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Conjunctive Queries (CQs)

Q(F ) :-
∧

R(X )∈atoms(Q)

R(X )

Q full
□ (X ,Y ,Z ,W ) :- R(X ,Y ) ∧ S(Y ,Z ) ∧ T (Z ,W ) ∧ U(W ,X )

Q□(X ,Y ) :- R(X ,Y ) ∧ S(Y ,Z ) ∧ T (Z ,W ) ∧ U(W ,X )

R

X Y

1 p

1 q

2 p

S

Y Z

p 3

q 4

q 5

T

Z W

3 i

5 i

5 j

U

W X

i 1

j 1

k 2

Q full
□

X Y Z W

1 p 3 i

1 q 5 i

1 q 5 j

Q□

X Y

1 p

1 q
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Three Communities Involved

▶ Graph Algorithms

◦ Results are tailored to specific queries

◦ Complexity is measured in graph size, N

▶ CSP

◦ Every atom is a constraint

◦ Tree decompositions (TDs)

◦ Complexity is measured in dimensionality, |Dom|

▶ Database Theory
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Database Theory: Query Optimizer = Meta-Algorithm

▶ Input

◦ CQ Q

◦ Statistics S about the input database D
⋄ Total size, N

⋄ Individual sizes |R|, |S |, . . .
⋄ FDs, e.g., X → Y in R(X ,Y )

⋄ . . .

▶ Ideal output

◦ Query Plan (Algorithm) for Q that is optimal given S
⋄ that minimizes the worst-case runtime

overall D that satisfy S, i.e. D |= S
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PANDA

A Unified Framework for Query Optimization and Evaluation

▶ Rooted in information theory

▶ Builds upon and unifies several lines of work

◦ in graph algorithms, CSP, and DB theory

▶ Subsumes many prior results

▶ For any CQ Q and statistics S
◦ achieves the best known combinatorial complexity

◦ provably optimal for some classes

▶ Extends to

◦ non-combinatorial algorithms (FMM)

◦ queries beyond CQs (#CQs, FAQs)
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Statistics S

A collection of Degree Constraints (DCs):

▶ Given R(Z ) and X ,Y ⊆ Z
◦ degR(Y | X = x) is # distinct Y -values for a given X -value x
◦ degR(Y | X ) = maxx degR(Y | X = x)
◦ DC: degR(Y | X ) ≤ NY |X

Example

degR(Y | X = 1) = 2

degR(Y | X = 2) = 1

degR(Y | X ) = 2

R satisfies the DC: degR(Y | X ) ≤ 2

R

X Y

1 p

1 q

2 p

▶ DCs subsume

◦ Cardinality Constraints (CCs): |R(Z)| = degR(Z | ∅)
◦ Functional Dependencies (FDs): X → Y means degR(Y | X ) ≤ 1
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Roadmap

▶ Cardinality Estimation

◦ Output Size

⋄ Given a CQ Q and statistics S,
what is the worst-case output size of Q given S?

◦ Query Plan Cost

⋄ Given Q, S, and a query plan P,

what is the cost of evaluating Q using P?

▶ Query Evaluation

◦ Given Q and S,
find the best query plan for evaluating Q given S?
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Cardinality Estimation: Output size of Q given S

▶ Information theory to bound #occurrences of a pattern in graph [Itai et al. 1977;

Alon 1981; Chung et al. 1986; Friedgut and Kahn 1998; Friedgut 2004; Grohe et al. 2006; Grohe et al.

2014]

▶ Atserias, Grohe,& Marx proved the AGM-bound under CCs [Atserias et al. 2013]

◦ Shearer’s inequality [Chung et al. 1986]

▶ Argument extended to

◦ FDs [Gottlob, Lee, et al. 2012]

◦ DCs [Abo Khamis, Ngo, et al. 2017]

◦ ℓp-norms on degree vectors [Jayaraman et al. 2021; Abo Khamis, Nakos, et al. 2024]

◦ Correlations among degree vectors [Mayer et al. 2026]
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Why Information Theory?

D1

D2

D3

Databases Di |= S

h1
h2

h3

“Entropies” hi |= S

Find Di that maximizes |Q(Di )| Find hi that maximizes hi (F )
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Background: Entropic Functions & Polymatroids

▶ Given a prob. dist. p : DomV → R+, let pX be the marginal over X ⊆ V

h(X )
def
= −

∑
x∈DomX

pX (x) · log pX (x) (1)

▶ h : 2V → R+ is entropic iff there exists p satisfying (1) ∀X ⊆ V

▶ h : 2V → R+ is a polymatroid iff it satisfies the basic Shannon inequalities:

h(∅) = 0

h(X ) ≤ h(X ∪ Y ) (monotonicity)

h(X ) + h(Y ) ≥ h(X ∪ Y ) + h(X ∩ Y )︸ ︷︷ ︸

h(A|B) ≥ h(A|B ∪ C)

h(A|B)
def
= h(A ∪ B) − h(B)

(submodularity)

▶ Any inequality that can be “inferred” from the above is a Shannon inequality

9 / 47



Background: Entropic Functions & Polymatroids

▶ Given a prob. dist. p : DomV → R+, let pX be the marginal over X ⊆ V

h(X )
def
= −

∑
x∈DomX

pX (x) · log pX (x) (1)

▶ h : 2V → R+ is entropic iff there exists p satisfying (1) ∀X ⊆ V

▶ h : 2V → R+ is a polymatroid iff it satisfies the basic Shannon inequalities:

h(∅) = 0

h(X ) ≤ h(X ∪ Y ) (monotonicity)

h(X ) + h(Y ) ≥ h(X ∪ Y ) + h(X ∩ Y )︸ ︷︷ ︸

h(A|B) ≥ h(A|B ∪ C)

h(A|B)
def
= h(A ∪ B) − h(B)

(submodularity)

