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I. 

AB'JTrtfiLT 

rh8S8 notes present 8 ClJheI'ent anG cO'llprC'he~sive introducticn 

to the theory and epplications of Communicating Sequential ~roc8ssES. 

~Iost of the illu~trativ8 examples have appeared 88rlier in PkC-22. 

The theory descrited in P.i1C-lt, r'BS 08en taken as the basis of a 

number of algebraic laws, whicr, cen be used for oroofs IJf 8quivalence 

and can justify corI'(-;ctness-preserving tranSfOri11dtions. Ii complete 

method for specifyir.g process~s and proving thelI' corr~ctn8ss has 

been tclK:8n over from ~RG-20 and I-'HG-23. Piany of the concEopts haVE 

been implernen'ted in LlS[JKlT. as described in PRG-32. 



2. 

CONTE j,.IT S 

Cf-i,'1PTER ONl:.. Pi-(OC[55[S 

1.1 Irtroduction 

1 .1 .1 Prefix 3 

1.1 .2 P,ecursion 4 ,1.1.3 :::rHJice 

1 .1 • {j 1'IL:t'-,sl K8cursion 

1 .2 Pictures 9 

1.3 Laws 10 

1.4 Irnple'Tlentation 13 

1.5 T:roces 15 

1.0 Operations on Tr2ces 17 

1.o_L__c;~~Enation 17 

'1.6.2 Restriction -Hl 

1.6.:: Head and Tail :9 

1.6,4 ::,tar 29 

1.6.5 llrdsring 20 

1.6.6 Length 21 

1. 7 lmple~ertation of Traces 22 

1.8 Traces of a Prace5s 23 

loB,1 Laws 24 

1.8.2 Implementation 27 

1.e.3 After 28 

'I.g ['lorE Operations on Traces 29 

1.;.1 Change of Symbol- 29 

1.9.2 Catenation 6nd Zip 30 

1.9.3 Interleaving 31 

1.~.4 Subscription 32 

1.9.5 lieve:real 32 

1,10 Specifications 32 

1,10.1 Satisfaction 33 

1,10.2 Proofs 35 

CHil,PT~R T\.;C. CO~JCURRUF D'1[]CES5b 

~.1 1nt.roduction 

2.2 Inter~sction 

2.2.1 LSLL'S 3 

2.2.2 I mpleme,,"t-dtion , 
2.2.3 Tracea 4 



3. 

2.3 ConcLI['['8ncy 4
 

2.3.1 Laws 6
 

2.3.2 Imp!8ment2ti~:Jn B 

2.3.3 Traces B 

2.4 i="icture s 9
 

2.5 Exar7lple: t~e Dining Philosophers 10
 

2.5.1 Alp habe t s 11
 

2.~.2 8eraviour 12
 

2.5.3 Deadlcck~ '3 

2.E Cr,ange of Syr;lbol 14
 

2.6.1 Laws 16
 

2.6.2 Implementation 10
 

2.6.3 Traces 17
 

Cl-'i\PT[~ THREE. r~CN--DETERl'nNI Sf', 

J.l Introduction 

3.2 r'jon-deterministic or 

3.2.1 Laws 2
 

3.2.2 Implementation 3
 

3.2.3 Traces 4
 

3.3 Ceneral Choice 4
 

3.3.1 Laws 5
 

3.:L2 Implementation 6
 

3.3.3 Traces 6
 

3.4 Refusals 6
 

t---- - - -----3;tr."'I -Laws 7
 

3.5 Concealment 8
 

:3.5.1 Laws 10
 

:).:'. L Implementation 11
 

3.5. ::3 Trac8s 12
 

3.5.4 IJictuI'sS 12
 

3.5.5 ';Jar-ning 15
 

J ..... " , In':.erleaving 16
 

:3. 6.1 L3WS 17
 

:3. 6.2 Traces 18
 

3.7 SpeCifications 18
 

3.7,1 Proofs 19
 



4. 

Cf-i;PTC'o '(IU". 

4.] 

4.2 

4. :.1 

'-j • -. ­

4.3 

4.4 

4.4.1 

4.4.2 

4.1'l.3 

4.4.4 

4.4.5 

4.5 

4.5, ; 

[",~PT[H 'I',J[. 

5.1 

5.2 

5.3 

5.4 

5.5 

5.5 

5.7 

CHAPEP SIX. 

6,1
 

6.2
 

~. 3
 

6.4 

6.~ 

L.IJI"'I,IJI'H~,"TH,~ P°C'C~S_~',-::> 

IrtcQduction 

Inpuc ana UUcdut 

ImplEmentatior 

"'pscification 

Communication 

Pipes 

Laws 

Impl~IT'E:nt"'tion 

livelock 

Speci ficElt ions 

Buff~rs anD protocols 

Swborcinaticn 

Laws 

CiEL.iUEr'JTI;:;L fFWCESSlS 

Introduction 

Laws 

Traces 

Sequential Programs 

Laws 

:,>pE'ci f ic.?cions 

lmplarnentation 

Shl\'-,r_O i'iC:iCURC~S 

Introdwction 

Sharing by intErleaving 

Shared storage 

l'lultiple resources 

Screduling 

b 

10
 

19
 

~·I 

23
 

23
 

25
 

26
 

29
 

33
 

4
 

6
 

7
 

8
 

10
 

15
 

2
 

8
 

10
 

:2; 



1. 

r::HHPT~Q C":E 

r',:. =":::",C::O 

1 ,1 lrtroduction 

Forget for e while "'bout computers "nd c:J'I1puter pro;jrammir,c;', era 

think. insT.aad abDut objects in t~8 world around us, wl~ich ;:;ct and 

interact with us 3nd with each oth~r in cccoroance with some characteristic 

pattarn of bahaviour. Think of clocks and counter'S 3nd telephones and 

b03rd games and vending machines. To describe their patterns of 

behaviour, first d8cide ~Ihat kinds of event or action will bl" of interest; 

and choose a different name for each kind. In the case of a simple 

vending machin~. the actions ~ay be 

Coin: the ins8rtion of a coin in the slot of a vending machine. 

choc: the extraction of a chocolate from the dispenser of the 

machine. 

In the casa of a more complex vendlng maChine, there may be a greater
 

variet, of events:
 

in1p: tr,e insertion of orlB penny
 

in2p: the insertion of a two penny coin
 

small: the extraction of e 3m311 biscuit or cookie
 

large: the extraction of a large biscu~t or cookie
 

_____ e~-4p:-""tl1F8xrracf.ion-of one penny in change 

The set of namas of events Which are considered relevant for a particular 

dascription of 3n Object are called its alphabet. 

The choice of an alphabet usually involves a deliberete simplifi ­

cation, a decision to ignore many other properties and actions which 

are considered to ba of lesser interest. For example, the colour, weight, 

and sr,ape of a vending macr,ine are not described, and certain very 

necessary events in its life, such as replenishing the stack of 

Chocolates or empt/ing the coin ~ox. are aeliberately ignored - perhaps 

on the grounds that they are not, or should not be, of any concern to 

the custofnE?rS of the machine. 
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The actual occurrem:e of each event in the lifE of an object shoulo 

b8 regardsc as instant~neous - an atomic action without duration. 

Extended or ;;ime-consuming actions should be represented by a pair of 

evants, t\"',e first denoting its start and the second oenoting its 

finish. Tr~ duretion of the action is represented by the interval 

between these two events, which may be saparatEd by occurrence of 

other events. 

In choosing an alphabet, there is no need to make a distinction 

between eVEnts which aI'S initiated by the Object (perr,aps "choc") and 

those wr,ich are initiated by some agent outside the object (for 

example, "coin"). The avoidance of the concept of causality leads to 

considerable simplification in the theory and its application. 

Let us nouJ begin to use the word prOCESS to stand for the 

behaviour -pat-t8rn-~f an- a9ject~ ins~fer as it can ba described in 

terms of the limited set of events selected as its-alp~3b8t.--~~__ 

use the following conventions. 

1. Words in lower case letters denote events, e.g., 

coin, choc, in2p, out1p,
 

and also the letters c, d, e.
 

2. words in upper case letters denote specific defined processes: 

e ,g. VI"IS the simple vending machine
 

v~c the complex vending machine
 

3. Tl'e letters .-.:, y, z are variables denoting events. 

4 • Th' lett8rs A, 8, C stand for sets of events. 

5. T'1e letters P, Q, R stand for arbitrary processes. 

5 • The letters X, Yare variables denoting processes, 

7. The alphabet of process P is denoted "p. e.g., 

'" VMS {coin, Choc) 

""VI~C {in1p, in2p, small, large, out1p) 

Example 

X1 The process with alphabet ~ which never actually engages in any 

of the events of A is called STOPA' Tr,is describes the beheviour of 
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~ broken object: although it is equipped with th~ phy~ical 

capGbilities to ~ngage in the events of ~. It never exercises th058 

capdoilities. Nevertheless, it is useful to distinguish objects 

o;ith differe['t alphabets, even if' tt'Ey nEVEr 00 ar,y"'::.~in;. :,0 ::;TO''':IIMS 

'Tfight rave given o,,.,t a chDcolate, wr,ereas :OTGf.-'t:<.VI'lC coula only have 

yiven out ciscu.i..ts. It is logicall:, impossible for a process to 

engage in evants outsioe it.,; alphabet; but therQ may bQ events 1.L1ithin 

its elphacet which can never actually happen. 

In the remainder of this introduction, W~ srall define some 

simple notations t~ aid in the doscription of Db~ects which actually 

succe8c in doin~ something. 

1.1,1 rrefix 

T~(· following notation should De re,Jd "x then [1": 

(x~: p) 

It describes dr. Object which first engages in the event x ~nd then 

behoves exactly as described oy P. (x ----;.. I') is defined to have the 

same alphabet as p. so this notation must not be used unless x is in 

that alphabet,: 

x€. <><.(x ~ I-l)::= <>I.r' 

Examples 

;.<1 A simple vQnding machjn~ which COnsumes one coin before oreaking: 

I~ -- - -- - (Coin -~ SEfJ,,:.\ws) 

.:<:: A simple vending 1T1"chine tt-lat successfully serves lulO customers 

b5fore breaking 

(coin ---? (choc ~ (coin ----+ (choc ~STOPV:\.IMS)))) 

In future. we srlall omit braakets in the case of l.inear sequences of 

events, like those in X2. 

X3 A counter starts On the bottom left square of a board. and can 

move only up Dr right to ~n adjacent uhite square 

E 
-""L. TI-' {uP. rigr,t) 

eTil (rigrlt ~ up ~ right ~ right ---:;. STI1~~CTR) 
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1.1.2 Hecurslon 

The prefcx notation C6n te used to describe t~e ertire behaviour 

of a process chat eventUCllly stops_ out it would be extremely teoious 

to write out the full behaviour of a vlC'noing machine for its ~'exilr,urr, 

design life; so we need a ~~t~od of oescribing repetitive benaviour 

patterns by nuch snorter notations. Preferably these nD~ations should 

not require a prior decision on tr'8 lengtrl of the life of an object; 

this will permit descriptior; of oojects which uill contlnl.J1" to act ;o;nd 

interact with their environ~ent for as long as they are needed. 

ConsiDer the sirnplest possible everlasting object. a cloel, ~jhich 

never does ~nything bwt tick (the act of winding it is deliber~tely 

ignored) 

... r::LL'~f( [tick) 

CDnsider n8xt -~~-~bJecE that behaves exQ~~JY ~f~G the clock, except 

thCJt it flrst emits 3 single "tick" 

(tic'" ~ CllJCK) 

The behaviDur of t~is object is indistinguishable froll' that of the 

original clock. n-,~ sam~ process therefore describes the behaviour of 

both objects. This reasoning leads to formulation of the equation: 

~LDCK	 (tick ~ CL..L,Cr-.:) 

This cap be regarded as an impl1.cit dLfinitiLJn of tto,s bl!h3Viour of the 

clOCk. ln the same way that the square rQot of two might b", dcfinE'd as 

the solLtion for x in the equdtion 

2
x:x+x-2 

T~8 equation For the clQck has some obvious consequences. whicr 

are derived by simply substituting equals for equals: 

CL DCK	 (tick ~ LlUCK) original equation 

(tick ~ (tick ~ ClliCrZ)) by substitution 

CLl'CK	 (tic'" ~ tick ~ tick ~ ~L[.JCI() similarly 

The equatlon car, be "unfQlded" 85 filany times as required, and the 

possi:iility of furthE.'r unfolding will still be preserved~ The pQtsnti"lly 

unboL..'f"lded behaviour of the LLlJrr: )-,a5 bc,en £ffectively dE' fined as: 

tick ~ tick ~ tick ~ 

in be same way as th". square root of two ca" be tr.ouyht of as l:he 

limit of a saries of decirH"ls: 

1 • 414 ••• 
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This method of s81f-refere~tial or r~cursive deFinition of 

prOCEsses will work properly only if ~he rignt hand side of the 

equa~ion starts with a~ laast one 8VE~t prefixed ~D all recursivE 

occurrences of the process naIT."'. T or example. the rEocursive 

"definition": 

, 
d08S not succ"ed in deflning anytn:ng, sirlce [)verything is a solution 

to this ~quation. A process description whiCh begins with a prefix 

is said to bl) guardEd. If F(X) is 3. <;uard8c:i ExpresC3ion contairllng 

thE process nel118 X, and 4 18 the intended alphabEt of X, then the 

equa~iDn 

x = F(';) 

has an unique solution witrl alphabet ri. It is sometimes convenient 

to denote this solution by the expression 

fJX:iI.f(X) 

Here X is a local nalnB (bolJ'nO variable), and can be cr'ang8d at will, 

sinCE! 

IJ X:A.F(X) j...'Y: A. F (Y) 

This equality is justified by th~ fact that a solution for X of the 

equation 

x = reX) 

is dlso a solution for Y of the equation 

-'i. ~ elY) 

[xamples 

Xl	 k perpetual clock: 

ClOCi': j.JX: ltick} .(tick ~ X) 

X2 ~t last, a slmple uending machine Which serues as many ebocs as 

required 

',n,S (coin ----? (choc ~ vr-,S)) 

X3 ~ machine that gi~es change for 5p 

""LH5i\ = [inSp, out2p, outlp"j 

Lt-l5A -= (in5p ~ out2p ~ out1p ~ out2p --:; CH5A) 

;;4	 {I different ctla,.ge giuing rlaci,in., with the same alphabet 

CH5f3 (in5p ~ out1p ~ out1p ~ out1fJ ~ out2p ----::a. CH51:J) 
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In future, we shall of~en omie a- explicit definition of the alp~a~~t. 

whan this is ~DvlOUS from the cc,rtI?X't 'lr' c,.::n'C8rt of ;:roe ~r~cess. 

1.'.3 [;l',oice 

[lllth PrEfixing and recursion It is poss':'bls to describe DOJects 

~Jith a sin~la possible strs8'n Qr' ol;'rocwiour. HOL.Jr'Vl'r, ;r,ar,v oOJects 

allow their oehaviour to be influenced Of interaction wlth the 

en\lironmant ..rithin which tf',E'y are placed. For example, a vending 

machine may offer a choic:~ of slots for in5srting a 2p coin or a 1 p 

coin; and it is the cuStO~le:r that decides between these to'D 8vents. 

]f x and y Jr'8 distinct events 

(x ---?P \ 'f --7 ~;) 

descrlbes an oDJec~ wrich i~itidlly 8~gages In either of the evencs 

x or y. -~;f:er-the--f-ks..t._eve_'2-~ ha;o occurred, thE: subsequent behaviour 

of the obJect is described by >J if -t-he- fi-r-it -liven"'t 1cJ3"!l 'l(-,--UX_kJ~!:..­

the fir;oc; event was y. Since x and y must be different events, the 

choice bEtween fJ 8fld W is deter~lined t:::y the first event that actually 

occurs. ,",8 before we insist on identity of alphaoets, i.e., 

:0lx,'] '- c_(x -w Iy ----'> r<) ",{ P co: IJ 

The bar I should De pronou:-Jced "choice" 

[xamples 

X1 The possible rnovernents of a COUnUiI" on the board 

c=TTJ
I:t=J 

are defined by the process: 

(up -----.:,. :,Tf]fJ I ri<Jht -----? right ~ up ~ ;TG~) 

12 11 machin'2' which offsrs a cr,oiee of two combin2<tions of crenqe 

for Sp 

CHSC "'- in5p ~ (::lutlp -:;. outlp -----? OLJt:p ~ out2p ~ Cf,5[ 

lout2p -----? out2p ~ out 1P ~ L1~SC) 

x3 n machine that ser~es either ch~colate or toff~e 

')["[T }-JX. coin --7 (thOC ~ X I toFfee ----7 X) 
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X~ A more complicated vRnding mC'Jc~linl? that ofFers a choice of 

coins and a choice of Uoods ana chang8 

',!r'C = (in2p ---->0 (large ~ vr~[ 

I 3m'eLll ~ out1p ~ 111'll) 

!inlp ~ (3~all ~ ',I'~ 

lir<p ~ (larCJE' ~ y"":: 

jir'D ----'" STilP))) 

l ivl:" '"",,! complic2ted macrlr;ioo". tris t-as dssigr ~ laUJ. -:. te'7;J0rary "'ix" for 

this bug is to write a notice on the In~chine 

"'"i/'111 \li\.G: do r-,ot insert three coins in a row". 

The definition of choice car, reedily be e~tend~d to nore th~n 

two alter~atiuGs. e.g., 

(x ---c> ply -'H I. ·.1 ,----,> R) 

~e~erdl, if ~ :s any set of events, enc ~(x) 13 an expression 

~efining a process For {'0Cr different x ~~ ~. then 

(x:~' ~ L.l(x)) 

d~fin's a process which first crfers a choice of any event y in A, 

an>:: then t:er3ves like p(/). I t should De pronounced")( from 

ther I' of xu. 1n this construction, x is Q local variable, so 

(x:i-\ -7 p(x)) (Y" ---c> p(y)) 

The set A defines the "initial me~u" of the process, since it gives 

---±.he.......s..aL..rrf -a.ct..i ..gH&-e&t..;veen whictr--cl ctmice :ts tobe-rTlilde at the- sfilrt-:-­

~xarnple 

.<5 ~ process .... hich at all times can engage in any evert of its 

alphabec; )'\ 

.,I,RlJ r\! A 

RUl
A 

lx:':' ----:? RUN o ) 

" 

lr the special case that II contains only one event e, 

("{'l ----> pC')) = (e ----> P(ei) 

sincs e ~s th~ only p05s1tle ini:ial evert. In the even more speclal 

C;']SE that g is E?rT'pty. nothing <'It all can happer, so 

(x, II ----> p(,)) (Y'f) ---->U(,)) :3TOP 
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ThLIS prefixi~9 and STuP are juat special cases of U,e gel"'eral cho.l-Cl' 

~otation. Tris will be a great "cJv2f'L~9!O' in the formu18tiun ur gel"'Eral 

laws govErl"'i~q proc8sses. 

1.1.4 ~lut'.Jsl >lecursion 

Recurswn permits the defirition of d single process as the 

solution of a single equation. The tec~'r,ique is easily generalised 

to solution of sets of equations in more than one unknoum. For trois 

to work prooerly, all the right h3niJ sid8S must be guarded, and each 

unknown process must appear exactly once on the left hand side of one 

of the eqL:iltions. 

[xamp Ie 

X1 1\ drinks dispenser has a knob with two settings, laoelled GIN 

and 'wHIsn'. ih~ -~c-fro-n-s -of' 5E'ttinq tb~_ ~~I:l~ are " se tgin" and 

"setwhiskt". The actions of dispensing a drink are -'-'girlrl-8ntr~_ 

The knob is initially in a neutrEl position, to which it never return2. 

Here an, the three equations • 

.,,(00 =: ",C =: ~I,.I =: tsetgin, setwhisky, coin, gin, Whisky} 

ULl =: (5l2'tgin ---7lG IsetwhiskY ~JJ) 

G '" (coin ~ gin ----::. C; I setwhisk.y ~ w) 

IJJ '" (coin ----? Whisky ~ I." I setgu; ~ G) 

lnformdly, the drinkS di~penser may be describeo as being in a 

particular:me of tho, tuo states l; ar,d!lJ. Iro Bach state it ~ay either 

SE'rve ,he appruprii'ote drink or be switched to the other state. 

~, using indexed variables, it is possible to specify infiritB 

set~ of equations. 

[xamvle 

X2 ~r object starts on the ground, End may move up." At al'y time 

thereafter it may move "up" or "down", except 'that when an the grourod 

it CW'1::lt move any furthE:r down. But when it is on the grourod, it <ray 

move "Erourd". Let n range over the natural numbers {O,l,2, ... J. 
For each n, introduce the indexed name CT to DEscribe the behaviour 

n 
of the object when it is n moves off the grouno. Its initJ.al 
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lJer,c.viGUI' is defined as 

[TO ~ (up -----1' ~Tl i b.TOl.rd -~ ::-T )
O 

dnd the l'e1naining infinite set of equations are 

LT +1 = (up ~=Tn+2 oown~LTn) 
n

there n ran,;e~ OV8[' the natural numt.crs 0,1,2, ••• 

1.2 I-JictuI'es 

it rna, be helpful some'Cimes to make a pictorial representation of 

a process as a tree structure, consisting of circles connected by 

lines. The circles represent states of the process, and the lines 

repres~nt transitions between t~e states. The single circle at the 

root of tl'8 tree (usually drawn at the top of the page) is the sLutir~ 

state; Clnd the process moves dowr,ward alorlg the lines. Each lir,e is 

labelled Oy the event which occurs on makirlg that transition. 

[xE,mples 

x1 I coin 

:<:2 r coin X3 !co 1n 

) chuc Ch~~ ~Offee 
0 

I coin 
01ch:.c 

coin j l coin 

ch~y _~F~e 

In these three examples, every branch of each tree ends in STOP, 

represented as a circle with no lines leading out of it. To represent 

processes with unbounded behaviour it is necessary to introduce another 

convertidn, ~~mely an unlabelled arrow leaoing from a leaf Circle back 

'1:0 :oo~ne earlier circle in the tree. The conventiol'1 is that wh8n a 

process reaches the node at the tail of the arrow, it immediately and 

imperceptibly goes beck to the node to which the arrow points. 

:>.4 :>.5 /; -- '1 
eo'n

.r---4 coin 

l:Y~fe, tOffe~6~hoc~o 0 

coin 
I 

u- J'" toffeeCh / "0 
o 
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Clearly, these tL.JG diff<::rert picture"" 1.11lJstrc:te E'X3ctly the s8me 

process. It is or;e of t,1"8 W8iJV'WSSes of' piC~:..Jres tt-at proofs of such 

equality arc difficult to cundGct pictorially. 

Another pr-oblem \LJlth pictures ~s that they c~n'lot illustrate 

processes uith a very 1"rg8 or infinite r,umber of states, for eXi';IJ1ple eTa 

j..~Yfr\c
pc.·:1111'\
111 0\1 

o {\'\ 

o " , , ,, ,, 

A count "i th only 65 S36 different states would take a lang time to draw. 

1.3 Laills 

Even wi'th the very restricted set of notations introduced so far, 

there ::re many o·ifferl"r.t [,JCiYS of descriting the same behalJiour. For 

examplE', it obviously should not matter in which order a choic£' between 

events is prese~ted: 

(x ~ f\ Y ---;,.r;.) (y ----7' '-j ix ---;,. f'). 

un the other hand, a pror:ess that can do something is not th" same as 

one that car't do anytnlng 

(x ----? ~,) t- STOfJ 

In orjer to understeno a notatior. propfr~1 2",d to use it eff8ctively, 

we InL5t learn to recognisE? w~\icn expressions descri;::,e the Si;lm", o~jact 

and ",hich do not, just ",3 everyone IJho understanos arithrnetic knOl~s 

that (x + y) is the s",me number ,:,s (y + x). Ioentity of 9rocessss 
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with the same alphabet "Isy be pro'Jed or disproved 01' aflP~al to 

oI1~80L::.ic !38S ~'(;ry like t"~s,,, of ,,:,:,itr,;Tltic. 

fhe first law d(FI1.'O lL'i:h -o:ne croice operb~O.. ~t 5t~te3 t'-'at 

twCJ processes dfifinea by chwice dre difFerent if they offcn: oifferent 

c r 3icES on thG flrst s~ep, or if after th~ 32me first step ti,ey ben~v8 

diff8rentlj'. However, iF tho inltial choices o:r'3 the g'ime, ana for 

oac)- :r.. itial or-vice thE sutseouent bar-auiours 2.1'e th'~ 5;0111", tner 

obviously the processes are id8nticel: 

L1 (.:.;:,c --"'7F(X») (y,e -----'> Cry)) 

= = e " V x Ell. p(x) = =(x) 

Here and ~lseljh8re, Wr:> aS5urne withoL.'t 3Lo,ting it that tho. alphabets 

of tne processes on e:lch side of an equation '=ire the 82rn~. 

