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Kalman filter

Predict
xp = Axp_1 + Buy

P.= AP, 1 AT +Q
Fast code needed
Update

ap=ap+ PoH (HP.H" + R) ™ (2, — Hxy)

P.=P.— P.H'(HP.H" + R) 'HP,

For example, commonly used in robotics
Could be 6, 11, 17, ... states
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Linear algebra: Central to many domains

Control systems Optimization algorithms

Source: flyingmachinearena.org Source: rain.aa.washington.edu
Computer graphics

Computer vision
Communication
Signal Processing

Source: ETH CGL

Library performance for DPOTRF

Intel MKL on Intel Core i7 CPU (AVX)

m The Cholesky decomposition
% of peak performance vs n [double]
U =S
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Library performance for DPOTRF: U1U = S

Intel MKL on Intel Core i7 CPU (AVX)
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Library performance for DPOTRF: U1U = S

Intel MKL on Intel Core i7 CPU (AVX)

% of peak performance vs n [double] % of peak performance vs n [double]

00
! 100 L3 boundary

& » Intel MKL

Generated code
50 (this work) 50

Intel MKL

25 25

o
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Fast code = good algorithm Example:
+ code style LTE Viterbi Decoder
+ locality
+ vectorization
( + parallelization)
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Goal: Program Generation for
Small Linear Algebra

void kf(double const * A, ...) {

n 256d t0, ..;
Kalman filter ="

a0 = _mm256_loadu_pd(A);
al = _mm256_load_sd(A + 4);

Predict

x = Axg 1 + Buy, me = _mm256_mul_pd(a0, x0);

P = AP;.-_1AT + Q he = _mm256_hadd_pd(me, ml);

p = _mm256_permute2f128_pd(...);

Update b = _mm256_blend_pd(t6, t8);

xp = ap + P H (HP.H" + R) (21 — Hay) nm256_storeu_pd(X, ro);
Po=P.— PRH'(HP.H" + R)"'HP, \ ,

— —

Classes of linear algebra computations

Kalman filter

] ( Linear algebra\
Predict computations

xp = Azxp_1 + Buy
Pr= AP, AT +Q

Update
ap = ap + PLHY(HP.H" + R) Yz, — Hay.)

Basic linear algebra computations

Pp=P,— PH"(HP,H" + R)"'HP,
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Classes of linear algebra computations

Kalman filter

~
Linear algebra

Predict computations
Ty — Ail?k_l + Buk

Py =AP,_1A" +Q

Basic linear algebra computations
with structures

Update
Lap =+ P HT(HPL.HT + R)™ Yz — Hay)

P, =P, - P.H'(HP,H" + R)"'HP,

¥ [\ BN

Classes of linear algebra computations

Kalman filter

) | Linear algebra
Predict . computations

zp = Axp_1 + Buyg
P, = AP, 1 AT +Q

Higher-level
computations

Update
rp =ap + P HY (HP,H" + R)™' (21, — Hxy)
P, =P, — P.HY(HP.HT + R)~'HP,

November 2021



Classes of linear algebra computations

Kalman filter Our program generation work

Linear algebra

Predict 1 computations

Ty = A:L'k71 + Buk

Py = AP, AT 1+ O LAPACK Higher-level
k= Akh-1 i BLAS | computations

Update SBLACs

ap =ay + PoHT(HP HT + R) ™Y (21, — Hay,)

P, =P, — P.H'(HP,H' + R)"'HP,

Part 1: BLACs
[CGO 2014,DATE 2015]

Matrices, vectors, scalars
Multiplication, addition, transposition

Example: y = Ax + aBT(y + z)

© Markus Piischel ETH
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LGen: A basic linear algebra compiler

Basic linear algebra computation
(BLAC)

l

Tiling decision LL

5 Tiling propagation

®

=]

Tu \L

>

Q

§ - Loop-level optimizations 2 -LL
[S)

5 3

T o

v C

a ©

'— Code-level optimizations C-IR

l

Optimized C function

Ais 2x3
X is 3x1

y= Axr <«

W21 = [A]2,2[-'17]2:1
y="> il (A[i, jla[j])
i,
Mé; (mmMulPs A[0,0], x[0,0]), t[0,0]
for(inti=..){

t=_mm_mul_ps(a, x);

}.,.