▶ Any inequality that can be “inferred” from the above is a Shannon inequality

9 / 47



Background: Entropic Functions & Polymatroids

▶ Given a prob. dist. p : DomV → R+, let pX be the marginal over X ⊆ V

h(X )
def
= −

∑
x∈DomX

pX (x) · log pX (x) (1)

▶ h : 2V → R+ is entropic iff there exists p satisfying (1) ∀X ⊆ V

▶ h : 2V → R+ is a polymatroid iff it satisfies the basic Shannon inequalities:

h(∅) = 0

h(X ) ≤ h(X ∪ Y ) (monotonicity)

h(X ) + h(Y ) ≥ h(X ∪ Y ) + h(X ∩ Y )︸ ︷︷ ︸

h(A|B) ≥ h(A|B ∪ C)

h(A|B)
def
= h(A ∪ B) − h(B)

(submodularity)

▶ Any inequality that can be “inferred” from the above is a Shannon inequality

9 / 47



Background: Entropic Functions & Polymatroids

▶ Given a prob. dist. p : DomV → R+, let pX be the marginal over X ⊆ V

h(X )
def
= −

∑
x∈DomX

pX (x) · log pX (x) (1)

▶ h : 2V → R+ is entropic iff there exists p satisfying (1) ∀X ⊆ V

▶ h : 2V → R+ is a polymatroid iff it satisfies the basic Shannon inequalities:

h(∅) = 0

h(X ) ≤ h(X ∪ Y ) (monotonicity)

h(X ) + h(Y ) ≥ h(X ∪ Y ) + h(X ∩ Y )︸ ︷︷ ︸
h(A|B) ≥ h(A|B ∪ C)

h(A|B)
def
= h(A ∪ B) − h(B)

(submodularity)

▶ Any inequality that can be “inferred” from the above is a Shannon inequality

9 / 47



Background: Entropic Functions & Polymatroids

▶ Given a prob. dist. p : DomV → R+, let pX be the marginal over X ⊆ V

h(X )
def
= −

∑
x∈DomX

pX (x) · log pX (x) (1)

▶ h : 2V → R+ is entropic iff there exists p satisfying (1) ∀X ⊆ V

▶ h : 2V → R+ is a polymatroid iff it satisfies the basic Shannon inequalities:

h(∅) = 0

h(X ) ≤ h(X ∪ Y ) (monotonicity)

h(X ) + h(Y ) ≥ h(X ∪ Y ) + h(X ∩ Y )︸ ︷︷ ︸
h(A|B) ≥ h(A|B ∪ C)

h(A|B)
def
= h(A ∪ B) − h(B)

(submodularity)

▶ Any inequality that can be “inferred” from the above is a Shannon inequality

9 / 47



Background: Entropic Functions & Polymatroids (cont.)

Entropic functions satisfy:

▶ (Basic) Shannon inequalities, and

▶ Non-Shannon inequalities [Zhang et al. 1997]

Γ∗n︸︷︷︸
Entropic functions

⊊ Γn︸︷︷︸
Polymatroids
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Mapping from D to h

R
X Y

1 p

1/3

1 q

2/3

2 p

0

S
Y Z

p 3

1/3

q 4

0

q 5

2/3

T
Z W

3 i

1/3

5 i

1/3

5 j

1/3

U
W X

i 1

2/3

j 1

1/3

k 2

0

Q full
□

X Y Z W

1 p 3 i

1/3

1 q 5 i

1/3

1 q 5 j

1/3

logN |Q(D)| = h(XYZW )

D |= S h |= S
|R(X ,Y )| ≤ N

h(XY ) ≤ logN N

Similarly |S |, |T |, |U| ≤ N

. . .

W → X

h(X |W ) ≤ 0

degU(W |X ) ≤ C

h(W |X ) ≤ logN C

11 / 47



Mapping from D to h

R
X Y

1 p

1/3

1 q

2/3

2 p

0

S
Y Z

p 3

1/3

q 4

0

q 5

2/3

T
Z W

3 i

1/3

5 i

1/3

5 j

1/3

U
W X

i 1

2/3

j 1

1/3

k 2

0

Q full
□

X Y Z W

1 p 3 i

1/3

1 q 5 i

1/3

1 q 5 j

1/3

logN |Q(D)| = h(XYZW )

D |= S h |= S
|R(X ,Y )| ≤ N

h(XY ) ≤ logN N

Similarly |S |, |T |, |U| ≤ N

. . .

W → X

h(X |W ) ≤ 0

degU(W |X ) ≤ C

h(W |X ) ≤ logN C

11 / 47



Mapping from D to h

R
X Y

1 p

1/3

1 q

2/3

2 p

0

S
Y Z

p 3

1/3

q 4

0

q 5

2/3

T
Z W

3 i

1/3

5 i

1/3

5 j

1/3

U
W X

i 1

2/3

j 1

1/3

k 2

0

Q full
□

X Y Z W

1 p 3 i 1/3

1 q 5 i 1/3

1 q 5 j 1/3

logN |Q(D)| = h(XYZW )

D |= S h |= S
|R(X ,Y )| ≤ N

h(XY ) ≤ logN N

Similarly |S |, |T |, |U| ≤ N

. . .

W → X

h(X |W ) ≤ 0

degU(W |X ) ≤ C

h(W |X ) ≤ logN C

11 / 47



Mapping from D to h

R
X Y

1 p 1/3

1 q 2/3

2 p 0

S
Y Z

p 3 1/3

q 4 0

q 5 2/3

T
Z W

3 i 1/3

5 i 1/3

5 j 1/3

U
W X

i 1 2/3

j 1 1/3

k 2 0

Q full
□

X Y Z W

1 p 3 i 1/3

1 q 5 i 1/3

1 q 5 j 1/3

logN |Q(D)| = h(XYZW )

D |= S h |= S
|R(X ,Y )| ≤ N

h(XY ) ≤ logN N

Similarly |S |, |T |, |U| ≤ N

. . .