Tl,e law L1 h0S a nUrilt::;'8{' of immediate nototional conSEquenCes; 

Ll h :'T~r:: ~ (0 ------:­ ,-,) 

fJroof. LHS ~ " [ j----> f' by definitiol"1 

~ " {d J ---'> r beoau,e f ] ~ (d) 

Clh=' Dy definition 

L 18 (0 ---'> pi ~ (d --,) 0) if C ~ d 

~,oo'. B UdL 

L1C (0 ---'> ~ I 0 --7 ·~,I (d --,) U I 0 --,) 0) 

Ilroo r define h'(x) C' if x c 

1 if x d 

Lt-G"" (x: {C'd} ~ R(X)) 

(xo [d,o} --,) c(,)) 

HHS. 

L'" (c ---? r) ::= (c ---7 ,,) :;a ["1 J. 

Tr'E58 Ie"'!:: perC1i:. prLoof ~f sim.::'liC tr;o,r= -;0: 



t:Xdrnale~ 

,,1 (cain ~ c>'oc ~ c~in --) c:hoc --) ;"H'I') r- (cuin -7 ,TL:I-') 

"'roof by L1[, t:-e n L1 r,. 

}-lX. (coi, ----7 (c~)Oc ~.\ I tofT~1' ~ x))
 

'" j.X.(coin ~ (t'Jffee ~ X I choc ---..,,;))
 

To ptGuu mure ~BrBrdl tlleor~m5 abo~t recursiv',ly defined 

processes, it is nBcesaary to intrODuce a law J~ich stales that evary 

propf>rly guarded l'EOcursive eouCltion has unly c.'r:e solutl.on. 

L2 If f(x; is d gLldrded ~xpH:::;sion. 

Ii" f(y))== (Y "~X.r(X)) 

'Cop,gUary: __ !J~~~~~! :: F(}JX.F(X)) 

[XiJl~plE;S 

X1 Let \11',"1 }JX.(coin ----7t chac ----7t X) 

\1'''2 '" J-l,:.(cboc --:;) coin ----,} 1) 

'-:equirec Llj prove: 

Jr"., '" (choc --:;) V!"I'I), 

Proof. vr<'11 (coin ~ (choc -----;:. V~I')) by def 'WI 1 

[:\y fn8f:LXing "chClc ----+ " to both sidr,s: 

(CrIOC ~ \if'il) -= (ChUC ---:> (col n ~ (ch:Jc ~ Vi"1)) 

i.e., (Ci1iJC -----7 'J",'I) is a solution for X in the ",qu"tion 

x "" (choc ------i coin ~ x) 

,'3"t I)~:~' i'3 defined as r:he only solutiOn to this equ:,tion. 

(choc ~ I.!I'i1) '" 'J~' 2. 

;,<-is th~oJe~, is so obvio.Jsly tn:e th,,( its proof '::'n no way adds 

to its crec'::'bility. n"3 Llnly purpusa of the proof is to sho'<I by 

eXdrnpl~, tl:.:ot thG lcl\~5 afe pO\JJ8rful a,n,--,ugr> to estdblish Facts of tr-.is 

kind. '_'h2:' proving oovious fCiCts frJ~' less oOViO'.J3 laws, it '::'.s 

i;T1pon.a~t to ]Ustlfy every lin" cf t"co proof in full, aii a check that 

tt-,{, "roGf is not. circular. 
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Thp. la~ fur r=cursiun car be extended t8 ,wtu~l r~cursion. 

If r"(i,X) is a guarded expression for ;;11 1 in ::: 

( 'v' i c: ti.X i 0- ,- (i, X) & Yi - r- (i, Y)) ==::;. X = Yo 

I.~ InplerrEr,tCltiLln Df rroo;;essEcS 

[v[~ry process P exprEss101e in tr,E noc;stiGns introEJuceQ so far ca­

tee .,Iritter irl t~,e Form 

(", ----:>C(x)) 

where P is a function from symbuls to processes, anu wher~ ~ nlay DB 

elTlpty (in the case of :;Tr_,~l;, or lTIay cvntain only on~ rr,~:r,ber (i:-1 the 

Cd2E of prefix) or may contClin more tr,dn one lTIelll~ar (in the case of 

chf)ir.f"). In U-,p C2SE: of a reCl.:rsi\JEly defined process, we ~'Gve 

insisted that the recursion should be guarded, so tlat it may be 

written 

~X.(X:A ---7 p(x,x)); 

a"lj this may be unfolced to th<-' reuuired fGrlTl: 

(X:::' -j p(x,~y.(x:A ~ r(",Y,)))). 

ThLJS eV8ry process Inay be .:-egarded as a fun~tion r with a donlain ri, 

deFinin~ t~e set of Bvents in whicn thE process is initialll prepared 

to engagE.'; and for each Y in ;., fJ(x) deFines the future bf'haviour of 

tre process if the first eJent \<lOS x. 

This ineight ~Brmits 2vury process to bE impl~m8nteo ~5 ~ function 

1r some 5LJicaole f_lnctional proyrcmming la:'1S;LJac;e SLch i:lS tiSP. roach 

e~cnt in tho,:, alpraQE-t nf Cl r'rncpss 1'0. implellll'nteo 23 en 3torr" for 

exanple "r=LlH!, "TL!' rcc. process is a function WhlCh Cd~ bE applied 

tc such il symbol as argLJment. If the syc"bcl is.!:2l a possible First 

e~ent for the process, the functiol glve~ d~ iLb ~esult B 3peciol 

symbol "BLCLP, which is used only for this purpose. For example, since 

STuP never eng.:ages in any <Jvent, this is tle or,ly result it can ~V0r 

g~ '"e: 

'j--;-uP = ~x. "2L"CP. 

cut i f tll~ acLucll Col yument is B pOf-siblc C'I.'cnt ro~ the r'~ncp<;'i, th", 

function gives back ciS its result another Function, representing the 

sULlSE'qUlellt ueni',vicur of t~c praces;;. Tnus (coir --} c,T0~) is 



1". 

i';.cle'T'ertF,,, ,;,~ «"If' f ..mc-.:ion: 

),X. l.f X =' "LL! i.1~ ~ c_ f, 

'_5<0- ",:" ~, L 

12'- <Ox'.'I'P.t8 'C,J"",-=: GG\'CJ,~~~o' of ",::1'10 ,~ciliLj wf L~~i-' P,~lr 

r,-~ r'~~I~; ~ f~~ct~op (e.g., :TS~) :'-(0 reSU.LL uf i.' f,I.C'::iC'~'. Ll3'~ 

",-.,,-- 3ll:J:~"s Funcc:iL'" ~\) ["";8 passiO.C .0S 2r ",";~~IE''''( 'Cc' '" ;L,~cti:Jr. '" 

f'Lllit'l L;~d ie i~lc'19rr'(OfI"L:in~ -, ~eI',:;,l p'~~ixin,; furc"Lior: (c ~ r): 

c;r-fix (-:,(') A-<'oLix C-~e'lP
 

ElsE' "[0 ,~I
 

'" r'LJr,ctior tL' L~,cli "c·r'~ ~':·",8r,~1 cinoJ:')" CI-"J2C~" (c ~" I 0 ~ ,~) 

'N'lull] us: 

cnoice2(c,:',~, ) ),.x.if Y "" T,n,o~ 

else 2.l )( d~ 

- .. __ -:§1:o.2 "eLt:~~' 

~"c.:Lrsiv'31y defi,',e:c ~r_:cr,,,,,c,,, 1'\3)' Do imolE,;',Grt2~ witi"' tllFo aid of 

the U\BU feature of LIS,". !'or Example, til," simph~ vendi,"g 'n",Cr'i"8 

(]-iX.coin ~cr',oc ~X): 

L~C~l x.prefix(":IJIN, prefix ("LHOC,X)) 

Tht, U;!J[l ~"c:y also De u::;ced to ir;lple:llert ,c'UtUill recursio,-,. ,'-or 8XdnplG 

(1.1. f+.X;), CT may be regarded CIS '" f~'r;ctiul' 'r'Jft n2tural nur-lb12r::. to 

prc.cc,:,s6.'o (WI-lCh 2f8 themselves Functiors - but ll?t rlO~ thot b, a worry). 

~Jo L~T "'~'. :.Je c6Finl?d: 

c, == U\,O[I~ \. Ai'.
 

if" == 8 ~ choiceL(",,;L:i..."'"'~'.J:(r::'),"~'f-',),(l))
 

p ls~· c"-'oice L ("1,"'- , X(n+"1 ), "~C' ~'"!, X(n-i ) )
 

Trc plClceS=' that st'Jrts or tre 9rcuno is ,_T(C). 

I' 0 is functio~ represBntir9 a orocess, ~r~ '\ is a list con­g 

tei~l~~ ~ne sy~tols of its alphab8~. the LI~~ function 

(Tlsr. u (:'" p) 

;ives list of all crose sym~u13 ;, we-ien car;:;(.c,--,r as tre Firse 

6VE~t :r the life of ~: 

O1eru (~l r' ) == r;rL ::..:=e'"'_ C'"il. 
e13~' it r:-(car(~)) co: "0L[Q cr,t'n men'J(ccr(,".),') 

61500 CGrS(CClr('), Illel,u(cdr(A).~-)) 
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IF x is l~ menu(:1,P). L(X) is rD+: "'"]'I_::e, ;O-r~ is :';'"ler!O:foEE ~urc:ion 

defining ti-e future berlavi']ur of r' after engogirg in x. Thus if y is 

ip ~en~(~,p(x)) then ~(x)(y) lUlll ~lve its later oatlaviour, ~fter both 

x 3r;0 Y -"ve occurrl'O. 

Tri6 suggests '-' useful method 0 F explorinq thE] bahaviour of a
 

procEss. li1rite <:l pragr;]r;-; "'hien first outputs the valul.3 of InenulFI"r,)
 

0:-' e screer;, E["W tr,E'n i;lpUr.S e symt,ul ~ron lhe kCyLJoard. If thr,
 

5/,:::01 -:,t i, l:.rc ",er~, ie: snoulc iJE greeteo with en audiol! Dleep
 

Llnd ti'E, ig '.lrC'd. [lthErui~;' ,rto- s\'"ou1 1,0 aCGF~'::E:J, arl, r;re r.rocE3s
 

l~ rLI,e3t~O Wlth p rBpl~ceu by thE re';ult of dllplyill~ ~ tu tn~ dCLI!otec 

symbol. TrF" I-JrOC8SS i-. t'nmin<J'[r:1J 01' '[yr:Jlng an "C:"U s,/mbol, Trus if k 

is ;;;hr seque,'~ce c.;f sym:,oLS jnput fLom thE ke,vbo;Hd, :he f::Jl1mulr,g 

C'~ncLor ~lv'l-~ ,to- sEc;uLr,c~ :If Jut_uts rE.-;uircc: 

iriterOlct(~,,1 ",) : cor,s(-ne:-,u(,'"I-), 

~ co;(k) = "~:J'-' -.hu' :'IL 

elsp if ;:;',C21(Y)) =- "l::l'l'_L' ·.rar 

C'Jn, ("EJLEE II, if Itei ,~c: t \,,\, ' ,ccr (K) )) 

,,1'Je lnttJract(i1,r l(IJdr(I')),ctir(k))) 

T-", r'ClL'lt':'Jns U',8cJ c<tnue "Ci: (:Efir,ir·j l_rr,P flJI~ct:.onc; ;Jr·' ""'I'y 

ir,frJri'Ial, ~nd U18/ l.eill n~s,cJ tu be; tUlnsl'1ted to the sp,"cific conventiO"21 

:'-r,xprl::3sior. form Of 8,>ch WClrtlcul;.,r ilnplfrnent;.]/;ion or ,13P, >or 

ex~~ple in I.J~Pk~t, tha prefix functi0n c~n b8 definedl 

__ --W~-

l':;r;loda
 

(2 ,)
 

(la~tja (x) (i( (e~ x a) IJ (custe ~L~=~))))
 

fortunately. w'e sh3ll use only 0 very s~all sucset of p~re f~nction&l 

L,',i, 50 tr,ero:o o::,"'Uuld::t= no ciffiCl.lty ,--,-, trC:~3l.Jtir~ dne r~nnir:g 

these ~roc~sses i, a variety of dialec:s c~ ~ v6ripty Dc ~oc:rir8S. 

lor tl is reS30n we mciY fr['ely mix "'i:;h€t lG1J"il notations '-'Jitr tt"'e 

code of the LLSi' fUPlJtiors. 

1 .5 r ,"C'OSI 

" tracE of tho bBh~v2D~I' of a proccs~ is a f:nite ~ecuerce of
 

aymDols rucording the 8vents In w~ic~ d procs,s h~s 8ngaged up to 301le
 

-nOllle,-t in timl', Imdqin8 there is "n oDSEI'ver witl· LJ ["'otL'''ook who
 



~atcME's tbe [orGce~oS dna IJritet.3 down thE: romE: of each evert as it 

occ",rs. '_,e co.'l '.";llia}v ie.nor£: trG possioili~y t'd~ tc,o r,vents 

occur simul~5n'!Llusly; for' f they dic, trt cbser~Er 0culo still 

"'2Vl.' to recar= onr: of t r '8111 first. dna trs- t~,f C]tn<~r; ,~no "",8 ordr,r 

i" ",nicr, he recordS the~l will not Inatter. 

/", trace 'oJ11l LJe denotr,r; <JS ,: 'CeC;U8f'Ce of 8\,;;;;:)01s, S8,'Jare,teo cy 

CO~~Ei5 ,-oro encloseD in dn~<..:Llr 'Cr21ckets: 

(x.y> cpr,Slsts of tlc'O ev~nto;) )( followled ty y. 

(x ') i~ " seQ'-!ence containing only the ellent x. 

<.). E t r,," 8~'pty sequancE' containin'; no eVGnts. 

'_xd''lples 

,1 1-\ u.:;ce-oP-tl=;eO;-;""P"1-e-veno~ng_m2c~ir:e \I~IS (',.l.2.X2) at tre 

rnoment it ('as cornpl~t~d s('rvic8 of its first two-cUAfOf'r;E'T'Si-­

"coir,. chac, coin. r;!>oc) 

X2 ~ tr3ce of the 5a,';a mz;ch.i.ne before the second Customer hus 

extr~ct~u his choc~ 

<coin, chac, coin) 

~,!eith",r ':he process nor its CbSC['.lE'[ understands the concept of a 

"r.omplet!~d trans2ction". The hur:'olBr (If th8 expectant customer, ar,d 

the re~ciness of ~he machin2 to s~tisfy it are not in the a3chabpt 

of theSE processes. and ca~rot D8 oDscrveo or recordpd. 

X3 n"fore a process has engaged in Any ell"·nt",. te'8 nub::book of 

the observer is f''Tlpt.y. This is representeo lJ"/ the' ~mpty tract! 

< > 

[VEri orocess ras this es i~s shortest Gos~ible trace • 

.J;" "'h'l complex vendi""'] maclli"", ";:·;C (1.1.3.'14) has tr,e foJ1::1L.ling 

seve, tr"ces 'Jf length t,~o or l'1.s~ 

<,'> 

<.. i n2p > (in1 p) 

<in2~,lar;'Q> <i.. n 2p,s,..all> (ln l o,ir,1p> <in1 p, small) 

Cn1, one of the fOlJr tracl,s of lenc;th t·..JO C"n 6ct"a1ly occur for a 

g1v','-' rl'1r:r,lr'E. Tre choicE' bptwpeG tr',e~ will b8 deter'llineo oy tr;E' 
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'c:isl'-es of t'le F:r"t C~~:.J''''~ t::; [ .... ;0 '1bc"'-,-~e • 

.<, k trac,! of t'le So'" rrachi~[C iF iC3 First C.JstorllPr ho". iSnorcd 

':rE ~'ar~inC;. 

<.::in;p,lnlp, in~lp) 

~~E :.racfO d-:e3 ~(;- act~",lly recore ':.~e rrCj2;";c,·.' 'J" r;re rr2crlr,c;. 

rrE~kaqe is unly indicaleo by the fact that 0mOnq all the po~sible 

traces of the mdchlre, there is no tracE which exte'lcs thlS one, ~.e., 

thr're :s r.o 8vent x ~LCM tr"lt 

C:::ir"p, ':'[1,>J. i~b,x > 

is a possiblF· tr3cB of "f:"I~. Thp custo'I,;:or miJY frf;t ",nd fUIT'e; the 

observer mol wEiter, eagerly wit .... pencil poised; bL:t rut a"otlll'r 

3ir,gle eVL'lt car, oreur, d'ld not ,"-no;:h(~r c;ymDol will t'J'O'r ~e 'oJritter 

in the notebpok. The ultimate dispos3l of customer a.r,d mad-,ine an' 

not ir: our chosen alphacet; and we have cecided to iSJnorc therr. 

1.G Cpero[ions on TraC8s 

Tracus playa central role il""1 rElcordinrd. describing, and under­

~tdrdirg thE Den~viour of prDcess~s. rn t~is section ~e exolorF so~e 

of the g8neral properties of traces _'me: of operations on thenl. uJe 

will LI:"8 the following conventions 

6, t. u stard For traces 

----S,~ - staniJTOI' sefS-6f t-races 

f, C;, n SeaGe for fu~ctio~s 

1 .G.t C~tenation 

By f.Jr the mo,t imiJortcnt operation or, :r,::,ces is catenation, 

wnlcn construet5 a trocp From a poiI' of operands S ~nJ t bv sinply 

p,~tting t:--,e11 to:::etr,er i-, t,is uroEr; tre result ",ill :::e carotEd 

5 At, 

For eXoTple: 

"cpi" choc '> <coin, toffee) <coin, chac, coin. tof'L'l'> 

. A. '. • 
.... lr'p> "lrp> '" <lnp,ln'p.> 

.... ir"p,inlp)'<>'" <irI0,in'lo'> 
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1 'CI. 

ThV ~OS[ i~18oftart pfopertias Of coterdtio~ erG that it is
 

associative, ~~d h"t=; .( ') OJ'S lts unit.
 

l~ , S"''->~<")/\S S (unit) 

u s/\.( t ...... u 1 (sAt)/\u (SS30ci8ti-ve) 

-I ~e f(JIIOuli"~ la",s eire botr, obvious dnd LJs2ful. 

U sAt 0 
A 

~ t 

L4 , ~ t cAt = S == U 

L::, s"""t < > = 5 = <. ') & t == .( ') 

Let f stano for a Function which I~~PS traces onto tf~CF 

The functicn is said to t:,e strict if it ~'::;P3 thE' E'nlpb tri1cr, tc. the' 

-effIFJ.t¥- ir"tce;_ 

~~( < ») <) J::.trict) 

it lS Ga~G tu te distrinutive if it di~triuut~s thfOU~~ catsn2tion: 

f(SA t ) r( s) '" f ( t.) ldistribvthre) 

r'l"my useful operatiors on traces ,-"ill r,avC' tr,E'se proper-tie". 

J f ~ is a natrJral nllmDer. WE ~8~jne t " 35 n copies Of t
 

cgten'~tt:d with edcr othf.'r. It is rr,.:;dllv Ctdinf,d 0,. inductio".
 

LG t' C) 

".1L7 t '" t t
 

"i:o; m,·-initio" itself [lives two uoiGful laws; h,"f," .o,r," tlJO rnOtl?:
 

~t i n
 
L8 c == t At
 

L9
 (oAt)n+: SA(tAS)n,..'\t 

1.f:"1.2. ~,estriCtlOr; 

~rlr, r,xprr"ssior, (t ~ H) oeC"'otes t~8 troce t LLhs" restrjcted to
 

symoo os ir, trp. set "; it i" for,~ed F'rc'J1 t si'J1plv t y (J,~,ittlng 0011
 

syiTl::lJ~a uutside '\. 'or example:
 

<efDUnd, up. 00"',,", arourc> r [up,ooljjr) «l..2p. dO'.J!r) 
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RestrictirJn is strict and distrio,-,tive: 

L1 <>tA=<> 

(,"t) I" ('[PlA(t[,)" 
1 ts effect on unit sequ",.ces is obvious. 

L3 <x) fA <x> ifx€.A 

L4 <y> 1>=1 ~> if 'i " fJ 

A strict and distributive function is uniquely defln~U by defining 

its effect on unit sequences, since its effect on all longer 

sequences cun be calcul~ted by distributing the function to Euch 

individual ulement of tre sE~uence and catenating thc reSults. 

For example if y # x: 

< x, y. )() ~ (x) = (<. x /'.... y ") 1'\ <. x»]' lX) 

(,,>~ GJ) A «y>l(x1) A (<xA t») by L2 

A 
<x> <) <,> l:y L3, L4 " 
<x. x> 

The following laws show the relationship between restriction end 

set aperations. ;J, trace restricted to the empty set of syf1;bols 

leaves nothing; and a successive rastrictiar: by tuo 3ets is the ~ame 

as a single restricti on by the intersection of the two sets. 
-"" ---------­

L5 ,,),t l \ 0 

L6 (0 I') rEo ,~(., n E) 

1.6.3 Head and Tail 

If s is a nonempty sequenCE. its flrst symbol 13 denoted so' 

and tne result of re~ovi'9 (he first sYI1l001 is s'. ·-or ex"c,ple 

(x, Y. X)o x 

(x.y.X)' <y, x>. 

~otr of thE3~ G~eratio~s ~re ~pdEfinEO for t~8 emp~y ,eq~enC8. 
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(<. X) A 0,) J "" ;.: 

L~ (..:'X)A~), 

,L::' (5)"3') if '0 ~ <)
c 

The rO:Lo"-in", Lr,,' c~ivC's .~, C(jnvo;o:nloo;,,: c'et"G~ r;JF pr'J'Jin,;, I,Jhst:-':r 

two trClC{:S are er::it..al 

14 s "" t (, ~ t 'C" > t 6: s' t' )v "o c 

1.6.4 ;;tar 

The set rI* i;, ths 58t of 211 fin1te "r,"cs:> ~l.l'clulJin'.;; < ) ) 
u~ich are ;or~eD fro~ 5y~tols in tne ~I~t ~~~., 5~cl, traces arc 

rBstric:teCJ to '" tC'ey rBrr,cLt.n c,ncr-'i.JngPo. il",is f,'iC~ ~t'rl'l~t;=; ':, simple 

ci:Fi :litl~,r: 

". = --f,-rs h = l·s 

The follc:!ing SGL Gf laws aI'e suFfic:iently rOiJ.'8rful te", rJp.tC'l'l"'lirIG
 

whother trac8 is a merilbar of ,)* or rot.
 

L1 <). ~ A*
 

L2 x t >'
<x)€.!-\*:;;:::; 

L3 (SAt) € p, .... - s € ,",* t !: 1;-1'­
" 

f--H' ex,"lpl.8, if x Eo I~, Y " H. 

<x, y'.> E {j-'!c (<:x> "<I» ~ ri* 

«x) t:: A*) & « r> t. .'I*) Of 1_L. 

===. true & fals(~ uy L2, L3 

1.t,.~, 1~I'csI'ir;g 

s is a copy of an initial ~UbsB~uenc8 of t, it is ~oBsible 

to f'H,Li ;,v;;,e 8xtLrsior u of 5 sue'1 that s "u == t. we. th8I'efore 

c!? f'i n _, 

,';t (3", 
A 

C t) 

<"r-: 'di that s is a proo;fi~ of t. 

F--or oo;x;:O,l1ple, 

-.1<, y) ,; <.0:, y, w)" 
l'L: rot <" y> ,; <~, y, ' ) 1f z ~ x. 
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T·18 .$ rsls.tion io s. ~or-,:;icl :JrGerin~., ,,'"11:", i:s lEast eleillent 

is <. > , a" 3tclted in 1310Js 1 to 4 

l1 <) ~ 1ea3t 81orre:lt" 
L2 , < , reflroxi\JE­

L3 , .:;;. -;; &. t , ') ==:> s = r; C1il;is/"lT".tric 

L4 , ~t .. t"'LJ ==:> ~c transitive 

Tr,8 fullOlJJing law, tOI;;Jeth8r with VI gives a rlI6trlLH..I for cOlT1p:..Jting 

Lo'hett-,er S 6- t or not. 

