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1. Introduction

In this paper we present a sequential quadratic programming (SQP) method for solving the problem

(o) minimice §(x) = () + ol le(@)]" |1
where the constraint vector ¢(z) : R — R™ and the objective function f(z):R"™ — R are assumed to
be twice continuously differentiable, o is a positive scalar known as the penalty parameter, and we have
used the notation [v]~ = min(0,v) for a generic vector v (the minimum is understood to be component-
wise). Our motivation for solving this problem is that solutions of problem (¢1-0) correspond (under
certain assumptions) to solutions of the problem

(NP) miniﬁlize f(z) subject to c¢(z) > 0.
me n
See [10,19] for more details on exactly how problems (¢;-0) and (NP) are related.

The precise set of properties that characterize an SQP method is often author dependent. In fact,
as the immense volume of literature on SQP methods continues to increase, the properties that define
these methods become increasingly blurred. One may argue, however, that the backbone of every SQP
method consists of “step generation” and “step acceptance/rejection”. We describe these concepts in
turn.

All SQP methods generate a sequence of trial steps, which are computed as solutions of cleverly
chosen quadratic or quadratic-related subproblems. Typically, the QP subproblems are closely related
to the optimality conditions of the underlying problem and thus give the potential for fast Newton-like
convergence. More precisely, the trial steps “approximately” minimize (locally) a quadratic approxi-
mation to a Lagrangian function subject to a linearization of all or a subset of the constraint functions.
Two major concerns associated with this QP subproblem are incompatible linearized constraints and
unbounded solutions. There are essentially two approaches that have been used for handling unbounded
solutions. The first approach is to use a positive definite approximation to the Hessian in the quadratic
subproblem. The resultant strictly convexr QP is bounded with a unique minimizer. The second ap-
proach allows for a nonconvex QP by explicitly bounding the solution via a trust-region constraint.
Both techniques have been effective in practice. The issue of incompatible subproblems is more deli-
cate. We first note that the QP subproblem may be “naturally” incompatible — i.e., the set of feasible
points is empty. However, even if the linearized constraints are compatible, the feasible region may
still be empty if a trust-region constraint is imposed; the trust-region may “cut-off” all solutions to the
linear system. Different techniques, such as constraint shifting [25], a special “elastic” mode [16], and
a “feasibility restoration” phase [13], have been used to deal with incompatible subproblems.

Strategies for accepting or rejecting trial steps are sometimes referred to as “globalization tech-
niques” since they are the instrument for guaranteeing global convergence. The earliest methods used
so-called merit functions to measure the quality of a trial step. A merit function is a single function
that carefully balances the (usually) conflicting aims of reducing the objective function and satisfying
the constraints. The basic idea is that a step is accepted if it gives sufficient decrease in the merit
function; otherwise, the step is rejected, parameters updated, and a new trial step is computed. More
recently, filter methods [13] have become an attractive alternative to a merit function. Filter methods
view problem (NP) as a bi-objective optimization problem — minimizing the objective function f(x)
and minimizing the constraint violation ||[c(x)]™||. These methods use the idea of a “filter”, which is es-
sentially a collection of pairs (||[c(z)] ||, f(z)) such that no pair dominates another — we say that a pair
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(Nez)] ™I, f(z1)) dominates a pair (|[[c(z2)]”[], f(x2)) if f(z1) < f(x2) and |[[c(z1)]”[] < [[[c(z2)] |-
Although the use of a merit function and a filter are conceptually quite different, Curtis and Nocedal [11]
have shown that a “flexible” penalty approach partially bridges this gap. Their method may be viewed
as a continuum of methods with traditional merit function and filter methods as the extrema.

The previous two paragraphs described two properties of all SQP methods — step computation
and step acceptance or rejection — and these properties alone may differentiate one SQP method from
another. In the context of problem (NP), a further fundamental distinction between SQP methods
can be found in how the inequality constraints are used in the QP subproblems. This distinction has
spawned a rivalry between essentially two classes of methods, which are commonly known as SEQP
and SIQP methods.

Sequential equality-constrained quadratic programming (SEQP) methods solve problem (NP) by
solving an equality constrained QP during each iterate. The linearized equality constraints that are
included may be interpreted as an approximation to the optimal active constraint set. Determining
which constraints to include in each subproblem is a delicate task. The approach used by Coleman
and Conn [3] includes those constraints that are nearly active at the current point. Then they solve
an equality constrained QP in which a second-order approximation to the locally differentiable part of
an exact penalty function is minimized subject to keeping the “nearly” active constraints fixed. An
alternative approach is to use the solution of a “simpler” auxiliary subproblem as a prediction of the
optimal active constraints. Often, the simpler subproblem only uses first-order information and results
in a linear program. Merit function based variants of this type have been studied by Fletcher and Sainz
de la Maza [11], Byrd et al. [4,5], while filter based variants have been studied by Chin and Fletcher [7].

Sequential inequality-constrained quadratic programming (SIQP) methods solve problem (NP) by
solving a sequence of inequality constrained quadratic subproblems. Unlike the SEQP philosophy,
SIQP methods utilize every constraint in each subproblem and, therefore, avoid the precarious task
of choosing which constraints to include. These methods also have the potential for fast convergence;
under standard assumptions, methods of this type correctly identify the optimal active-set in a fi-
nite number of iterations and thereafter rapid convergence is guaranteed by the famous result due to
Robinson [22, Theorem 3.1]. Probably the greatest disadvantage of SIQP methods is their potential
cost; to solve the inequality constrained QP subproblem, both active-set and interior-point algorithms
may require the solution of many equality constrained quadratic programs. However, in the case of
moderate-sized problems, there is much empirical evidence that indicates that the additional cost per
iteration is often off-set by substantially fewer function evaluations (similar evidence has yet to sur-
face for large-sized problems). SIQP methods that utilize exact second-derivatives must also deal with
nonconvexity. To our knowledge, all previous second-order SIQP methods assume that global mini-
mizers of nonconvex subproblems are computed, which is not a realistic assumption in most cases. For
these methods, the computation of a local minimizer is unsatisfactory because it may yield an ascent
direction. Line-search, trust-region, and filter variants of SIQP methods have been proposed. The
line-search method by Gill et al. [1(] avoids unbounded and non-unique QP solutions by maintaining
a quasi-Newton (sometimes limited-memory quasi-Newton) approximation to the Hessian of the La-
grangian. The SIQP approaches by Boggs, Kearsley and Tolle [1,2] modify the exact second derivatives
to ensure that the reduced Hessian is sufficiently positive definite. Finally, the filter SIQP approach
by Fletcher and Leyffer [13] deals with infeasibility by entering a special restoration-phase to recover
from bad steps.

The algorithm we propose may be considered an SIQP/SEQP hybrid that is most similar to the
S¢1QP method proposed by Fletcher [12], which is a second-order method designed for finding first-order
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critical points of problem (¢1-0). The QP subproblem studied by Fletcher is to minimize a second-
order approximation to the £i-penalty function subject to a trust-region constraint. More precisely, the
QP subproblem is obtained by approximating f(z) and c¢(z) in the ¢;-penalty function by a second-
and first-order Taylor approximation, respectively. Unfortunately, the theoretical results of Fletcher’s
method requires the computation of the global minimizer of this (generally) nonconvex subproblem,
which is known to be an NP-hard problem. The method we propose is also a second-derivative method
that is globalized via the £1-merit function, but we do not require the global minimizer of any nonconvex
QP. To achieve this goal, our procedure for computing a trial step is necessarily more complicated than
that used by Fletcher. Given an estimate xj of a solution to problem (NP), a search direction is
generated from a combination of three steps: a predictor step s, is defined as a solution to a strictly
conver QP subproblem; a Cauchy step s;* drives convergence of the algorithm and is computed from
a special uni-variate global minimization problem; and an (optional) SQP step s} is computed from a
local solution of a special nonconvex QP subproblem. Since there is considerable flexibility in how we
compute the SQP step, we may adaptively choose the SQP subproblem to reflect the likely success of
an SIQP or SEQP approach. This observation justifies our claim that our method is an SIQP/SEQP
hybrid.

The rest of the paper is organized as follows. This section proceeds to introduce requisite nota-
tion and to catalog various model functions used throughout the paper. Section 2 gives a complete
description of how we generate the predictor, Cauchy and SQP steps. The algorithm for computing a
first-order solution to problem (¢1-0) is given in Section 3 and the global convergence of this algorithm
is considered in Section 4. Finally, Section 5 gives conclusions and future work.

1.1. Notation

Most of our notation is standard. We let e denote the vector of all ones whose dimension is determined
by the context. A local solution of (¢1-0) is denoted by x*; g(x) is the gradient of f(z), and H(x) its
(symmetric) Hessian; the matrix H;(z) is the Hessian of ¢;(x); J(z) is the m x n Jacobian matrix of
the constraints with ith row Ve;(x)T. For a general vector v, the notation [v]~ = min(0,v) is used,
where the minimum is understood to be component-wise. The Lagrangian function associated with
(NP) is L(z,y) = f(z) — yTc(z). The Hessian of the Lagrangian with respect to z is V2,L(z,y) =
H(z) =370 yiHj(w).