Tiling in LL — targeting scalar code

C=AB

[C — AB First tiling decision (register level)
)

[C' = AB]>2
[Cla2,2 = [ABl22

[Cla2 = [Alg,k[Bl,z Soiceok

[Cl2,2 = [Al2,1[Bl1,2

Idgenassische Technische Hachschule Zurich
2
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Vector code generation: General idea .

dl

vector length (e.g., 1 for scalar float/double, 4 for SSE float)

Goal: First level of tiling to express the
+ computation in terms of v-BLACs

1 v
[ 1

W1 = [Al (] + [Y]ua

Vector code generation: General idea +

vector length (e.g., 1 for scalar float/double, 4 for SSE float) v

v
—

1
[
Goal: First level of tiling to express the
v _ + computation in terms of v-BLACs

.......................

Wloa = [Alplzln + [Yloa

‘ <
—

_|_
—

.......................................

Idgenassische Technische Hachschule Zurich
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Addition (3 v-BLACs)
I =

+ T +
[

Scalar Multiplication (7 v-BLACs)

(] DD N N

v-BLACs: Vectorization building blocks

Transposition (3 v-BLACs)

T T
U —

Matrix Multiplication (5 v-BLACs)

]

o

DEI [ o

|

18 cases implemented once for every ISA

. . v
Vector code generation: General idea ~ ===
v
14

-

Wlva = [Alv vzl + [yl

y =Y il (Ali, flz[j] + yli])

TN

Scatter Gathers

11
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2 -LL: Basics

Extension of 5-SPL [Franchetti et al., PLDI 2005]

m Gathers: Extracting blocks

A= B = A[0,0]5

m Scatters: Expanding blocks

B o
00

= C=71i0,0B

C

Gather and scatter operators identify explicit data accesses

2-LL to C-IR

y=Ax+vy
= ZZ[@'} (A[z, jlz[5] + yld])

lGenC-IR( ISA=SSE2, P=double )

ForLoop ( i = 0; i < 4; i+=2 ) [
ForLoop ( j = 0; j < 4; j+=2 ) [

Ar@ = load(A[i,j], [0,1], hor)
Arl = load(A[i+1,j], [@,1], hor)
vx = load(x[j], [@,1], ver)

store(mmHaddPd (mmMulPd(Ar@, vx), mmMulPd(Arl, vx)), ty, [0,1])
vy = load(y[j], [0,1], ver)

store(mmAddPd(ty, vy), y[j], [@,1], ver)

C-IR optimizations
= Loop unrolling
® Scalar replacement

" SSA normalization

Alignment detection

13
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Intel core i7 (Sandy Bridge), Linux 3.13
L1-D L2 Vec. ISA  Th. Peak

PIOtti ng 32kB 256 kB AVX 8 f/c

Performance [f/c] vs. n [double]
4

I5 41 67 93 119 145 171

All experiments are executed in a warm-cache scenario

L1-D 32 kB

Intel Xeon X5680 (Westmere EP)  vecsa  ssea

B Th. Peak 8f/c
C = (,’k(;’l() + /11)1 B+ BC, 1”1()7 /\1. B € -R4X”

Performance [fic]
6 Performance [ffc]

¢ Performance [f/c] 5 0 .
BLAS1-3 .o cosomscs..
. -
examples :
:
1 Boa 8l 8@ a3 go0C g g oo
Pt iRy e B 1B = o
v e wn e e e O e e T e iiw
Rt o )
(a) x of length n. (b) Aisnx 4.
EPerFarmamce [ffe] 6Hﬂﬂ'ﬂrm:m:e [fic]
s 5[_——1—v-
3 RE R RRRRRRRRRARRRRRRRRRRRS =3
0 5 ~ (3]
278 1420 26 32 38 44 50 56 62 68 74 80 86 s
n [Float]
/ P o000
— LGen P
b = |
—— Handwritten fixed size 2 200 3%8 n[:g:;[] 784 ' 962 ' 1190 2 ' 120 238 Asn\i\’n‘m’“ 710" 28" 026
) ) ©Ais4xn. (d)Aisnx4, Bisd x4
—&— Handwritten gen size
gPerformance [f/c] Performance [fic]
~O— MKL11.0 . @R )
~O- Eigen 3.1.3 d "N—m
3 e T
<O IPP7.1 Y -