,L5 «x,>/\s)~t ;s t F <: '> &: x =" t s ~ t' 
G 

The prefixes of G given ?~qul'ncs CirE Lltal1y Clrcl;red. 

L6 c.; ~ IJ 3: ~LJ ==::::::}s~tvt(.u 

If 5 is 3 subserJuence of t (nL:it neccss3ril; initL'll), till? SO'( 

5 is in t; this :nay be dl1rinsd: 

s in t = (3,J, V • U "5 ...... 1.1). 

This rE!latioil is also (;1 [JGrtial ':::)rdering, il~ that it 'iatisfies laols
 

L1 to 1_4 abovC'. It also s'Jtisfies:
 

L7 (<.x,>"'s) in t =.. t. F <> <i: ((to x & s~t')v «d's) ir; t')
 

function f frorn trCiCE:;; :0 tracos i;o said to :,eT,ol'otunic if it 

reSp8ct" the ordering ~ 1 i.E. 

fCc) ~ f(t) wher,ever s ~ t. 

,'\11 distributive fl..Jlletions <irs mono':oi1ic, for ex<:>mple 

La o~t ==? (,h)~(t~~) 

A dy"dic fL.nctioCl may be nonotonic in Either ~lr;;UrT'e:--;:'. k.8eDing the 

othsr argument constant. For ~xamp1c. catenation is monotonic In 

its secane <irqumeilt (but not In its r-ir::ot): 

L9 t ~ \J =:::;. (s ....... t) " (5 AU).
 

1 .s.~ L.eni;th 

The nUlnber of elements il' tne trace is denoted >;I t. "-or 

c.x"tmple 

;7U <x, '/. z> 3 
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'he. l<JL'~ ~rlC" defir,e ~ <:lI'S' <;,l\ler: 

l' \,' <> := 0 

L.c ~<:x>
 

L2 :«(c'ti (~'J + (;«t)
0 

~he nUGl:Jer (;f ,::,cc,-'rr"I'CE3 ir' l. of ",\<,t:':cls "rom C\ is courrcGd OJ ~ (t t ). 

4 ,'7 (t t :' u ',)) 0 % (c ~ M) + #( t ~ 2) - "i (tt (,. nc.» 

l5 o"'t===?~,,;~, 

,*,(t') : 'x (:>y t) 

'1.7 I mph~ltmta'.:-ior, of fracas 

In orOer to repres81't traces in a computer and to implement 

operatior,S PI' the;, ,,,",:2- need -" hir;h-18ILd _l_.:l~ pr_o~e3sing language. 

~ortunateiy. LI~P is very 5witable for this purpose. T[~ces-~-re------- _ 

representsd in tre obviou5 way oy lists of atoms r8pre5enting its everts: 

<> :: r~IL 

c.coin> cons ("COIN, NIL)
 

0:: c~in. choc) "(CUIN CHOC)
 

OpErations on traces car be reaaily lmp12~ented as fun~tiuns on 

lists. For: eX6iTlple. the r,2ad and tail of a nonenlpty list arB given 

by (he orimi tive fwnctions "car" end "cdr" 

t C8r(t)
o
 

t' cdr(t)
 

.:: x >.....e ccn:o(x,s) 

c.en9ra~ catenation is ic-,~le":Gntcd as the familiar "ao;JEnj" funstion, 

~~ic~ WS8S recursion: 

s"'t == append(s,t) 

app,,,,d(s,t) i~ s == ~IL t~e~ t 

else cons (car(s), a~pend (cdI'{s). t)) 

Tr,e corrGct,-;8S:' ~,f tnis oefinic:ic·" Follows frotT' the 1,3,I.lJS 

< >At == t 

s"'t <s>"(s"\t) when s 1= '- > 
o 
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Thl2 term~notion of the apperd function is ;L:aI'cr,tEed :;y t\"""E f2.ct tl~t 

the list 3uppliec as first 2.r~u~ent of e2C~ ~ecL:I'sive call 1S srDrt~r 

thall It (,J:.'5 ,,~ the next ri;her levf'l of recursicr. "i"i1ar ar;L:~<;:-,ts 

E'3tat,lish the corrfOC tress cf tre inple~e....,ta';:ions cf tr,e str,er 

operEtiDr,s. 

To implelTlent restrictiol', a set is I'8presenb:!d ",5 a function 

l.>Jr,icll gives tile aW3weI' "true" LLlhenever its argucnent is in thE' SEt ere 

"false" oth'3I'wise, so that 

r\ (x) truex e '" 

(s" A) can nol.u' be implementE?d as U-,e function; 

restrict (5,i-I) if s = ~JlL then I'ILL 

dse if ,c..(cad3)) =' false ther r('strict(cdr(5),~) 

dSL; COf',s(cor(s), rEstrin(cdr(s),ri)) 

p, test of s ~ t is implBGsnted as 2 functior which delivers 

the answer true or false 

isprefix (s,t) = if 8 ~J1L tllEn true 

else if == :'JIL t"er, fe.lse 

else car(s) = car(t) 

&. isprefix (cdr(s), Cdr(t)) 

Tt,elnPIeClentation of 

,," length(s),";>'- 5 

is 19ft as a~ exerc~se. 

1.S Traces of 0 iJroces.s 

In t~e ~revious section, a trace cf a process L~S introcuce~ a8 

a se~uential record of t~e teh~Jiour of a process UQ to s~~e ~cnert 

in ti~e. Pefore thE prOCESS starts, it is noe ~no~n ~nic~ of i~s 

pos~iblE tracES will 3ct~ally te recorced: tnat wlll oE~end on 

enviror~ertal factors beyo~~ t~E control o~ tne prcc8ss. ~owever 

t~e cUiplete set of all ;oseicle trdces of a process c~n ~e ~nown i~ 

adva;-;CE, ar,d ",e o£:fine a function "trac'?s(-)" cO '~'Gp tdcil precess onto 

trot SEt. 
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Cxa,",p18S 

i,~ I"e OLl~. ':t'...iCS of 1;1'10' oE~"Jic,<.J:' ~F tne. p[,OC8c", : T~,~' is .: > • 
Tne nO~Ecoc~ of the COSGrver of t~is ~rccE'ss re~ai~s rCreVEI' ~121'~. 

':~2ce5(~TU~'):= t< ::> J 
X2 TI~3rE ...ire only two tracES cf t~e mac nine that i~;8~tS a coin 

cero::-e ~rE'··<1r(".J 

trcices( coi,~, ~ ::;T~5) {< :> , -: CCin,:>j 

X3 Po clcci< dO'3S not,'-an::, t.ut "tiCK" 

traces (}-JA.tic~ -j. X) [<>.<UCk>. c:tick. tick> • •••} 

[ tiCk]' 

lis lin th "'ost int8I'tstin:; procesaes, the S5t of tr2-CIC'S is infir'=-tc-, 

althou~h Qf-coor~-&aCb_io~~vioUdl tracE 15 finite. 

X1l H si;r;plci veiicing m"chine: 

traer,'; (j-JX.c',!!' ----7 choe ----?:<) 

[s \3r. s S<001r;, ehoe> n] 

1 .6. 1 ~dL,.'S 

lr; tr15 sec-cion we shol" hOlJ to calculate the 58: :Jf traces of 

any ~rO~ESS oeFinf'O LJsin,;) the notations lntroducGd so far. 

,';8 r1er;':::'Cwf"d "DOVE', :::.T~,,' ~2S only one traCE. 

L 1 t~,"ces (')1\ n [t It >) 
" trac') ClF ([' -j.1:) :,.3/ be emoty, bt)C2.LJ8E < > is a trace of t,E 

:>eravi:Jur of eVI"ry prccE.o'o uu to the ,"c;~,tnt th1:1t it pngagr3s in i~s 

VEry first acti0n. EV2ry nonempty troce be;i~s ~ith c, ano its 

t8il ,',USt DE a pC3s1tle trdc~ of .~. 

L2 ":1'8C2S (c -j.c') (' leo < > 

v t o C l t' e: trac8s(r)}
c 

o " trc;Cf)5 (;:)JlO}U [<C >'. I 
" tr"co: cf t~E tJel'av~':Jur ·::;f 8. 8rcces"" ul"'icn uFfE:rs ,-, ct"'oice OStU;2<Cf1 

in1:ia1 E'J8f1ts rr"-,st CJe ,c; '::r"cE of' C'le of tC'[) alternat::vE'!s: 

u ':r2CEs (c ---7; I c ---7;) 

{t I == <: > 
v t o C , t' to tract's(r:)

C 

v t "" C 1 <:: "':.races(~)l c " 
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T""Ieo-,e thrSt 18:..15 2r',' SL--'"12.ris'_'c ir tro.' sir~l· ;enf.:r2l l2L' ~over'linc; 

choice: 

L4 :raCf'S (x:.:- -----;) p(x)) {t I t = < > 
-It £- ,"'=:' EO tr:oces('-(t ))?: 

o rJ 5 

To Cisco0sr tre eet of :racss of 8 rscursi~eli csfired precess 

is a bit llor~ diFficult. recursively defined pruces~ is the 

sol~:ion o~ sr ecuation 

c(x) 

rirst, ~e cefine itcraLion of t~E rL~ctior ':-"! i'lduction.
 

I-O(X) x
 

r n+l (X) c(r'(x) )
 

e' (r (x) ) 

c( ••• (e(c(.))) ... ), 
II ~H'1CS 

Then we car define 

L5 tr2ces(!-"X:/ .• F(X)) n trace s( Fr ( ---j U",I ) ) 
n~G A

'irelly, i: is neces'oary to cE:finE the tracES of b, the Ot:Vl.OL~ 

law 

L6 traces(PLJ,\\) A• 

examples 

X1 Let f (X) tick -7 X 

'_et , = [tiCk} 

Then traces (Fo(~lW )) = traces (PUr'l ) de f F 0 

[tickr (1) L6 

_r+1 )
traces (J- (FiUI\J/\) traces (r(Fn(,lIJN.))) def F n+ 1 

" r 
traces (LiCK ----) i (=,:..-,.)) opf 

Glt=<> c\ 

veto = tick At' €tr,JCesUn(fW\c!)))} ••• (2) 

IJE now prc~cse t~e ""IJPot~E~is T.hat
 

tr"iCl-S Un("\LJI )) for 2.11
lti,,}' 
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Proof (1)	 cor n ~ 0, the proof is given a~ove (1). 

(2)	 ":o;"ume ,he h,pothesis; it follows fror (2) aODve tha" 

(r n+"·
traces '( I-{LI~!,.,) ,,(to': tick t' ~[t I " :0 "-'> 1\ (tiCk1*lj 

Luc~r	 1.6.«, Ll-L3. 

f'y L5 we oeCUC8 

Lr'"Ct'S (~.J:-.::;.;.tiek ~ X) n 'tic.l * 
n~O ~ "'~ 

Luekr 

:-.:2 Let FlX) := (coin ----? choc ~ x) 

~L,t fcoir., choc1 
Let I::' ~	 ~x,.,. F(xl 

~e wQnt t~ ~rove 

t.raC9S (IJ;'-,"::;) ltrlVrl. tr~ <coin,choc}n
 

v (tr ~ <coin,choc) o 1\ tr I(. r. * )]
 

Proof. let	 T tr",ces (Fn(RvN.):0 

o " 
By L5, i':; is sufficient to prove for ell n 

To	 *1
tr I tr ~ <coin. eroc)rlf

v (tr ): <coin,choc) "tr ~ ;1 )o 

l;>is is proved b, induetior> or, ". 

(1) T	 traces (RUN):0 

" 
t.COir>'ChOC}* 

(tr' tr ~ < > v (tr :>,. <>1\ tr E. /)J 
The cC'lclusion follows, since <: >:0 <coin,cl-:oc).o 

(21	 [t, It, ~ <. >
r,+l 

v(tr ': coin I\(tr',:<>
o 

v(tr' ': ehoc I\tr" E.l )))1 
C 0 J 

[tr I"'I' ~ <coi'l,choc)
 

v(tl':) <coin,er,oe> "tr" E: T
 
n 
)1 
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1
~ «coin, croc)t" I tr 

",(tr ~ <.coin,c-oc')l 

f\(tr"f;; ('coin,choc)n 

v(tr" ~ <. C~i.-,c"QC)n 

f\ tr" e'\*)))1 CJ/ inductior hypothBsis 

v tr 

tt, Itr ~ (coir,c~oc')n+l 
. r,+'

).. <:co~n,choc> ...... ,:r !­
'* <­

r' f 

si"c(' tr.$ s v (tr ~ S 1\ tr" !f sn) -== tr ~ sn+1 

n+l 
'00 tr ~ S 1\ tr" ~ 5 ~ tr ~ s , .uilClrever *' s 

As 'l1entionec in '1 .~, a trace is a sequ"nce of syrntols rtlcording 

tre ev'..'rts in which a proces3 1= has engaged -.Jp to 50C18 nament 1.r' tins. 

From this it rollou:s that <. ') is a trace of e\Jery process up to tr,e 

rnCI'Il.Jnt in which it enga;Jes in its vcTy first [:vtcnt. I' urthermore, if 

s 1\ t is a tr3cr of a process up to some "omer,t then s must ~d'Je been 

a trace of t~at process up to sone earlier ~oment. rir6l1y, every 

e'Jent that occurs must be in tho alphabet of the proct'ss. These three 

facts are formalised in the laws: 

L7 <> ~ uaCES (~,)
 

L8 s ...... t €. traces (p) =:? s e traces (fJ)
 

- ~ 
L9t-races (c)-f'-=<.P 

1.8.2 lmplement~tion 

:;'uppoooe a pr,oce5s hes bee" irnplE"l8rt.ed as 3 LI:,)~' functio" P, 

and let s be 3 trace. Then it is pOssible to test whether s is a 

possible trace of P by the function 

is'"race (s,n j! s == r:IL ~ true 

else if' >:(5 ) == "8Ll[P ~ false
0 

else istrcce (S',D(sO)) 

Jir.ce s is finite, the recursirm invoh'ed here will terminate, 

havi"9 explored only a. finite i"itiE?l segment of the behaviour of 

the process ~'. It is o"ly because '.JS avoij infinite exploratiDn 

t~at we can safely oef~ne e process 68 an "infinite" o~ject, i.e., 

o function w~ose result is function whose result is function whose 
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1.8.3	 "ftar 

If S (.uClces (p) then 

~/5	 (~ aftlH' s) 

is a process '<.-'hioh tJereves the 8a'-;,8 2S L ~E'r'"I!t's fro;;-, tnEO time aftE>l' it 

has eng agee in all the actions of s. If n'Jt 3 trace of ~, 

I'/s is not definEd. 

Exarrlples 

Xl	 <Vr'I~/<coin) ) (CC10C ~ '"r··:e.) 

X2 Vi'"'S!<c.:Jin,choc') '" ~If-'IS 

X3 V,',C-/<ir,ip>-" "JTCiP=:0 

ThE FolloLL'irg 1;;1'0)8 oescribe the "le2nin~, of the operator /. ~ftGr' 

doing nc~hin9,--aV~-r-S-Qa..iILs_ .!:l"cranged. 
-~--~-

L1	 p/.c. > p 

i:;fter en~aging in sAt, the beraviour of ii is the sarrs as that of U/s) 
would be after engaging in t 

L2 p/i,'t) : (p/,)/t 

Hfter e~go9ing ir the single event c, the behC!viour of a process is as 

definee by this initi;;ll choice. 

L3 (X:A --? lJ(x))j <c;> ~,( 0( c » provided t~,8t c c: ri 

corollary shows that (/< c » is the ~nverse of the prefixin; 

operatJr (c ----7 ). 

L3J;	 (c ~p)/<...c.,. == r 

Ti'e traces of (;-/5) i';jre defined 

tracES (;:/5) [t I 5'\ e:. traces (:='l] 

provided tnat s « traces (~). 

I~ order to prove that a ~r8cess P never stops it is sufficiert 

to ;:;~ove that 

u/s	 I :::iTGP for all s E tri';jces (p). 

Af'oth8r desirael'" pro;Jerty of a process is Ih'''ness; a process; is 

oef~nea as Ih's if ir all circunstancss it is ~~s::'iDle for it to rr-tLCrr 

to i~s initial state, i.e.,
 

v 5 ~ tr2'ces (fJ). 3 t. (p/(s"'t) == p)
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:'101- is triL'i:=:lly li'Je; cwt ~f any 0':"'81' process is livE then 

it also has U;s d8sir~tle procerty cf never stocoing. 

::::x;:;"'ple8 

X1 The follauing processes arE' li'-8 

I~L,li\' 1)['lS, (choc ~Vf·IS). VI'llT, '::T 
7 

X2 The following are not liVE, because it is not possible to returr. 

traIT' to their initial state: 

(cDin ~ 'v'fiE:i), (el-,oe ----.:, ',Irler), (arOUnd ~ eT )
7 

In the ir,itial stat.:: of (choc ---; 'e11'lCT), only a chocolate is 

obtaireble, tHJt sU:JsEqc(,ntly unenever choc is obtainaDle a choice of 

toffee: is also possiblE; conseq.1ently non" of these SubS8cuent 

states is equal to the in:tial state. 

,lIarning. The use of / in a rscursively o~fin8d process has tt"le 

urfortunate consequence of invalidating its guards, thereby introducing 

the danger of mUltiple solutions to the recursion equatioMs. For 

eX<:l~lp1e 

x, == (a ----7 (x,/< a::.)) 

is not gUdrded, and has as its solution ~ proc~ss of the form 

, ----> p 

for any f:. 

f-'roof. (a ----7 (('" -----') i=-)/<a::.)) (a ----'Jo r;) cy LJ ~. 

1.9 riore opl2rations on traces 

H-,is section describes SOfTIE F"urther operations on tracesj it 

lTliOly be skipped at this stege, since backward references will be given 

in later chapters wrlere the operations are used. 

1.9.1 Change of symbol 

Let f bE a furlCtion m:=pping sy",~ols fronc a set ~ to sym~ols in 

a SEt Fro'- f (,Je can 09riv8 a new function f • unich maps a sequence 

of 5y-:018 in tD a seqlJ8nCe In E oy apo1yi~~ f to eBcn ele~ent of 

the sequence;. FDr eX05l7lple, if oc:>ub1e is a fl.'rction uhicn doublec: its 

int~;l2r ergumEnt. 
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double• «1,::,3,"1 » == ,(,2,1:;,6,2) 

;, starred Fl..~ct.ion i~ otlvious1y strict ",,--,d distriDutivE'~ 

•L1 f en) '" "')
 

L2 f* (0::.;" » == <'f(x) ">
 

L3 f* (s":) == f''\s)'' r*ct)
 

Oth&r laws are OOViOU5 c'Jnsequence8
 

co f*(S )::=: <:f(s » if sf. <)
 
c c 

L5 *?Io) ~;l1<s 

But here 15 an "obvious" law which is unf,Jrtuilctely not generally true 

?I,h) fls)tfi) 

~hecc f(;) __~_Jf('l ' ~ ,} 
The simplc:st count8re;;m~1~-ii-grve-r;--::-T--':-he--f-UnC.tion_ f such that 

Fie) = Fie) c 

F'«o>l(e)) f*('< » 

<> 
# <0 

<c>	 I [c} 
f'l< 0» r fi{c}l 

r-owever, the law is true iff ~s a on,,--on8 functi on. 

L6 f'+{ sf',,\) ?(s) I riA) 

provided that F is an injection. 

'j .9.2 Catenatio, anD zip 

Let s be a sequerce, edeh of whose ele"1E'nt:o. is itself LJ :sequence. 

Then A/s is obtained by catena~in9 all the 819~ents togeth~r in :he 

origi~al order. 

or 8~a'-:1ple 

"; <. <.1.:i >, <. >,.( 7»	 0::',3> 
~ 

.( >
A 

<7>
 

-:: i, 3, 7 '>
 

This opera~or i~ stric: ~nc districutiv8: 
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L'	 "/.:: ) = < > 

L2	 "1'::5) = , 
L3	 '/( ,~t) - ( "/0 ((',/t) 

H-".] function ::::ip givl2s a se·:cc.;[ncc forned I::;y taking alternatl2ly 

tr-e ele"T1sr,ts of e2ch Q~ i-::;s tU':l ':lperolrCs. Trc.:s 

zip(.(1,3,S>,<:D 9 1,4)') <:1,::,3",5,4 > 

T~E function is tot~lly cefined ~y: 

L4 zip(<:>,t) = <>
 

LS zip(o::::x')"'s, t) = (x)"Lip(t,s)
 

1.9.3	 interleaving 

M sequence s is an intBrleaving of two sequences t and u if it 

can be split into a series of suosequences, with alternate sul::;sequenceo 

extracted from t snd u. For exa'"lple 

5 '" <:1,6,3,1,5,4,2,7), 

is an interleaving of 

t '" <:1,6,5,2,7> and u '" .c3,l,4> 

because s 1\/ <<.'1 ,6>. <: 3,1> t <:; > , < 4 >, '" 2,7» 

and 1~1J-~2.t_<S> < 2,7» 

and u /'1./«3,1>, <4> ,,,-» 

Tt"~s 8x::;:,ple sU;;i'sts t".QW a definition of int8rleavin~ can be fornulateo 

ir, ter 5 of oatenation and zip. 

~ ­
5 interl~Bves (t,u) 3T,U. -'0:' -/iip\T,U) 

" t '" "IT " u '" ....../U. 

~ nors corstruativE definition of intl2rleavin~ car be given by 

;Ieans of the follo8ing 12ws. 

L1 < ). interleaves ( t, u) ",()I\U <>
 

L2 '0 i-·terleaves ( t, 'J) '0 in:erleav2s (J,t)
"" 
L3 «nils) lnterleav8s (t,u) -

(t':f<>"to"'x " '0 interleavEs (t 1 ,u)) 

" (u ':f <>"u o '" x " s ir.tErleavE;o; ( t. u' ) ) 
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',9,4 Subscription 

If 0 ~i<1/.s, L}!C:- use tt",e cDn<Je~tiDn21 rotation s[i1 to denote the 

i th elemen"t of thE sequer,ce s. 

L1 Ifs~<..> 

0[0] '" sa 1\ s[i+Q == s' [i] 

L2 f'(s) [i] f(,Ci]) for i<'~s" 

1.9.5 ~ev~:~al 

IF sis c3 sequence 5 is Formed Frorr its eler;lents in rel,'E'rse ordEr. 

for exarr,pl~ 

<3,5,:;7) -'" <37,5,3> 

Rel:ter-aal i~ d~fined fully by the following laws 

L1 < > < , 

L2 <x,'" 
L3 s"t t"s 

Reversal enjoys a number of simple algebraiG properties, including 

L4 , s 

lxploration of other properties is left to the reader. One of the useful 

facts about reversal is tr,at So is the l~st element of the sequence, and 

in gene:'al 

L5 -;; [iJ S[~'-i-11 

'1.10 ::aeci f ications 

- specificatior of ~ product is a description of the way it is 

inte~ced to cehave. This Description is a preDicate containing free 

varia~le5, each of ubich stands for scrne obsBrveble aspect of the 

behaviour of t~e product, for example, the speClfication of en electronic 

anplifier, with an intJut rar>ge of onE v:Jlt and ,.:!itr, an approxin3te gain af 

10 ce·ulo be give~ by the ~6thematical pre~icO!te: 

(o~ IJ f1::::::} I VI - '10* v It,,)""'~' 

I.'l tnis specification, it is understood thO!':: stands for the input 

'J81~age and v' stand5 For tIle output lJolt~;e. :.lCCh 3n unGErst~"din; of 

the "leaning of vari~bles is essential to the '-'5e of mdtherilatics in :ocience 

anc engineering. 
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,-n the ceSG af a ~roce=-5. thO' ,Clost Goviously r8levdr." [li)servatio,l 

Gf i1:s oeroviour is of tr,= cr)ce Ll~ e'Jen'Cs ;::ha'[ occur up '[0 a given 

~o",=nt in tir;8. ~e c.,i.':'l UO:" 'C;le specicl v2.riaole "tr" t::> st,:,nc ~or 

ar ar:;i":rarj 'Cr3ce of t-" r'recess oein; s:Jeci~-i2c. 

