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Three Communities Involved

» Graph Algorithms

o Results are tailored to specific queries

o Complexity is measured in graph size, N
» CSP

o Every atom is a constraint
o Tree decompositions (TDs)

o Complexity is measured in dimensionality, |[Dom|

» Database Theory
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Database Theory: Query Optimizer = Meta-Algorithm

» Input

o CQQ
o Statistics S about the input database D

¢ Total size, N
o Individual sizes |R|,|S], ...
o FDs, e.g., X — Y in R(X,Y)
o L.
» lIdeal output
o Query Plan (Algorithm) for Q that is optimal given S

o that minimizes the worst-case runtime
overall D that satisfy S, i.e. D =S
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PANDA

A Unified Framework for Query Optimization and Evaluation
» Rooted in information theory

» Builds upon and unifies several lines of work

o in graph algorithms, CSP, and DB theory

v

Subsumes many prior results

For any CQ @ and statistics S

v

o achieves the best known combinatorial complexity
o provably optimal for some classes

Extends to

v

o non-combinatorial algorithms (FMM)
o queries beyond CQs (#CQs, FAQs)
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Statistics S

A collection of Degree Constraints (DCs):
> Given R(Z) and X, Y C Z
o deggr(Y | X = x) is # distinct Y-values for a given X-value x
o degp(Y | X) = maxxdegg(Y | X = x)
o DC: deggr(Y | X) < Ny|x

degp(Y | X =1)=2

degp(Y [ X =2)=1

degr(Y | X) = 2

R satisfies the DC: degp(Y | X) <2

N = =X
T Q T

» DCs subsume
o Cardinality Constraints (CCs): |R(Z)| = degg(Z | 0)
o Functional Dependencies (FDs): X — Y means deggz(Y | X) <1
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Roadmap

» Cardinality Estimation
o Output Size
o Given a CQ @ and statistics S,

what is the worst-case output size of Q given S?7
o Query Plan Cost
o Given Q, S, and a query plan P,
what is the cost of evaluating Q using P?
» Query Evaluation

o Given Q and S,
find the best query plan for evaluating Q given S?
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Outline

@ Cardinality Estimation
o Output Size
o Query Plan Cost



Outline

@ Cardinality Estimation
o Output Size



Cardinality Estimation: Output size of @ given S

> Information theory to bound #occurrences of a pattern in graph [itai et al. 1977;
Alon 1981; Chung et al. 1986; Friedgut and Kahn 1998; Friedgut 2004; Grohe et al. 2006; Grohe et al.
2014]

> Atserias, Grohe, & Marx proved the AGM-bound under CCs [Atserias et al. 2013]

o Shearer’s inequality [Chung et al. 1986]

» Argument extended to

o FDs [Gottlob, Lee, et al. 2012]
o DCs [Abo Khamis, Ngo, et al. 2017]

o {p-norms on degree vectors [Jayaraman et al. 2021; Abo Khamis, Nakos, et al. 2024]

o Correlations among degree vectors [Mayer et al. 2026]
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Why Information Theory?

“Entropies” h; = S

Databases D; = S

Find D; that maximizes |Q(D;)| Find h; that maximizes h;(F)
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Background: Entropic Functions & Polymatroids

> Given a prob. dist. p: Dom"Y — R,, let px be the marginal over X C V

AX) = — S px(x)-log px(x) (1)

x€DomX
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Background: Entropic Functions & Polymatroids

> Given a prob. dist. p: Dom"Y — R,, let px be the marginal over X C V

def
h(X) = — > px(x)-logpx(x) (1)
x€DomX

> h:2Y = R, is entropic iff there exists p satisfying (1) VX C V
> h:2Y — R, is a polymatroid iff it satisfies the basic Shannon inequalities:

h(0) 0

h(X) < h(XUY) (monotonicity)

h(X)+h(Y) > hXUY)+h(XNY) (submodularity)
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Background: Entropic Functions & Polymatroids

> Given a prob. dist. p: Dom"Y — R,, let px be the marginal over X C V

AX) = — S px(x)-log px(x) (1)

x€DomX

> h:2Y = R, is entropic iff there exists p satisfying (1) VX C V

> h:2Y — R, is a polymatroid iff it satisfies the basic Shannon inequalities:
h@ = 0
h(X) < h(XUY)
h(X)+h(Y) > h(XUY)+h(XNY)

h(A|B) > h(A|BUC)
h(A|B) & h(AU B) — h(B)

(monotonicity)

(submodularity)

» Any inequality that can be “inferred” from the above is a Shannon inequality
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Background: Entropic Functions & Polymatroids (cont.)

Entropic functions satisfy:
» (Basic) Shannon inequalities, and

» Non-Shannon inequalities [Zhang et al. 1997]

n < I
~— —~—

Entropic functions Polymatroids
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Mapping from D to h
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Mapping from D to h

N R X

T QT

1/3
2/3

T Q
Y | z zZ | w w | X X|vy|lz]lw
p | 3| 1/3 [ 3] i | 1/3 i |1 ]23 [1|p]|3] i
g | 4] o 5 i |13 | j | 1|13 | 1] q]|5]| i
g | 5|23 | 5] j |13 ]| k|2 0 1| q |5 ]| Jj

1/3
1/3
1/3
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Mapping from D to h

N R X

T QT

1/3
2/3

T U Q
Y | z zZ | w w | X X|vy|lz]lw
p | 3| 1/3 [ 3] i |13 i |1 ]23 [1|p|3] 7|13
g | 4] o 5 | i |13 | j | 1|13 |1]|q|5 ]| i |13
g | 5|23 | 5] j |13 | k|2]o0 1| q |5 ]| j |13

logy |Q(D)| = h(XYZW)
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Mapping from D to h