W → X

h(X |W ) ≤ 0

degU(W |X ) ≤ C

h(W |X ) ≤ logN C

11 / 47



Mapping from D to h

R
X Y

1 p 1/3

1 q 2/3

2 p 0

S
Y Z

p 3 1/3

q 4 0

q 5 2/3

T
Z W

3 i 1/3

5 i 1/3

5 j 1/3

U
W X

i 1 2/3

j 1 1/3

k 2 0

Q full
□

X Y Z W

1 p 3 i 1/3

1 q 5 i 1/3

1 q 5 j 1/3

logN |Q(D)| = h(XYZW )

D |= S h |= S
|R(X ,Y )| ≤ N

h(XY ) ≤ logN N

Similarly |S |, |T |, |U| ≤ N

. . .

W → X

h(X |W ) ≤ 0

degU(W |X ) ≤ C

h(W |X ) ≤ logN C

11 / 47



Mapping from D to h

R
X Y

1 p 1/3

1 q 2/3

2 p 0

S
Y Z

p 3 1/3

q 4 0

q 5 2/3

T
Z W

3 i 1/3

5 i 1/3

5 j 1/3

U
W X

i 1 2/3

j 1 1/3

k 2 0

Q full
□

X Y Z W

1 p 3 i 1/3

1 q 5 i 1/3

1 q 5 j 1/3

logN |Q(D)| = h(XYZW )

D |= S h |= S
|R(X ,Y )| ≤ N

h(XY ) ≤ logN N

Similarly |S |, |T |, |U| ≤ N

. . .

W → X

h(X |W ) ≤ 0

degU(W |X ) ≤ C

h(W |X ) ≤ logN C

11 / 47



Mapping from D to h

R
X Y

1 p 1/3

1 q 2/3

2 p 0

S
Y Z

p 3 1/3

q 4 0

q 5 2/3

T
Z W

3 i 1/3

5 i 1/3

5 j 1/3

U
W X

i 1 2/3

j 1 1/3

k 2 0

Q full
□

X Y Z W

1 p 3 i 1/3

1 q 5 i 1/3

1 q 5 j 1/3

logN |Q(D)| = h(XYZW )

D |= S h |= S
|R(X ,Y )| ≤ N h(XY ) ≤ logN N

Similarly |S |, |T |, |U| ≤ N . . .

W → X

h(X |W ) ≤ 0

degU(W |X ) ≤ C

h(W |X ) ≤ logN C

11 / 47



Mapping from D to h

R
X Y

1 p 1/3

1 q 2/3

2 p 0

S
Y Z

p 3 1/3

q 4 0

q 5 2/3

T
Z W

3 i 1/3

5 i 1/3

5 j 1/3

U
W X

i 1 2/3

j 1 1/3

k 2 0

Q full
□

X Y Z W

1 p 3 i 1/3

1 q 5 i 1/3

1 q 5 j 1/3

logN |Q(D)| = h(XYZW )

D |= S h |= S
|R(X ,Y )| ≤ N h(XY ) ≤ logN N

Similarly |S |, |T |, |U| ≤ N . . .

W → X h(X |W ) ≤ 0

degU(W |X ) ≤ C

h(W |X ) ≤ logN C

11 / 47



Mapping from D to h

R
X Y

1 p 1/3

1 q 2/3

2 p 0

S
Y Z

p 3 1/3

q 4 0

q 5 2/3

T
Z W

3 i 1/3

5 i 1/3

5 j 1/3

U
W X

i 1 2/3

j 1 1/3

k 2 0

Q full
□

X Y Z W

1 p 3 i 1/3

1 q 5 i 1/3

1 q 5 j 1/3

logN |Q(D)| = h(XYZW )

D |= S h |= S
|R(X ,Y )| ≤ N h(XY ) ≤ logN N

Similarly |S |, |T |, |U| ≤ N . . .

W → X h(X |W ) ≤ 0

degU(W |X ) ≤ C h(W |X ) ≤ logN C

11 / 47



Entropic Bound vs. Polymatroid Bound

D1

D2

D3

Polymatroids hi |= S

h1
h2

h3

“Entropies” hi |= S

logN sup
D|=S
|Q(D)|︸ ︷︷ ︸

worst-case
output size

≤ sup
h|=S,Γ∗n

h(F )︸ ︷︷ ︸
Entropic-bound(Q,S)

Tight
Not computable

≤ max
h|=S,Γn

h(F )︸ ︷︷ ︸
Polymatroid-bound(Q,S)

Computable
Tight under CCs

Not tight under FDs
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Example on the Polymatroid Bound

Q full
□ (X ,Y ,Z ,W ) :- R(X ,Y ) ∧ S(Y ,Z ) ∧ T (Z ,W ) ∧ U(W ,X )

D |= S h |= S
|R(X ,Y )| ≤ N h(XY ) ≤ logN N

Similarly |S |, |T |, |U| ≤ N . . .

W → X h(X |W ) ≤ 0

degU(W |X ) ≤ C h(W |X ) ≤ logN C

|Q full
□ (D)| ≤ N3/2 ·

√
C

13 / 47



Outline

1 Cardinality Estimation
Output Size

Query Plan Cost
Static Plans

Adaptive Plans

2 Query Evaluation

3 Conclusion



Outline

1 Cardinality Estimation
Output Size

Query Plan Cost
Static Plans

Adaptive Plans

2 Query Evaluation

3 Conclusion



Static Query Plans: Tree Decompositions (TDs)

▶ Grew out of the CSP and PGM communities

▶ Widely adopted in DB Theory

◦ (Generalized) hypertree decompositions [Gottlob, Leone, et al. 2002; Gottlob, Greco,

et al. 2016]

◦ Fractional hypertree decompositions [Grohe et al. 2014]

◦ Free-connex tree decompositions [Bagan et al. 2007]
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Static Query Plans: Tree Decompositions (TDs)