:'xamples 

.x1 I"e 'JL'ner of :J vencin; ,:o:chine 00'='8 not ,'ist-, ':0 :-laKe a loss by 

inst:ollli"g it. re tr2l:efare speclfies the: tt-e nLCnter of cnocola:.Eos 

disoensed rlLCst never er.ceed tre ru,ber of coins inserted: 

.LLl"j:; (!l-(tc I{ChOC} ) ~ ~(tdtcoi'1)) 

In future, ue will use the abbreviation 

ce.C = )ll;:' (tr ~£cl) 

to stend for 'Che number of occurrlir,clOS of t'la symbol c in tr. 

X2 The custo"ler of a vendin~ machir,~ w:olnts to ensure that it will no: 

aDs or::; further coins until it roas dispEnsed t"',e chocolate already p::;id 

for: 

F AIRl tr.coin ~ tr.c"',oc + 1 

X3 Tre manufacturer of '=l simple vending machine must meet the 

requirements both of its owner and of its customer. 

VI'IS~lt NCLUS':> ...... FAHl 

(J ~ tr.coin - tr.chuc $ 1) 

X4 The spec~fication of a correction to the complex vl:ndin9 machine 

forbids it to acceot three coins in a row 

'eIMeF} I. (...,<.in1 p>3 il' tr) 

X5 The specification of a mended mdchine 

rill ~.IDllr·lC (tr lE traces (V~lC) A 1;~ICfI:\) 

'1.10.1 Setisfaction 

If P is a product ~r>icr reets a specificatior, 'c" uE5ay t"',at 

t='~3 (e-' satisfies S) 

Tnis ,"e an E.' that eV8ry possible observation of the ber.aviuur of P is 

described LJy::i; or in other words, S is true whenever its variables 
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taks values ~Jservec frQrT' tre proDuct~. ,:or ex:o:,ple. the fullowin<; 

taQle <;ives so,;;<=, ,:l~servatior5 Df ere propErties of 0," ,"rnolifier 

:t. c' 

u c 

i,. 5
 

4
 

2
 

1;;0 3
 

,:;.11 obss.'lI::Jtions C'xcept ehe la",t are descri~sd tey ~1\1~11 'j. The sEcond 

--arttJ-·thirc.liney_ illustrate tt",e fact that ti"e output of the _~rnplifiet 

is not co,~p1ete1y determined- 0--;' LtS ii/pot. Th- fourtn line shows trot 

if t.he i~~ut voltoc;e is outside its sprJcified rang", the Qut~-ut-v~ge-------------­

can	 be a~ft\-j.lng at all, witr,Clut violatin;:; troe specification. (In this 

simpls e~a~ple we have ignored the possioilicj that ~xcessive input ~ay 

bn~ak the product.) 

n,~ folloLuing laws give the most general prooerties of the 

"satisfies" reldtion. The specification "trUE" which plaCES no con­

strainto whatever 

oroducts; even u 

speci ficaticn. 

on 

bro

o~s8tvations 

ken oroduct s

of 

ati

a 

sf

orDduet 

ies s~ch 

~ill 

a ~e

be 

ak 

satisfieD 

~nd unde~a

~y 

ndi

all 

ng 

L 1, ~I ~ tr ....'E 

]J a PrD(~;,,;ct satisfi8S two diFferert speci"icatic,ns, it also satisfiEs 

their cQ~j~nction 

L2;:: T" S2!t S 

2rd P sat 

t,~En p ~ (5 1\ T) 

The' bw L2;:' generalisEs to infi~~tt:' conjunctions, i.6., to universal 

quantificetion. Let Sen) be e predicate contalnin~ the vari201~ n. 

L2	 If Yn. (p S'-'lt S(n)) 

then F ~ (Vr;.5(n)) 

prQ"ioed that P does not contair n. 



If " ~peci.ficdtion S lCl~ically implies another sp~'cifir:<l~ion T, thei 

every observc;tion described by S is elsa describ8d uy T. Consequently 

e'Jery product 'JJhicr satisfies ::' must also s21tisfy the we:"VF..'r 

specific=:tiClr T 

L]	 If S8:; ~ 

dnd S ~ T
 

tr;erl F ~ T
 

1.10.2	 Proofs 

In the dEsign of a prOduct, the designer nas a rE:sponsibility to 

ensure that it will setisry its speci ficdtioil; for this ;=;uroose he 

~ill uherever ~oss~ble use the reasQning ~etrods Clf trc relev2~t ordrc-~s 

of matre"atics, for ex~mple, gEometry Clr' the differeil:ial a'1d intsgr'dl 

CEllculus. In this section we shall give a calculus wr,ich permits the 

U5e of mat.-ematical reasoiling to er,sure that a proce'Os I' meets its 

specification ~. 

tinY observc.:ion of the process ",T Jf-i will always ~e of an "'''Dty 

trace, sinca this process never does anything. 

L41\	 STOP ~ tr .:. ) 

trace of the process (c ~ :::) is initi'1lly 9'Tlpty. [vLry subseqc.;ent 

trdce begins with o. and its tail is a trace of F. Consequently its 

-±..ail_mild be dp'-c~jhed b¥-Bily :opFcifjcClti.Dil a£.~p~'~__ 

L4B	 IF~'~:l(tr) 

tnen	 (c~p)~(t.r= ~> 

.... (tr =' c 1\ SCtr'l))
o 

.\ oorollary of this 18.'.:1 deals 11;1 t" double prefixing. 

L,"l	 If f= ~ ::;(tr) 

then	 (c ~ d ~ p) sat (tr ~ <c,d) 

,,(-tr ~ <c, d} 1\ 5 (tr 1 I ) )) 

:'in",ry croice is sl"lildr to prEfixirg, excp-pt that the trc:;.ce ;-,ay begin 

with eithar of the two alternative events, 8nd its tail must be 

described by the sp8cification of thl? ChOSUl alternative. 
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'~<'jD	 IF ~l ~5(tr) 

2nd '~l ~ T(tr)
 

then (c ---t G ! d ~ C) sat (':r "" 4.>
 
c ......~, (tr ' )) 

v (tr d" T(tr ' ))) 

\I (-:r 0 

c 

1\11 the 1aIJs given abovE are sp5ci",1 cases of t,,~ l'}w for general 

choic!". 

L6 If \lXl:.~. UJ(:x) _'3at S(tr,x)) 

then (x:,', -----'" p(x)) ~ (tr "" (.") 

v(tr (. >" "2(tr l ,u )))
o o

The law gover,.,in~ U"-e aTteI'-~i.s_~~.J"P!~_S_lngly sirT1ple. 

If tr is '" trace of (pis), s"'tr must be a trace of P, afld U-'ereTora--- _ 

must be descriced by any spsci Fic3l:lofl which P satisfieo;;. 

L5 If p~ S(tr) 

and 5 € traces (p) 

then (~/s) sat S(s~tr) 

Finally, W6 i,>e'2d a law to 8stelL:lish th6 correctflE2s of ;3 

recursively d6Fined pracass. L[~t Sen) te i.i predicate contaiiling the 

vc.riable n. which ranges Dver the natural nUlClbsrs 0,1,:2., ••• 

L6	 If ;;(0) 

'C, (X oot ern)) =;> (e(x) oot S(0+1)) 

Uen (yx. F(X)) sat "'V fl. 5(n)) 

Th~ justificdtion of this la~ is as folIous. Suppose W8 havE provec
 

tha tWG antecedants of Le.
 

Then ,'o(qll~:,\) ~ ::'(0) tiL1
 

dod (fn(pU~L) sat ::'(fl)) ~ (F n+1 (DI,r'.',) sat -,(n ... 1))

g - , " 

Ey i~:uction we C~n conclud~ 

, 
r (9U~!~) sat e:;t,.,) for ~11 n. 
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Consider nOW an ~~I'Di-trarf trac~ of )-J.\(. reX). T[-'is tL~C8 ,'lust b," also 

'" tracE of Fn{:'J :.) fer all n. By tI'~E conclusion Of :;h~ a::::o~'e lnducti n. 
e -­

it is :escri~ec oy SC'), for all n. It is [hersfDre cEscritec oy 

v'~. ~(n). ""is crgur-S'n: iip:JliEs to all ~rsces::::f )lA. r(X), c:nd 

justifiE's t"e conclusior. of Lt,. 

lxample 

X1 1,1[' shall prove t ~,e obvious fect that 

lll::~, set In'lSIl[C 

'·,inee Uf'lS is defined by recursion, we shall n~ed '3 5uita:J18 induction 

hypotnesis S(n), mentioning ti,E induction variablE n. In the case of 

8 guarded recursio,,", a sier.pIe but effectivE tecrniqu8 is to add a 

clausf.- ~[J the specificstion: 

:O(n) = ~tr ~ n 'v'LIf'lSPEC 

::'J.nce ~t >';'0 is aluays true, 50 is C,(D); this gives the basis of 

the ir,duction. 

Now a~sume X sat S(n) 

(coin ~ choc ~ x) ~at 

(tr ~<coin,choc> 

v(tr ~ <coin.choc> 

"~Tn-v~n'~:rFl- ~r ' .cLut ~-rlt) 

===9 (~tr ~ n+1 1/ 'J !f.tr.coin - tr.choe f.'i) 

== ')(n+1 ) 

n-,is establishe~ the induction step of the proof: 

(X ~ '::'(n)) ::=::::) ((coin ----7 choc ----7 x) ~ S(n+1)) 

}-iC(coin ~ choc ----? .~) ~ ('In. ~ tr .? n v VI;l<j~EC) 

('Vn.~tr >... n) v VMSP[C 

"Jr-lJ0EC 

si,nce tr'e length of a tr",c!;' r"ust bE finite. 

T~e fact tha~ a :rOC8SS ~ sa~isfles its 5~Ecifica~iDr dCBS not 

rec8ssarily ~Ean that it is gOln~ to b~ satisfsctory :"1 use. Fur 
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ex&mple, sinc~ 

tr = <)===9 J ~tr.CQi.."" - tr.cr,oc .f 

one can prov5 by L..3 2nd LlJ.~ 'L""et 

:,TCjP satO ttr.c::Jir - tr.cnoc :(..~. 

Yet STOP will root SErVE as ar adequate verdir,; :r,2ct-'im-'. eltllsr for its 

O\;mer or for the cu:".tol'ler. It ct-rtainly <)\!oids c::Jircg arythin,;, '-'.Jl'ong; 

but only by the lazy ExpediEnt or ooin~ r,othi'l; at iill. For this 

reasor,. :,TO~ satisfies evcry specifici'ltior. wr,icl-, is sa-:isfi2ble 01' any 

process. 

fortunc:tely, it is cbvious trat 'n,s will neVEr stop. In fact any 

process deflr>eo solely by prEfixing, c~oic~. and guardsc recursions 

__ ~_i_l~_ne\.'er stop. The only W8Y to ~ri te a procEss thst car "top is to 

include eX;Jl-ic-ft:rj;-~--P-I"BE8=_SIl;!?1.~~_ equivaL::r,tlV tre process 

(x:r; ----;)0 p(x) where k is the erepty set. 8Y--~VOio-i-n-g--S-'J&--e-lefgeRt·ll:-Y_____________ 

nistake5 ~re car> guarantee tc write procE'sses that neVEL' etop. 
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L:(jI\!L:J'j'1,=-rH !='1I~ICl .,',[::' 

:. I Intrcducticn 

process ~e defined ~y sescr~~ir; t~e ~~~le ran;e cf its 

~otentiel b~haviour. Frecuertly. thEre uill ~e 3 c~oice between 

sEveral Different actions, for eX8"pl". the insertion of a large 

coin or a s'~ell one into a vending ""Idchine I"we (1.'1. 3oX<;). en each 

euc'r occasion, the choice of CJhlch event will actually occur cen be 

control lee oy tr,E' envirunment wi th~n ILJrJich process e~olves. For 

exa~p~e, it is tre CU3toner of the vending m~chine who may select 

unst coin -;;0 lns",rt. F;:lrtunately, the en\lironmem: of a process 

itself nB, :8 describec as a process, with its behaviour defined ~y 

faniliat notations. This ~er~its investigation of t~8 ceraviouI' of 

a cOlnpL"te syste~ composed from the prooess and its environm'2nt, 

acting and im:eractin~ wiU-, e21ch other as ':;rey evolvE' concurrently. 

The complete system should also be regarded as a prDcess. whose range 

of benavlour is defir.aole in terms of the Dehaviour of its component 

processes; and tne system may in turn be placed within a yst wider 

environ~er,t. In fact, it is oest to forgEt the distinction ::>etween 

p;;,oces3es, er''uironnents, ano sys'te;r,s j tl-,ey are all of trlem just 

processes whose behaviour mey be prescribec, described, recorded and 

~~ysed _in a siQlQl6-9fll:L h=(].geneo-uS-----La~----­

2.2 IntETs~otion 

Llhen two processes ere brou';lht together to evolve concurrently, 

the ususl intention is that they uill inb~ract witr· each other. 

7~~sa interactiOns ~ay ~e regaroeo cs €vents thet require si~ultaneous 

>:;;;rt::.cipat::"on of both t:18 processes involvso. F::Jr tr,e time being, 

let us cor fine 3tt~ntion to sucr eve~tsl anD ~~nore a~l others. Thus 

we will assu~e trat the alphacsts cF the two processes are the sa~e. 

Consequently, sach event that actually OCCUL'S must be a possible event 

in trle independent behaviOur of each process s'.lpar2tely. For exomple, 

s crlDcoldte can be extracted from a vencing maohlne only when its 

CU3tor.er wants it and only wne.r , the vending machine is prepared to 

glvE it. If ~ and::; are processes witr the same alpha;:;et. we introDuce 



the ,"1otation 

p i1J 
to denote tre process which cehav8s like tbe syst", .." C~r7lposed of 

processes P and interaC'l.lng i" the 11anrer oeserioed abo'va. 

t:xamples 

Xl Tha grEedy customer. 

A c£orbs:-n custciler of a vending machine is pElrf£ct.ly r,appy tll 

obtain a tof"'ee or even a chocolate without paying. f",OwevEr, if 

thwartad in these desiree, he is reluctantly prep~red to oay e coir, 

but then he insists on taking a chocolate. 

GALU.:JT :: (toffee ~ GRL:UST
 

Ichoc ~ ,~r=:CU:J T
 

- - ---te01J'i---J. choc ~ CRCUST)
 

'clJhen this customer is brought together witr the machine VI\~CT 

(1.1.3.X3)E1l his greed is frustrated, since the vending machine does 

not allow.' gooos to be extracted befare payr;lent. 

(C~CCJST II ~I, ,eT):: )-JX. (coi n -----7 Cr,DC ~ x) 

This axa~ple shows how a process which h",$ 2>een defined as a CO~l­

positior of two suo~rocesses ;nay also be described ciS a simple single 

process, witrout ueing the concurre'lCY operator II 
X2 ThE faolisr customsr. 

A foo1is~ custo~er wants a large biscuit, so hE puts 

nis coil in the vel"1ding 'T'dchine 'v'r~'c. I-'e does not noticB wretr-er he 

has il1s,"rtec a Lsr~e coin or a 5",a11 one; nevertheless, he is 

det,,'rl1~ned cr, " large b~sCLJit. 

f- "l.JL~'L,::i T	 (in2p~ lar~EO ~ F!J]LLU:;,T
 

lin1p~ large ~ rOi,;LCL"JT )
 

unfol'cunately, the vending macr,i"e is net prep3reo to yipld a large 

SCUll for only i3 s'1lall coin. 

(FGOLCUST lIvl"lC) ~X.(in~p~ 1a[;e ~ A
 

lin1p~ ';TI~'P).
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Tr,B ~TOc t-iOt swfJe:-v,=~",s Olf-::er tre first i,' is .mown ;;:s ce~c;lac~. 

':Uthougr, eac, c1Jri1porent t-JI'ocess is prepCiI'ed to engage in SD:7le 

fur:~er actio~, these act~ons arE different; since the processes 

c",n'-ot agree on w'r,at tn", neAt actio'" snaIL be, nClthin£ fCJrtrler can 

!"cappan. 

fhese examples .,;;how a sad cetr8yal of proper stardar-ds of 

scientific abstr<Jction and objectivity. It is important to re~ember 

t~a: ~vent5 aIe lntencec to De neutral transitions which could te 

ob5r~rved and recorded by SO~le dispassion8te visitor Froln another 

planet, CJho kno~s nothin~ of the oleasures cf eating biscuits, Dr 

of the hunger zuffered Dy :ne foolish customer as he vainly tries to 

obtain su."tenanc,=. Ide have delibeI'ately chosen the alphabet of 

relevant events to exclude such internal erlotional states; if and 

when deaired, further events can be introduced to model "internal" 

state c~2nges, as 9ho~n in section 2.3. 

2.2.1 Lawz 

The laws t;jovernir;g U;e behaviour of (p II U) ,'3re excepticmally 

zimple and regular. The first l~w expresses the logical symmetry 

be~ween a process and its envircn"ent. 

LI r II u (symmetry)
Q II ' 

T"e neAt lau shows that when three processes are asser"bled, it does 

nnr m",tr"" in~l:l ~_~---

u (as50ciativit)')r II (u II') (p II u) II' 
Thirdly, a ceadlocKed process in~·ecLs the Whole systerl wiU"J deadlOCK. 

(zero)L3 r IISTCPb(p STUPO>I.P 

,re n",xt laws a:lOW hD'~ a :.:air of processes either erlgage sirultaneousl:, 

on the sa'lle action, or deadlock if U",ey disagree on what the first 

action should be: 

L411 (c ~ p) ll(c ------? I)) (c ~ (p I[u)) 

:::-r'~",8 (c -> p) II (0 -----'>:) ifc-l-d 

Tris law readily generalises to cases when one or both processes 

offer c""oice of initial event; only events wr.icl, trey both offer 

will remOlir, possible When tre processes are combined: 

Lj (X" ~ p(x)) II (y'C ---4,(y)) 

('I~ (z: (1-\ n) -> (,(,) Ile(,))) 
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ii:. is th3 lc;w lLhich permits a systeiC cefc.ned in 1:.8r'--'.5 of 

cor,CIJI'rency tCi t.e r;:ven an ell.ernative descri~tion w':'lhout 

concurrercy. 

" let ~ (a ----'" 0 ~ p 
I
1 0 ~ n 

(3 ~ (b ~ I~: c ~:])) 

(p II ,,)
" 

, --'> (( c --'> ,~ ) II (, --'> , I c --'> 0) ) by l4 

a ~ (0 ~ (>;\I"j)) ':Jy L4 

I-l'" (a ~ tl -----7 x) 5inc~ the recursion is guardec. 

2.:.: l~ple"'e,..... tation 

The i,"";J18~'e.,tation of tre II cD~~t.,inEltor is cle<trly based en L4 

in-t-e-r-sac..L -!..p....-'dL = ~ z • 

:f p(z) : "~LE[~ ,I,) --;-g-CC-EP--ln-e-n ''-eL-f-8l. ­

els8 intersect (p(z), I](Z)) 

2.2.3 Tr2ces 

~ince each action of (~\!~) requires simultaneous partlcioation 

of both II arj [.', each sequercl? of such act~ons mU.5t bp- possible for 

both trE~e op""rands: 

L1 traces (rjj Q) = traces (r) n traces (J). 

l? ( 11 11Ms ~ (i/s) fl (]/s) 

£.3 Ccrcurrency 

T~~ cperal.or described in th~ previous section ca~ be generalised 

to 'ti'l? cese wner. its operar:ds ~\ anD I) have oiffere'lt alphabet~~ 

e{fJ -f- <:>< ,~ 

'.;.Ihen scch orocasses aI'" aS5'2'"D1ec to run eoneurrertly, events that 

are in ooth tneir alpc-abeb (as explainec in tre orgvious section) 

req~ire si~ulteneous participation of both ~ and~. However events 

in the alphaeet of ~' ~ut rot HI t~e alp,'-Iabet of J 2re of no conCBo:-n 

to i..,J, wnicr, lS physic.;.!1)' irlcaoeble of controllin9 or eve" of nuticin; 

them. Sue!! events ~&y occur indepenDently 8f CJ wh~nevar P enga:;es 

in tr,Bi:l. 5ir:lilarly, J rnay er,gage aione in eVE-nts ut-'icn are in the 

alph2.bet of J Dut r:ot of f'J. Thus tf'E set cf all eV'i'nts that are 

logually possible for the syst€:r7i is si"::;Jly ..... he> '.Jr-ion of the alph8t'cots 

of the component processes: 



«(ell'l) "~Pvo'-

n,is is a rare exsr;lple of an opeI'otor which tekes D[JeI'oi"'ds with 

airFerert alp~dbets, ~nc y181=8 a rEsLlt w~t~ yet a thirc ~lp~a~Et. 

-O~8v~r i~ the Cdse U~8~ tre tWC operanos have t~8 sone alphabet, 

so dOB::' tt"le I'esultin;; CDrnbindticn, 2'10 (p 11 C;) '-,8S exactly the rf'sanlr;; 

ceBer-ieee i.n the pr8'Jious ssction. 

Cx".:-,ple8 

X'I Le-'t "",-r,L:IS'!l,Ir'l {COin, cl-:;c, c11n:.<, ol'..Jnk, tCFfEE) 

where "cl.l.nk" is the sound Dr a c'Jin droouirlg into t'le 'noneyDClx of ~ nUisy 

vending ~E:c~ine 

one "clunk" is thco sound :n30e ':Jy thl? vending mdchinloJ on cumpletion of 

d transaction. 

The noisy vendi'l'; machine 1J3:; run ~ut of tefrel?: 

rJI,15Y'u"il (coin ------? clink ~ chac ~ clunk ------;Jlo rH1ISYV,',I) 

Let ""-[uST fCOin. chac, curse, tlJffee} 

The cLstomer of this machine definitely pr8F8r~ toFFee; end "cur5~" 

is what he does when t"18 Fails to get it; he then h,:;s t8 take d 

c~ocolate insteec. 

CUST (coin -----> (toFf>?," ----., ::L:;-: 

leurs'," ~ chae ~ Cc.ST) 

T'ne result of tns cortc;urrr:>nt actiVity of these tLJJO OI'ocesses i.;:;: 

('C'eY, II COST) 

fJX.(coin ---'> (r;;lin~ ~ curse ~ c~~c ~ clune;------7' 

I . 
1--eUf'SE-~ c-Hnk ~ crac ~ clunk ---} \)) 

Note thet the relative orderin~ of the "clink" drd tre "curse" is 

not deter"'ined. T.'-,GY .-ney even Dccur sinultc.-"cu~:y. ~r,d it will not 

~2tter in u~~c~ oreer -ey ~rG reccrCEO. 

" 2 I !ag 

II clJl.mter starts <Jt trt' micelle bot-':o"1 ~DuarlO' of the bcard, sn~ 

-<3-V ClCV>" witrin tf- e be·","'J s:.th.=or "L_~", "C':'--:'1" , "leFt" or "r::';.~,t". 
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lOt o(p [co. dowe} 
\: '" (-..I>:, ----:;. dOwn ~ e- J 

cI. c: llFft, ric;ht} 

L1 '" ,::i;~lt -----.:,. l~ft ---7 'i 

!l;dt ---7 ,ir;ht ---;. .. ) 

Tr~ DO:hdViol.Jr of the cwunter 1'13'/ r:e Defined 

" ['[ " 
] n this examole. tr-,s alpc-a;;sts oL.P and O<w r'ove ~ Event i,-, CUlfI,non. 

(,Dn8eC;-..Ier,tly, thfO T.ovemer:ts of the counter ·:,te il.f1 c.rc.'i-crary inter­

1e2ving of 2ctions fro," thO' proc'O'sCi ~ wir:h cJctlor,s frClrn- ':he process 

IJ. SUCh J.nt~rlea.vinc;).:; are very 18Dorious tG descril::e L'it"Dut 

concurr-ency. ,-'-lu'Cua.l rEcursion is uS~511y n"J,G80; ju'ot introduce '-' 

prD~9 for_e6r;;b_§.~at'" ~f the syste1. t-or 8x_J,;lple, let 'iii stand 

for the oer!oviour of a cCJunt!:::- rx'~T-lJ.T]-ferr---s-~tad_iJ:l __~1:!. i ~ and 

column j of 'Chs board, for i f LI,~}, j IE {1,:.,3}. - ---------------­

Then (~II 'J "12' where 

R (\Jown ---;. ClI,.i I ri~ht ~ 
21
 

"]"I (up ----? F;:'1 I ri;ht ~ ",)
 

(rjown ~ Ro ~ I left -----? r'21 I right -----? I',:::]) 

(u>, ----:;. ."( __ 

'';;22 , , 
FC [left ~ '">1 \ right ~ "13)I2 " 

" 
0 
·'23 " (OOlLln ----:;. f'l:' I 18 ft ----:;. il n ) 

c " (up -------7 H.;:;3 1 
12ft -------7 "'12)"13 

2.:.3. 'I L~:.c's 

T~" 1alL'S for t~,e e;.<.t€r,dec f0r~ of conc~:rrrJ['cy are si'Tlilar to
 

tt-,OS", fo~ ir>tersf?ction.
 