N R X

T QT

1/3
2/3

Similarly |S|,|T|,|U < N

W — X

deg,(W|X) < C

S T U Q!
Y | Z zZ | W w | X X |y |zZ | W
p | 3| 1/3 [ 3] i |13 i | L |23 [1[p ]3] i
g | 4 0 5 i | 1/3 j 1113 | 1| q]5 i
q | 5| 2/3 5 j |13 kK | 2 0 1| q |5 | J
logy |Q(D)| = h(XYZW)
DES hiES
[RIX, Y)[ <N

1/3
1/3
1/3
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Entropic Bound vs. Polymatroid Bound

“Entropies” h; = S

log sup |Q(D)| < sup h(F)

DS h=S, T

—_——— —
worst-case Entropic-bound(Q, S)
output size Tight

Not computable
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Entropic Bound vs. Polymatroid Bound

“Entropies” h; =S

Polymatroids h; = S

logy sup |Q(D)| < sup h(F) < max h(F)
DS hE=ST hES,Fn
worst-case Entropic-bound(Q, S) Polymatroid-bound(Q, S)
output size Tight Computable
Not computable Tight under CCs

Not tight under FDs
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Example on the Polymatroid Bound

QM(X,Y,Z,W) - RX,Y)AS(Y,Z)AT(Z,W)AUW,X)
DES hi=S
IRIX,Y)| <N h(XY) < logy N
Similarly |S|,|T|,|Ul < N
W — X h(X|W) <0
deg,(W[X) < C h(W|X) < logy C

QD) < N2V
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Outline

@ Cardinality Estimation

o Query Plan Cost
o Static Plans
o Adaptive Plans
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Static Query Plans: Tree Decompositions (TDs)

» Grew out of the CSP and PGM communities
» Widely adopted in DB Theory

o (Generalized) hypertree decompositions [Gottlob, Leone, et al. 2002; Gottlob, Greco,
et al. 2016]
o Fractional hypertree decompositions [Grohe et al. 2014]

o Free-connex tree decompositions [Bagan et al. 2007]
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Static Query Plans: Tree Decompositions (TDs)

R
Qu(X,Y) - RIX,Y)ANS(Y,Z)ANT(Z,W) A UW, X) Q’"‘ﬂ
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Static Query Plans: Tree Decompositions (TDs)

Qu(X,Y) - RIX,Y)ANS(Y,Z)ANT(Z,W) A UW, X)

» Take a free-connex TD
» Apply the polymatroid bound to every bag

» Result: Fractional hypertree width

def .
fhtw(Q,S) = min max max h(B)
TeTD(Q) Bebags(T) hE=S,T,
—— —— —_———
best static  worst subquery  polymatroid bound T
query plan in the plan of the subquery

o Generalizes [Grohe et al. 2014]
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Static Query Plans: Tree Decompositions (TDs)

fhtw(Qg, So) = min( max(hggaxr h(XYZ), ,
0.l

max( max_ h(YZW),
hESOTa h

max h(ZWX
max. ( )

max h(WXY
max h(WXY))
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Static Query Plans: Tree Decompositions (TDs)

fhtw(Qg, So) = min(max( max  h(XYZ)

, max_ h(ZWX))
hESOTa hESO)Ta

max(h max_ h(YZW)

, max  h(WXY
ESO,la hE=SH,Ts ( )))

If Sg contains only |R|,|S|,|T|, |U| < N,

fhtW(QD, SD) =2
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Outline

@ Cardinality Estimation

o Query Plan Cost

o Adaptive Plans



Adaptive Query Plans

> fhtW(QD,SD) =2
» But Qo admits an O(N3/2) algorithm [Alon et al. 1997]

o Partition relations, e.g. degp(Y|X = x) < VN

o Pick a different TD for each part
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Adaptive Query Plans

> fhtW(QD,SD) =2
» But Qo admits an O(N3/2) algorithm [Alon et al. 1997]

o Partition relations, e.g. degp(Y|X = x) < VN

o Pick a different TD for each part
» We call such algorithms adaptive query plans

» But how can we capture their best cost?
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Cardinality Estimation of Adaptive Query Plans

» Partition the input instance into uniform instances

yi

\

X1 Y2

y3
X2

b

Y5
X3

Y6

X4 y7

/

Y8

A uniform R(X,Y)
with 16 tuples
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Cardinality Estimation of Adaptive Query Plans

yi

\

» Partition the input instance into uniform instances

X 2
» Uniform instance R < Entropic function h 1 g
3
X2

R(X,Y) h va

|R| =16 h(XY') = 4 bits
|TxR| = 4 h(X) = 2 bits . ye

|ryR| =8 h(Y) = 3 bits
degn(Y]X) =4 h(Y|X) = 2 bits %
degr(X|Y) =2 h(X]Y) =1 bit X v

/

Y8

A uniform R(X,Y)
with 16 tuples
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Cardinality Estimation of Adaptive Query Plans

> Lower bound: generalizes [Marx 2013]

def .
subw(@,S8) = max min max h(B)
hE=S,T, TEeTD(Q) Bebags(T) ~——
e —— Y subquery cost

worst uniform  best static ~ worst subquery
instance query plan in the plan
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Cardinality Estimation of Adaptive Query Plans

> Lower bound: generalizes [Marx 2013]

def

subw(Q,S8) = max min max h(B)
hE=S,T, TEeTD(Q) Bebags(T) ~——
—— S—— N—— subquery cost
worst uniform  best static ~ worst subquery
instance query plan in the plan
def .
fhtw(Q,S) = min max max h(B)

TeTD(Q) Bebags(T) hE=S,T,
N—_—— N—_—— ———
best static  worst subquery  polymatroid bound
query plan in the plan of the subquery

