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Abstract

We consider a simply-typed call-by-push-value calculus with state, and provide a fully
abstract trace model via a labelled transition system (LTS) in the spirit of operational game
semantics. By examining the shape of configurations and performing a series of natural op-
timisation steps based on name recycling, we identify a fragment for which the LTS can be
recast as a deterministic visibly pushdown automaton. This implies decidability of contextual
equivalence for the fragment identified and solvability in exponential time for terms in canon-
ical form. We also identify a fragment for which these automata are finite-state machines.

Further, we use the trace model to prove that translations of prototypical call-by-name (IA)
and call-by-value (RML) languages into our call-by-push-value language are fully abstract.
This allows our decidability results to be seen as subsuming several results from the literature
for IA and RML. We regard our operational approach as a simpler and more intuitive way of
deriving such results. The techniques we rely on draw upon simple intuitions from operational
semantics and the resultant automata retain operational style, capturing the dynamics of the
underlying language.

1 Introduction

The notion of contextual equivalence has been much studied in programming language theory, as it
captures an especially natural form of equality between programs, widely applicable in verification.
This has spurred efforts to produce denotational models in which equality in the model coincides
exactly with contextual equivalence. These ‘fully abstract’ models represent the ‘gold standard’.
One particularly successful approach to this problem has arisen through game semantics [1, 2, 3],
where a term is modelled as a strategy for a game of question and answer played between the
term and its context. Over the past 25 years, game semantics has proven to be a powerful tool,
providing fully abstract models for languages with a variety of features. A more recent development
is operational game semantics [4, 5], in which strategies are represented as sets of traces generated
by a labelled transition system (LTS) derived from the operational semantics of the language. This
approach gives an intuitive and concrete representation of strategies, amenable to the application
of operational techniques, as opposed to the abstract properties emphasised in earlier work. We
summarise the main contributions of this paper below.

Firstly, we define a Call-By-Push-Value (CBPV) language equipped with dynamically gener-
ated first-order store. It can be seen as a canonical language for studying first-order state with
arbitrary evaluation order.

Secondly, we present an operational game model for this language, and prove that it is fully
abstract with respect to contextual equivalence. This means that terms have the same set of
complete traces if and only if they are contextually equivalent.
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We provide translations from the prototypical languages RML [6] and IA [7] into CBPV, and
using our model, prove that these translations are fully abstract. This validates the assertion of
CBPYV subsuming CBV and CBN in this setting, and justifies studying CBPV as a vehicle for
investigating first-order store.

Our final result is to identify two fragments of CBPV where contextual equivalence is decidable,
and derive a decision procedure for these fragments. We achieve this by using operational intuitions
to refine the corresponding LTS so that it produces traces over a finite alphabet. In particular, we
identify a fragment for which the refined LTS can be viewed as a deterministic visibly pushdown
automaton (VPA), and a smaller fragment where it is a deterministic finite automaton (DFA).
The CBPV language is particularly suited to carrying out this transformation, as it provides a
notion of thunks, which turns out to offer the appropriate level of abstraction to discuss when a
passage to VPA and DFA should be possible.

The results follow the spirit of algorithmic game semantics by modelling strategies as au-
tomata [8], though our automata are more intuitive thanks to their close relation to the opera-
tional semantics. Because of the translations into RML and IA, our results unify and provide new
proofs for several results from this school [9, 10, 11, 12]. At the technical level, we rely on purely
operational techniques, and our work should be accessible to readers without a game semantics
background. Overall, our approach represents a simpler way to obtain such decidability results
and provides an operational understanding of why they hold.

Other Related Work

Typed Normal Form Bisimulations [13] are arguably closest to our setting. They were developed
for Jump-With-Argument, a continuation passing-style version of CBPV without state. Although
not made explicit, the transition system these bisimulations are defined on bears similarity to
operational game semantics (OGS).

CBPV is already known to accommodate fully abstract translations from CBN and CBV, but
their full abstraction in [14] was established in a different setting from ours (with printing as the
side-effect). Consequently, we had to develop a separate argument.

We believe ours is the first work seeking to give decision procedures for contextual equivalence
by refining operational game models into automata. However, OGS has been used as a foundation
for other techniques, particularly bisimulation-based. An example of this strand of work is the
equivalence checker SyTeCi [15] for automatically proving contextual equivalences with respect to
contexts with general references. It is based on Symbolic Kripke Open Relations, which can be
seen as an abstraction of OGS. The associated decidability result is incomparable to ours: it uses
more powerful contexts and disallows reference creation inside functions, albeit without a type
restriction. HOBBIT is a bounded-complete inequivalence checker, which exploits ‘symbolic up-
to’ techniques to allow it to (semi-) automatically prove many equivalences [16]. Kripke Normal
Form Bisimulations [17] are a sound and complete technique for showing contextual equivalence
for a family of CBV languages with control and higher-order state, but the cited paper does not
discuss decidability. Apart from OGS-inspired research, there has been much related work based
on logical relations [18, 19] and normal form bisimulations [20], also without decision procedures.

2 The language

2.1 Syntax

The language being studied in this paper extends Levy’s Call-by-Push-Value A-calculus [21] with
mutable state and basic data types. We will deal with the finitary fragment of the language,
lacking infinite types and recursion. The types and terms are shown in Figure 1. The types
are stratified into values (generated by o) and computations (generated by 7). The slogan often
associated with this division is ‘A value is, a computation does’.



Value Type o 2 Ur | Unit | Int | Ref Computation Type 17 =2 Fo|o—1
Value Term V & thunk M |z|()|n]|¢|MkVar V V
Computation Term M £ force V | return V | Ax°.M | let  be V.M | M to x.M
| case V of (M;)ier | MV |ref V | IV | V :=V | while M do M
Evaluation Context K £ | K toa.M | KV
Value Context Ve £ thunk C | MkVar Vo V | MkVar V Vg
Context C £ e force Vg | return Ve | Az?.C | let  be Vo.M | let z be V.C' | C to x.M
| M toz.C | case V of (M;)ic;,C,(M;)jci | CV | MVe | We | Vo=V
| whileC'do M | while M doC
Notational conventions: «,y € Var, ¢ € Loc, I ={0,--- ,max}, ne [

Syntactic sugar: If z does not occur free in N, we write M; N for M to x.IN, and 2 for
while (return 1) do (return ()). We write Vi + V5, for case Vi of (case Vo of (i + j)jer)ier

Figure 1: CBPV syntax

A typing judgement gives a type to a term given the types of locations and variables. In
CBPV, we have separate judgments for value types and computation types. For values we write
3;T'FY V : ¢ and for computations we write ;' =Y M : 7, where I is a finite partial function that
assigns types to variables, and ¥ is a list of locations. We abbreviate ;' - M : 7toT'F M : 7
and X;0+ M : 7 to X+ M : 7. Typing judgements are derived using the rules in Figure 2.

We treat the type Ref as if it were a pair of thunks: a read thunk of type U FInt and a write
thunk of type U(Int — F'Unit). This is an old idea, due to Reynolds [22], and is a feature of many
game models of languages with references. As a consequence, we need the construct MkVar, which
embeds a pair of thunks into the Ref type, allowing ‘bad variables’, which possibly return different
values from those last written. When reading (V') or writing (V' := U) such a bad variable, we use
the appropriate thunk. We include bad variables for comparability with existing results, although
they can be avoided by incorporating parts of the heap into the trace semantics [4]. For space
reasons, we will sometimes write {|{V4, Va[} for MkVar V; V5.

2.2 The operational semantics

We present the operational semantics as the reduction relation — in Figure 3 on configurations,
which are pairs of a computation and a heap h (a mapping of locations to values). We write h : X
for ¥ C dom(h). h[¢ — V] denotes updating ¢ in h.

2.3 Contextual equivalence

Contexts C' can be seen as computations with a hole, e, into which another computation may be
substituted. We can also type a context, by saying ;T F¢ C : 7 = 7/ : if ;T2 : 7 F°
Clz] : 7' : for a fresh z. One key notion of terms being ‘equal’ is contextual equivalence, which is
formalised in terms of termination. A terminal is a (closed) computation of the form return V'
or A\x?.M. Termination means that a term reduces to a terminal: we write (M, h) e if there
exist N, h' such that (M,h) —* (N,h') and N is a terminal.

Definition 1. Given computations I' ¢ My, Ms : 7, we define I' ¢ M; §%§PV M5 to hold, when
for all contexts F¥ C' : 7 = Fo, we have (C[Mi],0) ter implies (C[Ms],0) Jter. We write
~CBPV for the equivalence induced by <$BPV.

—ter ~ter

A standard result is that contexts considered for contextual approximation can be restricted to
evaluation contexts after instantiating the free variables of computations to closed values (closed
instances of use, CIU). We write X, TV =« : T for substitutions 7 such that, for any (z,0,) € T,



(
(
(
(
(
(

K
K
K
K
K
K

[
[
[
[
[
[

n € {0, - ,max} (x,0) €T Ley

5;TFY () : Unit ;TR Int S I'HFz:o ;T Y £: Ref
SI'EEM -1 WIH' Vo WI'H'V:Uz
¥;TFY thunk M : Ut ;T Fereturn V@ Fo Y I'Feforce V : 1
WI'F' Vo “Tiz:ob*M: 1 X THEYV  Int 3T HE M,
;T'HClet x be V.M : T ;T FCcase V of (M;)ier: T
% T'HCM : Fo “lx:0bFN:1T “lhie:obFM:1
> Mtox.N:1 5 Xx° M:o— 1
SI'HFM:0—>1 »WI'F' Vo Y%THYV  Int
S I'EEMV . 1 ST ref Vo FRef
DT FY Viewa : UFInt 35T F Viriee : U(Int — FUnit) ST V- Ref
3 T Y MkVar Vieaq Vierite © Ref ST HEIV : Flint
S:T'FY V : Ref T HY U : Int 3¢ M : Flnt ;¢ N : FUnit

;T'HCV :=U : FUnit 3 T' € while M do N : F'Unit

Figure 2: CBPV typing rules

let « be V.M], h) — (K[M{V/xz}],h) (K][refV],h) —  (K[return ¢, h - [{ —
(\a? MV, ) — (KM{V/2}R) (K], ) & (K[return A(0)], h)
casciof (Mp)h) = (K[MLh) (K[t =V]h) > (Kreturn ()], Ale >
force thunk M], h) — (K[M],h) (K['(MkVar V,. V,,)], h) —  (K[force V;], h)
return V to x.M|,h) — (K[M{V/z}],h) (K[MkVarV, V,):=Ul],h) — (K][(force V,,)U],h)
while M do N],h) — (K[M to z.case x of return (), (N to y.while M do N);~¢], h) x,y are fresh

Figure 3: Operational semantics for CBPV

the value y(z) satisfies ; TV F ~(z) : 0,. Then M{v} stands for the outcome of applying 7 to
M.

Definition 2 (CIU Approximation). Let I' ¢ M;, Ms : Fo be CBPV computations. Then
U e My <SBPVEW nr when for all ¥, h, K, v, such that h : ¥, $ F* K : 1 = Fo, and

~ter

Yk ~: T, we have (K [M1 {7}, h) Vter implies (K[M2{~}],h) Vter

We obtain a CIU Lemma establishing the sufficiency of CIU testing following the framework
of [23].

Lemma 3 (CIU Lemma). We have T'+¢ My <CBPV AL, iff T ke My <SSPV ap

1 Ster ~ter

As with other results, the proof is relegated to the Appendix. We make the observation that
the only contexts we really need to consider are those of type Fo — Fo'.

Lemma 4. Let I' +¢ M, My : 0y — -+ — o — Fo. Then T' F¢ M; <CBPV AL iff

~ter
CBPV
T, (z1,01), (g, 0%) FC My xy - xp St ¥ Maxy - - x.

3 Labelled Transition System

We develop a labelled transition system (LTS) to capture the semantics of terms in the style
of [24]. Its traces can be thought of as exchanges of moves between two players, representing the

V])
V])



AvVal, (V) £ {(V,0)} for o € {Unit, Int} ASeq(Fo) 2 {e}

AValy (V) £ {(f,[f = V]| f € TNamesy, } ASeq(c -+ 1) £ {A s|s€ ASeq(1),
AValgs (MkVar V; V) = {(MkVar f g,[f — Vi, g Va])} A : 0 an abstract value}
AValg.s (¢) £ {(MkVar f g,[f ~ thunk (¢), g = thunk (\z./ := z)])}

Figure 4: Value decomposition into abstract values and substitutions, and generation of abstract
value sequences

context and the term respectively. This way of modelling contextual interactions is often called
operational game semantics.

3.1 Names and Abstract Values

In actions of this game, players pass (fresh) names to represent thunks passed between the two
players. As these represent thunks, the names have a type Uz. In keeping with the Reynolds
approach of embedding references as a pair of thunks, we will ‘decompose’ references into separate
thunk names for reading and writing respectively.

We will also use continuation names, to identify the question move being answered in an
answer move. This is simply a technical convenience, as in the setting without control operators,
all continuation names can be reconstructed due to the bracketing condition.

Definition 5. Let TNames = [4)_ TNamesy, be the set of thunk names, partitioned into mu-
tually disjoint countably infinite sets TNamesy,. We use f,g to range over TNames, and write
f: Uz for f € TNamesy,. Analogously, let CNames = |, CNames, be the set of continuation
names. c ranges over CNames, and ¢ : o denotes ¢ € CNames,. We assume CNames, TNames
are disjoint and let Names = TNames W CNames. Elements of Names will appear in structures
throughout this work, and so v(X) refers to the set of names used in some entity X.

Players will take actions which consist of a name applied to some (sequence of) values. To
handle passing thunks, we will use abstract values. These are values with occurrences of thunks
replaced by names, so are generated by the grammar:

A2 ()| 7| MkVar A A

As names are intrinsically typed, abstract values can be typed in the obvious way, denoted A : o.
Given a value V : o, AVal, (V) is the set of pairs (4,~) such that A is an abstract value and
v : v(A) — Vals is a substitution (defined in Figure 4). It is not quite the case that A{y} =V
due to the treatment of locations. However, it is the case that M{V/x} Yser iff M{A{y}/z} ter-

Remark 6. Note that - implicitly requires that function domains be disjoint, and W means the
argument sets are disjoint.

Unlike in CBV, it does not suffice to consider passing only single abstract values. In CBPV,
question actions occur when a thunk is forced (i.e. as we need a computation from the environment
to occur), and answer actions correspond to a thunk returning a value (i.e reducing to return V).
Operationally, a CBPV thunk, when forced, will consume all of its arguments (the sequence of
values it is applied to) before returning a value to a consumer (a context of form e to z.M). As
these arguments are values, they cannot change during the reduction of the computation before
they are consumed. Thus, from the view of contextual equivalence, a forced thunk behaves as if
all arguments are consumed immediately when the thunk is forced.

To handle this, actions include sequences of abstract values, denoted by X, and referred to
as abstract argument sequences. Given a sequence of values (an argument sequence, written 7),
we can find a decomposition into an abstract argument sequence and a substitution by applying



AVal() to the values and combining the substitutions (ensuring names are disjoint). We abuse
notation to write AVal(V}) for the result.

For a given computation type, we can construct a sequence of abstract values using the function
in Figure 4 (assuming name choices are fresh). We define the return type of a computation by
RType(o, — --- — 0, — Fo) 2 0.

3.2 Play

Our traces will consist of actions that have a polarity, either P (Player) or O (Opponent), de-
pending on whether they are made by the term being tested (P) or the context (O). Names will
be introduced either in a set Np of names already introduced by O, a set Np of names already
introduced by P, or in values appearing in actions. Names are owned by the player whose action
introduced the name (with names in No owned by O, Np by P), and are referred to as O-names
or P-names. The players take alternating actions, applying a name introduced by the other player
to an abstract argument sequence. The types of actions are:

e Player Answer (PA) ¢(A), where ¢: o and A : 0. This corresponds to the term returning
a value A to the consumer corresponding to continuation name c.

e Player Question (PQ) f(X,c), where f: Ut, A e ASeq(7), ¢ : RType(r). This corre-
sponds to the term forcing the thunk named by f, passing A as arguments, and expecting
the result with the consumer corresponding to continuation name c.

e Opponent Answer (OA) ¢(A), ¢: o then A : o. In this case, the environment is producing
a value A to the term, which is acting as a consumer with continuation name c.

e Opponent Question (0Q) f(z,c), where f : Ur, X € ASeq(7), ¢ : RType(r). This
action corresponds to the environment forcing the thunk named by f from the term, passing

as arguments, and expecting the result with the consumer corresponding to continuation
name c.

In what follows, a is used to range over actions. We refer to f in f(Z, ¢) and f(z, ¢), and to ¢ in
¢(A) and c¢(A) as the head names of a.

Definition 7. Let No, Np C Names. An (No, Np)-trace is a sequence t of actions such that:
the actions alternate between P and O actions; no name is introduced twice; names from No, Np

need no introduction; any action a must have the form f(X, c), f(z7 ¢), ¢(A) or ¢(A), where the
head name of a has been introduced by an earlier action a’ of opposite polarity or (respectively)
f€No, f € Np,ce Np, c € Np.

Note that the first action in a (No, 0)-trace must be by P.
Example 8. Let No = {f : U(Ref — Int — FUnit), c : U{UFInt — Flnt)}. Then t =
F([r,w] 4, e1) w(, e2) @(0) er(0) &(g) g(h, es) h(e,cs) ea(2) éa(3). is an (No, 0)-trace.
3.3 Visibility, bracketing, and completeness

It will turn out that the traces required to capture our CBPV language will have special properties,
which correspond to the fact that our language lacks higher-order store (visibility) and control-
flow operations (bracketing). The identification of these properties occurred in game semantics
[3, 25, 26], and they are enforced by our transition system in the style of [24].

Definition 9. Given a prefix ¢t of a (No, Np)-trace:

e an OQ-action f (Z, ¢) occurring in ¢ is said to be unanswered in t if there does not exist a
PA-move of the form ¢(A’) in ¢;



Viso(e) = NE NG
- Viso(t &(A4) = (NF)Ur(A) c€No - E&ﬁ%i E N
Viso(t f(A',¢) # 5(A)) = Visg(t) Up(A) - @fmfi 0@}:% " ©
Viso(t f(4,c)) = v(A)u{c} feNo  1PoltS g4 )):‘{fo
) = Viso(t) Un(A) U{e} f e w(A)) °po -
) (

(
Viso(t /(A1) ' f(
(

Viso(t ¢/(A') ¢/ f Un(A)U{c} fewA))

Figure 5: O-visible names Visp(t) and top continuation name Top(t) for (No, Np)-trace t, where
NE = Np N TNames and NS = Np N CNames.

e a PQ-action f (X, ¢) occurring in ¢ is said to be unanswered in t if there does not exist an
OA-move of the form c¢(A’) in t.

To define the O-visibility and O-bracketing constraints, we will define a set Viso(t) of O-visible
names and the top continuation name Top,(t) in Figure 5. The function Top,(t) essentially
identifies the latest unanswered PQ-action, and returns the continuation name introduced then.
Visp(t) is defined by tracing the head name of a move to its introduction, analogously to the game
semantic notion of view [3].

%
Definition 10. Let ¢t be a (No, Np)-trace. t is O-visible if, for any prefix t' f'(A’, ) of t, we
have f' € Viso(t'). t is O-bracketed if, for any prefix ' ¢/(A) of ¢ (i.e. any prefix ending with an
O-answer), we have ¢’ € Topg (t').

We now introduce some useful notation. Given a (No, Np)-trace t, we write ¢t for the
(Np, No)-trace obtained by changing the polarity of each name: f (X, ') becomes f (Z, ) (and
vice versa) and ¢(A) becomes ¢(A) (and vice versa). Using this we can provide the dual notions to
O-visibility and O-bracketing. We say an (No, Np)-trace t is P-visible if t+ is O-visible (and define
Visp(t) = Viso(t*)), and t is P-bracketed if ¢+ is O-bracketed (and define Topp(t) = Topp (t+)).

To capture termination, it will suffice to reason about complete traces [24].

Definition 11. An O-bracketed (No, 0)-trace t starting with a P action is complete if Topy(t) =
. A P-bracketed ({o}, Np)-trace t starting with an O action is complete if Topp(t) = {o}.

Example 12. The trace t from Example 8 is an O-bracketed, P-bracketed, O-visible, P-visible,
complete trace.

3.4 Transition System

Using the above, we can define an LTS, called Lcgpy, which will generate the set of traces
corresponding to a term. Lcgpy will contain terms built from CBPV syntax, extended with
all thunk names as values (with the obvious typing rule), with — behaving accordingly. Lcppv
will contain configurations of the form (S,.S), where S is a state and S a stack. There are two
types of states in Loppy (and so two kinds of configurations): (v, ¢, h, H, Fn) (passive, O to play)
and (M, c,v,¢,h, H) (active, internal or P to play). In both, ¢ contains all names introduced
so far by both players and h is the current heap. + is an environment mapping thunk names
introduced by P to thunks. In an active configuration, M is the term component, which captures
the current behaviour of P, and ¢ is the continuation name to produce the result to. The stack
is used to enforce O-bracketing. It consists of elements of the form (cp, (K,co)) where cp is a
continuation P-name, K is an evaluation context in which to use the value produced to cp, and co
is an continuation O-name to return the result of K to. Fn represents the set of thunk P-names
currently available to O (so after generating a prefix ¢, Fn contains thunk names from Visp(t)),
and H contains historical information about availability. This is used to enforce O-visibility, by



maintaining the property that for a thunk O-name f, H(f) contains the thunk P-names available
to O when f was introduced. P-visibility is a consequence of the behaviour of the term.

We can now present the Lcppy transition rules in Figure 6. These are presented as labelled
transitions between states, with a/m denoting pushing m to the stack when producing a, and
a, m denoting popping m when producing a.

(P1) | (M,c,v,¢,h, H) — (N,c,v,0,h, H)
when (M, h) — (N, h')
(PA) | (return V,c,v, 6,0, H) — S2 (v-4', oW (A), h, H, H(c) W v(A))

when ¢: o0, (4,7') € AVal, (V)

(PQ) | (Kl(force )T, c,y,6,h, HY LRI g b b B () (D))

when f:Ur, (Z,’)//) € AVal(?)7 o =RType(r), ¢ : 0 and ¢ = V(Z) W{d}

(04) | (, ¢, h, H, Fn) LI, (Kfreturn A}, ¢y, @ v(A), h, H - [p(A) = Fn))
whenc:0, A: 0o

(0Q) | (v, 6,1, H, Fn) LEEN ((force V) A7, 68 ¢/, by H - [¢/ > Fu])

when f € Fn, f:Ur, Ae ASeq(r), 0o = RType(r), c: 0, y(f) =V and ¢' = I/(Z) W {c}
Given N C Names, [N — V] stands for the map [n— V|n € N].

Figure 6: Lcoppy transition rules

Let ' F¢ M : Fo be a CBPV computation such that I' = {x1 : 01, -+ ,2 : ox}. A I'-
assignment p is a map from {x1,--- ,2;} to the set of abstract values such that, for all 1 <
i # j < k, we have p(x;) : 0; and v(p(z;)) Nv(p(x;)) = 0. p simply creates a supply of names
corresponding to the context. Let ¢ : o and No = v(p)U{c}. Then the active initial configuration
Chy is defined to be

(<M{p}v G, (Z)a No, (Z)a [NO = ®]>7 J—)

Definition 13. Given two configurations C,C’, we write C = C’ if C 5*C” & C’, with

To* representing multiple (possibly none) 7-actions. This notation is extended to sequences of
actions: given t = aj...a,, we write C N C’, if there exist Cq,...,C,,_1 such that C .

C,---C,_1 = C'. We define Trcppy (C) = {t | there exists C’ such that C N C'}.

Remark 14. Due to the freedom of name choice, note that Trcppy(C) is closed under type-
preserving renamings that preserve names from C.

Definition 15. A path in an LTS from a configuration C to C’ is a sequence of transitions
and intermediate configurations by which C’ can be reached from C when viewing the LTS as a
directed graph.

Traces of Lcppy satisfy the following property.

Lemma 16. Given I' +¢ M : Fo and a T-assignment p, for any t € Treppy(ChY), we have t is
O-visible, O-bracketed, P-visible and P-bracketed.

Definition 17. The trace semantics of a CBPV computation I' -¢ M : Fo is defined to be
Treppy (T HC M : Fo) £ {((p,c),t) | p is a D-assignment, ¢ : o, t € Treppy(CLy), ¢ is complete}.

Example 18. Let I' = {f : U(Ref — Int — FUnit)}, o = U(UFInt — FInt), and

M = ref0 to a.(force f)z4;return thunk (Mhforce h to ylz to zy + z)



If p=[f — f] and t is the trace in Example 8, then ((p,c),t) € Treppy(I' F¢ M : Fo). The full
derivation of this trace is presented below. Let No = v(p) U{c} and Hy = [No + (]

chy D ((Mo, ¢, 0, No, [¢ 0], Ho), 1)
where My = (force f){£4;return thunk (Ah.force h to y.!¢ to z.y + z)
T, w Z c o
R (0,60, {ryw [ 01, Ho), (ex, (K1) 2 1) where o = No U {r,w, 1}

Yo = [r — thunk (1£), w — thunk (Az.£ := z)]
and K; = e;return thunk (Ah.force h to y.!¢ to z.y + z)

2o, ({(force thunk (Az.0 := 2))1, ¢2, 70, b1, [€ — 0], Hy), (1, (K1,¢)) : L)
where Hy = Hy - [co — {r,w}] and ¢1 = ¢o U {c2}

Ly ({return (), c2, 70, @1, h1, H1), (c1, (K, ¢)) : L) where h; = [{ — ]
ﬂ (<707¢17h17H15{T w}> (Cl7<Klac)) J—)
M (< [return ()]7 7’707¢17h17H1> )
RS ({(return thunk (Ah.force h to y.!lz to z.y + 2), ¢, 0, 1, h1, H1), L)
R (11, 62 o Hy, {g)). L)
where 71 = 7 - [g — thunk (Ah.force h to y.l¢ to z.y + z)] and ¢2 = ¢1 U {g}
glhea), ({(force thunk (Ah.force h to y.lx to z.y + 2))h, c3, 71, ¢3, h1, Ha), L)
where Hy = Hy - [h,c3 — {g}] and ¢3 = ¢po U {h,c3}
Iyx ((force h to y.lz to z.y + z,cs,71, ¢3, h1, Ha), L)
he.c
() (71, ¢4, h1, Ha, {g}), (ca, (K2, ¢3)) = L)
where Ky = o to y.!0 to z.y + z and ¢4 = ¢3 U {ca}
), ({K3[return 5],03771,¢4,h1,H2>7J_)
;* (<return 37037715¢4ah1aH2>7J~)
(3
B ({71, 60, b, Ha, {g}), 1)

4 Full Abstraction

To establish the soundness of this model (trace inclusion implies contextual inclusion), we will
wish to reason about a computation in a specific context. Let I' ¢ M : Fo. Using the CIU
lemma, we will consider testing using a heap h : ¥, evaluation context F* K : Fo = Fo' and
a substitution v : I". Let us fix a continuation name o : ¢/, which we use to determine when a

context has returned.
Next we define the set AValr(v) of all disjoint decompositions of values from ~ into abstract
values and the corresponding matchings by

AValr(y) = {(4;, 7)) | <k, (A, %) € AVal,, (v(x;)),

1< <
v(Ay), -+ ,v(Ax) mutually disjoint }
where I' = {1 : 01, --+ , Tk : Ok }, A, stands for (A1, ,Ag), and 7; for (y1, -+ ,7k)-

Definition 19 (Context configuration). Given X, h : X, ¥ ¢ K : Fo = Fo', ¥ F°¢ v : T,
(A;,7;) € AValp(v) and ¢ : o (¢ & o), the corresponding configuration C)'k  is defined by

ey = U%wU@L,ka¢%mWM%M

i=1
where ¢’ = Lﬂle v(A;)

Intuitively, the names v(A4;) correspond to thunks extracted from -, whereas ¢ corresponds to
K. Note that traces in Treppv(C)'% ) will be ({o}, W, v(A)  {c})-traces.



—

For the next result, we introduce the following notation. Given (A;,~;) € AValr(v), we define
a I'-assignment p 5 by pz (z;) = A;. Note that v(p; ) = E—Jf;l dom(~y;). The key lemma we now
need to prove will relate traces of a term to its ability to converge in a given evaluation context.
From correctness, we can then obtain soundness.
Lemma 20 (Correctness). Let I' ¢ M : Fo be a CBPV computation, let ¥, h, K,~ be as above,

(A;, %) € AValp(), and ¢ : 0 (¢ # o). Then (K[M{~}],h) ter iff there exist t, A such that
tc TrCBpV(Cgfi’c) and t+6(A) € TrCBpV(CZf’IgW). Moreover, t satisfies v(t) N {o} = 0.

Theorem 21 (Soundness). For any CBPV computations T ¢ My, My : Fo, Treppy (I H° M) €
TerBPV(F e Mg) then T' ¢ M, < CBPV(ciu) M.

~ter

For the opposite direction, we establish that any trace of a suitable shape corresponds to a
context.

Lemma 22 (Definability). Suppose ¢ C TNames and t is an even-length O,P-visible, O,P-
bracketed ({o}, ¢ W {c})-trace starting with an O-action, such that t = t' 5(A) and t' is com-
plete. There exists a passive configuration C such that Tr®"*"(C) is the even-length prefizes of
t (along with their renamings via permutations on Names that fix ¢ W {o}). Moreover, C =
(v, oW {c}, h,[o— 0], ), (c,(K,0)): L) for some h, K,~.

Completeness follows from definability and correctness.

<CBPV(ciu)
~ter

Theorem 23 (Completeness). For any CBPV computations T ¢ My, Ms : Fo, if T ¢ M,
Mg then 'I‘I‘CBP\/(F FC Ml) g T‘I‘CBP\/(F FC Mg)

Using soundness (Theorem 21), completeness (Theorem 23), and CIU lemma (Lemma 3), we
have the following corollary.

Corollary 24 (Full Abstraction). For any CBPV computations T' ¢ My, Ms : Fo, then T' k¢
My SEBPY My iff Treppy (D H My) € Treppy (I HE Ms).

~ter

5 From LTS to Automata (alphabet)

In this section, we demonstrate how Lcppy gives rise directly to an automaton, when considering
terms drawn from a particular fragment of CBPV. Initially, we will look for a fragment of CBPV
for which (a faithful representation of) a term’s traces can be captured using a (deterministic)
Visibly Pushdown Automaton (VPA) [27]. A VPA is a type of pushdown automata in which
the action on the stack is determined by the input symbol. The alphabet is partitioned into call
(push), return (pop), and internal (noop) symbols. This ensures that inclusion (and so equivalence)
of deterministic VPA is decidable in polynomial time.

Formally, a pushdown alphabet is a triple (X, X, ¥;,;) of disjoint, finite alphabets, and we
write X = 3. UX,UY;,:. Informally, we push on symbols in X, pop on symbols in 3., and ignore
the stack on symbols in 3;,;.

Definition 25. A Visibly Pushdown Automaton (VPA) over (¥.,%,, %) is a tuple A =
(Q,Qo,T,0,Qr), where:

e () is a finite set of states,

e Qg C Q is a set of initial states,

e ['is a finite stack alphabet with distinguished bottom-of-stack symbol L,
* 5C (Q@x T xQx (I\{L))U(@xZ, xI'xQ)U(Q X Tint x Q), and,
e Qr C @ is the set of final states.
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A VPA is deterministic if Qg is a singleton and for any g € Q:
e for any a € 3, there is at most one transition of the form (g, a,q’,v) € ¢,
e for any a € X;,,; there is at most one transition of the form (g,a,q’) € 4,
e for any (a,7v) with a € X, v € T there is at most one transition of the form (g, a,~,q¢’) € 4.

For a word w = aj ag...ax € ¥*, a run of A on w is a sequence p = (qo, 0¢), -.. (qx, k), Where
each ¢; € @, each o; is a stack (from (I'\{L})*Ll), g0 € Qo, and o9 = L satisfying for every
1 <3<k

e if a; € X, then for some v € T, (¢;, a4,qi+1,7) € d and 0,41 =7 : 05.
o if a; € Xy, then (g5, a4,¢i41) € § and 0,41 = 0.

e if a; € ¥, then for some v € T, (g;,ai,7,qi+1) € 6 and either v # 1 and o; = v : 0541 or
v=1and o; =0;41 = L.

A run (qo,00), --- (qr, 0k) is accepting if g € QF, a word is accepted if it has an accepting run,
and the language of a VPA A is the set L£(A) of words it accepts.

VPAs are closed under intersection, complementation, concatenation and star [27], and have
the desirable property that equivalence and inclusion are decidable in EXPTIME in general, and
polynomial time for deterministic VPAs.

The VPA which we construct is deterministic, but it is convenient to consider silent e-transitions
(which do not appear in the resulting word), which can be treated like transitions on X;,;. As long
as an e-transition ¢ = ¢’ is the only transition from ¢, we can eliminate it by ‘merging’ q and ¢’ into
a single state. In this sense e-transitions can be ‘squeezed’ out. We can also use a weaker notion
of acceptance, where we require that the last stack in an accepting run is L (this is weaker in
the sense that automata with such acceptance conditions can accept fewer languages than general
VPA). We can easily convert a deterministic automaton over alphabet ¥ with such an acceptance
condition into a standard one by intersecting it with the two state automaton accepting every
string over ¥ which has at least as many symbols from ¥, as from X..

In seeking to identify a fragment for which VPA’s suffice, we need to ensure that the space of
states and the alphabet of actions are finite. Primarily, this is an issue when it is not possible to
bound the set of names visible to O, Visp (t) for a trace t generated by the LTS. As the configuration
will require a map from (at least the visible) names to the corresponding thunks from P, not having
a bound on visible names will also mean we cannot bound the size of this map. We will see how
this consideration restricts the type of terms through examples.

Example 26. Let N}, = {c: UFUFInt}. Consider (N}, 0)-traces of the form &(g) g(e,c1) é1(f1)
- g(e,¢n) En(fn) file, ). To capture them, one needs to generate arbitrarily many fresh names,
because the last action could refer to any f;. This issue arises whenever we permit P to provide
to O a thunk which returns a thunk (g in this case), as O can then obtain arbitrarily many,
(potentially) distinct thunks.
Let N3 = {c: U{U(UFInt — FUnit) — FUnit)}. Consider (N3, 0)-traces of the form &(g)
g(fi,c1) fi(hi,cy) -+ g(furcn) fu(hn,ch) hi(e,c’). Here we can see that the same issue arises
when we allow an argument passed by O (f;) to itself receive an argument thunk (h;) from P.

