5
to the subgraph of H' induced by the vertices c¥,co, x,w,cl, co and obtain a
hardness gadget in H’, unless this subgraph, call it F, is of type V. By the
previous argument, the only possibility for F' being of type V is k being strictly
greater than 2. However, as k is even, we obtain a hardness gadget in H' in
this case as well: We found an instance of Lemma 6.7. ]

8.3. K4-minor-free Component Lemma.

LEMMA 8.10 (Kj4-minor-free Component Lemma). Let B be a biconnected Ky-
minor-free graph. If B is not an edge then at least one of the following is true:
(a) B is a diamond.
(b) B is an obstruction.
(c) B is an impasse.
(d) For every K4-minor-free graph H containing B as a biconnected component, H
has a hardness gadget.

Proof. Let L be the size of the largest induced cycle of B. Note that L > 3 is
well-defined as B is biconnected, but not an edge. If L > 5 we obtain by Lemma 8.9
that B is either a pre-hardness gadget or an obstruction. In the latter case, (b) holds.
In the former case, (d) holds, as every Ky-minor-free graph H containing B as a
biconnected component is a (1,2)-supergraph of B.

If L <4 and B contains a triangle, then B is either a pre-hardness gadget or an
obstruction by Lemma 8.8. Similarly as before, (b) or (d) hold.

In the remaining case, B is chordal bipartite and we can invoke Lemma 6.17,
yielding that either (a), (c) or (d) hold. 0

9. K4-minor-free Graphs.

9.1. Suitable Connectors.

Definition 9.1 (suitable connector). Let H be a graph, let B be a biconnected
component of H, and let A C V(B) be a set of articulation points of H. We say that
(B, A) is a suitable connector in H if one of the following cases holds:
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B is an edge {a,b} and A = {a, b}, or

B is a diamond (Definition 6.16) that contains an edge {a,b} such that A =

{a, b}, or

e B is an impasse (Definition 6.15) that has a pair of connectors (a,b) such
that A = {a,b}, or

e B is an obstruction (Definition 8.6). In this case (B, A) is a suitable connector

in H if there is a cycle C € Cy(B) such that A = {c € C' | |[N¢ u(c)| is even}.

Note that A could be the empty set. If (B, A) is a suitable connector in H

then we fix a particular cycle C'(B, A) € Cy(B) such that

A ={ce C(B,A) | the cardinality of N¢(p,4),1(c) is even}.

(It does not matter if there are multiple possibilities for C(B, A) in Cy(B) —
we just fix one, for example, the lexicographically least one.)

LEMMA 9.2. Let B be a biconnected component in an involution-free graph H. If
B is a diamond then there exists a set A C V(B) of articulation points of H such
that (B, A) is a suitable connector in H.

Proof. If B is a diamond with vertices as given in Definition 6.16, then as H is
involution-free there exist articulation points a € {s,t} and b € {z1,...,x;}. Hence,
for A = {a,b}, (B, A) is a suitable connector in H. d

LEMMA 9.3. Let B be a biconnected component in an involution-free graph H. If
B is an impasse then there exists a set A C V(B) of articulation points of H such
that (B, A) is a suitable connector in H.

Proof. If B is an impasse with vertices as given in Definition 6.15, then as

H is involution-free there exist articulation points a € {vi,y1,...,yx} and b €
{vs, 21, ..., 2¢}. Note that (a,b) is a pair of connectors (cf. Definition 6.15) and hence,
for A ={a,b}, (B, A) is a suitable connector in H. 0

LEMMA 9.4. Let B be a biconnected component in an involution-free graph H. If
B is an obstruction then there exists a set A C V(B) of articulation points of H such
that (B, A) is a suitable connector in H.

Proof. If B is an obstruction then there exists a cycle C with C' € Cy(B). Let
¢ € C such that |N¢ g(c)| is even. By definition of an obstruction, every vertex in
|Nc,u(c)| has degree 2 in B. Since ¢ € N¢ m(c), |No,u(c)| > 2. Therefore, as H
is involution-free, at least one vertex in N¢ g(c) is an articulation point of H. By
renaming vertices, we can assume without loss of generality that c is an articulation
point. Hence, for A = {¢ € C | the cardinality of N¢ g(c) is even}, (B, A) is a
suitable connector in H, where C(B, A) = C. 0

9.2. Finding a Suitable Subtree. In this section we will use the notion of
rooted trees. Given a tree T and a vertex r in T, (T,r) is a rooted tree and the
tree-order <, induced by r (on T) is the partial order of the vertices of T, where for
vertices u and v of T' we have v <, v if and only if the unique path from r (the root)
to v passes through u. Such a partial order gives rise to the standard notion of child,
parent, ancestor and descendant. In order to clarify which tree-order we are referring
to we speak of an r-child, r-parent, r-ancestor and r-descendant when we mean child,
parent, ancestor and descendant with respect to <.

For a connected graph H, recall the definition of the block-cut tree BC(H) from
Definition 4.3.
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Definition 9.5 (R-open, R-closed). Let H be a connected graph, let a be a cut
vertex in BC(H), and let R be a block in BC(H). If a has exactly one descendant
with respect to <p in BC(H) and this descendant is a block in BC(H) that is an edge,
then a is R-closed (in BC(H)). Otherwise, a is R-open (in BC(H)).

Definition 9.6 (suitable subtree, closed). Let H be a connected graph. Let T be
a subtree of BC(H). We say that T is suitable if it has the following properties:
1. For every block B in T, (B,I'r(B)) is a suitable connector in H (Defini-
tion 9.1).
2. Every cut vertex of T has degree at most 2 in T
A suitable subtree T' is closed if there exists a block R in T such that every cut
vertex that is a leaf in T' is R-closed in BC(H).

LEMMA 9.7. Let H be a connected graph and let T be a suitable subtree of BC(H).
Let R and R’ be distinct blocks in T and let a be a cut vertex that is a leaf in T. If a
is R-closed in BC(H) then it is R'-closed in BC(H).

Proof. Let B be a block of BC(H). We show that B is an R-descendant of a in
BC(H) if and only if it is an R’-descendant. From this it follows immediately that
if a is R-closed in BC(H) then it is R'-closed in BC(H). Let B be an R-descendant
of a. Since a is a leaf of T and R is in T it follows that B is not in T. Since R, R’
and a are all in T', there is a path in T from R’ to a and consequently this path does
not contain B. Hence the unique path from R’ to B goes through a, which means
that B is an R’-descendant of a in BC(H). It is analogous to show that if B is an
R’-descendant of a it is also an R-descendant. O

The following lemma gives the initialisation for finding a closed suitable subtree
(which is then done in Lemma 9.9).

LEMMA 9.8. Let H be an involution-free, connected graph such that every bi-
connected component of H is an edge, a diamond, an impasse or an obstruction.
Then there exists a biconnected component By and a set of articulation points Ag C
V(By) such that (B, Ao) is a suitable connector in H and hence T(By) = ({Bo} U
Ao, {{Bo,a} | a € Ap}) is a suitable subtree of BC(H).

Proof. First note that if all biconnected components of H are edges, then there
is at least one edge between articulation points as H is involution-free and therefore
H is not a star. Therefore, H contains a biconnected component R that is one of the
following: a diamond, an impasse, an obstruction, or an edge for which both endpoints
are articulation points of H. In the first three cases we can use Lemmas 9.2, 9.3 or 9.4,
respectively, to obtain a suitable connector. If By is an edge {a,b} where both end
points are articulation points, then (Bg,{a,b}) is a suitable connector. Then it is
immediate that T'(By) is a suitable subtree of BC(H). d

LEMMA 9.9. Let H be an involution-free, connected graph such that every bicon-
nected component of H is an edge, a diamond, an impasse or an obstruction. Then
there exists a closed suitable subtree of BC(H).

Proof. Let By, Ao, T(Bp) be as given by Lemma 9.8. Algorithm 9.1 keeps track
of a suitable subtree T' of BC(H), a block R of T, and the set A(T') of leaves of T that
are cut vertices (i.e., that are articulation points of H).

44



Algorithm 9.1

R+ By
while A(T) contains an R-open cut vertex a*
// Invariant: All elements of A(T') are By-descendants of R.
if there is a suitable connector (B, A) in H such that B is an R-child of a* and
a* €A
// By the invariant, every element of A\ {a*} is a By-descendant of a*.
V< V(I)U{BYUA
E+ E(T)U{{B,a}|ac A}
T (V,E)
A(T) < (A(T)U A)\ {a}
else
Choose a suitable connector (B, A) in H such that B is an R-child of a* in

BC(H).
// By the invariant, every element of A is a By-descendant of a*.
V«—{B}UA

E <+ {{B,a}|ac A}

T (V,E)

R+ B

AT)+ A

We now show that Algorithm 9.1 is well-defined and finds a closed suitable sub-
tree.% In order to show that the algorithm is well-defined note that any R-open cut
vertex a* is an articulation point of H and therefore is adjacent to at least two blocks
of BC(H). At most one of these blocks can be an R-parent. Therefore a* has an
R-child in BC(H). If there is such an R-child B that is a diamond, an impasse, or
an obstruction, then by Lemmas 9.2, 9.3 or 9.4, respectively, there exists a suitable
connector of the form (B, A). If otherwise all R-children of a* are edges then a* has at
least one such R-child B = {a*, b} for which b is an articulation point (as a* is R-open
and H is involution-free). Therefore (B, {a*,b}) is a suitable connector. Thus, the
algorithm is well-defined as we can always choose a suitable connector (B, A) where
B is an R-child of a*.