We often consider problem functions evaluated at a specific point x. To simplify notation we define
the following: fr = f(xk), cx = c(xk), gx = g(z) and Jp = J(z)). Given a pair of values (x,yx), we
let Hy and By denote symmetric approximations to H (zy,yx) in which By is required additionally to
be positive-definite. In practice Hy may be chosen to be H(zy,y), but this is not necessary in what
follows.

We define the indexing sets Vj, V(xg;si) = {i: [ex + Jisy")i < 0} and S, & S(x;sy) ={i:
[ci + Jisy )i > 0}, which contain the indices of the linearized constraints that are wviolated and satisfied
at the Cauchy step, respectively. Given a generic vector v or matrix V', the notation [v],, and [V],,
will denote the rows of v and V, respectively, that correspond to the indices in Vj,. Analogous notation
applies to the indexing set S.

1.2. Model functions

We define the following models of ¢(x) for a given estimate xj of a solution to problem (¢1-0).
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e The linear model of the merit function:
def _
ME(s) = MiE(s;ak) = fo + gk s+ oll[ex + Jis] 7|1

e The conver model of the merit function:
def

ME(s) = ME(s;mp) = fr + gk s + 3T Bys + ol|[cx + Jis] 7|1
e The faithful model of the merit function:

M(s) < MP(s; ) = fu + gLs + 25T Hys + | [ox + Jrs] |-
e The SQP model:

def - _
M(s) < Mi(s;xr,s77) = fr + (95 + HksgP)Ts + %STHkS +ol|[er + Jp(sp" + s)]kal,
where s¢7 is the Cauchy step (see Section 2.2) and fi = fx + gF s{¥ + %SEPTHksgp.

e The change in the linear model:
AMY(s) € AM(s; 2) = ME0;25) — ME(s 3 2p).
e The change in the convex model:
AM(s) € AMP(s: 24) = MP(O: ) = Mi(s ;).
e The change in the faithful model:
AM}(s) € AM{(s:x) = M(0;2i) = Mil(s: 21).
e The change in the SQP model:
AMS(s) & AM(s 2, 5S7) = MS(0: 2y, 5S7) — M(s ; g, 557).
e For a given trust-region radius A > 0, primal variable x, and penalty parameter o, we denote
the maximum decrease in the linear model to be
Al (z,A) = Mg(0;2) — min  Mj(s;x). (1.1)

- l[slloo <A

L. are given in the next lemma. See Borwein and Lewis [3],
Rockafellar [23], and Yuan [20] for more details.

Useful properties of the function A~

Lemma 1.1. Consider the definition of A~

L as given by equation (1.1). Then the following properties
hold:
x,A) >0 for all x and all A > 0;

x,-) is a non-decreasing function;

-, A) is continuous;

For any fired A > 0, A-

max

(x,A) =0 if and only if x is a stationary point for problem (¢1-0).
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Properties (ii) and (iii) allow us to relate the maximum decrease in the linear model for an arbitrary
radius to the maximum decrease in the linear model for a constant radius. For convenience, we have
chosen that constant to be one. The following corollary makes this precise.

Corollary 1.1. Let x be fized. Then for all A >0

Ar (z,A) > min(A,1)AL (z,1). (1.2)

maz mazr

Proof. See Lemma 3.1 in [5]. &

2. Step Computation

During each iterate of our proposed method we compute a trial step s; that is calculated from three
steps: a predictor step si, a Cauchy step s.”, and an SQP step s;. The predictor step is defined
as the solution of a strictly conver model for which the global minimum is unique and computable
in polynomial time. The Cauchy step is then computed as the global minimizer of a specialized one-
dimensional optimization problem involving the faithful model M}' and is also computable in polynomial
time. It will be shown that the Cauchy step alone is enough for proving convergence, but we allow the
option for computing an additional SQP step. The SQP step is the solution of a special QP subproblem
that utilizes a less restrictive approximation Hy to H(zy,yx) and is intended to improve the efficiency
of the method by encouraging fast convergence. We begin by discussing the predictor step.

2.1. The predictor step s;,

In our algorithm, the predictor step s; plays a role analogous to the role played by the direction of
steepest descent in unconstrained trust-region methods. During each iterate of a traditional uncon-
strained trust-region method, a quadratic model of the objective function is minimized in the direction
of steepest descent. The resulting step, known as the Cauchy step, gives a decrease in the quadratic
model that is sufficient for proving convergence (see Conn et al. [9]). In our setting, a vector that is di-
rectly analogous to the direction of steepest descent is the vector that minimizes the linearization of the
£1-merit function within a trust-region constraint. However, since we want to incorporate second-order
information, we define the predictor step to be the solution to

miniﬂlglize MpP(s) subject to [|s]leo < AL, (2.1)
SER™

where By, is any symmetric positive definite approximation to the Hessian, and A} > 0 is the predictor
trust-region radius; since By is positive definite, problem (2.1) is strictly convex and the minimizer is

unique. We note that
AM;(s) = 0, (2.2)

since MX(s;) < Mp(0) and that problem (2.1) is a non-smooth minimization problem. In fact, it is
not differentiable at any point for which the constraint linearization is zero. In practice, we solve the
equivalent elastic” problem [16] defined as

minimize  f + g,{s + %STBkS + opelv
seR™ veR™ (23)

subject to ¢+ Jgs+v >0, v>0, [s|le < AJ.
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Problem (2.3) is a smooth linearly-constrained convex quadratic program that may be solved using a

number of software packages such as L0Q0 [24] and QPOPT [15], as well as the QP solvers QPA, QPB, and

QPC that are part of the GALAHAD [17] library. In addition, if By is chosen to be diagonal, then the

GALAHAD package LSQP may be used since problem (2.3) is then a separable convex quadratic program.
The following estimate is [26, Lemma 2.2] transcribed into our notation.

Lemma 2.1. For a given xp and o the following inequality holds:

B P 1 AL Py . - AL (g, A]?)
AM;(sy) > 54,,.(2k, A),) min <1, W) . (2.4)
We note that the proof by Yuan requires the global minimum of the associated QP. For a general QP
this requirement is not practical since finding the global minimum of a nonconvex QP is NP-hard. This
is likely the greatest drawback of any previous method that utilized both exact second derivatives and
the £1-penalty function. In our situation, however, the matrix By is positive definite by construction
and the global minimum may be found efficiently.
We may further bound AM; (s}) by applying Corollary 1.1.

Corollary 2.1.

mazr

AM(s]) > 3 A7 (a:k,l)mln<1, p Ablon 1) Aok,
B B TBa(aD?

Proof. Follows directly from Corollary 1.1 and Lemma 2.1. |

The previous corollary bounds the change in the convex model at the predictor step in terms of the
maximum change in the linear model within a unit trust-region. Since we wish to drive convergence
by using the faithful model, we must derive a useful bound on the change in the faithful model. This
essential bound is derived from the Cauchy point and is the topic of the next section.

2.2. The Cauchy step s*

In the beginning of Section 2 we stated that the Cauchy step induces global convergence of our proposed
method. However, it is also true that the predictor step may be used to drive convergence for a slightly
different method; this modified algorithm may crudely be described as follows. During the computation
of each iterate, the ratio of actual versus predicted decrease in the merit function is computed, where
the predicted decrease is given by the change in the convex model MJ(s) at s;. Based on this ratio,
the trust-region radius and iterate x; may be updated using standard trust-region techniques. Using
this idea and assuming standard conditions on the iterates generated by this procedure, one may prove
convergence to a first-order solution of problem (¢1-¢). This may be derived from Fletcher’s work [12] by
allowing a positive-definite approximation to H(xg, yx). However, our intention is to stay as faithful to
the problem functions as possible. Therefore, in computing the ratio of actual versus predicted decrease
in the merit function, we use the decrease in the faithful model M[(s) instead of the strictly convex
model MP(s). Unfortunately, since the predictor step is computed using the approximate Hessian By,
the point s} is not directly appropriate as a means for ensuring convergence. In fact, it is possible
that M;'(s;) > M (0) so that the predictor step gives an increase in the faithful model. However,
a reasonable point is close-at-hand and is what we call the Cauchy step. The basic idea behind the
Cauchy step is to make improvement in the faithful model in the direction s, by finding the global
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minimizer of M (as)) for 0 < a < 1. We will see that the Cauchy step allows us to prove convergence

by using the quantity AM/(s;") as a prediction of the decrease in the merit function.

To be more precise, the Cauchy step is defined as s;" = ays) where «y, is the solution to
minimize M as}). 2.6
00 glz K (asy) (2.6)

The function M} (as)) is a piecewise-continuous quadratic function of « for which the exact global
minimizer may be found efficiently. Before discussing the properties of the Cauchy step, we give the
following simple lemma.