The fragment defined below is designed precisely to circumvent the problems identified above.

Definition 27. A CBPV computation I' ¢ M : Fo is in the P-thunk-restricted (PTR)
fragment when all types in I' can be generated by o2 in the grammar below.

o2 & o' | UL of & o9 | Ref |ULF
2 2 Fo?|of =12 ™ 2 Fo¥ ol = 1P
ol & o9 | Ref | U 't & Fo'|o®— 1!
0% £ Int | Unit
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BVals®(d) 2 {V|V:o} whereo € {Int, Unit} BValSeq”® (f) 2 {e} where f: Fo
BVals; (d) = {f} where Sucy(d) = f BValSeq®(f) £ {B:---Bx | B; € BVals; ((f,4))}
BValsﬁCf(d) £ {f,9b} where Sucr(d) = (f,9) where f: 01 = -+ > 0 > Fo

Figure 7: Definition of base abstract values for given base head names and A =
(TB, CB, p, ¢g, Sucr, Suce)

A

Base; (n) 2 n where n € No

Base? (c) 2 Succ(g) where ¢ is introduced in f(A, ¢) or f(A,c) and g = Base2 (f)

Base? (f) 2 g where f is introduced in ¢(A) or &(A) with ¢ : o, ¢ = Base® (c)
{B} = BVals> (¢) and g = Match(A, B, f)

Base? (f) 2 g where f is introduced in f'( A4, ¢) or f'(A,c) with ¢/ = Base™ (f),

Be BValSeq” (¢') and g = Match( ,§, )
Marked(t) £ {#'| ais an O-action in t, f is introduced in a, and ¢ is ¢ with f replaced by f}
Rename® (t) £ Base™(t)U Ur eMarked(t) Base” (1)

Figure 8: The function BasetA () which converting names appearing in ¢ to base names from
A = (TB, CB, p, co, Sucr, Succ)

Remark 28. Note that all thunk P-names in a trace generated by a computation in the PTR-
fragment have the type Ur?’.

Remark 29. An alternative way to characterise the the PTR-fragment is by polarising the oc-
currences of U, which correspond to question actions. If one writes U™ for occurrences of U that
produce O-questions, and U~ for those producing P-questions, the problematic types in Exam-
ple 26 are then Ut FUT FInt and UM (U~ (Ut FInt — FUnit) — FUnit), both of which contain
nested occurrences of UT. The PTR-fragment is then obtained by forbidding nested occurrences
of U™, while allowing nested occurrences of U~.

Definition 30. A (Nop, ())-trace is a PTR-trace when it is O- and P-bracketed, O- and P-visible,
and it starts with a P-action with {c} = No N CNames where ¢ : ¢¥, and for f € No N TNames,
f : 02, where o, 02 are as defined in Definition 27.

Observe that these are exactly the traces which Loppy generates on PTR computations.

To provide a representation of traces without arbitrarily many fresh names, we develop the
notion of a name scheme. The idea is to associate each thunk type appearing in a typing
judgment with a fixed name. Readers familiar with game semantics will find the definition similar
to that of an arena, where thunk names and continuation names indicate the position of questions
and answers respectively, and Suct, Succ correspond to the enabling relation.

Definition 31. A (T, Fo)-name scheme is a tuple (TB, CB, p, ¢, Suct, Succ) such that p is
a [-assignment, ¢y : 0, and TB C TNames and CB C CNames are the smallest sets such that
v(p) C TB, ¢y € CB and the conditions listed below are satisfied. We set TBy, = TBNTNamesy -
and CB, £ CB N CNames,.

e Suct is the least partial function from (TB x N) & CB to TB U (TB x TB) such that: if
c € CBy; then Sucr(c) € TByy; if ¢ € CBrer then Sucr(c) € TByrme X TBy (int— punit);
if f € TBy(s,—...so,—»FUoy and 1 < i < k then Sucr(f,i) € TBy,, for 0y = Ur; and
SUCT(f,i) € TBypmt X TBU(IntﬁFUnit) for o; = Ref.

e Succ : TB — CB is a function such that if f € TBy, then Succ(f) € CBrrype(r)-
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e v(Sucx(d)) Nv(Sucx(d)) = 0 for d # d’ and X € {T,C} (which implies injectivity) and
(img(Suer) Uimg(Succ)) N (v(p) U{co}) = 0.

Elements of TB and CB will be referred to as base thunk names and base continuation
names respectively. Abstract values containing base names only will be called base abstract
values. We shall write Ar g, for a (I, Fo)-name scheme, and A when we leave (I, Fio) implicit.

Example 32. Consider 7 = U(r/) — FUFUnit, where ©’ = UFInt — UFUnit — Flnt,
I' = {f : Uz}, co : Unit. For simplicity, assume f € TBy, and p(f) = f. Then Ar punt =
(TB, CB, p, ¢, Sucr, Succ) is a name scheme, where

e TB={f:Ur, g:UFUnit, h: U7, i: UFInt, j : UFUnit};

e CB = {c¢g : Unit, ¢; : UFUnit, ¢, : Unit, ¢, : Int, ¢; : Int, ¢; : Unit};

e Sucr(f,1) = h, Sucr(h,1) =1, Sucr(h,2) = j, Sucr(cy) = g; and

e Succ(f) = ¢, Succ(g) = ¢q, Succ(h) = cp, Succ(i) = ¢;, Succ(j) = ¢j.

Showing Suct with solid arrows, and Sucg with dashed, this can be visualised as a forest.

fo—>cf——=9g——>¢4 o
h77>ch
igci\j**>6j

We can recast many definitions to use name schemes. For a start, we will redefine the notion
of a trace so that it relies on base head names only, and base abstract values depend upon the
name they are passed to via Sucy or Sucg. To this end, in Figure 7 we define BVals? (d) (for
d € (TB x N) & CB) and BValSeq” (f) (for f € TB) to indicate the associated base abstract
values and sequences thereof respectively. Note that they are determined uniquely up to numerical
constants.

Definition 33. Let A = (TB, CB, p, ¢g, Suct, Succ) be a name scheme. A A-trace is a sequence
t of actions such that: the actions alternate between P and O actions; names from v(p) U ¢y need
no introduction; and the possible actions are:

. f(Z, ¢) where f € TB, ¢ = Suca(f), Z € BValSeq” (f) and f was introduced by an earlier
O-action or f € v(p),

e ¢(A) where ¢ : 0 € CB, A € BVals> (¢) and ¢ was introduced by an earlier O-action or
¢ = Co,

. f(z, ¢) where f € TB, ¢ = Succ(f), X € BValSeq® (f) and f was introduced by an earlier
P-action.

e ¢(A) where ¢ : 0 € CB, A € BVals5 (¢) and ¢ was introduced by an earlier P-action.

Given the structure on base names, we can now introduce some terminology to distinguish the
different classes of names.

Definition 34. Let A = (TB, CB, p, ¢o, Suct, Succ). The names in v(p) and ¢q are said to be
initial. A name f € TB is said to be a level-n name if n = 0 and the name is initial, or n = 1
and f € v(Sucr(cp)), or there exists a level-(n — 1) name g and j € N such that f € v(Sucr(g, j)),
or

e there exists a level-n name g and ¢ € CB such that f € v(Sucr(c)) and ¢ = Succ(g).

For level-n name f, the sequence of thunk names induced by the repeated use of the last rule will
be called an introduction chain, and the first name in the chain (i.e. introduced by the earlier
rules) is called the originator.
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Example 35. In Ar punit from Example 32, f, g are level 0, h is level 1, and ¢, j are level 2. f is
the originator of g. These align with the position of names in the visualisation.

Remark 36. Observe that, when used in a trace, the level 0 names will be O-names, so the level
1 names will be P-names, and the level 2 names will be O-names. In the PTR-fragment, all thunk
names have level at most 2.

We shall say that a name scheme A = (TB, CB, p, ¢q, Suct, Succ) agrees with No C Names if
No = v(p)Ucy. Observe that, given a (Ng, )-trace t and a A agreeing with N, we can construct
a function BasetA that maps names in v(t) to base names by recursing on the introduction of
names until we reach names in Ny. This is given formally in Figure 8, where Match(A, B, f)
finds the base name in B in the same position as f in A.We can extend BasetA to sets of names,
abstract values, actions, and also to an entire trace, which we shall write simply as Base® (t).
This is analogous to erasing justification pointers in game-semantic plays. We can now state a
first useful result about base names. Intuitively, it means that, in PTR traces, base names suffice
to distinguish O-visible thunk names, i.e. in such traces we can use base names to represent OQ
actions faithfully.

Lemma 37. Let t be a PTR (No,0)-trace ending in a P-action. Then f, f' € Viso(t), we have
Base;” (f) # Base[ (f').

Proof. This is a proof by induction on the length of ¢. The base case is when t = ¢’ é(A)
with ¢g € No or t =t/ Q(X,c) with ¢ € No. Then Visp(t) is v(A) or V(Z), and so all the
base name are distinct. The inductive case ¢ = t' ¢(A) is trivial, as ¢ : FInt or ¢ : FUnit so

this reduces to an application of the I.H. The other inductive case is t = ¢ g(z,c). Assume
that there is some f, f’ € Viso(t) s.t. Base:(f) = Base>(f’). Then by the LH, one of f, f’

is introduced in A. W.L.O.G, f was introduced in A, and f’ in some earlier move g¢'(A4’,¢')
with Base’ (g) = Base:* (¢). Observe that Base’ (g) must be a level 0 name. Recall that the
definition of Vis (t) involves a process of chasing names. We can therefore consider the sequence of
O-names used as the head names for moves which introduce P-names in the definition of Visp(t).
We will show that the base names in this sequence are exactly the introduction chain for Base? (g),
from which it will follow that ¢’ cannot be in this sequence (and so f’ & Viso(t)).

We prove this by induction on the length of the introduction chain. In the base case, BasetA (9)
is initial, so g € No, and Visp(t) = V(E), so no other names in the sequence. In the inductive
case, let g € v(A) s.t. Visp(t) = Visp(s a d(A) s Q(X,c)) = Z/(Z) U Visp(s a). Consider what a
is. If it is a PQ-action, then it must be on continuation name d’ # ¢p, so we have Visp(s a) =
Viso(s1 h(zlﬁ, d') d'()) = Viso(s1). By repeating this, it suffices to consider only the case that a is
a PQ-action, and so by the bracketing condition, a = i_L(/?’, d). Then Visp(s a) = V(/?) UViso(s).
We must have Base? (d) = Succ(Base:* (h)) and Base: (g) = Sucy(Base? (d)), so Base:* (h) is
earlier in the introduction chain of Base; (g), as required. Applying the I.H. to the introduction
chain of Base? (h) completes this proof. O

It would be desirable if we could represent the traces of a PTR-computation using A-traces.
However, it turns out that simply applying Base® to a trace loses information.

Example 38. Let I' = {f : UFUFUnit} and A = ({ f : UFUFUnit, g : UFUnit }, {co : Unit,
d : UFUnit, e : Unit}, p, co, [d — g], [f — d,g — €]), where p = [f — f]. Consider the two
computations I' F¢ My, My : FUnit, where M; = force f to g;.force f to gs.force g;. We have that
the complete traces in Tr(C{;°) all have the form

ti = f(e,c1) ci(gr) fle e2) e2(g2) Gile, es) es(() Go(())
That is, the traces are distinguished by the use of either g; or go. However, we have Base® Tr(Cﬁ\”fi“)
as given in Figure 9. That is, we lose the distinction between g; and go, and so if we simply used
A-traces to model terms, we would equate My with My, which would mean losing the soundness
property.
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Base® (Tr(C5")) = {t} where t = f(e,d) d(g) f(c.d) d(g) gle.c) e(() ()
Rename® (Tr(C52)) = {t,(c,d) d(g) f(e.d) d(g) §(c,e) e(()) co(0), [(e,d) d(g) Fle,d) d(3) g(c,e) e(()) ol
Rename® (Tr(C5")) = {t, flc,d) d(9) [(e.d) dlg) 3(c,e) e(()) co(()). Fle.d) dlg) Fle,d) d(3) (e.e) e(()) al(

Figure 9: Translation of traces for Examples 38 and 39

A natural solution to this would be to take inspiration from the way that t; is presented in this
example, and use traces in which base names can appear scripted by when they are introduced.
We could also exploit Lemma 43 to allow us to reset these indices after a PA-action. However,
the presence of while loops means that this is not viable. A while loop might cause a PQ-action
to occur arbitrarily many times, seemingly requiring an unbounded number of indices. We could
attempt to exploit the fact that the scopes in the language ensure that any name introduced during
an iteration of a loop cannot escape that loop to reset the indices at the end of a loop. However,
the end of a loop cannot be apparent in a trace. This makes it difficult to see how to equate the

terms
Ny = (force f to g.force g);force f to g.force g

Ny = ref2 to z.whilelxz do ((force f to g.force g);
lztovw —1towx :=w )

This is because, for the first, we would want to have traces like f(e,dy) di(g1) gi(e,e1) e1(())
fle,ds) da(ga) ga(e, e2) e2(() @(()), as it is not ‘safe’ to reset the index counter after the e;(()),
whereas for the second we would need to have traces like f(e,dy) di(g1) gi(e,e1) e1(()) f(e, dy)
di(g1) gi(e,er) er(()) éo(()), as we would be resetting the index at the end of every iteration.

This issue also appears in the work of Hopkins et al. [12], which they resolve by encoding a
single P-pointer in each word their automata generate, and then use the fact that a set of words,
each with one pointer, can be used to uniquely represent a full play. We adopt the same approach,
and adapt it to our name-based setting.

The key to this is the notion of a marked name, which we shall write as f , where f is said to
be the underlying name, which can be either from TNames or TBNames for some A, depending
on context. We introduce f into our structures (traces, abstract values, etc.) by permitting a
marked name wherever the underlying name can occur, and will refer to these also as marked (e.g.
marked trace). In particular, for base abstract values, a marked name can appear in place of its
underlying name in BVals5 (d). We also extend the functions Base® and Bases so that they
preserve marks.

With this notion, we can now define an appropriate mapping of PTR-traces to a set of marked,
A-traces as Rename® (t) in Figure 8. Observe that Rename® (t) consists of traces whose un-
derlying names are all the same, and for each trace, at most one O-base name introduced during
t has been marked. We lift Rename() to sets in the obvious way.

Example 39. Let A, M;, M, be as in Example 38. Then we have Rename” (Tr(Ch/°)) as shown
in Figure 9.

RenameA() turns out to be sufficiently informative to provide a faithful representation of
PTR-traces.

Lemma 40. Suppose ty,ty are PTR (No,0)-traces, A agrees with No and Rename® (t;) =
Rename® (t2). Then t1 and ty are equal up to a permutation of names that preserves No.

Proof. We will prove this by contradiction. Let t1,t, be s.t. Rename®(t;) = Rename” (t,)
but are not equal up to permutations of names which preserve Np. Observe that ¢; and 5 must
have the same sequence of moves, differing only in the head names. Consider the shortest (equal
length) prefixes s; and sy of ¢; and t5 which are not equal up to permutation of names. Apply a
permutation to s; and sy so that they are equal, save for the last action. Let s be the common
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IVal2 (d,V,n) £ (V,0,n) for o € {Unit, Int}

IValﬁI(d,V,n) 2 (fU[ft — V], nlf — i+ 1]) where Sucr(d) = f,n(f) =i

IValy  (d, {Vi, Valbm) = (7D, g" D], (15 Vi, g79) v Vil nf. g = n(f) + 1,n(g) + 1]) where Sucr(d) = (£, 9)

IValﬁef(d, 4,m) 2 f @, [ff — thunk (), ¢/ — thunk (/\x C=x)]n[f,g— i+ 1,5+1])
where Sucr(d) = (f, 9),n(f) =1i,n(g) =

IValA(f,7,n0) £ (Ay - Ag,yio 20 Yks k) Where f U(Ul == o — FU),7 =V W
and for 1 <@ <k, (A, vi,m) = IValUAi((f, 1), Vismiz1)

IValsUA (d,n) = {(Vin)|V:o} where o € {Int,Unit}

IValsﬁl(d7 n) = {(finlf—i+1])} where Suct(d) = f, n(f) =4

IValsg (d,n) = {(MkVar f' g7,n[f,g —i+1,j+1])} where Sucr(d) = ( 9),n(f ) n(g) =

IValSeq® (f,n0) £ {(Bi---Bi,m) | (Bi,m:) € IValsy ((f,1),m,-1)} where f : U(oy = -+ — o), = Fo)

Figure 10: Functions for decomposing values in indexed abstract values and maps, for A =
(TB, CB, p, co, Sucr, Succ)

prefix, and observe the action they disagree on must have been a question, as the head name used
in answer actions is determined by the bracketing conditions.

Now, by Lemma 37, this was not an O@-action, as there are not distinct f, f' € Visp(s) with
Base’ (f) = BaseZ (f'). So this last move was a PQ-action a,, so let f, f' be the two distinct
head names with Base? (f) = g = Base® (f’). Let a, be the action f is introduced in. Now,
Rename® (t1) will contain a marked A-trace with g marked at the action corresponding to a,,
and in the head of the action corresponding to a,. But Rename® (t;) = Rename® (s;) cannot
contain this trace, as Marked(s2) cannot contain a trace with both f in a, marked and f’ in a,
marked. Thus, we have a contradiction. O

Corollary 41. For PTR-computations I' +¢ My, My : Fo, continuation name ¢ : o, a I'-
assignment p and Ar . = (TB, CB, p, ¢, Sucr, Suce), we have Tr(C)1) = Tr(C)2) iﬁRenameA”(Tr(C%g)) =
RenameAF’c(Tr(C/])V{g)).

6 From LTS to Automata (transitions)

Let A = (TB,CB,p, ¢, Suct,Succ) be a name scheme. We wish to arrive at an LTS EﬁTR
generating marked A-traces. In particular, the traces should be those arising from an application
of Rename® (t), i.e. they need to include at most one introduction of a marked name, which
must be an O-name. Although traces of ﬁﬁTR will rely on base names, the configurations will
distinguish their occurrences via indexing. An indexed name has the form b*, where b € TBUCB,
and ¢ € N is an index. Indexed names will appear in the domain of components like v and in
terms, but never in traces. Indexed names can also be marked in the same way as others.

To handle the generation of new indices, our configurations will contain a function n : TB U
CB — N mapping each base name to the next available index. In Figure 10 we define new versions
of functions analogous to AVal,(V), BVals> (d), and BValSeq” (f) but taking an additional
argument 7. They generate abstract values with indexed names and an updated n’. Given an
abstract value or sequence with indexed names, we write S(A) to denote the same abstract value
with indices removed (but preserving marks).

Note that a typical update to n will make the values grow. In order to keep them bounded,
we will implement a recycling scheme for indices. In order to formulate it, we need to transfer
the notion of level to thunk names in a trace. Let ¢ be an Np-trace such that A agrees with No.
Then f in t is a level-n name if BasetA (f) is a level-n name, and ¢ is the originator of f if g can
be reached from f by following the introduction of head names, and BasetA (g) is the originator
of Base® (f).
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Example 42. In trace t in Example 8, f is a level-0 name, 7, w, g are level 1, and h is level 2.
Our recycling scheme is inspired by the Lemmata below.

Lemma 43. Let c : 0% be a continuation name (one which corresponds to returning a value of
a basic type). Then, for any O/P-visible, and O/P-bracketed trace s =t f(X,c) t'c(A") t", no
names introduced in f( A, c) t' appear in Viso(s) (if s ends in a P-action) or Visp(s) (if s ends in
an O-action).

Lemma 44. Let s = ¢ f(z,c) t’ g(z,d) and s = st" d(A) be PTR (Ng,0)-traces, where
g is a level-2 name whose originator is introduced in X Let X be the names introduced in
f(Z,c) t g(?,d). Then if s is a proper prefiz of s’ at least as long as s, Viso(s")NX =0 (if
s ends in a P-action) and Visp(s")NX =0 (if s ends in an O-action).

To prove Lemma 44, we will need a helper Lemma.

g
Lemma 45. Lett g(Z7 c) t' f(A, ) be aPER-tmce, with f a level 2 name, and ' its originator,
introduced in 4. Then Viso (¢ g(Z7 c) t' f(A', ) = Viso(t)

Proof of Lemma 44. We proceed by induction on the length on the length of s”.

e In the base case, the shortest s” is simply s, which has odd-length. We can then appeal to
Lemma 102 to obtain that Visp(s”) = Visp(t), so cannot contain any names in X.

e In the inductive case, we proceed by cases on the last action in s”.

— s =4d" f’(ﬁ,c”). s" has odd length, so the I.H gives that f’ ¢ X. Thus, f’ is

introduced in either ¢ or in ¢t”. In the first case, we have that Visp(s”) = Visp(t;)Ur(A")
for some t; a prefix of ¢, and so contains no names in X. In the second case, we get

that Visp(s”) = Visp(s1) U u(ﬂ) where s; prefix of s’ at least as long as s, so the
result hold by the I.H.

— s =" ¢"(A"”). This is an even length trace. Then, due to the bracketing condition,
we have that ¢”(A”) is answering a question in ¢’. Thus we get that Visp(s”) =
Viso(s1) Uv(A”) where s; prefix of s at least as long as s, so the result hold by the
L.H.

-5 =3s" f’(ﬁ,c”). s"" has even length, so the I.LH gives that f ¢ X. Thus, f’ is
introduced in either ¢ or in ¢”. In the first case, we have that Viso(s”) = Visp (tl)Uu(ﬁ)
for some t; a prefix of ¢, and so contains no names in X. In the second case, we get

that Viso(s”) = Vispo(s1) U 1/(1?) where s; prefix of s” at least as long as s, so the
result hold by the I.H.

— s =s" c_”(A”). This is an odd length trace. Then, due to the bracketing condition,
we have that ¢”/(A”) is answering a question in ¢’. Thus we get that Visp(s”) =
Visp(s1) Uv(A”) where s; prefix of s” at least as long as s, so the result hold by the
1L.H.

O

Note that both Lemmata 43 and 44 state that certain names become unavailable. In the first
case this deactivation is permanent after ¢(A’), whereas in the second case it is temporary: it

starts after a level-2 name is used in g(A’, d) and ends after the corresponding d(A). We will take
advantage of the deactivation period to reuse the deactivated indices. In the first case, this will be
done simply by resetting the relevant bounds. In the PTR fragment, all non-initial continuation
names have type ¢°, so this recycling is actually widely applicable. In the second case, we will
reset the parameters temporarily and, to be able to restore them, will push the information related
to deactivated names on the stack (PQ). It can then be restored during the matching pop (OA).
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(K [while M do NJ, h,ip,1) = (K[M to z.case x of return (), (N to y.end(ip,n).while M do N);>0l, b, in, 1)
(K[end(ip,n').while M do N, h, jn, 1) —e (K[M to x.case x of return (), (N to y.end(ip,n).while M do N);], hei, ,in,n)

Figure 11: The modifications needed to produce reduction relation —,

Example 46. To better explain why this second scheme is necessary, recall I' and name scheme
Ar punis from Example 32, and consider the computation I' ¢ (force f)(thunk Ai.Aj.(force ¢)) to g.force g :
FUnit. Some of the associated traces, written with base names and specific indices, have the fol-
lowing shape: - - -
FO(R0,¢%) RO(i° 50, ¢p) 0, cf) BO(it 5%, ch) it(e i) ...
What happens here is that, when P calls ", h® becomes visible to O. This allows O to call h®
again with i"*t!. As this can repeat unboundedly many times, we must recycle the indices on %
and j, which is what the second recycling scheme permits.

Before we can present Eﬁ‘TR we will need one final element, modifications to the operational
semantics given in Figure 3. Their purpose is to replace the generation of arbitrary new locations
with locations drawn sequentially from N, similarly to how we intend to use indexed names. This
will enable us to exploit the fact that Lemmata 43 and 44 mean that available locations are
also restricted. Instead of having configurations of the form (M,h), we have ones of the form
(M, h,ip,n), where 45 is the next available location (and 7 will be a function as above). The
previous operational rules — (save those for ref V' and while M do N) are embedded into the new
reduction —, using the rule

(M, h) = (M', 1)
(M, hyin,n) —e (M’ B ip,n)

The reduction rule for handling new references is replaced by (K[ref V], h,in,n) —c (K[ign], h-
[in, — V],in+1,7n). It uses iy as the location for the new reference, and then sets the next location
to be 75, + 1. This gives an operational semantics which is behaviorally the same as generating a
fresh location, so long as iy, is larger than any name appearing in h.

We also make changes to handle the while do construct. The idea is to reset both ¢;, and n back
to the value before the loop once we reach the end of the loop. This is due to the fact that, by the
way the scopes work in the language, any name or location generated in the loop cannot be used
outside of (that iteration of) the loop. In particular, we introduce a new construct, end(ip,n).M,
to indicate the end of an iteration of a loop. We provide rules for while and end in Figure 11,
where h.;, denotes the heap h restricted to domain of location smaller than i,. Similarly, if ¢
is a partial map from indexed names, and 17 maps base names to indices, we write ¢, to mean ¢
restricted to indexed names f* for which i < n(f). We will use h>;, and (>, analogously.

Finally, we present the LTS Ef‘,TR in Figure 12. Active configurations of LISTR have the form
(M,c,~,h,H,ip,n, 1, 1) and passive ones (v, h, H, Fn,ip,n, p,1). As described above, 1 is a function
from base names to the next available index, which we call the (next) index component. iy
is the (mext) location component, the next available location. p is the reset component, a
partial map from (indexed) level-2 thunk names and O-continuation names to the value of (ip,n)
prior to the move that introduced the name. [ is a binary flag used to indicate whether a marked
name has been produced in the trace so far.

We now need to define initial configurations. Let I' ¢ M : Fo be a PTR computation and A =
(TB, CB, p, co, SucT, Succ) be a (T, Fo)-name scheme. Let p° = [x; — p(x;)°], No = v(p) U{co}
and N3 = {n°|n € Np}. Then the active initial configuration CIX/[TR’A is defined to be

(M{p°},c0,0,0,[NS — 0],0,1,0,0), L)

where n = [No,co — 1] - [(TBUCB) \ (No U{co}) — 0].
The main change to the LTS, is to ‘recycle’ the indices, so as to keep the space of reachable
configurations finite. This is the role of the p component, based on the properties identified in
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<M7cja’)/a thvihaTh/Law L> <N7cj7’Y<77’7hl»H<n'7i;;,777/a:u<77’7l>
When (Ma h7ihan) —e (N7 h/7i;—“n/)
<return Vv7 687 Vs h7 H7 iha 5 Ky l>
when ¢ : 0, (A,~,1) = IVal2 (co, V, 1)
, . e(v N
<return ucl,77h,H,’Lh,n7u,l> ) L) <7<n’7h<i;LvH<77’7H(Cl)v7’;u77/1/1'<77’7l>
when ¢ # ¢ and (i),1') = p(c")
(K] (force f)V],¢9, . h H, ih,nf (v HH () 0 () i 1)
when f is not a level 2 name .)€ IVal (f, 7, n), and Succ(f) =c¢
. . . 7,0 0 (K,c'7),P) N
< [(fOI‘CG fl)vL /ja v h H Thy 1], Wy l> <7<n/7 h<i;la H<7]’, H(fl)v Z;la 77/a H<n’y l>
when f is a level 2 name, and (i}, ") = p(f?), Succ(f) = ¢, and P = (ihs My Yomrs hsiy s Honyr s izyr)
<77 ha Ha Fn,ip, 5 1y l> PN <K[return A]a Clja s h7 H- [V(A) = Fn}’ ih, 77/7 Ky l/>
when ¢ : o, (A',/) € IVals2 (¢,n) and if | = 1 then A = A’,I' =1 else A € Select(A’), and I’ = IsMark(A)
(& CO C/j .
(v,h,H, Fn,ip,n, 1, 1) (Bl (Kc7),P) (K([return A],¢7,~v-~',h,H' i}, 0", 1/, 1)
when c¢: o, P = (i},,n",~ 0, H" "), (A7) € IVals2 (¢,n”) and if [ = 1 then A = A", I’ =1
else A € Select(A’),and " = IsMark(A); and H' = H - H" - [v(A) — Fn], and ¢/ = p-p” - [v(A) = (in,n)]
A)e . .
(v, H, P, i, . ) R (force VA, eI, ., H - [U(A), ¢ = Pal,in ', 1)
when f € Fn, (A, n") € IValSeq® (f,n), Suca(f) = ¢, n(c) = j,n' =n"[c = j +1],7(f') =V, and
if | =1then A= A",l'’ =1else A € Select(4’), and I’ = IsMark(A); and p' = p- [v(A),c? + (in,n)]

M <’y'7/ahaHaH(CO)&JV(A)aihanlvuaw

(B(A),e) /(< (K,"7))

In the PQ rules, the name f can be either marked or unmarked. In the second PA (PQ), V (7)
does not contain thunks, so is an abstract value. The second OA rule is sound as 7', k', H", "
are disjoint from ~, h, H, u. Select(A) is the set of marked indexed abstract values obtained by
marking at most one name in A. IsMark(A) =1 if a name in A is marked, 0 otherwise.

Figure 12: EéTR transition rules for name scheme A = (TBNames, CBNames, p, ¢o, Suct, Succ)

Lemmata 43 and 44. In particular, after a PA-action (other than on the initial continuation name),
we ‘prune’ the domains of the components to the index names and locations introduced before
the OQ-action being answered. Similarly, after a PQ-action on a level-2 name f, we split the
components between the index names and locations introduced before the OQ-action introducing
the originator of f, and those after. Those from before the OQ-action become part of the next
configuration, whereas those from after are stored on the stack until they can be restored after
the matching OA-action. Let Trog (C) be the set of base traces generated from C in £§TR.

Definition 47. The PTR-trace semantics of a PTR-computation I' ¢ M : Fo is defined to be
Trprr(TF¢ M : Fo) 2 { (A,t) | Ais a (T, Fo)-name scheme, t € T‘I‘PTR(CPTR’A), t is complete}.

Example 48. Recall that in Example 18 we gave a derivation that the trace

) €3 (§)

~.

& = Fllr )3, ) w(l,e2) a(0) e1(0) elg) glhses) (e, es) es@
is in Troppy (Chf) where p = [z — f], and
M = ref 0 to x.(force f)z4;return thunk (Mh.force h to y.lz to z.y + 2)
Let A = ({f,w,r,g,h}, {c,cf,cw, cr cq,cn}, p,c, Sucr, Suce) with Succ(f) = ¢f, Succ(w) = ¢y,

Succ(r) = ¢, Succ(g) = ¢q4, and Succ(h) = cp, and Sucr(f,1) = (w,r), Sucr(c) = g, and
Suct(g,1) = h. We will now show how the base trace

o~

Base; (t) = f([r,w] 4, ¢f) w(l, cw) u(() ¢5(0) &g) glh,cg) hle,cn) en(2) ¢(3)
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is in ’I‘I‘PTR(CPTRA). Let No = {f.,c} and o = [f,c — 1] - [w, 7, g, h, cf, Cw, Cr, g, e — 0] and
H() = [fo C — m

Cﬁ/,fc ;* (<Moacoa®?[0Hﬁ]aHmlanvavO%L)

where My = (force fV)£4;return thunk (Mh.force h to .10 to z.y + 2)
(<’7()a [0 — 6]7 H,, {7,07 w0}7 L, Ui 07 0>7 (C?U (K17 CO)) : J—)

where g = [r? = thunk (10), w° — thunk (Az.0 := z)], 1 = no[w,r — 1]
and K = e;return thunk (Ah.force h to y.10 to z.y + z)

F([rw],c5)

wilew) ({(force thunk (Az.0 := x))1,¢%, 70, [0+ 0], Hy, 1,70, [¢% + (1,71)],0), (c‘}, (K1,c%): L)
where Hy; = Hy - [0+ {r° w°}] and 12 = m1[ce — 1]
= return (), €5, %0, [0 = 1], H1, 1,92, (¢}, = (1,m1)],0), (¢}, (K1, ")) : 1)

((
((30, [0 = 1], Ho, {r®, w®}, 1,m1,0,0), (c}, (K1, %)) : 1)
@), (s fretumn (] 0,0, 0 T, Ho, 1,7, 0,0), 1)
({return thunk (Ah.force h to 3.10 to z.y + z), %, 70, [0 — 1], Ho, 1,71, 0,0), L)
((

'-)/17[0*_> 1] H07{g0} n27®70>a )
where 71 = 7p - [¢° — thunk (Ah.force h to y.!0 to 2.y + 2)] and ne = n1[g +— 1]

({(force thunk (Ah.force h to y.10 to z.y + 2))h°, ), 71, [0 — 1), Hy, 1,13, [hO, ) = (1,12)],0), 1)
where Hy = Hy - [h°,¢) = {g°}] and n3 = na[h, ¢y — 1]
;* ((force hO tOy'O tOZy—f—Z,Cg,’yl,[OH 1] H2a17n37[h0 (17n2)]’0>ﬂL)

o) (71,10 = 1), Ho, {g°}, 1,10,0,0), (), (K2, %), P) : L)
. where Ky = o to .10 to z.y + 2z, and P = (1,13,0,0,[h°, ) — {g°}], [h°, ) — (1,12)])
@), ((Kafreturn 2], )71, 0 - 1], H2,1,n3,[h0 & (1,m)],0), 1)
Ly ((return 3, cg,'yl, [0~ 1] Hy, 1,73, [ho — (1,12)],0), 1)
0, (31,0 > 1], Ho, {9°},1,72,0,0), 1)

To gain a further understanding of the operation L’?%ﬁ, we also see how the trace

-~ ~.

t = F([r,wld,ep) w(l, cw) () er(0) elg) g(hs cq) le,en) glhcg) hlescn) en®) 63) en(®) 6(3)

(CETRAY) s derived.