We next show that at any point during the algorithm, 7" is a suitable subtree of
BC(H), R is a block in T, and A(T) is the set of leaves of T that are cut vertices of
BC(H). First note that in the initialisation this clearly holds by Lemma 9.8. We show
that after each update these properties still hold. Note that if we update T', R, and
A(T) as part of the else-block then R = B is the only block in T, I'r(B) = A, and
(B, A) is a suitable connector. Thus, T is a suitable subtree. Furthermore, the cut
vertex leaves of T' are precisely the elements of A and we have A(T') = A, as required.

If otherwise we update T and A(T) as part of the if-block then

1. The block R continues to be a vertex of T
2. We add precisely one block B together with the articulation points A and the
edges {{B,a} | a € A}, which ensures that I'r(B) = A and hence (B,I'r(B))

6Since the graph H is fixed, the running time of Algorithm 9.1 is not important for us. What is
important is that the algorithm gives us a (constructive) proof that such a closed suitable subtree
exists.
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is a suitable connector.
3. All cut vertices in A\ {a*} are leaves in T and since a* was a leaf before the
update, it now has degree 2 in T.
Consequently, T is a suitable subtree after the update. Furthermore, we remove a*
from A(T) as it now has degree 2 in T', and we add the cut vertices A\ {a*} to A(T)
since they are leaves in T.

We have established that at any point during the algorithm, T is a suitable subtree
of BC(H), R is a block in T, and A(T) is the set of leaves of T that are cut vertices.
It remains to show that Algorithm 9.1 terminates (in which case it is immediate that
T is a closed suitable subtree). Note that with each iteration we remove a vertex a*
from A(T). With each iteration we may also add some vertices to A(T). As noted in
Algorithm 9.1, the vertices that are added in each iteration are always By-descendants
in BC(H) of the vertex a* that is deleted. It follows immediately that Algorithm 9.1
terminates as we only consider finite graphs. ]

9.3. Suitable Subtrees without Obstructions.

LEMMA 9.10. Let H be a connected graph and let T be a closed suitable subtree
of BC(H). If no block of T is an obstruction then H has a hardness gadget.

Proof. As T does not contain an obstruction, the degree of every block in T is
2. Together with the fact that every cut vertex has degree at most 2, this implies
that, for a non-negative integer ¢, T' is a path of the form (bg, B1, b1, Ba, ..., By, by),
where B, ..., B, are blocks, i.e. biconnected components of H, and by, ..., b, are cut
vertices, i.e. articulation points of H. Since T is closed it contains at least one block
R and therefore ¢ > 1. Furthermore, for each ¢ € [q], (By,{bi—1,b;}) is a suitable
connector. And since B; is no obstruction, one of the following holds:

e B;is an edge {b;_1,b;}, or

e B; is a diamond that contains the edge {b;_1,b;}, or

e B; is an impasse such that (b;_1,b;) is a pair of connectors.
Since T is closed, there is a block R among Bj, ..., B, such that both by and b,
are R-closed. By Lemma 9.7, by is Bj-closed and b, is Bj-closed. It follows that
ITa(bo) \ VI(B1)| = 1 and [T (bg) \ V(Bg)| = 1.

Thus, we can apply Lemma 7.14 to obtain that H has a hardness gadget or
otherwise there exists L, C I'p, (bg) such that (Ly,b,) is a good start in B,. Since
T'a(bg) \ V(Bg) has odd cardinality, this means that (L4, b,) is a good stop in Bj.
Then Lemma 7.14 ensures that H has a hardness gadget in this case as well. ]

9.4. Suitable Subtrees with Obstructions. The goal of this section is to
prove Lemma 9.24, which gives a hardness gadget in a connected K,-minor-free graph
using a closed suitable subtree that contains an obstruction. In order to find this
hardness gadget we use Lemma 5.6, which derives a hardness gadget based on the
generalised cycle gadget from Definition 5.4. The sets of vertices Cy,...,Cq—1 from
Lemma 5.6 will correspond to the walk-neighbour-sets of a specific closed walk W.
With Algorithms 9.2 and 9.3 we define this walk W — it is the output of Algorithm 9.3.
In Lemmas 9.17, 9.18 and 9.19 we establish that the algorithms are well-defined and
give as output a closed walk in H whose length is at least 3, and not equal to 4. In
Figure 10 we give an example that illustrates how W is derived. In Lemmas 9.22
and 9.23 we then show that the walk-neighbour-sets of W satisfy certain properties
required to apply Lemma 5.6. In the proof of Lemma 9.24 we put all the pieces
together and establish the remaining necessary properties of W.

Definition 9.11 (obstruction-free path, proper). Let H be a connected graph
46



and let T be a closed suitable subtree of BC(H). A path in T is obstruction-free if
it does not contain a block that is an obstruction. An obstruction-free path is proper
if its endpoints are cut vertices of BC(H). Note that it is possible that a proper
obstruction-free path has length 0. Then it is of the form (v) where v is a cut vertex
of BC(H).

Definition 9.12 (Pg(a,b)). Let H be a graph and let a and b be vertices of H.
If @ = b then Pg(a,b) = (a). If a # b then Py(a,b) is a shortest path from a to b in
H.

In Definition 9.12, it is of course possible that H might have multiple shortest
paths from a to b. In this case, it doesn’t matter which of these is chosen to be Py (a, b)
— for concreteness, the reader may assume that P g (a, b) is the lexicographically least
of these. (In fact, when we use the definition, this shortest path will turn out to be
unique.)

LEMMA 9.13. Let H be a connected graph and let T' be a closed suitable subtree of
BC(H). For a non-negative integer q, let P = (bg, B1,b1,Ba, ..., By, b,) be a proper
obstruction-free path in T. Then Py (by,by) is the unique shortest path from a to b
in H. It passes through by, b1, ..., by in order. For i € [q], the subpath of P (by,by)
that connects b;_1 and b; is either an edge or it is of the form (b;—1,v,b;), where v is
the unique common neighbour of b;_1 and b; in H.

Proof. Since P is a proper obstruction-free path, bg, by . .., b, are cut vertices and
By, ..., B, are blocks. Since 7' is a suitable subtree and P is obstruction free, for
each i € [q], (B, {bi—1,b:}) is a suitable connector, where B; is an edge, diamond
or impasse. Since By, ..., B, are biconnected components, every path from by to b,
traverses by, by ..., b, in order. The shortest path from by to b, is unique, if for each
1 € [k], the shortest path from b;_; to b; is unique. If B; is an edge or diamond, this
is clearly the case since then the shortest path from b;_; to b; is an edge. If B; is
an impasse then (b;—1,b;) is a pair of connectors of B; and by Definition 6.15 there
is no edge between b;_; and b;, but there is a unique common neighbour v of b;_
and b; in H and consequently the unique shortest path from b;_; to b; is of the form
(bi—1,v,b;), as required. d

Definition 9.14 (attachment point, exit, destination). Let H be a connected
graph and let T be a closed suitable subtree of BC(H). Let a be a cut vertex that
has an obstruction B as a neighbour in 7. Then, since every cut vertex of T" has
degree at most 2, there is a unique maximal-length proper obstruction-free path P*
in T starting at a. Let b be the other endpoint of P* (possibly P* = (a) in which case
b = a). The vertex a is an attachment point of (T, B) if b is a leaf in T. Otherwise, a is
an exit of (T, B). In this case, b is adjacent to a block B” # B which is an obstruction.
We say that (b, B') is the destination of a in T.

At the beginning of this section we outlined our plan to define a particular closed
walk W. We chose the names in Definition 9.14 since W will exit an obstruction when
it encounters an exit, and it will then proceed towards the destination of that exit.
The walk W will not exit an obstruction when it encounters an attachment point.
However, W will be designed so that every even-cardinality walk-neighbour-set of W
contains an attachment point, and the structure that is attached to such a point will
allow us to construct a hardness gadget.

Definition 9.15 (concatenation “+7). Let W = (wo,...,wg) and W' = (wy,
..., wy) be two walks such that wy = w(. If k = 0 then the concatenation W + W’ of
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W with W' is equal to W’. Similarly, if £ = 0, it is equal to W. If both k and ¢ are
positive then W + W’ = (w, ..., Wk—1, Wk, W] ..., Wy).

Definition 9.16 (D(C), W¢(a), We(a,b)). For an integer ¢ > 3, let C =
(co,-..,¢q—1,c0) be a cycle in a graph H. Then D(C) is the cyclic order induced
by the order in which the walk C traverses the vertices {co,...,cq—1}. For a € C,
We(a) is the walk from a to itself following all of the vertices of C' in the order given
by D(C). For a,b € C, W¢(a,b) is the walk from a to b along C in the order given
by D(C).