Q□(X ,Y ) :- R(X ,Y ) ∧ S(Y ,Z ) ∧ T (Z ,W ) ∧ U(W ,X )

▶ Take a free-connex TD

▶ Apply the polymatroid bound to every bag

▶ Result: Fractional hypertree width

fhtw(Q,S) def
= min

T ∈TD(Q)︸ ︷︷ ︸
best static
query plan

max
B∈bags(T )︸ ︷︷ ︸

worst subquery
in the plan

max
h|=S,Γn

h(B)︸ ︷︷ ︸
polymatroid bound
of the subquery

◦ Generalizes [Grohe et al. 2014]

X Z

Y

W

R S

TU

X ,Y ,Z

Z ,W ,X

T1

W

X

Y

Y

Z

WT2
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Static Query Plans: Tree Decompositions (TDs)

fhtw(Q□,S□) = min(max( max
h|=S□,Γ4

h(XYZ), max
h|=S□,Γ4

h(ZWX ))

max( max
h|=S□,Γ4

h(YZW ), max
h|=S□,Γ4

h(WXY )))

If S□ contains only |R|, |S |, |T |, |U| ≤ N,

fhtw(Q□,S□) = 2
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Adaptive Query Plans

▶ fhtw(Q□,S□) = 2

▶ But Q□ admits an O(N3/2) algorithm [Alon et al. 1997]

◦ Partition relations, e.g. degR(Y |X = x) ≤
√
N

◦ Pick a different TD for each part

▶ We call such algorithms adaptive query plans

▶ But how can we capture their best cost?
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Cardinality Estimation of Adaptive Query Plans

▶ Partition the input instance into uniform instances

▶ Uniform instance R ⇔ Entropic function h

R(X ,Y ) h

|R| = 16 h(XY ) = 4 bits

|πXR| = 4 h(X ) = 2 bits

|πYR| = 8 h(Y ) = 3 bits

degR(Y |X ) = 4 h(Y |X ) = 2 bits

degR(X |Y ) = 2 h(X |Y ) = 1 bit

x1

x2

x3

x4

y1

y2

y3

y4

y5

y6

y7

y8

A uniform R(X ,Y )

with 16 tuples
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Cardinality Estimation of Adaptive Query Plans

▶ Lower bound: generalizes [Marx 2013]

subw(Q,S) def
= max

h|=S,Γn︸ ︷︷ ︸
worst uniform

instance

min
T ∈TD(Q)︸ ︷︷ ︸
best static
query plan

max
B∈bags(T )︸ ︷︷ ︸

worst subquery
in the plan

h(B)︸ ︷︷ ︸
subquery cost

fhtw(Q,S) def
= min

T ∈TD(Q)︸ ︷︷ ︸
best static
query plan

max
B∈bags(T )︸ ︷︷ ︸

worst subquery
in the plan

max
h|=S,Γn

h(B)︸ ︷︷ ︸
polymatroid bound
of the subquery

▶ PANDA runs in O(Nsubw(Q,S) · logN +OUT) for any Q,S
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Example

subw(Q□,S□) = max
h|=S□,Γ4

min(max(h(XYZ ), h(ZWX )),

max(h(YZW ), h(WXY )))

fhtw(Q□,S□) = min(max( max
h|=S□,Γ4

h(XYZ ), max
h|=S□,Γ4

h(ZWX ))

max( max
h|=S□,Γ4

h(YZW ), max
h|=S□,Γ4

h(WXY )))

If S□ contains only |R|, |S |, |T |, |U| ≤ N,

subw(Q□,S□) = 3/2

fhtw(Q□,S□) = 2

X Z

Y

W

R S

TU

X ,Y ,Z

Z ,W ,X

T1

W

X

Y

Y

Z

WT2
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PANDA

Proof that subw(Q,S) ≤ B

Computing subw(Q,S)

LP1 LP2 · · ·

Shannon ineq1 Shannon ineq2 · · ·

Proof seq1 Proof seq2 · · ·

Algorithm for evaluating Q
in O(NB + |Q(D)|)

Evaluating Q over D |= S

DDR1 DDR2 · · ·

|DDR1(D)| ≤ NB |DDR2(D)| ≤ NB · · ·

OP seq1 OP seq2 · · ·

DDR1(D)

in O(NB)

DDR2(D)
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· · ·
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Computing subw(Q,S)

subw(Q□,S□) = max
h|=S□,Γ4

min(max(h(XYZ), h(ZWX )),

max(h(YZW ), h(WXY )))

= max

(
max

h|=S□,Γ4
min(h(XYZ), h(YZW )) ,

max
h|=S□,Γ4

min(h(XYZ), h(WXY )),

max
h|=S□,Γ4

min(h(ZWX ), h(YZW )),

max
h|=S□,Γ4

min(h(ZWX ), h(WXY ))

)
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Computing subw(Q,S) ⇒ LP1, LP2, . . .

max
h|=S□,Γ4

min(h(XYZ ), h(YZW ))

max t

s.t. t ≤ h(XYZ ), t ≤ h(YZW ), (2)

h(XY ), h(YZ ), h(ZW ), h(WX ) ≤ 1, (3)

h ∈ Γ4︸ ︷︷ ︸ (4)

h(∅) = 0

h(Y ) ≤ h(XY )

. . .

h(XY ) + h(YZ) ≥ h(XYZ) + h(Y )

. . .
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Evaluating Q over D |= S

Q□(X ,Y ) :- R(X ,Y ) ∧ S(Y ,Z) ∧ T (Z ,W ) ∧ U(W ,X )

1 Solve

(
A11(X ,Y , Z) ∧ A12(Z ,W ,X )

)
∨

(
A21(Y , Z ,W ) ∧ A22(W ,X ,Y )

)
:- R(X ,Y ) ∧ S(Y , Z) ∧ T (Z ,W ) ∧ U(W ,X )