. A
in Trprg
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pic
C

_>* (<M0,CO,@,[O}—>6],H071/7\770,®70>,J_)

where My = (force f°) £4;return thunk (Ah.force h to y.10 to z.y + 2)

(<707[0H6] H07{T wO} 7717(/)’0%(0?7(](1’00)) J—)

where 79 = [r® > thunk (10), w® — thunk (Az.0 := x)],m = nolw,r — 1]

and K7 = e;return thunk (Ah.force h to y.!0 to z.y + 2)

RSN ({(force thunk (Az.0 := :L‘))/l\, & 70, [0 — 6], Hi,1,m9,[c% — (1,1m1)],0), (c(}, (K1,c%): 1)
where Hy = Hy - [c2 — {r°, w°}] and 12 = n1[cy, = 1]

Ty ((return (), 2,50, [0 1], H1, 1,ma, [), — (1,m1)],0), (c, (K1,c°)) : L)
2u(0), 0 1), Ho, {19, w®}, 1,11, 0,0), (2, (K1, ) : L
70, Ln f
210N ({K[return ()], ¢ 770,[0'—> 1), Ho, 1,m1,0,0), )
RS ({return thunk (Ah.force h to 3.10 to z.y + z), %, 70, [0 — 1], Ho, 1,71, 0,0), L)
<, ({110 = 1), Ho, {9}, 1,72, 0,0), 1)
where 1 = g - [¢° > thunk (Ah.force h to .10 to z.y + 2)] and 1y = n1[g — 1]
(h.c9) ({(force thunk (/\h force h to y.10 to z.y + 2))h°, ¢, 71, [0 — 1], Hy, 1,13, [1°, ) (1,1m2)],0), L)
where H ho,¢g = {g"}] and n3 = ma[h, ¢y — 1
2= Ho | {g }] 13 = n2[h, cq = 1]
%* ((force h° to y. '0 to z.y + z,cg,'yh [0— 1] Hy, 1,13, RO, c — (1,12)],0), L)
h(e,c
S (0 T, Ho, {63, 1,m0,0,0), (), (K2, c5), P) - 1)
where Ky = @ to .10 to z.y + 2z, and P = (1,73,0,0, [n°, ¢) — {g°}], [10, ¢) — (1,12)])
(}Alvcg)

({(force thunk (Ah.force h to 3.10 to 2.y + 2))h°, c3, 71, [0 1), Hy, 1,13, [0, 0+ (1,1)], 1),

R (Ch’ (K2702)a ) : J—)
where Hy = Hy - [h°, ) {go}]
?* (<fOI'C€ ho to le to z. ) + Z7cg3717 [0 = /1\]7IA{2a 1a7737 [h07cg = (L"D)]a 1>7 (C?za (K27CS)7P) : J—)

h(e,c ~
GOy (00 T, Ho, {6} 1m0, 0.1). (e, (K2, ), P) = (€, (K, €)), P) < 1)
where P (1 7737® @ [hO 0 = {gO}L [hoacg = (15772)])
en(?) ((Kg[return 3]7 galylv [0 = ] H27 17773, [hoﬂcg — (1 772)}7 1>’ (cga (KQ,CS),P) : J~)
;* (<I‘ eturn 4v Cgvryh [O — 1] H,, 177737 [h’ ?cg = (13772)} >’ (C?z’ (K2762)5P) : J—)
o (1)
—A> ((11,[0 = 1] HOv{gO}’ ,12,0,1), (ch’(K% 2) pP):1)
Ch 2
GION ((z[return 3], ), 71,0 v 1), Hy, 1,75, (10, = (1)), 1), 1)
L>*A ((return 3,09,71, [0 — 1] Ho,1,n3,[R°, c — (1 n2)],1), L)
cq(3
e (70,0 1], Ho, {9}, 1,7,0, 1), 1)

6.1 Full Abstraction of Lo,

We can show that the new semantics agree with the full trace semantics on PTR-computations.
This aim can be expressed as the following Lemma.

Lemma 49. For any PTR-computationT - M : Fo, a (T, Fo)-name scheme A = (TB, CB, p, ¢y, Sucr, Succ),
TT?A’TR(CFJ\}TRA) = Rename” (Trcgpv(C5°)).

To simplify the statement of results in this sections, we will fix a PTR~computation I' ¢ M :
Foy, (T, 0)-name scheme A = (TB, CB, p, ¢y, Sucr, Suce), and let No = v(p) U {co}.

We will prove Lemma 49 using a bisimulation technique, though we will not be able to give
a bisimulation directly between Lcppyv and ,C?%ﬁ. Instead, we will introduce a LTS Lﬁart’fl’ , the
traces of which will be exactly Rename®" (Trcppy(C;°)). Given a path p, let Tr(p) be the

trace induced by p.
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Definition 50. The configurations of Lﬁ;t’ﬁ have the form (p, F') where p is a path in Lcoppy
starting in C77° and F is either empty, or a set containing a single name f s.t. f is introduced
in an O-action in Tr(p). Let Mark(f, X) for some structure X (an action etc.) be obtained by

marking every occurrence of f. The transitions are then (where a includes 7 actions)

e (p,{f}H LN (p & C',{f}) where p ends with C, C & C’, a” = Mark(f,a) and a’ =

Base“ "7,  (a’).
Tr(p—C’)

a’ a ’ . a / ; Ar, s
e (p,0) = (p = C',0) where p ends with C, C = C’, and a’ = BaseTr(piml)(a).

e (p,0) a—/> (p 2 C',{g}) wherea = ¢(A), g € v(A), a” = Mark(g,a) and a’ = BaseAF"’a ().
Tr(p—C’)

’

e (p,0) & (p & C' {g}) where a = f(z,c), g € V(X), a’ = Mark(g,a) and a’ =
Faa (a//).

Tr(p—C’)

>

Base

Observe that Cﬁ;ﬁ is deterministic in the sense that if for configuration (p, F'), there is only

one t s.t. (C2 ) L (p, F).

We can then establish the correctness of Eﬁ;g with respect to Lcgpv and the tranlation
function Rename®r7 ().

Lemma 51. The traces of Eﬁ‘:t’ﬁ starting from (C5°,0) are ezactly Rename™" (Trcppy (C71°)).

Proof. We prove using the following interemediate result. Let p is a path in Lcgpy starting from
Ch/°, and t = Tr(p), then

/

L. (C,]\)}[CO’ ) = (p,0) where t' = BasetAF"’ (t); and

2. if t a thunk O-name introduced in ¢, then (C4°, 0) LN (p,{f}), where t’ = Base, " (Mark(f,t)).

This proof proceeds by induction on the length of the path p.
Using this result, we can proceed to prove the Lemma as follows. For the first direction, let

t" € Rename™" (Trcppy (Chr°)). Then there exists t € Treppy (Chr®) and # € Marked(t) s.t.

t" = BasetAF"’ (t"). Let p be the path in generating ¢t. If ¢ = ', we have by the above property

that (C3,°,0) L (p,0), so t” is generated by Eﬁ;’g starting from (C7;°,0). Otherwise, let f be

the name marked in ¢. By the above property, (C77°,0) LN (p,{f}), so t" is generated by Eﬁ‘;t’ﬂ
starting from (C1/°,0).

For the other direction, let ¢ be a trace generated by Eﬁ;ﬁ starting from (C{°,0). Then

there must be a path p s.t. C4/°,0) LN (p,0) or CL/°,0) LN (p,{f}) for some f introduced in

an O-action of p. Let t = Tr(p), so ¢t € Treppyv(CH ). Then it follows from the above result,

and the deterministm of ﬁﬁft’ﬁ, that ¢/ = Base, " (t) or ¢ = Base, " (Mark(f,t)). Thus,
t" € Rename™" (Trcppy (C7)). O

Now, to prove Lemma 49, we construct a bisimulation between £§;’g and Eﬁ%’f{. To do this,

we will use the function Conv(p), which will take path p to a tuple (k,v,n, u, V", in, N,T). &
maps names introduced in p to indexed base names, and locations to numerical locations. We lift
K to any structure containing names and/or locations in the obvious way. 1 maps indexed base
names to names introduced in p (a partial inverse of k), 7 maps base names to the next index
and p maps level 2 and O-continuation indexed base names to the value of (ip,n) before their
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introduction. 1", ij, play an analogous role to v, but for locations. Finally, N is simply the term
components of the final state in p (or @ if the last configuration is passive), but with the result
of expanding while loops annotated with end(iy,n)..T is an extended stack, which relates to the
stack in the same way as N does to term, but with added elements at some levels of the stack. We
also define the reduction (N,h) —,, (N',h') on terms of the extended syntax (with end(ip,n).),
as having the same rules as — (and so getting stuck if it encounters end(is,7).). Let N be the
function which removes occurrences of end(ip, 7). from a term/context.

We write p’ C 2 C’ when C,C’ are the last two configurations in a path (where p’ can be
empty). Recall also that we have Match(A, B, f) transfers any mark on f in A to its result.

Definition 52. We define Convr(p) = (k,v,n, i, ", in, N, T) with the following cases. If p =
Chr then p=9¢"=0,i, =0, N=M, K =L, k= [No + N3], ¥ = [N — No], nis 1 on No,
0 otherwise. Otherwise, p = p' C 2 C’. Let Convp(p’ C) = (&'s' ' ) ™ i N T, We
then proceed by the follwoing cases:

ea=r7,C= ((K[efV],---),5) and C' = ((K[{],---),S). If N' = K’[rer] then N =
K'li)], in =i+ 1, k =k [ )], 0" =" il =0, v =9, n=n,u=p', and T =T

e a =7 where C = ((K[while Ny do No],---),S).
— If N = K'[while N1 do N3], then
N = K'[N; to z.case z of return (), (N2 to y.end(ip,n).while Ny do N2) ;0]
and k =k, v =9/, n=n', p=yp', Y =" i, =i, and T =T
— If N = K'[end(ip, n).while Ny do N»], then
N = K'[endM to z.case x of return (), (N to y.end(is, n).while M do N);~0.]
Y= 1P<,,,1/1h dsk=r,p=p and T =T

a = 7 otherwise, where C = ((M’,¢,~v,¢,h,H),S), C' = ((M",¢c,v,¢,h', H),S)). Then N
is s.t (Nl,h) —m (N7h/)7 /‘0:/4,7/):1/)/777:77/”“:#/, ¢h:¢/h ih:i;la andT:T/;

a= f(X,c) where f is not a level 2 name, and C = ((K[force f 7 ), 8. f N' =
K'[force f V], then T = (¢,(K',¢)) : T', N = 0 p = i/, o" = z//h, and i, = 4. If

g' = K'(f),d = Succ(g), and (?,'y, " = IVaA(g, ,1'), then k = k" - [c = d°] - [f'
Match(4, B, )], and & = ¢ [Match(4, B, f') = '] ., 1)’
e a = f(Z,c) where f is a level 2 name and C = (( [force f 7 ), 8. It N =

K'fforce f V) and (in,n) = u(f), then = v/, b = /s T = (c, (K, o) (il 92 L))
T' N=0,k=r"[cr d°, and u = p';

a = f(4,¢) where C = ((y,6,h, H, Fn),S). It N' = 0 then N = ~(f), " = o/, i), =

it and T = T'. If ¢¢ = k/(f), d = Succ(g), j = n(d),i?,n”) = IValSqu(g,n’) and

A = Mark(F, ), then 5 = ' - [¢ v '] - [f = Match(&, B, )], ). 0 = &' [@
%

q - [Match(A’,?,f) — f]f@(x)7 p=u- [V(Z),C — (in,m)], and n =n"[d— j + 1];

e a = ¢(A) where C = ((return V,---),S). If (B,v,n) = IVal®(co, V,7'), then N = 0,

k= K- [f = MatCh(A,Baf)}féu(A)a 7/}/ = w ! [MatCh(Avaf) = f]fEu(A)a Ho= /U'/a
Y =" i, =i} and T =T,

o a=2c(A). If (in,n) = p(c), then ¥ =L, ph =2 N =0,k =4/, p=p/, and T = T";
e a=c(A) with A:o.
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-7 = (¢,(K,¢)) : T" and d = &/(c), then T = T”, N = K[return A], and for
A’ = Mark(F, A), for any (B,n) € IVals5 (d, 1), k = k-[f — Match(A’, B, DNlrevay,
Y =1 [Match(4', B, f) = flreva), p =/, " =™, and i) = ij;

— T = (¢, (K, ), (iny "™ )« T, d = #(c), and 4™, 3" disjoint from ¢/", '
then T = T”, N = K|[return A, and for A’ = Mark(F, A), for any (B',n) € IVals> (d,n"),
P =y k= k- [f = Match(A', B, f)]feu(ay, ¥ = ¢’ -¢" - [Match(A', B, f) —
flrev(ay and p=p' - [v(A) = (if,,1')].

We can prove via simple inductions, that for any path p, Convg(p) is defined (that is, the
conditions assume in the inductive construction do hold).

An important yet unsurprising property of Convg(p) is that for names and locations in the
last configuration of p, x and v (y)") are inverses.

Lemma 53. Let (p, F) be a configuration of Lﬁath, and Convp(p) = (k,1,n, u, " i, N, T).
Then:

e if p ends in a active state ((N,c,7, o, h, H),S), then for f € v(N), we have (¥ o k)(f) = f,
(¢ 0 K)(c) = ¢, and for location £ in N, (Y" o k)(£) = ¢;

e if p ends in a passive state ({y, ¢, h, H, Fn),S), then for f € Fn, we have (Y o k)(f) = f.

We define the following function mapping extended stacks to stacks with the same structure
A
as Lprgr-

}_

Stack. n,m,.(L)
Stack, n,mu((c,(K,c)):T)
Stack, i, (¢, (K, ), (in,n, 9", ) : T)

(¢, (K, ")) : Stacky p 1, (T)
(67 (Ka CI)7 (ihm n,7vo ¢7 ho ¢h7 Ho ’(/}7 Ko 1p)) : StaCk’Y,h,H7M(T)

> 1> [>

Finally, we can define a functional bisimulation © from Lp,¢, to Eﬁ%’f{:

O((p C,F)) £ ((k(N),r(c),koyotp,hotp" ko H o, iy,n,pov,1), k(Stack, .. (T))),
it C=((N',c,v,0,h,H),S)

6((p CvF)) £ (<’{O’70¢7howhaﬁoHow»’i(Fn)vihvnalJfOwvl>v’€(StaCk'y,h,H,u(T)))a
if C= ((v,¢,h,H, Fn),S)
where (k,v,n, u,¥" in, N,T) = Convp(p C) and if F = ) then [ = 0, otherwise [ = 1.

Lemma 54. O is a functional bisimulation between Eﬁath and £§TR
Using this bisimulation, we can complete our proof of correctness.

Proof of Lemma 49. This follows from Lemma 51 and Lemma 54, as bisimulation implies trace
equivalence for deterministic LTS. O

Lemma 49 with Corollaries 24 and 41 imply the following.

Theorem 55 (PTR Full Abstraction). For any PTR computations T' = My, My : Fo, then
'+ M; SEBPY M, iff Trprr(T F M) € Trprr(I F Mo).

~ter

A .
6.2 Ly is an automaton

EﬁTR turns out to be a VPA for any PTR-computation. In general, it inherits the non-elementary
bounds from the A-calculus but, for terms in canonical form (see Figure 13), we obtain an expo-
nential bound. The main result for these canonical forms are that every term has a contextually
equivalent cannonical form.
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Ground Types 8 £ Unit | Int

Restricted Values Vo = z|(0]|n|fl]MkVar Vp Vo

Values V. 2 Vo |thunk M | MkVar (thunk M) (thunk M)

Restricted Computations M, = force Vg | return Vg | MoV | ref V |1V, | Vo =V
A

My | return V' | Az.M | let 2° be V.M
| M to xP.M | My to x.M | case V of (M;);er | while M do M

Computations M

Figure 13: The grammar for terms in canonical form

Lemma 56. Given a CBPV computation T =¢ M : 1, there exists a computationT' H¢ Canon(M) :
T in canonical form such that T +¢ M ~SBPY Canon(M) :

We can then establish the finiteness of the reachable state space of EﬁTR for any computation.

Lemma 57. For PTR-computation T' +¢ M : Fo, (T',0)-name scheme A, the set of of states

PTR.A . . ) .. . L. Lo .
reachable from C,; B2 i L’ﬁTR is finite. If M is in canonical form, it is exponential in the size

of M.

The overview of our technique is to consider that state space of L’?TR reachable from the inital
configuration, but ignoring potential differences in the heap. We will obtain a bound on this state
space by looking at the maximal length of paths before we reach a duplicated state. We can then
account for the heap seperately, by considering how many locations can be generated along such
paths.

In line with this, we say two states differ only in the heap when all components other than
the heap (h) and tag (I) are the same, and that they are distinct beyond the heap when some
component other than the heap or tag is different. We extend these notions analogously to
configurations.

To prove Lemma 57, we will need a series of intermediate results. To simplify the statement
of results in this section, we will fix a PTR-computation ' -¢ M : Fo, (I',0)-name scheme
A = (TBNames, CBNames, p, ¢, Suct, Succ), and let Cy = CIX/;FR’A and No = v(p) U{co}.

The first tranche of result establish states in a path which must differ only in the heap from
some earlier state in the path.

Lemma 58. Let C be a passive configuration reachable from Cqy in LIQTR. Let C' be a passive
state reachable from C with the same stack component S as C, and with the stack never being
shorter than S in an intermediate configuration. Then C and C' differ only in the heap.

Lemma 59. Let M; = N; to z.case z of return (), (N2 to y.end(ip, n).while M do N);j~¢. Let C =
((K[M),¢,v,h, H,ip,m, p1,1),S) be reachable from Cy. Let C' = ((K[Mi],c,y', W', H', i}, 0", i/, '), S)
be a configuration reached from C by a path p which does not include a PA-action on c. Then C
and C' differ only in the heap.

Lemma 60. Let C = ({v,h,H, Fn,ip,n,u,l),S) be reachable from Cy, which occurs immediately

before OQ-action g(z,c) introducing a level 2 name f'. Let f be a name which has [’ as its
originator. Let p be a path from C such that

® no answer action in p answers a question not occurring in p;

e no T-action is produced involving reducing an occurrence of end. found in C;

p includes no unanswered PQ-actions on a level 2 name whose;
e p ends in active C' = ((K[force fiv],c’m’,hﬂH’,i;L,n’,u’,l’},S’).
o S

Then we have if C”, the states of C and C" differ only in the heap.
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We then wish to determine how long the paths reaching these repeated states can be. For this,
we have results regarding the number of unanswered questions may occur before an PQ-action
using a level 2 head name must occur, and the number of distinct beyond the heap states which
may occur between unanswered questions.

Lemma 61. Let I' V¢ M : Fo be a PTR-computation in canonical form, T'-assignment p and
continuation name cy. Let t € Tr(CL1°) be a trace which does not have an unanswered PQ-action
using a level 2 head name, then the number of unanswered PQ-actions in t is bounded by the size
of M.

Lemma 62. Let M be in canonical form. Let C be an active configuration reachable from Cy,
which occurs immediately after a OQ-action, or is Cy. Let C' be an active configuration reachable
from C by a path p in which no OQ or PA-actions occur, and each occurrence of the while construct
is reduced at most once. Then the number of intermediate configurations which are distinct beyond
the heap is polynomial in M.

We are finally ready to prove Lemma 57.

Proof of Lemma 57. To conduct this proof, we are going to exploit the fact that a state can be
decomposed into the heap and tag, and ‘everything else’. Formally, we decompose as follows:

Decomp(((N, ¢, v, h, H,ip,n, u,1),5)) =
(((Ny e, v, Hyinyn, 1), S), (hy 1))

Decomp(((v, h, H, Fn,ip,n, p,1),5)) =
(((v,hs H, Fnyin,m, ), S), (hy1))

We will write configurations without the heap and tag as C. Then we can write that C — C’ if
there is some C, h,1,C’, h,I’ and action a (inc. 7) s.t. Decomp(C) = (C, (h,1)), C 2 C’, and
Decomp(C’) = (C’, (I, 1')).

Let Decomp(Cy) = (Cy, (ho,o)). Then define the set Reach inductively as follows:

e C) € Reach
e if C is in reach, and C — C’, then C’ € Reach

Now, let us write |Reach| for the number of (distinct) states (not configurations) appearing in
Reach. Then the set of states reachable from Cj in Lgo has size bounded by the product of
|Reach]|, the size of the set of all possible heaps, and the number of possible values of tags. Thus,
we seek to obtain a bound on |Reach|.

First, we will consider the case where M is canonical, so we are seeking an exponetial bound.

We do this by observing that the inductive definition gives rise to a tree. The branching factor
is the maximum number of successors a configuration can have, which is fixed by the size of the
Int-type and the maximum arity of functions in the X, p. The maximum length of a branch in the
tree (that is of a derivation that C € Reach), is polynomial in the size of M, as we now show. By
Lemma 58, we only need to consider derivations where all O@Q-actions are unanswered. Further,
by Lemma 60, we only need to consider derivations in which all P@Q-actions using level 2 names
are answered immediately. This is as the state a PQ on a level 2 name is the same as that before
the move introducing the originator of that name, so we can only reach states already on the path
until the PQ is answered, as the stack plays no role until then. Lemma 61 places a bound on the
number of such unanswered O@-actions which can occur in a derivation where these PQ-actions
are answered. By Lemma 59 we need only consider derivations which include a single iteration of
while loops. Lemma 62 then gives a polynomial bound on the number of configurations appearing
between two OQ-actions, which overall gives a polynomial bound on the length of a branch. Thus,
we have an exponential bound on |Reach]|.

Recall that for any state, the size of the heap is bounded by the next location component ij,.
Due to the construction above, it follows that the i, is bounded by a polynomial in the size of M
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(as, in each step of a derivation that Cj is in Reach, the next location component can increase
at most once). Thus, as the heap stores integers, the set of possible heaps is exponential in the
size of M. Similarly, the tag can only be 0 or 1, which simply doubles the state space. Putting all
this together yields an exponential bound on the state space. We can generate this state space in
exponential time by observing that the states in Reach can be constructed in exponential time.
This is as, when we compute configurations C’ s.t. C = C’, it suffices to observe that at most 1
element of the heap can be read, and so this reduces considering all possible heaps to considering
the values in Int.

Now, consider what must change if M is not in canonical form. The first issue is that Lemma 61
provides a bound on the unanswered O@Q-actions only if M is in canonical form. But by Lemma 56,

we have that Canon(M) is contextually equivalent to M, thus Cl;:i;ﬁ( ) generates the same

traces as M, and so can obtain a finite bound on unanswered O@Q-actions (as the blow up in going
to canonical forms is finite, although non-elementary). The second issue is that Lemma 62 only
applies to canonical terms. However, we can easily see that any term component in the LTS is
finite, and a reduction sequence from such a finite term reaches finitely many states. Thus, it
follows in the same way as above that the state space is finite. O

Lemma 63. For PTR-computation T' ¢ M : Fo and (I',0)-name scheme A, one can effec-
tively construct a deterministic VPA accepting TI'}%TR(C?}FR’A). If M is in canonical form, the

construction can be carried out in exponential time.

Proof. We can construct VPA A = (Q,{qo},I1,0,Qr) with epsilon transitions, and accepting
on the condition of reaching both a state and an empty stack as follows (which we recall can be
converted into a standard VPA by appealing to the construction given at the begining of Section 5).
Thus, from A one can obtain a standard VPA. The alphabet are the actions which can appear
in any A-trace, and is partitioned so that OQ, PA-actions are internal, PQ-actions are calls, and
OA-actions are returns.

PTR,Ar .

We take the states (Q) to be the states of Ef,{;ﬁ reachable from C,, , and the initial

state qo is the one in configuration CIX/[TR"AF‘”. We take the transitions () to be those transitions

in L’ﬁ;ﬁ from states in Q (so (¢,a,¢') € §iff ¢ & ¢, (¢,e,¢) € 6 iff ¢ 5 ¢/, (¢,a,¢',7) € 6 iff

q 2l ¢ and (g,a,m,¢) € § iff ¢ =5 ¢/). The stack symbols (IT) are those pushed onto the stack
in the transitions in ¢ (so pushed in the transitions obtained from L’?%‘f{) and L. As a 7-transition
is the unique transition from a state, so the corresponding e-transtion is the sole transition from
that state, so by the discussion given at the begining of Section 5, we can safely ‘squeeze’ them
out.

We obtain an automaton accepting exactly the complete traces by making passive states fi-
nal (Qr), as the acceptance condition ensures that the stack is empty, and so the trace has no
unanswered PQ-actions (and as only passive are accepting, no unanswered OQ@-actions).

It follows from Lemma 57 that the state space is finite (exponential in the size of M for
canonical forms), and so the outbound transitions must also be finite (exponential for canonical
forms), as there can be at most one transtion from one state to another (so quadratic in the state
space). Further, we can see that the alphabet is bound by I',o and the size of Int, due to the
shape of possible actions. The stack alphabet is bounded by the state space, as each symbol is
determined entirely by the state before it is pushed. For terms in canonical from, the construction
can be done in exponential time, by first constructing the state space (as in Lemma 57), and then
for each state generating the possible transitions.

The VPA is deterministic as Eﬁ%f{ is. In particular, for each state, action, and stack symbol,
there is exactly one sucessor. O

7 Decidability, complexity and translations

Theorem 64. Contextual approximation for the PTR-fragment of CBPV is decidable. For com-
putations in canonical form, it is decidable in exponential time.
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Proof. From Theorem 55, testing two computations I' F¢ M7, Ms : Fo for contextual approxima-
tion can be done by comparing the complete traces generated by LﬁTR for every possible name
scheme A. As choice of base names in I', o is arbitrary, we need only care about the Ints occurring
in I', which gives exponentially many A. By Lemma 63, each comparison reduces to a language
equivalence test. For canonical forms, the two VPA’s are constructible in exponential time. In
particular, they will be of exponential size. Because language equivalence is in P for deterministic
VPA, the lemma follows. O

One can show that it is the use of level-2 names that forces us to make use of an unbounded
stack. The computations that omit level-2 names are of the form I' ¢ M : Fo!, where each type
in T' is a 02 type according to the grammar given below.

o2 £ ol |UT! ol & oY |Ref | UL
Tt &2 Fo?|o! — 1! 0 &2 Fo¥|o®—1°
o £ TInt | Unit

In this case one can show that the stack height is bounded and, for canonical forms, the bound is
linear. Consequently, we can treat the (bounded) stack as part of the state space and convert the
VPA to a finite-state machine.

The fact that our results are stated for CBPV makes it possible to specialise them to the CBN-
and CBV-variants of the language, known in the literature as Idealised Algol [7] and RML [6]
respectively. This can be done by translation provided it is fully abstract (preserves and reflects
contextual equivalence). Our translations extend the standard translations from the CBN and
CBV \-calculus respectively [21]. The translations of types are given in the table below. For
RML, a term M : o is translated into a computation MEML . fgRML

RML type CBPYV value types
Int, Unit, Ref Int, Unit, Ref
o1 — 02 U(O’lRML%FUQRML)

TIA type  CBPV computation types

expr, com FlInt, F'Unit
var Int — Int — Flnt
o Un' = 't

Remark 65. The CBN translation of var into Int — Int — FlInt uses the first argument as a
boolean flag to indicate whether reading or writing will take place. The term translation ensures
that, during reading, the second parameter will be ignored. For writing, the translated term will
always return 0. If the first argument is different from 0 or 1, the translated term will diverge.

That the translations turn out fully abstract is not completely surprising: there are several similar
results in the literature, though none of them applies to the framework we are considering, e.g.
the results from [21] are phrased for higher-order references and observing output instead of ter-
mination. Our fully abstract model Lcppy plays a crucial role in establishing the full abstraction
of our translations.

Theorem 66. Let <! <BML 4o the notions of contextual approzimation in IA and RML re-

~ters ~oter

spectively. For IA terms T+ My <IA M, iff TIA Fe M, <CBPV MQIA, and for RML terms

~ter ~ter
RML ; RML RML ~CBPV RML
I+ My SRML ppp g PRML e RML <GBPY 3 p RML

The above result means that Theorem 64 subsumes existing decidability results for IA and
RML from [10, 12], as the translations of third-order IA types [10] and O-strict RML types [12]
belong to the PTR fragment. Consequently, the present results can be seen as an operational
explanation of the earlier results for CBN and CBV.
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8 Conclusion

We demonstrated an approach to proving decidability results for contextual equivalence by deriving
decidable automata models from labelled transitions systems through a series of relatively easy
optimisations. The configurations of these automata retain operational character, which makes
them suitable for specification of further program analysis tasks. Since operational game models
are in general easier to construct and understand, we believe the approach is likely to turn out
fruitful when it comes to analyzing more complicated frameworks in the future.
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A CIU lemma

A.1 Proof of CIU lemma
<CBPV(ciu)

To prove this result, we will show that <., is a precongruence (meaning that the relation
respects the inductive construction of terms). We will prove a couple of helper lemmata to do
this. The first handles the case of a computation appearing in a value context.

Lemma 67. Suppose I' ¢ M, ,S?E?PV(CW) Ms. Let Vo be a value context s.t. TV FY Vo[My] :
Ve [Ms]. Define

Cy = force o |return o |let xhe ¢ . M | Me |lo |0:=V

Then we have (where types match) T’ =< Cy [V [Mi]] §?£PV(CM Cy Ve[ Mz]]

Proof. Take K,~,h such that (K[Cy[Vo[Mi][{v}],h) dter. Write M, for Mi{y}. We need to
show (K[Cv [Vo[Ma]l{7}], 1) dier-

We shall prove the more general result that for any M, V), R/, we have for fresh z that
(M{VLIM]]/2}, 1) dter implies (M{VL[MJ]/z},h') Vier. We get the desired result by setting
M = K[Cyl2]).

We use induction on the number of steps k in (M{VL[M]]/z}, 1) Yier-

e Ifk = 0 then M = return z, in which case M{V/[MJ]]/z} is terminal, so (M{VL[MF]/z}, 1) Lier-
e If k£ > 0, we have the following case:

— (M = K'[N] and (K'[N],h') — (K'[N'],h"))
Then (K'[N'|{VL[M]]/z}, h') ier in (k—1) steps. So by IH (K'[N'{VL[MJ]/z}, 1) Vier
in (k — 1) steps, and as (M{VL[M]]/z},h') — K'[N'{VL[M]]/z}, h') we are done.

— (M = K'[force z]) Then V} = thunk e.
We have that (K'[M]{VL[M]]/z}, 1) bter in (k—1) steps. By the IH (K'[M]{VLIMJ]/z}, 1) Yier-
Because M; <OPPV™) nr, this implies (K7 [MJ{VA[M]]/2}, 1) Yier, and as (M{VL[MJ]/2}, 1)) —
(K'[MJ){VLIM]]/z}, h') we are done.

— (M = K'[!2]) Then V}, = MkVar thunk e V.
We have that (K’[force thunk M [{VA[M{]/z},h') Jier in (k — 1) steps. By the TH
(K'[force thunk M |{VL[MJ]/2z}, 1) dter. Because My ngpv(cm) M, this implies
(K'[force thunk MJ1{VL[MJ]/2},h') bter, and as (M{VL[MJ]/z}, h') —
(K'[force thunk MJ{VL[MJ]/z}, ') we are done.

— (M = K'[z :=V’]) Then V/, = MkVar V thunk e.
We have that (K'[(force thunk M)V {VL[M]]/z}, ') Jier in (K — 1) steps. By the
IH (K'[(force thunk M) V'/{VL[MS]/2},B) bier. Because My <SSPV pr, - this
implies (K'[(force thunk M))V'{VL[MJ]/z}, 1) Vier, and as (M{VL[MJ]/z},h) —
(K'[(force thunk My )V'|{V/[MJ]/z}, 1) we are done.

O
Lemma 68 (while CTU). Suppose T' ¢ My <SPPVE) pp) - Then T ¢ while My do M <o2PV(e)
while My do M and T ¢ while M do My <SPPV(™) while M do M.