1) © ) R Rcraciecwiwimixcmim:sl
pEEEEE T EEEE LT ﬁz‘:ﬁ

3 130 238 w6 &7 502 710 B8 916 2 120 238 356 474 552 710 £2B 946
n [Float n [Float]

(@) Ais4 x4, Bisdxn. (HAis4xm, Bisnxd

Eidgensssische Tachnische Hachschule Zurich

Computer SCIeNCe s raersimssiute of tecrnology zurich
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ARM Cortex A8

With N. Kyrtatas

C =a(Ay+ A)'B + BC, Ao, A;, B € R¥*m

Performance [f¢]

j

LGen
Handwritten fixed size (gcc 4.7)
Handwritten gen size (gcc 4.7)

Handwritten fixed size (clang 3.4)

RERE

Handwritten gen size (clang 3.4)
Eigen Eigen 3.2
Atlas 3.10

14 20 26 32 38 44 50 56 62 68 74 80 86
n [Float]

L1-D
Vec. ISA
Th. Peak

32 kB

Neon
4f/c

Part 2: sBLACs
[CGO 2016]

BLACs + Structured matrices

Example: A=LU +S + xx'

November 2021



Structured
basic linear algebra computation
(sBLAC)

Structured Matrix Representation

-
gen :
Upper
— B m
= gen : zero :
B

Lower
triangular

gen::| e B
1

. CJG{E N0 <i<an0< ) <i} o=Jlrii i ; SV (Ti 18
L e = { G100 ST TNV SIS B wammre = ({00 < i <40 <5 <0y (it}

{@ﬂw<i<&0<j<G:WJﬁiM%

S: ssinfo={G: {(i.j)|0 <i.j < 4}} s.ainfo = {{(i,j)|0 <icdi<)<dh: (it i)

Verdoolaege, ISL: an integer set library for the polyhedral model [MS 2010]

© Markus Piischel ETH
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Set of tuples
<domain, schedule, body>

A4

CLooG

3 -LL sBLAC

From LL to 2-LL

A N
A

© Markus Piischel ETH
Eidgendssische Technische Hochschule Zurich

Computer SCIeNCe  swmrseriinsitote of cmnslopy zonch November 2021



© Markus Piischel ETH

From LL to 2-LL

k
j
From LL to Z-LL
i
3 3
k C:ZZ[’ 41 (A[i,0)B[0, /])
. n [i. 5] (A[i, k] B[k, j
‘E. k=11i=k j=k
® [ )
j

Loop order built based on known models (e.g., Goto model)

dgensssische Technische Hachschule Zuric

Computer Science ‘s
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Extensibility

m Other important structures, e.g., banded matrices

m Or other combined structures

i N
I

26
Intel core i7 (Sandy Bridge), Linux 3.13
. L1-D L2 Vec. ISA  Th. Peak
BLAS-like category 32kB 256kB  AVX 8f/c
A=LU+S,  L,UcRM"
Performance [f/c] vs.n [double] Performance [f/c] vs.n [double]
oL oo
5 e ‘/\/\/\/\/ 3 /
J MKL
2 2
)\3/& LGen w/o
o | :Z W
=+ Naive —
0 0
l6 30 44 58 72 86 100 6 32 48 64 80 96
— LGen -O-Intel MKL 112 = Naive (icc 15) -0 LGen w/o structures
33

Eidgensssische Tachnische Hachschule Zurich
5% Federal Institute of Technology Zurich
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Part 3: Higher level linear algebra

[CGO 2018]

Cholesky factorization

LU factorization
Triangular solve

Collaboration:

Diego Fabregat-Travef Paolo Bientinesi

RWTH Aachen

Cholesky Factorization

Algorithm 2.13 The Cholesky decomposition.
U™u="P, Uel, and P isSPD.
U overwrites the upper half of P. Cost ~ n®/3 flops.