L 1 ,::: II :3 synmetric anG "'-ss::-.ci:=tive. 

L3 [I ~TC':dr' .T" r",:~ 

La'.:. _) (: (oL.f-' - 01..')), ~ £. ( ....,~ - c»..,') ,,,fCC [c'd1 S (.,." n ..... .:.J) 

T:'6 f.:.~l:,,-'ing lalL's S"',Q\jJ tr,e wOo: in '-'hich P engCl9'-<:' a'one in a, :::' 

~n~Q;ai alare in 0, out c and d r~~Lire sJ.multareous participation 

o L;O~, P -:;,r·d .. 



L4	 (e ----> p) II (c ----> '1) e---->(Cllc) 

(O-7 p ) [[(d-7.) =-TU'~	 if c -I d. 

L5	 (, -7 r) II (c ----> ,I ,~ ---" (e Ii (e --> 01 I 

(e --'> pi II (b -7,) = b --'> (e ---->Pliiol 

L5 (, -7 p) II (b ----> ,I =	 (a --> (p II (t ----> ull 

Ib --'> (a ----> p) 11,,11 

The~e laws can ce ;eneralisBt at t~~ expenSE of SQ~€ ccnplexity, 

to -::ea1 lJ.:ith tre l]eneral choice operator: 

L7	 LEt p = (x'A ----> C'(x)) 

W (y'B ----> ,,(y)) 

Tnen (p II Q) ("C ----> p' II ,",) 
where C A o B U (A - <>".Q) u (8 -o/.p) 

pi =	 p ( ,) if z IS i'.
 

P othscwise
 

and U'	 QI,) if z co: 0
 

Q Qtherwise.
 

These laws permit a p::ocess defined ty concurrency tD be re­

defined without that 'Jperator, as shawn in the Follo'~ing example. 

':1	 Lot"..~;:: f2,c1. .,..( ~ = (~.c1 

F == (a --? c -----;:) ;--) 

Q =	 (0 --> b ---;; c) 

pIIQ = (a---->e--,>pIII{o-7b-?Q) by defini tion 

a --7 ( c ------:; f)) II (c -~ b ---'" Q)) by L5 

a _e --'> Ie I[(b _G)) by L!; ••• CI) 

pll(t --;> c) = (a ~ (e ----> pi II(t ----> u) 

[b--'>d:)) ~'Y LE 

la --;> 0 ----> ((e --'> ,'I II:)
 
Ic --;> (c II. I I :y L5
 

la ---->, ----> e --'> (I il(o --'> "II ~ oy L 4 

[0 ----> a ----> 0 -7 (I' II (b -7 ell I l BIlU (1) 



c 

v<·(a~,,~o~\ 51nee tnis 

lu~a~C-----?A) is ~uarder'.1 
(, Ii c) (a ----7 c -----? ,..>,. C'3. ~ Q ----";> C ~ 

I, --7, --7 c ----i> x)) 'y (1) 

-":.3.2 1 ;plE~"...,t2tion 

Tn", 1:;;:,le"EI''C8T.ion of trE' G';Jera:o;: I) is derivea oirectly Fro:: 

~rlli3 law l7. Tre ",lp"uo",ts rJf the o~t:r",n~s ,ir, rEoreSl",tU.; 0;5 i'inite 

lis.ts of syr;;tols, onD~. Test of ~e~bfrs~ir uses ~~, function 

is~"er"Li",;:- ('" if null (n) t~ec falsr 

'else li " 001;: ( ) t'"1w~ tr~8 

el~u iS~18mCEr (A. cor(")). 

(I"; \l '~) is ~'ilplG,~e"tEc ~)' cdllinr~ d' Function 

c:oncurrent (F-, c>l1', "',~, .,-:t) 

,..:r,ich is o,finlOeJ ci", foll:;L!s: 

concu:rl'ert (f., i;, S, :-"') aux (, ,ld 

urere 3L..1X. (I'.J) >.-><. 

iF f' '" """"L.r::r::e~ g ''':'L;J~; thEm "'JU-::UC 

els8 if ~3rrle"'b8r (;<.;,) .£l.!:..£ is:~8'~tS:' (x,~) 

eren aUK (~(x), ~(x)) 

e:;'SE :!:..i. is''-El,~,,,r (X,"') then au/< (;::(x), C) 

e13€ if is~el-',D(3r (x,0) tnen aux {f-', ,(, )) 

else "G'Lc ::::~' 

L.3.3 rcJCGS 

Lp: 't :),-, trsce cf (P Ii 'no TNJr', <every EVE-t in t ,d.... ic"", 2,,10ng8 

to trco alpllaoi."t of ;.) :-2S ::U~·" 2" event ir tre life cf r'; 8roC every 

GVE?rot:n ~hicc-, 00,,5 ,-ot be~Dn J to b.;:: J,,,,s cc.cu:;:,rec with::ut tre 

;:-,=-rtie-pol:.ion of ,-. Thus (::.I",zf-J) is 2. :r2ce of all ::.hc5e E"Jerts in 

h,C'" r3S par-cicipatec;, cine ::;u'Ot t"'8reforc De a trace ;;f ~'. ~y '" 

s~ril argurT1snt (t t cJ.. .;) ,::ust e;,'O 2 traC':'. of FLrther~o~e, ev~ry 

overt 2.1' ": ~,u~t DE" in 8~tl·Lr ..L;:: =r .,J..._. T,-.is r13as:;nins SL.;;:;;l"sts tne 

C~r2.r.. :t~or 



'J. 

L 1 trocc" (c II ") [, 1('10<'-)< ",," (,-)
 

&:(:~J..Q)E tracl's (,)
 

t t:: (cJ..t""' U ':.If!)*}
 

L2	 (r II ")/0 (c/(d' .. _)) II (C/(' I"")) 

[xc.~·:::,l" 

Xl E"'::.3 \1.
 

lei:: tl == <cnin, clink, curse>
 

Thc:n t~1 i •./.1',1'- i ,Y'j" <coin, clink) € traces (r,IUlSY'J,'­

tll"(C~.JT .:::ccin, cLJ::.'se> E treces (:..- -I) 

t1 E. traer-., (" CI.c,Y',_,r, Ii ~T) 

T~p sarle reclsoning shows th;o;t 

<coin, curse • clink) E. traces ('\:JIoyljfi, 11[1_ ST). 

2.4	 I'ict~,res 

M procpss P with alphabEt [a,b,c3 is pictured as a box 

labelled r, fro~ whic~ emerge a nU"lber of lin8s, each labelled 

LJith e different ",vent fro" its alpha:H.. t: 

~f-'­
~--­

Si,ilarly, I] with alphabet "'ay be lJictured;[t.e,d] 

y~
~hen	 t~ese t~e processes are put t~;~t~r'r to evolve concurrently, 

~he res~ltir; ~Y5:e~ ~EY :e _ict~~ec 55 e netw~rA :n ~~ic~ si~ilarly 

lc:bElle= lires arE conl"ct~~. =ut lin~s lcbell0c =y Fvsnts in tne 

alp~a8et of orly one prccess 2re left freG 

-l ~ I OJ-9
 
fc 



~ J. 

,~ t"ic-d p~ocess witl-, cil, [c,E·1 rna', De ",Ci~E:rj: 

.~ 01 1,12-'L:-----J ~ 

I L 
~ 

I 

This diagra- s~o~s that the event c req~ires partlci~3~ion of all 

three proCEsses, C reowi,Es participation of r ana C, whereas each 

rsme4-ning 8~rT't_ is thF') sole CCJnc"rn of a single process. 