Algorithm 9.2 EXITWALK(T, a*, B, ¢, ag)

Input: A closed suitable subtree T of BC(H) of a connected graph H, a cut vertex
a* in T, an obstruction B that is a block in T such that disty(a*, B) = ¢, and an
exit ag of (T, B)

C + C(B,T'r(B))
{ag, . ..,ar} < The exits of (T, B) in the order of D(C), starting from ag
if k=0
W« Wc(ao).
else
{(b1,B1), ..., (bk, Br)} < The destinations of aq, ..., ax, respectively
W Wc(ao, al)
fori=1,...,k
r; < diStT(B7 bl)
W+ W + Pg(a;, b)) + EXXTWALK (T, a*, B;, £ +1; + 1,b;) + Py (b;, a;)+
We(ai, Git1 mod k+1)
Output: W

Algorithm 9.3 WALK(T, B)

Input: A closed suitable subtree T' of BC(H) of a connected graph H, an obstruction
B’ that is a block in T
if there is an exit a* of (T, B’)
(b*, B*) + The destination of a*
r* <« disty(a*, b*)
W« EXiTWALK(T,a*, B',1,a*) + Py (a*,b*)+
EXITWALK(T, a*, B*,7* + 1,b*) + Py (b*,a*)

else
W+ C(B',I'r(B"))
Output: W

In Figure 10 we provide some illustrations of a graph H, a closed suitable subtree
T € BC(H), and the walk W returned by Algorithm 9.3. In order to gain intuition,
it is probably useful to simulate WALK(T, O1). The exit a* can be chosen to be as
with destination (b*, B*) = (bg, O2). The variable r* is set to 0. So the first part of
W is the output of the call EXITWALK(T, a2, O1,1, az).

Let’s start by considering that call. T'r(O1) = {¢1,a1,a2} and C is the cycle
around O; shown in red. The exits are {as, a1} so the output W of this call starts
by following the red cycle clockwise from as to a;. In the else-clause we have k = 1
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and the destination of a; is (b1, O3). The walk next takes the unique shortest path
from a; to by. Then there is a call to EXITWALK(T, as, O3, ¢, b1), for some value of ¢
(the value of ¢ doesn’t matter — it is just for accounting). The only exit of (7', O3)
is b1, so this call returns a walk around the red cycle in O3 from b; to itself. Finally,
the call to EXITWALK(T, as, O1,1,a2) takes the unique shortest path back from by
to a; and finishes the red cycle in O; clock-wise, back to as. Thus, the output of
EXITWALK(T, a2, 01,1, as) is a closed walk from agy to itself that covers all of the red
edges in the picture, apart from the triangle in Os.

This is concatenated with P (ag,b2) = (a2) (which does nothing). Then it is
concatenated with the output of a call to EXITWALK(T, a2, 02,1, a2). Now (O2, {az})
is a suitable connector in H with C(O3,{az}) equal to the red triangle in Oq, so C
is assigned to be this triangle. The cut-vertex ag is the only exit of C, so this call
returns the walk from as to itself around C. Concatenating Py (a2, by) with this does
not change the output. The entire walk is coloured in red.

We now proceed to establish the correctness of Algorithms 9.2 and 9.3, and to
prove some properties of the walks that they output.

LEMMA 9.17. All calls to EXITWALK(+) in Algorithms 9.2 and 9.3 have arguments
that are feasible inputs to Algorithm 9.2.

Proof. First, consider Algorithm 9.2, where for ¢ = 1,...,k we make a call
EXITWALK(T, a*, B;, £ + r; + 1,b;). Observe that b; is an exit of (T, B;) by the
definition of a destination (Definition 9.14). It remains to check that distr(a*, B;) =
¢4 r;+ 1. This is true since ¢ = distr(a*, B) and r; = disty (B, b;) using the fact that
the (unique) path from a* to B; in the tree T' goes from a* to B then from B to b;
and then from b; to B;, where B; is adjacent to b;.

Second, consider Algorithm 9.3. The if-block makes two calls to EXITWALK(-) —
one is EXITWALK(T, a*, B’,;1,a*) and the other is EXITWALK(T, a*, B*,r* + 1,b*).
Observe that a* is an exit of (T, B’) by the condition of the if-block and b* is an exit
of (T, B*) by the definition of a destination. It remains to check that distr(a*, B’) = 1
and distr(a*, B*) = r* + 1. The former is immediate since a* is adjacent to B’ in
T. The latter is true since r* = distr(a*,b*) and B* is adjacent to b* in T where the
(unique) path from a* to B* goes via b*. |

LEMMA 9.18. EXITWALK(T, a*, B, ¢, ag) (Algorithm 9.2) is well-defined, termi-
nates, and returns a closed walk in H of length at least 3 from aq to itself.

Proof. First consider the case k = 0. Clearly, Algorithm 9.2 terminates and is
well-defined. It returns We(ag), which is a cycle from ag to itself of length at least 3.
Now consider the case where k& > 1. Note that with each recursive call of EXITWALK(-)
the value of the parameter ¢ increases. Since ¢ corresponds to the distance between
a* and B in the finite graph T', Algorithm 9.2 terminates.

We now show that Algorithm 9.2 returns a closed walk of length at least 3 from
ap to itself. If, for ¢ € [k], EXITWALK(T, a*, B;, £ + r; + 1,b;) returns a closed walk
from b; to itself of length at least 3 then Pg(a;,b;) + EXITWALK(T, a*, By, £ + r; +
1, bz) + PH(bia ai) + Wc(ai, A;4+1 mod k+1) is a walk from a; to @;11 mod k+1 Of length
at least 3. Thus, EXITWALK(T, a*, B, ¢, ap) returns a closed walk from ag to itself of
length at least 3. Since Algorithm 9.2 terminates, it reaches the base of the recursion,
i.e., the case kK = 0, at some point, and we have already verified that the base case
returns a closed walk of length at least 3, as required.

Finally, we show that Algorithm 9.2 is well-defined. By Lemma 9.17 all subroutine
calls have feasible inputs. Also observe that all concatenation operations are well-
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Fig. 10: A graph H, a closed suitable subtree T of BC(H) with a block O1 that is an
obstruction, and WALK(T, Oy).

(Top) An involution-free and K4-minor-free graph H such that every biconnected
component is an edge, a diamond, an impasse or an obstruction. Articulation points
are depicted as filled vertices.

(Center) A closed and suitable subtree T' of the block-cut tree of H, rooted at Oj.
Note that every cut vertex of T that is a leaf (i.e., ¢; or ¢11) is Oq-closed in BC(H).
(Bottom) Solid lines are contained in the subgraph of H induced by V(T'), while
dashed lines are not. The red closed walk is the output of WALK(T, O1). Observe
that a; and ag are exits of (T, O1) with destinations (b1, O3) and (ba, O2), respectively,
and that ¢; and ty are attachment points of (T, O;) and (T, O3), respectively.
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defined since, for each i € [k], EXITWALK(T, a*, B;, £ + r; + 1,b;) returns a closed
walk from b; to itself. O

LEMMA 9.19. WALK(T, B’) (Algorithm 9.3) terminates, is well-defined, and re-
turns a closed walk in H of length q, where ¢ > 3 and q # 4.

Proof. Since Algorithm 9.2 terminates (Lemma 9.18), it is immediate that Al-
gorithm 9.3 terminates. If there is no exit of (T, B’) then WALK(T, B’) returns
C(B',T'r(B’)) which is a cycle in Cy(B’) by Definition 9.1 and hence has length
at least 3, but not 4, by Definition 8.6. If there is an exit a* of (T, B’) then, by
Lemma 9.17 all subroutine calls have feasible inputs. By Lemma 9.18, the algorithm
EXITWALK(T, a*, B, 1,a*) returns a closed walk from a* to itself, of length at least
3, and EXITWALK(T, a*, B*,r* 4+ 1,b*) returns a closed walk from b* to itself, also of
length at least 3. It follows that the concatenations in the if-block are well-defined
and therefore that Algorithm 9.3 is well-defined. Also, EXITWALK(T, a*, B',1,a*) +
Py(a*,b*)+ EXITWALK(T, a*, B*,r* +1,b*) + P (b*,a*) is a closed walk from a* to
itself of length ¢ > 6. |

OBSERVATION 9.20. WALK(T, B’) (Algorithm 9.3) outputs a closed walk W. If
(T, B’) has no exit then W = C for a cycle C € Cy(B’). Otherwise, the following
holds. For a positive integer j, there are obstructions By, .. .,B;- such that W is of
the form W = Qo+ FPo + Q1+ Py -- -+ Q; + P; where Q; and P; satisfy the following
properties for all i € {0,...,j}.

o Let C; = C(B[,I'r(B})). Then there are vertices a and a' in B} such that Q;
is of the form W¢,(a) or We,(a,a’). Fither way, all vertices of Q; are in

Bl. Furthermore, only the endpoints of Q; are exits of (T, B.).
o There is an exit a of (T, Bj) with a destination (b, B[, .4 (j41)) such that
P; is a path of the form Py (a,b). Hence, by Definition 9.1/ and Lemma 9.13,
the endpoints of P; are the only vertices of P; that are part of an obstruction.

o The obstruction Bj is distinct from the obstruction Bi , .4 (j11)-

Ezplanation of Observation 9.20. If (T, B') has no exit then the result follows directly
from the definition of C(B, A) for a suitable connector (B, A) of an obstruction B
(Definition 9.1).