» PANDA runs in O(N=u®¥(@5) . Jog N + OUT) for any Q, S
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Example

subw(Qn, Sn) = hgsaxr min( max(h(XYZ), h(ZWX)),
0,04

max(h(YZW), ((WXY)))

fhtw(Qo, So) = min(max( max_ h(XYZ), max h(ZWX))
h=S0. h=S0.T
max( max h(YZW), max h(WXY))) @

hESO,Ma hE=S,Ts 7
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subw(Qn, Sn) = hgsaxr min( max(h(XYZ), h(ZWX)),
0,04

max(h(YZW), ((WXY)))

fhtw(Qo, So) = min(max( max_ h(XYZ), max h(ZWX))
h=S0. h=S0.T
max( max h(YZW), max h(WXY))) @

hESO,Ma hE=S,Ts 7

If Sg contains only |R|,|S|,|T|,|U| < N,
T2
subw(Qn, Sn) = 3/2

fhtW( Qo, SD) =2
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@ Query Evaluation



PANDA

Algorithm for evaluating @

Proof that subw(Q,S) < B in O(NB +1Q(D)|)

Computing subw(Q, S) Evaluating Q over D =S

LP1 / LP2 DDR; DDR,
! | ! ! ! |
Shannon ineql Shannon ineq2 |DDRy(D)| < NB |DDRy(D)| < N
l l l l | !
Proof seql Proof seq2 cee OP seql OP seq2 .
| | |
DDRy (D) DDRy(D) o
in O(N®) in O(NE)

Yannakakis
l
Q(D)

in O(N® +1Q(D)])



PANDA

Algorithm for evaluating @

Proof that subw(Q,S) < B in O(NB +|Q(D)|)

Computing subw(Q,S)

Evaluating Q over D =S8

i

DDRy DDR>
| | |
Shannon ineql Shannon ineq2 |DDRy(D)| < N® [DDR,(D)| < N®
l | | l l !
Proof seql Proof seq2 cee OP seql OP seq2 cee
! | l

DDR;(D) DDRz(D)

in O(N®) |n O(N5) /
Yannakakls
|
Q(P)

in O(N® +1Q(D)))



Computing subw(Q,S)

subw(Qo, Sp) = hhn.;;),(u min( max(h(XYZ), h(ZWX)), 0‘@
max(h(YZW), h((WXY)))
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Computing subw(Q,S)

subw(Qo, Sp) = hhn‘;axr min( max(h(XYZ), h(ZWX)),
0.l

max(h(YZW), h(WXY)))

=m m min(h(XYZ), h(YZW)) ,
ax< ”Fsalj)fﬂ in(h( ) h( 2 @
max min h(XYZ), h(WXY)),
rESoT (" M ) @

h):rgamx“ min(h(ZWX), h(YZW)), T

h):max min(h(ZWX), h(WXY))) e e
T2

22 /47
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Computing subw(Q,S) = LP1, LP2, ...

in(h(XYZ), h(YZW
e min(h(XYZ). h(YZW))
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Computing subw(@Q,S) = LP1,

in(h(XYZ), h(YZW
e min(h(XYZ). h(YZW))

max t
st. t< h(XYZ), t<h(YZW),
h(XY), h(YZ), h(ZW), h(WX) < 1,

hel,
——

LP2, ...
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Computing subw(Q,S) = LP1, LP2, ...

in(h(XYZ), h(YZW
e min(h(XYZ). h(YZW))

max t
st. t< h(XYZ), t<h(YZW),

h(XY), h(YZ), h(ZW), h(WX) < 1, (3)
heTl, (4) @

h(0) = 0

h(Y) < h(XY)

h(XY) + h(YZ) > h(XYZ) + h(Y)
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PANDA

Proof that subw(Q,S) < B

/l\

LP1

|

Shannon ineql

|

Proof seql

Computing subw(Q, S)

LP2

l

Shannon ineq2

|

Proof seq2

Algorithm for evaluating @
in O(N® +1Q(D)|)

Evaluatlng Q over D = S]

G

|DDR1(D)\ < NB \DDRz(D)\ < NB

OP seql OP seq2
DDRy (D) DDRy(D)
in O(N®) in O(N®)

Q(P)
in O(N® +|Q(D))



Evaluating Q over D = S

R
Qu(X,Y) = R(X,Y)AS(Y,Z) A T(Z, W) A UMW, X) q;"‘@
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Evaluating Q over D = S

Qu(X,Y) = R(X,Y)AS(Y,Z) A T(Z, W) A U(W, X)

® Solve

(A(X, Y, Z) A Aa(Z, W, X)) V (A (Y, Z, W) A An(W, X, Y))
= R(X,Y)AS(Y,Z)A T(Z, W) A U(W, X) @
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Evaluating Q over D = S

Qu(X,Y) = R(X,Y)AS(Y,Z) A T(Z, W) A U(W, X)

® Solve

(All(X, Y, Z) N A12(Z7 W,X)) Vv (AQI(Y, Z, W) AN A22(W7X7 Y))

= R(X,Y)AS(Y,Z)A T(Z, W) A U(W, X)

9 Semi—join reduce A11,A12, A21, A22 with R, 5, T, U
©® Run Yannakakis

QUX,Y) £ Au(X,Y,2)AAw(Z,W,X)
QP(X,Y) L An(Y,Z, W)A An(W, X, Y)
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Evaluating Q over D = S

(Au()(7 Y, Z) VAN A12(Z, W,X)) \Y2 (A21(Y7 Z, W) A Azz(W,X, Y))

= R(X,Y)AS(Y,Z)A T(Z, W) A UW, X)
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Evaluating Q over D = S

(Au(X, Y, Z) VAN A12(Z, W, X)) \Y2 (A21(Y, Z, W) A Azz(W,X, Y))

= R(X,Y)AS(Y,Z)A T(Z, W) A UW, X)

An(X,Y,Z)V An(Y,Z, W) = R(X,Y)AS(Y,Z)AT(Z, W) A U(W, X)
An(X,Y,Z)V An(W, X, Y) = R(X,Y)AS(Y,Z) A T(Z, W) A U(W, X)
A(Z, W, X)V Au(Y,Z, W) = R(X,Y)AS(Y,Z) A T(Z, W) A U(W, X)
A(Z, W, X)V An(W, X, Y) = R(X,Y)AS(Y,Z) A T(Z, W) A U(W, X)
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Evaluating Q over D = S