Lemma 2.2. Let ¢ € R™, J € R™", and s € R™. Then the following inequality holds for all
0<a<l:
e+ ads]™ [l < elflle+ Js] ™ Iy + (1 = a)[[c] 7 []1 (2.7)

Proof. From the convexity of ||[]7||; it follows that
e+ ads]™ [l = lllalc + Js) + (1 — )] " [1 < allfe + Js] ™ [l + (1 = )|[e] |1,
which is equation (2.7). 1

We now give a precise lower bound for the change in the faithful model obtained from the Cauchy
step.

Lemma 2.3. Let s; and si” be defined as previously. Then

AMP(sy)
AMA(sS7) > LAMP(s)) min <1, k2 k ) . 2.8
k( k ) - 9 k( k) nHBk _HkH2(A]};)2 ( )
Proof. For all 0 < a < 1, we have
AMP(s57) > AMJ(as?) (2.9)
2
_ _ o
= o (ll[er] [l = Il + adisp] " [l) — agi sk — 78§THkSE (2.10)
— P1— T p o? pT P o pT P
= o (|l "l = e + adesg] ™ [lh) — agy s, — 5 sk Brsi + 5 si” (B — Hi)sg. (2.11)

Equation (2.9) follows since s3." minimizes M;'(as) ) for 0 < oo < 1. Equations (2.10) and (2.11) follow
from the definition of M} and from simple algebra. Continuing to bound the change in the faithful
model, we have

AM;(s") = o (lle] "Il = elller + Jrsg] ™l = (1 = @)lller] ™ [11)
2

— aglsh — %SZTBkSZ + %SZT(Bk — Hy)sy, (2.12)
= ao ([llee] [l = lex + Jrsp] ™ lh)
T P Q pT P 042 pT P
— Oégk Sk‘ — Esk Bksk + ?Sk (Bk — Hk)sk (213)
2
= aAM(sp) + a—sZT(Bk — Hy)sy. (2.14)

2
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Equation (2.12) follows from equation (2.11), Lemma 2.2 and the inequality a? < «, which holds since
0 < a < 1. Finally, equations (2.13) and (2.14) follow from simplification of equation (2.12) and from
the definition of AM(s}).

The previous string of inequalities holds for all 0 < a < 1, so it must hold for the value of
« that maximizes the right-hand-side. As a function of «, the right-hand-side may be written as
q(a) = ac?® + ba where

a = %SiT(Bk — Hk)si and b= AM]?(S%) > 0.

There are three cases to consider.

Casel: a>0

In this case the quadratic function ¢(«) is convex and the maximizer on the interval [0, 1] must occur
at = 1. Thus, the maximum of ¢ on the interval [0,1] is ¢(1) and may be bounded by

g(1) =a+b>b>1b=1AMJ(s})

since b > 0 and a > 0.
Case 2: a<0and —b/2a <1
In this case the maximizer on the interval [0, 1] must occur at o = —b/2a. Therefore, the maximum of
q on the interval [0, 1] is given by
b? —b v?

b/20) = ame 4 b— =~
4(=b/2a) a4a2+ 2a 4a

Substituting for a and b, using the Cauchy-Schwarz inequality, and applying norm inequalities shows

2 2 2
sz AMEGD)® (AMPGR) (AMEG])
20T (B — Hoysyl ~ 2B — Hils{E = 20]Be — Hellal 5%

Finally, since ||s} |l < A}, we have

AMB(sP))?
o(—b/2a) > - AMEED) v
20| B — Hp|l2(AY)
Case 3: a<0and —b/2a > 1

In this case the maximizer of g on the interval [0, 1] is given by o = 1. Therefore, the maximum of ¢
on the interval [0, 1] is given by ¢(1) and is bounded by

qgl)=a+b>—-1b+b=1b=FAMP(s]))

since the inequality —b/2a > 1 implies a > —b/2.
If we denote the maximizer of ¢(«) on the interval [0, 1] by o*, then consideration of all three cases
shows that

_ AM(sy)
) > LAMP(E) min <17 & \5k ) 2.15
g(a”) = 3 AM(sy.) n|| By — Hyll2(A})? =

Returning to equation (2.14), we have

AMP(sY)
AMI(s$P) > q(o*) > LAMP(sY) min <1, o >’
P(si7) = q(a”) = JAM(sy) nl[By — Hyll2(AL)?
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which completes the proof. 1

We note that in the special case By = Hy, the term AMP(s})/(n||Bx — Hg|l2(A})?) should be
interpreted as infinity, and then Lemma 2.3 reduces to

AM(si7) = 3AM(sy), (2.16)

which trivially holds since By, = Hj, and s3." = s}..
We may further bound the change in the faithful model by using Corollary 2.1

Corollary 2.2. Let s; and s;” be defined as previously. Then

AMH(sE") > IAL (zg, 1) min(Sg)

maz

where

Sk — { 1 AP Afnaz(a:k7 ) A f]:k, 1) Afnaz(xk7 ) Afnaz(a:k7 )
P Bl IBkl2(AR)?2 2n||By, — Hyll2 2n||By, — Hill2(A])?
(AL, (zx,1))° (A%, (z1,1))°
2n|| By — Hill2l| Bel3(AF)?" 2n||By, — Hill2|| BrlI3(AL)S |

'maz(

Proof. The bound follows from Corollary 2.1 and Lemma 2.3. |

Corollary 2.2 provides a bound that is sufficient for proving convergence of our proposed algorithm,
but we note that an approzimate Cauchy point s satisfying

AME(s2") > nace AM(si") for some 0 < nacp < 1 (2.17)

is also sufficient for proving convergence. An approximate Cauchy point may be obtained, for example,
by backtracking from the predictor step s to the Cauchy point si* until equation (2.17) is satisfied.
Since the theory for an approrimate Cauchy point is identical to the theory for the Cauchy point
(modulo a constant factor in the appropriate estimates), we focus primarily on the latter.

The derivation of the bound supplied by Corollary 2.2 relied on minimizing the faithful model along
the single direction sj. If the predictor step is a bad search direction for the faithful model (most likely
because By is, in some sense, a poor approximate to Hy), then convergence is likely to be slow. In order
to improve efficiency we may need to make “better” use of the faithful model; the SQP step serves this
purpose and more.

2.3. The SQP step s; and the full step s,

We begin by discussing three primary motivations for an SQP step s?; we use the word “an” instead of
the word “the” since we propose several reasonable alternatives. The first motivation of the SQP step
is to improve the rate-of-convergence. The predictor step s) uses a positive-definite approximation By,
to the true Hessian H(xy,yx), while the Cauchy step s} is computed as a minimization problem in
the direction s;. Therefore, the quality of both the predictor step and the Cauchy step is constrained
by how well By approximates H(xy,yx) (possibly when restricted to the null-space of the Jacobian of
the active constraints). The simplest and cheapest choice is By = I, but this would likely result in
a linear convergence rate. In general, if By is chosen to more closely approximate H(xg,yx) then the
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predictor step s, becomes more costly to compute, but would likely lead to faster convergence. Of
course as By, is required to be positive definite and since H (z, y) is usually indefinite, this is typically
not even possible. To promote efficiency, therefore, we may compute an SQP step s} from various SQP
subproblems that are formed from either the predictor step or the Cauchy step. Once the “quality”
of the step s} has been determined, we define the full step accordingly; Sections 2.3.1, 2.3.2 and 2.3.3
make this statement precise.

The previous paragraph may do the Cauchy step injustice; not only does the Cauchy step guarantee
convergence of the algorithm, but it may happen that the Cauchy step is an excellent direction. In fact,
if we are allowed the choice By = H (zk,yr) and choose o sufficiently large, then provided the trust-
region radius A} is inactive, the resulting Cauchy step s (= s ) is the classical SQP step for problem
(NP). This means that the Cauchy step may be the “ideal” step. As previously stated, however, the
choice By = H(xy,yx) will generally not be permissible. We summarize by saying that the quality of
the Cauchy step is strongly dependent on how well By “approximates” H(xg,yx).

Unfortunately, even if the Cauchy step is an “excellent” direction, it may still suffer from the
Maratos effect [9, 18]. The Maratos effect occurs when the linear approximation to the constraint
function does not adequately capture the nonlinear behavior of the constraints. As a result, although
the unit step may make excellent progress towards finding a solution of problem (NP), it is in fact
rejected by the merit function and subsequently the trust-region radius is reduced; this inhibits the
natural convergence of Newton’s Method. Avoiding the Maratos effect is the second motivation for the
SQP step.

The third motivation for the SQP step is to improve the performance of our method; the quadratic
model used in computing the SQP step may use an indefinite approximation Hy to the Hessian of the
Lagrangian and is, therefore, considered a more faithful model of the merit function.