Proof. We will show the first case only, as the other is analogous. Let the number of iterations of a
loop be the number of times we reach a configuration of the form (K'[(while My do M){~'}], #’) dur-
ing reduction. We prove by induction on k that for any v, K, h if (K[(while My do M){~}], k) {ter
in k iterations, then (K[(while My do M){v}], k) J1er-
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e k =1 The base case occurs when (M;{v}, h) —* (return 0,4). This means

(K [(while My do M){~}], h) (M to x.case z of return (), (M to y.while My do M);>0){v}], k)
(return 0 to z.case x of return (), (M to y.while M7y do M);~0){7}], ')
(case 0 of return (), (M to y.while M7 do M);~0){7}], ')

return ()], h')

(K[
" (K]
(K[
(K[

N
o
-
N

So (K[return ()], ') {ter. Taking K’ = Ko to x.(case x of return (), (M to y.while Ma do M );~0){7},
by following the above reduction, we have (K'[M1{v}], h) {bier, and so as T' ¢ My <oBPV(ein)

~ter

My, we have (K'[My{~}],h). As (K[(while My do M){~}],h) — (K'[M3{~}], h) we are done.

e k> 1 As we are not on the last iteration, (M;{7y},h) —* (return n, '), with n > 0. This
means

(K [(while My do M){~}], h) (K[(M; to z.case x of return (), (M to y.while M7 do M);~0){7}], k)

*  (K|(return n to x.case z of return (), (M to y.while My do M);~0){v}], ")
(K[(case n of return (), (M to y.while M; do M);~0){~}], ")
(K[(
(K(

M to y.while My do M){~}], ")
while My do M){~}], h')

*

%
_>
—
—
ﬁ

Thus, (K [(while My do M){~v}], ') Jter in k' < k iterations, so by the LH., (K[(while My do M){y}],n’) {ter-
Taking K’ = K[e to x.(case z of return (),
(M to y.while My do M);~0){7}], by following the above reduction, we have (K'[M;{v}], h) —*

K| (while M3 do M ,h'), and so (K'[M; ,h) Uter. Thus as I' F¢ My < CBPV(ciu) Mo,
( Y Y

~ter
we have (K'[My{v}],h) Jter, and as (K[(while My do M){~}],h) = (K'[M3{~}],h) we are
done.
In one step O
Lemma 69. Suppose I' ¢ M, §tce]fPV(Ciu) Ms. Then, as long as the types work, we have:

o TH¢ M, to z.M <COBPV (ciu) My to .M, T F¢ M,V <CBPV(ciu) M,V

~ter ~ter

o THe Az M, <SBPV(E™) \oo M,

~ter
I Fecase V of (M%);cj, My, (M%);<; SSPPVE™ case Voof (M);cj, My, (M) <4,
T ¢ let 2 be V.M; <SPV 16t 2 be V.M,,

~ter
T Fe M to z.M, <SBPVE) nrto oM,

~ter

Proof. We handle the classes separately, as the proofs for the cases within each class are similar.
e These cases are trivial, as these constructs are those used in evaluation contexts.

e We will show the first case only, as the others follow analogously. Let ~,K,h be s.t.
(K[(Ax.M1){v}],h) Vter- Observe that (Az.M;){v} = Az.(M;{7}). Due to the types, we
must have K = K'[eV]. Thus, we have (K'[M1{y - [z — V]}],h) Jter, and so as ' €

My <SBEVEm) ap we have (K'[Maf{y - [& = V], h) bier. Thus (K[(Ax.M2) {7}, ) Vier-

~ter

O

Proof of Lemma 3. The left-to-right implication follows directly from the fact that testing with
v, K,h is a special case of testing with an arbitrary context. The right-to-left direction fol-

lows from the fact that if ' F¢ M; < CBPV (ciu) My and TV ¢ C[M;],C[Ms] : Fo, then IV k€

~ter
C[My] <SBPV(E™) ML), This result can be proved using structural induction on contexts, using

the above three lemmata. O
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A.2 Proof of Lemma 4

Proof of Lemma 4. The left-to-right implication is trivial. For the right-to-left implication, we

can use Lemma 3, so we need only show that I' F¢ M, ,ngpv(cm) Ms. Let h,K,v be s.t.
(K[M1{~}],h) Vter. Now, observe that K = K'[eV; --- Vi]. Let C = K'[let z1 be V4. -+ let 21, be Vj.e].
Observe that for any M, (K[M{v}], h) dter iff (C[M], h) Jter. From the fact that T', (x1,01), -, (zk, o%) F°

Myxy-xp SCPPV Moy ---ay, it follows (K[My{v}],h) {ter, and so I' F¢ M, < CBPV (ciu)

~ter ~ter

Mo. O

A.3 CBPYV equational theory

It will be useful to be aware of the equational theory of CBPV, and its relation to contextual
equivalence, to facilitate some of our proofs regarding canonical forms and translations. Our
equational theory is that presented by Levy [14], specialised to the constructions we include, and
extended with the appropriate rules for state. We present three relation ~-g, ~+, and ~¢ below,
implicitly requiring the two sides to have the same type when typed under appropriate ;1.

B-rules
AN M)V ~g M{V/x}
let x be V.M ~~g M{V/z}
return V to x.M  ~g MA{V/z}
force thunk M ~»g M
case n of (M;)ier ~p M,
'MkVar Vi Vo ~»g  force V3
MkVar Vi Vo :=V ~spg (force V1)V
while M doN ~»3 M to z.case = of return (), (N to y.while M do N);
x,y are fresh

n-rules
M to z.return x  ~», M
M to z.return () ~», M where x : Unit
?x.Mx ~s, M x not free in M
thunk force V.. ~~,, V
MkVar (thunk V) (thunk Ay.V :=y) ~-,; V ynot free in V'
¢-rules
(N1 to .N2) to y.N3  ~»c  Nj to z.(N3 to y.N3) x not free in N3
M to z \y.N ~>. Ay.(M to z.N) y not free in M
(case V of (M;);) to x.M ~. case V of (M; to z.M);
case V of (Ax.M;); ~» Ax.case V of (M;); z not free in V
Qtox. M ~c Q

We can obtain notions of equality from ~»g, ~,, and ~, namely =g (f-equality), =, (1-
equality), and =¢ (sequence or ¢-equality) by making each a symmetric, transitive, congruence
(closing under the constructions of terms). We can also obtain the equality from their union, =g,
(Bns-equality).

The key property we are interested in is that Sn¢-equality implies contextual equivalence.

Lemma 70. IfT' ¢ My, My : 7 are CBPV terms and My =g, Ma, then T ¢ My ={BPV A,

Proof. For this, it suffice to check that ~»g, ~+,, and ~, imply contextual equivalence, as the
construction for a congruence and equality relation preserve this. More specifically, we will do
this when ~-3, ~+,, and ~+, relate computations. When we have rules relating values, we have
to show if Vi ~» Va, that T' ¢ Cy [V3] =CBPV Oy (V4] for any Cy defined as in Lemma 67. We

—ter

will do this by appealing to the CIU Lemma (3), and showing that My ~»g My (or My ~, M>

or My ~ MQ) imply T' F¢ M, ~CBPV (ciu)

= My, as this reduces the contexts we must consider. As
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these are similar in each case, we will show a few enlightening cases only. Let 3, h, K,~ be s.t.
h:%, Y K:7 = Fo,and X Fv:T.

e Now, suppose M; ~g My by the first rule, so My = (Ax.M)V and My = M{V/xz}, where x
is not free in . Then it is the case that

(KM {~}], h) = (K[(Az. M)V){v}], h) = (K[(Az.M{y})V{}], h)
= (K[(M{v){V{n}/}), h) = (K[(M{V/x}){r}], h) = (K[M2{~}], h)

Thus, we obtain that (K[M1{v}], 1) bser iff (K[M2{v}], 1) dser. Thus, T ¢ Ay 2SBPVen)
M.

e Instead suppose that M; ~», My by the final n-rule. Then it must be the case that M; =
Cy[MkVar (thunk V) (thunk Ay.V := y)] and My = Cy[V]. Let V' = MkVar (thunk !V) (thunk Ay.V :=
y). We will proceed to show that for any M b/, (M{V'{y}/z}, ') $ier i (M{V{y}/2}, B') Vier,
from which our result follows by taking M = Cy [z]. We first show that (M{V'{~v}/z}, h') Jter
implies M{V/z}{v} by induction on the number of steps k in (M{V'{//v}z},h") Yier.

If £k = 0, then M = return z, so both (M{V'{y}/z}, ') and (M{V{~}/z},h’) are terminal.
If £ > 0 we proceed by case.
— M = K'[N] and (K'[N], i) — (K'[N'],#’). Thus (K'[N'[{V'{v}/z}, ') bter in (k—1)
steps, so by the LH. (K'[N'[{V{~y}/z}, ") Jter in (k—1) steps, so (M{V{y}/z}, 1)) ier-
— M = K'['z]. Then

(M{V{~}/z},h') KWV {V{y}/2}, 1)
K'['MkVar (thunk V{~v}) (thunk A\y.V{v} = 9){V'{v}/z}, ')
g’ Force thunk WW{y}{V'{y}/z}, ')

VIV 230
Now, by the IL.H, we have (K'[/W{y}{V{v}/z}, /') Vier, so (M{V{y}/z}, B') Vier

— M = K'[z := W] Follows same pattern as above.

_>
_)
%

A~ N N

This proves one direction. The other is by a similar induction on the number of steps in

(M{V{//7}z}07) dier-

e Instead suppose the M; ~». M by the first ¢-rule. Then M; = (N; to 2.N3) to y.N3
and My = Ny to x.(N3 to y.N3) where z is not free in v. Now, if (N1{v},h) ¥ter then
clearly (K[Mi{v}],h) ¥ter and (K[M2{~}],h) ¥ter. In the case (N1{7},h) {ter, assume
that (N1{7}, h) —=* (return Vi, h’). Then

(K[M1{~v}],h) (Ni{7} to .Na{~}) to y.(Na{v})], h)
(return Vi{y} to z.No{7}) to y.(N3{7})], ')
No{yHVi{v}/z} to y.(Ns{v})], /')
No{Vi/z}{v} to y.(N3{y})], ')

and

(K[M2{~}], ) (K[N1{7} to x.(N2{7} to y.(N3{7}))], )
(K[return Vi{y} to x.(Na{7y} to y.(N3{v}))], n')
(K[No{yHVi{~}/z} to y(Na{vH{Vi{~}/=})], I')
(K[N2A{vH{Vi{~}/2} to y.(Ns{v})], 1)
(K[N2A{V1/zH{~} to y.(N3{~v})]. h')

Thus, we obtain that (K[M;{v}],h) bser iff (K[M2{v}], 1) dser. Thus, T ¢ Ay =SBPVen)
M.
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From this it follows that - - and ¢-equality imply contextual equivalence.

Lemma 71. IfI' =¢ My, M5 : 7 are CBPV terms and M, =g M>, then I' =¢ M, ~CBPV zr

—ter

ter

Lemma 72. IfI' = My, M, : 7 are CBPV terms and My =, M, then I' =¢ M, ~CBPV pr
Lemma 73. IfT' ¢ My, M, : 7 are CBPV terms and My =, My, then T ¢ M; =CBPV pf,,

—ter

B Correctness and Soundness

B.1 Proof of Correctness (Lemma 20)

To prove this we will consider the ‘composite interaction’ of a ‘compatible’ term configuration and
context configuration.

Definition 74. A composite configuration D is ((M,¢,vp,v0,®,hp,ho, Hp, Ho, Fn),Sp,So)
with M a term, ¢ a continuation name, vp,vo two environments, ¢ a set of names, hp, ho two
heaps Hp, Ho two histories, Fn a set of available thunk names and Sp,So two stacks (with
element of the form (¢, (K, ¢'))).

We write o for the final continuation name, used by Opponent to answer the resulting value of
the whole interaction.

Definition 75. A wvalid composite configuration D is ((M, ¢,vp, Yo, ®, hp,ho, Hp, Ho, Fn), Sp, So)
with:

e dom(vp) Ndom(yp) = @ and o ¢ dom(vyp) Udom(yo);

e dom(vp) = dom(Hp) N TNames and dom(yp) = dom(Hp) N TNames.
e o c dom(Hp)

o If (¢, (K,c')) in Sp then ¢ € dom(Hp) N ¢ and if (¢, (K,c')) in Sp then ¢ € dom(Hp) N ¢
e codom(Hp) = P(dom(vyp)) and codom(Hp) = P(dom (o))

e dom(yp) Udom(y0) = ¢;

e p - o is well-typed;

e ccpU{o} withc:o and F° M : Fo;

e For ¢ # o either Sp = (¢, (K,c)) : Sp or So = (¢, (K, )) : S5,

e dom(hp)Ndom(hp) = ;

e No continuation name appears twice in Sp or Sp

e SpRs So where Rg is the least relation s.t.:

1 Rs L
1L Rs (¢ (K,0):L
(¢, (K,d)): S Rs (c,(K',d)S
if SRs (¢, (K',c")): 8
(¢, (K',cd"): 8 Rs (¢ (K,c)):5
if (¢, (K',c")): SRs S’
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9¢

(P7)

(PA)

(<M,C,’)/p,’70,¢,hp,ho,Hp,Ho,F’Il>,SP,So) ;> (<Na077P7707¢7h/137h0aHP’HO7Fn)a*gP’SO)
when (M, hp) — (N, k), and So = (¢, (K, c)) : S5,
(<return Mca ,YP7’YO7¢’ hPahOvHPaHO7Fn>7SP7 (C7 (K) C/)) : SO) &

((K[return A, ¢, vp - v 70,0 Wv(A),hp,ho, Hp,Ho - [V(A) — Fn], Hp(c) W (A)),Sp, So)
when ¢ : 0, (A,7') € AVal, (V)

(K[(force £)V],,7vp:70, b hps ho, Hp, Ho, FnY, Sp, (¢, (K, &) : So)

({force UA, & yp o/, 10,68 &', hp ho, Hp, Ho - [¢ v Fal, Hp(f) 0 w(A)), (¢, (K, )) - Sp (e, (K, ) : So)
when V is maximal, f: 7, f € Fn, U =~vo(f), (X,’y’) € AVal(V), o =RType(r), " 10 and ¢/ =v(A) Wy {}
({(M,c,vp,v0,9,hp,ho, Hp, Ho, Fn), Sp, So) —

FA.)

(<N,C,’YP,’YO,QS,hP,hlo,HP,HO,Fn>,SP,SO)
when (M, ho) = (N,hy), and Sp = (¢, (K,c')) : Sporc=o0
A)

((return V,e,vp,v0, ¢, hp,ho,Hp,Ho,FTl>, (Ca (Kv Cl)) : SPasO) CA(‘_>
((K[return A],c',vp,v0 -7, oW v(A),hp,ho,Hp - [v(A) — Fn],Ho, Ho(c) Wr(4)), Sp,So0)
when ¢: 0, (4,7) € AVal, (V)
<K[(f0rce f)7]3ca’ypa’yO?¢th7hOaHP7H07 F?’L>, (Cv (Ka Cl)) : SPMSVO)@>
({force UZ,CH,’YP,’)/O v, oW ¢ hp,ho,Hp - [¢ — Fn|, Ho, Ho(f) W Z/(Z)», (¢, (K,c)): Sp, (", (K,¢)) : So)
when 7 is maximal, f: 7, f € Fn, U =vp(f), (Z,'y’) € AVal(V), 0 = RType(r), ¢ : o0 and ¢ = v(A)w{c'}

Figure 14: The composite Lcppy transition rules



The composite LTS, defined on such composite configurations, is given in Figure 14. Up to
choice of name, it is deterministic.

Definition 76. Two valid configurations Cp, Cp are said to be compatible if one of the two is
active and the other one is passive, and, without loss of generality, supposing that Cp is the active
configuration ((M, ¢,vp, ¢p, hp, Hp),Sp) and Cp the passive configuration ({(yo, ¢o, ho, Ho, Fn), So),
then ¢o = ¢pp = ¢ and the composite configuration ((M, ¢,vp,v0,®, hp,ho, Hp, Ho, Fn), Sp,So),
written Cp A Cp, is valid.

The first half of the proof builds towards Lemma 83, which relates the behavior of the composite
LTS on Cp A Cop to the traces generated by Cp and Cp independently, in the manner needed
by Lemma 20. Intuitively, we wish to consider cases where Cp corresponds to a term, and Cp a
context.

Lemma 77. Taking D a valid composite configuration and D’ a composite configuration s.t.
D & D/, then D’ is valid.

Proof. Simple case analysis and induction on the number of 7 transitions. O

Lemma 78. Taking Cp,Co two compatible configurations, for all composite configuration D', if
(Cp A Co) 2 C' then there exists two compatible configurations C'p, Cp s.t.:

¢ D' =Ch ACh;
a at
° Cp:>C/P and Cp ::>C/O

Proof. W.L.O.G, we suppose that Cp is active and Cp passive. Solet Cp = ((M,¢,vp,d,hp, Hp), Sp)
and Co = ((yo, ¢, ho, Ho, Fn), So). We then proceed by cases.

e If a is PA ¢(A), then there exists V, h/p s.t.
(CP A CO) L> ((return ‘/a ) ’yPa’YO?¢> h/P7 hOa HPa HO7 Fn>a SP7 (Ca (Ka C/)) : SO)
s.t. (M,hp) — (return V,h'p). We have c¢: o and (A,+’) € AVal,(V), giving

D' = (<K[return A]7C/77P : ’7/7’703¢L_H V(A)ah/}?ahO7HP7HO : [V(A) = Fn]7HP(C) 2 V(A)>7SP7‘S£))

Let Cp = ({(yp v, ¢ Wv(A), b, Hp, Hp(c) Wr(A)), Sp) and C, = ((K[return A],c,v, oW
v(A),ho,Ho - [V(A) — Fn]), S;). Tt is easy to verify that:

— C’, Cy are two compatible configurations;
- D' =C% A Cy;
— Cp D ((return V, ¢, 7p, &, b, Hp), Sp) <25 €
~Co s .
e Ifaisa PQ f(Z, '), then there exists K, h’p and maximal 7, s.t.
(Cp M Co) 5 ((K|(force £)V1,¢,7p, 70,6, Wp, ho, Hp, Ho, Fn), Sp, So)

With (M, hp) — (K|(force f)V],h}). Then f: 7, f € Fn, U = v0(f), (A,7') € AVal(V), o =
RType(r), ¢ : 0 and ¢’ = V(X) W {c'} so that

D/ = (<fOI‘C€ UZ,C/KYP . 7/7707(1)@ ¢/7hIP7hOaHP7HO : [(bl — Fn]7HP(f) W V(X))>7 (0/7 (Ka C)) : SPMSO)

Let Clp = ((ypy', 986!, p, Hp, Hp(c)(A)), (¢, (K, ¢)) : Sp) and Cly = ((K[force UA], &, 1
¢’ ho,Ho - [¢' — Fn]),So). It is easy to verify that:
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— C’, Cy, are two compatible configurations;
- D' =CL A Cy;
T f Z C,
— Cp 5 ((Kl(force f)V],¢,vp, 6, b, Hp), Sp) 225 Ol

oo LR, cl,.

Lemma 79. Let Cp,Cp be compatible configurations. If

e Cp = C;

al
e Cp — C/O;
then C'», Cl, are two compatible configurations and (Cp A Co) = (Cr A Cl).

Proof. W.L.O.G, we suppose that Cp is active and Cp passive. Solet Cp = ((M, ¢, vp, ¢, hp, Hp),Sp)
and Co = ((vo,®, ho, Ho, Fn), So). We then proceed by cases.
e If a is a PA &(A), then there exists V,h» s.t. Cp = ({return V,e¢,vp, ¢, h'p, Hp), Sp) so
that (M, hp) — (V,h’p). Then:
— there exists 0 s.t. ¢: o, and 7/, s.t. (4,7) € AVal, (V) so that C, = ({(yp - v, ¢ &
V(A)’ h;D’ HP7HP(C) W V(A)>7 SP);
- So = (¢, (K,d)) : S and C, = ((K[return A],c',v0,¢ Wv(A),ho,Ho - [V(4) —
Fn]), Sp).

Then it is easy to verify C’p, C}, are compatible, and:

(CP A CO) ; ((return V7 ¢, 7P7’707¢7 hl}37hO7HP7H07 Fn>7SP750)
ﬂ ((K[return A],c,vp v, v0, 0 Wv(A), s, ho, Hp,
Ho - [v(A) — Fnl],Hp(c) Wv(A)), Sp, Sy)

Ch N Cp

e Ifaisa PQ f(j, '), there exists K, h’, and maximal 7 s.t. Cp = ((K[(force f)V], ¢,yp, ¢, b, Hp), Sp)
so that (M, hp) — (K|[(force f)v],h’P). Then:
— there exist 7,0,7" s.t. f: 1, (Z,’y’) € AVal(v), o = RType(z)d : 0 and let ¢/ =
W(A)w{c'} so that Cp = (vp -7, 6 W &/, hlp, Hp, Hp(f) & v(4), (¢, (K,0)) : Sp;
— f € Fn, A c ASeq(r) and there exists U s.t. vo(f) = U and C, = ({(force U)Z,c’ﬁo,(bkd
¢',ho, Ho - [¢' — Fnl), So).

Then one easily checks that C’p, C}, are two compatible configurations, and:

(CPA\CO) ; (<(fOI'C€ f)V,C,"}/P,")/O,Qs, hlPahOvHP7H07Fn>7SP7‘SO)

AN, (torce 1A, vp -+ 70,6 & W, hos Hp, Ho - [/ — Fu,
Hp(c) Wr(A)),(d, (K, c)): Sp,S0)
c, A Cl
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Definition 80. A composite configuration D terminates following a trace t, written D |}%,,., when
there exists a final composite configuration Dy = ((return V,

0,vp, 70, hp,ho, Hp, Ho, Fn), Sp, So) s.t. D = Dy. We often omit the trace t and simply
write D |,

Remark 81. Note that if we begin with a valid composite configuration, we have that Sp, Sp
will both be L.

Definition 82. Taking Cp,Co two compatible configurations, write (Cp|Co) l},,, when t €
Tr(Cp) and t - 5(A) € Tr(Cp) for some A.

Lemma 83. Taking Cp,Co two compatible configurations and t a trace, then (Cp|Co) |k, iff
(Cp N Co)

ter:*

Proof. We first prove that if (Cp|Cp) )., then (Cp A Co) |}, by induction on the length of t:

e if t is empty, then 6(A) € Tr(Cp), so there exists V,vo, ¢, ho, Ho, o s.t. (4,—) € AVal,. (V)
and Co — ({return V, 0,70, ¢,ho, Ho),So) = Cj. Since Cl, is an active configuration,

Cp must be a passive configuration, ((yp, ¢, hp, Hp, Fn),Sp). Then Cp A Co = Cp A
Cb = (<return ‘/vvoa’ypapyO?qSu hP1h07HP7H07Fn>7SP7SO)7 50 (CP VA CO) <

ter:

e if t = a-t/, then there exists two configurations C'p, Cy, s.t.:
- Cp = Cp;
aL
- Cop = C/ ;
= (ChlICH) Jier-
From Lemma 79, we get that C'p, Cf, are two compatible configurations and (Cp A Co) =%
(C’» A CL). By the induction hypothesis, (C’p A C,)) |}t.,, and so (Cp A Co) %,

We now prove that if (Cp A Cp) %, then (Cp|Co) l}.,, by induction on the length of t:

o if tis emptYa then (CP 7\ CO) ; ((return MO,VP,'Y(),QS,}ZP,hO,HP,HO,Fn>,SP,SO)-
So Co o ({return V, 0,70, ¢, ho,Ho),S0) and Cp = ({(yp,d,hp, Hp, Fn),Sp). Thus

Co 2% ((y -, 6 Wu(A), h, H,v(A)), So), where (4,7) € AVal,/ (V) so (Cp|Co) L5,

e if t = a-t/, then there exists D’ s.t. (Cp A Cp) = D’ and D’ ||t

ter:

By Lemma 78, there

exist two compatible configurations C’, Cy, s.t.:

- D' =C%h A Cy;

- Cp = O

aL

- Co = C/O
Thus we have (C» A Cl) Ut so by the induction hypothesis (C/p|Cl,) 1%, and so
(CplCo) ier-

O

To complete the proof of Lemma 20, we will need to show that for any M, K, etc. we have

T sC v . . .
(Cg;?i A Cpic) e coincides with (K[M{y}],h) {ter which we shall do by constructing a
bisimulation. To do this, we will first need a way of constructing term and heap from a composite

configuration, for which we need a few auxiliary notions.
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The first is a subtle modification to operational semantics. This is to account for the fact that
the decomposition of a value V' into an abstract value A and substitution v does not satisfy A{v} =
V', due to the treatment of references. It has the effect of n-expanding occurrences of locations
passed a arguments between the term and the context. We handle this by considering terms which
never have an occurrence of MkVar thunk !¢ thunk Ax.¢ := z, by allowing n-contractions whenever
such sub-terms form.

Definition 84.

e For a term M, we define n(M) to be the term obtained by replacing all sub-terms of the
form MkVar (thunk !4) (thunk Az.£ := z) by ¢, iteratively.

e We define the reduction relation —, by
(M,h) =, (n(M"), ") where (M,h) — (M', 1)

o We write (M, h) ||, if there exists N, b’ such that (M,h) —, (N, k') and N is terminal.

We can then easily prove the following result relating termination under — to termination
under —,.

Lemma 85. For a CBPV term ¥;T F¢ M : 7 and h : %, then (M, h) Vier iff (n(M), h) |}

ter-

We will now proceed to show a bisimulation result between reduction of composite configura-
tions, and —,,. Next, we need a way to construct a continuation from the pair of stacks.

Definition 86. Taking two stacks Sp and So, with ¢, ¢’ two continuation names, we define the
evaluation context K. . (if possible) by K. . (Sp,So) where:

o K.c(Sp,S0) £ e

o Keol((e,(K,¢"):Sp,50) £ Ko o (Sp, So)[K]

o K.o(Sp,(c,(K,c"): So) £ Ko, (Sp, So)[K]
We write K, for K.

Definition 87. To an environment 7, we associate an idempotent substitution § defined as the
relation:

o 0°2{(f,V) | f €dom(y) Ay(f) =V}}

o SFLEL(£, V{8 | (f,V) € d'}} with V{§'} denoting substitution.
then there exists n € N s.t. "1 = §”, and § is then defined as 5.

The iterative construction is to give idempotency. The reason we give this construction is that
in an environment, the image of some thunk names will be a thunk containing other thunk names,
and so by doing this iteration, we fill in those names with closed thunks. This is possible because

there is no cycles between names. The reason we do this is to handle environments formed of

vp - Yo, where names in vp are defined using names in o and vice versa, corresponding to the
interleaving of questions between P and O.

With this in hand, we can now define a way to construct a term and heap from a composite
configuration, which will allow us to establish the desired bisimulation result.

Definition 88. One define the configuration transformation 6 from valid composite configurations
to pair formed by a term and a heap, defined as

0: (<M7 C»’va’YOaQb»hP»hOvHPvHOy F'I’L>,SP,SO) = (n((Kc[M]){d})yhP . hO)

with ¢ the idempotent substitution associated to vp - vo.
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Notice how in the definition of 6, we see that Hp, Ho, F'n play no role. This is because they
are redundant in the composite LTS. These components enforce the visibility constraints on the
original LTS, and so a present in the composite one to simplify the proof of Lemma 83. We can
now show that they are functionally redundant by proving the following lemma.

Definition 89. A composite configuration D = ((M, ¢, vp,v0, ¢, hp,ho, Hp, Ho, Fn), Sp,So) is
visibly valid if it is valid and also satisfies the properties

e yY(M)C Fn
o for f € dom(yp), v(vp(f
(

e for f € dom(yo), v(vo(f
e for (c, (K,
K,c

)) € So, v(K) C Hp(c)
) (

/

e for (c, (

Lemma 90. Given a visibly valid composite configuration D, then if D 2 D', the D’ is a visibly
valid composite configuration.

Proof. The proof of this is by case analysis on a. We omit the O cases, as they are symmetric
with the P cases. Let D = ((M, ¢,vp,v0,®, hp,ho, Hp, Ho, Fn), Sp, So).

e D ; (<M/,C, ’ypv’YOvd)v hvahOaHPaHOan>7SPa SO)

In this case, vp,v0,Sp,So, Hp, and Hp remain unchanged, and so the conditions upon
them hold. We need to check that v(M') C Fn, but this follows from the fact that the rules
defining — do not introduce new names.

e D ﬂ ((K[return A}, ,vp - v, 70,0 W v(A),hp,ho,Hp,Ho - [V(A) — Fn],Hp(c) W

v(A)), Sp, S;) where So = (¢, (K, d)) : S, M =return V and (4,~') € AVal, (V).

Yo, Hp are unchanged, so we do not need to check. As Sp is unchanged, S{, smaller than
So, and the mapping Hp enlarged, we don’t need to check the condition on stacks. So we
are left to check that

— For f € dom(v’), we have v(v/(f)) C Ho - [v(A) — Fn](f).

If f € dom(v’), then f € v(A) and /(f) occurs in V. Thus, as D is visibly valid,
v(v'(f)) Cv(return V) C Fn = Ho - [v(A) — Fn](f).

— v(K[return A]) C Hp(c) Wv(A)
As D is visibly valid, v(K) C Hp(c), and as v(K[return A]) = v(K) U v(A) we are

done.
JF(XaC/) Z / ’ N / Z / .
D—)(<fOI‘C€U 7C77P'A/7707¢H—J¢7h’P7h07HP7HO'[¢ HF’ﬂ],HP(f)L‘HV( )>7(C7(K,C)).
Sp,So) where U =vo(f)(A,7) € AVal(?),d)’ =v(A)w{d} and M = Klforce fV].
Yo, Hp are unchanged, so we do not need to check. So is unchanged and the mapping Ho
is expanded, so we don’t need to check the condition on Sp. So we are left to check that
— For f € dom(y'), we have v(v'(f)) C Ho - [¢' — Fn](f).
If f € dom(y’), then f € I/(Z) C ¢' and 4/(f) occurs in 7 Thus, as D is visibly valid,
V(¥ (1) € v(V) € Pn = Ho - [¢/ = Fa()).
- v(K) C Ho - [¢' = Fn](f)(c)
As D is visibly valid, v(K) C Fn, and as ¢’ € ¢/, we are done.
— v(force UA) C Hp(f) wu(A)
As D is visibly valid, v(U) C Hp(f), and as v(force UZ) =v(U)U Z/(Z) we are done.
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O

Due to this lemma, we can ignore the condition that f € Fn in question moves. Before proving
a bisimulation, we will need a few extra results to bring the behavior of the composite LTS closer
to reduction. The following lemma shows that, in essence, we can safely ignore situations in which
~v(f) = g, where we simply have a name mapped to another name, as these are artifacts of the
LTS, and not of the underlying reduction taking place on (D).

Lemma 91. Taking D = ((K[(force f)v],c, Yp, Yo, hp,ho, Hp, Ho, F'n), Sp,So) a valid com-
posite configuration that is going to perform a question, with f € dom(y), where v = vp - vo,

there exists a functional name g, an abstract value sequence A, a composite configuration D' and
a trace t formed by questions s.t.:

o v(g) has the form thunk M, (MkVar M, M,,).read, (MkVar M, M,,).write,l.read, or {.write;

e i(f) = d(g), writing § for the idempotent substitution associated to ~ (that is, alternate
substitutions from vp and yo make no difference);

e DL D

H
e D’ can be written as ((K'[(force g)V'],c',vp - vp, 70 - 75, ¢ W dom(vp) Wdom(vg,), hp, ho,

Hp H,, Fn'), Sh, S5);
%
o n(V'{d'}) = 77(7), with &' the idempotent substitution associated to Yp - V¢;
o if ! =c, then Ko o(Sp,S;) = e and K' = K, otherwise Ko (Sp,S5) = K and K' = o

The next lemma shows that when we have continuations on the stacks which are empty, we
can safely ignore the interleaving of answer moves between P and O as these are again merely
artifacts of the LTS, and don’t correspond to any underlying reduction.

Lemma 92. Let D = ({return V,¢,vp,v0,0,hp,ho, Hp, Ho, Fn),Sp, So) be a valid composite
configuration that is going to perform an answer. Suppose that there exists ¢ s.t. K. = e.
Then there exists a composite configuration D' = ((return V', ¢/, vp - vp,v0 - 75, ® W dom(vp) W
dom(v},), hp, ho, Hp, H,, Fn'),Sp, S;,) and a trace t formed only by answers s.t. D 5 D and
n(V'{0’'}) = n(V), with ¢’ the idempotent substitution associated to Yp - ¢,.

Lemma 93. Taking D,D’ two valid composite configuration and a an action (different of 7) s.t.
D % D’ then (D) = 6(D’).

Proof. Let D = ({(M,¢,vp,v0, ¢, hp,ho,Hp,Ho, Fn),Sp,So) and D' = ((M’, ¢,
Vs Yo @' hp,ho, Hp, HY, Fn'), Sb, S5). W.L.O.G assume D is P-active, so So = (¢, (K, c')) :
S¢). Let & be the idempotent substitution associated to vp - 7o and ¢’ be the idempotent substi-
tution associated to ¥p - 5.

We reason by case analysis over a:

o If o = ¢(A), so that M = return V. Then we have:
— c:o0;
— 70 =70, Vp =P V4 and ¢’ = ¢ W dom(ya); with (4,74) € AVal,(V);
- S =8p, S, =54
— M' = K[return A].

We conclude using these and the fact that:

- K(Tp,(c,(K,c')) : To) = Ko (Tp, To) [K];
= n(A{ya}) = n(V);
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— if f € dom(6),0"(f) = 0(f);
that (n(K.(Sp,So)return V])){0} = (n(K (Sp, Sp) K [return A]])){d’'}. So 6(D) = 6(D’).

o If a = ]?(X,c’)7 so that M = K|[(force f)v] for some context K, value sequence 77 and
thunk name f. Then we have:

— 0(f) =U;

— Y0 =70, Vp =P 7%, With (j,m) € AVal(V);
Sp=(c,(K,c)):Sp, Sy, = So

— M’ = (force U)Z

We conclude using these and the fact that:
— Ko ((d,(K,c)): Tp,To) = K.(Tp,To)[K];
— (A {7} = n(V);
—if f € dom(8),8'(f) = 8(f);
that (K.(Sp, So)[K[(force £)V])){6} = (Ku(Sp, So)[(force U) A){d'}. So 6(D) = o(D').
O

We need a way to capture those transition that a composite configuration make simply to carry
out n-contraction.

Definition 94. Taking D = ((M,c¢,vp,v0, ¢, hp,ho, Hp, Ho, Fn),Sp,So), D’ two composite
configuration, we write D -5 D’ if one of the following hold:

e M =IMkVar (thunk /) (thunk Az.f := x) and

D 5 ({force thunk !/, ---),Sp,So) = ({1,---),Sp, So)
e M = MkVar (thunk !4) (thunk Az.¢ := ) :=V and

D 5 ({(force thunk \z.f := z)V,---),Sp,So) =
(A2l :=2)V,---),Sp,So) = ((¢:=V,--), Sp,S0)

e M =IMkVar f g where f,g € ¢ and f{0} = thunk ¢, g{6} = thunk Az.¢ := z where ¢ is
the idempotent substitution associated with «p - vo and for some t consisting entirely of
question actions,

D 5 ({force f,---),5p,S0) — ((force thunk 10, ---), 5%, 85) 5 ((1¢,---), 8%, 55)

e M =MkVar f g:=V where f,g € ¢ and f{d} = thunk ¢, g{d} = thunk Az.f := x where ¢
is the idempotent substitution associated with vp - 7o and for some t consisting entirely of
question actions,

D (force g)V,--), Sp, So)

(force thunk Az.l := z)V,---),5%,55)
Azl =)V, ), S%,So)

(

= (
= (
= (
= ({(t=V,. >7S%aSo)
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Lemma 95. Taking D = ((K[M],¢,vp,v0,%,hp,ho,Hp,Ho, Fn),Sp,So) a valid composite
configuration where M =IMkVar Vieaqd Vapite 01 M = (MkVar Vieaqa Vanite) := U, with Vieaa{0} =
thunk 10 and Viite{0} = thunk \z.l := x where § is the idempotent substitution associated with

Yp -0, there exists D' s.t. D 2 D', Furthermore, (D) = §(D’).

T

Definition 96. Taking D, D’ two composite configuration, we write D ~» D’ when D -5 D” 5
D’, or if there exist no such D", there exists a trace t of actions (without any 7-actions) s.t.

D -5 D’ (t can be € only if there is no possible —, reduction).