(A (X, Y, Z) A Aa(Z, W, X)) V (An(Y, Z, W) A An(W, X, Y))

= R(X,Y)AS(Y,Z)A T(Z, W) A UW, X)

An(X,Y,Z)V An(Y,Z, W) = R(X,Y)AS(Y,Z)AT(Z, W) A U(W, X)
An(X,Y,Z)V An(W, X, Y) = R(X,Y)AS(Y,Z) A T(Z, W) A U(W, X)
A(Z, W, X)V Au(Y,Z, W) = R(X,Y)AS(Y,Z) A T(Z, W) A U(W, X)
A(Z, W, X)V An(W, X, Y) = R(X,Y)AS(Y,Z) A T(Z, W) A U(W, X)

h=S

subw(Qg, Sp) = max( max_ min(h(XYZ), h(YZW)) ,
0-'4

h):rg;%“ min(h(XYZ), h((WXY)),

h):rr;a;fl_4 min(h(ZWX), h(YZW)),

hFr‘gaD%I_4 min(h(ZWX), h( WXY)))
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PANDA

Proof that subw(Q,S) < B

/l\

LP1

|

Shannon ineql

|

Proof seql

Computing subw(Q, S)
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PANDA

Algorithm for evaluating Q

Proof that subw(Q,S) < B in O(NE + |Q(D)))

Computing subw(Q, S) Evaluating Q over D =S
LP2 DDR; DDR:
l ! l l |
Shannon ineq2 [DDRy(D)| < N? IDDRy(D)| < NE
| | l | |
Proof seql Proof seq2 OP seql OP seq2
! | !
DDR; (D) DDR;(D)
in O(NB) |n O(NB) /
Yannakakls
l
Q(DP)

in O(N® +1Q(D)|)



LP = Shannon inequality

max_ min(h(XYZ), h(YZW))

h=Sa,Ts
Primal LP
max t
st. t<h(XYZ), t<h(YZW), (2)
h(XY), h(YZ), h(ZW), (WX) < 1, (3)

hel, (4)
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h=Sa,Ts
Primal LP
max t
st. t<h(XYZ), t<h(YZW), (2)
h(XY), h(YZ), h(ZW), (WX) < 1, (3)
hel, (4)
Dual LP

> Feasible Space: Inequalities t < C that can be proved from (2)—(4)
» Goal: Minimize C

But how can we prove such an inequality?
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Proving an inequality t < C

max t
st. t < h(XYZ), t<h(YZW), (2)
h(XY), h(YZ), ((ZW), h(WX) < 1, (3)

hel, (4)
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Proving an inequality t < C

max t

sit. t < h(XYZ), t<h(YZW), (2)
h(XY),h(YZ),h(ZW),h(WX) <1, (3)
hel, (4)

> t<--- using (2)
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sit. t < h(XYZ), t<h(YZW), (2)
h(XY),h(YZ),h(ZW),h(WX) <1, (3)
hel, (4)

> t<--- using (2)
t < Mh(XYZ) + Ah(YZW), M +X>1
> - < Cusing (3)

Wlh(XY) + th(YZ) + W3h(ZW) + W4h(WX) <wi+wr+ws+wy
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Proving an inequality t < C

max t

sit. t < h(XYZ), t<h(YZW), (2)
h(XY),h(YZ),h(ZW),h(WX) <1, (3)
hel, (4)

> t<--- using (2)
t < MA(XYZ) + Mh(YZW), A+ > 1
> - < Cusing (3)
wih(XY) + woh(YZ) + wsh(ZW) + wah(WX) < w1 + ws + ws + wa
» Stitch using (4)

t < Ah(XYZ) + Xoh(YZW) < wih(XY) + wah(YZ) + wsh(ZW) + wah(WX) < w1 +wa + ws + wy
—
2) Shannon inequality (4) 3)
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Optimal inequality t < 3/2

max t

sit. t < h(XYZ), t<h(YZW), (2)
h(XY),h(YZ),h(ZW),h(WX) <1, (3)
hel, (4)

1 1 1 1
t < ShXYZ)+ Sh(YZW) < Eh(XY)—s—Eh(YZ)—s-%h(ZW) < 3

Shannon inequality
L[h(XY) + h(YZ) — h(Y) — h(XYZ)] > O

LA(Y) + h(ZW) — h(YZW)] > 0
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PANDA

Algorithm for evaluating @

Proof that subw(Q,S) < B in O(NB +|Q(D)|)

Computing subw(Q, S) Evaluating Q over D =S8

LP1 / LP2 DDR,
| | | ! |
e el Shannon ineq2 IDDR.(D)| < N?
! ! | ! !
Proof seql Proof seq?2 200 OP seql OP seq2
! | l

DDR;(D) DDRz(D)

in O(N®) |n O(N®) /
Yannakakls
|
Q(P)

in O(N® +1Q(D)))



Output Size Bound of a DDR

An(X, Y, 2)V An(Y,Z, W) = R(X,Y)AS(Y,Z) A T(Z, W) A UW, X)

29 /47



Output Size Bound of a DDR

An(X, Y, 2)V An(Y,Z, W) = R(X,Y)AS(Y,Z) A T(Z, W) A UW, X)

» Many valid outputs (A11, A1)
> Each has size max(|A11], |A21])

» The output size is their min

29 /47



Output Size Bound of a DDR

An(X, Y, 2)V An(Y,Z, W) = R(X,Y)AS(Y,Z) A T(Z, W) A UW, X)

» Many valid outputs (A11, A1)
> Each has size max(|A11], |A21])