Since the Cauchy step is good enough to guarantee convergence, we require that the SQP step and
the full step be defined so that

AME(sy) = nAME(sE") (2.18)
for some 0 < 7 < 1. One way to satisfy this condition is to set s = s* regardless of the merit of the
kth SQP step (this includes the case when an SQP step is not computed). When this strategy is used
for a given iterate, we say that condition (2.18) has been satisfied in a trivial-way; otherwise, we say
that it has been satisfied in a non-trivial way.

2.3.1. An explicitly-constrained SIQP subproblem

This section discusses an SQP step that is the solution of an explicitly-constrained SIQP subproblem.
The terminology “explicitly-constrained” is used to emphasize that the subproblem has a subset of
the linearized constraints as explicit constraints, while the term SIQP indicates that all the explicit
constraints are imposed as inequalities. The subproblem is given by

(SIQP-E) mini}glize M(s)
seR™
subject to  [cx + Jr(s{" + s)]s, > 0,
(g + Hy,s" + o T wy,)Ts <0,
[slloc < AE,
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where w;, € R™ is defined component-wise as

-1 ifieVy,
= 2.19
Lo { 0 ifieds,, (2.19)

and A} > 0 is the SQP trust-region radius. The artificial constraint (g + Hgs$® + ol wg)Ts < 0
(henceforth referred to as the “descent-constraint”) guarantees that the directional derivative is non-
positive. We will soon see that this condition ensures that a useful SQP-Cauchy step s;° may easily be
defined from any local solution to problem (SIQP-E); without the descent-constraint, it is clear that a
local minimizer may be an ascent direction for which M} increases. If problem (SIQP-E) was smooth,
then the descent-constraint would guarantee that any solution would not cause the model M;(s) to
increase. However, since (SIQP-E) is not smooth, it is possible that the model may still increase at
a local solution even though it must initially decrease in that direction! Consider problem (SIQP-E)
with data o = 2, s;F =0, A} =2,

—4 16 0
~11 6 —10

It can be verified that s = (11/6,0) is a local solution and that M}(sy) > M}(0); the model has
increased. However, if we define oy = min(ag, 1) > 0, where ag is defined as

. —leg + JpsSFli .
ap = min {{[k—skk]l 11 €V and [Jgsili > 0} U {oo}} , (2.20)
i.e., ap is the distance in the direction s} to the first point of non-differentiability, then it follows from
Lemma 2.4 that the SQP model does not increase for the step s;° = ays}, where a, is the minimizer
of Mp(as}) for 0 < a < ag (see Figure 1 on page 13).

Lemma 2.4. Let s; be any local solution for problem (SIQP-E) and define o = min(az, 1) > 0, where
ap is defined by equation (2.20). It follows that the vector si® = s}, where o is the minimizer of
Mi(as}) for 0 < o < «, satisfies

. (gr + HisE” + o JFwg) T s3
AME(sE®) > —L(gp + Hes(" + o T wg)T i - min <a ,— >0. (2.21)
: ST 7 A
Moreover;
if s3THysi >0 then (g, + Hysy” + oJFwp)Tsf < 0. (2.22)

Proof. We first prove equation (2.22). Suppose that 55’ Hys§ > 0 and that (gx+ Hs$" +oJ wy,) s3>
0. These conditions and the fact that s} was a local solution to problem (SIQP-E) imply that s; = 0.
This contradicts SZTH xSt > 0 and therefore equation (2.22) holds.

To establish (2.21) we consider the quadratic function ¢(«) v S(as}) = aa® + ba + ¢ defined on
the interval [0, ap], where

a= %SZTHksZ, b= (gr + Hyss® 4+ oJ w)Ts3 <0, and c= f+o(cp + Jpsi®) wy. (2.23)

We consider three cases.
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)
.

&

"

S1

(a) Contour graph of the function Mg(s).

5L
]\Iks,(asi)

(b) Graph of Mf(asy) for 0 < a < 12/11.

Figure 1: (a) Contour graph of M}(s) with local solution s} = (11/6,0). The vector s;° = (1/4,0)
is a local minimizer when constrained to the direction s;. (b) Graph of M7(asf) for 0 < o < 12/11.
Notice that oy = ap = 6/44 and that MJ(sy) > M (0) > MJ(agsy) = M(s5®).

Case 1. : a >0 and —b/2a > ayp.
In this case we must have ay, = ag. Using this fact, the definitions of AM}(s) and of ¢(«), and the
inequalities —b/2a > oy = a5 and a > 0, we have

o'
AM(ass}) = q(0) — q(a) = —aa? — ba, > —Zbayg = —f(gk + Hys$ + o T wg) T s5. (2.24)

Case 2. : a >0 and —b/2a < ay.
In this case we must have oy = —b/2a. Using this fact, the definitions of AM(s) and of ¢(«), norm
inequalities, and the inequality ||s}|lc < A}, we have

AM(assy) = q(0) — q(as) = —aa2 — ba

2 2
0 (o Hisf? o Jfw)"s)” (g + Hisg” + oS wi)"'s}) (2.25)
4a ZSzTHkSZ a 2n||Hyl|2(A3)? ' .
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Case 3. : a <0.
In this case we must a; = ag. Using this fact, the definitions of AM}(s) and of ¢(«), and the inequalities
a <0 and b <0, we have

AM(assy) = q(0) — g(as) = _aag — bas
> max(—aa?, —bay) > —bas > —iba, = —%(gk + Hys$ + o JFw) T s5. (2.26)
The desired bound on AM}(ays;) follows from equations (2.24), (2.25), and (2.26). 1

This result suggests that we define the full step as (see Figure 2)

(2.27)

st sy i AME(sR) > (n — DAM(sE);
k= sCP + 5% otherwise
k k .

ca(xy,) + Vea(zp)Ts = 0

c(zg) + Vcl(l‘k)Ts =0

Figure 2: The relevant steps for subproblem (SIQP-E) with linearized constraints c; (x3)+Vey (7x)7s = 0
and co(xx) + Vea(z)Ts = 0 and feasible region F. We have illustrated the case AM(s%) < (n —
1)AM(s") so that the full step s is defined from the SQP-Cauchy step as s, = s;* + si°. If the
condition AMp(sy) > (n —1)AM;X(s;") had been satisfied, then the full step would have been defined
as s, = sgp + 32. Note that this subproblem allows for the active set at s to be different than the
active set at s and si".

The next result shows that this definition guarantees that condition (2.18) is satisfied in a non-trivial
way.

Lemma 2.5. If the SQP step and full step are defined by equation (2.27), then they satisfy
AM(sg) = AM(si") + AM(s) = nAM(si").

Proof. Using the definitions of M, AM}!, M}, and AM}, it follows that

AM}(sg) = M(0) = My (sx) = Mi(0) — Mi(sy") + My/(si") — My (si) = AME(sy") + AM(si — si.")-

We may then conclude

AM(si") + AME(s) = nAM(si") - if AM(sy) > (n = 1) AM(si");

AM(sk) = :
AMP(sy") + AMP(s®) > nAM(si")  otherwise,
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by using Lemma 2.4, equation (2.27), and the fact that 0 <np < 1. 1

This result shows that if subproblem (SIQP-E) is used and the full step is defined from equa-
tion (2.27), then the full step is at least as good as the Cauchy step, which is itself good enough to
guarantee convergence. We stress that Lemma 2.5 is true as a direct result of the descent-constraint;
it is generally not true if the full step is defined from the traditional SQP subproblem.

2.3.2. An SEQP subproblem

The terminology SEQP indicates that this particular SQP subproblem includes a subset of the lin-
earized constraints as equality constraints. The choice of which to include is based on a prediction of
those constraints that will be active at a solution to problem (NP). Our prediction is based on those
constraints whose linearization is not strictly satisfied by the predictor step s). If we define the set
A(sp) = {i : [ex + Jis)]i < 0}, then the subproblem takes the form

(SEQP) minigﬂze fe + (gr + Hks]z)Ts + %STHkS
seR™
subject to [JkS]A(sg) =0, |s|l2 < A%,

where fi, = fip + gLse¥ + %SEPTHksgP. Note that we have used the two-norm for the trust-region
constraint and that this does not change any of the theoretical results since ||s]jcc < [|s|l2 < A} for
all feasible vectors s. If a priori we knew the optimal active set, then we could compute a solution
to problem (NP) by solving a sequence of equality constrained QP subproblems; this is equivalent to
solving a sequence of subproblems of the form given by (SEQP) if A(s}) agrees with the optimal active
set. The fact that A(s}) does eventually agree with the optimal active set (under certain assumptions)
may be deduced from Robinson [22, Theorem 3.1]. His result implies that if z* is a solution to problem
(NP) that satisfies the strong second-order sufficient conditions for optimality, then there exists a
neighborhood of z* such that if , is in this neighborhood then the predictor step s; will correctly
identify the optimal active set provided the trust-region constraint is inactive.