2ut t-~5e pictur8S c8ulc be ~uite ~is1eaoin~. T-Syst~;r~ __ 
~~~ 

structed f~O" chre", processe::; is still only d sir,(,ll.: c.}:::-oc<>ss, ana 

should t~Ec~fore ~e pictured as a single ocx 

_l' 

The nu,-,:2r EJ C2r, t,!" cGns~ructeo as tt"le proouct of thr~,e other 

numbt'rs (3 x ~ )( :'); Qut 'JftF.r it has bE'er S8 constructGd it is 

still c-l)' Eo s':'ngle ,'u'1'ber, ar,a t~", ~ar,ner of its cenetruction !...S 

no lon~tr relevant or avsn cb~er~~tl~. 

::.:;. ~"':-,I-ple: t:-,e ,ln1n; r~ilos0phers 

l' ancient times, 2 ll.'ealti"'y pnilantr-,rcpist E,:-c!CL'PO d College 

to SLCJrT'lcT'ooate five e:-,:nent pr'ilosoohers. [ac~ p!"'iloso~her t-'.30 a 

roc'~ '.JJhich ne ccule sn;a;e in nis OI'CfGSS10n",1 2Ctlvity of 

1:I'lf'Kif';;;; there .J2S also := co",",o\1 Gl-nin,;j r;:)o", f'-,rnisned with a 

circular table, 5urrc~~~ed cy five crairs, eacl' 1aoel180 by th6 Id:-'8 

of tr2 ~hiloscph2r uho was 1:0 si1: ir i:. Tre names of the ~hil~­

soohers ",pre PhilO' IJ hi11 , ~nil2' ~'~i13' H'""\ a"C they wen. dist'osE~ 



11. 

ir tnis orDer arricl:c~~i5e r8_~~ tre ~a~:p. To t'-e l~ft of '.ac~ 

phil050prer V',err; was laij ;l gclden ,'ork, "I'd in the c9ntrE.' '1 L::r,::;e 

:-:"_l cf s::2;:-'e:.ti, u-:cr _eS cors:.O"~::"y rf;~:'.",ri"-=:J. 

phil050wher lL"S 8.<pect8d to S~Sf"'~ "'D3t cf ~is tirrle trir'.,ir,~; 

:",u'C wr,er, r.--' f'rJlt nun;:ry, "8 uert 'OC t'--e L'inin; r::;o-, Sci: cown 1r, hi, 

own ch2ir, rickE;d up ris owr Fork. _'I' his :'eFt, and ;clunJed i~ intc 

tre st=2:;r'E.'t:i. ::;~t s.,cc- i" .. m; t",r,~.lC'c re'LwI'L sr2:;~et'Li ~~"t a 

srcond Fork is rfOquirrd to c,-jrry it 1:0 the mouth. TilE: rhilosof,lher 

:r2:eF,,;:,-, -as -ol.:>c tc pice< U;:J trE FJr'-; on ris ri;i;t. _ -<:- h, '_'25 

Finished he woulc put cown b:;Jtr his Forks, ,;oet up Frcrn hi~; ch~ir, 

ar,d CCI't1rue tij,rlkin;. :-f course, d fo:rl-. C2~ te used ty only one 

~hilosof-'her at '" ti,IlE;. If :.'18 Ol;rer p~,iJJsoprer ,~ant5 it, i,e just 

il,~s to u:.~it until the fork is available :l,-,ain. 

~.5.1 ~lphabDt5 

',)e s,~~ll I'OU cLJn:otruct S Iilat'---,n"l",tical mo.::el :)f thi::; syste'c,. 

First we ~U3t splect the relevant sets of events. r-Ot Ilhil I th,
i 

5e: ::'5 defineo: 

~CJhili [i sits down, i gets up, 

i pic'~s q: f:)r~ ::., i pic:-<s U:J for.< (i GJ -I), 

i put.:> DOLin Fork i, i puts down Fork (1 e 1)} 

~f.§.----0 .i s adc;l.i,. t.i...Qn. ,nQ.I:Lu1J::L.;.J _ 

:,O'OE? '(holt cne a.l:Jha=e~s of tre ;:Jr,ilo3[p'ner5 are ~utuclly :)15­

joint. Tr'fJre i.s r,o B'Jent il' whie" they can ac;rse tCl participatB 

~Jir~ly. 32 t~cre is -:J ~ay wr~t5~ev~r ir w~icr trev can int~ract 

or communicate with 8ach othsr ~ .a rs'=i--listic-peflect--4on of tho;l 

behaviour of ~h~losophErs of tr:Jsl: d~ys. 

Thp. other actc,I'S in ':::lUI' Ii ttlp dralTl'oI ,3r8 the five Forks, eacr 

:Jf u~icr cears t~e sarg nu-c~r as t~5 =h::'lcsc~~er ~~:J ours it. 

fO:'k is ;;,icved up and f,lut Down eithr'r b:1 tri3 phil050pl',('r, or Oy 

ri~ nei~hb~ur on t-B c~hEr 51=e. It~ al~~aD5t is ~5finrc 

",," Otk ~ [i picks up Forv i, (i 8 1) piCks ur: Fork i,
i 

puts down F::!re< i, (i G I) ~'J1:S ::~'L'r fcrk i} 

where; 0 d12notRs subtracti.on moculo ::J. 



fl u~ e~ck ?ve~t 8xceat sittirg oown ano 9sttiG~ u~ re~~ires 

pc.r'.::ci~3-:iQr' 'f '2x0ctly -': ...iO ioc,:ilcent acto~s, ;, philo5C;:;h'?!" Olno 

a Ferk, 23 Sho,n in ~~G cGnr~cti~n o1dgrdm of ri~ure "I 

:: >:u:s c::o'_'r ferl< L 

ForI< 2 

3 pUcs do""n~';--lJ'if'"Ji "I ~ick5 UP fork 2 
,// 

3 tlicks uiJ f:Jrh 

ForK 3 

s1 'Cs OOWG 

~e:s uo 
~ 

~. 

~
 
~I~cc"~
 ~ 

ri ;;UrE' 

2.~.2 :eh~viour 

.,~art froiT' tri.nkin~ :ir"1tJ eatinc! I~hic\--- '-'-'I? h_~'Je cnCSGn to i:::;nore, 

tloe Ilf~ cf [,dC~ ;:I-'::'losopher 15 descrit::ed: 

- -Il , , (i ~_.:. ,:;srjOJ..m ----:;. i fJi c:"'su;::: forK i ......,. i picks ur=- for\..; (1 (£; '1--'> 

~uts 8~un fork l ~ 1 pUeS onwn for~ (i 1) ---1 i '-:'G~S u~ --?e 
.- HIL; ) 

oic;";s u"' 

2 puts down 

-"

ForK 3 

j ~ets up 



l 

I::.• 

TrE I'b19 ~,f a fo:,k is oJ 5i-;:;1", ~n€; i:. is re,:eatEoly "iCkl2o U 

a,e put COWII ,::,y on~ :::)~ iT.5 aojacent phi~o50:,h'~rs: 

r;~HK . (i picks UP fo:.-k i ~ i ;Ju:", ~'='.tJn fcrt< i -7 FORK, 
(.i a 1) piCkS up FNk i ~ (i a 1) puts do'.m r~rL-. 

Ths cshaviol!r of tre '.J:~(JllO C::oll'3s;e i" ':;\-" c~rc..Jrrc,--,C cu,--,=ine:rion of 

~r,E =en=viour of e<:~cn o~ these co,-"ponents 

PI-" I L:"":, (PH!LII ~~!L, il:~~lLollcdL31ICc_")
U I L 'I 

FUr~V= (cc'"oll FC-S', Ilrc,\II',·--]II,--=o(,) 
CIJL L:: 1.[ (PHILC:S II F~rJVS) 

2.5.J Jeoclock~ 

~nen this mathema:iCdl maoel haG ue8n con~truct~d. it revealed 

a 5erious danger. :.:iuopcs"O dll the ~hilo"opher5 9t't \-dJnc;ry at aoout 

th", sane tirile; t"ey ell sit down; trey all oick up their OIJn Forks; 

orod t'oey all reec!"' out f'J!' U'E ether fcr:': - uhicT"1 it:r,'t th"F:. In 

this undignified situation, they "-rill ell _'l=isUredly st;JrvE'. 41thoU!;h 

each actor is capable of f'Jr-:rer 3cti~~. therE is ro ec~io" which (Jr.y 

palr of !n~-:, can agree to do next. 

bowever. our story coes ret Enc so saoly. [,nce the oangsr w~& 

detecteD, there were suggustsCJ meny ways to e~'E?rt it. f--or EX3rlple, 

one o~~~Dhil~.':;2C~e--.r~£Q.:..:lcLal.'·'~)6p':el up LIIE nang fOrkT.irst­

if only -chey coul'j h.:'lI.:e 8grf280 which one it 5',,:;ul1 b'3: The Durchase 

of a sin,;le a.dditi'Jnal f,:crk lJ."S ruled out for si~;i~3r n<3scns, wr,·=reas 

the ,:;urc"ase of five more forJ...s WGlS mucr> tou (oxpensivv. 

The 501ution finally adopt&Q ~a~' t"'5 2;""J,:;oi;l-:r"en't of a ,-;;-,otman, 

wh058 duty it was to assist eoch philusoo~er into e~d out D' his 

chsir. Hi s a~[J rabt t was dE fi ned: 

.6o!-Fo:Jt-,e, Ii sits CulI'--, i :,ds u)·
~=U l - J 

This foobncn W;J5 glven SAcrat ins:ructiors r,ever tc 31loL --ur", :.r2r 

four C'hilosopheI'.o t::: ce s::.:-ul:,c.,eously SEatED. '-1;3 oehdviour is "ost 

si-,ply ;jpFin~o cy nlutual rec"rsion. 

1-7 FCIRk.. ) 
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L" t u '" ,u
, 

[i ,ot~ uc1. c, .u li. s~ ts 'Jo"Jr,) 
].=:0	 ].=:I.c 

c' ~'T cS'~"in8s c:ne LlS,k,ioviu~I' :,f tnC' FootF'dl' LL'ith J C!hlloso·..)f"'eI's 
J 

'i':!"ted. 

(X:I~' -----jo FLll'T.,) 

r ,,~~T . (X:L' ~ iC'l'T j+1 y: L' ~ r~ L'T
 
J , ,r, , 3}

j-i
 

for J ""- L' -, 

rl)OT. (y: U ~r'--C'T,,). 

"._-'~'I-~'L_'cGC: '=' '~JLLlL,c..11 f-[J~TO 
T~,", h"fyi,-;; tale of the dinin; ;::·f;ilosooner5 i -, ~cJ" to Cos']er 

IIJ. iJijkstr~. Tr~ fcot~,sn is ("uf, to r~~r'?l.. :,c"lQlt"l;-', 

2.6 Chan~e of ::Jy;nbol 

It lS Freouently wS8ful. tc "JI?SCri~8 .3 ,'w·~;Jer of cifFurei1t 

processes, wf"'lch o8hdv~ in a very simil~r fashio~, exce~t that the 

nal,8S of ~he eV!O.'l'ts in Wllich they [?n!;;a·~e "re differe,---:t. Let f ce a 

funcsion ~Gich ma~s sy~ools of a process onto symCuls of the 

process OJ; a,,~ SJppo,s!:' th;ot l.lhl,r;8ver P is rl2dy to perFor,,, sOI~e 

"'ction Clk is rEddy to perforM t",1:- ",etion f(c), ~,'o 'Jlce verse:. 

in t~lS case P is the in1'8rse imcJ.~e ur,OEr f of tl'e proces" ,1, a"d 

c..~; ",rite 

I 
[J f- (,j). 

1e~r1~J thj~ Co"'	 !.!nly oe -crue if
 

1

,)..:;- f- (ol.';') 

~rere ,-'I (" ) {,[F(X)'") 
~ xa;nphs 

; 1 tEl 3 Fe~ y2drS, tre wrics of 8vsrytring ~08S u~. To 

r~~~ec~~t t"E eff~ct :rflB~lon on vendirg machine, define: 

< (inc .=. [)) J.r,_ C F(S"'211) == ~aqe 

~(in~p) i ,'I'J f(very snal~) == s"'811 

f(cuCCo) ow-c 0 

The ,el.I vrJ:-"cir; ~lacl-,i"e Cllcly ti8si".~ly~esc~i'::er) 

;d:.. ',J', "Ie F-'I ('-,r,'c:) 



',I ~. 

XL cou~~er ~erBV~S like ~7a' except t~~t it ~ove~ "right" dr-d 

"left" inst82d of "u~" 3n~ "c~ur". 

f(right) ~ UP9 f(lLft) cown, f(arounc) around 

I
L,,' f- ([T ) 

o 

The -;ain reason For chan,;in<; eVl:nt nd"es of crOCEssCs ir '_his 

f;:;shion is to E:na~lB thelll to be' cO'1posed u'32fully ir, Concurre,"t 

cOl'lbinatiorl. 

X] coun':er r'loves left, ri"ht, L.'p or cown on ij'-, ir,finic:e C02.rd 

!J,,'iti ,~arl:;;ins at ti",' left enc 0-,7; :re :lotto",: 

;: ... 

® 
'-" ~ 

It starts -o;t the bottom left corner. On this sauare dIone, it can 

turn ".,round". CIs in 2.3 X2, vertical and horizontal mover:Jents can 

be modelled a.'~ independent <lctions of SepaT&te process8s; out "around" 

requir8s simultaneous participation of both. 

LHUU LC II CT 0 

Change of symbol is particularly useful ir, constructin'~ groups of 

similar prOCe::iS8S whic~ e-pcCrate corlcurrL:ntly in provio~n9 a service ':-0 

theil;' co~,mon_en'~iLonfTlect, 'lilt Ibi n rid RQt ipt~P6et witl, E"3Lrr---nttmr-tr: 

any W2Y at all. T~is ~ec~s ~rat they ~ust all ~aue ciffere~t ~rd 

nutually di~joi~t 2Ipha:ets. To achievE rhi5. each process is l2bEllsc 

by a difr'",rerlt nal'le; a~d each event of 3 ld~elled proCess is also 

labelled oy its nam~. labelled event i3 a pClir "1, x>. where 1 is 

lab0l, and x is U.s syribol- st2naint; for the evsrt.. 

process ~ labelled by 1 is deroted by 

1: ,­

It engac:;es in tl-" ~vent ~l,x > w"enever P w:Juld have er":;aged in x. 

1"'012 functiCln reouir"d to define l:P is 

stripl«l,x » == x 

stripl(Y) is undeFirled if y is not labelled witt'l 1. 

I:P striD -
J (=>.

I 



1 C. 

;,'-' e· pFiir :::;c .lu,cir::;, 1"6cr,in'O ~ c,t",r;::'.cri" si~e ,:,-y Sllle 

(l"',,J'":,) II (ei,ee,,) 

Tn, ",l~nawE[" of t:--,,,, t~o ~I'",c~sses cI'8 Gi5j:::;;",-::, 2r" eVEr;; 8\;E'llt 

t"c:t ')cc'~rs 1" lab~llec ":;\-"? name of t:--,t: ~"c~"-r~ LC'l L,r,lCI"> it 

OccwrrE::C. If tt"",e :T,?_ci-,i,,"~ u;rE i':YC '1a"'eo Dtforc: ..::.:o:inr; ;::,l~c\!d in 

p0r011el, eu~ry ev~rt ~Dulj re~~ire pBr~lcip~~ion ~f ~O":h Df tnem; 

<1,'---,0 the pi:dr \:Jculd DP lndistin,;t..;jchdtlco (I'm) a sin,:jJ..o. -~c~inl'; 

chi3 i" d c:::;rsequ~nCB of ~he fac~ t~~t 

(:'''';5111)1>1:0) = VI'15 

2.S.1 Lal:J.3 

Lh2['~~ of sy",ool dist:.:..,-,~:::,-,s --'-n '[:-;8 cc,v":'Cus \...0;/ tr-T'Jugh <.>11 

~~ Qp~r-=ors intro~Uc80 SD f~r. 

1 
L1 f- (, ''',) :T 0" f-1 (1-\) 

L2 
-1 

f (;O;:k ~ ll(X)) ("'-"(') --'>f-1 (O(f(,)))) 

L3 -1 'I )f (I~ I ,j p -I ('~ II f _1 (" ) 

" 

L4 f­1 : ;\. r-(X)) -1 
fJX:F ('). 

-1 
f (r(X)) 

[cr~owrdeo c~ang8 of sy~tol behaves ir tre exp~ctcd wey. 

L5 g-1(f-1 (::.')) (ic,f'U) 

::.5.:: j.-owle:lentatio.'l 

lr Dt'G'er to i~;::lB:-'srt o:oycc,',:,ol crcCJn.~c" ,"'0 "1'Jst De acle 'to test 

w:l',tr'sr a sy",oD1 ie; in t~", dO'llain of tr-,f' :'uncti:m. 2 therefore 

dssu~e trat the funct~on ~ill answer ,r~L~C~ ~he~ ~rege~t~o with a 

sy~,~ol r>ot in its. oo:nCiin. 

i~Jer~e i~a~p (r,ll) 

f-;... :. f" f (x) "(~!...LtJ thEr, "::lE.'-.' ­

;:else 2i. F(f(x)) "0lc.t.t=	 tren "='~:JJ 

else in"u::.e i~3;'" U,l-(f(x))) 
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10 impll"ment thc> namin," ulJicrctur, Ulc reprE51 ,~: the l"l~,ellEd 

eVErt "'I, x> ;.;3 tree tJc:ir C:Jrs(1,x). 

2(l,r) 

)..,x. if rull(x) "o:t:,-(.-<) ~ "::;~:::~ 

.Els,:,ifc:::t:L(x) ~ :;;-[,~''''_'_l' 

",lSE if -(cer(x)) ::: "C::'L~,-;: t-co" '_c­

21s= n2,;,,(~, -(cdr(x))) 

2.6.3 Tr3ces 

-1 
If x is En ever,t in the liFe of f (p) then rex) nu't be the 

corr8spor,oin:; event in thE life: of F. ConversEly, if f(x) OCCu.':"S 

ir l.rc: li~e of 'C', x must '=e ~ ~'Js~i=lE cOI'rs5concin; eVEr't i r t C':," 

life of f-'I (Il). The sante drgurrte"t <Jpplies tL' sEque,"'ces 0" C r"l_ 

SEcutive events. If t iE a tr'Olce of f-
1 

(f-) then F*(t) is the 

result of Bpplyin~ f to each Inaividual B~ent in t; t~E result 

nust be a possible trace of r. 

L; tracu (f-ll,.,)) {t If*(t) E trac~s(r)1 

uh"re * is CEfir,E.d i~ 1.9.',. 

-'I 
L2 f (I 1/' ,-1 (c /'«e)) wrovideo f*(s) E traces(~). 

2.7 ':,peciFications 

'Let I' <Jnd J UE processes int'.'r,ded to run conc'.Jrrcntly, and 

supOI:l~e '.u~ helVe proved 

p ~ ::'(tr}
 

...:nd sat T(tr}.
 

L~t tr :IE a trE!CE of (p \t.). Ie. ;ollo,""~ -:;y :2 • .3.::'. L" th2.t (trt"-d.I-) 

is ~ trace of P, 6nd conseq~Ently it satisfiils S: 

-,( tr rr:A.p) 

Simil2.rly, (trf.,l,U) i5 e trace of LJ, so 

T("~""O) 

This holds for every trace of (IJ II ~). 



'=onsequently "'ay deoucQ 

(Ill! '.1) ~(.:;(trl.,t..P) A T{:r I<:{,:)). 

T,-is i"forc,el redo;onin; is sc.'~I"-''.iri"eci in tr--E.' lew 

L ~ If P 52':. 'J (tr ) 

"'''d ,~ 52t T( tr) 

tner, (e)) ,.) S2t (~,(t['\d...,:') t\ T(trro.:'ci)) 

[xample 

Xl (as 2.:.1 ,,1) 

let .J. P {co,,}, "'-'j" tb'C} 
P =' (.-0 ~ C ----:;>p) 

I.i - - -(-~ --=-='b-~-P) 

Trlo proof elf 1.10.2 Xl caf"' o0viously CI3 adapt'cd to sho~J 

r s~t (O.f tr.a - tr.c {1) 

ano L.< ~ (U "" tr.c tr.i:J ~ I) 

2 1 L'I 1L follows that 

(P)I'I) sat (0 ~(tr"..(p).a - (trlcJ..p).c ~\ 

.... 0 '(td'"L.:J).c (trIo.:' L.').c ~ 1 

====? Q if tr.a - tr.b .f 2 

since (trl".).a tr.a wherever a It: ", 

Cf course, r;his proof oDes not exclude tI,e pm::-,ibility that 

(I: 1\1) ""'ill stop as '" result of deOidlock, 85 illustrated in 2.2 ;02 dnd 

2.2.', 1...4B. [mE;' way to elirJinate tr.e risk of stOPPdg<:> is to prove that 

a Orwc.eS5 c"f'ined oy the paral181 cornoim:tor is sCjCJiv&18nt to a non­

stopping Ilrocess definea withoct tris cOVlLlinator, as ""sO' done in 2.].1 ;('1. 

f"pl.:lev,?r ~,-,c:r, proofs invol~'e long anc tedious al<;:ecra::'e tr~nsforlnations. 

',!herever possible. one should aOiJeal to 5t''"'e qen"rcJl lau, suen as 

L2 If ,1 end ,; nev"r stop end if (d..~-f'l d..'~) contains at ITiost Dne 

event t: er never ",tops.(1- II·,) 
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l'"~lJr~-, rft-~~ 

"C ,._~ - T ~ !'.'i':'" 

:.1 1 ntr':'ouGtion 

TrE ch:~ce lJo;orato:c (x: .... --? ;:(x)) lS USEO trJ Qre'ine a process 

_M~ch ['KeielCS 8 range of ~~ssi~l~ ~eh2vicurs; ~nd ~"S concurrency 

opF.'rator >-," ',.lts sene cthe.r erOCESS tc ~=k.e s~leC,,1lln "F-t.wes~ 

~re:01t,,rf',,~lvV5 offereo. For GX2P',~1~, thr> cl'1an'~I?-;'i'u'if,; - ~"lcrinE' 

c..~5L ("1.1 •.1,/'(.) offEOrs its customer: tr,E' choice of t'Jv.if'~ 1">5.5 chdny8 

as c.hree ;0,,11 cc~ns ·c!.nd Dna large:,:,:- tu:: ~2.':'ge Calf,,,:: ~no :JnE s;; 2L'.• 

,(l~'2t irnf;' '3 orocec;s nas a rar:ge of fCossiole [:ahaviours, :;'It the 

~~O~rn8lli_Q[_~~~::ces~ooe5 not hdv8 any ~~ility tD influence th~ 

se1E;etion :-f''C'1Jeen the 81 terndt:':V8S: --r"DT-e-~~~-=:,~_ crc.ng(~­

;iving fT1asl'une IT'~)-' c:iV8 cha~~8 in eltn~:~ cf the co",~in,:,tio(ls dt2scrio;'c~.JbC;----­

abovro.; eut t~8 c.roic-E:' ~etwesn them ca~not b" l~ntroll~o or eVEn 

predict PC ~)-' its '...Iser. ThE CI-,oiCE is j~::dr:, 23 it llmre "int8rn31~'r''', 

by the m2cf,ine i'Cself, in ~ nor-or:t"",,'ipistic fasrion. Trere is 

nothing -;;ysteriaus ",['out thi:;; kind '=If ron-deter"linism: it a~is8s fro"l 

i:l delibe,ste dEcision to ir::,nOL€ otr€r f2ctors whicr influence the 

selectior;. For eXil.;r,ple, t'1,,' co;nbin·jtion of chang8 £iven by the 

;nachine ,',ay de~ero on ths Wi'S in uhic,h tre "'2crine has eBen l03dec 

'.clth 12'::-;8 i;nc' sm",ll COi~5j tLt U'O! r,JVS excluop.d these events fro'" 

'Che 2tlf'r~,::p't. 

:3 • .:: r\!C,~oe'CGrr;-,ir;istic ot 

If 0 2nd are proC!SSSfS, t~8r we int:cocuc6 troi, ~otation 

o (~ o:c v) 

tel je:-'~tl? a p~ocess ~,r,icl-, :Je~2ves I?itnr='r 1iK'':; I' or like ~'~'?re the, 

sslec{ion ofot",E~r; the'll is roads aroitr;,rily, .~:~~ll..'~ t--,e ',(r>o"Jleoge or 

c~r,tr 1 of tnE' ext'cornEll Enu'ir(Jr,,,~:-:. T~" alpt-i:>c.er.s uf tr'J o~erards 

~re <:,ssur;-,eo 'Co be U"[ sa,e: 

~u OJ) oo-i=' "'-,; 



------

t: ;o:;a'T'pl':Js 

/1 ch~~ge-giving machine ~~ic~ al~ays gives tru ris~t c~~r~e 

~n or~ of t'_'c cO'loi nations or 8ao" occasior, 

Lr 5il (in5p~ ((out '1~1---7> :Jut1o~ C'Jt'l_ ~ out:D~ ,>,:<) 

n (outLp~ out' i=J~ out2~,---;' [f-JSu)) 

XL: Lr1:JD r:1ay Qive a difFE'r8nt combindtLor"l :JF changp. on each occas.cun 

of use. Here is a 'Tlachire thet ~lwcys ';l\Jes tr,e S;'l~e coc;-,tinatior,. 

cut '1,e do not kr,:'1u., ini~lally LJr,ich it will ~e (see 1.~.:::."3.Xl,.) 

C"jt: = U-S!\ n r>'5,' 

Of ccurse, after this machine ~ives its first c~in in Cr-2ngu, its 

subseouert beh2viour is entirely precicts~le. 'or tris re2so,--, 

'-f-5L:' f C~5E 

3.2.1 Laws 

T~e al~eoraic laws governing n:Jn-deterministic croice are 

Exceptionally simple and obvious. !-< choico oetween r ar,d f.l is vacuous: 

L1 j.J n j.J " idelT,pot ence 

It Coes not matter in ~h~ch oroer the choice is preserted: 

L2 r n J n r' syrnlT,r:try 

;:; cro::'ca cet,~een three alterratives can De split into two bin-.'iry 

c~oicEs. It ooes not matter in wnich way this is done: 

L::-Tr::11--< nr:) (PflLj)nl\ associativi ty 

Tha occasion on w~ich a non-deterrliristlc croicE ~s cade is not 

5 i;ni ficant. process ur,icr first CLles x and tI-,en rT1<3kes <3 choice 

ls inuistinguisha::;,le fLJm onE which first makes thG ejla_ice and then 

does x. 

l' x ~ (r: nJ) (x~i--')n(x~Q) GistrilJution 

The 180,' L~ statl's th:=lt the prefixing operator distributes tr-rougr 

on-rJetercninisr'. ')uch opErators are said to be distr'bu"ive. 

:::,2-:ic st=erator is s,id to ue distrioutive if it distriQutes throuc;h f1 

in oath its argument positions independently. All the operators 

d2fined so far For orOC8sses ar", distributive in tris sense: 



" (x:,:; ~\;'(x) n r.;(x)) o:c (x:,-, ----?c-(x)) n(x:,-\ ----? ~(x)) 

L6 C II (0 C~) : (C' II J) n (c' II n 
L7 (p ,., 0) II ., : (c II c) ,., (, II ,) 
La r­1 (p n ,-n : ,-1 (;) n f­1 (:) 

C'owev~r. the r8cursior op",retor is ~ cistri:"uti'j8, 8XC8iJt 

if' the trivial caSE when the operands of n ,H,' ioentical. Thl:i 

point is we:l illustrated '='y the oifferE:nCE cr,tl.":8'" the 'Cl,JO 

proceS6ES 

~x.((., ----7 X) n (0 --, xl) 

J (~x.(o ----> X))'" (px.(, ----7 X))) 

~' car-; r:ake an lnasoendent choice tetlJ.1een Ita" ,inC "e" en 83Ch 
~ 

i t8I'i3tiol'~ -so--rts-~s. .i.n_c_luc8 

<a.b,~,,,,.t; "> 

'I must \\la1\8 a choice betlJ.188f' always oDin; "a" <""'J alwClYs doinC] "t", 

3["10 so t'llS trace carnot De a trace of ::;. 

In view of laws L1 to L3 it is useful to introDUCfe a ,-,ultiplE 

choicE! O~8rator. Lpt II b8 a rinite ncner-'.pty set: 

[a,D, ... , ,1 
The" we je Fine 

11 P(,) ~(a) n ,-'(b) n ... n Hz) 
;.;:':; 

3.2.2 Implement8~ion 

Trere are sevens:" aifferE~nt oer;;litted irilp!e'1[?nt~tions of (~ n c;). 

In fact 0["18 of t~f' I'ein redsons for introducin; ncn-oeterminis;o is to 

perml( a r",n<;je of possio18 lrn81ementi,t;iors, from 'JJroich '" cheap cr 

efficient one car te se18c~~c. veri e"ficient ili1o!eillE:,-,taticn is to 

;;lake '" artitrary choice DstlJJEEr; thE operands. for sX6~plf', one Inight 

chooss 

or", (p, I)) 

sr on, I'ligrot cnOOS8 

or2 (:', ~) 



,.
 
If the Ever.t that hapoens first is Llos:oicle for batr and L<, trl8 

Decision n"y 08 postponed to somfJ later occasior. The "virl[:'est" (CL: 

least efficier,t) irn~le;T,enLdtion i" one tr-at CDntinl-!::~3 to entf'rtair 

both alternativE'~ until the envirom'Ert Chooses Detween them: 

orJ(p,r,) Ax. if r(x) = "5LlCfl then !lex) 

elsfi if ,~(x) = "dLE[P tnen p(x) 

elSE or3(~J(x), ,)(x)) 

Tn,,- implerT'entation "or3" is the only' onE tbat Obeys trEe law of 

sy~,rletI'Y l2. ~otr thE. atnaI' imp18mer,t"tions are asymmetric il"1 i-' 2nd 

lJ. Tris dOB" not mattEr. Tne laws shoulo be taken to assert the 

identities of the processEs, not of any [:.crticulc.I' im,c,lemc'r-.tation of :rem. 

If desired, the laws r;:ay be regardc'd as 2sserting the iOf?ntity of 

the set of all pc,riili tted impleri1er,taI:ions of the-'il' left and right hard 

sides, For example, if (or1, orL. orJ} are all pE'rmitted 

implementations of M , the 10lW of syrcrretry sta"t8s: 

for1(p,c1), or2(p,I~I). or3(fl.,n} 

::0 [or1(I1.p). or2(O,P), or3('~,p)1 

Une of the 8c'Vc.ntages of introdl.cing ncn-det"l'minism is to O!vuia loss 

of symmetry tr.3t would result fron selecting one of thl' tl.,o efficiGnt 

impleore,r,tations, without incurrir'-,j the inefficiE.ncy of the syn'riletric 

ir;.plementation. 

3.2.3 Traces 

If t l'l a trace of p. tr->en t is also a possible traCE of (fJ f"1 1..,), 

i.e., in the case that P is selected. Similerly if t is a trace of Q, 

it is also a trace of (F n )). Convers81y. each trace of (p r-t il) must 