Lemma 97. The configuration transformation 0 is a functional bisimulation between the transition
system over visibly valid composite configurations (CompConf,~) and the operational transition
system (A x Heap, —y,), that is, for all visibly valid composite configuration D:

e for all composite configuration D', if D ~» D’ then (D) —, 6(D’);

e for all pairs (N,h) formed by a term an a heap ', if 0(D) —, (N,h') then there exists a
valid composite configuration D’ s.t. D ~» D’ and (N,h') = (D)

Proof. To simplify the proof, we let:
e D=((M,c,yp,v0,0, hp,ho, Hp, Ho, Fn),Sp,So);
® vY=7pP 70;
e 0 be the idempotent substitution associated to vp - vo;
e 6(D) = ((K.[M]){6},h) with h = (hp - ho).

We first suppose that D ~~ D’. We first consider the case where there exists a trace t of
actions (without any 7) and a composite configurations Dy s.t. D AN D; 5 D’. From Lemma 93,
we get that (D) = 6(Dy).

Instead suppose that there exists Dy s.t D 2, D; 5 D’. Due to the fact that the construction
of 6 does n-contraction, we can easily verify that 6(D) = 6(Dy).

Without loss of generality, we suppose the composite configuration D1 is P-active. We write D’
as (M, ¢\ Ap, 75, @', Wy ho, Hpy H, Fr'), ST, Sg) and Dy as ((My, ¢, Vb, V5, @' hp, ho, Hp, H, Fn'), Sh, S5),
so that we have (My,hp) — (M',h}). If M = K[IV] or M = K[V := U], we must have that
V is a location ¢ due to the definition of ~». Therefore, (n(Mi), hp) —, (n(M'), h'p). It follows
that 0(D1) = (1((Ker (S, Sb)MIAT}), b -ho) =y (((FKer(Sior S M)}, B ho) = B(D)
where ¢’ is the idempotent substitution associated to v - 75,-

Now, we suppose that there exists a term N and a heap h’ s.t. 6(D) —, (N,h’). We now
proceed by cases on the possible ways that (D) —,, (N,h):

e (D) = (K[l),h)or (K[l :=V],h),and M = K'[IMkVar Viead Vaprite] or K'[MkVar Vicaqa Vigrite :=
V]. By Lemma 95, there exists D; s.t D -5 D and (D) = 6(D;). We write D; as
(K1 [Mi), ¢ Apy v @' hp ho, Hp, HY, Fr'), S, S;), where My =! or £ := V as appropri-
ate. W.L.O.G, we assume ¢ € hp. Soeither (N, h') = (n(K.(Sp, S;) K1 [return hp(0)]]{d}), hp-
ho) or (n(K.(Sp, Sp)[Ki[return ()]|{0}),hp - [¢ — V]-ho) as appropriate. So we take D =
((Ki[return hp(0)], ¢, vp, 76, &'y hpy hoy Hp, Hp, '), Sp, S, or ((Ki[return ()], ¢, vp, 76, ¢’ hp-
(€ — V], ho,Hp, Hj, Fn'), Sp, S},) as appropriate. The D 5L D; 5 D and (D) = (N, 1)
as required.

e Either (n(M),hp - ho) is reducible. W.L.O.G, we suppose that D is P-active, so that
(n(M), hp) is reducible. Then there exists (M’, h'p) s.t.:

— (n(M),hp) — (M', Wp);
— N =n(Kc(Sp, So)[M'|{6});
— W =hl - ho.
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So we take D' = ((M’, ¢, 7p,70,¢,h};,ho,Hp,Ho, Fn),Sp,So) so that D LD

Or M is forcing a thunk name:

M = K|(force f )7] for some context K, value sequence V', and thunk name f;
5(f) is thunk M’ for some computation M’;

N = n((K(Sp. So) K [M'V]){5});

— N =h;

From Lemma 91, there exists a functional name g, an abstract value A;, a composite con-
figuration D7 and a trace t formed by questions s.t.:

— v(g) is thunk M’ for some computation M’;

- 0(f) = d(9);

- D5 Dy;

— D; can be written as ({(K;[(force 9)71], €1,YPN,P, Yo V1,0, pWdom(y1, p)wdom(y1 0), hp, ho,
Hy p,Hy0,Fn1),S1,p,51,0);

— 77(71{51}) = 77(7), with ¢; the idempotent substitution associated to v1 p - 71,03

— if ¢; = ¢, then K, (S1,p,51,0) = ® and K' = K, otherwise K., .(S1,p,S1,0) = K and
K =oe.

Without loss of generality, we suppose the composite configuration Dy is P-active. By
Lemma 90, g € Fny, so we have:

g(Az,c
(Az,c2)

D;

— —
({(force thunk M)Az, ca,v2,p, 70 - V1,0, P2, hp, ho, Hi,p, Ha 0, Fna), (c2, (K1, ¢1)) : S1,p,51,0)

—_— ((M' A3, ¢2,72.9,70 - 11,05 $2, hp, ho, Hi.p, Ha.0, Fna), (ca, (K1,¢1)) : S1.p,51.0)
D/

with 2, p = yp-71,p 77 and 17(1?2){7@}) = 7](71) From Lemma 93, we have (D) = 6(Ds).
We have that 77((M’7){6}) = n((]\Zl’A.)g){ég}) from:

— 0(A3{62}) = (V) since n(Vi{51}) = n(V) and (V1) = n(Az{1,))

— M'{8} = M'{5} since 6(f) = 6(g) and ~(g) = thunk M.

As KC,_,((CQ, (K1,Cl)) : Sl,p, Sl,O) = Kcl (51713,5170)[](1} = KC(SP,So)[K] we have Q(D/) =
(N.h).

Otherwise, M = return V for a value V and K, an evaluation context larger than e. Then
there exists a continuation name ¢ s.t.:

- KC701 (Sp, SO) =
— (1, (K, cq)) is in Sp or Sp with K an evaluation context larger than e.

From Lemma 92, there exists a value V7, a composite configuration D; and a trace t formed
by answers s.t.:

- D5 Dy

— Dj can be written as ({(return V4, c1, vp71,P, Yo 71,0, pWdom(y; p)wdom(vy1.0), hp, ho,
Hi p,Hi0,Fni),S1,p,51,0);
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— n(Vi{d1}) = n(V), with é; the idempotent substitution associated to v1.p - 71,0;

Since K is larger than e, we must have for some K’ that K = K'[e to y.M']. W.L.O.G
suppose the composite configuration Dy is P-active. Then as D is valid S; o = (¢1, (K, ¢2)) :
S2,0. Then we have:

D;

D l} Dl c1(A2)

((K[return As], c2,v2,p,70 - 11,0, 2, hp, ho, H1,p, H2,0, Fna), S1,p, 52,0)
with 72, p = 71,P - 74, and n(A2{v4,}) = n(V1).

From Lemma 93, we have that (D) = 6(D3). From K., (Sp,So) = e, we get that
Ke(Sp,So) = Kc,(S1,p,51,0), 80 Ke, (S1,p, 52,0)[K] = Kc(Sp, So).

Thus, we have (D) = n((K.,(S1,p, S2,0)[K'[return Ay to y.M'][{02}),h) —

N((Ke, (S1,p, S2,0) [K'[M'{A2/y}]|{02}),h) = (N, ). So, if welet D" = (<K’[M’{A2/y}] 62,72 P,Y0"
",0, P2, hp, ho, H1,p,Ha0, Fna), S1,p, S2,0), and we get D ~» D’ and §(D’) = (N, 1), a
required.

Using this bisimulation, we can easily prove this corollary using induction:
Corollary 98. Tuaking D a visibly valid composite configurations, then D |, iff 0(D) |,

We are finally in a position to prove Lemma 20.

Proof of Lemma 20. Note that (K[M{y}],h) {ter iff G(CpA A CZﬁKW) ... Furthermore, we can
check that CpA ’

a trace t such that (C,;
which implies the Lemma.

A CZ K - 18 visibly valid. From Corollary 98, this is equivalent to the existence of

P i€ 5i PA; ¢
A\ Ch,K,'y)

By Lemma 83, this is the same as (C,;*

Vi t
ter: Ch K ’y) ter>

Remark 99. Observe that if t+ 5(A) € ’I‘rCBpV(CZi}? ), then as these trace satisfies P-bracketing,

Topp(tt) = {o} and so the (No,{)-trace t € T‘I‘Cpr(C’;ji’c) satisfies Topp (t) = 0, and so must
be a complete trace.

B.2 Proof of Soundness

Proof of Theorem 21. Suppose Treppy (I'H¢ M7) C ’I‘rCpr(F_’I—C Ms).

Let 3, h, K,~ be such that (K[M;{v}],h) {ter. Suppose (A;,¥;) € AValr(y). By Lemma 20
(left-to-right), there exist ¢, ¢’ such that ¢t € TrCBPV(C?Vf 16) and t+5(A) € TrCBpV(C;?’I? ). Fur-
ther more, by Remark 99, we have that ¢ is complete. By TrCpr(F ke M) C. TrCBpV(F Fe M),
we have t € T‘I'CBPV(C;)V[; ’C). Because t € ’IYCpr(Cp 276) and t+5(A) € TrCBpV(CZ’KV) by
Lemma 20 (right-to-left) we can conclude (K[Ma{v}],h) ier. Thus, T' e My <EBPVER) pp g

~ter

C Definability and Completeness
C.1 Proof of Definability (Lemma 22)

To prove Lemma 22, we will use backwards induction on the traces. To do this, we will need a
more general lemma, from which Lemma 22 can be recovered by taking i = 0.

Lemma 100. Suppose ¢ C TNames, c € CNames andt = 01p1 - - - 0n,Dyp, 1S a P-visible, P-bracketed,
O-visible, P-visible ({o}, ¢ W {c})-trace starting with an O-action, so that o1 --- o, is complete.
Given 0 < i < n, let t; = 0;41Di+1 " OnPn- There exist passive configurations C; such that
TrV"(C;) is the even-length prefizes of t; (along with their renamings via permutations on Names
that fix ¢;).

Moreover, C; = (i, ¢s, hi, H;, Fn;), S;) , where
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dom(~;) consists of ¢ and all names introduced by P in o1py - - - 0;pi;

v(vi(x)) C Visp(o1p1 - - 0;) if x has been introduced in p; (¢ W{c} are deemed to have been
introduced in py and Visp(o1---09) = 0);

if pj is the k-th most recent unanswered PQ-action in 01p1 - - - 0;p;, and ¢’ is the continuation
name introduced by p;, then the k-th item from the top of S; has the form (¢, (K,c"));

if (¢, (K,d")) € S;, and ¢ : o' is introduced in action pj, then {¢" : ¢"} € Topp(o1---0;),
v(K) € Visp(o1p1---0j) and K : 0/ = o"';

the bottom-most element of S; is (c, (K, 0)) if no OA-action using ¢ has occurred, and the
stack is empty if a move using o has occurred;

Fn = Viso(o1p1 - 0ipi);
if f € ¢, and was introduced in o, then H(f) = Viso(o1p1---0j—1pj—1);
¢; consists of ¢ W {c} and all names introduced in 01p; - - - 0;p;i;

h; = {time — i}, where time : Ref .

Proof. This construction works by using the single reference, time to count the steps in the trace.
This will then be used to allow the correct action to be enabled and all others disabled.

(Note that if Int is set to be smaller than n, we can use multiple references, and encode the
time step across them. For simplicity, we assume Int can hold a large enough value.) In defining
terms using the language, we will need some shorthand.

We will make use of operations such as + and equality, even though they are not in the
language, as a shorthand for the appropriate construction using case.

We abuse notation to write {2 for a non-terminating computation of arbitrary type (which
can easily be constructed from the Q : F'Unit in the language by doing  to .M, where M
is any computation of the correct type).

We write inc time for the computation !time to ¢.(t + 1) to t'.time :=¢t'.

Given an abstract value sequence Z introduced in p;, we write X{%H} for the substitution
of the names introduce in A by thunks from ;1.

We will write A\.Z to indicate a sequence of lambda abstractions, which we shall use to
match the sequence of arguments of a computation type.

If 7 is a sequence of variables, and Z is a sequence of abstract values with matching types,
we write M{Z/ Z} for the act of substituting names found in A with the corresponding
variable from 7’ in M (ignoring values occurring in Z) In particular, if we need to make
a substitution of x : Ref for MkVar f g, we do the following: occurrences of force f are
replaced by !z, and occurrences of (force g)V by z :=V.

Finally, we define assert(z ~ A) to be a test comparing a variable with an abstract value. If
the type of A is not Int, this is empty (i.e. return (), otherwise it is defined as case = of (2);< 4,

return (), () a<;. We extend this to sequences as assert(z ~ X)

The above description already specifies ¢;, dom(~;), H;, Fn;, and h;. It also specifies the con-
tinuation names appearing in S;, but not the continuations K appearing in the stack. To complete
the definition of C;, we will need to specify the environment -; and the stack S;.

Recall that, we need to define vo(f) for f € ¢ and, in other cases, v;(f) (f € TNames) will be
defined for all j > ¢ if  was introduced by P in p;. Recall also that once 7;(f) is defined, it never
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changes. Hence if f was introduced by in p;, we will only specify v;(f) on the understanding that
~ir () = ~i(f) for all i/ > 1.

We will provide these definitions using a backwards induction on i, meaning we define S; and
~i(f) for f introduced in p; with reference to S} and ~;/(f’) for ¢/ > ¢ and f introduced in p}. In
particular, the names ¢ are deemed to be introduced in a (fictional) p,. Once 7;(x) is defined,
we will argue that v(y;(z)) C Visp(o1p1 -+ - 0;). Similarly, once S; is defined, we will argue that if
(c,(K,d") € S; with ¢ introduced in p;, then v(K) € Visp(o1p1 - - - 05).

For the base case, where i = n, things are straight forward. The stack in this case must be
empty (as we have just done a 6(A) action, so popped the last thing from the stack). The names
introduced in p,, are never used, so we can define 7, (f) = Q.

For the inductive case, will consider v;(f) and S; separately. We first define ~;(f) for f €
TNames introduced in p;, or ¢ if i = 0. Let Iy be the set of occurrences of f as head name in ¢;.

That is, Iy ={i<u<n|o, = f(z,cu)} We will now define
vi(f) = thunk (A7 .(inc time; time to t.case t of (M;)o<j<n)

This code simply increments the time, and dispatches to the appropriate M; based on the
time, which we now define by cases, analysis the type of move p; is.

e j & I;. In this case, we wish simply to diverge, so M; = Q.

o j €Iy and p; = ¢;(A)). ¢; is the continuation name introduced by o; due to P-bracketing.
Thus, the call to f at time j needs to simply return the value corresponding to A;-. Asi < g,
we can use the inductive hypothesis to get that names introduced in A; are defined in ;4.
So we have

— —
M; = assert(@ ~ Aj);return A;{'Yj+1}{?/Aj}

_>
Mj uses only names in A’{v;41} which are not introduced in A;. We have by the IH that

V(I?j{*yjﬂ}) C Visp(o1---0;) = Visp(o1 ---0;) U 1/(1?;) Thus, we have M; C Visp(o1 ---0;).
e j€lsand p; = g(@, c;) In this case, by the fact p; is an unanswered question, we have
Sit1 = (¢}, (K,¢j)) + Sj1q. So what the call to f at time j needs to do is call g with
argument sequence corresponding to ZJ , and then have the result of this returned to K. As
i < j, we can use the inductive hypothesis to get that names introduced in A} are defined
in vj41. So we have

M; = assert(@ ~ A); K](foree )(A {701 W7 /A7)

_>
This uses only names in I?j{’yj'_l'_l} and K which are not introduced in A;. By the IH, we

have that u(/@{fyjﬂ}) € Visp(o1---0;) = Visp(o1---0;) U u(/T;) Similarly, we have that
v(Kit1) € Visp(o1 - - - 05). Thus, we have v(M;) C Visp(o1 - - - 0;).

Now we turn to constructing S;, for which we proceed by a case analysis on o;.

e 0; is a OQ action. Then this action does not change the stack. Consider then p;. If this
is a PA action, then we simply take S; = S;;1 as neither action changes the stack. If it is
a PQ action f(A,c), then as this is the most recent unanswered question, we have that
Sit1 = (¢, (K,c")) : Si;y,. We can therefore take S; = S, ;. In either case, the inductive
construction means this satisfies the visibility condition on S;.

e 0; is a OA action, ¢/(A). We therefore need to arrange that the topmost item on the stack
is of the form (¢, (K, c")). As mentioned above, ¢’ is fixed. The appropriate definition for
K depends on p;.
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— If p; is a PA action, it has the form ¢”’(A’). We therefore construct K so that is returns the
value corresponding to A’ if time is ¢ and diverges otherwise. By the TH, names introduced
in A’ are defined in y;11. So

K = e to x.(assert(x ~ A);inc time;!time to t.
case 1 of (@), (return (A') {41 }Hz/A}), (<))

This uses only names in A’{~;11} which are not introduced in A. Assume ¢’ is introduced
in p;. By the IH, we have that v(A"{v;41}) C Visp(o1 ---0;) = Visp(01 ---0;) Ur(A). We
then have that v(K) C Visp (o1 - - - 0;), as required. Thus we let S; = (¢, (K, ")) : Sit1

=
— If p; is a PQ action, it has form f(A’,¢"). In this case, as p; is the most recent unanswered
question, it must be that S;11 = (¢, (Kit1,¢”) + Siy;. This means that we wish to
_)
construct K which calls f with argument sequence corresponding to A’ time 7, then uses
the result of this in K;,;. By the IH, names introduced in A’ are defined in ;1.

K = e to x.(assert(x: A);inc time; ltime to t.
case ¢ of ((Q)i<s, (Kipa[(force f) (A'{vipa})[{z/A}), (Q)i<i))

%
This uses only names in A’{v;;1} and K, which are not introduced in A. Let ¢’ be intro-
duced in p;. By the IH, we have that v(A’{;41}) € Visp(o1 ---0;) = Visp(o1 - - - 0;)Ur(A).
Similarly, we have that v(K;41) C Visp(o1 - --0;). Thus, we have v(K) C Visp(o1 ---0;).
Thus we let S; = (¢, (K,c")) : S{,;.

It is easy to verify that this definition of C; does indeed generate the required traces. In particular,
we can see that if O takes an action not corresponding to the one taken at o; (an odd position),
then the subsequent term component will reduce to €2, and so produce no action. O

Proof of Theorem 23. Suppose I ¢ M; ,SCBPV(CM) Ms. Let p be a I'-assignment, A; = p(x;),

ter

c:oand t € ’I‘I‘CBPV(CJP\ZW ) s.t. t is complete. Then t is a (v(p) W {c},D)-trace. W.L.O.G,
due to the closure of ’I‘rCpr(Ci?f’ ) under renaming, we can ensure that o does not appear in
t. Let o : Unit and t; = t15(()), a ({o},v(p) ¥ {c})-trace. Then, as t is O-visible, O-bracketed,
P-visible, P-bracketed and complete, so is ¢+ and so t; is. Thus, we can appeal to Lemma 22
to get a passive configuration Co = (yo, ¢ W {c}, h,[o — 0], ), (¢, (K,0)) : L) for some h, K,~,
such that Tragpy (Co) consists of all even-length prefixes of ¢1, up to renamings which preserve
v(p) W {c,0}.

Observe that Cp = CZ;;,Y where y(z;) = Ai{vo} and v; = vo | v(A;). Then we have the

i C 7 e .
t e TrCBpV(CfV?f ) and t; € TrCBpV(CZ“K,Y). We can then apply Lemma 20 (right-to-left) to
obtain (K[Mi]{v},h) ter, and as T' ¢ My ngpv(cm) M, we have (K[Ms]{v},h) {ter. By
e

Lemma 20 (left-to-right), we have a complete trace ¢ €€ TrCpr(CI;V?; ) such that t'+5(()) €
TI'CBPV(CZ;’I? 7). By the definition of Cp, all complete traces in Troppy (Co) are equal to ¢1 up to
renaming of names preserving v(p)wW{c, o}, so ¢’ is equal to ¢ (up to a renaming of names preserving

v(p) W{c}). Therefore, by the closure property, we have t € ﬁCBpV(szzi’c), as required. O

C.2 Additional material on Name Schemes
In Figure 15 we present the full definition of Base:* (), including the function Match(A, B, f).

Proof of Lemma 87. This is a proof by induction on the length of ¢t. The base case is when
t =1 é(A) with ¢ € No or t =t/ g(z,c) with g € No. Then Visp(t) is v(A) or I/(Z), and so
all the base name are distinct. The inductive case t = ¢’ ¢(A) is trivial, as ¢ : FInt or ¢ : FUnit

so this reduces to an application of the I.LH. The other inductive case is t = ¢/ Q(Z, c). Assume
that there is some f, f’ € Viso(t) s.t. Base:(f) = Base™(f’). Then by the LH, one of f, f’
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Base™(n) 2 n where n € No
Bases () £ Succ(g) where ¢ is introduced in f(A4,c¢) or f(A,c) and g = Base? (f)
Basel (f) 2 ¢ where f is introduced in ¢(A) or &(A) with ¢ : o, ¢ = Base® (c)
{B} = BVals> (¢) and g = Match(A4, B, f)
Base™(f) £ ¢ where f is introduced in f’( Z ) or f Z with ¢’ = Base® (f'),
Be BValSeq” (¢') and g = Match( ,ﬁ, )
Match(f, g, g
g

Match({lf', f[}. {lg), g1} f

f)
Match({|f, f'[}. {9, 9}, f;
Match(z, )

> 1> > >

g
Match(Zi,ﬁi,f) where f € V(Zz)

Figure 15: The function BasetA () which converting names appearing in ¢ to base names from
A = (TBNames, CBNames, p, ¢, Sucr, Suce)

is introduced in A. W.L.O.G, f was introduced in X, and f’ in some earlier move g_’(z?,c')
with Base’ (g) = Base:* (¢). Observe that Base’ (g) must be a level 0 name. Recall that the
definition of Visp (t) involves a process of chasing names. We can therefore consider the sequence of
O-names used as the head names for moves which introduce P-names in the definition of Visp (%).
We will show that the base names in this sequence are exactly the introduction chain for BasetA (9),
from which it will follow that ¢’ cannot be in this sequence (and so f’ & Viso(t)).

We prove this by induction on the length of the introduction chain. In the base case, Base: (g)
is initial, so g € No, and Visp(t) = 1/(%), so no other names in the sequence. In the inductive
case, let g € v(A) s.t. Visp(t) = Viso(s a d(A) s g(z,c)) = V(Z) U Visp(s a). Consider what a
is. If it is a PQ-action, then it must be on continuation name d’ # ¢g, so we have Visp(s a) =
Viso(s1 h(;ﬁ, d") d'()) = Viso(s1). By repeating this, it suffices to consider only the case that a is
a P@-action, and so by the bracketing condition, a = E(;Xz, d). Then Visp(s a) = 1/(;17) UViso(s).
We must have Base? (d) = Succ(Base: (h)) and Baser (g) = Sucy(Base? (d)), so Base? (h) is
earlier in the introduction chain of Base; (g), as required. Applying the I.LH. to the introduction
chain of Base? (h) completes this proof. O

Proof of Lemma 40. We will prove this by contradiction. Let ¢1,ts be s.t. Rename® (t1) =
Rename® (t2) but are not equal up to permutations of names which preserve No. Observe that
t1 and t3 must have the same sequence of moves, differing only in the head names. Consider the
shortest (equal length) prefixes s; and sg of ¢; and ¢ which are not equal up to permutation of
names. Apply a permutation to s; and ss so that they are equal, save for the last action. Let s
be the common prefix, and observe the action they disagree on must have been a question, as the
head name used in answer actions is determined by the bracketing conditions.

Now, by Lemma 37, this was not an OQ-action, as there are not distinct f, f' € Visp(s) with
Base’ (f) = BaseZ (f'). So this last move was a PQ-action a,, so let f, f' be the two distinct
head names with Base? (f) = g = Base® (f’). Let a, be the action f is introduced in. Now,
Rename® (t1) will contain a marked A-trace with g marked at the action corresponding to a,,
and in the head of the action corresponding to a,. But Rename® (t;) = Rename®™ (s3) cannot
contain this trace, as Marked(s2) cannot contain a trace with both f in a, marked and f’ in a,
marked. Thus, we have a contradiction. O

C.3 Proof of Lemma 44

To complete the proof of Lemma 44, we need to give a proof of Lemma 45. To do this, we need
the following result.
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Lemma 101. Lett f(z,c) t' c(A) be a PTR-trace, with f a level 2 name. Then Viso(t f(z,c) t) =
Viso(t f(4,c))
Proof. We prove this with the following induction %rpothesis: for s a prefix of ¢ with no unan-

swered OQ-action, Visp(t f(Zm) s) = Viso(t f(A,c)). Ast' is such a prefix, this shows the
results.

e Base case In the case s has length 0, then the result is immediate.

%
e Inductive case Observe that the bracketing condition implies that s = s" f/(A’, ') s” ¢/(A"),
and so Viso (¢ f(Z, ¢) s) = Viso(t f(Z, c) s )Uv(A') = Viso(t f(A',c) s') asin PTR, A’
contains no thunk names. We can then appeal to the I.LH. on s” to get the result.

O

_ =
Lemma 102 (Lemma 45). Let t g(z,c) t' f(A', ) be a PTfi;tmce, with f a level 2 name, and
f! its originator, introduced in A. Then Viso (t g(z,c) t' f(A', ")) = Viso(t)

Proof. This proof is by induction on the length of the introduction chain of f.
- =
e Base case If f = f' (f is its own originator), we have Visp (¢ g(X, c) t' f(A',c)) = Visp(t).

e Inductive case We have that t' = s f”( ") s '(A”) s where f’ is the originator of f”/,
and f is introduced in A”. We have that Vlso(t (Z c) t/ (Z ")) = Viso(t g(z, c) s f”(ﬂm”)
Now, by the I.H. Visp (¢ g(z, c) s f”(A’ ) = Vlso(t) By Lemma 101 we have Viso (¢ g(z,c)

s f”(ﬁ,c”) s') = Visp(t). Thus Visp(t 9(270) (z,c’)) Viso (t), as required.

O

C.4 Proof of Correctness for Lptgr

In this appendix, we give more fully the proof of correctness for Lprr. For clarity, we will state
again some of the definitions and results given in the main body of the paper. We will identify when
we have repeated definitions or results. To simplify the statement of results in this sections, we
will fix a PTR~computation I' -¢ M : Foy, (I',0)-name scheme A = (TB, CB, p, ¢y, Sucr, Succ),
and let No = v(p) U{co}.

We start with a helpful result relating BVals (d) and IVals (d, V, 7). We write o for compo-
sition of (partial) functions.

Lemma 103. Let k be a mapping from names to (indexed) base names, V : o and (A,~) €
AVal, (V). Lett be a (No,0)-trace in which A occurs in an action answer a with head name c. If
(B,7,1') = IVal2 (Base? (¢c), k(V),n), then 3(B) = Base’ (4), and~' = koyo[Match(4, B, f) —
f]sz/(A)-

Lemma 104. Let k be a mapping from names to (indexed) base names, V : o and (Z,’y) €
AVal(?). Let t be a (No,0)-trace in which A occurs in an question answer a with with head
name f. X{! (3,7’,7}’) = IVal2 (Base? (f), x(V),n), then B(?) = Base’ (Z), and vy = Koyo
[Match( ,g) — g]gey(z).

Lemma 105. Let ¢ : 0 € CB, 1 a map from TB U CB to indezes, and (B,n') € IVals5 (¢,7).
Let t be an (No,(Z))-tmce and ¢ a P-name in t s.t. ¢ = Base> (/). Then there exists A s.t.

B(B) = Baset o(A) (A).

Lemma 106. Let f € TB, 1 a map from TB U CB to indexes, and (g,n’) € IValSqu%, 7).
Let t be an (No,0)-trace and f a P-name in t s.t. f = Base™(f'). Then there exists A s.t.

5(3) = Baseff,(z’c)(z).

ol
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We will prove the correctness using a bisimulation technique, though we will not be able to
give a bisimulation directly between Lcgpy and Cﬁ%‘ﬁ . Instead, we will introduce an LTS Eﬁ;g ,
the traces of which will be exactly Rename”™* (Trcgpy (C47°)). Given a path p, let Tr(p) be the
trace induced by p.

Definition 107 (Definition 50). The configurations of Lﬁart’ﬁ have the form (p, F) where p is a
path in Leppy starting in C4° and F is either empty, or a set containing a single name f s.t. f
is introduced in an O-action in Tr(p). Let Mark(f, X) for some structure X (an action etc.) be

obtained by marking every occurrence of f. The transitions are then (where a includes 7 actions)

e (p,{f}) LN (p & C',{f}) where p ends with C, C & C’, a” = Mark(f,a) and a’ =
Base“'7,  (a”).
Tr(p—C’)

a’ a ’ . a ’ ’_ Ar,s
e (p,0) = (p = C',0) where p ends with C, C = C’, and a’ = BaseTr(piml)(a).

e (p,0) LN (p 2 C',{g}) where a = ¢(A), g € v(A), a” = Mark(g,a) and a’ = Base”", (a”).
Tr(p—C’)

’

e (p,0) & (p & C',{g}) where a = f(z,c), g € V(Z)7 a’” = Mark(g,a) and a’ =

Io "
Tr pi>C’) (a )

>

Base

Observe that Eﬁ;ﬁ is deterministic in the sense that if for configuration (p, F'), there is only

one t s.t. (Co ) L (p, F).

Lemma 108 (Lemma 51). The traces ofﬁﬁart’fl starting from (C77°,0) are ezactly Rename™"" (Trappy (C71°)).

Proof. We prove this by first proving the follwing result. Let p is a path in Logpy starting from
Ch7°, and t = Tr(p). Then

’

1. Then (C4°,0) LN (p, D) where t' = BasetAF“’(t).

2. If t a thunk O-name introduced in ¢, then (C7°, 0) LN (p,{f}), wheret” = BasetAF"’ (Mark(f, t)).

This proceeds by induction on the length of the path p. The base case is when p is simply C7/°,

which is trivial. The inductive cases are as follows. Let p = p; = C’ and t; = Tr(py). If a # T,
then t = t; a.

’

1. Lett) = BasetAlF’” (t1). By the LH.(1), we have that C4°,0) LN (p1,0). Now, by definiton of
the transition, (p1,®) LN (p1 2 C',0) wherea' = BasetAF’” (a). fa=r71,¢ = BasetAF'”(t) =

#,, otherwise ¢’ = Base;""™" (t) = t; a’. Thus, we obtain Chre,0) L5 (p,0), as required.
2. For this case, do a case analysis on whether f is introduced in a.
. t]
If it is, then let ¢} = BasetAlF"’(tl). By the LH.(1), we have that C}/°,0) = (p1,0). Now,

by definiton of the transition, (p1,0) LN (p1 & C',{f}) where a’ = BasetAF"’ (a”) and
a” = Mark(f,a). Observe that Mark(f,t) = t; a”, so t"' = Basefr’“(Maurk(f7 t) =t) a.
Thus we obtain (C25°,0) = (p, {f}), as required.

If it is not, then f must be intoduced in t;. Let ¢} = Basef\l‘r’”(Mark(ﬁtl)). By the
LH(2), we have C{;/°,0) L (p1,{f}). Now, by definiton of the transition, (p1,{f}) LN
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(pr 2 C',{f}) where a’ = BasetAF’“(a”) and &’ = Mark(f,a). If a = 7, then Mark(f,t) =
Mark(f,t1) so t”" = BasetAF"’(Mark(f, t)) = ¢{. Otherwise, Mark(f,t) = Mark(f,¢1) a”, so
t" = Base,"™" (Mark(f, ) =/ a’. Thus we obtain (C7°,0) = (p, {f}), as required.

From this we can prove the result as follows.
For the first direction, let t € Rename”"7 (Trappy (C77°)). Then there exists t € Troppy (C7°)

and t' € Marked(t) s.t. ¢/ = BasetAF'”(t’). Let p be the path in generating ¢. If ¢ = ¢/, we have

by the above property that (C5°,0) L (p,0), so t” is generated by Eﬁart‘l‘]’ starting from (C4°, 0).

Otherwise, let f be the name marked in ¢'. By the above property, (C7/°,0) L (p,{f}), so t" is
generated by Eﬁ;ﬁ starting from (C7°,0).

For the other direction, let #/ be a trace generated by /J?,art’ﬁ starting from (C{;°,0). Then

there must be a path p s.t. C77°,0) . (p,0) or C/°,0) LN (p,{f}) for some f introduced in

an O-action of p. Let t = Tr(p), so t € Treppyv(CH ). Then it follows from the above result,

and the deterministm of L’ﬁart’ﬁ, that ¢ = BasetAr’”(t) or t' = BasetAF’”(Mark(f, t)). Thus,
t" € Rename™™ (Trcppy (C7°)). O

We will now establish a bisimulation between Lp,, and Cﬁ%ﬁ. To construct this, we will use

the function Conv(p), which will take path p to a tuple (k,v,n, i, 9", in, N,T). x maps names
introduced in p to indexed base names, and locations to numerical locations. We lift x to any
structure containing names and/or locations in the obvious way. 1 maps indexed base names to
names introduced in p (a partial inverse of ), n maps base names to the next index and pg maps
level 2 and O-continuation indexed base names to the value of (ix,n) before their introduction.
" iy, play an analogous role to 1,7 but for locations. Finally, N is simply the term components
of the final state in p (or () if the last configuration is passive), but with the result of expanding
while loops annotated with end(ip,n).. T is an extended stack, which relates to the stack in the
same way as [N does to term, but with added elements in some levels of the stack. We also define
the reduction (N, h) —,, (N, h’) on terms of the extended syntax (with end(in,n).), as having the
same rules as — (and so getting stuck if it encounters end(is,7).). Let N be the function which
removes occurrences of end(ip, n). from a term/context.

We write p’ C 2 C’ when C,C’ are the last two configurations in a path (where p’ can be
empty). Recall also that we have Match(A, B, f) transfers any mark on f in A to its result.

We recall Definition 52. We defined Convp(p) = (k,v,n, u, ", in, N, T) with the following
cases.