2 Semi-join reduce A11,A12,A21,A22 with R, S ,T ,U

3 Run Yannakakis

Q
(1)
□ (X ,Y )

def
= A11(X ,Y ,Z) ∧ A12(Z ,W ,X )

Q
(2)
□ (X ,Y )

def
= A21(Y ,Z ,W ) ∧ A22(W ,X ,Y )

X Z

Y

W

R S

TU

X ,Y ,Z

Z ,W ,X

T1

W

X

Y

Y

Z

WT2
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Evaluating Q over D |= S(
A11(X ,Y , Z) ∧ A12(Z ,W ,X )

)
∨

(
A21(Y , Z ,W ) ∧ A22(W ,X ,Y )

)
:- R(X ,Y ) ∧ S(Y , Z) ∧ T (Z ,W ) ∧ U(W ,X )

A11(X ,Y ,Z) ∨ A21(Y ,Z ,W ) :- R(X ,Y ) ∧ S(Y ,Z) ∧ T (Z ,W ) ∧ U(W ,X )

A11(X ,Y ,Z) ∨ A22(W ,X ,Y ) :- R(X ,Y ) ∧ S(Y ,Z) ∧ T (Z ,W ) ∧ U(W ,X )

A12(Z ,W ,X ) ∨ A21(Y ,Z ,W ) :- R(X ,Y ) ∧ S(Y ,Z) ∧ T (Z ,W ) ∧ U(W ,X )

A12(Z ,W ,X ) ∨ A22(W ,X ,Y ) :- R(X ,Y ) ∧ S(Y ,Z) ∧ T (Z ,W ) ∧ U(W ,X )

subw(Q□,S□) = max

(
max

h|=S□,Γ4
min(h(XYZ), h(YZW )) ,

max
h|=S□,Γ4

min(h(XYZ), h(WXY )),

max
h|=S□,Γ4

min(h(ZWX ), h(YZW )),

max
h|=S□,Γ4

min(h(ZWX ), h(WXY ))

)
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LP ⇒ Shannon inequality

max
h|=S□,Γ4

min(h(XYZ ), h(YZW ))

Primal LP

max t

s.t. t ≤ h(XYZ ), t ≤ h(YZW ), (2)

h(XY ), h(YZ ), h(ZW ), h(WX ) ≤ 1, (3)

h ∈ Γ4 (4)

Dual LP

▶ Feasible Space: Inequalities t ≤ C that can be proved from (2)–(4)

▶ Goal: Minimize C

But how can we prove such an inequality?
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Proving an inequality t ≤ C

max t

s.t. t ≤ h(XYZ ), t ≤ h(YZW ), (2)

h(XY ), h(YZ ), h(ZW ), h(WX ) ≤ 1, (3)

h ∈ Γ4 (4)

▶ t ≤ · · · using (2)

t ≤ λ1h(XYZ) + λ2h(YZW ), λ1 + λ2 ≥ 1

▶ · · · ≤ C using (3)

w1h(XY ) + w2h(YZ) + w3h(ZW ) + w4h(WX ) ≤ w1 + w2 + w3 + w4

▶ Stitch using (4)

t ≤︸︷︷︸
(2)

λ1h(XYZ) + λ2h(YZW ) ≤ w1h(XY ) + w2h(YZ) + w3h(ZW ) + w4h(WX )︸ ︷︷ ︸
Shannon inequality (4)

≤ w1 + w2 + w3 + w4︸ ︷︷ ︸
(3)
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▶ Stitch using (4)

t ≤︸︷︷︸
(2)

λ1h(XYZ) + λ2h(YZW ) ≤ w1h(XY ) + w2h(YZ) + w3h(ZW ) + w4h(WX )︸ ︷︷ ︸
Shannon inequality (4)

≤ w1 + w2 + w3 + w4︸ ︷︷ ︸
(3)
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Optimal inequality t ≤ 3/2

max t

s.t. t ≤ h(XYZ ), t ≤ h(YZW ), (2)

h(XY ), h(YZ ), h(ZW ), h(WX ) ≤ 1, (3)

h ∈ Γ4 (4)

t ≤ 1

2
h(XYZ ) +

1

2
h(YZW ) ≤ 1

2
h(XY ) +

1

2
h(YZ ) +

1

2
h(ZW )︸ ︷︷ ︸

Shannon inequality

1
2
[h(XY ) + h(YZ)− h(Y )− h(XYZ)] ≥ 0

1
2
[h(Y ) + h(ZW )− h(YZW )] ≥ 0

≤ 3

2
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Output Size Bound of a DDR

A11(X ,Y ,Z ) ∨ A21(Y ,Z ,W ) :- R(X ,Y ) ∧ S(Y ,Z ) ∧ T (Z ,W ) ∧ U(W ,X )

▶ Many valid outputs (A11,A21)

▶ Each has size max(|A11|, |A21|)
▶ The output size is their min

t ≤ 1

2
h(XYZ) +

1

2
h(YZW ) ≤ 1

2
h(XY ) +

1

2
h(YZ) +

1

2
h(ZW ) ≤ 3

2

⇓
The DDR has output size ≤ N3/2
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Output Size Bound of a DDR (cont.)