» The output size is their min

< ZhXYZ)+IH(YZW) < LA(XY)+ ZH(YZ)+ Lh(ZW) <

29 /47



Output Size Bound of a DDR

An(X, Y, 2)V An(Y,Z, W) = R(X,Y)AS(Y,Z) A T(Z, W) A UW, X)

» Many valid outputs (A11, A1)
> Each has size max(|A11], |A21])

» The output size is their min

< ZhXYZ)+IH(YZW) < LA(XY)+ ZH(YZ)+ Lh(ZW) <

4

The DDR has output size < N3/2
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Output Size Bound of a DDR (cont.)
Au(X, Y, 2)V A (Y, Z, W) = R(X,Y)AS(Y,Z) A T(Z, W) A U(W, X)

Proving the DDR has output size < N3/2
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Output Size Bound of a DDR (cont.)
Au(X, Y, 2)V A (Y, Z, W) = R(X,Y)AS(Y,Z) A T(Z, W) A U(W, X)

Proving the DDR has output size < N3/2

A1, Axp, A<+ ()
for (x,y,z,w) ER X Sx T x U do
if (x,y,2)¢An A (y,z,w) & Ay then
Insert (x,y,z) into A11, (v, z,w) into Az, and (x, y, z,w) into A
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Output Size Bound of a DDR (cont.)
Au(X, Y, 2)V A (Y, Z, W) = R(X,Y)AS(Y,Z) A T(Z, W) A U(W, X)

Proving the DDR has output size < N3/2

A1, Axp, A<+ ()
for (x,y,z,w) ER X Sx T x U do
if (x,y,z)¢ A1 A (y,z,w) ¢ Ay then
Insert (x, y,z) into A1y, (y,z, w) into Az, and (x, y,z, w) into A

logp |A11] = logp |Aai| = logp |A] = h(XYZW) =
1 1

1 1 1
Sh(XYZ)+ Sh(YZW) < Zh(XY)+ 5h(YZ) + 5h(ZW) < g

30/47
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Algorithm for evaluating Q

Proof that subw(Q,S) < B in O(NE + |Q(D)))

Computing subw(Q, S) Evaluating Q over D =S
/ LP2 DDR; DDR»
| ! ! ! |
Shannon ineq2 [DDRy(D)| < N® [DDR,(D)| < N®
| | l | !
Proof seq2 OP seql OP seq2
! | !
DDR; (D) DDR(D)
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l
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Shannon Inequality = Proof Sequence

THXYZ) 4 SHYZW) < DRXY) + Sh(YZ) + Sh(ZW)

h(XYZ) + h(YZW)

IA

h(XY) + h(YZ) + h(ZW)
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Z) =
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(Y.
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h(XY) + h(YZ) + h(ZW) h h(Y) + h(Z|Y)

Z) =
h(XY)+ h(Y)+ h(Z|Y) + h(ZW) | h(Z|Y) = h(Z|XY)

Y

(v
(
h(XY) 4+ h(Y) + h(Z|XY) + h(ZW) | h(XY) + h(Z|XY) = h(XYZ)
(
(

Y

h(XYZ) + h(Y|ZW) + h(ZW) h(ZW) + h(Y|ZW) — h(YZW)

(
(
h(XYZ) + h(Y) + h(ZW) h(Y) = h(Y|ZW)
(
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h(XYZ) + h(YZW)
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Evaluating a DDR in its output size bound
An(X, Y, Z)V A (Y, Z, W) = R(X,Y)AS(Y,Z) A T(Z, W) A UW, X)

has an output size bound of N°/2, based on

h(XYZ) + h(YZW) <  h(XY)+ h(YZ) + h(ZW)
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Evaluating a DDR in its output size bound

An(X,Y,Z)V An(Y,Z, W) = R(X,Y)AS(Y,Z)AT(Z, W) A UW, X)

has an output size bound of N°/2, based on

h(XYZ) + h(YZW) <  h(XY)+ h(YZ) + h(ZW)

h(YZ) = h(Y) + h(Z|Y)
h(Z|Y) — h(Z|XY)
h(XY) + h(Z|XY) — h(XYZ)
(
(

h(Y) = h(Y|ZW)
h(ZW) + h(Y|ZW) — h(YZW)
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Evaluating a DDR in its output size bound

An(X,Y,Z)V An(Y,Z, W) = R(X,Y)AS(Y,Z)AT(Z, W) A UW, X)

has an output size bound of N°/2, based on

h(XYZ) + h(YZW) <  h(XY)+ h(YZ) + h(ZW)

h(YZ) — h(Y) + h(Z]Y) Two Algorithmic Translations:

h(Z|Y) — h(Z‘XY) » Classic PANDA [Abo Khamis, Ngo, et al. 2017]
h(XY) + h(Z|XY) —= h(XYZ) o Extra O(polylog(N))

h(Y) = h(Y|ZW) » PANDAEXxpress [Abo Khamis, Ngo, et al. 2026]
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Intuition

Classic PANDA route

Probability distributions

px(x), x € Dom* —_—D

(Value/data-level reasoning)

Proof of the Entropies h(X), X C V
—_—

Counting tuples

Polymatroid Bound (Variable-level reasoning) x € supp(px)
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Intuition

Classic PANDA route

Probability distributions

px(x), x € Dom* —_—D

(Value/data-level reasoning)

Proof of the Entropies h(X), X C V
Polymatroid Bound

Counting tuples

(Variable-level reasoning) x € supp(px)

Sub-probability measures
> px(x), x € Dom*
(Value/data-level reasoning)

NEW Proof of the
Polymatroid Bound

Counting tuples
x € supp(px)

PANDAExpress route

33/47



Background: Sub-probability Measures

> “Relaxed” probability distribution, px(x)

D px(x) <1
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Background: Sub-probability Measures

> “Relaxed” probability distribution, px(x)

D px(x) <1

» Conditional measures: py x(y|x)