bE, a trace of onec. or baH' alte.rnat.iy.f!&_' 

~L1 tracE.s (I. n c,) traces (P) V treces (U) 

L2 (, n ,])!s ~ C!s if s e traces (Il) 

p!s if 5 C traces (U) 

(C/s) n(~!s) otherwise 

3.3 General Choice 

: nG enviro~;i\ent of' (F n u; h"s no control or f:ven knouledge of the 

cr'oice that is [nede between r ana ~, or even tnl:' time at which the choice 



is ~ade. So (p n Q) is not a ~elpfLl way of eemoi~in; precesses. 

becausE t~e elvironmen~ must te prepared ~o 0~~1 wit~ u~!hGr P or 

~; and eit~e: one of the~ separately wculc nave ~~sr easier to 

deal wit~. ~e tl-eLf2fore intLoc.:uce ;:::['otner op8r6.tion (I' 0 ~). f~r 

which the e,-vironment CdI' c,Jntrol "-'hich of I.' dnD l.., will be selectee, 

providec t~2: this control lS e,o(erC~5'?::::' on u",e very first Bct .... on. 

If this acLJr: is ~ CI po,ssibl" "iret action of f-, t ....;tH~ ::; lL'ill ~e 

selected; ~~t 1f G canno~ engage in the ~ctlon, ~ uill bs selecteD. 

If however :he f1rst act10n is ~cssibl~ POI' co~h and ~, t~en tne 

choice between tr.em is non-oeterr;',ii'is::ic. ('.-f cClurse, tee EVfOf't 

is impossi~lE for both P ano u, ther it just can't happer.) ~s 

uswal 

~(c 0 0) .,(r, =- rJ..." 

In th~ case tr:at no initioi event of ~, is also o03sible for':. 

the ger,sral cr:oice op~r-El-t.oriS l.1"It~--as._tt~ _J _~~eratGr. which 

113s been ,-sed hitherto to rGpresent cr.oice 'oetwt'en oi ffer8r;t--l~verrs;-------__ 

(c~pG d~,]) "" (c~,L'1 c~'d ifcf. d • 

HOIl-SliEL, if the ini~ial events aLe ':r''? S8"',e, (p TI ,~) cegener3tes 

to non-d~ter~ini~tic choice: 

(c --'> C) 0(0 --'> '1) (c --..:::;. ~,) r"1 (c ~ ,:;) 

:3 • ."j. 1 ~aLJs 

'N al9Ebraic laws fer U are si ;,iiar' to those for n , a('d 

for the same reaso~s. 

L1-L:3 Q is idempotent. sy;n~,etric, a~c asscciative. 

li1 P Q5T:,;:· "" ~' unit 

Tne follD;.,ir:s, l',,-<J enc8ps'Jldt.es the .'-rforfTJ<".l '.Jefir,i~ion 0° tho;; 

opsLac:'on. 

L5 (X:h ~ I:(X)) ~ (y:8 ~ 'J(y)J 

(z:(1< \J til -------'} (if z € (~,-'j) tr"'e" ;:(z) 

dse g Z E (8 - ;:,) t~,-,n. '~'(2) 

.olse if z e. (H n c:,) tr:sn (I'(z) n ~,(z)))) 

Lik£o ",1.1. otr:er 0p2rators introcucl?o S':) far, ,~L5t~itll...'l:.es t.'"'rDugr no 
LE ;: ~ (c.' n 'i) (, D0) .~ (p 0~). 



c. 

L'ndL :]Iay seern more surprisinc: is t"2t r-, distrlLJutes through 0 
L7 " .., (: 0 ") (c..,-·)OU",c) 

Tris 12'..J st.:;':iOS 7.:hat t!-,;:; C-,CiC8S involv,oo in n anc 0 dre 

indepenoEr,t. Tro8 12ft r~nd sice c8scrices d nen-oeterministic 

enoles, followeo (in one casF) by a~ ext~rnal c~oic~ oetweEn ~ and 

r;. TrG ri;nt rano sice cescribes af' extlCrnal cl-cice fclloued ::y a 

ror-dsterrinistic choice oetw~en tna selp-cted altsrnativ8 2~d P. 

The la'.JJ states th,at tre se-':- :;f p05siC!e results of tt-rese tuw choice 

st[':]te~ies are the sa,~E. 

]. '.'i. 2 Implement8ti on 

:re i~plene~tatiur of tna chQic8 ODer~tor follows closely the 

law LS. Trat"ks to t~e 3y~,r"etry of "or", it is also symmetrical. 

c~,oice (I',:,) == Ax. ~ ,,(x) "['LEUJ then q(x) 

elSE if I~(X) "IC:[_UP ~ ~'(x) 

else Gr (p(x), I)(x)) 

3.3.3 Traces 

rvery trecf of (r O~) must oe d &race of P or e trace of Q. 

erd conversely. 

trdcEs (f= 0 ... ) traces (p) u traces (0) 

3- .-&- "'8"rusa i s 

The distinction between (IJ II C) ",,,d is quite subtle.(p n ::)) 
They c~nno~ ce distinguished by their ~races, becausE eBch trace of 

onE of "'''Ie", is also a possiole t:HiCE of the other. f"f01;o.'€ver it is 

possible to put them in an e-nviro-nr;-,e~t in ",hicn (p " ~-,,) can dec,dlock, 

on its first step, but (p 0 'J) Cd"no'::.. ,Dr example let x '" y er,d 

P = Y. -----=, ,=> -,, = y -----7 j 

~(1 ) (~ 0,1) Ii p (, --7') = c 

~ (' 'I -)(2 ) (c - ,) II F t-' j t-' n (I'1>1 1 f-')-, 
[' n ;;'_~ 

T/"is sro'.JS tr-.1t in "'--,vironr;cort r, (,: '1 CJ) may r8"cn deadlock, but 

t;-,,;ot(~ U :...1) Ci'!!'"1not. If deadloc~ cccurs, ::ren at least L.E' Know tnat 
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it c,3S'l't (" ~ c,i). !~f course, ever, with (p "l f..1) we Cdn't :::8 s'.Jre that 

cloadlock uill occeJ['; and if 11; iJLJ8Sn'i:: OCCLJr, '-,.'8 I~ill n'.3ver ~,now tf-'at 

i: ~igrt have. ~ut tre ~8re ~cssibility of an occ~~rence of deaclock 

is enow;;h to oistlnguisr, the tl..D ~rocesSEs. 

In ge""!',,,l, let De d set of ~vents ~hioh arE offeree lnitlally 

by the envi[cn~ent of a process~. If it is p03sib18 fer ~ to Dead­

lock on its first step wrer placed 11'. tl--is enVirOnril8nt, we aay t"at 

is a refusal of ~.. The set of all such refusals of u is denotec 

refusals (f'). 

3.4.1 L,,~s 

Tne Following lauls define the refLJsels of various sirilple precesses. 

--------..:rfle proc!;§.::; ~I~~ is alrsedy ceadlockec, ane refuses ever/thing. 

L1 refusals ("iTlj;::' _) all sUDsets-of n­
" 

A process (c ----1- P) refuses overy sel: that do"s not contair the 

event c: 

L2 refusals (c ----7 p) {xlc~xl 

These t~o laws genaralise to 

L3 refusals (x:A ----7 rex)) £x IX 0 , " Ln 
If P cal refuse A, so IJlill (I' n ')), in tha case that P is selected. 

Similil:ly every refusal of '; is also a possible refusal of (p r"l C,'). 

These tire its only ref'.Jsals, sc 

L4 refLisals (t-- n fl) refusals (>",) V refusals (CJ). 

,\ cCJrverse arguf;lent dpplies to (1-- 0 <i). If A is rOl: a refussl of P, 

t~er P can1t refuse X, and neither can (r 0 ~). Si~ilar1y if X is 

no~ a refusal of 'J, tnen it is nct 2 refusal of (~ ~ Q). However if 

Doth ~ and U car refuse f., so car (p UU). 

L5 refusals (p 0U) refusals (p) n refusals (~) 

:';oi";l>J",riso!' of L5 with L4 srous "10Sl: clearly the distinction betweer 

o aGC ,., 

If r:: can refuse X arid::' car refuse Y, 1:'",er: their cO"lbination 

(p Jl 'J) can refuse "II events refused ~y f:' 2S well as all ev'C.-,ts 

ref'Jseo oy L... i.e., it cem refuse tl-,E ur;.l.Gn of tne twoJ sets X ana Y. 



L~ .ce"uscls (,: Ii ,) {i- u( I \ €. refusals (p) &. Y t: refusals (~)} 

(ur .'01'--,001 chan,;e. tr,E relevar,t law 1-5 cleer 

1 
L7 n,puscls (f- U')) {xl Fl') < 'e'""l, (ell 
',.:h Grs f (.) {f(xllx,,}. 

n"5re 3~,-- Co nU'ilCJer ::;f ;l.one1'ol la'"5 3GOU-c refusels. Ii process 

cen refuse only events in its G~r dlp~d~et. process aeaolocks wnen 

(he environmer't of'fers no even!:s; aGe if EO tJrocp.ss r~fuses a none"'i=ty 

set, 11: can also rRfuse eny subset of that set. Fin211y any evert x 

urisr c2n 1 t occur initially may ce ~OOEO to any set X already refusaj. 

L2 £.refusals (tJ) ~ "S .. p 

,_~ il €refusals (1--) 

LllJ (X V V) F: refusals (1-") ~ X E,.refusa!s (i;). 

U1 y IE. rsfusals (I~) ~ Co; v{x} E refusals (p)
 

'1/ <...:> £ traces (;=;)
 

J.5 ;::oncealrnent 

I'l gerer21, the alpra:Jet of a process contains just those events 

wnich are considered to be releva~t. anc ~hose occurrence requires 

s:L.'TlultaI'8ou.'3 perticipation of its enviror''J1ent. i_'e therefore often 

~isr to r~garo certain events as internal transitions of tta process, 

_~~~..t:.~~r;:-'=!.L.e..\.Ii.D.ir,a..ti~~ll) as __ C1JTTClst:ll8ycat-e-;wi~ being -o~s-8rv~d­
or controllse by the enViranMG~t cf the process. If C is a finite set 

of events to be conC831ed in this way, trer 

I' \C 

is ~ process whicn behaves li~e P, except that the occurrerce of all 

"V'2nts in [ is conc8 0 18;:). Clearly it is our intention that: 

-:U \cl (oIP) - [ 

LX2"lples 

'I rD~SY v8~~in; macrine (~.3.X1) can ~e p13ced in a soul'dproof 

DoX: 

r"Jll] :,y',,, ,I '\ [clink, ClUrl"", 
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Its un~xercised capability of dispsnsing toFfee can also oe 

I'(Omaved fran leS alpnautt, wit:lCL.:t aFfectinr;. its oot-.l.,l cel">aviour. 

The resulting proC85s is equal to the sifTlple vendinlj "'achine 

\I,';~ '" ~',~~,ISY\J~l \ [Clink.Clunk, tOfFee1 

When tWO proc23ses h8ve bee~ co~~inGc to run concurr8~tlYI their 

~Iutual interactions are usu211y reg"roed 65 internal worKings of th8 

resultin<; ~yste(;1; they are intsndRd to occur c<utonorlously and as 

quickly Ci:-yossible witr,out the knouledg8 Of int8!\!Srltion of the 

5Y5te~T,'s ~"Jter en-;"-i-r-onmenl~- 'f"huB--i-Lis '(.~e symbols ir: the intersection 

of the alDhabets of the tua CD~pOnE?r:ts that need to b--; c6h~ree-.- ~_ 

X2 (See 2.J.1.;';'I) 

Let ;,lP le,c1. cJ.. I, Lb,c} 
p (a ~c ~p), U (C~b~LJ) 

a -? jJX.(a ~ b ---,?X 

Db ----7 a ~ x) 

(F II Q) "'-lc1 
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3.::.1 Laws 

The first laws state t~9t concealing no sy~bcls has no effect, 

ane tha'C 1 t makes no difF8L'8f'Ce in ut"1at order trle syr-,!::ols c,~ a s.ot 

arE concealed, The [Enaining laws in this ~rouo sho~ h0~ conceal~er: 

distri~ut8s t~[ou~h other operators. 

L1 p"-\.l ~ F 

L2 (p"-81"L ''-.(8 U c) 

l3 "'-C distributes through Ii 

L4 .sTO~1 c"""c STOP. ~ 
h-...." 

L5 (x -? r'I".. c x -----? (p"C) if x 1: c 

~ ""- C ifx€.C 

L6 1 f d..\- 1"'\ o'..i~ 1'\ C tl->enol\ 
~(p II OJ''. C (p". c) II (c ".cJ 

1
L7 f- (c". C) f-1(p)". f-1 (l)~ 

Note thaT. ~ C does ndt distribute through 0 
IF none of the possible initial events of a choice is concealed, 

then the initial choice r8mains the same: 

L8 If A n C == L1 
then (x:~_~p(x))'\c (c. 1 )(p(x)'"cF 

like tt",a chdioe operator 0 . tl->e concealment of 8V8r<tS can 

introoucE non-determinisr'l. I~her, sevE'ral dl-fFerent concealed eV8~ts 

can rappen, it is not determined whic" of therr. will occur; but 

whichever doe~ occur is conCQa--led. 



LS If 'i ~':, anc':' i'O r,ct enpty, tl"en 

(x.c\ --H(,)I"-' n(p(,)", )
x: >-\ 

II' trIO' incer",eiJiatE C,iSf, ~~e~ S~r'1e of cr,!? initid:L GV",~ts a!'8 

conceal eo a,c SCi,S .J~e ~ot, the siI.uotion i.e; ro:rcor -:';:02 ec;n'~'lic<3cE'o. 

Consider trio ::HDC!?S.s 

(c~,'ld~O)\C 'd""ere c EC, c £C 

fr,,,, cQncealec aVErt c may ha~,c:pn i,;,c.cdi",tely. In tni~" edse the tct"l 

bahaviour u.:.ll bE: defimcG 0)/ U~:~), 2"C:: t\""1E poss~tJiiity ':l:" CCCu::T('~Ce 

of I.hQ e\it'rc 0 Li;ill be witr,or2un. Put. we c~o~ fEli"J::ly aSSWr'1E ti"a't 

o '.>Jon' t h;o:;;Jen. If trf' environ'l,ert is rE:acy f::'c it, c:: ~,ay vc:ry wl?ll 

happen bEf~re the nidden EJVEnt, 2iftGr '_'hic\""1 t"!" hicoo:=n eV8f',t c car, n8 

longer occur. [ju'C ellEn if cJ occurs, iI. mig"t h"vC' teEn perforr,ec by 

~\C)	 after O-CC-iJI'TE'nee--of~__ lCl. triS--=dse, tf'l? total O(~hdvlo'.Jr is ~,5 
cdined by 

(p",) 0(d ~ (''''C))
 

ThE; cr-,[]ic~ cetween this and (f';'\C:) L~ non-c!eterministic.
 

Tnio is d rather convDluted :ustification for t~a rat h 6r complex 

law: 

(c ~I:' \d ~ ,J)\i.. (F"Ci n (P"C) 0(c ~C~,,,-C))) 

Si~i1ar ,easonlng justifies th~ mOre ganEral law 

L 10 If	 t hern"" U 
("" ---c> pC') I'" '; '1(00 (,,1',-[ I ~ PI'))
 

whE:re 0 n p(,)"'-C
 
x: {; r,C 

3.5.2 I~ol~~Ent8:ion 

,,~t-For si,l,pliCity, 'De sr'<3.11 ie,pl·' ar ':lperat~or uhicn '"3.:::'e:o: 2' 

singlu 8ymool at a time 

hi8e(~'.c) I' "'-tel 
Tc:' h:ce 8 set of tWQ 'Jr cerE:' c:yr'be'1s, t'"'ey may CE hi::d6,- orE ;:>fter 

tr,,, c~her, since 

~''\{C1,C2• •• , en} (.. ((c\(c'll\[ccj) \ ... ) "'-H 



The ",ost eff:;.cient implBiT,ertatlon lS une ~h<ot allL''''!,::' ,nakes tile r,id[~!"" 

~"F.nt occ~r as socn ~s it Cd~. 

hiDe (~,c) if "(e) ",''''1_:::> tr-er"'
 

Ax, If ~(x) = "sU.. t::fJ U'B..r::. "8Lf..~P
 

SlSE ~iGC (p(x),c)
 

~ hide (~'(c),c). 

This il'iph"r;,nts.tion feils tel --,crk :.:r,en its pcirarnl"tlJr F can t,egln 

with <in arbitrarily lon'.:; sa~:':!.::ICl of the eVljn':s "c". In t.nis case, 

the hidE? operi'ltion will deg,,-'n'_,rate to ar infinite recursior, sincE 

it will Glwi'lys choosl? the seccnd 103in trarcr, (fJ(c) -I "~,U:..Cf--), and 

try to cOrl'puce: 

hiee(l,c), hide(Hc),e), niof?((F(c»)(c),c), •••• 

This phenomE?f"'on is knO'-1Jn as civetgsrcej ane we will regarD tnis as 

an error in the proces'3 p\[c} rather tran an err:lC ir, tr,E- i",plemE'n'[ ­

ation of conceal,nent. 

3.:".3 Traces 

If t is a trace :Jf F, ~he corresponding trace of P'\.C is 

ootainco,d 'rom t sir;lply by rerTGving all DCCljrrences of any of tr,E' 

syrrtols in C. Conversely each trace of f.-' '""C must r,;;ve been obt",ined 

Frun SO~G 5'.Jch :race of fC. '.JJe tr.",refore statE' 

_ ..L1...__~e-}--= tE \ t \ C E. traces (>')}­
provid9d the:t P",,"C does not divEOOrg6, 

T'"'e ~Dssibl" diver(jencE' of I-"-C can oe defined in terr's of the
 

tr;,ces of P:
 

oiverges (P,I~) ==
 

"3 t. [s \S E trdCES(F) '" sIr t} is infinite.
 

::.5.4 Pictuns 

~on-deter",inistic ch~ice can be reprcsGnted i~ a pictute oy a node 

from wllieh emerge twc Qr "lorE Urlab~l18d ".rroL.'S; on reacr-,ing the nODe. 

process passes impet'ceptibly alon~ one cf the 81'lSrgEnt arrows: 



,~. 

P r'1 Q is pictured as 

/1
The algebrai~ laws governing non-de~erminism assert identities oetween 

s'.Jch pictures, e.g. cy associativity 

~ 
Concealment of symbols [l'8y be -regarded as 8ft -op.e.r:at.t.Cl(1_~hich simply---------------. 

removes ccrcealad symbols from all arcs which they label, so tr.at these 

arcs turn into unlabelled arrows. The rasultini; non-determinism emerges 

naturally, as sho~n below.th\H M 
But what is the 11l8aning of a node if soma of its arcs are laballed and 

some are not? H-.e arlswer is given by the law 3.5.1 L1,'). 5uc~ a rode 

car be eliminated by redrawing as shown below 

= 

'Jucn elirTiinations arE alL.:lays posslble for Fini:e trees. Tr-'ey are also 

possiDle for infinite graphs, orovided that the graph contains no 

infini-'::8 path of consecutive unlebelleo arrows. as For example: 
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3.5.5 c..'arr>in: 

Uf"'fortu~dtely ~ne introdu=tion of hioi~~ o5r7i~s t~e conetructi0n 

of reeursior ecuations ~Hic~ ao ~ot haV6 an uni~~E solution. 

Fer eXo'TIple l8t 

~, ~ t"b)
 
---7 (('''-l'} )II,r"!:,j
 

T~is eouatl~n looks as thou~~ it is gU6rcE~, lu~ it has ~any solutiors. 

If P is ar;y pracess "-,hstso6v6r, ~r-(?I"' a possible solution is 

, ---7 ((,c"-[a 1)II emla j) 

Pr_Qc;;f. SLbstitutE' tr-,i~ f~r'-;1ul3 fen in tha ~'H'; of t~12 recursive <,q<...Citiol"'. 

---7 (((,----7 (p"-H II """'H))'\.l, \JJLr, '\'-l)- __ 
a -7 (((,,-[aJ II ST'I'to{,toj) II -Tc'-H) 

a ----? (0\[0) \ [a)lll (m'lal\H)) II-'HPL,) 
a ----7 ((''-..(a)) II CTCPU) II TCC La}
 

a -7 ((p"-Ca}) 11-,TO'\'1)
 
P "" STOF' al'd P =- (b~r:) giu6 two different solutions. 

II' Jrder to preservE the validity of the law of unique solutions 

(1.3.L2) any recursion which involves niGing Gust be regarded as not 

guarded, al"'d possibly 8V6n ,"'Raningless. however, there is ar sasy 

r;;ethod to oetE.'r~in8 whether tr-is is so. Il'troduce e. new event l' into 

the alp>'ac:et of the process, and ;Jrefix it to the right hand side of 

each recursive eouatiun. T~e equations are no", guarded, and therefore 

:'d'Je 2r uniq'.ce 301ution. 11"' tris solution, each occurrsrce of ths 

ever;t "Y represents a recursive call of t(,e e;roces::. '::..Jch events are 

clear~v internal to the o~eration of tre process, ane shoulo 85 con­

eeal~~ ~ro~ its extern51 Gnviron~ent. If this cGnceal~ent is well ­

Gefi~eG, the result is exactly uhat ue wan't - an l.Jni:::]ue solut~on to 

the G:i~inal recurshE ecu'Otioros. If the conceal;;-,ert is ill oefined, 

th~~ ~~ere is a possi~ility trat the process will reourse i~fi~itely, 

..;ith:ut ever engaginCj i-n an, "'ore extsrnally vi-si~15 actions. ']:..lch 

reCLirsions are also '~ith jU3tice declared to ~E ill-~efineo. 



16. 

X'I p"',c, ueviGwsly oisastrous I'F.:cursion 

tJ,: '-'. X (/JI :.'1.'1 --.-, ;r,) '" ['Y~ 

"U~ c,rclees (}-J": ,----c>x) = ttl' . 
15 certal~ly :11 cGfinec.acd ['Yr"[l"'} 

3.G lnterleavin~ 

The II operator w;:;.s defined in chcpteI' <: in sUCh a way that 

actio~s in t~? alphabet of bot~ operands require simultaneous 

partioipation of them Cloth, whereas the re"',air,in~ actions of the 

sys-csm occur in an arbitrary interleavinc;. Using this operator, it 

is possicle Lo co~bine interacting processes into systems with a 

possibility of concurrent activity, out without intrOducing {lon­

oeter'inisr.. 

HOWEver, it is so,",etirnes uSl2ful to join processes to Dperate 

concLlrrently without directly interacting or synchronising with each 

othEr. In this cese, sacn action of the system is an "'ction of 

ex<=:.ctly on8 of tr,~ proc83ses. 1 f one of tne processes cannot engage 

ir the action, tr'e:l it ('\ust rO'\I<O' beer tr,8 other one; but if both 

processes CCln engage in the action, the choice bet\J.1een thef71 is non-_ 

~..t.B..=i-~.--fm-s 101111 of Com5TllaEiclrli;-d;':;-~ -- - - - ­

(~ interleave ~)p 111 0 

ano its ~lphabet is defined by the ~sual sti~ulation 

",Cc III el) ~ oLP ~ .,(q. 

cxa:oples 

;-;1 /\ vendine;: machine that will accept up to tel:: coins befors
 

cHs;Jensing up to tw'J chocs:
 

'we III '''''5 
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x: ~ rQot~~r meae frcm fowr lackey~, each serving only one
 

philosopher a~ a time (see 2.S.J)
 

L L L LIII III III 
where L == (x:LJ ------7 (y: l.' -) l)) 

3.6.1 Laws
 

l1-3 HI ii assrJcietiv8, sy,1imetric, anD uistributive.
 

L4 P III ,TCP " P
 

L5 p III '<UN < "UN 

L6 (x~P) 111(Y~Q) (x ~ (e III (y ----') u)) 

aY ----') ((x ----') p) III "I) 

-----n-- If-F -:;;-i~l.E_~ ~'(x)) 

a"d ,~ < (y'6 ----') Ply») 

p \\1,1 < (d ----') (p(x) III ,j)
 

n1'6 ~ (p III ,(x))
 

Note: III d08s not distribute through
 

then 

0 

Example 

Xl Let H "'= (8 ------7 b ~R)
 

(Rill H) < (e ----') ((b ----')11) III H) L6
 

oa ~ (R 11\ (b ----') R))) 

a --7 (Ib ----')11) III R) n (H III (e ---7 e)) 

a ----7 ((b ~ rj) \\1 R) L2 

(b----')HH\H < (a----')((b~R)\I\ (b---78)) L6 

a b----')(R\\\R)) 

(8----)o(b ----')((b----')p)11I H» 
as shown}ob ~ (a ---7 ((b ---7 R) 1\\ 11))) above 

}Jx.{a~b~X 

Db~a~A) 
since the recursion is gU2rded. 
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Thus «(1 U\ R) is icentical to tt-.. e €xarr,ple 3.5 X2. 

3.6.2 Traces 

Ii trace of (p III C;) is a~ arbi"trary interleaving of a trace frol'l P 

with a traCE from q. ror a definition of interleavin'::l, see 1.9.3. 

tra,a,(~ III 0) = ts]3t e traces(P).3u E: tracEs(C:;).S interleaves (~,u)} 

(p III [I) can engag€ in any initial action possible for either POl' 

a; and it can therefore r~fuse only t~ose sets which are refused oy 

both P and 'J. 

rafc,"" (p III Q) refusals (~ nw). 

The behaviour of (p III Q) after engaging in the events of the 

trace s is defined by the rather elaborate formula 

(p 111 1))/8 n (p/t)lll(o(c)
(t,LJ)~T 

where T [It,c) t E: traces(P)A LJ e traces(Q) 

~ s interleaves (t,u)J 

This l2lw reflects the fact that there is no way of knowing in which "''i;y 

a trace s of (p III Q) h2ls been constructi?d as an interleaVing of a trace 

from P and a trace from Qj thus after 5, the future ber'aviour of (p III Q) 

may reflect ar,y one of tr'e po.ssible interleavings. Th..§'-.Ebo_i.s;.e_ bE...tw.=r. 

~~ <3110 ilot deter':lined. 

3.7 Specifications 

In 3.4 we r:avE seen the need to introduce refusal sets as one of 

the important propertieS_of"":a_ proc'e-ss-. - Tri--speci:f~ing a process, we 

therefore need to describe the desired properties of its refusal sets 

e5 well as its traces. Let us use the variablli' "ref" to denote the 

refusal set of a process. 

X1 WhE'n a vE'ndin.; rr.C!chine has in.;estEd more coins than it has dispensed 

chocolates, the customer specifies tr'at it "lust not refuse to dispense a 

chocolate 

F n,lR (tr.choc < tr.coin ~ choc ~ ref) 



- - - - - - --

1 " 

\2 o';-,:or oj vEor:in;; machine r&3 ;1'.'8.'1 DV(; as Ina,--,y choccls'CEs as 

"3'.'8 Cl8en pelic' For, tre ')l:Jnsr sp~ci~'iES tr'~t It \;',ust not refuB'" " 

f,-,r'-:~t=r c(-,in 

~ 

r'C< u,-l~' (tr.cnoc =' c:r.cci~ ~ coin E; rG:") 

X3 'I 3irT'~lle :encin,;! ,;&chi,'" "roulo sc;:tisfy -':he cO;;loin8c specification 

~~(' w' \.,1 r'~ S:c ,':;:::i I'\, "·.~'F-ITI A tr.ct'Gc ~tr.c.:;in 

Tl,is specifiCdtion is satisfiEd uy ',"~:'. It is also sc;tisfielj ~y '..i 

vending r:"2cf"li'19 which will ioCCl!pt sever~l coins iT"' c rou,_)nc ';re~ 

c;,ive out seV8221 chc'colates. 