If p=Cif° then p=o¢" =0,i, =0, N =M, K =1, k= [No + NJ|, ¥ = [NS — Nol|, nis
1 on No, 0 otherwise. Otherwise, p = p’ C 2 C'. Let Convg(p’ C) = (v, , 0/, i/, "}, N', T").
We then proceed by the follwoing cases:

ea=71 C= ((KefV],---),5) and C" = ((K[{],---),5). If N' = K'[ref V] then N =
K'[ih),in=i+1, s =r"-[ =], " =" [i} =0, =" n=n,u=p/,and T = T";

e a =7 where C = ((K[while Ny do Ny],---), S).
— If N/ = K'[while Ny do N3], then
N = K'[N; to x.case x of return (), (Na to y.end(ip,n).while Ny do N2) ;0]

and k=K', =, p=1, p=p/, P =" ip =i}, and T =T
— If N = K'[end(ip, n).while Ny do N3], then

N = K'[endM to z.case x of return (), (N to y.end(is, n).while M do N),;~o.]

w = ’lr/)/<n7 wh = /l/)glih,a K= KI? ,LL = /’L/a and T = T/v
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a = 7 otherwise, where C = ((M’,¢,~v,¢,h, H),S), C' = ((M",¢c,v,¢,h', H),S)). Then N
is 5.t (N, h) = (N,B), k=K, 0 =4, n=n, p=p/, " =™ ip = d), and T = T" ;

e a= f(z,c) where f is not a level 2 name, and C = ((K[force f 7 ), 8. If N' =
K'[force f 7], then T = (c,(K',d)) : T', N = 0 p = ', " = L//h, and i, = i), If
g" = K'(f),d = Succ(g), and (ﬁ,'y,n " = IValA(g, 1), then k =k [c d[f —
Match(4., B, ) prewiy and & =" - [Match (A.B.f) Myeny

ea = f(Z,c) where f is a level 2 name and C = ((K[force f 7 3,9, If N =
Koo 1 71 (i) = (1), then 6 = gy 6" = 00, T = e ('), G 28, 05,
T, N=0,k=r"[c—d°, and p = p/;

. a f(Z, ¢) whete C = ((v,6,h, H, Fn), S). T N' = 0 then N = 4(f), ¥ = v, i, =
i, and T = T'. 1t ¢ = K'(f), d = Suca(g), j = n(d), (B,n") = TValSeq® (g, ') and
A = Mark(F, 4), then r = &' - [c s dI] - [f v Match(%,ﬁ,f)}f@ Gy = [

- Match(A', B, 1) - f = 1 (), e = (ingm)), and = '[d =+ 1;

fev(Ay P

e a = ¢y(A) where C = ((return V,---),S). If (B,~,1) = IVal5(co,V,7'), then N = 0,
ko= K- [f — MatCh(Avaf)}fGU ) ¢ =9 [MatCh(AvBaf) = f]fGl/(A)7 n= /J/,
Yh =t iy =i} and T = T7;

o a=2c(A). If (in,n) = p(c), then ¥ =L, ph =2 N =0,k =4/, p=p/, and T = T";

e a=c(A4) with 4:0.

-t T = (¢,(K,¢)) : T" and d = «/(¢), then T = T”, N = K[return A], and for
A’ = Mark(F, A), for any (B',n) € IVals2 (d, 1), k = - [f + Match(A', B, f)] e, (a),
w = W ' [MatCh(AlvBaf) = f]fEV(A)7 H = /1‘/7 d}h = wlha and Z'h = Zlh7

— T = (c,(K,c), (in,n", "™, ") : T", d = k'(c), and ¢"" 3" disjoint from o', 1’
then T = T”, N = K|return A], and for A’ = Mark(F, A), for any (B',n) € IVals (d, "),
=" k=K' - [f = Mateh(A', B, f)]fep(a), ¥ =9 ¢" - [Match(4', B, f) =
freviay and p = p" - [V(A) = (i, 7))

The following Lemmata follow from simple inductions, and ensure that for any path p, Conv ¢ (p)

is defined (that is, the conditions assume in the inductive construction do hold).

Lemma 109. Let (p, F) be a configuration of Eﬁath, and Convp(p) = (k,,n, p, V", iy, N, T).
Then for name d € dom(k), k(d) = b® for some i where b = Base%(p)(d).

Lemma 110. Let (p, F) be a configuration ofﬁﬁ‘ath with p ending in active configuration ((M',c,---),S),
and Convr(p) = (k,1,n, py " iy, N,T). Then M' = N and replacing entries of the form
(c1, (K, c2), P) by (c1,(K,c2)) in T produces S.

Lemma 111. Let (p, F) be a configuration of Lﬁath’ and Convg(p) = (k,,n, u, V", in, N, T).
Then for name b* € dom(v)), i < n(b), and for i € dom(y"), i < iy.

Lemma 112. Let (p, F) be a configuration of Lﬁath where p ends with a passive state and
Convy(p) = (k, ¥, n, p, V", in, N, (c, (K, ), (iﬁl,nf,w’h,w’)) : T). Then the domains of ¥,9’, and
PP ™ are disjoint. Moreover, 1’ is defined on d* where n(d) < i < n/(d), and '™ on iy <i < i).

The following two Lemmata express the intuitive property that extending a path does not
remove mappings from &, u in Convg(p), and that the stack T follows a stack discipline.

Lemma 113. Let (p, F) be a configuration of £§ath, and (p'F') a configuration s.t F' = F or
F =10, p is a path extending p. Let Convg(p C) = (k, ¥, n, u, " i, N,T) and Convp(p’ C') =
(&' ' ) ™ il N T"). Then k', i’ are extensions of k, u.
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Lemma 114. Let (p C, F) be a configuration of Eﬁath, and (p' C', F') a configuration s.t F' = F
or FF =0, p’ is a path extending p C, no answer to a question before C occurs between C and C',
and C' has the same stack as C. Let Convp(p C) = (k,v,n, i, ", in, N,T) and Convp(p' C') =
(&' W " i N T). Then T =T,

We now establish a useful Lemma regarding the preservation of values of ¢ along a path.

Lemma 115. Let (p C, F) be a configuration of Cﬁath, and (p' C', F’) a configuration s.t F' = F
or F =0, p’ is a path extending p C, no answer to a question before C occurs between C and C’,
and C' has the same stack as C. Let Convp(p C) = (k,v,n, i, ", in, N,T) and Convg(p' C') =
(H/, ¢/7 ,'7/’ M/’ w/h’ Z';z’ N/, T’).

Then if C and C’ are both active (with N containing no occurrences of end.) or both passive,
then 1 = ., and P = Zlih' Further, if they are both passive, n =1’ and iy, = i}, and if they
are both active, for all b, n(b) < n'(b) and i < ij,.

Proof. This is by an induction on the difference in length between p and p’. We then proceed by
cases on the last action a in p’. By the constraints on p’, if C’ is active, a is either a 7 transition
or a OA-action. The case of a T-transition is simple to verify. The most interesting one is when
the Convp(p') = (", 9", 0", W’ " i} Klend(i},,n').while M7 do Ms],T). In this case, we can
appeal to the I.H, but need to confirm that i, < ¢} and for all b, n(b) < n(¥’). To do this consider
the path p”” up to the configuration immediately after this iteration of the loop is expanded. Then
we have that Convg(p”) = (k" " o', u" """ i} ,N",T), and so by the L.H, i, < i} and for
all b, n(b) < n(b').

F(A )

In the case of an OA-action ¢(A), we partition p’ C’ into p;y C; ——= Cy py Cs

C’. Let Convp(p; Cy @ Csy) = (K2, 9, Mo, pho, Y8 ina, 0, Tz), then by the IL.H applied to
F(A.e0) F(A 0

p1 C; —= Cyandp; C; —= C3 py C3 (and Lemma 114) we have that Convg(p; C @)
Cs p2 C3) = (K3, %2, M2, 3, V%, in2, 0, T3). From this is follows that if Convy(p; Cy) = (k1,¥1, 71,
pa, YR ing, N1, Th), then o = aby -p” | ™ = 1 -4p"" and for all b 1 (b) < n'(b) and 51 < #}. Thus
the result holds by applying the I.H to p and p; C;.
Similarly, if C’ is passive, then a must be an PA-action ¢(A). We can partition p’, C’
. Z,c c(A .
into p1 €1 L2 Cypy €y S O Let Convp(pr C1) = (K1, %1, M, p1, Y7 in, 0,T1).
Then by the LH, n = 7, in1 = in, and so ¢ = ¥, ¥ = . If Convp(p; Cy m
CQ) = (5271/127772,M2>1/Jg’ih27N1aT1>7 then 1/}2<7] = 1/) and ’(/}g<ih = ,(/}h and IU’Q(C) = (Zhﬂ?) If

c(4)

A
COHVF(pl Cl M) CQ P2 Cg) = (Iig,1/)3,7]3,#3,1,[}§L7ih3,N3,T1), then by Lemma 113, we have
that ps(c) = pa(c) = (in,n), i, = %, and 0’ = n. By the L.H applied to p; C4 @ C,y and

A .
p1 C1 L2, py Cy, we obtain that v = ey = ey = ¥ and @ = ¢ = oo, =
.

Using this, we can prove the following.

Lemma 116. Let (p,F) be a configuration of L’ﬁath, s.t. [ is a level 2 name in Tr(p) with
originator g. If Conve(p C) = (k, ¢, n, pu, ", in, N, T), then u(g) = pu(f).

We can prove by a straight forward induction, the above Lemmata, Lemmata 43 and 44, the
following property.

Lemma 117 (Lemma 53). Let (p, F') be a configuration ofﬁﬁath, and Convp(p) = (k, ¥, n, u, ", in, N,T).
Then:

e if p ends in a active state ((N,c,7v, o, h, H),S), then for f € v(N), we have (¥ o k)(f) = f,
(¢ 0 K)(c) = ¢, and for location £ in N, (Y" o k)(£) = ¢;

e if p ends in a passive state ({y, ¢, h, H, Fn),S), then for f € Fn, we have (¢ o k)(f) = f.
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Proof. This proof is done by an induction with a slightly stronger property. Define by mutual
induction the sets

v(N) C NamesPy,(N)
S C NamesOgy,(S)
NamesPy,,(N) = v(N)UU;e, (v NamesOn - (H(f))
NamesOn(S) = SUUpcg NamesPu ,(v(f))
We can then also define
Loc(M) = {{¢| ¢ appearsin M}
Locy(S) = UfeS,fedom('y) Loc(v(f))

Our stronger inductive hypothesis is that:

1. if p ends in a active state ((N,c,v, ¢, h, H), S), then

(a) for f € NamesPy ~(N), (Yo r)(f) = f;

(b) (Yok)(c)=c¢

(c) for f € NamesOn,~(H(c)), (wofs) =1

(d) for £ € Loc(N), (1" o k)(¢) =

(e) for £ € Loc,(NamesP.(N) U NameSOH’7 (H(c))), (WP o r)(€) = ¢;

2. if p ends in a passive state ((v, ¢, h, H, F'n), S),

(a) for f € NamesOw (Fn), (¢¥ o k)(f) = f;
(b) for ¢ € Loc,(NamesOy ~(Fn)), (" o k)(€) = ¢;
(¢) if T = (¢, (K,)): T’ then
o (Yor)(d)="c;
e for f € NamesPy ~(K), (Yo r)(f) = f;
e for ¢ € Loc(K) U Loc,, (NamesPy - (K)), (¥" o k)(¢£) = ¢
(d) if T = (¢, (K, ), (i},n',™, 1)) : T', then
o (¥ ¢)or)(d) =7}
e for f € NamesPy (K), (v -¢') o k)(f) = f;
e for £ € Loc(K) U Loc, (NamesPy - (K)), (9" - ™) o k)(€) = ¢;

The induction proceeds by considering the last action in p. We show some the two interesting
cases.

A0
ep=yp f(—> ({v,¢,h, H,Fn),S) = C with f a level 2 name. Let g be the originator of f.

%
Let g be introduced in an action f'(A’,¢’), and so partition p’ into p; C; M pay Ca,

where Cy = ({71, ¢1, 1, Hy, Fni),S1) and Cy = ((K[force fZ],CQ,’Y27¢27h27H2>,52). Then
by Lemma 44 and Lemma 16, Hy(f) = Fn = Fny, and v = 72, H = Hs, (which are
conservative extensions of v1,H;) and S = (¢, (K, ¢z)) : Sa.

Let Convp(py Ci) = (K1, 41,11, in, 1 in1, Ni, Ti) and Conv p(p') = (K2, 1a, 02, 2, V5, ina, Na, Ta).
Then N, = K'[force f A] where K = K’. By Lemma 116, we obtain that (is,n) = ua(f) =
(ih17n1)7 so ¢ = ¢2<n7 WL = '(/)g<ih and T' = (Cv (K/7 62)7 (ih27772a wSZih’ w2217)) Ty,

Observe that if f” € NamesOy (Fn), then f” € NamesOuy, -, (Fn2), and by Lemma 113

kf" = k1 f"” = b'. By the LH applied to p; Cj, it must be the case that (¢4 o k1)(f"”) = f”,

so by Lemma 111, we obtain that ¢ < n(b). So if (2 0 k2)(f”) = f”, then (¢ o 8)(f") =

(a<y © K2)(f") = f"”. Similarly, for ¢ € Loc,(NamesOg (Fn)), (¢) < ip, and so if

(Wh o k)(0) = &, (" 0 m)(0) = L.

The result then hold by applying the inductive hypothesis to p’, and for the stack, the
observation that o<, - 2>, = 12 and ¢5L<¢h, 'T/Jggih = ¢f.
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op =17y ﬂ ({,¢,h,H,Fn),S) = C with ¢ # ¢/. Due to the bracketing conditions,

A
there exists an action f (7, ¢) that this action answers, so let p’ = p; C’ EAGIDN po where

C' = ({(v/,¢',n',H', Fn'), S). It follows by Lemma 43 that Fn' = Fn, and by the construction
of Lceppv that v, H are conservative extensions of v/, H'. By Lemma 114, T = T".

Let Convp(p; C') = (&', 4,0, 1/, 9™, 4}, N',T"). Then by Lemma 113 & is an extension of
. By Lemma 115, ¢/ = ¢, and ¢/" = }<Li’h' The result then follows from applying the
LH. to p; C’ and using the observations that if ¢ ('(d)) = d then ¥ (k(d)) = V<, (k(d)) = d,
and if " (k(€)) = £ then Y"(k(£)) = Y, (k(0)) = L.

O

We define the following function mapping extended stacks to stacks with the same structure
A
as Lprgr-

StaCk%h,H,u(l)
Stack, nm..((c, (K, ) : T)
Stacky n,m,.((c, (K, ), (in,n, 9", ¢)) : T)

}_

(¢, (K, ")) : Stacky p 1, (T)
(Ca (Ka Cl)7 (ihm 777 ’Y o ¢7 h o ¢h7 H o ’(/J, M o 1p)) : StaCk’Yyh;H’H(T)

> 1> >

Finally, we can define a functional bisimulation © from Lp,¢, to Eﬁ%ﬁ:

O((p C,F) = ((w(N),r(c),woyot,hoy koH o, ipn, po,
ifC:(<NI,C,’Y7¢,h,H>7S)

((koyot,hoyh ko H o, k(Fn),in,n, mo,l), k(Stack, p . (T))),
if C = ({7, &, h, H, Fn), S)

1), k(Stacky n.m,u(T))),

o((p C, F))

where (k,,n, 1, " in, N,T) = Convp(p C) and if F = ) then [ = 0, otherwise [ = 1.

Lemma 118 (Lemma 54). © is a functional bisimulation between L’ﬁath and EﬁTR

Proof. Tt is easy to check that ©(C/°) = CIX/FR’AF"’. We then need to check both directions of
the bisimulation. Checking one direction (that (p, F) 2 (p/, F’) implies O((p, F)) 2 O(p/, F)) is
straight froward given the construction. The other direction is more challenging, and given below.

Let D = O((p, F)) and D’ be s.t D 2 D’, then we wish to show there exist (p/, F’) s.t.
(p, F) 2 (p', F') and D' = O((p/, F")). Let Convr(p) = (k,v,n, u, 0", in, N, T).

We proceed by cases. First we consider cases where D is active. Then C = ((N, ¢, v, $, h, H), S),
p=7p C (by Lemma 110) and D = ((k(N), r(c), koyotp, hot" | ko Hot, iy, m, proth, 1), k(Stack. p .. (T)))
where [ = 0 if F = () and | = 1 otherwise.

e D & D’ where k(N) = K[ref V]. Then there exists K’ s.t K = k(K') and N = K'[ref V].
Thus

D' = (<K[Zh]a 5(6)7’{0701/)7 (hod}h)[lh = V}7HOHOwaih+17nauow7l>a H(StaCk'y,h,H,p(T)))
Now, for some ¢, C = ((K'[{],¢,7,¢,h - [( = V],H),S) = C'. Then Convp(p = C') =
(k- [0 dp + 1],00,m, W™ - [in + 1 £,ip + 1, K'[€),T). As (hop")-[in = V] = (h-[l+
V]) o (4" - [in, + 1+ £]) we obtain that D’ = ©((p = C', F)).

e D & D’ where k(N) = K[end(i},n').while Ny do No]. Then these exists K’, Ni, N} s.t.
K = k(K'), N/ = k(N/) and N = K'[end(¢},,n").while N{ do Nj]. Thus

D’ = ((K[N; to z.case x of return (), (N2 to y.end(i},, n").while Ny do N2) >0,
R(C), (’i oo "/})<77'7 (ho wh)<ih,/7 (’f oHo "/})<¢7 i;w 77/7 (po "/’)<77'7 l>7 "{(StaCk’Y,h’H,H(T»)
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Now, C 5 ((K'[N; to z.case x of return (), (N4 to y.while N do N}) =0l ¢, 7, ¢, h, H), S) =
C’, so
Convp(p = C') = (m,w<n/,n’,u,w2i; .y, K'[N7] to x.case z of return (),
(N3 to y.end(i},,n').while N7 do N3) 0], S)

As (xotp) <y = x0o(Y<yy) and (hoyp™); g = = ho (¥, ), we obtain that D’ = ©((p = C', F)).

D & D’ where x(N) = K[while N; do N5]. Then these exists K’, N, Ny s.t. K = r(K'),
N; and N = K’[while N] do NJ]. Thus

D’ = (K[N; to z.case z of return (), (N2 to y.end(ip,n).while Ny do N2);>o],
k(c),koyo, hot koH o, in,n,pow,l), k(Stacky h . (T)))

Now, C 5 ((K'[N; to z.case = of return (), (N4 to y.while Nj do N3});=0], ¢, 7,
¢, h,H),5) = C', so

Convr(p = C') = (k,9,n, u,¥",in, K'[N] to z.case = of return (),
(N3 to y.end(ip,n).while N7 do N3);s0], S)

so we obtain that D’ = O((p — C', F)).

D & D’ where x(N) = K[!j]. Then there exist K’/ s.t. K = wx(K') j = x(f) and
N = K'[/{]. Then

D' = ((K[(ho¢")(j)], k(c), ko yotb,h oy ko H o1, in, 1, o, 1), k(Stacky p mu(T)))

Now C 5 ((K'[1(0)], ¢,7, ¢, h, H), S) = C', 50 Convr(p = C') = (k,1,n, t, V", in, K'[n(0)], T).
Now, by Lemma 117, we have that h(£) = (h o 9")(k(£)), so we obtain that D’ = O((p =
C',F)).

D & D’ where x(N) = K[j := V]. Then there exist K’,¢ s.t. K = x(K’') j = x(f) and
N = K'[{ :=V]. Then

D’ = ((K[return ()], k(c), koyop, (howh)[j = V], koHo, iy, n, porp, 1), k(Stacky p mr,,(T)))

Now C 5 ((K'[return ()], ¢, v, ¢, h[¢ — V], H),S) = C', s0 Convp(p = C') = (k, 1, n, p, ",
in, K'[return ()], 7). Now, by Lemma 117, we have that h[f +— V] = (h o ¢")[k(£) — V], so
we obtain that D’ = ©((p = C', F)).

D 5 D’ otherwise. Then D’ = ((N1, s(c), koyo), hoy", ko Howp, iy, m, pot, 1), k(Stack. 4w, (T)))
where (k(N),ho ", in,n) —¢ (N1, h o™ ip,n). This reduction used neither names or lo-
cations, it follows that there exists N’ s.t. Ny = w(N') and (N,h) —,, (N',h), and so
(N,h) = (N',h). Then C 5= ((N',¢,v,¢,h, H),S) = C’, so we obtain that D’ = O((p =
C,F)).

D @) D’ where f is a level 2 name. Then x(N) = Klforce f° 7] and b = Succ(f).
Then there exist K', f’ s.t. K = x(K'), f = k(f’) and N = K'[force f’V} By Lemma 117,
(wo)(k(f) = u(f') = (i}, n') . Then

D/ = (<(Kj o7yo ¢)<n'7 (h o wh)<i;l7 (H oHo w)<’r]'7 (K’ oHo w)(f/%Z;u 77/5 (H © '(/J)<77’a l>a
(b°, (K, k(c)), P) : k(Stack, s m,.(T)))
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where P = (in,1, (5070 )5, (h 0 "), (50 H 0 )5, (10 1) 5,)-

It follows that for fresh continuation name ¢/, C @) ((y, pw{c'}, h, H, H(f")), (¢, (K',¢)) :

S) = C’. By Lemma 109, (p, F) 1) (p UED C',F), and Convp(p & C) =

(K’ ' [CI = b]7 w<7]" 77/; /-1/7'(/)21;257';7,7 ®7 (Cl, (K/7C)a (iha nawgi%ﬂwbzw’)) : T)

By Lemma 117, (ko H 0 9)(f*) = k(H(f")), and (x 0 ¥) <y = x © (V<) and (hoy") sy =
ho(¢L;,). Finally, as (x 0 ¢)sy = x © (¢zy) and (ho¢")sy = ho (Y4, ), we have
(40, K, 1(0), P) ¢ r(Stack, s (T)) = ke s P)(Stack, psn (¢ (K7,0), (i, 105))
IV

T)), so we obtain that D’ = ©((p C',F)).

D m D’ where f is not a level 2 name. Then k(N) = K[fog:}e It 7] where
(A, A1) = IValA(f,V, y) and b = Succ(f). Then there exist K',V/,f st. K =

n
K(K"),V = k(V'), fi = k(f') and N = K'[force f'V']. Then

D' = (((koyou) + how ko How, (ko How)(f)wu(A),inn,uow.l),
(b%, (K, 5(c))) = r(Stacky prm..(T)))

3 _k _5 " _3 f_'(,?,c’)
There exist ab_s;cract value sequence A _a)nd v s. t (A ,7") € Aval(V’), so C ————=
(y-+", WAV W {}, h, H,H(f')Wu(A)), (¢, (K’ ¢)) : §) = C'. Following Lemmata 109

F(B(A).b) v P

and 104, (p,F) C',F) and v/ = Kk o~” o [Match(A’, A,g) —

9] seu (A) As (Z,n’) € IValSeq” (f,n), we have Convp(p EUCECON C) = (kK-
Vo " iR, 0, (<, (K ¢)) + T) where & = [¢ = b°] - [f — Match(A', A, f)]tenar)
and ¢/ = [Match(4, A, ) — flfepa)- By Lemma 117, (ko H o ¢)(f*) Wr(A4) =

kK(H(f) WK (V(A)) = (k- &")(H(f) Wr(A")). Further, we have that (koyo) -+ =
(royoyh)-(koy"o)’) = Ko(y-y")o(¢-¢) = (k-K")o(y7")o(¢h-¢)"), koHotp = (kK)o Ho(y-'),

and

k') (Stacky. p i, (¢ (K e) 1 T))) = (b, (K,k(c)) : (k- k') (Stacky.yr p m,u(T)))
= (° (K, k(c)) : (Stacky p m . (T)))

I H/ /
so we obtain that D’ = O((p EACON C,F)).

D 28U b Then k(N) = return V where (A,~',7/) = IVal2(co,V,n), so it follows
there exists V' s.t V = (V') and N = return V. Then

D' = (<("10’707/1) "y,,h,OQ/Jh,I{OHOd)7(HOHOQ/})(CS)UI/(A)7’L'h,77/”LLO’(/},Z>,
k(Stacky p 1, (T)))

There exits abstract value A’ and mapping 7" s.t. (4’,7") € AVal,(V), so C =22 (
¥ owv(A), h,H,H(co) Wr(A')),S) = C'. Following Lemma 109 and 103, (p, F) M
(p —= ICONYGY ,F')and v = koy"o[Match(A', A, f) = flreu(ar). As (A,n') € IVals? (co, ),

we have Conv r(p M C') = (kK 00,0, p, W™, ip, 0, T) where &’ = [f — Match(A', 4, f)] reu(ar)

and ' = [Mateh(4, 4, 1) o flye,(a). As (50 H o p)(ch) w(A) = (- 1) (H (co) v(A')),
(koyot) -y =(koyot)-(koy o) =ro(y-7")e(-¢) = (kK)o (y-7")o(¢-4)
and ko Hot = (k-k")o Ho (1) -1'), we obtain that D' = 0((p —— %(4) —5 C,F)).
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eD L) D’ where x(c) = b%, ¢ is not ¢y. Then N = k(N) = return V, and by Lemma 117,

(no9)(k(c)) = p(c) = (iy,1')- So

DI = (<(HOVO¢)<W7 (hoq/}h)<i/h7 (HOHO¢)<TIU (HO Ho'l/))(bi)vi;wnlv (/‘Ow)<n’al>v

k(Stacky p 1, (T)))
( _ ’ B(V) C(V) /
Then ¢ 2 ({(v,¢,h,H,H(c)),S) = C’, so by Lemma 109 (p,F') —> (p —= C', F),
and Convg(p AON C) = (K, Ve ' 11, 1/)<l, ,i,,0,T). As by Lemma 117, (ko Ho)(b") =
K(H(E)), and (x 0 ¥) ey = X (i) and (ho )y = ho (1%, ), we obtain that D' =
e(V)

O((p — C', F)).
We now proceed to the cases where D is passive. Then C = ({~, ¢, h, H, Fn),S), p=p' C and
D = ((koyot,hot" ko H oth, k(Fn),in,n,pot,l), k(Stack, . g, (T))) where | = O ifF =10

and [ = 1 otherwise.

oD M) D’. Then f¢ € k(Fn), (B/ ’_))6 IValSeq” (f,7),, and ¢ = Succ(f). If I =1,
then B = B’ and I’ =1, else Be Select(B’) and I’ = 1 if a name is marked in g, otherwise

I'=0. Let]—n()andV (v o) (f?), then

D’ = ((force /s(V)?, WV, koyot, hoth, (ko Ho1)- [u(?),cj = k(Fn)],in,n",
(not) - W(B), & v (in,n)], 1), w(Stack, i u(T)))

where " = 1n'[c— j +1].
Now, there exist f/ € Fn st. f' = k(f’), so by Lemma 109, f = Basef:r(p)(f’)7 and

. ’ X C/
by Lemma 117 v(f') = (y o ¢)(f*) = V. By Lemma 106, there exists A st c A,
Z / X / / o A X
({force VA, v, ¢, h,H - [v(A), ¢ — Fn]),S) = C' and 5(B’) = Base; (A) where t =
Tr(p & C’). If no name in B is marked, then F/ = F, otherwise F/' = {g €
(Z ) | Match( X § ) is marked}. Then (p, F) $(6(B).0 (p S C’, F’) and Conv g (p ﬂf)%
C') = (kw0 g, ", i, force VX T) where k' = [/ — ¢7]-[g — Match(z,ﬁ,g)]gey(x),

Y = [C] — '] - [Match( Z § ) g] gen(R) and p = [v (Z),C = (in,m)].

As (k) (force V A) = force (k-+") (V) (k-w")(A) = force x(V) B, royorp = (k-r")oyo(ih-1),
(koHoy)-[W(B), ¢ = w(Fn)] = ro(How)-([v(A).¢ v+ Faloy!)) = (x-r)o(H-[v(A). ¢ v
Fnl)o (v-), (o) - [W(B),cd = (in,m)] = (o) (1’ -9') = (u- ') o (-4'), ' = 0 if F
is empty and I’ = 1 otherwise, we obtain that D’ = ©((p & C',F")).

e D c(B(B))

D’ where x(Stack, . u,,.(T))) =
(c,(K',¢") : T'. Then & : 0 = k(c'), K =
Ifl=1,then B= B and !’ =1, else B € Se

otherwise I’ = 0. Then

(°, (K, b7)) : k(Stacky nm,.(T'))) and T =
( ", = k(c"), and (B',n) € IVals? (c,m).
elect(B’) and I’ = 1 if a name is marked in B,

D’ = ((K[return B],b’, ko yoth,hoyp" (ko H o)) - [v(B) — k(Fn)],in,n, o, '),
H(Stack%m}[,“(T,)))

By Lemma 109, ¢ = Baseﬁ( )(c’), by Lemma 110, S = (¢, (K’,¢")) : §’, and by Lemma 105

there exists 4 s.t. C <, ((K'[return A],¢’,~,é,h, H - [v(A) — Fn]),S") = C’ and
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B(B') = Base™(A) where t = Tr(p A, C’). If no name in B is marked, then F' = F

otherwise F/ = {g € v(A4) | Match(A4, B, g) is marked}. Then (p, F) G (p c(4)

C’, F’) and Convp (p ﬂ) C = (kw0 0, uY", iy, force VZ,T) where &' = [g —

Match(A, B, g)]gev(a), and ¥ = [Match(A, B, g) — glgeu(a)-

As (k- £")(K'[return A]) = K[return x'(A)] = Kreturn B], koyot) = (k- k') oyo (¢ - '),
(ko Hot)-[w(B) = k(Fn)] = ko ((Ho) - ([v(A) = Fn]od’)) = (k- ) o (H - [v(A) —
Fnl)o (W -4, pop =po(p-¢), ' =0if F is empty and I’ = 1 otherwise, we obtain that
D' =o((p S ¢, ).

o D PP b where w(Stack, . (T))) = (0, (K,b), (i},1/,h o ™ K oy o ko Ho
Y o)) k(Stacky pm (1)) and T = (¢, (K', "), (i, n', ™, ")) : T'. Then ¢ : 0 =
k(¢), K = k(K'), b = k(c"), and (B',n’") € IVals> (¢,n/). If | = 1, then B = B’ and I = 1,
else B € Select(B’) and I’ = 1 if a name is marked in B, otherwise I’ = 0. Then

D' = ((K[return B, b, (koyo1) - (voyor), (hot) - (ho™), (ko Hoy) - (ko Ho') - [v(B) = k(Fn)),
ins ' (o) - (wo ) - [w(B) = (in,n)), '), (Stacky n,m,u(T")))

By Lemma 109, ¢ = Base%r(p)(c’), by Lemma 110, S = (¢, (IE", d”)) : §’, and by Lemma 105

there exists As.t. C < ((K'[return A, ¢, v, ¢, h, H-[v(A) — Fn]),S") = C’ and B(B') =

Base’ (A) where t = Tr(p LASON C’). If no name in B is marked, then F’' = F, otherwise
F' = {g € v(A) | Match(A, B, g) is marked}. Then (p, F) "BV, A @ /) and

Conve (p =2 €)= (k- W/, b0 -, e " - iy, force VA, T) where &/ = [g >

Match(A, B, g)lgev(a), ¥ = [Match(A, B, g) = glgev(ay and p' = [V(A) = (in,1)].

As (k- &')(K'[return A]) = Klreturn «'(A4)] = K[return B], (koyo ) - (kovyo ') =
Kovyo(p-9) = (k-K)oyo(d -¢) (koHot): (koHot) [v(B) — k(Fn)] =
ko ((How) - (Hot'): ([V(A) = Fn]oy")) = (k- K)o (H - [v(A) = Fn])o (¢4 4"),
(wodp)- (o) [v(B) = (in,m] = (not) - (pod)- (u'-4") = (u-p)o (¥-9"-9"), I'=0
if F'is empty and I’ = 1 otherwise, we obtain that D’ = O((p ﬂ C', F")).

O

Proof of Lemma 49. This follows from Lemma 108 and Lemma 118, as bisimulation implies trace
equivalence for deterministic LTS. O

C.5 Canonical Forms

To simplify our work, we introduce a ‘canonical form’ for terms. The key property of this is that
only thunks from the context will be able to bound to variables. In the CBN setting, S-normal,n-
long form has been used for this purpose [10], whereas for CBV a slightly more subtle form is need
[12]. We adopt a canonical form similar in style to the CBV case.

Definition 119 (Canonical Form). A CBPV computation (value) is in canonical form if it can
be generated by M (V) in the grammar in Figure 16.

A useful result is that all terms can be placed into a contextually equivalent canonical form.

Lemma 120 (Lemma 56). Given a CBPV computation T' F¢ M : T, there exists a computation

I' ¢ Canon(M) : T in canonical form such that T +¢ M ~SBPV Canon(M) : 1

Our proof is modelled on the one in [28]. We first prove a helper lemma. In these proofs, the
transformations used can all be proved to maintain contextual equivalence using the equational
theory from Appendix A.3.
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Ground Types 8 £ Unit | Int

Restricted Values Vo = z|(O]|n|f]MkVar Vp Vo

Values V. 2 Vo |thunk M | MkVar (thunk M) (thunk M)
Restricted Computations M, = force Vp | return Vg | MoV | ref V |1V, | Vo =V
Computations M £ My |return V | \z®. M | let 2 be V.M

| M to xP.M | My to x.M | case V of (M;);er | while M do M
Figure 16: The grammar for terms in canonical form

Lemma 121. Given CBPV computation M in canonical form

1. for a value V : o also in canonical form, then if M{V/x} is type-able, it can be placed into
canonical form;

2. for a value V : o also in canonical form, then if MV is type-able, it can be placed into
canonical form;

3. for a computation N : Fo also in canonical form, then if N to x.M is type-able, it can be
placed into canonical form;

s.t Lemma 120 is satisfied.
Proof. We proceed by induction on o, considering the points in turn.

1. If V has a base type 3, then we are done. Similarly, if V' is a restricted value, we are done,
as restricted values can occur wherever variables can. Otherwise o is of the form U7t or Ref.
We handle these two cases in turn.

e If o is of the form U7 then V = thunk M’. Let us consider the substitution for the
right-most occurrence of x. If this creates a violating, non-canonical sub-term, then
that sub-term will have the form (force thunk M")V" or (force thunk M’)V to y.M".
Observe that we can reduce the second case to the first, as y must have a type smaller
than o, so we can apply the third point of the I.H. once (force thunk M’)v is in
canonical form. We can apply the transformation

force thunk M’ — M’

to reduce this to placing M ’7 into canonical form. For this, we can repeatedly apply

the second point of the I.H., as the types of 7 are all smaller than o. This replaces the
violating sub-term with a canonical one, leaving the whole term in canonical form.