For the remaining case, we will prove that EXITWALK(T,a*, B, ¢, ag) (Algo-
rithm 9.2) outputs a closed walk W’. For a positive integer ¢, there are obstructions
By, ..., By such that W' is of the form W’ = Q + Y (P + Q}) where Q} and P/
satisfy the following properties for all i € {0,...,q}.

o Let C; = C(BY,T'r(B/)). Then there are vertices a and «’ in B} such that
Q) is of the form W, (a) or W, (a,a’). Either way, all vertices of @} are in

BY'. Furthermore, only the endpoints of @} are exits of (T, BY).
o There is an exit a of (T', B') with a destination (b, B, ; o4 (j11)) Such that
P/ is a path of the form Py(a,b). Hence, by Definition 9.14, the endpoints

of P! are the only vertices of P/ that are part of an obstruction.

e The obstruction By’ is distinct from the obstruction B\, 4 (441)-

The proof is by induction on the recursion depth. If EXITWALK(T, a*, B, ¢, ag) makes
no recursive calls then the variable “k” is equal to 0 and we also set ¢ = 0. In
this case, Bj is equal to B, and the first property follows easily (the others are
vacuous). Otherwise, k is positive and (T, B) has exits {ag,...,ax} where ay,...,ax
have destinations (b1, B1), ..., (b, Bx). Note that By, ..., By are disjoint from B and
from each other. Once again, Bj is B. @, is W (ao, a1), as defined in the algorithm.
Then By is By, and P{ is Py (a1,b1) as defined in the algorithm. The rest follows by
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induction, and examination of the algorithm, using the fact that the block-cut tree is
a tree.

Given this fact for Algorithm 9.2, we obtain the conclusion for Algorithm 9.3
by putting together the pieces in the output W. This completes our explanation of
Observation 9.20.

LEMMA 9.21. Let H be a connected graph. Let T be a closed suitable subtree of
BC(H). Let B’ be an obstruction that is a block of T. Let W = (wo,, ..., Wq—1,Wo)
be the output of WALK(T, B’) (Algorithm 9.3). Then, for each i € {0,...,q — 1}, w;
and Wit2 mod ¢ are distinct.

Proof. All indices in this proof are considered to be modulo gq. For any i €
{0,...,q — 1}, our goal is to show w; # w;12. We make a case distinction based on
Observation 9.20.

o If Wis a cycle C € Cy(B’) then w; # w;4o is immediate.

e Otherwise, for a positive integer j, W is of the form W = Q¢ + Py + Q1 +
Py -+ Q; + P; with the properties stated in Observation 9.20. We consider
the walk (w;, wit1, Wit2).

— If for some ¢ € [j], (w;, wiy1,wite) is a subwalk of Qp then w; # w;yo
since, by Observation 9.20, @; is a subwalk of a cycle.

— If for some ¢ € [j], (w;, wi+1,w;t2) is a subwalk of P, then, since P is a
path, we have w; # w;o.

— Otherwise, by Observation 9.20, there is no biconnected component that
contains both w; and w; o and consequently w; # w;o. a0

The following lemma establishes (a stronger version of) the properties (L5.5.2)
and (L5.5.3) for the walk returned by Algorithm 9.3, as required by Lemma 5.6.

LEMMA 9.22. Let H be a connected K4-minor-free graph. Let T be a closed suit-
able subtree of BC(H). Let B’ be an obstruction that is a block of T. Let W =
(wo, ..., wq—1,wp) be the output of WALK(T, B') (Algorithm 9.3). By Lemma 9.19,
W is a closed walk and ¢ > 3. For each i € {0,...,q — 1}, let W; = Nw g(w;)
(Definition 4.2). If H has no hardness gadget then the following statement holds:

Ifu € Wisimodq and v € Wit mod g then T'u(u) NTy(v) = W;.

Proof. All indices in this proof are considered to be modulo ¢. Let i € {0,...,q—
1}, w € W;_1 and v € W;y1. Our goal is to show that I'y (u) N Ty (v) = W;. We split
the proof into two cases (Claims A and B).

Claim A: If there is no biconnected component of H that contains both w;_1 and
wiy1 then Ty (u) NTy(v) = W;.

Proof: If there is no biconnected component that contains both w;_; and w;;1 then,
by the definition of W;, W; = {w;}. Since w;_; and w;;1 are not in the same bicon-
nected component every path from w;_; to w;;1 goes through w;. There is a path
from w;_1 to u via w;_o and there is a path from v to w;4+1 via w;ys. Since w;_s and
w;4o are distinct from w; by Lemma 9.21 these paths do not go through w;. Hence
every path from u to v also goes through w;. Thus, there is no biconnected component
that contains both v and v. Hence, I'y(u) NT'g(v) = {w;} = W;, as required. This
concludes the proof of Claim A. |

Claim B: If there is a biconnected component B such that w;—1 and w;11 are in B
then T (u) NTy(v) = W;.
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Proof: By Lemma 9.21, w;—1 # w;4+1. This together with the fact that w; is adjacent
to both w;_; and w;4; implies that w; is also in B. If u = w;_; then it is trivial that
wisin B. If w # w;—1 then |W;_1| > 1. By the fact that W;_1 = 'y (w;—2) N Ty (w;)
and the fact that both w;_; and w; are in B, it follows that W;_; C V(B) and that
w;—9 is in B. Thus, we have established that « is in B. Analogously, v is in B. We
state this formally so we can refer to it.

Fact 1: If [W;_1| > 1 then every vertex in W;_1 U {w;_2} is in B. Similarly, if
|[Wii1| > 1 then every vertex in Wiyq U {w;i2} is in B. Consequently, both u and v
are in B.

If u=w;—1 and v = w;11 then Ty (u) NTx(v) =Ty(wi—1) NTy(wir1) = W;, as
required.

Therefore, we assume for the rest of the proof that u # w;_1 (the case v # w; 1
is symmetric). By Fact 1, the walk (w;—2,w;—1,w;,w;+1) is in B. We show that
B is an obstruction. Suppose, for contradiction, that B is an edge, diamond or
impasse. Then by Observation 9.20, there are cut-vertices a and b such that the walk
(wi—2, wi—1,w;, wi+1) is a subpath of Py (a,b). This contradicts Lemma 9.13, which
states that no four consecutive vertices of this path are part of the same biconnected
component.

Thus, we have established that (w;_2,w;—1,w;, w;11) is a walk in the obstruc-
tion B. By Observation 9.20 and the definition of W¢(+) (Definition 9.16), it is
a subwalk of some cycle C € Cy(B) following the order D(C). It follows that
Wi_1 = Ne,a(wi—1) and W; = N¢ g(w;). By Corollary 8.5, from the fact that
H has no hardness gadget and |W,;_;| > 1 it follows that W; = {w;}. Let ¢ be the
length of C. Since C' € Cy(B) we have £ = 3 or £ > 4. We make a case distinction
depending on /.

e Suppose ¢ = 3 80 w;—2 = w;+1. Suppose, for contradiction that |W; 1| > 1.
Then by Fact 1, w;49 is also in B and (w;—g, w;—1, w;, Wi+1, Ww;+2) is a subwalk
of We(+). This gives a contradiction to the fact that all vertices of W (+),
apart from possibly its endpoints, are distinct (see Definition 9.16). Therefore,
Wit1 = {wiy1} and consequently v = w;q1. Since u # w;—1, (v, u,w;,v)
and (v,w;_1,w;,v) are two distinct triangles that share the edge {w;,v}.
By Lemma 6.9, since H has no hardness gadget, © and v have no common
neighbour other than w;.

e Suppose £ > 4. Apply Lemma 8.3 to the cycle C' and the index i — 1. This
shows that there is a separation (Aj, A3) of H such that C'\ {w;—1} C Ay,
Wi_1 = No g (wi—1) C Ag, and A1 N Ay = {w;—2,w;}. Since u € Ag, u is not
adjacent to any vertex in C'\ {w;_2, w;—1,w;}. By the definition of Cy(B)
(Definition 8.6) C' is an induced cycle of B, so the cycle C’ that is obtained
from C by replacing w;_; with w is also an induced cycle of B. Also, C’ has
length ¢ > 4. Since H has no hardness gadget, we can apply Corollary 8.5 to
obtain (using the fact that Nov g (u) = Ne g(w;—1) = W;_1 has cardinality
greater than 1) that |N¢v g(w;)| = 1. By definition, Nev g (w;) = Tg(uw) N
FH(w,-_,_l), SO FH(U) N FH(wi+1) = {w,}

— If [W;q1] = 1 then v = w; 41, so we are finished.