1
> px(x) = g, for all x € supp(px) = supp(px)| < B
» Closed under
Marginals: px(x) =) pxv(xy)
y

Conditionals: pyx(y|x) def Pxy(x,y)
px(x)

Geometric means: px(x) = [Pg(l)(x) o ,Dgé()(x)

34/47



NEW Proof of DDR Output Size Bound

h(XYZ) + h(YZW) <
h(XY) + h(YZ) + h(ZW) < 3logy N
h(YZ) —  h(Y)+ h(Z|Y)

h(Z|Y) —  h(Z|XY)

h(XY) + h(Z|XY) — h(XYZ)

h(Y) —  h(Y|ZW)

h(ZW) + h(Y|ZW) — h(Y|ZW)

h(XYZ) + h(YZW) <
h(XYZ) + h(YZW) < 3logy N
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pzw(z, w) € 1/N

h(YZ) —  h(Y)+ h(Z|Y)

h(Z|Y) —  h(Z|XY)

h(XY) + h(Z|XY) — h(XYZ)

h(Y) —  h(Y|ZW)

h(ZW) + h(Y|ZW) — h(Y|ZW)

h(XYZ) + h(YZW) <
h(XYZ) + h(YZW) < 3logy N

35/47



NEW Proof of DDR Output Size Bound

h(XYZ) + h(YZW) <
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pxy (%, ¥) - pvz(y, 2)-pzw(z, w) > 1/N?
pxy (6, ) E 1N, pvz(y,2) € 1/N,  paw(z,w) 1/

h(YZ) —  h(Y)+ h(Z|Y)

pvz(y,z) —  py(y)- pziv(zly)

h(Z|Y) —  h(Z|XY)

pziv(zly) —  pzixv(z|xy)

h(XY) + h(Z|XY) — h(XYZ)

pxy(x,¥) - pzixv(zlxy) =  pxvz(x,y,2)

h(Y) —  h(Y|ZW)

py(y) —  pyizw(y|zw)

h(ZW) + h(Y|ZW) — h(Y|ZW)

pzw(z,w) - pyjzw(y|zw) —  pvzw(y, z, w)

h(XYZ) + h(YZW) <
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NEW Proof of DDR Output Size Bound

h(XYZ) + h(YZW) <
h(XY) + h(YZ) + h(ZW) < 3logy N

pxy (%, ¥) - pvz(y, 2)-pzw(z, w) > 1/N?
pxy (6, ) E 1N, pvz(y,2) € 1/N,  paw(z,w) 1/

h(YZ) —  h(Y)+ h(Z|Y)

pvz(y,z) —  py(y)- pziv(zly)

ef degs(Z|Y =y
py() €S pvzly, 2) = %

h(Z|Y) —  h(Z|XY)

pziv(zly) —  pzixv(z|xy)

h(XY) + h(Z|XY) — h(XYZ)
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NEW Proof of DDR Output Size Bound B & N3/2

An(X,Y,Z)V Au(Y,Z,W) = R(X,Y)AS(Y,Z)AT(Z,W)AUW,X)

1
PXYZ(Xa%Z) : pYZW(y721 W) > N3 T P2 v(X7y7z7 W) € N
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An(X,Y,Z)V An(Y,Z,W) = R(X,Y)AS(Y,Z)A T(Z,W) A U(W, X)
1 1
PXYZ(Xa%Z) : pYZW(y727 W) > m_ ? V(X,y7Z7W)6 N
1 dego(Z|Y=
N-degs(Z]V=y) degs (2=

For every (x,y,z,w) € X

either pxyz(x,y,z) > % & degs(Z|Y =y)<VN

or pyaw(y,.z,w) > &5 & degs(Z|Y =y) > VN
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NEW Algorithm for Evaluating the DDR

This IS the algorithm, BUT compute truncated pxyz, pyzw by > 1/B

h(XYZ) + h(YZW) <

h(XY) + h(YZ) + h(ZW) < 3logy N

pxy (x,¥) - pyz(y, 2)-pzw(z, w) > 1/N?

def def def
pxy(,¥) S 1/N, pyvz(y,z) E1/N, paw(z,w) E 1/N

h(YZ) — h(Y)+h(Z|Y) pvz(y,z) —  py(y) - pziv(zly)
py(y) d:Qpryz(y7 Z) — w]\lyzy)
(2ly) & pyz(y,z) _ 1
IV T Tov()  deg(ZIY =)
h(Z|Y) —  h(Z|XY) pziv(zly) —  pzixv(z|xy)
1

pz|xy (z|xy) « pziv(zly) = oo ——
degs(Z]Y = y)

h(XY) + h(Z|XY) — h(XYZ)

pxy(x,¥) - pzixv(zlxy) =  pxvz(x,y, 2)
1

pxvz(x.y,2) & pxy(x,¥) - pzixv (zlxy) =
XYZ ' Y — PXy 3 " Pz| XYy - T . TS N
‘ N - degg(Z]Y = y)

h(Y) —  h(Y|ZW)

py(y) —  pyizw(ylzw)

degs(Z|Y =y)

def
PV|ZW(Y|ZW) = py(y) = N

h(ZW) + h(Y|ZW) — h(Y|ZW)

pzw(z,w) - pyjzw(y|zw) —  pvzw(y, z, w)

def degs(Z|Y =y
pyzw(y, z, w) = pzw(z, w) - pyjzw(ylzw) = %
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PANDA

Algorithm for evaluating @

Proof that subw(Q,S) < B in O(NB +|Q(D)|)

Computing subw(Q, S) Evaluating Q over D =S8
LP1 / LP2 DDR>
| | | ! |
e el Shannon ineq2 IDDR.(D)| < N?
! ! | ! !
Proof seql Proof seq?2 OP seq2
! l
DDR;(D) DDRz(D)
in O(N®) |n O(NB) /
Yannakakls
|
Q(P)

in O(N® +1Q(D)))
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Idempotent e.g. (R, min, +) Works