P P
Partition P — ( L L )
Par | Per

where Prp is 0 = 0

while size(Prp) < size(P) do

Repartition

Poo | Poa | Poo
Pr | Pre = =
| Plol™ma| P
Per | Per
Pro| P21 | P22
where my ;is1x 1
M ﬂ],l_l‘:{‘wpﬂ‘l
LRIV
p;p Pl 2Pl Po2
Pia= (1/malp 2
Continue with
Poo | Poa | Po2
Pri | Pz
( | plo|mafris
PeL | Per
Pro| P21 | P22

endwhile

Algorithm synthesized by Cl1ck:

Fabregat & Bientinesi
[ICCSA 2011, CASC 2011]

Based on FLAME methodology
Bientinesi et al. [ACM TOMS 2005]
http://www.cs.utexas.edu/~flame

Requires availability of BLAS

November 2021
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How Click Works

Linear algebra program

PME gen.
P

Loop invariants
identification

Algorithm construction

Algorithm composition

LL backend

XTx = A

Xrr | XTR and Arp | ATR
0 | Xer ABL | ABR

Xfr Xt =Arp

X triangular, A symmetric pos def

X X1 = Arp ‘

* ‘ X%RXTR‘FXgRXBR:ABR
1. XrL = CHOL(ATL) !
2. Xrp = TRSMOXT, Am) !
3.T1 = A - Xm' * Xm Ak
4. Xgr = CHOL(T1) i

Loop invariant

program CHOL
Matrix X1 <k, k, Output, UpperTriangular, Overwrites(A7 )>
Matrix Xrr <k, r, Output, Overwrites(Atg>
Matrix Ar. <k, k, Input, Symmetric, PositiveDefinite>
Matrix Arp <k, r, Input>
(XTL = CHOL(At) | Xme = TRSMOK, ATR))

end

Linear algebra program

Nested

Connecting Cllck with LGen

LGen

Loop invariants
identification

Algorithm composition

LL backend

Statement-level
optimization & tiling

Bupum [panawyy

Optimized C function /

ETH

Eidgensssische Tachnische Hachschule Zurich
Federal Institute of Technology Zurich

November 2021



Higher-level Computations
Cholesky UUT =S

Performance [f/c] vs n [double]

Intel core i7 (Sandy Bridge), Linux 3.13
L1-D L2 Vec. ISA  Th. Peak

32kB 256 kB AVX 8f/c

Our synthesized code
Sylvester AX+ XB=C
Intel MKL 11.3.2

O
O ReLAPACK
v
O

Performance [f/c] vs n [double]

Our synthesized code Intel icc 16
clang 4/Polly 3.9

4¢ RECSY ‘09

clang/Polly

52 76 100 124
Performance [f/c] vs n [double]
4

Our synthesized code

Triangular inverse
X=L1

clang/Polly

4 28 52 76 100 124

© Markus Piischel ETH
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Part 4: Linear algebra programs
[CGO 2

Kalman filter

Predict
xp = Axp_1 + Buy
P.=AP, AT +Q

Update
ap=ap+ PoH (HP.H" + R) ™' (2, — Hxy)

P.=P.— P.H'(HP.H" + R) 'HP:

November 2021



© Markus Piischel
Computer Science

Grammar

| Gid) = iy )

(la-program) == {{declaration)} {(statement)}
(declaration) == Mat’ (id) “(’ (size) *,’ (size) )’ ‘< {iotype) {*,’ o

(property) } [*,” (ow)] >3
| ‘vec’ (id} ...| ‘Sca’ {id) ...