— Suppose that |W;;1| > 1. By Fact 1, w;+1 and w;y2 are in B, and
consequently the walk (w;_2,u,w;, w;y1,w;t2) is a subwalk of C'. Tt
follows that W;11 = N¢r g(wi+1). Apply Lemma 8.3 to the cycle C’
and the index i+ 1. This shows that there is a separation (As, A4) of H
such that C/ \ {wi+1} g Ag, Wi+1 Q A4, and A3 n A4 = {wi,wi+2}.
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Since v € Ay, v is not adjacent to any vertex in C” \ {w;, wit1, Wiya}-

So the cycle C” that is obtained from C’ by replacing w; 1 with v is

also an induced cycle of B with length ¢ > 4. Since H has no hard-

ness gadget, we can apply Corollary 8.5 to obtain (using the fact that

Neo g (v) = Witq has cardinality greater than 1) that |[Nov g (w;)| = 1.

By definition, Nov g(w;) =T'g(u) NTh(v), so we are finished. |
This concludes the proof of Claim B. |
The lemma follows immediately from Claim A and Claim B.

The following lemma establishes property (L5.5.4) for the walk returned by Al-
gorithm 9.3, as required by Lemma 5.6.

LEMMA 9.23. Let H be a connected graph. Let T be a closed suitable subtree of
BC(H). Let B’ be an obstruction that is a block of T. Let W = (wo,, ..., Wq—1,Wo)
be the output of WALK(T, B') (Algorithm 9.3). By Lemma 9.19, W is a closed walk
and q > 3. For each i € {0,...,q — 1}, let W; = Nw.g(w;). Then there exists no
closed walk D = (do, ..., dg—1,do) with d; € T g (W;)\ (Wi—1 UW;41) for all i (indices
taken modulo q).

Proof. Assume for the sake of contradiction that such a walk D exists. We dis-
tinguish two cases:

(I) W is not entirely contained in a single biconnected component of H. In this
case, there is an index ¢ such that no biconnected component contains both w;_1
and w;11. Now consider d;_1 € I'g(w;—1) and d;11 € T'y(w;+1). Note that
d;—1 # w; and d;11 # w; by the specification of D. Note further that d; # w;
as we do not allow self-loops in H. Consequently, there are two internally
vertex disjoint 2-paths from w;_; to w;i1; one passes through d;_;1, d; and
d;+1; and the other passes through w;. This is a contradiction to the fact that
no biconnected component contains both w;_; and w;41.

(IT) W is entirely contained in a biconnected component B. By Observation 9.20,
the only possibility for this to be true is that B is an obstruction and W is a
cycle in Cy(B). By the definition of obstructions (and Cy(B)), W is thus an
induced cycle of length ¢ such that ¢ > 3 and ¢ # 4. The lemma will follow
easily from the following claim.

Claim A: Dn(J,W;) =0.

Proof: Assume for contradiction that d; € W; for some indices ¢ and j. Note
that j ¢ {i — 1,7+ 1} by the specification of D. We cannot have j = ¢ since
d; € Ty (W;) so d; ¢ W, (otherwise H has a self-loop). Since j ¢ {i—1,7,i+1},
we have ¢ > 5. We will show that H has a K -minor. Since d; is adjacent to
w;, and it is not equal to w;_; or w;4+1 and since W is an induced cycle in B,
we conclude that d; is distinct from the vertices of W. H therefore contains a
Ky-minor containing the vertex d; and its three neighbours w;, w;_1 and w;1.
There are disjoint paths between these three vertices along the cycle W and d;
is not on these paths. See the following illustration.
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This concludes the proof of Claim A. |
We have assumed for contradiction that D exists, and proved Claim A. We
obtain the contradiction by using Claim A to construct a Ky-minor in H.
Claim A demonstrates that W N D = (). Now contract the walk D to a single
vertex. This yields a vertex d ¢ W which is adjacent to all vertices of W. As
W has length at least 3, we have found a K4-minor as promised. ]

LEMMA 9.24. Let H be a connected K4-minor-free graph. Let T be a closed suit-
able subtree of BC(H). Let B’ be an obstruction that is a block of T. Then H has a
hardness gadget.

Proof. Let W = (wo,...,wq—1,wp) be the output of WALK(T, B’). According
to Lemma 9.19, W is a closed walk with ¢ > 3 and ¢ # 4. Our goal is to use
Lemma 5.6 to show that H has a hardness gadget. To this end, we identify the sets
C; of Lemma 5.6 with the sets W; = Ny, g (w;). Let S be the set of all ¢ such that W;
has even cardinality.

Claim A: For every i € S, there is an obstruction O; such that the following hold
for Cl = C(Ol,FT(Oi))

Wi—1,W;, Wiy1 € C;.

Wi = NC“H(wi).

Every vertex in W; has degree 2 in O;.

w; is an attachment point of (T, 0;).

Proof: Fix i € S. By the definition of W; and the fact that |W;| > 1, there is
a biconnected component O; of H that contains w;_;, W;, and w;y;. Suppose, for
contradiction, that O; is an edge, diamond or impasse, then, by Observation 9.20, the
walk (w;_1,w;, w;11) is a subpath of a path of the form P (-). However, since |W;| >
2, w;—1 and w;y1 have at least 2 common neighbours in H, this is a contradiction to
Lemma 9.13.

We have established that O; is an obstruction. Since T is a suitable subtree,
(0;,T7(0;)) is a suitable connector and, by Definition 9.1, C; = C(0;,T'r(0;)) is
a cycle with I'r(O;) = {c¢ € C; | the cardinality of N¢, u(c) is even}. By Observa-
tion 9.20, (w;—1,w;, w;y1) is a subwalk of a walk of the form W, (). Tt follows that
Wi—1,W;, Wi+1 € C; and W; = N¢, g (w;), as required.

As the cardinality of W; is even and C; € Cy(0O;), by Definition 8.6, every vertex
in W; has degree 2 in O;, as required.

The fact that the cardinality of W; is even also implies that w; € I'r(O;) (since
I'r(0;) = {c € C; | the cardinality of N¢, g(c) is even}). Thus, by Definition 9.14,
w is either an exit or an attachment point of (T, O;). However, by Observation 9.20,
only the endpoints of W, (+) are exits, which means that w; is an attachment point,
as required. This finishes the proof of Claim A. |
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In the remainder of this proof, for each ¢ € S, let O; and C; be as stated in
Claim A. Next we use the fact that, for each i € S, w; is an attachment point of
(T, 0;) to define a gadget (.J;,2;). Those gadgets will be used in the construction of
the gadgets (Jo, 20), - - -, (Jg—1, 2q—1) required by Lemma 5.6. Recall that, by definition
of attachment points (Definition 9.14), for each i € S, there is a (unique) maximal-
length proper obstruction-free path P; = (bh, Bf,bi, By,...,B. ,b,) in T such that
w; = bfh and b} is a leaf in T. As T is closed, we obtain that, for some block R of T,
the vertex b}y is R-closed, i.e., bf) has precisely one descendant in BC(H) with respect
to <gr. Moreover, this descendant must be an edge. We distinguish whether ¢; = 0
or g; > 1:
¢i = 0: We have w; = b}, = bf. Since by = w; is R-closed, Lemma 9.7 ensures that

it is also O;-closed. Consequently, w; has precisely three neighbours in H:
The two neighbours in O; (which are w;—; and w;4+1 — these are distinct by
Lemma 9.21), as well as the other endpoint ¢; of the edge that is the unique
descendant of w; in BC(H).

We define J; to be a single edge, one endpoint of which is z;, and the other
endpoint of which is pinned to w;. Observe that

{ve V(H) | ‘hom((ji,z?i) = (H, v)) is odd.} = {w;_1,wis1, 6} .

This concludes the definition of (jl, %;) in the case that ¢; = 0.

¢; > 1: By Lemma 9.7, b} is Bj-closed. It follows that [Tz (b)) \ Bi| = 1. Since T is
a suitable subtree and P; is obstruction-free, for each j € [g;], (B, {b}_,0%})
is a suitable connector in H and B; is an edge, diamond or impasse. Thus,
we can invoke Lemma 7.14. We obtain that at least one of the following is
true:

— H has a hardness gadget.

- B;i is an edge or a diamond and (L;, bfh) is a good start in Béi but not
a good stop in B} , where L; = {b, _,}.

— B, is an impasse, and (L;,b, ) is a good start in Bj but not a good
stop in B;i, where L; = {d;} and d; is the unique common neighbour of
bfh_l and bfh in H.

We are done in the first case, so suppose that one of other cases applies.
By definition of good starts, we thus obtain a gadget (j“ Z;) such that, for
R =Tp(by,) \ V(By,),

{ve V(H) | ‘hom((ji,éi) = (H,v)) is odd.} = L; U R;.

Note that L; and R; are disjoint. Further, recall that w; = bfh and therefore
RiNV(0;) = {wi—1,wit1} (by Claim A). As (L;,b},) is not a good stop
in B;, we have that R; is of even cardinality, and thus L; U R; is of odd

cardinality. This concludes the definition of (J;, 2;) in the case that ¢; > 1.
We now state the previously-established crucial property of the gadgets (J;, 2;) (which
applies for all ¢;, unless H has a hardness gadget).