We have a way of obtaining a canonical form of M with V substituted for the rightmost
occurrence of x. As it was the rightmost occurrence of z, none of the terms we trans-
form involve z, so the total number of occurrences of x has decreased. Thus, we can
repeatedly make right-most substitutions and apply this process to obtain the canonical
form for M{V/z}.

e If o is Ref, then V = MkVar (thunk Meaq) (thunk Myyite). As M is in canonical
form, due to the typing rules, x either occurs in a position V can occur and remain in
canonical form, or in a sub-term of the form !z, x := V , !z to y.N, or x := V{ to y.N.
As above, the later two cases reduce to the first via the third point. We can then use
the following transformations (which are exactly the operational reductions)

!MkVar (thunk M;eaq) (thunk Myyite) = Micad
(MkVar (thunk M;eaq) (thunk Myyite)) :=Vo = Miead Vo

62



In the first case, we are done. In the other, we can use the second point of the I.H.

2. We can assume that M is a restricted computation or has the from Az.N repeatedly apply
the following transformations

(case Vp of (M;)icr)V — case Vy of (M;V)ier
(let y# be V..M1)V  + let 2% be V'.(M{z/y}V)
where z is not free in V'

(M; to y. M)V — M to z.(Ma{z/y}V)
where z is not free in V'

If M is a restricted computation, then we are done. If it has the from Az.IN, we use that
Az N)V = N{V/z}
and appeal to the first point.

3. We can assume that N is a restricted computation, or of the form return V by repeated
application of the following transformations:

(case V of (M;)er) to z. M — case V of (M; to x.M);er
(let y# be V.M;) to .My + let 2# be V.(M{z/y} to x.My)
where z is not free in My, and z # x
(M to y.Ms) to x.Ms — M to z.(M2{z/y} to x.M3)
where z is not free in M3, and z # =

If N is a restricted computation, then we are done. If it has the form return V', we can use
the fact return V' to .M = M{V/x} and appeal to the first point.

O

Proof of Lemma 120. We prove this result by induction on the structure of terms. We strengthen
the hypothesis to also apply to values. Terms of the form return V', thunk M, Az. M, case V of (M;);cr,
let V be y?.M, and while M do N can be dealt with simply by applying the I.H. to the sub-terms.
MYV and M to x.N can be handled by apply the I.H. to the sub-terms, and applying Lemma 121.
The other cases are:

e let  be V.N Then we apply the I.LH. to V and N, the transformation
let © be V.N — N{V/z}
and appeal to the first point of Lemma 121.
e force V If V is a variable we are done, otherwise V' = thunk M, in which case we use
force thunk M +— M
and appeal to the I.H.

e !V orV =1V, If Vis a variable we are done, otherwise we appeal to the I.LH. to get
an equivalent V' in canonical form. If V/ = MkVar z y we are done. Otherwise V' =
MkVar thunk M,e.q thunk My ite, SO We use

IMkVar (thunk M;eaq) (thunk Mirite) = Miead
(MkVar (thunk Myeaq) (thunk Myyite)) := Vo = Mieaa Vo

and Lemma 121.

e MkVar Vicaq Viwite By the IL.H we obtain V_ ..., V., in canonical form. If V ..., V.., are
both variables or both thunks, we are done. Otherwise, we can turn a variable x in to the

thunk thunk force =
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O

Given our canonical forms, we have a number of useful results, which can be proved by simple
case analysis and inductions.

Lemma 122. If M is a term in canonical form, then if (M, h) —* (N,h’), then N is in canonical
form.

Definition 123. A computation NNV is said to be in weak canonical form if it can be generated
from the following grammar, potentially with thunk names substituted for variables:

N £ M | (force thunk M) ?0 | M?o | return Vj to z.M

where M,V denote terms in canonical form, and Vj a restricted value.

Lemma 124. IfT'+¢ M’ : Fo is in canonical form, and p a I'-assignment, then for any active
configuration ((N,c',~, ¢, h, H),S) reachable from CYf,, N is in weak canonical form.

Lemma 125. If M is a computation not of the form while Ny do Ny in (weak) canonical form, if
(M,h) = (N,}K), then N is smaller than M, where size is measured by the size of the derivation
of the computation in the grammar, treating all restricted values as having the same size.

Proof. The key to this proof is that substitutions never cause the duplication of a term of the
form thunk M, so p-reductions do not cause terms to grow in size. O

C.6 Proof of exponential size for £5,; (Lemma 57 and Lemma 63)

In giving the full detail of these proofs, we will provide the Lemmata used again, for clarity,
and indicate the number under which they appear in the main body of the paper. To simplify
the statement of results in this section, we will fix a PTR-computation I' ¢ M : Fo, (T, 0)-name
scheme A = (TBNames, CBNames, p, ¢y, Suc, Succ ), and let Cy = CR}TR’A and No = v(p)U{co}.
We introduce the notation that for 7,7’ : (TBNames U CBNames) — N we write n < 75’ if
for all d € TBNames U CBNames, n(d) < n'(d). We write n < o' if n < 7’ and for some
d € TBNames U CBNames, 7(d) < n/(d).

We first make the observation that, for any configuration (of form ((N,c,~, h, H,ip,n, 1, 1), .S)
or ({(y,h, H, Fn,in,n,u,1),S)), reachable from Cy has that the domains of «, H, u only contain d*
s.t. i < n(d). Similarly, the domain of h consists only of locations smaller than .

We will also observe that, when analysing the asymptotic size of the reachable state space, we
can effectively ignore the tag [, as it simply gives a factor of 2 increase.

We say two states differ only in the heap when all components other than the heap (h) and tag
(1) are the same, and that they are distinct beyond the heap when some component other than
the heap or tag is different. We extend these notions analogously to configurations.

Lemma 126. Let n be an index component. Let p be a path in Lprgr s.t. every configuration C
in p with index component 1’ satisfies n < n'. Then the environment (), history (H ), and reset
(1) components of all configurations in the path agree when restricted to n (i.e. y<y).

Proof. The key observation is that no type of transition causes the mappings v, H, i in a config-
uration to be ‘updated’, that is to have an existing binding changed. The only way we can end
up changing the binding for an indexed name n’ with i < n(n) is for a PA-action to occur using a
head name ¢/ s.t. j < n(c). But this would involve a configuration in p with index component 7’
having n £ i, which is not permitted. Thus, all v, H, u components must agree when restricted
by 7. O

Lemma 127. Let C be a configuration (of form ({(N,c,~, h, H,ip,n, u,1),S) or ({v, h, H, Fn,ip,n, u,1),S))
reachable from Cq. Let C' (of form ((N',c .~ W, H' i}, 0/, ', '), S") or ((/, W, H', Fn' i}, 0/, 1/, 1), S"))
be a configuration reachable from C via a path p s.t.
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e no answer action in p answers a question not occurring in p;
e no T-action is produced involving reducing an occurrence of end.N found in C;
e p includes no unanswered PQ-actions on a level 2 name.

Then v, =7, H., = H, and p’_, = p.

Proof. We proceed by induction on the number of PQ-actions on the level 2 names. In the base
case, we have no level 2 names. It is easy to confirm that the first two conditions on p ensure
that all intermediate configurations have index component < i’ (as the three actions which can
reduce the index component are constrained so that they can only reduce it to a value it held after
C which, inductively, is larger that held in C). Thus, the result follows from Lemma 126.

In the inductive case, consider the last OA-action answering a level 2 question. Let this

_ f(A,
be ¢1(A) answering f(Z,cl). Now, we can partition p into the following way: p' C! M
C? p? €3 2, @t i Let €1 = (N1, d7, 41, A1,
H' il n' pt 1Y), S'). Then we can apply the inductive hypothesis (as p! C! includes no unan-
swered PQ-actions on a level 2 name and has strictly fewer answered question than p) to obtain
7L, =7, HL,y = H, and pk, = p. Let (if,1") = p(f), then C* = ((vL,, hly, HL 0, Fn® i, 0",
M1<n”’l2>’ (c (K,d’),P): S') where P = (i,ll,nl,vénu, hlzi;yHén”’“lZn”)'

We obtain that the index component of C3 is 1’ from Lemma 115 and Lemma 118 (the
bi-simulation relating Lpatn to E?TR). Applying the I.H. between C? and C2, and the above
result, means that C3 = (<vin,,,h’,Hin,,,an,?g,n”,uin,,,l3>,(co,(K, d?),P) : S*). Therefore,
a5 €<yt Cor = C, we obtain that C* = (K[A], &/, 7!, b, H'-[v(A) > Fn®],ib, b on?, - [u(A4)
(i],11),S1). Finally, we can apply Lemma 126 to C* p? (as all intermediate configuration have
index component at least n), which gives the desired result. O

A simple application of Lemma 127 yields the following, which essentially tells us it is okay to
consider on a single iteration of a while loop.

Lemma 128 (Lemma 59). Let My = Nj to x.case « of return (), (N2 to y.end (45, n).while M do N) 0.

Let C = ((K[Mi],¢,v,h, H,in,n, 1, 1), S) be reachable from Cy. Let C' = ((K[M],c,y', b, H' i}, 0", 1/, 1), S)
be a configuration reached from C by a path p which does not include a PA-action on c. Then C

and C' differ only in the heap.

Lemma 129 (Lemma 58). Let C be a passive configuration reachable from Cqy in EﬁTR. Let C’
be a passive state reachable from C with the same stack component S as C, and with the stack
never being shorter than S in an intermediate configuration. Then C and C' differ only in the
heap.

Proof. Let C = ({,h, H, Fn,ip,n,u,1),S) and C' = ((v', 0/, H', Fn/ i}, 0, ', '), S). Tt suffices to
prove this hold when no passive configuration C” with the same stack S appears in the (shortest)
path p between C and C’. If C = C’, this is trivial. Otherwise, the first action in p is a
OQ-action leading to a configuration ({force Vz,cj,fy,h,H “[e? w Fn),in,n' 1/, 1),S) (where
n =mnle— j+1] and ¢/ = pu-[¢? — (in,n)]), and so the last action must be the answering
PA-action from some ((return A,¢”,~',n", H", i}/, n",1",1"),S). The conditions in the statement
ensure that Lemma 127 is applicable, so we have that Fn' = H"(¢/) = H - [¢! — Fn](¢?) = Fn,
(ih,1') = p"(¢?) = p- [ = (in,n)] = (in,n), and further that, as n' =n, y=+', H=H',n =1,
and p = i/, as required. O

Lemma 130. Let C = ({v, h, H, Fn,ip,n, u,1),S) be reachable from Cy, which occurs immediately

before OQ-action g( A,c) introducing a level 2 name f'. Let f be a name which has f' as its
originator. Let p be a path from C such that

e no answer action in p answers a question not occurring in p;
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e no T-action is produced involving reducing an occurrence of end.N found in C;
e p includes no unanswered PQ-actions on a level 2 name;
e p ends in active C' = ((K[force fiv],c’,7’,h’,H’,i;L,n’,u’,l'>,S’).

Then we have (' (f*) = (in,n), H'(f') = Fn.

Proof. We proceed inductively on the introduction chain showing that f’ is the originator of
f. In the base case, we have that f = f’. Then it follows that in the configuration C"” =
(N, " 4" 0" H" il ", 1, 1"), S") immediately after C, we have /' (f*) = (in,n) and H"(f*) =
Fn. Applying Lemma 127 to p between C” and C’ gives the desired result.

For the inductive case, consider the action in which (the instance visible here of) f¢ is in-
troduced (i.e. an action d(A) after which the term includes return B where f* € B, and after
which no PQ-action answering a question from before d(A) occurs). Let this action answer action

1 AT

f_”(/?,d). Then we can partition p as follows: p! C! BN NoR p? C3 A, o p>. It must
be the case that f’ is the originator of f”. Then if C! = ({K[force f”k‘ﬁ], Iyt R HY il ot
pt, 1), 81), by the LH. p' (f7%) = (in,n), H'(f"*) = Fn. Thus, in C* = ((y%,,hL, ,HL,,
Fn,ih,n7u1<n,ll>,(d0,(K,c’j)7P) : S1) where Pi = (i},,n",v>n h>ip, H>yy v>y). Now, it must
be the case that the stack in C3 is that same as the one in C?, due to bracketing. There-
fore, by Lemma 129, we obtain that C? and C? are the same up to the heap. Thus, if C* =
(K[return AJ,c7 v bt H* i} n*, pt, 1), SY), we have p*(f*) = (in,n) and H*(f*) = Fn. Fi-
nally, we can appeal to Lemma 127 to obtain that u*, p/, and H*, H' must agree on f!, from
which the result follows.

O

From Lemma 130 and Lemma 127 we obtain the following

Lemma 131 (Lemma 60). Let C = ({~, h, H, Fn,in,n, 1, 1), S) be reachable from Cy, which occurs

immediately before OQ-action 9(270) introducing a level 2 name f'. Let f be a name which has
f' as its originator. Let p be a path from C such that

® 10 answer action in p answers a question not occurring in p;
e no T-action is produced involving reducing an occurrence of end. found in C;

e p includes no unanswered PQ-actions on a level 2 name whose;
e p ends in active C' = ((K[force fi7]7c’,7’7h’7H’7i;L,77’,p’,l’>7S’).

FA
Then we have if C’ EIGIUN C”, the states of C and C" differ only in the heap.
Proof. By Lemma 127, we have that 7., =+, H., = H, and p’, = p. By Lemma 130, we have
W (fY) = (in,m), H'(f!) = Fn. Thus, the state of C" is (v, h’_, , H, Fn,in,n, u,1'), as required. O

<in’

Lemma 132 (Lemma 62). Let M be in canonical form. Let C be an active configuration reachable
from Cgy, which occurs immediately after a OQ-action, or is Cy. Let C' be an active configuration
reachable from C by a path p in which no OQ or PA-actions occur, and each occurrence of the
while construct is reduced at most once. Then the number of intermediate configurations which
are distinct beyond the heap is polynomial in M.

Proof. Let C = ((N,¢,v,h, H,ip,n, 1,1),S). We can easily show that the size of N is bounded by
the size of M and the types in I' and o (the need for this is that a OQ-action creates applications
to abstract value, but this is restricted by the types). Further, observe that any P@Q-action must
be followed immediately by an OA-action (as it cannot be an O@-action). Thus, in the path, we

3 X -1 -1
always have reductions of the form ((K[(force f)?], oy W H i )l 1), S) fA5) cr (4)
((K[return A], ¢,y b/, H" i}, 0", 1/, '), S)
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Let us consider a measure of the size of M which treats all values as having the same size.
Recall from Lemma 124 that the term components are in weak canonical form. We can then see
that every 7-action in p (save expanding whiles) decreases the size of the term component. Every
PQ-action followed by an OA-action does not increase the size of the term component, and as
every such pair is either the end of p, or is followed by a 7-action, we can conclude that the triple
of actions decreases the size of the term component. In the absence of while, this would suffice
to bound the number of distinct configurations. With while, we can appeal to the fact that each
occurrence of the while construct is reduced at most once. This means we can treat expansions
of while as if they took while M; do My to M to x.case = of return (), (N to y.end(ip,7).) ;0.
Thus, expanding a while increases the size of the term component, but by a constant amount. As
the number of while constructs is bound by the size of IV, this gives us that the number of distinct
configurations is linear in N. O

We now prove Lemma 61, the technques for which are independent of those used for the other
results.

Lemma 133 (Lemma 61). Let I' ¢ M : Fo be a PTR-computation in canonical form, T'-
assignment p and continuation name co. Let t € Tr(Chr°) be a trace which does not have an
unanswered PQ-action using a level 2 head name, then the number of unanswered PQ-actions in
t is bounded by the size of M.

Proof. Let p be the path which generates t.

Let Forces(N) be the function which counts the number of occurrences in weak canonical
form term N, of the construct force x, lx, x := V, IMkVar = y, MkVar x y := V, and any of these
where thunk names appear substituted for variables!. We will also allow the natural extension to
reduction contexts K in weak canonical normal form, Forces(K). For a term (or context) N and
mapping from names to thunks ~, define inductively the least set of reachable P-names,

ReachT, ;(N) = U  (ReachN, y(H(g)))
gev(N)
g is not level 2
ReachN, y(S) = SUU;cqgReachT, g(v(f))

which simply finds the P-names reachable from the top-most element of the stack (if there is one).
In the natural way, we can lift v to act on a set of P-names, and Forces to sets of terms by summing
over the elements. Using this, we can then define the function Forces(C) on computations as

Forces(((v,¢,h,H, Fn), 1)) = Forces(y(ReachN, g(Fn)))
Forces(((v,¢,h, H, Fn), (c,(K,c')) : S)) = Forces(y(ReachN, y(Fn)UReachT, y(K)))
+Forces(K)
Forces(((N,c,v,¢,h,H),S)) = Forces(N)+ Forces(y(ReachT,, ;(N)))

We will now consider how Forces(C) changes as we move along the path p.

First, we observe that if C = ((v, ¢, h, H, F'n),S) is the configuration immediately before an
OQ-transition in p, and C' = ({(v/,¢',h’, H', Fn'), S) is the configuration immediately after the
answering PA-transition in p, then Forces(C) = Forces(C’). This is consequence of the fact that
in the PTR-fragment, visibility entails that Fn = Fn', and on all names already introduced at C,
v, H and v/, H' agree (7', H' extends 7, H). Thus, we can essentially ‘skip’ such sections of the
path, and will not have to consider the case of a answering PA-transition.

Similarly, let C = ((K|[(force f) 7],0,7,@#, h,H),S) be the state immediately before a PQ-
action f(A,c) where f is a level 2 name, and let C' = ((K[return A],c,7,¢',h’, H'),S) be
the state immediately following the answering OA-action ¢/(A4). Now, v, H and +', H' agree on
all names already introduced by C. Observe that any names in v(A) must be level 2 names,
so we have that Forces(C’) = Forces(K [return A]) + Forces(y(ReachT. g/ (K[return A]))) <

1We need to count these uses of reference types, as they might reduce to a force f.
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Forces(K|(force f’) 7])+Forces(y(ReachT%H(K[(force i) 7]))) = Forces(C). Thus, we can
also ‘skip’ these sections of a path, and as PQ-actions on level two names must be answered, we
do not need to consider this case.

Finally, let C be a configuration in p where we are about to expand a while loop, which clearly

will duplicate occurrences of force f etc. However, consider what occurs later in p. If we reach the
point when we are expanding the same while loop again, we will have reached a configuration C’
with Forces(C) = Forces(C’), which follows from the fact that when we reach the end of a loop,
any name introduced in a loop does not escape the iteration it was introduced in. In the case that
we never reduce the loop again (i.e. the condition is 0), then we observe that a path produced
by instead expanding while N7 do Ny into K[N; to z.case x of return (), (N2 to y.Q);~0] produces
the same trace, without increasing the value of Forces(). Thus, we do not need to consider while
loops.

What we will wish to show is that a PQ-transitions on non-level 2 names reduce the value of

Forces(C), and all other types of transitions (other than answering PA-transitions, PQ-transitions
on level 2 names and those expanding while loops) do not increase the value.

Let C = ((Kforce f7],c,7,¢7h,H),S) @) ({y-ya,¢',h, H H(f)U V(X»,(CI,(K,C)) :

S) = C’ occur in path p. Now,

Forces(C) = 1+ Forces(K) + Forces(U,, .p{V})+

Forces(y(ReachN, p(H(f)) UU, . ReachT, 5 (V) U ReachT, y(K)))
Forces(C') = Forces(K)+

Forces(v - 74 (ReachN, .., p(H(f) Ur(A)) UReachT, .., 1 (K)))

And as we have

ReachT,.,, g(K) = ReachT, y(K)

ReachN.,.., i(H(f)Ur(4)) = ReachNo.,, n(H(f)UU,., 1 ReachT.., u(y 7a(g) Ur(4)

(
= ReachN, ;;(H(/)) UU, ., 1, ReachT, i (v4(g)) Uv(4)
— ReachN, ;(H(f)) U, p ReachT, (V) Un(4)

Forces(y - v4(ReachT,.,, x(K)UReachN,,.,, y(H(f)U I/(X)))))

as names in v( A) are mapped into ? under 4
Forces(y(ReachT, ;(K)UReachN, g (H(f))) U UVGV ReachT, 5 (V) U UVev{V})
Forces(y(ReachT, y(K)UReachN, y(H(f))) UU, .y ReachT, u(V)) + Forces(U,,.+{V})

we can conclude that Forces(C’) < Forces(C).

We can now check that the other cases do no cause an increase.

e 7-transition. It is easy to check that for IV in weak canonical normal form, (N, h) — (N', h'),
then Forces(N) > Forces(N’). The key to this is that the weak canonical form ensures
that reductions do not duplicate sub-terms of the from thunk M’. The case of expanding a
while loop was handled above.

e OQ-transitions Su C= f( ) Z / @’

- ppose C = ({, ¢, h, H, Fn), S) ——= ({force VA, c,v, oW, h, H-[¢ —
Fn)),S) = C'in path p, with V = ~(f) and ¢/ = V(X)L‘H{C/}. Now, all the names in v( A) are
level 2 names. Thus Forces(C’) = Forces(V') 4+ Forces(y(ReachT, 5(V))). Now, as f €
Fn, and Forces(C) > Forces(y(ReachN,, y(Fn))) > Forces(y({f} UReachT, y(V))) =
Forces(C’) (as f € v(V))

e OA-transitions Suppose C = ({v, ¢, h, H, Fn), (c, (K,c")) : S) ), ((K[return A],c,v,¢ W
v(A),hH - [v(A) — Fn]),5) = C". Now, U,c, (1) ReachN, g4y rn(H - [V(A) —
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Fn](A)) = ReachN,, y(Fn), and Forces(return A) = 0. So

Forces(C') = Forces(K) + Forces(return A)+
Forces(v(U,¢, (1) ReachN, w4y o) (H - [V(A) = Fn](A)) UReachT, m.j(4)- rn) (K)))
= Forces(K) + Forces(y(ReachN,, y(Fn) UReachT, y(K)))
= Forces(C)

e PA-transitions By the consideration above, we only need to check PA-transitions with head

name c¢g. Let C = ({return V,cq,v, o, h, H), L) M) (v -+,9oWwWv(A),h,H H(co) W

v(A)), L) = C' where (A,~') € AVal, (V). Now, H(cp) =, so

Forces(C’) = Forces(y-v'(ReachN, ., z(v(A))))
Forces(v(A4) Uv(U, e, (a) ReachT, .. g (v-7'(9))))
Forces(V U~(ReachT,, y(V)))

Forces(V') + Forces(y(ReachT, x(V)))

= Forces(C)

Now, we simply conclude by observing that Forces(C4;°) is bounded in M, as it simply reduces
to Forces(M). As for an OQ-actions to occur from C, Forces(C) > 0, we obtain the desired
bound on the number of unanswered O@Q-actions in t. O

C.7 The IA and RML translations

We present the syntax of RML in Figure 17, and of IA in Figure 18. The languages have the usual
operational semantics, which we shall write as —gry1, and —14 (or simply as — when clear from
context). In particular, RML is operator first reduction. For termination (reducing to a value) we
write (M, h) JEME and (M, h) |12, We can define contextual approximation in the standard way
using the notions of context define below:

e For RML terms '+ My, My : o, T F My <BEML AL, holds when for all contexts C F o = ¢,

~ter

(C[My], h) JEML implies (O[MQ], h) (RML

ter

e For IA terms '+ My, My : 7, T+ My <2 M, holds when for all contexts C' -7 = com,

~ter

(C[Ml]vh) > implies (C[MQ]vh) %?r

ter

RML Types o = Unit|Int |Ref |0 —o

RML Value

Vv z|n| ()]l MkVar V V | \e®. M
RML Term M

K

C

VIMM|M:=M|!M|reft M | MkVar M M | while M do M | case M of (M;)ier
o | KM|VK|M:=K|K:=V|K |refK | MkVar K M | MkVar V K

| case K of (M;)cr

o | MkVar C M | MkVar M C | \a°.C |CM | MC|C:=M | M:=C|!C|ref K
case C of (M;)ier | case M of (M;)i<;,C, (M;)j<; | whileC do M | while M doC

> > (>

RML Eval Ctx

[I>

RML Ctx

Notational conventions: z,y € Var, ¢ € Loc, n€ Z
Syntactic sugar: We write letz = N in M for (Az.M)N, and if x does not occur free in M, we
write N; M for letx = Nin M, and Q for while1do ()

Figure 17: RML syntax

We recall the translation of types is given in the following table.
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IA types 7

TA Value
TA Term

TA Eval Ctx
TA Ctx

v
M
K
C

com | expr | var | T — T

(1> 1> 1> 1>

skip |z |n|()|£¢]|MkVar M M | \aZ.M
VIMM|M;M|M:=M|'M|newzin M | while M do M | case M of (M;);cr

o | KM |M:=K|K:=V |!K|MkVar K M | MkVar V' K | case K of (M;)cr

o | MkVar C M | MkVar M C | \a®.C | CM | MC | C;M | M;C | C:= M | M :=C
| !C | newzinC' | case C of (M;)ier | case M of (M;)i<j,C, (M;);<;

| while C'do M | while M doC

Notational conventions: x,y € Var, £ € Loc, n € Z
Syntactic sugar: We write ) for while 1 do skip

Figure 18: TA syntax

RML type CBPYV value types
Int, Unit, Ref Int, Unit, Ref
g1 — 02 U(O’lRML—>FO'2RML)

TA type CBPV computation types

expr, com Flnt, F'Unit
~ var Int — Int — FInt
T Un't = '
We provide the translation —BM on terms in the table below.
RML term M : o CBPV computation MRML : fpgRML
T return x
0 return ()
n return n
12 return ¢
Ax.M return thunk Az.M/BME
MkVar M N MBRML 6 £ NRML 5 £ MkVar (thunk force f,.()) fu
MN MBML o f NRML 6 2 (force f)x
M:=N NBML t6 0 MBRML t6 4 := 2
M MBRML t6 1z
ref M MPME {6 2.ref o
while M do N while MRME qo NRML
case M of (M;)ier MBML ¢4 4 case z of (MiRML)ZvE[
For a RML environment I' = {1 : o1 - : 0%}, we let TRML = {3 1 oy BML gy 0 g RMLY

Thus, the sequent I' - M : ¢ is translated into [RME |-¢ \fRML . pGRML

For TA, we need to ensure terms are in 7-long form: that is we n-expand so that all occurances
of variables with function type are fully applied. n-expansion does not effect contexual equivalence
in IA. This is so that any arguments that sub-terms of M take with type 71 — --- 7, — var are
exposed. We provide the translation —'AF on terms in the table below, then define M™ to be
M'™F where M has n-long form M. Let assert(x ~ n) be short for case x of (Q)i<n, (), (V)n<i-
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IA term M : 7 IA computation MAP . 714

TiTL TR —Var  Ayi.c - Ayg.Amode. \w.case mode of
((assert(w ~ 0); (force x)y; - - - yx00), ((force x)yy - - - yrlw to z.assert(z ~ 0);return 0), (2);>1)

x otherwise force x
skip return ()
n return n
L Amode. \w.case mode of ((assert(w ~ 0);1€), (¢ := w; return 0), (Q)s1)
Ax. M Az MAP
MkVar M N Amode. \w.case mode of ((assert(w ~ 0); M), (NTAP (thunk return w); return 0), (2);>1)
MN MT™P (thunk NTAP)
M;N M™P to g NTAP
M:=n M™P 17 to y.assert(y ~ 0)
M := N otherwise NIAP t6 2. M™AP T g to y.assert(y ~ 0)
Wi MIAP(0
new z in M ref 0 to a’.let  be thunk Amode.\w.case mode of ((assert(w ~ 0);!a’), (z' := w;return 0), (Q)s>0).
MIAP
while M do N while MTAP do NTAP
case M of (M;)cr MTAP 6 z.case z of (MZ-IAP)iel

For an IA environment ' = {z; : 7, --- @, : 7, }, we let T"A = {zy : Ur,"A ... 2 : Uz, '*}. Thus,
the sequent I' F M : 7 is translated into T4 ¢ MIA . 7IA

C.8 Full abstraction of the RML and IA translations

To prove Theorem 66, we will need to provide both soundness and completeness results.
We first present a useful result which deals with the somewhat unusual translation of variables
with a type returning var.

Lemma 134. For ¥;T ¢ M™F . Ur — ... — Ut — Int — Int — FlInt (where k can be 0),
for any F° Vi Uri, Sk~ : T, and heap h : 2, (M {y} Vi - Vi jm, h) ier only if j = 0 and
m =0, orj=1. If j =1, then if this terminates, it reduces to (return 0,h').

Proof. The proof of this is by induction on the structure of M. In the base cases, we have that
M is either ¢, MkVar M7 Mo, or x. It is easy to verify the requirements hold in these cases. We
show the last case.

(AP - Vigmah) = (A - - - Aye-Amode. \w.case mode of ((assert(w ~ 0); (force z{y})yy - - - y00),
((force z{y})y1 - - yrlw to z.assert(z ~ 0); return 0), (Q)s=1)) Vi - - - Vi j i, )
—*  ((Mmode.\w.case mode of ((assert(w ~ 0); (force 2{y}) V; - -- V400),
((force z{7}) Vi - - Vi 1w to z.assert(z ~ 0);return 0), (Q)i=1)) j i, h)
—*  (case j of ((assert(m ~ 0); (force x{y}) Vi - - - V;,00),
((force 2{y}) Vi - Vidlin to z.assert(z ~ 0);return 0), (Q)i>1)), h)

Observe that if j # 0 and j # 1, then this reduces to (€2, k), which does not terminate. Further,
if j = 0, then this reduces to (assert(im ~ 0); (force z{y})V; --- V400, h), and as assert(im ~ 0)
reduces to Q if m # 0, for this to terminate, we get m = 0. Finally, if j = 1, then this reduces
to ((force 2{y}) Vi --- Vi1 to z.assert(z ~ 0);return 0,h), which, if it terminates, reduces to
(return 0, k), as required.

The inductive cases for M having the form Ny No, Nyi; No, case N of (N;);cr are all straight
forward. Observe that, due to the typing rule, M cannot have the form new zin N. We check the
most interesting case, that M has the form Az.N. In this case we have ()\:E.N)IAP = A\z.NTAP,
Thus, for any F* V; : Ur;, X+~ : T, and heap h : ¥, we have

(M. NP V- VG h) = (A NAPLyD Vi - Vi i, h) = (NP {y [z = Vi Voo Vi) i, )
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Thus, by an appeal to the LH on NP we obtain that ((Az.N)***{y} V1 -+ Vi ], h) terminates
only if j = 0 and m = 0, or j = 1, and if j = 1, then it terminates only if it reduces to
(return 0, A'). O

Lemma 135. Let T'H M : 7 — 7’ be an 1A-term. Then there exists an IA-term N s.t. M4 =3
Az NA,

Proof. This proceeds by induction on the structure of M.
In the base cases, are as follows. First, we have M = Az.N, which is trivial, as M = \z. NT™A.
The second caseis ¢ Ny - - N wherex : 7y — -+ = 7, = 7. Then M™ = \apyq. - - - Axy,. 2P (thunk NllA)
-+ (thunk NkIA) (thunk x4, ™) - (thunk z,') = Az q.(x Ny -+ Ny ka)IA, as required.
The inductive cases are fairly straight forward, following mainly from the ¢-rules. For example,
in the case of M = My; Ms. By the I.LH., we have N> s.t. Mo =Bne Az.No™ | so we have

M™ = M M™ =50 My 2 N = Az (M N = Az (My; No)™. The interesting
case is M = M, M,. By the LH., there exists N’ s.t. M;™ =gne )\y.N’IA. By the I.H., there
exists N” s.t. N™ =B Az.N"™. Thus, we have M'™ =B (g Az N""™)thunk My™ =4
Az N {thunk M>" /y} =g Az.(N""thunk My™) = Az.(N” My)™, as required. O

The following result, a kind of substitution lemma, is useful in what follows.

Lemma 136. LetT,x: 7y = M : 7 andT = N : 7y be IA-terms, then T = M'A{thunk N'A /z} =BPV
(N{M/z})™.

Sketch. This proof proceeds by induction on the type of = (its IA-type in M, 7n) and secondarily
on the structure of M.

e The base case is that x : expr, x : com, or z : var. For the induction on structure, the base

case is that M = x. In the first two cases, z'4 = force x, so we get x'A{thunk NIA/x} =
force thunk N'A =, N'A. In the other case we have

" {thunk N™/2} = Amode. w.case mode of ((assert(w ~ 0); (force thunk N')00),
((force thunk N™)Tw to z.assert(z ~ 0);return 0), (Q)i>1)

=g Amode. w.case mode of ((assert(w ~ 0); (N'A)00),
((N'")Tw to z.assert(z ~ 0); return 0), (2)5>1)

Now, by Lemma 3, it suffices to check CIU equivalence. So taken any > + K : MIA =

Fo, ¥ F ~ : T and h : ¥. By the types, K = K/[O/]'\T/T\L]. We wish to show that
K[NIA{’Y}] ) liter lﬁ [ IA{thunk NIA/x}{’YH ) llte'v

Going right-to-left, for the above it is immediate that (K[z™ {thunk N /z}{v}],h) Lter
only if j = 0 and m = 0 or j = 1. In the first case, we have (K [#'A{thunk N'A/x}{~}],h) —
(K[N'"{~}],h), and so are done. In the second case (K[z"{thunk N™/z}{y}],h) —
(K’[NIAify}lm to z.assert(z ~ 0);return O] h). For this to terminate, it follows that
(N'A{y}1in, h) — (return 0, h’) and (N8 {717 to z.assert(z ~ 0); return 0, k) — (return 0, o’).
Thus (K[N"{7}],h) bter-

Now going left-to-right, by Lemma 134, (K[N™{~}], h) |, implies that j = 0 and m = 0,
or j = 1, and if j = 1, then (N'8{y},h) — (return 0,A’). If j = 0 and m = 0,
then (K[z'A{thunk N /z}{~y}],h) — (K [NIA{'y}] h), and so are done. If j = 1 then
(K[z IA{thunk Nz}, h) — (K’[NIA{v}lm to z.assert(z ~ 0);return 0], h), and as
(N'A{~ 17 to z.assert(z ~ 0);return 0, k) — (return 0, '), we obtain (K [2'*{thunk N /z}{y}], h).