Non-idempotent e.g. (N,+, x) or #CQs  Open
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Extensions

» Other Queries: FAQs, #CQs
o FAQs: Aggregate queries over a semiring (K, ®, ®)
Idempotent e.g. (R, min, +) Works

Non-idempotent e.g. (N,+, x) or #CQs  Open
o #subw(Q) > subw(Q) [Abo Khamis, Curtin, et al. 2020]

¢ Not tight [Bringmann et al. 2025]

» Other Statistics: ¢,-norms of Degree Vectors

o [Jayaraman et al. 2021; Abo Khamis, Nakos, et al. 2024]

» Other Operators: Fast Matrix Multiplication (FMM)

o w—subw(Q) < SubW(Q) [Abo Khamis, Hu, et al. 2025]
< w—subw( QA) = 57:_)1 [Alon et al. 1997]
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Open Problems

» #CQs in submodular width time?

» Entropic version of the submodular width, entw(Q) < subw(Q)
o Runtime O(N="™(®) 1+ OUT)?

» Tractabilty of computing the polymatroid bound
o Isitin NP (in (Q,S) size)?
o Tractable for “simple” DCs [Im et al. 2025]

» Length of the proof sequence

o Exponential in general [Abo Khamis, Ngo, et al. 2017]
o Polynomial for “simple” DCs [Im et al. 2025]
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Open Problems (cont.)

» Lower bounds

o Classic lower bound

o For self-join-free BCQs: Unbounded subw < No FPT [Marx 2013]

o Fine-grained lower bounds

o Q(Ns”bW(Q) + OUT) for SubW(Q) < 2, binary relations [Bringmann et al. 2025]
o Q(Nm(@) L OQUT) for (min, +)-aggregate queries [Fan et al. 2023]

o Q(NO=entw(@) o the semiring (B, ®)-circuit size [Fan et al. 2024]

1/4 . .
o NREbw(Q@T) on the (U, x)-circuit size [Berkholz et al. 2026]
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Open Problems (cont.)

» Lower bounds

Best known combinatorial upper bound: O(N*®*(Q) + QUT)

o [Q1] Does Q(N*"*"(@) 4 QUT) follow from existing conjectures?

o [Q2] What is a “combinatorial algorithm”?

Two ways to rule out FMM

o Use (min, —|—)—semiring [Fan et al. 2023; Bringmann et al. 2025]
o Use full queries [Bringmann et al. 2025]

o [Q3] A non-combinatorial Q(N*="*"(? 4 OQUT)?
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Appendix



PANDA

Algorithm for evaluating Q

Proof that subw(Q,S) < B in O(NE + |Q(D)))

Computing subw(Q, S) Evaluating Q over D =S
/ LP2 DDR; DDR»
| ! ! ! |
Shannon ineq2 [DDRy(D)| < N® [DDR,(D)| < N®
| | l | !
Proof seq2 OP seql OP seq2
! | !
DDR; (D) DDR(D)
in O(N?) |n O(NB) /
Yannakakls
l
Q(DP)

in O(N® +1Q(D)|)



Shannon Inequality = Identity

h(XYZ) + h(YZW) <  h(XY)+ h(YZ) + h(ZW)

—h(XY) = h(YZ) + h(Y) + h(XYZ)
—h(Y) — h(ZW) + h(YZW)

<0 (submodularity)
<0 (submodularity)
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Shannon Inequality = Identity

h(XYZ) + h(YZW) <  h(XY)+ h(YZ) + h(ZW)

—h(XY) = h(YZ) + h(Y) + h(XYZ)
—h(Y) — h(ZW) + h(YZW)

<0 (submodularity)
<0 (submodularity)

ldentity

“target terms” “source terms”
h(XYZ)+h(YZW) = h(XY)+h(YZ)+h(ZW)
+ (—h(XY) — h(YZ) + h( Y) —+ h(XYZ)) } < 0 (submodularity)
+ (=h(Y) = h(ZW) + h(YZW)) } < 0 (submodularity)
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Shannon Inequality = Identity

h(XYZ) + h(YZW) <  h(XY)+ h(YZ) + h(ZW)

—h(XY) —h(YZ)+ h(Y)+ h(XYZ) <0 (submodularity)
—h(Y) — h(ZW) + h(YZW) <0 (submodularity)
ldentity
“target terms’” “source terms”
h(XYZ)+ h(YZW) = h(XY)+ h(YZ) + h(ZW)
+ (=h(XY) = h(YZ) + h(Y) + h(XYZ)) } < 0 (submodularity)
+ (—=h(Y) — h(ZW) + h(YZW)) } < 0 (submodularity)

Claim: # of target terms < # of unconditional source terms
——————
h(A|B) = h(A)
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|dentity = Proof Sequence
h(XYZ) + h(YZW) =h(XY) +h(YZ) + h(ZW)

+ (—=h(XY) —h(YZ) + h(Y) + h(XYZ))
+ (=h(Y) = h(ZW) + h(YZW))
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|dentity = Proof Sequence

h(XYZ) + h(YZW) =h(XY)[ +h(YZ) | + h(ZW)
+ (=h(XY) —h(YZ) + h(Y)+ h(XYZ))
+ (=h(Y) — h(ZW) + h(YZW))
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|dentity = Proof Sequence

h(XYZ) + h(YZW) =h(XY)[ +h(YZ) | + h(ZW)
+ (=h(XY)[Zh(YZ) + h(Y) + h(XYZ))
+ (=h(Y) — h(ZW) + h(YZW))
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|dentity = Proof Sequence

h(XYZ) + h(YZW) =h(XY)[ +h(YZ) | + h(ZW)
+ (=h(XY) =h(YZ) + h(Y) + h(XYZ)) — h(Y) + h(Z]Y)
+ (=h(Y) = h(ZW) + h(YZW)) h(Z|Y) — h(Z|XY)
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|dentity = Proof Sequence

h(XYZ) + h(YZW) =h(XY)[ +h(YZ) | + h(ZW)
+ (=h(XY)[Zh(YZ) + h(Y) + h(XYZ))
+ (=h(Y) — h(ZW) + h(YZW))