Fact 1: For every i € S, there is a gadget (J;, 2;) such that the set

Q= {veV(H) | ‘hom((ji,éi) ~ (H, v))‘ is odd.}
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Zi+1

Fig. 11: The gadget (J;, z;) for the casei —1€ Sandi+1€ S

is a subset of T (w;), has odd cardinality, and contains precisely two vertices of O;
— the vertices wi—1 and w;41.

We proceed by defining for each i € {0,...,q — 1} the gadgets (J;, 2;) needed for
Lemma 5.6. The definition of (J;, z;) depends on whether or not i — 1 and i+ 1 are in
S. (Ji, z;) always contains the vertex z;. Additionally, for j € {i —1,i4+1},if j € S
then (J;, ;) also contains a copy of the gadget (J;, 2;) and z; is adjacent to 2;. We
provide an illustration of (J;, z;) for the case i —1 € S and i+ 1 € S in Figure 11.

Following the notation of Lemma 5.6, we set (for every ¢ € {0,...,q — 1}):

Q={veV(H)| hom((J;,z)— (H,v))| is odd.}

Claim B: For alli € {0,...,q—1} the following holds true, unless H has a hardness
gadget; indices are taken modulo q:
L] Ifl—]. € S then W;_1NQ,; = {wi,l}, and ’LfZ—]. ¢ S then W;_1NQ; = W;_1.
o Ifi+1€ S then Wit neQ; = {wi+1}7 and ifi+1 ¢ S then Wit1 N, = Wii1.
So, W;_1 N Q; and W11 N Q; have odd cardinality.

Proof: We only show the first item; the second one is symmetric. We distinguish
whether or not 1 — 1 € S:
(I) If i — 1 € S then, by Claim A, w;_; and w; are contained in the cycle C;_1,
and Wi,_1 = NCi,l,H(wi—1)~ Since Oi—l S Cy(Oi_l), Ci—l is an induced cycle
in O;_1 (hence in H) and is not a square. Therefore we can apply Corollary 8.5.
It follows that H either has a hardness gadget, in which case we are done, or
|Ne,_,m(wi)| =1, ie., Ne,_, m(w;) = {w;}. This implies that w; is not an
exit of (T,0;_1), and thus w; 41 € C;_1 and consequently W; = N¢, |, m(w;) =
We are now able to prove that W;_1NQ; = {w;_1}. First, forv € W;_1\{w;_1},
we show that v ¢ Q; and hence v ¢ W;_; N Q;. By the construction of J;, it
suffices to show that there is an even number of vertices in Qi,l that are
adjacent to v. Recall from Fact 1 that Qi,l C T'g(w;—1). The vertex v has
precisely two common neighbours with w;_1, namely w;_o and w; (any others
would lead to a Ky-minor in H induced by the vertices {v, w;_o,w;_1,w;}). By
Fact 1, we know that both of these are in Qi_l and hence that there are two
vertices in Q;_1 that are adjacent to v, as required.
It remains to show that w;_; € ; and hence w;—1 € W;_1 N ;. By the
construction of J;, it suffices to show that there is an odd number of vertices
in Q,_; that are adjacent to w;_1, and, in case i + 1 € S, that there is an odd
number of vertices in Qi+1 that are adjacent to w;_1.
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e By Fact 1, Qi C Iy (w;—1). Hence every element of 0,4 is adjacent to
w;_1. By Fact 1, Q;_1 has odd cardinality, as required.

e Suppose that i + 1 € S. By Fact 1, we have Qz‘+1 C I'y(wit1) and
w; € Qi+1. Furthermore, w; is the only common neighbour of w;_; and
wi4+1 in H by the fact that W; = {w;}. Hence w; is the only vertex in
Qi-{-l that is adjacent to w;_1, as required.

(IT) Cousider i —1 ¢ S. Our goal is to show that W,_; NQ; =W,_1. Ifi+1¢ S5,
then J; contains only the single vertex z; and ; = V/(H) and we are finished.
Hence we can assume ¢ +1 € §. We first proceed as in Case (I) to obtain either
a hardness gadget or W; = {w;}. By Claim A, w;, w;11 and w; 15 are contained
in the cycle Cji1, and Wiy = Ny, m(wit1). Since Cip1 € Cy(Oiqa1), Cita
is induced and not a square and therefore we can apply Corollary 8.5. It
follows that H either has a hardness gadget, in which case we are done, or
|Nc, v m(w;)| =1, ie., No,, m(wi) = {w;}. This implies that w; is not an
exit of (T',0;41), and thus w;_; € Ci41 and consequently W; = N¢,, | g (w;) =
In order to show that W;_y N Q; = W,;_1; we show, for each v € W;_q, that
v € Q;. By the construction of J; (i —1 ¢ S, i+ 1 € 5), it suffices to show that
there is an odd number of vertices in Qi+1 that are adjacent to v. Recall from
Fact 1 that QZ—H C 'y (wiy1). By the fact that v € W;_1 and w;11 € Wiy,
from Lemma 9.22 we obtain that 'y (v) N Tx(w;+1) = W;. We have already
established that W; = {w;} and hence w; is the only vertex in Qi+1 that is
adjacent to w;_1, as required.

This concludes the proof of Case (II) and of Claim B. |
We prove one final claim before we can apply Lemma 5.6:

Claim C: Unless H has a hardness gadget, there exists k € {0,...,q — 1} such that
both of the following are true; indices are taken modulo q:

e There are no edges between Wy, and Wi 3.

o (Wi UWygio) N Qi1 and (W1 UWiys) N Qpio are of even cardinality.
Proof: We distinguish two cases.

(I) There is a biconnected component B that contains W. Consequently, by Ob-
servation 9.20, there is a cycle C € Cy(B) such that W = C. Since C € Cy(B)
it has length ¢ = 3 or ¢ > 5. In this case, we choose k = 0. We first show that
there is no edge between W, and Wi 3:

e If ¢ = 3, we show that for u,v € Wy there cannot be an edge between u
and v. If u = v there cannot be an edge since we do not allow self-loops
in H. If u # v there cannot be an edge, as otherwise u, v, w;, wy induce a
K4-minor in H, contradicting the fact that H has none. Thus, there are
no edges between Wy and W3 104 ¢ = Wo.

o If ¢ > 5, consider Wy and W3 = W3 od ¢- If [Wo| = |W3| = 1 then there
are no edges between Wy and W3 since C' is induced by the definition of
obstruction (Definition 8.6). So suppose |[Wy| > 1 (the case [W5| > 1 is
symmetric). Since C is an induced cycle of length ¢ > 4 in a biconnected
graph B, we can apply Lemma 8.3 to find a separation (A, A’) of H such
that C'\ {wo} € A, Wy C A’and AN A" = {wy,w1}. Since all of the
vertices in Uf;ll W,; have neighbours in C'\ {wg}, this implies that wq_1
and w; are the only vertices in Uf:_ll W; that are adjacent to vertices in
Wy. However, by Lemma 8.2, Wy, ... W,_; are pairwise disjoint and hence
wWq—1, w1 ¢ Ws. So, there are no edges between Wy and W3, as required.
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To establish the second bullet point, again use & = 0 and the fact that Wy,
..., W41 are pairwise disjoint. We have [(WoUW2)NQ| = [WoN Q| +
[W2 N Q4q]. By Claim B, each of these terms is odd, so their sum is even.
The same argument applies to (W7 U W3) N Q.

(IT) W is not entirely contained in one biconnected component. If this is true, then
by Observation 9.20, there exists an obstruction B with cycle C' € Cy(B) such
that, for some k € {0,...,qg — 1}, wy and wg41 are contained in C, wgy1 is
an exit of B (in particular, an articulation point), and wg1o and w3 are not
contained in B.

Since w2 # Wr+4 by Lemma 9.21, it follows that no v € W43 is in B, which
implies that there is no edge between W, and Wy 3, as required.
For the second item, observe that W and Wy o must be disjoint, as wy and
wg+1 are in the biconnected component B, but wyyo is not. We further claim
that Wj,1 and Wy 3 are disjoint. To see this, observe first that W11 = {wg41}
since w41 is the only common neighbour of wy and wy42 as otherwise w2
would be contained in B. Then we have already established that no v € Wy 3
is in B, which implies wg11 ¢ Wiis.
The fact that Wy, and Wy, o are disjoint implies that |[(Wy U Wii2) N Qpiq| =
(IWe N Qg1] + [Wit2o N Qr41]). By Claim B, each of these terms is odd, so
their sum is even. Using the fact that Wy, and Wy 3 are disjoint, the same
is true for W41 and Wy s.

[ |

We are finally able to invoke Lemma 5.6: Recall first, that ¢ > 3 and ¢ # 4 from
the beginning of the proof. Recall that we identify the sets C; of Lemma 5.6 with the
sets W;. Unless H has a hardness gadget (in which case we are finished) the following
hold.

(L5.5.1) holds by Claim B.

(L5.5.2) and (L5.5.3) hold by Lemma 9.22.

(L5.5.4) is established by Lemma 9.23.