The inductive cases on the structure of M are then straight-forward.

e The inductive case is that v : 7 — ---7, — expr, x : 7| — -7, — COIM, O & : T| —
-+ Ty — Var.
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—ter

define o

For the inductive proof on the structure of M, we reduce the problem to showing that the
equivalence holds when the right-most occurance of x is substituted. This means that the
base case is M = x Ny - - - N, where x not free in V; and 0 < k£ < n. We have

M™ = ATpy1 - )\xn.mIAP thunk NllA -+ - thunk NkIAthunk kaIA -+ - thunk xnIA

for fresh z;, and (M{N/z})™ = N2 (thunk N;")- - (thunk N,').

For the first two cases, we have

M™{thunk N8 /z} = (Azgq1--- Azp.force z (thunk Ny™) ... (thunk N,')
(thunk 21 ™) - (2,")){thunk N4 /z}
ATpy1 - - Ay force thunk N4 (thunk NllA) -+« (thunk NkIA)
(thunk 1) - (thunk z,,'4)
=5 AZpi1 - Az, .N™ (thunk N;™) .. (thunk N,™)
(thunk zp, ;™) (thunk z,,'4)

By Lemma 135, we have that there exists some N’ s.t. T' = NA =CBPV \q .. Az, N
Thus, we have that

M™ {thunk N /z}
AZjp1 - Az . N™ (thunk Ni™) ... (thunk N™)(thunk 2;,™)- - (thunk z,,')
Mgt AZn.(Az1. - Az . N™) (thunk N;™) -+ - (thunk N,'4)
(thunk 2 1™) - (thunk z,'*) by above
=5 ATpin - Azp. (N {thunk Ny" 21} -+ {thunk N /z}
{thunk 2414 /zg 41} - {thunk x,'2 /2, })

B
~CBPV

~CBPY A1 Az (N'{Ny /21 1) {thunk No'™ /25} - - - {thunk Ni'*/z)}

{thunk =y, 1" /2p41} - - - {thunk z,,'4/2,}) by LH
2CBPV Agpir - Az (NAN 21} - ANk fai H{aksr /o } - {an/2a ™) by LH
= Atji1 - Az (N'{Ny J21} - { Ny /e ™)
=CBPV gy - )\xn.(N’IA{thunk N/} - {thunk N /2, }) by IL.H

(AZps1 - Az N {thunk N;™ /z1} - - {thunk N,'4 /2, }

= (Az1. - Azp.N™) (thunk N;™)- - (thunk N')

~CBPV - NIA (thunk N;™) .- (thunk N,'™) by above
(M{N/z})™

For the case of x : 7 — ---7, — var, the reasoning is the obvious combination of the
preceeding and the reasoning for the case of x : var.

The inductive cases on the structure of M are again straight-forward.
O

We need to generalise the translations to be applicable to contexts. This is simple, we simply
RML _ ¢ and oA —

Lemma 137. e For RML term T+ M : o and context - C : 0 = o, then (C[M])*™" =

ORML [MRML] .

o ForIA term Tk M : 7 and context - C : 7 = com, then (C[M])** =CBPV CIA[pf1A],

Proof. By induction on the structure of contexts. For IA, the resort to contextual equivalence
arises due to the base case that M is not a fully applied variable, where we need to appeal to
Lemma 136. O

Lemma 138. e for RML context C, C is an RML evaluation context iff C*ML is o CBPV

evaluation context.
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o for IA context C, C is an IA evaluation context iff C™™ is a CBPV evaluation context.
Proof. By induction on the structure of contexts. O

We are now ready to establish that termination is preserved and reflected under the transla-
tions.

Lemma 139. o For closed RML-term M, (M,0) $2ME i (MBEML ) e,
e For closed TA-term M, (M, 0) 12 iff (M™,0) Jser-

Sketch. This can be obtained by following the style of proof given by Levy in his thesis [29,
Appendix A]. The RML-case is more straight-forward, and involves proving a simple substitution
Lemma. In the TA case, we will to use Lemma 136 to handle substitutions.

To be concrete, we will sketch the proof for IA. We have to prove the more general result that
for TA-term ¥ - M : 7, for any heap h : ¥, then (M, h) 1A iff (M™ h) |ser

Now, observe that if N be the n-long form of M, (M, h) A iff (N, ) |12 and M'A = NA,
Thus, W.L.O.G assume that M is in n-long form, so M = MTAP,

We first prove left-to-right, so assume that (M,h) |} . We proceed by an induction on the
length of the reduction sequence from (M, h). In the base case, M is terminal, so has the form
skip,7, ¢, Az.N, or MkVar Ny Ny. It is trival to check that M'™ is terminal.

In the inductive cases we have that (M, h) —1a (M’, h') where (M’,h') |12, in one fewer steps.
The proof then proceeds on the rules for —15. We will show two of the interesting cases.

o M = K[(Ax.M) My), M' = K[M{M,/z}] and h = I’. Now, M™ = K™ [(Az.M;"™) (thunk M,™)].

By Lemma 138, K™ is a reduction context, so (M, h) — (K™ [M;"™ {thunk My™ /z}], h).

Now, by Lemmata 136 and 137, - K'A[M; " {thunk M, /z}] =CBPYV KIA[(M, { M, /2})A] =CBPV

M'™ . Thus by LH., (K" [M;" {thunk M"/z}], 1) Y1er, so (M R) Lier.

o M= KI[0:= 7], M’ = K[skip], ' = h[{ — 7).

Now, M™ = K™ [(Amode.\w.case mode of ((assert(w ~ 0);1€), (¢ := w;return 0), (2);>1)) 17
y.assert(y ~ 0)]. By Lemma 138, K' is a reduction context, so

(M™  h) —* (K¢ := f; return 0 to y.assert(y ~ 0)], h)
— (K™ [return ();return 0 to y.assert(y ~ 0)], [l — A]) —* (K" [return ()], h[¢ — 7))

As M = K™ [return ()], by the LH., we obtain that (K™ [return ()], h[¢ — 71]) e and
S0 (MIA7 h) Uter~

We now turn to the right-to-left implication, so assume that (M, k) |ls.,.. We proceed by an
induction on the length of the reduction sequence from (M™ h).

In the base case, M'™ is terminal, so has the form return V or Az.M’. By considering —F,
it must have the form return (), return 7, Az.N'A, Amode. \w.
case mode of ((assert(w ~ 0);!0), (¢ := w;return 0), (Q);>1), or Amode.\w.case mode
of ((assert(w ~ 0); Ny™), (N2 (thunk return w); return 0), (€2);>1) with M being skip, 7, Az.N,
¢, or MkVar N; Ns, respectively, which are all terminal.

For the inductive case, we have that (M™, h) — (M’, h) where (M’, h') |14 in one fewer steps.
The proof then proceeds on the rules for —. We will show three cases.

o M™ = K[(A\z.N) Va], where V5 : Ur, M’ = K[N{V2/2}], and h = h'. By considering —14F
we can observe that there must exist Kj s.t. K = KIIA7 Myst. N = MllA, and My s.t. Vo =
thunk My, By Lemma 138, K is a reduction context, so (M, h) —1a (K;[Mi{Ms/x}], h).
Now, by Lemmata 137 and 136, - (K;[My{Ms/x}])"* =CBPV KA (M { My )2 })™ ) =CBPY
M’'. By the L.H., ((K][Ml{MQ/l'}])IA,h) Uter, 50 (M™h) Yier.
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o M = K[(Amode.N)1n], M’ = K[N{1/mode}], and h = h’. By consideration of —IAF
N = \w.case mode of ((assert(w ~ 0);10), (£ := w; return 0), (Q);1) or
(

Mw.case mode of ((assert(w ~ 0); M™), (N (thunk return w); return 0), (2);>1)

and there exists K; st. K = KIIA[O to y.assert(y ~ 0)]. We will consider the first
case. Thus, M = K[¢{ := n]. By Lemma 138, K; is a reduction context, so (M,h) —1a
(K¢[skip], h[¢ — 7]). Now, in this case we have

(M™ h) —* (K™ := fi;return 0 to y.assert(y ~ 0)], )
— (K™ [return (); return 0 to y.assert(y ~ 0)], h[¢ — 7)) =* (K" [return ()], h[¢ — 7])

As (K; [skip})IA = K;"[return ()], by the LH., we obtain that (K[skip|, 2[¢ — 7]) {ser and
so (M, h) {ier-

e M = KJreturn 0 to z.N], M’ = K[N{n/x}], and h = h'. By considering —'AF K s.t.
K = KIIA, and that N must have the form case x of (NiIA)ieI. In this case we must have
M = case i of (N;)ier. Thus (M, h) —1a (K;[Ny,],h). We also have that (M h) —
(K|case 71 of (N;");c],h) — (K[N;], h), Thus, by Lemma 137 and the L.H., we are done.

O

Lemma 140 (Soundness). o Let I'F My, My : 0 be RML-terms. If TRME | pp BML <OBPV
M™% then T+ My SFM M.
o Let ' My, My : 7 be IA-terms. If T™  M™ <CBPV NLIA hen T My <RML pp, .

~ter ~ter

Proof. Let T be RML or IA. Suppose that (C[M;],0) |}L,. Then by Lemma 139 (left-to-right),
(CIM1])T,0) Y4er- By Lemma 137 (left-to-right), (CT[M{],0) Jter, and so as M{ <EBPV AT

(CT[MI],0) Uter By Lemma 137 (right-to-left), ((C[Mz])T,®) |4er, and so by Lemma 139 (rlght—
to-left), (C[M1],0) |}, as required. O

We can now specialise our definability result when dealing with traces produced by image of
RML and IA terms. For this we will need a few helper Lemmata.
We first deal with RML. We have the following result for sequencing in RML.

Lemma 141. Letletz = M in N be an RML-term. Then (letx = M in N)RML MBEML t6 5 NRML,
Specifically, if M; N be an RML-term, then (M; N)RML MBRML. NRML,

Proof. Recall that in RML, let z = M in N syntactic sugar for (Az.N)M. Then (letz = M in N)*™" =
return (thunk Az. N®ML) to £ MBRM 6 2 force f o =5 MM to 2. (Ax. NBML) g =5 MRML ¢ 5 NVRML
O

Lemma 142. For RML-terms M, N which are either a variable, an integer literal, a location,
or (), we have the following:
o IMPEML —ging
o M:=NWME—; p =N
o (case M of (M;)icr)™" =5 case M of (M;®ML),

I

Proof. The proof of all of these is similar, so we show the first case. (IM)"M" = MBEML t6 2 1y
= return M to x.lx =g!M. O
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Lemma 143 (Definability for RML). Suppose ¢ C TNames, ¢ : o is s.t. the types are in the image
of —BML " Suppose t is an even-length P-visible, P-bracketed, O-visible, P-visible ({o},¢ W {c})-
trace starting with an O-action, such that t = t' 3(A) and t' is complete. There exists a passive
configuration C such that Tr®V"(C) is the even-length prefizes of t (along with their renamings
via permutations on Names that fix ¢ W {o}).

Moreover, C = ("ML ¢ {c}, h,[o = 0],9), (c, (KEME o)) : 1) for some h,K,~, where

return yRML () = ~(z)"MF,

Proof. This proof stems form the fact the constructions in Lemma 100 when dealing with the
image of RML types are themselves the image of RML terms (up to S-equality). That is, we will
show that there exists K, v so that K®ME ARML are equal up to B-equality to the ones found in
Lemma 22 (and so produce the same trace). First, observe that for the translation of RML types,
that abstract value sequences A always consist of exactly one entry. We check the constructions
that are used below.

e The non-terminating term at any type (Q2; M) is, by Lemma 141, S-equal to (Q;M')R’ML,

where M is s.t. M/FME — pf.

e The constructions for operations like + can be seen to be the translation of the RML con-
struction.

e The construction inc time =!time to t.(t + 1) to t'.time := ' is S-equal to the translation of
the term lett =!#tmeinlett’ =t + lin time := t’, by appeal to Lemmata 141 and 142.

e The construction assert(z ~ A) for Int is S-equal to the translation of case x of (Q);<a, (), () a<i
by Lemma 142.

e The substitution M{?/X} is such that if M is B-equal to the image under —RBML of an
RML-term (with names substituted for free variables), then the substitution also is S-equal
to the image under —RML of an RML-term (with names substituted for free variables).

e Similarly, the substitution A{y} where 7 is s.t. return y(z) is S-equal to the image under
—RML of an RML-term (with names substituted for free variables) then return A{y} is -
equal to the image under —FML of an RML-term (with names substituted for free variables).

e Consider (force g) A{y} where v is s.t. return v(z) is S-equal to the image under —RML

of an RML-term (with names substituted for free variables). Let M be a RML-term
s.t. return A{y} is B-equal MEMLY (with names substituted for free variables). Then
(force g) A{~} is B-equal to the image under —FML of y M| with g substituted for y.

Given the above observation, and Lemmata 141 and 142, we can see that

e the inductive construction for v; satisfies the property that for all z € dom(~;), return 7, (x)
is -equal to the image under —FME of an RML-term (with names substituted for free
variables), and

e the inductive construction for S; satisfies the property that for all contexts K € §;, K
is f-equal to the image under —FML of an RML-context (with names substituted for free
variables).

Formally this can be done by a mutual induction. The desired result then follows form the case
of i =0. O

Lemma 144 (Completeness for RML). Let I' = My, My : 0 be RML-terms. If T+ My <BML Af,
then TRML |- N, RML <CBPV 7 RML,

~ler
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Proof. Suppose ' - M; <) Ar, - Let p be a TRML_configuration, 4; = p(z;), c: oMl and t €

~ter

’IYCBPV(CI;’Z%;;L) s.t. t is complete. Then ¢ is a (v(p) W{c}, @)-trace s.t. the types are in the image
of —BML W 1,.0.G, due to the closure of T‘I‘CBPV(CF]:Z%’LL) under renaming, we can ensure that o
does not appear in t. Let o : Unit and t; =t 5(()), a ({o}, v(p)w{c})-trace. Then, as t is O-visible,
O-bracketed, P-visible, P-bracketed and complete, so is ¢t~ and so t; is. Thus, we can appeal to
Lemma 143 to get a passive configuration Co = (o™ ¢w{c}, h,[o — 0], ¢), (c, (KEML o)) : 1)
for some h, KRML ~ABML “gich that Trigpy (Co) consists of all even-length prefixes of 1, up to
renamings which preserve v(p) W {c, o}.

Observe that Cop = CZT}?RMLNRML where 'Y(mi) = Az{'YgML} and ’YZRML = ’ngL [ V(AZ) Then

P 4. -C A

we have the t € TI‘CBPV(CAZ'RML) and t; € TrCBPV(CZj’;RMLﬁRML). We can then apply Lemma 20

(right-to-left) to obtain (KRML[Af,RMUI(RMLY By ||, We can then define the (closed) RML
context C' = lett = ref Oin (letzy = v(x1)in - -let x,, = y(xy,) in K){t/time}, which is such that
CRML 5 equivalent to ref 0 to ¢.(return y(z1) " to . - - - return (2, ) ™" to 2, KEMEY(t /time},
by Lemma 141. Thus (C’RML[MlRML], h) Yier-

So by Lemma 137 (right-to-left) and Lemma 139 (right-to-left), (C[M;], k) ML, Thus by the

ter

assumption, (C[Ma], h) $EML " and so by Lemma 139 (left-to-right) and Lemma 137 (left-to-right)

ter

RML RML RML RML7 s, RML ;
) ter ) er- )
(CPMEM™M ], ) Jier and so (KME[M™ 1 {AMEY B) Jger. By Lemma 20 (left-to-right), we
have a complete trace t' €€ TrCBpV(Cf\;;;\{L) such that t'+5(()) € TrCBPV(CZf’;RMLWRML). By
the definition of Cp, all complete traces in Treppy (Co) are equal to ¢ up to renaming of names

preserving v(p) W {c,o}, so ¢’ is equal to t (up to a renaming of names preserving v(p) W {c}).
Therefore, by the closure property, we have t € ’I‘I‘CBPV(CE;;WL).
Thus, we obtain that Trcegpy (IRME |-¢ MlRML) C Treppy (MRME e MQRML)7 and so by The-

orem 21 (Soundness), we have P'RML p-¢ 7, RML ngpv(cw) MoRME s required. O

We can now turn to TA, where we will prove similarly prove some helpful lemmata.

Lemma 145. For IA-terms M, N which are either an integer literal or a location, then we have
the following:

o (1M =51M
o (M:=N)*=5M:=N
o (case M of (Mi)ie])IA =4 case M of (M;");c;

Proof. We handle the first case. Recall that IM™A = M'™A00. If M = {, then A = Amode.\w.case mode
of ((assert(w ~ 0);10), (£ := w;return 0), (Q);), so (1M)™ =g case 0 of ((assert(0 ~ 0);1¢), (¢ :=

0; return 0), (Q);) =g assert(0 ~ 0); 10 =3ll. O
Lemma 146. Let new zin M be an IA-term (in which x is not rebound in M ) and all occurrences

of © have the form \x or x := N. Recall that

)IA = ref 0 to 2’ let & be thunk Amode.Aw.case mode of

((assert(w ~ 0);12"), (2 := w;return 0), (Q);).M™

(new z in M

This is Bns-equivalent to ref 0 to ' .M', where M' is M™ but with occurrences of 'z translated as
2/ and x := N as N to y.a’ =y
Proof. First, observe that (new zin M)™ is B-equivalent to ref0 to z' M IAfthunk N/z} where
N = Amode. \w.case mode of ((assert(w ~ 0);!2'), (2" := w;return 0), ()@ > 1)). Now, an
occurrence of !z in M becomes

(Amode. w.case mode of ((assert(w ~ 0); (force 2)00),

A~

((force z)1w to z.assert(z ~ 0);return 0), (Q)i>1)) 00
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in M™ so in M™{thunk M’/z} becomes

(Amode.w.case mode of ((assert(w ~ 0); (force thunk M")00),
((force thunk M')Tw to z.assert(z ~ 0);return 0), (2);>1)) 00
=3 case 0 of ((assert(0 ~ 0); (force thunk M’)00),

((force thunk M')10 to z.assert(z ~ 0);return 0), (2)i>1)
=3 assert(0 ~ 0); (force thunk M")00 =5 (force thunk M")00 =5 M'00
=5 case 0 of ((assert(0 ~ 0);12'), (¢’ := 0;return 0), (Q)i1) =5 assert(0 ~ 0); 1z’ =gla’

Similarly, an occurrence of x := N in M (where N is not 1) becomes

N'™ to y.(Amode. Aw.case mode of ((assert(w ~ 0); (force 2)00),

((force z)1w to z.assert(z ~ 0));return 0, (2);>1)) Ty to z.assert(z ~ 0)

in M™ so in M'™{thunk M’/x} becomes

N'™ to y.(Amode.dw.case mode of ((assert(w ~ 0); (force thunk M’)00),
((force thunk M")Tw to z.assert(z ~ 0));return 0, (Q)s>1)) 1y to z.assert(z ~ 0)
=3 N™ to y.case 1 of ((assert(y ~ 0); (force thunk M’)00),

((force thunk M')1y to z.assert(z ~ 0));return 0, (Q)i>1) to z.assert(z ~ 0)

=5 N to y.((force thunk M')Ty to z.assert(z ~ 0));return 0 to z.assert(z ~ 0)
=5 N™ to y.(M")1y to z.assert(z ~ 0));return 0 to z.assert(z ~ 0)
=5 N™ to y.((case 1 of ((assert(w ~ 0);12'), (z' := y;return 0), (Q)i=1))
to z.assert(z ~ 0));return 0 to z.assert(z ~ 0)

=5 N™ to y.((2' := y;return 0) to z.assert(z ~ 0));return 0 to z.assert(z ~ 0)

= N™ to y.x' := y;return 0 to z.assert(z ~ 0); return 0 to z.assert(z ~ 6)

=3 N™ to y.a' = y; assert(a ~0); assert(ﬁ ~0) =, N to ya' =y
The case where N = 7 is analogous. O

Definition 147. A (¢ W {c},0)-trace ¢ is an TA trace if ¢ C TNames, c¢: o is s.t. the types are in
the image of —'A, and for f: U(Ur, — -+ — Ur;, — Int — Int — FInt) (where k can be 0):

e Any OQ-action in ¢ with head name f has the form f(A; --- A, 00,c¢) or f(A;y --- Ay 10, ¢);
e Any PQ-action in ¢ with head name f has the form f(A; --- A, 00,¢) or f(A;y --- Ay 1, ¢);
e Any OA-action answering a PQ-action of the form f(A; -- ,c) has the form ¢(0);
e Any PA-action answering a OQ-action of the form f(A; -- 71, ¢) has the form (0).

Lemma 148. Let I' ¢ N : Fo be s.t. I',N,Fo are the image of an IA term under —'*. Let
p be a T'-assignment, and ¢ a continuation name. Then complete trace t € Treppy(Chy) is an
TA-trace.

Proof. We will first consider the case of an OQ@Q-action. Suppose that f(z/j\ﬁ,c) is in t. Now,
consider C = ({v, ¢, h, H, Fn),S) as being the configuration immediately before f(Z;ﬁ,c) in
the path p generating t. We have that y(f) = N, where N is equivalent to some N'™ with
names substituted for free variables (which we can prove by induction on paths, using Lemma 136
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to handle OQ-actions). The term component of the configuration after C’ is N Z}ﬁ, so by
consideration similar to Lemma 134, we can determine that p can only produce the answering
PA-action if j = 0 and n = 0, or j = 1 (as we would otherwise reach a point where the term
component is non-terminating). As ¢ is complete, it must be the case j = 0 and n =0, or j = 1.
Further more, if j = 1, it must be the case that the configuration before the answering PA-action
in p is return 0, and so the answering PA-action is &(0).

Now, consider the case of a PQ-action. Suppose that f(zgﬁ, ¢) is in t. Then let C =
((N,c,~v,¢,h,H),S) as being the configuration immediately before f(Z;ﬁ ¢) in the path p gen-
erating ¢. It must be the case that N = K[(force f)?;ﬁ} By considering the types, we observe
that this must result from the translation of IA term with the form !N, Ny := N5, or a varible x.
As (!N)IA = N'A 00, (N7 = NQ)IA = No" to 2.Ny" 1z to z.assertg\z/\rv 0), and for a suitable z,
1. - Ayp-Amode. \w.case mode of ((assert(w ~ 0); (force &)y - - - 4:00), ((force z)yy - - - yr 1w to z.assert(z ~
0); return 6), (Q);>1) we can conclude that j =0 and n =0, or j = 1.

Now suppose that j = 1. Then it must be that K = K'[e to z.assert(z ~ 0)]. Let ¢(m) be
the answering action in ¢, and C’ the configuration after this action in the path p generating t.
It follows from bracketing that the term component of C’ is K'[return m to z.assert(z ~ 0)].
Therefore, before the next PA or PQ action, p must reach a configuration with term component
K'[assert(m ~ 0)]. For t to be complete, assert(m ~ 0) must terminate, and so m = 0. O

Lemma 149 (Definability for TA). Suppose t is an even-length P-visible, P-bracketed, O-visible,
P-visible ({o}, ¢ W {c})-trace starting with an O-action, such that t = t'* 5(A) and t' is an IA-
trace. There exists a passive configuration C such that Tr®V"(C) is the even-length prefizes of t
(along with their renamings via permutations on Names that fix ¢ W {o}).

Moreover, C = (y*4 ¢ w {c}, h, [0+ 0], 9), (¢, (K™, 0)) : L) for some h, K,~, where y**(z) =
thunk y(z)™.

Proof. This proof stems form the fact the constructions in Lemma 100 when considering an TA-
trace are (contextually) equivalent to the image of IA terms (we names substituted for free vari-
ables). That is, we will show that there is K, v so that KA 44 is equivalent to the one found in
Lemma 22 (and so produces the same trace).

We check that the constructions we use are the image of IA terms.

e The non-terminating term at any type (2; M) is (€; M’)IA, where M’ is s.t. M"™ = M.

e The constructions for operations like + are equivalent to the translation from IA, in particular
we have that M + 7' is equivalent to M to y.y + 7, as the implementation is done in terms
of case.

e The construction inc time =!time to t.(t + 1) to t'.time := ¢’ is equivalent to the translation
of the term time :=!time + 1, by appeal to Lemma 145 and the above point.

e The translation is s.t. we never have a type of the form FUr or FRef. Thus occurrences of
return A in our constructions will only have A of the form (), 7, in which cases return A is
simply the translation of A under —4.

e Further, in the construction of K for .S;, x will only be used in the assertion, as the restriction
observed above ensures that x has type Unit or Int, so this equivalent to the translation of
assert(e ~ A).

e The substitution M {? / X} is such that if M is equivalent to the image under —!4 of an
TA-term (with names substituted for free variables), then the substitution also is equivalent
to the image under —'* of an TA-term (with names substituted for free variables).

e Consider (force g) 2{7} where v is s.t. () is equivalent to the thunk N for IA-term N
(with names substituted for free variables). Now, it must be the case that all of the values

-
in A have types of the form Ur, or (force g) X{'y} = (force g) A'{v} jn.
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In the first case, all values in Z are names, and so assume it equals fi --- f. Assume Ny is

an IA term s.t. y(f;) is equivalent to thunk N;'* (with names substituted for free variables).

Then (y Ny - -- Nk)IA = (Azy. - - - Azp.(force y) (thunk 2, ') - - - (thunk z'*))thunk N'A L thunk N,
so by repeated appeals to Lemma 136, we obtain that this is equivalent to (force y)(thunk N;™)

-+ (thunk N,'). Thus force gZ{'y} is equivalent to (y Ny --- Ni)™ (with g substituted

for y, and names substituted for free variables).

Consider now the second case. It follows from a similar argument to the first case that
(y Ny --- Np)™ is equivalent to y™P(thunk N;') ... (thunk N,'). By the fact ¢ is an
IA-trace, we have that j = 1, or j = 0 and n = 0. Then we can easily check that

PN = P
(force y) A’{y}00 is equivalent to (y"F)A’{7}00, so we obtain that (force g) A’{y}00
is equivalent to !(y Ny - - - Nk)IA (with g substituted for y, and names substituted for some
variables).

.. - ~_ . . ~IA
Similarly, we have that (force g) A’{y} 17 to z.assert(z ~ 0) is equivalent to (y N1 - -+ Ni) :=7n

(with g substituted for y, and names substituted for free variables). Now, recall that con-
texts K on the stack have the form e to z.assert(x ~ 0); N, equivalent to the image of

- T
assert(e ~ 0); N', where N’ is equivalent to N™. Then it is the case that K [force g A'{y} 17]
is equivalent to ((y Ny --- Ny) :=7; N')** (with g substituted for y, and names substituted
for free variables).

e Observe that the construction ~;(f) where f: U(Ury — -+ — Uz, — Int — Int — FlInt) is
equivalent to

thunk (Azy.--- Azg.(inc time;ltime to t.case t of (Mj/-)ogjgn)

where M is either 2, or of the form Amode.\w.assert(mode ~ my;); assert(w ~ n;); N, for
some m;,n;, where N; is the case dependent inductive construction. By the fact that ¢ is
an IA-trace, we have that m; = 0 and n; =0, or m; = 1.

In the case m; = 0 and n; = 0, then M]’ is equivalent to

Amode. \w.(case mode of (return ()), (2)i0); assert(w ~ 0); N;
= Amode.\w.case mode of (return (); assert(w ~ 0); N;), (€)i>0

=g Amode. \w.case mode of (assert(w ~ 0); N;), (£2)i>o0

Then if N; is equivalent to (V] )IA for IA-term N (with names substituted for free variables),
then M; is equivalent to (MkVar N} Q)™ (with name substituted for free variables).

In the second case, then M J' is equivalent to

Amode. \w.(case mode of (), (return ()), (2);>1); assert(w ~ n;); N;
= Amode.\w.case mode of (), (return (); assert(w ~ n;); N;), (2)i>1
=g Amode.\w.case mode of (2), (assert(w ~ n;); N;), (2)i>1
=g Amode. \w.case mode of (£2),

((Az.force x to 2’ assert(w’ ~ n;))(thunk return w); N;), (2);>1

Now, by the fact ¢ is an IA-trace, we can conclude that IVj;return 0 is equivalent to IV;
as it must be that case that IV; terminates, it returns 0. Then if INV; is equivalent to

(N ;)IA for TA-term N7 (with names substituted for free variables), then M; is equivalent
to (MkVar Q (Ax.assert(x ~ n;); NJ’.))IA (with name substituted for free variables).

Given the above observation, and Lemma 145, we can see that
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e the inductive construction for ~; satisfies the property that for all € dom(vy;), v:(x) is
equivalent to thunk M™ for an TA-term M (with names substituted for free variables), and

e the inductive construction for S; satisfies the property that for all contexts K € S;, K
is equivalent to the image under —'* of an IA-context (with names substituted for free
variables).

Formally this can be done by a mutual induction. The desired result then follows form the case
of i =0, so taking v =y and K s.t Sy = (¢, (K,0)) : L. O

For TA, we must handle the fact that the image of the translation of types includes those of
the from o1 — -+ — o — Fo, for which we cannot directly use our trace model. The following
Lemma allows us to resolve this.

Lemma 150. Let T+ M1 — 7. Then T, (z,0) b (M x)"* =CBPV pf1A 5

Proof. By Lemma 135, M =ons Az.N'™. Thus, (M z)™ =gy N2 {thunk 214 /2} and M™ 2 =4,
N'"{z/z} = NA = (N{z/z})'*. We can the appeal to Lemma 136 to get the desired result. [

Lemma 151 (Completeness for IA). Let T' = My, My : 7 be IA-terms. If T' = My <EME My then
FIA - M IA <CBPV M IA

~ter

Proof. Suppose T' = M; <!(“™ Ar  Recall Lemma 4. Therefore, if M;"® has type o1 —

~ter

- — o — Fo, we consider N; = My, -y, and IV = T (y1,01),- -, (yk, 0%), where
M4 = (21,09), -+, (xm,0),). Observe, because of the Lemma 150, for any IA context C, that
(C™M(Miys - ya) ], 1) bier i (CHAIM™ g1 -yl 1) eer

Let p be a I"-configuration, A; = p(x;), c: o and te ’I&'CBPV(Cf\,‘?C) s.t. t is complete. Then

by Lemma 148, ¢ is a (v(p) W {c}, D) IA-trace. W.L.O.G, due to the closure of TI‘CBP\/(CI])\?I o )
under renaming, we can ensure that o does not appear in ¢. Let o : Unit and ¢t; = t+5(()), a
({o},v(p) W{c})-trace. Then, as ¢ is O-visible, O-bracketed, P-visible, P-bracketed and complete,
so is t+ and so ¢; is. Thus, we can appeal to Lemma 149 to get a passive configuration Cp =
(vo'™, pw{c}, h, [0 = 0], ), (c, (KA, 0)) : L) for some h, K™, 75 such that Tr{5py (Co) consists
of all even-length prefixes of ¢ (up to renamings which preserve v(p) W {c,o}).

Observe that Cp = ciic BRI 1A where y(xi)IA = A; {’y A and y; = fyIOA I v(A;). Then we

have that ¢t € ’I‘rCpr(C C) and t; € TrCpr(Ch'KIA vIA)' We can then apply Lemma 20

(right-to-left) to obtain (KIA [N Y™, ) Ver-
Consider the case that M;'* has type Ury = -+ = Ur, — Fo (so k =n). We can then define
the (closed) TA context

C =newtin ((Axy. - Az Ay1. - Ayn . K) y(z1) - y(2m)
V(1) -y (yn) {2/ time}

which is such that C is equivalent to ref 0 to ¢.((Azy.- - -
A2 K ()™ - ~fy(xm)IA){t/time}, by Lemma 146. Thus (C™[Ny], k) Jrer.

In the case that M;" has type Uz, — --- — Uz, — Int — Int — FInt (So kE=mn+2).
Then by Lemma 134 for ( KIAiN {7"*}, h) Lser to terminate, we must have 4™ (y,41) = 0 and
A (Ypaa) = 0, or Y2 (yny1) = 1. Thus we can define (closed) IA context C' = new tin ({(Azy. - - - Ap.

Ayr.c o Ay K )'y(xl) (@) (Y1) - Y(yn)){t/time} or C = new tin (((Az1. - AYm-Ay1. - Ayn.K)
Y(@1) - y(@m) Y1) - v (Yn)) = Y(ynr2)){t/time} (respectively), which are such that, by Lemma 146,
C™ is equivalent to

ref 0 to t.((Az1. - AT AY1. - - - Ayn. KA [o (il/n+1)IA 7(yn+2)IA])
)™y (@m) )™ () )t time )
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By the observation above, (CT™A[(M; y; - - - yn)IA]7 h) Uter, so by Lemma 137 (right-to-left) and
Lemma 139 (right-to-left), (C[My y1 -+ - yn), ) J3A.. Thus by the assumption that T' - My <H()

My, we have (C[Mayy - - yn], h) 12, and so by Lemma 139 (left-to-right) and Lemma 137 (left-to-

ter>

right) (C*A[(Ms y1 -+ - yn)™], h) Jer, and by the observation above, (C™A[(M2) y1 -+ - ynl, h) Yrer-
Thus we have (K™ [No]{7'4},h) ter. By Lemma 20 (left-to-right), we have a complete trace
t' €€ Treppy(Chn ) such that " 5(()) € Treppv(C) s ia)- By the definition of Co, we
obtain that ¢’ is equal to ¢ (up to a renaming of names preserving v(p) W {c}). Therefore, by the
P4, €

closure property, we have t € Trogpy(C NyIA ).

Thus, we obtain that Trogpy (IV F¢ N1) € Trogpy (IV H¢ Ny), and so by Theorem 21 (Sound-
ness), we have IV ¢ N; < CBPV(ciu) N,. By Lemma 4, we obtain I'™ |-¢ M, < CBPV(ciu) My

~ter ~ter

as required. O

Proof of Theorem 66. Follows from Lemmata 144, 151 and 140. O
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