A11(X ,Y ,Z ) ∨ A21(Y ,Z ,W ) :- R(X ,Y ) ∧ S(Y ,Z ) ∧ T (Z ,W ) ∧ U(W ,X )

Proving the DDR has output size ≤ N3/2

A11,A21,A← ∅
for (x , y , z ,w) ∈ R ⋊⋉ S ⋊⋉ T ⋊⋉ U do

if (x , y , z) /∈ A11 ∧ (y , z ,w) /∈ A21 then

Insert (x , y , z) into A11, (y , z ,w) into A21, and (x , y , z ,w) into A

logN |A11| = logN |A21| = logN |A| = h(XYZW ) =

1

2
h(XYZ ) +

1

2
h(YZW ) ≤ 1

2
h(XY ) +

1

2
h(YZ ) +

1

2
h(ZW ) ≤ 3

2
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Shannon Inequality ⇒ Proof Sequence

1

2
h(XYZ) +

1

2
h(YZW ) ≤ 1

2
h(XY ) +

1

2
h(YZ) +

1

2
h(ZW )

h(XYZ) + h(YZW ) ≤ h(XY ) + h(YZ) + h(ZW )

h(XY ) + h(YZ ) + h(ZW ) h(YZ )→ h(Y ) + h(Z |Y )

= h(XY ) + h(Y ) + h(Z |Y ) + h(ZW ) h(Z |Y )→ h(Z |XY )

≥ h(XY ) + h(Y ) + h(Z |XY ) + h(ZW ) h(XY ) + h(Z |XY )→ h(XYZ )

= h(XYZ ) + h(Y ) + h(ZW ) h(Y )→ h(Y |ZW )

≥ h(XYZ ) + h(Y |ZW ) + h(ZW ) h(ZW ) + h(Y |ZW )→ h(YZW )

= h(XYZ ) + h(YZW )
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Evaluating a DDR in its output size bound

A11(X ,Y ,Z) ∨ A21(Y ,Z ,W ) :- R(X ,Y ) ∧ S(Y ,Z) ∧ T (Z ,W ) ∧ U(W ,X )

has an output size bound of N3/2, based on

h(XYZ) + h(YZW ) ≤ h(XY ) + h(YZ) + h(ZW )

h(YZ) → h(Y ) + h(Z |Y )

h(Z |Y ) → h(Z |XY )

h(XY ) + h(Z |XY ) → h(XYZ)

h(Y ) → h(Y |ZW )

h(ZW ) + h(Y |ZW ) → h(YZW )

Two Algorithmic Translations:

▶ Classic PANDA [Abo Khamis, Ngo, et al. 2017]

◦ Extra O(polylog(N))

▶ PANDAExpress [Abo Khamis, Ngo, et al. 2026]

◦ polylog(N) removed!
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Intuition

Classic PANDA route

Proof of the

Polymatroid Bound

Entropies h(X ), X ⊆ V
(Variable-level reasoning)

Probability distributions

pX (x), x ∈ DomX

(Value/data-level reasoning)

Counting tuples

x ∈ supp(pX )

NEW Proof of the

Polymatroid Bound

Sub-probability measures

pX (x), x ∈ DomX

(Value/data-level reasoning)
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Background: Sub-probability Measures

▶ “Relaxed” probability distribution, pX (x)∑
x

pX (x) ≤ 1

▶ Conditional measures: pY |X (y |x)

▶ pX (x) ≥
1

B
, for all x ∈ supp(pX ) ⇒ |supp(pX )| ≤ B

▶ Closed under

Marginals: pX (x)
def
=

∑
y

pXY (x , y)

Conditionals: pY |X (y |x)
def
=

pXY (x , y)
pX (x)

Geometric means: pX (x)
def
=

[
p
(1)
X (x) · . . . · p(k)X (x)

]1/k
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NEW Proof of DDR Output Size Bound
h(XYZ) + h(YZW ) ≤

h(XY ) + h(YZ) + h(ZW ) ≤ 3 logN N

pXY (x, y) · pYZ (y , z)·pZW (z,w) ≥ 1/N3

pXY (x, y)
def
= 1/N, pYZ (y , z)

def
= 1/N, pZW (z,w)

def
= 1/N

h(YZ) → h(Y ) + h(Z |Y )

pYZ (y , z) → pY (y) · pZ|Y (z|y)

pY (y)
def
=

∑
z

pYZ (y , z) =
degS (Z |Y = y)

N

pZ|Y (z|y)
def
=

pYZ (y , z)

pY (y)
=

1

degS (Z |Y = y)

h(Z |Y ) → h(Z |XY )

pZ|Y (z|y) → pZ|XY (z|xy)

pZ|XY (z|xy)
def
= pZ|Y (z|y) =

1

degS (Z |Y = y)

h(XY ) + h(Z |XY ) → h(XYZ)

pXY (x, y) · pZ|XY (z|xy) → pXYZ (x, y , z)

pXYZ (x, y , z)
def
= pXY (x, y) · pZ|XY (z|xy) =

1

N · degS (Z |Y = y)

h(Y ) → h(Y |ZW )

pY (y) → pY |ZW (y |zw)

pY |ZW (y |zw)
def
= pY (y) =

degS (Z |Y = y)

N

h(ZW ) + h(Y |ZW ) → h(Y |ZW )

pZW (z,w) · pY |ZW (y |zw) → pYZW (y , z,w)

pYZW (y , z,w)
def
= pZW (z,w) · pY |ZW (y |zw) =

degS (Z |Y = y)

N2

h(XYZ) + h(YZW ) ≤

h(XYZ) + h(YZW ) ≤ 3 logN N

pXYZ (x, y , z) · pYZW (y , z,w) ≥ 1/N3
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NEW Proof of DDR Output Size Bound B
def
= N3/2

A11(X ,Y ,Z) ∨ A21(Y ,Z ,W ) :- R(X ,Y ) ∧ S(Y ,Z) ∧ T (Z ,W ) ∧ U(W ,X )

pXYZ (x , y , z)︸ ︷︷ ︸

1
N·degS (Z |Y=y)

· pYZW (y , z ,w)︸ ︷︷ ︸

degS (Z |Y=y)
N2

≥ 1

N3
=

1

B2
∀(x , y , z ,w) ∈⋊⋉

For every (x , y , z ,w) ∈⋊⋉

either pXYZ (x , y , z) ≥ 1
B

⇔ degS(Z |Y = y) ≤
√
N

or pYZW (y , z ,w) ≥ 1
B

⇔ degS(Z |Y = y) ≥
√
N
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NEW Algorithm for Evaluating the DDR
This IS the algorithm, BUT compute truncated pXYZ , pYZW by ≥ 1/B

h(XYZ) + h(YZW ) ≤

h(XY ) + h(YZ) + h(ZW ) ≤ 3 logN N

pXY (x, y) · pYZ (y , z)·pZW (z,w) ≥ 1/N3

pXY (x, y)
def
= 1/N, pYZ (y , z)

def
= 1/N, pZW (z,w)

def
= 1/N

h(YZ) → h(Y ) + h(Z |Y ) pYZ (y , z) → pY (y) · pZ|Y (z|y)

pY (y)
def
=

∑
z

pYZ (y , z) =
degS (Z |Y = y)