There is a k such that (L5.6.1) and (L5.6.2) hold by Claim C.
Consequently, all conditions are satisfied and we obtain a hardness gadget according
to Lemma 5.6. |

9.5. Proof of the Main Theorem. We can now prove Theorem 1.4, which we
restate for convenience.

THEOREM 1.4. Let H be a simple graph whose involution-free reduction H* is
K,-minor free. If H* contains at most one vertex, then @HOM(H) can be solved
in polynomial time. Otherwise, @®HOM(H) is @P-complete and, assuming the ran-
domised Exponential Time Hypothesis, it cannot be solved in time exp(o(|G])).

Proof. By Theorem 1.1, for every graph G, |hom(G — H)| = |hom(G — H*)|
mod 2. It is trivial to count homomorphisms to a graph with at most one vertex.
Suppose that H* has at least two vertices. Then it suffices to show that @HOM(H*)
is ®@P-complete and that @HOM(H™*) cannot be solved in time exp(o(|G|)), unless the
rETH fails.

Since H* is involution-free and contains at least 2 vertices, there is an involution-
free connected component H' of H* with at least 2 vertices as well: If H is discon-
nected, it has at least 2 connected components, and at least one of those two compo-
nents cannot be a single vertex, as otherwise, we obtain a non-trivial involution by
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Fig. 12: Tllustration of the two cases in the proof of Lemma 10.1.

switching those vertices. Furthermore, a connected component of an involution-free
graph cannot have a non-trivial involution, as otherwise, the entire graph would have
a non-trivial involution.

Next we claim that H' has a hardness gadget: Assume first that H’ has a bi-
connected component that is not an edge, a diamond, an obstruction, or an impasse.
By Lemma 8.10, H' has a hardness gadget. In the remaining case, every biconnected
component of H' is an edge, a diamond, an obstruction, or an impasse. By Lemma 9.9,
there is a closed suitable subtree T of the block-cut tree BC(H'). If no block of T is
an obstruction, then H' has a hardness gadget by Lemma 9.10. Otherwise, H' has a
hardness gadget by Lemma 9.24.

This allows us to invoke Theorem 4.7 and we obtain that @RET(H') is @P-hard
and cannot be solved in time exp(o|J|), unless the rETH fails.

Since H' is involution-free, we can reduce @RET(H’) to @HOM(H') by Theo-
rem 4.4, and we can reduce ®HOM(H') to ®HoM(H*) by Lemma 4.5. These reduc-
tions are tight in the sense that any subexponential-time algorithm for ®@HoMm(H™*)
would yield a subexponential-time algorithm for @RET(H'); this is due to the fact
that the size of the oracle queries in each reduction is bounded linearly in the input
size (see, e.g., the proof of Theorem 4.7 in which we made explicit that a linear bound
on the size of the oracle queries is sufficient for the lower bound under rETH to trans-
fer). We thus obtain @P-hardness of @HoM(H™*), and that @HOoM(H™*) cannot be
solved in time exp(o(|G])), unless the rETH fails. ad

10. Counting Homomorphisms mod 2 to Graphs of Degree at most 3.
We explored the possibilities for constructing hardness gadgets in graphs containing
two squares that share one edge when we analysed K4-minor-free and chordal bipartite
graphs. It turns out that a similar strategy suffices to completely solve the case where
H has degree at most 3. We start with the following lemma.

LEMMA 10.1. Let H be an involution-free graph of degree at most 3 that contains
a square. Then H has a hardness gadget.

Proof. Let C = (a,b,¢,d,a) be a square in H. Assume first that at least one of
the edges {a, ¢} or {b,d} are present. W.l.o.g. let {a, ¢} be present. Then a and ¢ have
degree 3 and thus, by assumption, no further neighbours. Thus (ac) is a non-trivial
involution of H.

Now assume that none of {a,c} or {b,d} are edges of H. If both, a and ¢ have
degree 2 then (ac) is an involution. Similarly, if b and d have both degree 2, we obtain
the involution (bd). W.lo.g. we can thus assume that a and b have degree 3. Let v
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and v’ be the neighbours of a and b, respectively, that are not contained in C. In what

follows, we consider cases based on whether the edge {v,v'} is present, and, if not,

we differentiate between v = v/ and v # v'; an illustration is provided in Figure 12.
(1) {v,v'} ¢ E(H): This case corresponds to the two illustrations to the left of

Figure 12. Note first that {v’,d} cannot be an edge of H, as otherwise, b and
d both have neighbours {a,v’,c} (and no other neighbours, since they have
degree 3), which means that (bd) is a non-trivial involution of H. Similarly,
{v,c} cannot be an edge of H, as otherwise (ac) is a non-trivial involution of
H. Also, at least one of the edges {v,d} and {v,c} must not be present in
H, as otherwise (ad)(bc) is a non-trivial involution of H. W.l.o.g., assume that
{v,d} is not present. We construct a hardness gadget of H as follows:
I={a}.
S = {b}.
J1 is a path of 4 vertices: The first vertex is a b-pin, the second vertex is
y, and the fourth vertex is an a-pin.
Jo is a path of 3 vertices: The first vertex is an a-pin, the second vertex
is z, and the third vertex is a c-pin.

e Js3 is just the edge {y, z}.
We first claim that Q, = {v’,a}. A vertex of H is in Q, if and only if it is
adjacent to b and has an odd number of 2-paths to a. As H has degree at most
three, the neighbours of b are precisely v, a and c. Note that a has degree
precisely 3 and thus has an odd number of 2-paths to itself. Furthermore, there
is only one 2-path from v’ to a: This path contains b as internal vertex. There
cannot be an additional 2-path from v’ to a, since, in this case, the internal
vertex must either be v, which is not possible as {v,v'} ¢ E(H), or d, which
is not possible as {v,d} ¢ E(H). Finally, there are precisely two 2-paths from
c to a: One has b as internal vertex, and the other has d as internal vertex.
There cannot be a third one, as this 2-path would have v as internal vertex,
but we ruled out the existence of the edge {v,c}. This shows that Q, = {v/,a}.
Our next claim is that Q, = {b,d}. Observe that 2, contains precisely the
common neighbours of a and ¢. Thus b and d are included in Q.. The only
candidate for a third common neighbour would be v, but we ruled out the
existence of the edge {v, c}.
Finally, we observe that |X,/ 4| = 0 as {v’,d} is not an edge of H, and that
|Zv’,b| = |Eb,a| = |Ea,d‘ =1
{v,v'} € E(H): This case corresponds to the illustration to the right of Fig-
ure 12. As in case (I), the edge {v,c} is not present, as otherwise (ac) is a
non-trivial involution, and that the edge {v’,d} is not present, as otherwise
(bd) is a non-trivial involution. We construct a hardness gadget as follows:

o [ ={a}.

o S ={b}.

e Jy is a path of 3 vertices: The first vertex is a v-pin, the second vertex is
y, and the third vertex is a b-pin.
Jo is a path of 3 vertices: The first vertex is an a-pin, the second vertex
is z, and the third vertex is a c-pin.

e J; is just the edge {y, z}.
Note first that €2, contains precisely the common neighbours of v and b. Thus
v" and a are contained in €2,,. Recall further that ¢ is not adjacent to v. As the
degree of H is bounded by 3, we thus have Q, = {v/,a}. Similarly, we obtain
that Q, = {b,d}.
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Finally, we observe that |, 4| = 0 as {v/,d} is not an edge of H, and that
1Zw b = [Ep,a| = [Zaal = 1. O

THEOREM 10.2. Let H be a graph whose involution-free reduction H* has max-
imum degree at most 3. If H* contains at most one vertez, then ®HOM(H) can be
solved in polynomial time. Otherwise, ®HOM(H) is ®P-complete and, assuming the
randomised Exponential Time Hypothesis, it cannot be solved in time exp(o(|G])).

Proof. By Theorem 1.1, for every graph G, |hom(G — H)| = |hom(G — H*)|
mod 2. It is trivial to count homomorphisms to a graph with at most one vertex.
Suppose that H* has at least two vertices. Then it suffices to show that @HoM(H*)
is @P-complete and that @HOM(H™*) cannot be solved in time exp(o(|G|)), unless the
rETH fails.

If H* does not contain a square but has at least 2 vertices, then it has a hardness
gadget as shown in [19]. If H* contains a square, then it has a hardness gadget by
Lemma 10.1.

By Theorem 4.7, we obtain that ®RET(H*) is @P-hard and that it cannot be
solved in time exp(o|J|), unless the rETH fails.

Finally, since H* is involution-free, we can reduce GRET(H*) to GHOM(H™)
by Theorem 4.4. As we have already noted, the size of the oracle queries in this
reduction are bounded linearly in the input size, so the reduction proves that any
subexponential-time algorithm for @HOM(H*) would yield a subexponential-time al-
gorithm for @RET(H™*), completing the proof. |

11. Counting List Homomorphisms modulo 2. Given graphs G and H to-
gether with a set of lists S = {S, C V(H) | v € V(G)}, a (list) homomorphism
from (G, S) to H is a homomorphism h from G to H such that for each v € V(G)
we have h(v) € S,. We use hom((G,S) — H) to denote the set of homomorphisms
from (G,S) to H. List homomorphisms are a natural generalisation of both homo-
morphisms and retractions.