Let s} denote the solution to subproblem (SEQP). In an attempt to satisfy condition (2.18) in a
non-trivial way, we define the full step sj as (see Figure 3)

P S fAMH P S > AMH CP).
o — {Sk+8k 1 w(sp+sp)>m k(sE s (2.28)

Che otherwise.

We note that this update strategy guarantees that the full step sy satisfies condition (2.18), but perhaps
in a trivial way.

Generally speaking, computing a solution to subproblem (SEQP) is less expensive than computing
a solution to subproblem (SIQP); this is certainly an advantage. However, problem (SEQP) has at
least two disadvantages. First, its success depends on correctly identifying the optimal active set,
which may not always occur. If fact, if any of the strong second-order sufficient conditions do not hold
at a minimizer, then the predictor step is not guaranteed to correctly identify the optimal active set.
Second, the strategy for defining s; may resort to satisfying condition (2.18) in a trivial way. When this
occurs, the cost in computing s} has essentially been wasted. To avoid this, we consider the alternative
subproblem

(SEQP-ACP) migleiﬂlg}lize 4 (gr + HkSQCP)TS + %STHkS

subject to [JkS]A(s?CP) =0, [s]2 <A},
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F ca(g) + Vea(zp)Ts = 0

c1(xg) + Ver (zp)Ts = 0

Figure 3: The relevant steps for subproblem (SEQP) with linearized constraints ci () + Ve (zx)%s = 0
and co(w) + Vea(zy)Ts = 0 and feasible region F. The illustration depicts the case AM(st + s3) >
nAM;(sy") so that the full step is defined as s, = s) + si. By construction, the SQP step s is
contained in the null space of the constraints that are not strictly feasible at the predictor step s}, i.e.,
the constraints whose indices are in the set A(s)) = {1}. Compare this with Figure 2.

where s2°" is an approximate Cauchy point as given by equation (2.17), nace > 7, and A(s;°") = {3 :
[ck + JispFli < 0} (see Figure 4). It follows that if we define

sk =850 + S5, (2.29)
then
AM;(sk) = AM(557) = naor AM(s") = nAM(s") (2.30)

since the solution s} to problem (SEQP-ACP) will decrease the objective function. Therefore, s is
guaranteed to satisfy condition (2.18) in a nontrivial way and computation is never wasted. We conclude
this section by mentioning that the GALAHAD library contains the software package EQP, which may be
used to solve subproblems (SEQP) and (SEQP-ACP).

F co(zr) + VCQ("L‘k)TS =0

c1(wg) + Ve (zp)Ts = 0

Figure 4: The relevant steps for subproblem (SEQP-ACP) with linearized constraints c;(xy) +
Ver(z)Ts = 0 and ca(xy) + Vea(zx)Ts = 0 and feasible region F. All points that lie along the di-
rection s, and between the two dashed-lines are acceptable approximate Cauchy points as defined by
equation (2.17). By construction, the SQP step s} is contained in the null space of the constraints
that are not strictly feasible at s3°", i.e., the constraints whose indices are in the set A(s3°") = {1}.

Compare this with Figure 3.
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2.3.3. An implicitly-constrained SIQP correction subproblem

This section discusses an SQP step that is computed from a class of implicitly-constrained subproblems.
We use the terminology implicitly-constrained because we attempt to satisfy an appropriate constraint
function implicitly by penalizing the violation of that constraint, while we use the term correction
to emphasize that their principal use is to avoid the Maratos effect. In fact, the primary advantage
of these subproblems over those discussed in Sections 2.3.1 and 2.3.2 is their direct connection to
standard subproblems used for avoiding the Maratos effect. Their main disadvantage is that we are no
longer guaranteed that the resultant step will provide sufficient decrease in the faithful model M;'; for
certain iterations, satisfying condition (2.18) in a trivial way may be required. However, since these
subproblems are intended to avoid the Maratos effect, they are likely to be used asymptotically and
this is precisely the situation for which we expect them to give sufficient decrease.
The class of implicitly-constrained SIQP correction subproblems is given by

(SIQP-I) migleiﬂrérlize fr+ (gx + Hksgp)Ts + %STHkS +o|l[x(s)] " |
subject to  |[s]|cc < A}

for any continuous vector-valued function x(s) defined for all ||s||oc < A$, and where fp = fi +
gLse + %SgPTHksgP. Using the notation cj, o c(xy + s37) and J o J(zp, + 53" ), we define the two
specific vector-valued functions x(s) = ¢} + Jis and x(s) = ¢} + J¢'s. The resulting two subproblems
are _
(SIQP-1;) mini[glize fio + (g + Hgs§P)Ts + 25T Hys + o [ef + Jis] ™|
seER™
subject to |[|s]|cc < A}

and _
(SIQP-I5) migeiﬂlg}lize fio + (g + Hygs{™) s + 35T Hys + o[ + JEs] ™ |

subject to [|s[e < A7,

respectively.
Let s} denote the solution to either subproblem (SIQP-I;) or subproblem (SIQP-I5). In an attempt
to satisfy condition (2.18) in a non-trivial way, we define the full step s; as (see Figure 5)

Cp S f AMH Cp S > AMH CPY.
o — {sk +sp i H(sEE 4 sy) > nAM(sET); (2.31)

Chel otherwise.

We note that this update strategy guarantees that the full step s satisfies condition (2.18), but
perhaps in a trivial way.

3. The Algorithm

In this section we describe Algorithm 3.1 — an SQP algorithm for computing a first-order critical point
for problem (¢1-0). First, the user supplies an initial estimate (xg,yo) of a solution, and then “success”
parameters 0 < ng < 1ys < 1, a maximum allowed predictor trust-region radius A,, expansion and
contraction factors 0 < 7. < 1 < 7., sufficient model decrease and approximate Cauchy point tolerances
0 <1 < Nace < 1, and SQP trust-region radius factor 7y are defined. With parameters set, the main
“do-while” loop begins. First, the problem functions are evaluated at the current point (xy,yx). Next,
a symmetric positive-definite matrix By, is defined and the predictor step s; is computed as a solution
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ci(@k + s¢P) + Ver (z) s = 0

c1(xy) + Ver(zp)Ts =0

Figure 5: The relevant steps for subproblem (SIQP-I;) with the shifted linearized constraints ¢ (zy +
sC) + Ve () Ts = 0 and ez (g, + s§F) + Vea(wx)Ts = 0 and feasible region F. We have illustrated the
case AM(s{F + s3) > nAM](s{") so that the full step s, is defined as s = s* + s3.

to problem (2.1). Simple choices for By would be the identity matrix or perhaps a scaled diagonal
matrix that attempts to model the “essential properties” of the matrix H(zy, yx). However, computing
By, via a limited-memory quasi Newton update is an attractive option. We leave further discussion of
the matrix By, to a separate paper. Next, we solve problem (2.6) for the Cauchy step si", calculate
the decrease in the model M} as given by AM;'(s."), and compute an SQP step if we believe that
it will be advantageous. The step computation is completed by defining a full step s; that satisfies
condition (2.18). This may be done in two ways. First, the SQP step may be skipped and then
we simply define s;, = s¥; this satisfies condition (2.18) in a trivial way. Second, we may solve
any of the subproblems discussed in Sections 2.3.1, 2.3.2, and 2.3.3 and then define s; according to
equations (2.27), (2.28), (2.29), and (2.31), respectively. In either case we are guaranteed that si
satisfies condition (2.18). Next, we compute ¢(zy + si) and AM[(sy), and then calculate the ratio ry
of actual versus predicted decrease in the merit function.

Our strategy for updating the predictor trust-region radius and for accepting or rejecting candidate
steps is identical to that used by Fletcher [12] and is determined by the ratio r;. More precisely, if the
ratio rg is larger than 7,4, then we believe that the model is a very accurate representation of the true
merit function within the current trust-region; therefore, we increase the predictor trust-region radius
with the belief that the current trust-region radius may be overly restrictive. If the ratio is greater
than ng, then we believe the model is sufficiently accurate and we keep the predictor trust-region radius
fixed. Otherwise, the ratio indicates that there is poor agreement between the model M} and the merit
function and, therefore, we decrease the predictor trust-region radius with the hope that the model
will accurately approximate the merit function over the smaller trust-region. As for step acceptance or
rejection, we accept any iterate for which r; is positive, since this indicates that the merit function has
decreased. We note that the precise update used for the dual vector yx 1 is not important for proving
global convergence, so we do not specify any particular update. However, the specific update used is
essential when considering the rate-of-convergence and the most obvious update is the multiplier vector
from the SQP subproblem. If the SQP step is not computed, then the most obvious update becomes the
multiplier vector from the predictor subproblem. We also note that a least-squares multiplier update
is possible, but would require solving a specialized inequality-constrained linear program.