N

pZ|Y (z|y)
def
=

pYZ (y , z)

pY (y)
=

1

degS (Z |Y = y)

h(Z |Y ) → h(Z |XY ) pZ|Y (z|y) → pZ|XY (z|xy)

pZ|XY (z|xy)
def
= pZ|Y (z|y) =

1

degS (Z |Y = y)

h(XY ) + h(Z |XY ) → h(XYZ) pXY (x, y) · pZ|XY (z|xy) → pXYZ (x, y , z)

pXYZ (x, y , z)
def
= pXY (x, y) · pZ|XY (z|xy) =

1

N · degS (Z |Y = y)

h(Y ) → h(Y |ZW ) pY (y) → pY |ZW (y |zw)

pY |ZW (y |zw)
def
= pY (y) =

degS (Z |Y = y)

N
h(ZW ) + h(Y |ZW ) → h(Y |ZW ) pZW (z,w) · pY |ZW (y |zw) → pYZW (y , z,w)

pYZW (y , z,w)
def
= pZW (z,w) · pY |ZW (y |zw) =

degS (Z |Y = y)

N2
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PANDA

Proof that subw(Q,S) ≤ B

Computing subw(Q,S)

LP1 LP2 · · ·

Shannon ineq1 Shannon ineq2 · · ·

Proof seq1 Proof seq2 · · ·

Algorithm for evaluating Q
in O(NB + |Q(D)|)

Evaluating Q over D |= S

DDR1 DDR2 · · ·

|DDR1(D)| ≤ NB |DDR2(D)| ≤ NB · · ·

OP seq1 OP seq2 · · ·

DDR1(D)

in O(NB)

DDR2(D)

in O(NB)

· · ·
· · ·

Yannakakis

Q(D)

in O(NB + |Q(D)|)



Outline

1 Cardinality Estimation

2 Query Evaluation

3 Conclusion



Extensions

▶ Other Queries:

FAQs, #CQs

◦ FAQs: Aggregate queries over a semiring (K ,⊕,⊗)

Idempotent e.g. (R,min,+) Works

Non-idempotent e.g. (N,+,×) or #CQs Open

⋄ #subw(Q) ≥ subw(Q) [Abo Khamis, Curtin, et al. 2020]

⋄ Not tight [Bringmann et al. 2025]

▶ Other Statistics:

ℓp-norms of Degree Vectors

◦ [Jayaraman et al. 2021; Abo Khamis, Nakos, et al. 2024]

▶ Other Operators:

Fast Matrix Multiplication (FMM)

◦ ω-subw(Q) ≤ subw(Q) [Abo Khamis, Hu, et al. 2025]

⋄ ω-subw(Q△) = 2ω
ω+1

[Alon et al. 1997]
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Open Problems

▶ #CQs in submodular width time?

▶ Entropic version of the submodular width, entw(Q) ≤ subw(Q)

◦ Runtime O(Nentw(Q) +OUT)?

▶ Tractabilty of computing the polymatroid bound

◦ Is it in NP (in (Q,S) size)?
◦ Tractable for “simple” DCs [Im et al. 2025]

▶ Length of the proof sequence

◦ Exponential in general [Abo Khamis, Ngo, et al. 2017]

◦ Polynomial for “simple” DCs [Im et al. 2025]
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Open Problems (cont.)

▶ Lower bounds

◦ Classic lower bound

⋄ For self-join-free BCQs: Unbounded subw ⇔ No FPT [Marx 2013]

◦ Fine-grained lower bounds

⋄ Ω(Nsubw(Q) +OUT) for subw(Q) < 2, binary relations [Bringmann et al. 2025]

⋄ Ω(Nclemb(Q) +OUT) for (min,+)-aggregate queries [Fan et al. 2023]

⋄ Ω(N(1−ϵ)·entw(Q)) on the semiring (⊕,⊗)-circuit size [Fan et al. 2024]

⋄ NΩ(subw(Q)1/4) on the (∪,×)-circuit size [Berkholz et al. 2026]
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Open Problems (cont.)

▶ Lower bounds

Best known combinatorial upper bound: O(Nsubw(Q) +OUT)

◦ [Q1] Does Ω(Nsubw(Q) +OUT) follow from existing conjectures?

◦ [Q2] What is a “combinatorial algorithm”?

Two ways to rule out FMM

⋄ Use (min,+)-semiring [Fan et al. 2023; Bringmann et al. 2025]

⋄ Use full queries [Bringmann et al. 2025]

◦ [Q3] A non-combinatorial Ω(Nω-subw(Q) +OUT)?
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PANDA

Proof that subw(Q,S) ≤ B

Computing subw(Q,S)

LP1 LP2 · · ·

Shannon ineq1 Shannon ineq2 · · ·

Proof seq1 Proof seq2 · · ·

Algorithm for evaluating Q
in O(NB + |Q(D)|)

Evaluating Q over D |= S

DDR1 DDR2 · · ·

|DDR1(D)| ≤ NB |DDR2(D)| ≤ NB · · ·

OP seq1 OP seq2 · · ·

DDR1(D)

in O(NB)

DDR2(D)

in O(NB)

· · ·
· · ·

Yannakakis

Q(D)

in O(NB + |Q(D)|)