= h(Y) + h(Z]Y)

h(Z|Y) = h(Z|XY)

h(XYZ) + h(YZW) = h(XY) +h(Y)+ h(Z|XY) + h(ZW)
+ (=h(Y) = h(ZW) + h(YZW))
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|dentity = Proof Sequence

h(XYZ) + h(YZW) =h(XY)[ +h(YZ) | + h(ZW)

+ (=h(XY) =h(YZ) + h(Y) + h(XYZ)) — h(Y) + h(Z]Y)
+ (=h(Y) = h(ZW) + h(YZW)) h(Z|Y) — h(Z|XY)

h(XYZ) + h(YZW) =| h(XY) |+ h(Y) + | B(Z|XY) + h(ZW)

+ (=h(Y) = h(ZW) + h(YZW)) + h(Z|XY) — h(XYZ)

A(XYZ) + h(YZW) =| h(XYZ) |+ h(Y) + h(ZW)
+ (=h(Y) = h(ZW) + h(YZW)) -

h(YZW) =| h(Y) |+ h(ZW)
+ ((=h(Y) — h(ZW) + h(YZW)) — h(Y|ZW)

vz~ [ + [hew | (@] + ) — v(vzw)
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|dentity = Proof Sequence

h(XYZ) + h(YZW) =h(XY)[ +h(YZ) | + h(ZW)
+ (=h(XY)[Zh(YZ) + h(Y) + h(XYZ))
+ (=h(Y) — h(ZW) + h(YZW))

= h(Y) + h(Z]Y)

h(Z|Y) = h(Z|XY)

h(XYZ) + h(YZW) =| h(XY) |+ h(Y) + | B(Z|XY) + h(ZW)
+ (=h(Y) — h(ZW) + h(YZW))

[ |+ [REIXY) — h(xvz)

A(XYZ) + h(YZW) =| h(XYZ) |+ h(Y) + h(ZW)
+ (=h(Y) = h(ZW) + h(YZW))

h(YZW) =| h(Y) |+ h(ZW)

+ ((=h(Y)| — h(zW) + h(YZW))

s h(Y|ZW)

h(YZW) = h(Y|ZW) + | h(ZW)

+ h(Y|ZW) — h(YZW)

o) [tz
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Appendix: The Hexagon Query



The Hexagon Query [wang 2022]

Q(A,B,C,D,E,F) - R(A,B,C)AS(C,D,E) A T(E,F,A) A K(B,D,F)

» AGM bound is N?
» Any WCOJ algorithm can solve it in O(N?)

» But no heavy-light partitioning algorithm
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The Hexagon Query [wang 2022]

Q(A,B,C,D,E,F) - R(A,B,C)AS(C,D,E) A T(E,F,A) A K(B,D,F)

2h(ABCDEF) <
h(ABC) + h(CDE) + h(EFA) + h(BDF)

h(ABCDEF) < h(ABC) + h(DE|C) + h(F)
light C heavy F
ig eav

h(ABCDEF) < h(EFA) + h(BD|F)+ h(C)

—_—— =
light F heavy C

But what about light C with light F, or heavy C with heavy F?!
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Q(A,B,C,D,E,F) =

2h(ABCDEF) <

h(ABC) + h(CDE) + h(EFA) + h(BDF)

R(A, B, C) A S(C, D, E) A T(E, F,A) A K(B, D, F)

1

1
pasc(abc) - pcpe(cde) - pera(efa) - pppr(bdf) > Nt T B2

h(CDE) — h(C) + h(DE|C)

degs(DE|C = ¢
pe(e)’e S peoe(ade) = *ELPC =9
de

def PcpE(cde) 1
PDE\c(de\C): =
pc(c)  degs(DE|C = c)

h(ABC) + h(DE|C) — h(ABCDE)

1

def
abcde) = abc) - delc)= ——
pascoE( )= pasc(abc) - ppg|c(de|c) N - degs(DEIC = <)

h(BDF) — h(F) + h(BDIF)

degy (BD|F = f
pr(NE S pepr(baf) = 2E(BOIF = 1)
N
bd
bdf 1
PBD\F(bd\f)dg Pepr (bdf)
pr(f) degx (BD|F = f)

h(EFA) + h(BD|F) — h(ABDEF)

1

def _
bdef) f) - bd|f) = ———————
pasper (abdef )= pera(efa) - pgp | (bd|f) N - degx(BD|F = f)

h(ABCDE) + h(F) — h(ABCDEF)

degy(BD|F = f)

! abcdef )& abcde) - fl=——"——"—
Pascoer( )= PascoE( ) - Pe(f) N2 - degs(DE|C = <)

h(ABDEF) + h(C) — h(ABCDEF)

degs(DE|C = ¢)
" abedef )& abdef) - )= - -
Pascper( )= PasoEr ( ) pele) = 17 deg, (BDIF = 1)
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PANDAExpress on the Hexagon Query

Q(A,B,C,D,E,F) - R(A,B,C)AS(C,D,E) A T(E,F,A) A K(B,D,F)

1 1
pascoer(abedef) - phpcper(abedef) > N~ B2
deg, (BD|F=f) degs(DE|C=c)
NZ-degs(DE[C=c) NZ-deg, (BDIF=F)

For every (a, b, c,d, e, f) € X

either  plgcper(abcdef) > < degy(BD|F = f) > degs(DE|C = ¢)

W~ W=

or Pascper(abcdef) > < degx(BD|F = f) < degs(DE|C = ¢)

Hyperplane Partitioning

Algorithm: Computed ‘“truncated” pjgcper and pAgcoer by > &
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