Finally, we have the additional responsibility of updating the SQP trust-region radius. In Algo-
rithm 3.1 we set the SQP trust-region radius to a constant multiple of the predictor trust-region radius
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although the condition Af , < 7;- A}, for some constant 7 is also sufficient. Although this update
is simple and may be viewed as “obvious”, we believe that it deserves extra discussion. If the predictor
trust-region radius is not converging to zero on any subsequence, then the algorithm must be making
good progress in reducing the merit function. However, a delicate situation arises when the trust-region
radius does converge to zero on some subsequence. Since the predictor step must also be converging to
zero, it seems natural to require that the full step s; also converge to zero. Therefore it seems intuitive
to require that if {x; };>0 is any subsequence such that lim;_, ||S£j||oo = 0, then the sequence

{Azj/Hsinoo}jZ(] remains bounded. (3.1)

A simple way to ensure this condition is by defining the SQP trust-region radius as A} | « 77 ||s} ][00,
i.e., set the SQP trust-region radius to be a constant multiple of the size of the predictor step. This
condition is sufficient for proving convergence, but we prefer the alternate update A} | « 77-Ap, ie.,
set the SQP trust-region radius to be a constant multiple of the size of predictor radius. Corollary 4.1
shows that, in fact, they are equivalent asymptotically, but the update Af_ ; « 77 - A}, allows for
larger value of A} globally and has been observed to perform better during initial testing.

Algorithm 3.1. Minimizing the ¢;-penalty function
Input: (zo, o)
Set parameters 0 < 7y <nys < 1, Ay > 0,0 <9 < nace < 1, and 74 > 0.
Set expansion and contraction factors 0 < 7. < 1 < 7.
k<0
do
Evaluate f, gk, ¢k, Ji, and then compute ¢y.
Define By and Hj, to be symmetric approximations to H(xg,yx) with By positive definite.
Solve problem (2.1) for s;.
Solve problem (2.6) for s;* and compute AM;(sy").
Compute an SQP step s} (optional).
Define a full step si that satisfies condition (2.18).
Evaluate ¢(xy, + si) and AM;(sy).
Compute 7, = (¢ — ¢k + si)) JAMP (k).

if 7, > nys [very successful]
AP < min(ne - AL, Ay) [increase predictor radius]

else if r; > ns [successful]
Af L, — A [keep predictor radius]

else [unsuccessful]
AL = ne- A [decrease predictor radius]

end

if 7, >0 [accept step]

Th+1 < Tk + Sk
Yk+1 < arbitrary
else [reject step]
Th41 < Tk
Yk+1 < Yk
end
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Af =T AL [update SQP radius]
k—k+1
end do

4. Convergence

This section shows that Algorithm 3.1 is globally convergent. Our man result is that under certain
assumptions, there exists a subsequence of the iterates generated by Algorithm 3.1 that converges to
a first-order solution of problem (¢;-0). The proof requires two preliminary results as well as two
estimates. First, since f(z) and c(z) are continuously differentiable by assumption, there exists a
positive constant M such that

[(9)] < foranaes, )

where B is a closed and bounded subset of R™. Second, since the function h(f,c) = f + o||[¢] |1 is
convex, there exists a positive constant L such that

f1—f2

C1 — C2

for all (f1,¢1) and (fa, c2) € (f(B),c(B)) [23, Theorem 10.4]. Using these bounds we may now state the
following lemma, which provides a lower bound on the size of the predictor step. This is essentially [20,
Lemma 3.2] except for the use of the infinity norm.

h(f1rex) = h(farea)| < L‘ (19)

.

Lemma 4.1. Let ), € B so that equations (4.1) and (4.2) hold. Then, if ||s;|lcc < AL then

1 1
$P)loe > 1AL (24,1) min ; - 2
lsklloo = 5347k, 1) <LM n(1+Au)HBkII2> -

Corollary 4.1. Suppose that {x}r>0 C B so that equations (4.1) and (4.2) hold, and that K is a
subsequence of the integers such that the following hold:

(i) there exists a number § such that AL (xp,1) > >0 for all k € K;

mazr

(ii) there exists a positive constant bp such that |Bgl|le < bp for all k € K;
(iii) limkeK AE =0.

Then
skl = AL for all k € K sufficiently large. (4.4)

Proof. If equation (4.3) holds, then (i), and (ii) imply that ||s} ||~ is strictly bounded away from zero
for all k € K. However, this contradicts assumption (iii) for £ € K sufficiently large since ||s}[|cc < AJ.
Therefore, equation (4.3) must not be true and Lemma 4.1 implies that ||s;|cc = A}, for all k € K
sufficiently large. 1

We may now state our main result. The organization of the proof is based on Fletcher [12, Theo-
rem 14.5.1] and the proof of case 1 is nearly identical.



4. Convergence 21

Theorem 4.1. Let f and ¢ be twice continuously differentiable functions, and let {zy}, {Hy}, {Bx},
{AL}, and {A}]}, be sequences generated by Algorithm 3.1. Assume that the following conditions hold:

1. {zk}r>0 C B C R", where B is a closed and bounded set; and

2. there exists positive constants bp and by such that |Bi|l2 < bp and ||Hg|2 < by for all k > 0.

Then, either xx is a first-order critical point for problem (¢1-0) for some K > 0, or there exists a
subsequence of {xy} that converges to a first-order solution of problem (¢1-0).

Proof. If zx is a first-order point for problem (¢;-0) for some K > 0 then we are done. Therefore, we
assume that zj is not a first-order solution to problem (¢;-o0) for all k. We consider two cases.

Case 1 : there exists a subsequence of {A}'} that converges to zero.

Examination of the algorithm shows that this implies the existence of a subsequence S of the integers
such that

lim x, = x4, (4.5)
kesS
lim A} = 4.
klé% =0, (4.6)
li o =0, 4.
tm 1 oc = 0, and (4.7)
r <ns forall keS. (4.8)

For a proof by contradiction, we suppose that z, is not a first-order critical point. This implies that
there exists a direction s and a scalar p > 0 such that ||s|l. = 1 and

T T
max S (gy +0oJ y)=—p, 4.9
ooy, 9x T 7e) 9
where 0 ||[c4] |1 is the sub-differential of ||[-]7||1 at the point ¢, (see [12, Section 14.3] for more details).

A Taylor expansion of f at xj in a general direction v gives

2
€
fzp+ev) = fr +egiv+ole) = fr +egiv+ 5UTH/€U + o(e) (4.10)
since { Hy} is bounded by assumption, while a Taylor expansion of ¢ at xj, gives
c(x +ev) = ¢ + eJyv + o(e). (4.11)

Combining these two equations gives

2
€
Ol +ev) = fr+egpv+ v Hyv + o(e) + ollex + eJpv +o(e)] ™|

2
€ _ 4.12
= fk+aggv+ EUTHkv—l—aH[ck + eJpv] " |1 + o(e) ( )

= M;!(ev) + o(e),

where the first equality follows from the definition of ¢ and the Taylor expansions, the second equality
follows from the boundedness of @[] 7|1, and the last equality follows from the definition of M}(ev).
The same argument using By in place of Hy gives the estimate

d(xp +ev) = MP(ev) + ofe). (4.13)
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Choosing v = si/||sk|lco and € = ||sg|lo in equation (4.12), and v = s and € = ¢ (we have not yet
defined ¢y) in equation (4.13), yields

¢k + sk) = My(sk) + o(||skl) and (4.14)
¢(y + exs) = Mi(exs) + o(ek). (4.15)

Equation (4.14) then implies the equation

C o(lsleo)
s AMNs) T AMAs) (4.16)

= O Pz +sK)  AM(sk) + ol skllo)

We now proceed to bound AM;!(sy). For all k € S we have

AMJ(si) > nAM(sg7) (4.17)
> nAM}(sh) (4.18)
= 1(Mf(0) — M(s})) (4.19)
= n(ME(0) — MP(s}) — 3si" (Hy — By)s}) (4.20)
= nAME(s) - s (Hy — By)s] (4:21)
= nAME(s}) + of[|55]lo) (4.22)

Inequalities (4.17) and (4.18) follow from assumption (2.18) and since the Cauchy step maximizes
AM;]!(s) in the direction s;. Equations (4.19) - (4.21) follow from the definitions of AM}'and AM, and
by introducing By. Finally, equation (4.22) follows since {By} and {Hj} are bounded by assumption.