{iotype) = ‘In’|‘Out’ | ‘InOut’
(property) = ‘LoTri’ | ‘UpTri’ | ‘UpSym’| ‘LoSym’
| ‘PD’|'NS’|‘UnitDiag’
(ow) = ‘ow(’ (id) )’
(statement) = (for-loop) | (sBLAC) | (HLAC) *;’
(for-loop) a= ‘for (i = ...) {" {(statement); }'}Y
(sBLAC) == (id) =" (expression)
(HLAC) == (expression) ‘=" {expression)

Linear algebra program

Tiling decision
Tiling propagation

Multiple

Loop-level optimizations
Performance

evaluation
and search

Code-level optimizations
Optimized C function
for(int i = . ) {

t = _mm256_mul_pd(L, x);

).

basic linear algebra programs
due to algorithmic variants

Kalman filter

Predict
= Axy_y + Buy,
Pu= AP AT +Q

Update
oy = e + P H ' (HPLHT + R) (2 — Hxy)
P =P - BH"(HP.H" + R) 'HP,

Input: F, B, Q, H. R, P, u, x, =
Output: P, x

y=F+x+Bsu;
Y=F+P=Fl +Q;
w=z-H=*y;
Mi=H+Y;
Mo=Y=HT;
Ms=M1xH! +R;
Ul U =Ms;

Ul vy = wp;
Uwwy=op;

Ut « My = My ;

U Ms = My;
x=y+Myruy;
P=Y-My=Ms;

Intel core i7 (Sandy Bridge), Linux 3.13
L1-D L2 Vec.ISA  Th. Peak

32kB 256 kB AVX 8f/c

Linear Algebra Computations

Performance [f/c] vs n [double]

Our synthesized code

4 12 20 28 36 44 52 Statesize

Performance [f/c] vs k [double]
4

Qur synthesized code

 _

MKL
2
Eigen
e—0—g g g ©
icc
o

4 8 12 16 20 24 28 observation size

35

ETH

Eidgensssische Tachnische Hachschule Zurich
Swiss Federal Institute of Technology Zurich
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Other Case Studies

Convex cone problem

Algorithm 1 L1-Analysis

=1 vi'=2V=0 v{¥ =2 =0
2 fork=1— Kdo

1 (1) (1
3 Vi ==y + ez

2) (2 (2)
4 Vi (1= 0k)v, " + Orzy

o ) i
5 xe=Xo+p Wy - ATy )
(1) e ey ST, e

6 2y = Trune(y ' — ¢ Wx. 071 )

D _ (@) (2)
7 z), = Shrk(yl? — 0762 (v — Axy). 0 1te)
& vidi = (1-0)vid + 62,

2) (2 2)
9 Vierr = 1 =0V + Oz

1

)

10: w,!:%(l'z\s‘l
11: end for

log p(y]X)
8: return: f, (mean), V[f,] (variance),

= —%y a—3 ;logL; — $log2r
c:.gp::y X)) (log margina o

Performance [f/c] vs n [double]
4

3 Our synthesized code Eigen

a4 12 20 28 36 44 52

Performance [f/c] vs n [double]

. . 4

Gaussian process regression

input: X (inputs), y (targets), k (covariance function), o2 ( 3
2: L= cholesky (K + 0";:[]

= T"-\[L"-._y]
4 fo=kla ;

v:=L\k, Our synthesized code MKL
6 VIf] = k(xeyXs) = vV } predictive varia 1 / '

Conclusions

© Markus Piischel ETH
Eidgenissische Tachnische Hachschule Zurich

Computer SCIeNCe s raersimssiute of tecrnology zurich
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Po= P~ PH' (HP.H" + Ry HP:
NS

Program Generation for Small Linear Algebra

| Our program generation work

woid kf(dauble comst * A, ...} {
_n256d 8, .;

50 = _nn256_losdu_pd(a};

Linear algebra
computations

al = _nn2%6_load_sd(h + 4);

=V

Small linear algebra: An unsolved domain for performance
Spiral-like approach to program generation
Extensible (vector architectures, matrix structures)

Good speedups

Meanwhile there is more work on small linear algebra

Predict .

ty = Arp_1 + Bu 0 = _2s8_ml_pd(sd, x0); LAPACK Higher-level

Pom AP AT 1 Q 7' _nm2ss_hadd_pd(v0, wi; I BLAS computations
p'x _nm2S6_permite2f128_pd(. ..};

Update b I s bland péics, w8y} SBLACs

re = xp + PHT(HPHT + R)™ (5 — Hay) nm256_storeu_pd(X, re);

© Markus Piischel ETH
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