Shannon Inequality ⇒ Identity

h(XYZ) + h(YZW ) ≤ h(XY ) + h(YZ) + h(ZW )

−h(XY )− h(YZ) + h(Y ) + h(XYZ) ≤ 0 (submodularity)

−h(Y )− h(ZW ) + h(YZW ) ≤ 0 (submodularity)

Identity

“target terms”︷ ︸︸ ︷
h(XYZ) + h(YZW ) =

“source terms”︷ ︸︸ ︷
h(XY ) + h(YZ) + h(ZW )

+ (−h(XY )− h(YZ) + h(Y ) + h(XYZ))
}

≤ 0 (submodularity)

+ (−h(Y )− h(ZW ) + h(YZW ))
}

≤ 0 (submodularity)

Claim: # of target terms ≤ # of unconditional︸ ︷︷ ︸
h(A|∅) = h(A)

source terms
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Identity ⇒ Proof Sequence

h(XYZ) + h(YZW ) =h(XY ) +h(YZ) + h(ZW )

+ (−h(XY ) −h(YZ) + h(Y ) + h(XYZ))

+ (−h(Y ) − h(ZW ) + h(YZW ))

h(YZ) → h(Y ) + h(Z |Y )

h(Z |Y ) → h(Z |XY )

h(XYZ) + h(YZW ) = h(XY ) + h(Y ) + h(Z |XY ) + h(ZW )

+ (−h(Y ) − h(ZW ) + h(YZW )) h(XY ) + h(Z |XY ) → h(XYZ)

h(XYZ) + h(YZW ) = h(XYZ) + h(Y ) + h(ZW )

+ (−h(Y ) − h(ZW ) + h(YZW )) –

h(YZW ) = h(Y ) + h(ZW )

+ ( −h(Y ) − h(ZW ) + h(YZW )) h(Y ) → h(Y |ZW )

h(YZW ) = h(Y |ZW ) + h(ZW )
h(ZW ) + h(Y |ZW ) → h(YZW )

h(YZW ) = h(YZW ) –
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Appendix: The Hexagon Query



The Hexagon Query [Wang 2022]

Q(A,B,C ,D,E ,F ) :- R(A,B,C ) ∧ S(C ,D,E ) ∧ T (E ,F ,A) ∧ K (B,D,F )

▶ AGM bound is N2

▶ Any WCOJ algorithm can solve it in O(N2)

▶ But no heavy-light partitioning algorithm
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The Hexagon Query [Wang 2022]

Q(A,B,C ,D,E ,F ) :- R(A,B,C ) ∧ S(C ,D,E ) ∧ T (E ,F ,A) ∧ K (B,D,F )

2h(ABCDEF ) ≤

h(ABC) + h(CDE) + h(EFA) + h(BDF )

h(ABCDEF ) ≤ h(ABC) + h(DE |C)︸ ︷︷ ︸
light C

+ h(F )︸ ︷︷ ︸
heavy F

h(ABCDEF ) ≤ h(EFA) + h(BD|F )︸ ︷︷ ︸
light F

+ h(C)︸ ︷︷ ︸
heavy C
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S

K

But what about light C with light F , or heavy C with heavy F?!
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Q(A,B,C ,D, E , F ) :- R(A,B,C) ∧ S(C ,D, E) ∧ T (E , F ,A) ∧ K(B,D, F )

2h(ABCDEF ) ≤

h(ABC ) + h(CDE ) + h(EFA) + h(BDF )

pABC (abc) · pCDE (cde) · pEFA(efa) · pBDF (bdf ) ≥
1

N4
=

1

B2

h(CDE ) → h(C ) + h(DE |C )

pC (c)
def
=

∑
de

pCDE (cde) =
degS (DE |C = c)

N

pDE|C (de|c)
def
=

pCDE (cde)

pC (c)
=

1

degS (DE |C = c)

h(ABC ) + h(DE |C ) → h(ABCDE ) pABCDE (abcde)
def
= pABC (abc) · pDE|C (de|c) =

1

N · degS (DE |C = c)

h(BDF ) → h(F ) + h(BD|F )

pF (f )
def
=

∑
bd

pBDF (bdf ) =
degK (BD|F = f )

N

pBD|F (bd|f )
def
=

pBDF (bdf )

pF (f )
=

1

degK (BD|F = f )

h(EFA) + h(BD|F ) → h(ABDEF ) pABDEF (abdef )
def
= pEFA(efa) · pBD|F (bd|f ) =

1

N · degK (BD|F = f )

h(ABCDE ) + h(F ) → h(ABCDEF )
p′ABCDEF (abcdef )

def
= pABCDE (abcde) · pF (f ) =

degK (BD|F = f )

N2 · degS (DE |C = c)

h(ABDEF ) + h(C ) → h(ABCDEF ) p′′ABCDEF (abcdef )
def
= pABDEF (abdef ) · pC (c) =

degS (DE |C = c)

N2 · degK (BD|F = f )
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PANDAExpress on the Hexagon Query

Q(A,B,C ,D,E ,F ) :- R(A,B,C ) ∧ S(C ,D,E ) ∧ T (E ,F ,A) ∧ K (B,D,F )

p′ABCDEF (abcdef )︸ ︷︷ ︸
degK (BD|F=f )

N2·degS (DE |C=c)

· p′′ABCDEF (abcdef )︸ ︷︷ ︸
degS (DE |C=c)

N2·degK (BD|F=f )

≥ 1

N4
=

1

B2

For every (a, b, c , d , e, f ) ∈⋊⋉
either p′ABCDEF (abcdef ) ≥ 1

B ⇔ degK (BD|F = f ) ≥ degS(DE |C = c)

or p′′ABCDEF (abcdef ) ≥ 1
B ⇔ degK (BD|F = f ) ≤ degS(DE |C = c)︸ ︷︷ ︸

Hyperplane Partitioning

Algorithm: Computed “truncated” p′ABCDEF and p′′ABCDEF by ≥ 1
B
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