We now define the scalar-valued sequence {e}}r>0 such that e, = ||s}||oo. It follows that ||ejs||cc =
||s}|loo and, therefore, the vector eys is feasible for the kth predictor subproblem. It follows that for
all k € S sufficiently large we have

AM;(sk) = nAM;(egs) + o(]|skl|c) (4.23)
= (b — Bk, + exs)) + o([[slloo) (4.24)
> nex(p + o(1)) + ofllsilo) (4.25)
= npey, + o(ex) + o[k [loc) (4.26)
= npllskllo + o(llsklloo), (4.27)

where we have used the convention ((gx) = o(1) to mean that ((¢x) — 0 as e — 0. Inequality
(4.23) follows from equation (4.22) and since s}, is a global minimizer for the kth predictor subproblem.
Equation (4.24) follows from equation (4.15), while inequality (4.25) follows from [12, corollary to
Lemma 14.5.1]. Finally, equations (4.26) and (4.27) follow from algebra and definition of e.
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Equation (4.27) implies the existence of a positive sequence {zx} such that for k& € S sufficiently
large

o=l | el 2%
AM(sg) nplisilleo + o(l[sy lloo)
2 || |
< hlsilleo. (4.29)
inp‘|3k||oo
nplisi oo
npll sy lloo
2 S
_ %k (1 + Hs’;”"") (4.32)
np s lloo

and where {z;}g is a subsequence that converges to zero as k — oo. Inequality (4.28) follows from
inequality (4.27), while inequality (4.29) follows from the definition of “little-oh”. Inequality (4.30)
follows from the triangle-inequality, and inequalities (4.31) and (4.32) follow from how the Cauchy
point s;* is computed and simplification.

We now show that the assumptions in Corollary 4.1 are satisfied. Since x,, is not first-order optimal
by assumption, it follows from part (v) of Lemma 1.1 that A% (xy,1) # 0. From part (iv) of Lemma 1.1

max

it follows that AL (xg,1) is strictly bounded away from zero for k£ € S sufficiently large; this is
assumption (i) of Corollary 4.1. Assumptions (ii) and (iii) follow directly from the assumptions in this
theorem and the case we are considering.

Equation (4.32), Corollary 4.1, and the SQP trust-region radius update used in Algorithm 3.1 imply

S
< 2% (1 N |’Sk|loo> L2 tTpa (4.33)
AP np

o([Iskloc)

AM(sk)| ~ np
Finally, inequalities (4.16) and (4.33) show that

ry=140(1) for k€ S. (4.34)

This is a contradiction since this implies that for & € S sufficiently large the identity r; > ns holds,
which violates equation (4.8). Thus, z* is a first-order critical point if Case 1 occurs.

Case 2 : there does not exists a subsequence of {A}} that converges to zero.

Examination of the algorithm shows that this implies the existence of a positive number ¢ and of an
infinite subsequence S of the integers such that

li = 4.

lim zy = ay, (4.35)

AL >0 >0, forall k (4.36)
rp > ng forall ke S. (4.37)

Equation (2.18) and the fact that each k € S is a successful iterate imply

b — O(zg + sk) > ns AM(s1) > s AM(sy"). (4.38)
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Corollary 2.2, equation (4.36), the bounds bg and by on By and Hj, and the bound A} < A, imply

O — $lax+ ) > TEAL (01,1) min(Sp) (4.39)
where
S _ { 1 6 Ahax(l’k’ 1) Afnax(l’k’ 1) Ahax(xkﬂ 1) Afnax(xk7 )
k= ’ bp ’ bBA%L ’ 271(1)3—!—()15()7 277J(bB—|-bH)A27

(A?nax(xk7 ))3 (A?nax(xk7 ))3 }
2n(bp + b[ﬂb%A%’ 2n(bp + bH)b2BA2 ’

Summing over all k € S yields

>tk — dlan+ i) = Y TEAL (i, 1) min(S). (4.40)

kesS keS

Next, using the monotonicity of {¢(z) }x>0 it follows that

> bk — dlakt+se) =Y bk — dlarr1) < dlao) — G(xy). (4.41)

kesS kesS

Combining the two previous inequalities gives

e >3 TEAL (o, 1) min(Sy), (4.42)
kesS
which implies
hm Aﬁlax(mk, 1)=0 (4.43)

since the series on the right-hand-side is convergent. Parts (iv) and (v) of Lemma 1.1 then imply that
Al (x4,1) =0 and that z, is a first-order critical point.

In both cases we have shown that there exists a limit point z, that is a first-order critical point.
We are done since one of these cases must occur. 1

As stated previously, the proof of case 1 is nearly identical to that given by Fletcher. However, his
proof for case 2 does not carry over to our setting because he essentially requires the global minimizer
of M;! over the trust-region defined by radius A}, while we only compute the global minimizer of M;!
in the single direction s;.

The remainder of this section shows that the assumption ||Hglls < by for all & > 0 may be
weakened; similar generalizations to Fletcher’s algorithm [12] have been given by Yuan [26] and our
proofs are similar. These results are of theoretical and practical importance when Hj, is defined from a
quasi-Newton update to the matrix Hy_q, which is the natural choice when second derivatives are not
available or may be too expensive to compute. It was shown by Powell [20] that many quasi-Newton
updating schemes only guarantee positive constants ¢; and cs such that

k
|Hill2 < c1 + co Z |lsklloo or that |[Hgll2 < c1+ ok for all k> 0. (4.44)
i=1
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As a result, if a quasi-Newton approach is used to update Hj; then Theorem 4.1 does not necessarily
apply since the matrices Hi may not be bounded and, therefore, Algorithm 3.1 is not guaranteed to
converge. The rest of this section shows that global convergence is still guaranteed when either of the
assumptions in equation (4.44) hold.

The following lemma and proof is based on [26, Lemma 3.3]. We use the bound

Isklloo < A%+ AL = (14 7/)A, (4.45)

which follows from how Algorithm 3.1 defines the SQP radius, equations (2.27), (2.28), (2.29), (2.31),
and the definitions of the predictor step, the Cauchy step, and the various SQP subproblems considered
in Section 2.

Lemma 4.2. Let {x} C B and suppose that there exists numbers § > 0 and bp > 1 such that
AL (x,1) >0 > 0 and ||Bg||2 < bp for all k. Then there exists a positive constant c3 such that

maxr

AP > B 4.4

where My, = bp + max;<i{ ||H;l|2 }.

Proof. Let S; be defined as in Corollary 2.2, and note that Corollary 4.1 implies that there exists a
number A, > 0 such that if A} < Ay, then |[s} |« = Aj. Using the bounds ||Bg|l2 < bp, A} < Ay,
Al (xg,1) > § > 0, the definition of My, and by defining

max

K1 = — - min 1iii i o o A >0
'TAL by’ bpAZ’ 2n) 2nA2’ mbEA27 2nbLAST T ’
it follows that
1 1
min(Sy) > k1 min AP,7>2/{ min(AP,—>. 4.47
( k) 1 < k bB+||Hk||2 1 k Mk ( )

Since f and c are assumed to be twice continuously differentiable, there exists a constant 0 < A < A,
such that o) - 1@ T(
x)— J(x) — rT—x 775 K92 _
H( o(z) —c(f)— )z — 7) >H —— |z — || (4.48)

for all |z—Z| < A, where kg = (/417]5)/4, 7 is defined in equation (2.18), L is defined in equation (4.2),
and 74 is defined in Algorithm 3.1. We claim the result is true for

An.My  0My ) 770/42(1_775)(1_77)
L+7; 0 20M 2n(1+ A,)" n(l+ )2 '

c3 = min <A5M0,

The proof is by induction on k. The bound Aj > ¢3/Mj follows from definition of c3. We now assume
that the result is true for k, i.e., that

3

= M

and proceed to prove it is true for k£ 4+ 1. We consider two cases.
Case 1: ||splloc > A/(1+7f)

By construction of the algorithm, definition of ¢3, and monotonicity of the sequence { My}, we have

AP > (4.49)

ALy = 1AL = nellshlloo = eAJ(L+77) > c3/My > e5/ My, (4.50)
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so that the result is true for k + 1.

Case 2: ||s}|lo < A/(1+75)

We consider three sub-cases. First, suppose that iterate k is successful/very successful and that
sk llec = AL. Then by the inductive hypothesis and the monotonicity of {M}} we have

AEH = ||SzHoo = AE > c3/My > c3/Mp11
and the result is true for £+ 1. Second, suppose that iteration k is successful/very successful, but that

st llc < AL. Lemma 4.1, the assumptions of this lemma, definition and monotonicity of the sequence
{M},}, definition of c3, and the bound A} < A,,, imply

1 1
AL > |se IAL Tk, min( , >
k+1 H kHOO = max( k ) LM ’I’L(l + Au)||Bk||2

1) 1)
o
= T <2LM’ on(l+ Au)Mk>
. Cc3 Cc3 C3 C3
>min| —, — | = — >
N (Mo Mk) My = My

so that the result is true for £+ 1. Finally, we suppose that iterate k is unsuccessful. Inequality (2.18),
Corollary 2.2, inequality (4.47), and the assumptions of this lemma, imply

L

AM(sg) > nAM(si") > M%(mk’l) min(Sy) > K2 min <Ag, Mi> . (4.51)
k

We now observe that since ||s}|o < A/(1+7¢) < A < AL, it follows from the first sentence of the
proof that A} = ||s}||ec and therefore A} = 7¢[|s} |lco. We may then conclude that

Isklloc < lIsilloo + llsklloo < llsklloo + 7rllsklloo = (14 7¢)Isklloo < A. (4.52)

We then have from the definitions of ¢ and AM}, equation (4.2), equation (4.52), and equation (4.48),
that