In this section we provide a complete complexity classification for the problem
of counting list homomorphisms modulo 2 to a given graph H. The classification
determines for which graphs H the problem is feasible. We strengthen the result
by considering a wider class of graphs H than in the rest of the paper (where we
required H to be a simple graph, without self-loops or parallel edges). Let H be
the set of all undirected graphs H which do not have parallel edges — self-loops are
allowed.

Given a set S, let P(S) denote its power set. We consider the following problem,
parameterised by a graph H € H and by a set of lists £ C P(V(H)).

Name: ¢HoMm(H, L).
Input: A simple graph G and a collection of lists S = {S, € L | v € V(G)}.
Output: |hom((G,S) — H)| mod 2.

The input G to ®HOM(H, £) is assumed to be simple because this is standard
in the field, and because it makes results stronger. However, this restriction is not
important for our result — see Remark 11.4. Taking £ = P(V(H)), the problem
@®HoM(H, P(V(H))) is the problem of counting list homomorphisms to H modulo 2.
To simplify the notation, we also write @LHOM(H) for this problem. The following
lemma is well-known.

LEMMA 11.1. Let H be a graph in H that contains a walk (a,b, c,d) such that a #
¢, b#d, and{a,d} ¢ E(H). Let L C P(V(H)) be a set of lists with {{a, c},{b,d}} C
L. Then ®HOM(H, L) is &P-complete.
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Proof. The problem ®&BIS, of counting the independent sets of a bipartite graph,
modulo 2, is known to be @P-complete [11, Theorem 4.2.1]. We will reduce ®BIS to
@®HOM(H, L).

Let G be a bipartite graph (an input to @BIS) with vertex partition V(G) =
(L, R). For each v € L, let S, = {a,c} and for each v € R let S, = {b,d}. We set
S ={S, | v € V(G)}. Then every homomorphism h from (G,S) to H corresponds
to an independent set in G (and vice versa), where h(v) € {a,d} means that v is in
the independent set and h(v) € {b,c} means that v is out of the independent set.
(Since a # ¢ and b # d it is well-defined whether v is in or out.) Hence a single
@LHOM(H, L) oracle call with input (G, S) returns the number of independent sets
of G, modulo 2. ]

THEOREM 11.2. Let H be a connected graph in H and let L C P(V(H)) be a
set of lists with {S C V(H) | |S| =2} C L. If (i) H is a complete bipartite graph
with no self-loops, or (ii) H is a complete graph in which every vertex has a self-
loop, then ®HOM(H, L) can be solved in polynomial time. Otherwise, @HOM(H, L)
is ®P-complete.

Proof. The easiness result comes from Dyer and Greenhill [9, Theorem 1.1]. (Dyer
and Greenhill’s result is stated for homomorphisms rather than for list homomor-
phisms, but it is easy to see, and well known, that it extends to list homomorphisms.)
For the hardness part we consider four cases.

Case 1: H contains at least one looped and one unlooped vertex.

The problem @IS, of counting the independent sets of a graph, modulo 2, is
known to be @P-complete [36]. In this case there is an easy reduction from
@IS to BLHOM(H, L). To see this, note that, since H is connected, it contains
a looped vertex a which is adjacent to an unlooped vertex b. Counting the
homomorphisms from a graph G to H[{a,b}] is well-known to be equivalent
to counting the independent sets of G (see, e.g., [2]). Since {a,b} € L we
can use this list to restrict the image of homomorphisms to {a, b}, giving the
desired reduction.

Case 2: H is a bipartite graph without self-loops but it is not a complete bipartite
graph.

In this case, H contains a path (a,b,c,d) such that {a,d} ¢ E(H) so the
problem ®@HoOM(H, £) is ®P-complete by Lemma 11.1.

Case 3: H is a graph without self-loops that contains a cycle of odd length.
Consider a shortest odd-length cycle C' in H. Due to minimality, C' has to
be an induced cycle of H (any additional edge between vertices of C' would
give a shorter even-length cycle and a shorter odd-length cycle). If C' is not
a triangle, then C' contains a path (a,b,c,d) such that {a,d} ¢ E(H). If
otherwise C' is a triangle (a,b,c,a), then {a,a} ¢ E(H) since H does not
have self-loops. In both cases @HoM(H, L) is &P-complete by Lemma 11.1.

Case 4: H is a graph with all self-loops present but H is not a complete graph.

In this case, H contains a path (a,b,c) where {a,c} ¢ E(H). Since {b,b} €
E(H) we can apply Lemma 11.1 to the walk (a,b,b,¢) and obtain ®P-
completeness of @®HOM(H, L). d

The following complexity classification for the problem @LHoM(H) follows easily
from Theorem 11.2.

THEOREM 11.3. Let H be graph in H. If every connected component H' of H
satisfies one of the following
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1. H' is a complete bipartite graph with no self-loops, or

2. H' is a complete graph in which every vertex has a self-loop,
then @LHOM(H) can be solved in polynomial time. Otherwise, @LHOM(H) is ®P-
complete.

Proof. The easiness result comes from Dyer and Greenhill [9, Theorem 1.1]. For
the hardness part, let H' be a connected component of H that is not a complete
bipartite graph with no self-loops and is not a complete graph in which every ver-
tex has a self-loop. Let £ be the set of all size-2 subsets of V(H'). From Theo-
rem 11.2, ®HoM(H', L) is @P-complete. However, ®HOM(H’, L) reduces trivially to
@®LHOM(H) — given an input (G, S) to @HOM(H’, L) simply return the number of
(list) homomorphisms from (G, S) to H, modulo 2.

Remark 11.4. Theorem 11.3 would be unchanged if we changed the definition of
@LHOM(H) so that the input G can be any graph in H (so it need not be simple). A
self-loop on a vertex v of G simply enforces the constraint that a homomorphism must
map v to a vertex of H that has a self-loop. The same constraint can be enforced
using a list.

Acknowledgements. We would like to thank Dave Richerby, our fellow member
of the square-haters’ club, for valuable discussions; this club will hopefully lose some
members with the appearance of this work. Furthermore we thank Holger Dell for
pointing out the tight conditional lower bound for counting independent sets modulo
2 in [5].

12. Index of Symbols and Definitions.

articulation point removal increases number of connected components  Def.
attachment point Def.
BC(H) block-cut tree of H Def.
biconnected component maximal biconnected subgraph Def.
biconnected graph at least two vertices and no articulation points Def.
block-cut tree tree of biconn. components and articulation points Def.
chordal bipartite graph all induced cycles are squares Def.
Cy(B) set of distinguished cycles of obstruction B Def.
D(C) order induced by cycle C Def.
deg  (v) degree of v in graph H

destination Def.
diamonds distinguished family of chordal bipartite graphs Def.
exit Def.
F graph with two squares sharing one edge Def.
good start Def.
good stop Def.
hardness gadget substructure of a graph inducing ®P-hardness Def.
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4.3
9.14
4.3
4.3
4.3
4.3
4.1
8.6
9.16

9.14
6.16
9.14
6.1
7.1
7.1
4.6

S R B = e e e e = e~ B B A~ A S = B
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H[Y]

homomorphism
hom(G — H)
hom((J, ) — (H,y))
impasses

involution
involution-free graph
involution-free reduction
K4, K4-minor-free
list homomorphism
Nw m(w;)
obstruction
obstruction-free path
pair of connectors
partially H-labelled graph
Py(a,b)

pinning function
pre-hardness gadget
R-closed/R-open
rETH

retraction
separation/separator
Sk.e

strong hardness gadget
suitable connector
suitable subtree

type V
walk-neighbour-set
We(a,b)/We(a)

Ty (v)

Ly (S)

T\ r(i,4)
@HoM(H)

subgraph of H induced by S

edge-preserving mapping

set of homomorphisms from G to H

set of homomorphisms with pinned vertices
distinguished family of chordal bipartite graphs
automorphism of order < 2

graph without non-trivial involutions

4-vertex complete graph

walk-neighbour-set

distinguished biconnected K4-minor-free graph
path in the block-cut tree excluding obstructions
distinguished pair of vertices of an impasse

pair consisting of a graph and a pinning function
a particular shortest path from a to b in H

partial function between vertices of two graphs

@P-hardness for all K -minor-free (1,2)-supergraphs

randomised Exponential Time Hypothesis

homomorphism from a partially labelled graph

distinguished V-typed supergraph of F’

@P-hardness for all K4-minor-free supergraphs

predicate for supergraphs of F’

walk from a to b / from a to a along cycle C
neighbourhood of v in graph H

joint neighbourhood of S

common neighbours of v; and v; in H \ F'

counting homomorphisms to H mod 2
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Def.
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Def.
Def.

Def.

Def.
Def.

Def.
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Def.

Def.

6.15

4.2
8.6
9.11
6.15

9.12

8.1
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6.8
9.1
9.6
6.2
4.2
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@IS

@®LHOM(H)

oP

@®RET(H)
(1,2)-supergraph
+

counting independent sets mod 2

counting list homomorphisms to H mod 2
complexity class of parity problems

counting retractions to H mod 2

supergraph without new adjacencies and 2-paths

concatenation of walks
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