O(xk + s1) — o = g+ s1) +ollle(zr + )] 1 — (fr +olllex] " h)
= f(xr + s) + ollle(xr + su)] 7l — (fu + olller] ")
+ fo + g sk +olller + Tusk) "l — (fk+9k8k+0\|[0k+z]k8k] 1)
= flan + sk) +olllc(e + su)] "l — (Fr + 97 sk + olllex + Jesi] ~|l1) — AME(sk)

f(xe + sk) — fx — g sk L
B <C(ﬂfk + sk) — ¢ — JZSk) — AMi(s)
< LI At (1.59

Since iteration k is assumed to be unsuccessful, we have

b — d(xp + s) < s <fk +olller] Nl = (fr + i sk + 35k Hisi + o|[op + JkSlell))- (4.54)
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Rearrangement, equation (4.53), the definition of AM;;, and simplification yields

Ns

B SngSk < 773<fk +olller] "Ml — (fx +g;{sk + ol|[ex + Jksk]_Hl)) + o(xg + sk) — ok

(1 — N)s)K2
2
= (1 =) | Sliswlloo = AM(s1)]

“Adding” this inequality to (1 —ns) times equation (4.51) and then using the definitions of AM;: and
AM}!, we have

< WSAMII;(Sk) + sk lloo — AMITJ(Sk)

. 1 K
%S%Hkskm(l—ns)mm( : m) < (1= 15) | Fliselloe — AM(s1) + AM(s)| - (4.55)

K
= (1=n5) | Fliselloc — 357 Hisi] (4.56)
Rearrangement and simplification gives
. 2
ST Hysp < ko(1 — 1) [Hskﬂoo — min <2A£, m)] . (4.57)
Next, using the Cauchy-Schwarz inequality, simple algebra, and equation (4.45), we have
) 2
Il 2 ra(t = ) [min (288, 5 = el (4.58)
. 2
— alt = ) [min (28 = ouls - = Dol )| (4.59)
k
. 1—7 2
> ka(1 — ng) min <1 n T; IIsk oo 7 Hsk|]00> . (4.60)

1— . 1 i
If ﬁ”skﬂw > Mik — ||8k oo, it follows that ||sk|/co > J\J;[—:f; otherwise, we have
nl[ Hyll2llsellZ = [ Hell2lskl13 (4.61)
k(1 —ns)(d —7y)
=z , 4.62
> SO T o). (4.62)

which implies

ro(l =ns)(1 = 77) _ ko1 = ms)(L = 75)
n(14+7¢)[Hille —  n(l+7p) My
Putting these two observations together, we have
L. ko1l —ns)(1 —7y)
> — 1 .
Isk]lco = A mm( + 7y, w1+ 77)
This inequality, equation (4.45), definition of c3, and monotonicity of the sequence { My} imply

sk lloo > (4.63)

Ne
Bl =D 2 S oy llekllee (4.64)
Ne . k2(1 —ns)(1 —75)
> 1 4.65
— Mi(1+7y) — ( T n(l+7) (4.65)
I neka(1 —ns)(1 — Tf)> c3 cs
> — c) > — > — 4.66
= min <77 n(l+ Tf)2 My = Mens ( )
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so that the result is true for k + 1. We are done since this covers all cases. 1

The next Lemma is due to Powell [21, p. 301].

Lemma 4.3. Let {Ax} and {My} be two sequences such that Ay > ¢/Mjy, for all k, where ¢ is a positive
constant. Let S be a subset of the integers such that

1. Apr1 < nelg, for allk € S;
2. Agy1 <neAyg, for allk ¢ S; and
3. Myp1 > My, for all k and that ) ;s min(Ay, 1/M}) < oo,

where ne > 1, n. < 1 are positive constants. Then

o0
Z 1/Mj, < oc.
k=1
O
We now establish convergence of Algorithm 3.1 under the second assumption in equation (4.44);
the statement and proof are similar to those given by Yuan [26, Theorem 3.5].

Theorem 4.2. Let f and ¢ be twice continuously differentiable functions, and let {xy}, {Hy}, {Bk},
{A7}, and {A7}, be sequences generated by Algorithm 3.1. Assume that the following conditions hold:

1. the sequence {x} € B C R™ for all k > 0 where B is a closed and bounded set;
2. there exists a positive constant bp such that |Bg|l2 < bp; and

3. there exist positive constants c1 and co such that

|Hillz < 1 + c2k for all k > 0.

Then, either x is a first-order critical point for problem (¢1-0) for some K > 0, or there ezists a
subsequence of {xy} that converges to a first-order solution of problem ({1-0).

Proof. If xx is a first-order critical point for problem (¢1-0) for some K > 0, then we are done. So
suppose that this is not the case. For a proof by contradiction, we suppose that there exists a positive
number ¢ such that AL (zg,1) > § > 0 holds. It is easily verified that equation (4.47) holds and a

similar argument to that used in the proof of Theorem 4.1 shows that

$(xo) — Gzjn) = > s AM(sg"), (4.67)
keS, k<j

where S is the set of those values of k that are successful/very successful iterates.
Since f is continuous on the bounded set B, it follows that {¢(zx)}r>0 is bounded from below. The
previous inequality then implies
> AM(sE") < oo, (4.68)
keS
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and from Corollary 2.2 and inequality A% (xp,1) > 6 > 0 we conclude that

Zmin(Sk) < 0. (4.69)
keS

It follows from equations (4.69) and (4.47) that », . s min(Ay, 1/M},) < oo, and then Lemmas 4.2 and
4.3 imply

[e.e]

Zl/Mk < 0.

k=1
However, the definition of M} and assumption 3 imply

[e.e]

1 1

o0 o
1
_— = > _— :OO,
;]\4]f kZ:;le‘i_maXi<k{||Hk||2} _;bB—I-Cl—I-CQk‘

(4.70)

which is a contradiction. Thus, there exists a subsequence K such that limgeg, A%, (25, 1) =0. &

An immediate corollary is that Algorithm 3.1 is globally convergent under the first assumption in
equation (4.44).

Corollary 4.2. Let f and ¢ be twice continuously differentiable functions, and let {xy}, {Hy}, {Bx},
{A7}, and {A7}, be sequences generated by Algorithm 3.1. Assume that the following conditions hold:

1. the sequence {x} € B C R™ for all k > 0 where B is a closed and bounded set;
2. there exists a positive constant bp such that |Bg|l2 < bp; and

3. there exist positive constants c1 and co such that

k
[Hllz < e1+ c2 Z lsklloe  for all k > 0.

i=1

Then, either x is a first-order critical point for problem (¢1-0) for some K > 0, or there ezists a
subsequence of {xy} that converges to a first-order solution of problem (¢1-0).

Proof. Since A} < A, and A} = 1A}, it follows that ||sg||cc < Ay +7¢Ay = (1 +7f)Ay. Therefore,

k
[Hillz < c1 42 llsklloo < c1 4 (c2Au(1 4 74))k  for all k > 0. (4.71)
i=1

The result now follows from Theorem 4.2. 1
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5. Conclusions and future work

Research on second-derivative SQP methods is very active. The optimization community continues
to tangle with the difficulties associated with nonconvex subproblems in an attempt to further our
understanding of these methods. This paper has provided additional understanding by showing that
the relatively simple idea of imposing descent (via an artificial constraint) guarantees that certain
pitfalls typically associated with second-derivative SQP algorithms may be avoided.

We presented an SQP method that is based on the work by Fletcher [12]. In Section 2, we described
how to compute trial steps using a predictor step, a Cauchy step and an (optional) SQP step. Since
there is considerable flexibility in defining the SQP step from various subproblems, we explored three
options: Section 2.3.1 discussed an explicitly-constrained SIQP subproblem that was enhanced by
an artificial descent-constraint; Section 2.3.2 considered a subproblem based on the so-called SEQP
approach; and Section 2.3.3 discussed a class of implicitly-constrained SIQP correction subproblems
that were designed to avoid the Maratos effect. We feel that the flexibility in our algorithm provides a
natural framework for avoiding the Maratos effect that is less ad-hoc than traditional means. The key
to an effective and efficient implementation of our method is the careful utilization of the advantages
that each subproblem enjoys.

In Section 4, we proved that our method is globally convergent without having to compute the
global minimizer of a nonconvex quadratic program; this is arguably the greatest contribution of this
paper. We also proved global convergence under weaker assumptions on the Hessian matrices; these
results are analogous to those provided by Yuan [26] for Fletcher’s S¢; QP method.

In a companion paper we plan to 1) discuss strategies for updating the penalty parameter; 2) investi-
gate local convergence issues; 3) discuss mechanisms for defining convex approximations to the Hessian
of the Lagrangian in the large-scale case; and 4) provide numerical experiments with our evolving
GALAHAD package 52QP. We note that Byrd, Nocedal, and Waltz [6] and Byrd et al. [1] have published
clever techniques for updating the penalty parameter and this will influence our developments.
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