X4 If desir8d, on" c,ay pli:lce 6 lirilit or; -:he l',)l~,--,cf.. coine: '_'rich 

",ay ~e accEF"C80 if' Cl row. 

>1,I',[,'::T:: (tr:~;in - n.ctme--~2)_ 

X~ If d!L'ireo, onE; can insist tto6'C the ril,',chins 8CCi2pt at 1""'5-: t'.Jo 

coins in " :-Ul:i: 

nTLI-.,·.iL' tr.celin tr.choc .( 2 ~ oDin 1 ref 

:<;6 "r~ process ClTOP nd'uses every eV8nt ii, it'S alph<:loet. The folloc;iflg 

predic2ltE ~oEcifiE's tn",t a process wieh alp",ao'2t will nt.'V8r stop: 

~J[":"T['i (cer ef") 

,ince 

\'ll_'.l',I,,::;r:l..C ====;} ref 1- {coin,ChOC} 

it f-:Jllo~s trat allY procE~, ur-,ich 8'H.isfiE~. :~[;"':)I':=-~:_L '->Jill never stop. 

These examples sho4' ho\... thE intro::uctiDn of "I'ld" into tr'e 

3.;Jecifica-cion of a process rcernlits tilE 8xprE82ion of 2 numtJer of 2'jbtle 

but irnport2nt ~roperties; pErh2p~ the mcst i:l;Jort,:,:ot Qf 2.11 is thlO 

;JI'openv that thE' prQCeS5 must 1",0: stop (X6). These advcmtages an, 

cbt2in~d at the cust elf slir;;r,tly inc~E,osEC cO~lplexity in proof rulB2 

arc ii, proofs. 

'3.7.1 roofs 

:y th" cefinition o~ ,'--'ordl't'~r"inisr;l, (F n !.,I) bF"ravEs EithEr like 

I~ Dr like ',. ThE'I"'~fore E.o'er/ c~",=rv,jtion of i':s ::e"fOviour ,nu-:ot ~e an 
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obSErV'Jtiofl oossible fOr P or Por _ GI for both. T,~LlS oOSErv"I1:ior 

,u~t tl-",r"fon, bE c<:,scribEd uy tile s;J8cific8l:iof1 [)f I- or ~y ths 

spEcification of' Ci or ~i' lJoth. UJ'Sl'qu;:rtly, "'::~'l' :::',:::of rede ;~I' ron­

dec;er,T'inis,11 has on excE;pti:,:w2l1y sil'lple fOLfil. 

L'J Ifl:;~ 

and 'i ~ T 

:r,er: (!=-' r'1 1) sat (S v T) 

The r-roof rule f~I' "T'L'~ is tree. sa,"":: as given in I.I[}.:' Ll~. 

L20 :lr~r' ~ tr '" <) 

ThErE lS r-,:] neec Fcr explici t n2n~ion of a refusdl C3l't, since ST:.P -<!.j 

refusE.' any set wh<:ltsoevi.T. (jtrictly, tl-E rLICl 51-ould r;l8ntion the 

alphabet A 

STe'P,~ 33t (tr ::0 <) " ref ~ I~ 

but ir, future we eh"ll no':. be S[J str-ict. 

T~e previous la~ for- prsfixin; (1.10.2 L10) is ~lso still valid, 

~ut it is not quitE strong enough to Drove properties of ref. The 

rule ~ust be 5trengthcn~d ~y Nertion o~ the fact th~t In the lnitidl 

state the initial action cannot De refused: 

Ll::=: If ~I sat ;;(tr) 

t h,~_~_j!O.......-:::ti:;j. sat~-t-P-=~-r: 't fef­


v tra::o c " S(tr')) 

n',e law for general choice (1.10.21_<1) rE['d" t',:J tl sirr<ilarly 

str8ngtl-,ef'ed. 

L2 If Vx E. n. r:'(x) sat '~(tr.x) 

thE2n (X:,1 -..:;. r(x)) sat (tr <:.> ,,(~ "rElf) ~ t 1::0 

v tr ':J " ~(tr',"Cro)) 

Tne law for patall~l c~~posi:!~n ;ivEn in ~.7 Ll is still valia, 

provided t\-;2t ':r,e spEcifil:etior,s "Iakl? ,0 rnEOition e,f refusal Sl'Ots. L" 

order- to eBal correctly ~ith refu~als, a slig~tly ~~rs cD~~lica':e~ IJW 

is r-eyuirea 
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L3	 IF P sat3(tr,rEOf) 

and ~	 ~ T(tr,reF) 

r-hEOn	 (p ll'~) sat ( 3 f:,Y. rEOF == X v Y 

A S(trfo<.P,x) A T(:rld.Q,Y)) 

The	 law For change of sy~bol needs a similar adaptation: 

LlJ	 IF iJ sal; s(tr,ref)
 

then F-"'(I-') sat S(f*(tr), f(reF))
 

The la~' for a is surprisingly simple
 

L 5 If P sat ~ 

- - -------and_;:; _~_ 

then (p 0 n) sat (if tr <:. > t~en {S '" n-erse-tS--v-T-}f- ~ 

Initially, when tr == <:: '> , a set is refused by (p 0 ~) only if it i8 

refused by both P and Q. This set must therEfora be described by 

both their speciFications. SUb88quEOntly, when tr I- <:: '>, each 

observatic'l of (p 0Q) must be an observation either of P or of Q, 

and must therefore be described by one of their specifications (or 

both) • 

The law for interleaving does not n8ed to :llentlon refusal sets. 

L6	 IF ~ ~ S(tr) 

2nd Q	 sat T(tr) 

therl	 (pili q) sat (:3 s,t. tr interleaves (s,t) 

A 5(3) A T(t)) 

Tre law For concealment is cOr;1plice:ted by the need to guard
 

against divergence
 

L7 If P ~ ,:>(tr,ref)
 

thEn (P\C) sat (NDD1\J ~
 

5k 'c ~ 'JC
 
'" S(s, ref V c)) 
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Lr',\';:::TC'i. C',,'D 

ce,' ":..;'.r:..-, T l t'l c:·.-,,',,::CSS[::S 

4.; Introc'uctiGn 

Ir-; previJus cn30ters WE2 hiive introduced dno illustr2t.r:d ;'; ge'loral 

concept cf ~r eVEnt as 8,. setion wit,hOU( Duration, urose,ccL.'["rence r;-.ay 

rEquire si;;II.,J.taneous participd'tion cy ;Tiore ti'an one inOEDcnde"tly 

de~CI'ibed prucess. In tris chapter ",'8 sre.ll COl'centr:o;te on a speciel 

clacs of eVE"t kll';:>'~''l 85 a co;~r-,unicatior;. ~ cO\7,lnunlcCltion is an event ~ 
that is describsd by a pair 

~ c, u ) 

where c is the na",8 of'Ere ct->Bnnel---O.rL--"Jnl.f0_E~e cO'~I',unication takl,s place 

and v i~ tbe value of tht' r;'["'ssage wr:ich passes. -- ---- _ 

The set of all communications that cal' tB~e plac~ on channel c of 

process P :s deFined: 

"" (,.) [<c,v> !<c,v > E4Pj 

Tns 3e~ cf rn(lSSa~ns ~~ich can pass alGn~ c~annel c or process P is 

-J...c'(p) == [v I <.c,v> (oZ.l'} 

,,11 tl"E op'oraticns inT:roouced in tr-is chapter oan ~8 definEd in 

t5r"'5 of t:,~· ~ore prirn,itive concepts intro(juced in earlier chapters, and 

,T;ost of ~"e laws are just speci21 cases of fa",iliar lsws. TllS reason 

for intrJcucing special ;lcL!tions is that tl",ey ,,1'e =.uogestive cf useful 

2pplicaclor,s ar'o i,'l;,le'''1e'ltation (I,ethods; and l'L'C"ClSC in SOIT,e cases 

in'posiclon 0:" notation",l restriotiors ;'Br~its the use of ",are pcwerflll 

r8asoni~; ~ethods. 

i:'.:i'. inou:. ar,e [t...t;:)[..:t 

LEt v :C5 a ~el~Ger of ",,-c'(;::). prcc",s5 wt"lich first output~ v 

J, tr:E ch;,o,rr'el c 2no U"',en .::"r:aves like ,r, is defined: 

(clv ~;-) ( .... c,V) -----;'F). 

Tre o"ly 6V5~t in ~~ic~ ~hIS is InItially preoareo to cn~a~8 is t~e 

CClll-;-;U,lication eV8nt .( C,v) • 
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preCess which is ini:ially cr~pdred to in~u: 2ry Jal~e ~ ~~ich 

C2n C:;E co",~urliCotF,c 0,'" U'8 c.,onrelc,=-r'~ tt"',e~ =,,~aJ-= like ,",(x) l5 ol'fined 

le'x ---> c('JI" (f' ",c(e) -'> ; V I) 

wf'8r8 yl io: trE' ""'5"';'0- 2 c:'3rt ::;f U-,", cc;:,~,unication y 

i.r;_ ~G.yl > fer all J' in ...... cU-'). 

'1'8 snaIl observe tl--e conve;,-,tion "[hal: ohannels 2r'8 usec tc,[' 

CL'·'~c.;,..,icat~cn in Clnly on,> ,:,in:ctior 8nd :::ebJ8Cin cnly ;:~IO ;Jrocesst's, 

C~'iJnn81 "'hier, is used only F~r :::,wc.pr...t oy a Dr-OC8SS will te cdled ~n 

o~tDut cho<rnel cf "r'd"!: process; ;:no one UBl'C! Clnly for in;::ut ""ill G6 

called an input ch~nn81. In ooth C2S~5, ~8 snaIl say loosply that the 

cna-nnel no"18 is 3 -'[JrJ1ber cf ;;;--,8 olpraDE:t of tne process, i.e., 

c ~.,.:.;.J 'f,BEns "':c(r:) So "'-I­

Ur8 usef:..:! operati3'; ,~r.ich 08S8rves 3peciJl "l8fltion is t~a':: whicr: 

ch~nJes the nam8 of a cll'3flflel. n,IO procesc: (d --z1',:) is ODfin8d as one 

t!.I hi OO;!... ceh2-ves exactly 11kI"' ~, '.O)(cept t'lat the eh'j',ne.l c hds OC8n renamed 

to d. where 0 is not in the aLp~abet of ~. 

f -'I (p)[j~C: 
e 

Wl:8re f( <:. O. v> f«c,v':» for <c, v) ~ <>leU') 

f«b.V) <b,v> fcc b F e, bEdP. 

<,(,,( cJ 7 P ) ('"'-C - l:d) u to j ­

~hen ~ra~ing 2 ~ict~rA of a process, the C~2nn, 1s ere oraw" es 

errow::; in tfl~ <l,':lpropriate rJireetioi"'. ar,d lacEllee with tr-,e narLle of the 

e"a~,ne1 : 

It~ f t p 

~",n 

r 1 ant 
/ 



Let p arod 'J De processes, arod let c De an output c"annel of [J 

2nc 3n inout cnannel of 2. Uhen Pane; " are cc.'""'posed concurrently 

in the 5yste~ (p II Q), cO."''''unication will occur or: ct"'annel c on each 

occasion tha: c outputs a rlle-SSage ano J s,:,~ultaneously inputs th21t 

message. rin OJtputting process specifies an u'lioue value for the 

message, whereas the inputting process is prepared to i)ccept any 

con·"unica~le '.'alue. 7hus tre 8ver:t ti"'at will actually occur is tre 

Co,'1,':lunication <c,v"> , where v is the value specifiec by the outputting 

process. Tflis requires the obvious constr2.int that t!"'e channel c r;-,ust 

have the same alphabet at both ends,Le • 

:Xc' (~,) .,J..c' (en ~ 
In gens:al, the value to be output ~y a process is specified by 

means of ex~tession containing variaoles to which a value has been 

assigned lOy s6m,,---pre,i(;).Is-~J)jJl,J.t-", __a~ illustrated In the fcllowing 

examples. 

X1 C\ process which i'Tlmeoiately copies every ness age it has input 

from the left ~y outputting it to the right 

CCpy ~X(left?x -----.:, rightlx -----.:, X) 

X2 A process like COfJY, except that every nUI"bEr input is doubled 

before it is output: 

LlOUE'L[ j-lX(left?x ~ rightl(x+x) ----;. X) 

X3 The ~alue of a punched card is a sequence of eighty characters, 

IJJhich may be read as a single value along the left chann81. A process 

which reeds cards ana outputs their craractr.:!'s one at a ti'oe, inbcr­

posing 6,~ extra f:Jlank character " " after eacr, c2rd': 

0LJr'I~KK p<) 

"-''lere 0 lGft?s -----.:, ~, ,'< > 
and F =" ri£ht~x ~ right! ~r",)<x)
 

~ right!x -----.:, P if s1-<>
(I<)s 
0 

s 

X4 ;; process wnicn inputs cr,arecters one at a tir;e fro," ti"'e leFt, 

and as embles tner:", into lines of 125 characters' ler>gtt->. Each complet8d 

line is output on the ri~ht as a single array-valued ~essage. 



". 

j-':'Cv. == [J <:. ';7 

where P. rigl-]t!l ----=:ltf-'.[) if )7.1 == 12::­

" 
Ie ft?x -----=, i if %:.. <125

10;) 

I~ere. ~l L8:;cr:::'bes th' ~,r,a.viuur of the ~rllces'" ul->en i.t hnS input ,ond 

~ci.ckao the c~,aracters in ttoe seqL.:snce 1; H',Ey ar,= walting to be ot.:t~ut 

wnen tl'"le line is lon; enQug~. 

X~ i' process whicr CO~i8S fro", left 1:0 rignt, BXCFJpt tret cor,secu:iv8 

pairs ·:Jf asterisks are fepleced ::..y a 511"'g18 "i" 

:;'::l'J;\S ~ ~x. left?x----? 

if x +"*" then (rightlx ----7 X)
 

else 1aft?y ----7g y == "*" trsf' (ri~ht:"t" ----;'1,)
 

£01;:'2 (right!"*" -------;' rightly ~ x)) 

process C"""'.y be prepared initially to COlnmunicate on a,y one of a 

set of channels, leaving the choice bet~een tre~ to the other prOCeS3!S 

with which it is connectec. tor n,is purposE '<Ie adapt the choice 

notation introduced in chapter Cine. If c 2nC d are distinct chanf'el 

r,ar;",es 

(c?x ----1' fJ(X) 1 d'?y ~ :,;(y)) 

denotes a process whicr initially inputs x all. c 8r'd t~en ceh",ves like 

~(x), Dr ~nitially inputs y en channel d---.aI'>.cl_t.h8 de aueg-Tike-C(Y)~--

l.P<;..-6-FEic€ 15 determined ty whichever of the curresponc1in", outputs is 

ready first. 

X6 P precess uhich accepts inout un either of the tuo cha~nels left' 

cr left2, and i,,,(;)adiately Qut;:ew.ts_ t.h.fl ~-re::lsage to the rlght~ 

V'LriG[ (left"?x ~ rigrt:x ----7,;,[2GL: 

lleft2?x ~ ri:;htlx ~ ",I::F<Cr:) 

Tne output of t.r,is prr:Jcess is an im:erleavir,c; c'''' t'e --Gsse.;es i"pwt 

frc~ lef~l end left2. 



~ Or0CeS. ~h0t :s ~1 '8y3 araoarec to inQ~t v,llue on t~e left, 

C[ t~ o~t~u~ ~: ~hf =ignt tGE v'olu~ L~,ic~ it h~3 ~ost rFoently in~~t 

'J'; 0:: l"ft?>:-------':'" 

W,E[(O (18ft'v -----? 'L"~~, . Y
 

!n-;htlx -----? \ , )
 

here- 'c ';ci t£have3 like 3 proC;rQ'~ u3ri]::>1" uit"", currenL value X. 1'!E:l:.'x . 
values arc 05si';;[1""c tel i~ :Jy C.:Jnl~'lmic2iti[Jn ':In t,-,e l'Jt cranr,el, ard 

its current value is uDcainea cy con''-ilunic2~icG ,:r tre ri';:;ht cr,annel. 

XS prcc:ess LL,hlCh inputs fro,'~ "u~" 3rd "left", c;r~CJ uutputs tc ~ 
"dOllJn" a functiun of I.u'hat It !"'as iroput, r:>efCl[€ r5ps2tin;: 

<';;;w!:.-(, ) }JX.(UO?SU~l ---7 Lft?pro8 ~ 

-o-o'w-n-~ ls:::r-n --f "Vll'-P-l'DU-), ~ _".1. 

"S ;" prsces3 8r,ich is at all ticrES rEady to inpu<:. " <':\8S3ag8 or, the 

leFt, Eir.c to OULpUL on its ric",nt the first cllessagE w~lr::h i ~ he's input 

but not Y8t ou~put. 

RL:,"":.R p,,-) 

8here p lEft?x ----7 PLX)

" 
(left?y ---7 r

<X;>5 <...:qs<y) 

IriQ~Ux ----7~, )- , 
Tri5 precess is liKe a QUEUe; '~'--5S&;E;S jD:n H,,,, Queue Gn tt--,e lEFt"r'C 

le2ve 2.: on thE' ri;;ht, i, thE; Si:l~'E:- order OU1: f)ossitly &fter 5DIT,e de16y. 

1\10 ,,;:Jc0cess uric:--, ~ehaves lik!? 1:l st&ck ::If -e:::sc.;oes. "I"en e'~'l,ty, it 

I'E5PO~~S to thl.! 5ign&1 "ompty". 'it all tin'8C: it is !f'ar:y to i~'!=,ut 2. new 

~,eS5age froCi tn02 left 2"nj ,JUt iL on LOP cJf 'JF. sL.ckj er,d whenever 

ilor,s,npty, i: i.s ~rS'Daceo to output and rE7uL'C' tre tD~ ,'lerllent G~' tre 

steck 

~T "Cr-. ,'C <.. > 

where ~ .:..) (empty ---;:.,'.() IlEft?X ~~, J_ X) 

,­
< X13 

(ci;~t:x ----t liS 

IleFt?, ----t p ) 
, <'I) .:..x)s 



,.
 
4.2. 'I 1"'f:1e-,sntation 

In " LI~t-= if;Jpler;'ent,"tion 0.' corn-'unic8t:i_n'~ CJrace':;S8s, trE ()V8"i; 

< c,v;> ic; nHturally repres'?,"'tsd :JY t!"'E' lic:-t "(c.,"'). wnicr, is corlstr~cted 

Cy 

cons("c,cons(v,111L) ) 

rin ir'tJut C08m3nd in "peets ~ prcff'Ered cv~:~l.Jnica'Lion ,0 cheCK the
 

c~a~nel na~e. lr t~i~ is not rignt the result is "~Lf~P. gut if t~e
 

narc,s "atches, the c:om:8rt of t ....e r'ess6c,8 is ExtrdctEJO 0,",0 usee. Th'_s
 

the input cIT,"",c;nd
 

(c:x -----jo ;..,(x») 

is i~plE;"'8nT.ec as a LlSfJ functlor c6.11 

wput("c, ).x.('(x))
 

wrie,s the input function is oE'finEo:
 

input(c,n )...y. 2:.!. y l'.lll v atom(y) _the'" "9L:.lP
 

c,lse if	 carty) f. c the", "<",_,-i:~ 

elSE r-(car(crJr (y))) 

This implemer>tation of input fellows closely its definitiDn es 0
 

c;eneral COin;l.Jnic .. ting process. sirnilar defin:!.tion C3nnot tE giVEn
 

for output,since in order '::0 test t.~.. U-..S'r G process 1'3 reaDy For DutPL:t
 

on a givs:-, cr""r.el c it WOUlD 88 nE-CeS3ary to construct ~:lC test tr,,?
 

event <..c,v) for- every oos~~~~,,-a.g~__ l.u~_l.u"----V-----in-l:it'c""--;--TT---~C-is
 

~---r1lTs----;::;-cuTd Lee VE'Ly i,"efficient.; if d....c is infinite it would t,E' 

iri1possi:::le, For this rl'dson, -''is i~';Jle\:',e"t en cut~,utting procf?ss as 

function which i!: ,'.ppliec first 1.0 the chanr,,=,l narne a1o;18. If t~e proce~=: 

is not reacy to out.put on that cnannel, it gives th~ fa~iliar "6L~~~. 

But if it is ready, then its reSult is a pair 

(v,1- )
 

ur,er8 is the value it is ready to o~,::~ut
 

arG ~ is i1:3 sub~,tiq,-er't =6;--,·:;",io:...[.
 

Trus 'the	 outowt J:inl; proc8ss 

(c~v ~fC) 

is l~~lB~E~tec as th~ LI~~ fwnc:ion c~ll 

Oo.Jtput("c,,",i=,j 

wnere tne out~ut rUr'ction is c,~i~~d: 
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o_tiJut(c,V,f-') Ax. if x f- c th8n "BL[;::" 

else cons(,','). 
- ,o( •.,rr.p 1~8 

.\ I L,-PY LABEL X. 

inout("leFt, Ax. output ("right ,x,?')) 

X2 P:u, r( '"1 L) 

where l"'St:L X. 

\1, if. length(l) 1:<:5 then Qutput ("right,l,X:{\JL)) 

81810 incU1: ("ls~-t. 

)...x. ~;(apper,a(1.con5(X.r\llL»)) 
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4.2.2 Speclfications 

In specifying the behavilJ1Jf :JF a cOe"",.Jn.lcatJ.ng flfUC::93S. it is
 

convenient to tJpscribe SlJp2fCitf.-ly the S8quEJnCE'5 of rT'e~'5d9l:cS U"",6t r~35
 

~lony e~c~ of th~ ch~nnelb. If c is a c~annel na~~, we ~~flne
 

tr.c = strip * (tr t ","c).
o
 

IJhere striP 
c 
(" c,v») ".
 

:Jr exa ;,p IE;, 

if h ..:.c.left.3) • .:;nght,J>. ;ldt,-':'7» 

tt-,e~, tr.leFt '::~~,::57> 

ana tr.r19ht=~3> 3,~C ~r.,~io <. > 

It is convenient also just to cW1it the "tr.", and write "right ~ left"
 

instead of "tr.rigr-,t ~ tr.h'ft".
 

{Inather useful definltior· plcocl's ;~ lo,,",,,,r' ClOUnO on :;:;8 lenr,tr, of a prefix: 

s ~ t = S:S-- t 1\ ~t ~ ~s + n. 

From this it follows that:
 

c
 
s ". t - (S ~ t)
 

n ,,+11',
 
S t '" S U
~ 1\ t ~u ~ ~ 

C' 
5 'f t ~ '3,r,. S 5
 

_J _
 
_ -.-Lt...-----f-f:tf- T Sot rlf)bt ~ lr.ft 

X2. [)['UtJl '- ~at rigl,t ~ 'Joul.cle* (left) 

A •
 
X3. L.:NP,\[,I<: ~ riQllt :; / e::<tsp (lGFt)
 

A A Awhere ... , S > " , AS (see 1. g.:.5)
/...:: !.i o • S'I ' n-1 " G n-1 

ar,c 8Xtsp (s) s 
~, 

< space ')
 

125 ,'1./* \,
 ,*
X'. P;-',C" ~ (('/right ~ 10ft)"'(,y:- ri;'ht)E. 'L~St )
 

r~i~ speciFication states t~at eac~ element Dutput on the rig~t IS
 

ita81f a sequence of length 125. and thG cator6tion of all these sequencr~
 

is 3,("l iritl-'Jl subsec:;uenctJ of what hrJs b8en inout on tile left.
 



-----

If 0 DinJry operato~. ~t i~ CD~v~nient ~o ~pnly it 

distri~l.-'tiveli H] troe corrEspo"C::.ni; "le'flfnts 01' tL.C 5£c:;u"nCE's. Tt-,e 

lE:-r,gth of "liE resc.Jlc:i''":9 Sf'Quenee; i'i equal tc; th2t ')f troe shorter 

opl.rarc. 

@ t if ~ = 4( > or t := t. ';>0 "-'" 
= t. 5

0 <3 \;> " (3' cD t' ) oth£ru:i.se 

Clearly (~ q,: c) [i] o [iJ o t [i) fO~ i "-rnln(~.s,,,*t).0 

C n n 
and 5 ~ ~ ~ (s 0 u t G) l!)1\, (I. 0 S ,; C 0 t )

'" 
.\::;. The :~JLJ,acc~ se::;ut'I,ce 

1,-1,2,3,S,f', ••• > 

18 c:rerinE't'-e'!'-t--r....l2.-.I£cu~r_~ncerelatior 

fit; [JJ fw [IJ 

fio [i+2] lib (1+1] + fi~ [1] . 
T t-r:o secona lire CCln I.JE' reuri tten usin,~ t"e op~rat~r tp "shift" 

{T,e sequEnce to t~8 lr.ft. 

fi~" = fio' -+ rib 

I, proces: ~,~ic~ :),,--,'tputs tt,~ floonacci seqL:81lCe co the right is specified 

FT3 Silt (riqr,t -:S 4(,,; '> V (,,-1,1 > ~ri;Jht 

1 
'"' right" ~ ri;rot' + right)) 

.Yb. .~ variaolE witn value x Ol!t.outs on the ri9t-t :'I'ly the v2lue rnCJst 

recent.ly inr:;ut :"e lc:ft, or x, if thSe'E is I'C suell '..nput.C),n 

.::.x> .... t.left;:. )\i""x sat (t~c €.. of.... ri~l-'t ~ ri~"lto c 

l~',r:orE ~s tre lose: eLJ'"E',nt 0,0 s (1.9.'~). 

Ti'lS: ~o <)1' 2xc~'tJle of '" prOCESS t,1l,~t car,c,t be ",dequC:it21y spEcified s::Jhdy 

ie: t,:~-.3 ,~t t~e sequencE'S ::Ji :--e~~",;FS o~ its SL=parut,8 c~a.nr"ls. It is 

also recessary to knGu t~= ~rd·'r in wnich t~e c~~-~~ic~ticlns ~n separate 

cn2.-nr,Els Gre in:erledvSc'. for eX6,col,= -::r-,,:. '::t-e lo<t~st ccm" 'unicatiD' is 

c, t~~ ri,;::rot. 
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/.7. T'8 liic~'r::L: prOC8:3S P::-~:;''';CEo, err ir,T.erleavinLe elF tr>S tlc!O 5G[:;\_6nC~S
 

inoLt Dr leFt 1 arc left~.
 

'",,-"'r~~ sat :Jr. ri:_,~t ,; r intnle,ves (r,lGTt1, It:f::j) 

xs. !:!I_~Ll') 3"'':; ric;ht ~ :;'eft 

uree!?",'.> uhjcr, se-':isfie-s :n8 srJEcif~c2tior (ric;rt " lr;ft) ;,,<:>y "'e 

'..J5"C =S _01 ":r"r,,,;J;:lI:e,,t" CGrn~lL'n.!.c3tio,~s prctocol, ",h'::cr, is ~LtH'2"t~-ed tC' 

csliu~r an tn8 rigr,t only t~03E -ESS~~ES whicn nav~ been SUDITit:l~ 

ch~ irJft, ;~n[j i;", tre s·-,",e -'rcar. T,.~is rnu,t De 2cr'ievec in s;Jitc L'F tne 

~os"''-l.'ili:y tr,iit the ~llcoce LL'here tne ~e5S3~['S art; S.J~irittec is wiuel,' 

Sepci["E80 ,ron t,he fJldce LL'her" t'-,=y are receiveD; ::;rd tndt th', 

CQInr; unications iTlt''ji,.c~' __ ",lcr Cunfl5cts 'Cne twO pldces 13 SO-l'ur",t _,nru~i-~ole. 

~.3 [Oln'w~ic~tiDr 

Let 0 ~nd ~ ~e ~LDCtsSe3, and 1st c b~ a cherrel used for D~trut 

by r' arc fer inp--,t by ,.,J. T,',us the sot ?. c, corL;.ininy all co,,-mlunic;otior 

everts of U--" for'11 0:::: c,v>. is ""iI:;1--1" thl: ir,t,'rseetian of' thf' alpf"abst 

of P wit>, the alpf"3bE't of ~~. 'L:~L'n thEse proce"ses <'lre cO"~',-osec con­

currertly in tne syster'1 (p II w), <:J co-'''unicatior, "_c,"') can occur anI'.' 

wr,er-, ::~'th process8s 8r"gaQe silo ult8.r'l-'L':Jsly ir, tbCit pl,ent, i.e., '.lJben£!ver P 

outputs a valulO' ·::;n tbe cf"an"E'1 c, dnd I.' si'ouitareouo:ly ;n;::,ut"" tne sarr8 

value. :\r inpu-;;tir,c;J process is pr'flpa:':'8U to ac'::''''p~ ~:L cor,,~,unicaole_ ~~_~ue, 

so i'C is the oULPutting IJrocess tb;,j. --'i?tpf, i iES "ifIich oct-u~l r'2SSaSE' V2~Je 

-±s--trdnsml-ttBd on aoich occasion. 

[i1US ouruut I~ay b8 I'e;ard"'e ",3 '" specidlis,-d case of trrc pI'Dfix
 

OlJeJ:'8tor. arc in~~t a special cas,' of cr,cice; 'Jr·C thi~" IBacs to tne law:
 

L1. (c!v ~ p) J!(C?X --7' ~(x)) c!v ~ (r) II '~(-J)) 

j·,ote th"t c!v re'"'c:irs 0, tt-E' ri",~t n",no E;ioe of this eeJu2ticn coS ,,·n 

o'o:oer"v'J,::l'J acti::;" i, tb,. o8h6uiol,r 0' J:I," syste~. T:-,L. re;:rssBn':.s the?
 

p'" sical ;..:;,ssLbility of tc::ucin:; Ue '_~r"s ccn,rocting tile coC'ponents ~lf 2
 

cYS:8In. ane of therebj ~Eepir~ ~ 1J; of tneir intprnal co--unicE'tic-s.
 

1 t 15 ",20'0 co ....,;olp i, r"5<:';30nin il':::'Jut LfoE' 3yste~.
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Lt,t C [J1o' ct"'e -a"":e :cf 0 c"ar",sl alon;; uh:C'" " lno _ CO, ,-"uniCd:::E-. 

lr t;-,c spF.Cir'lcatior of ~ I C stdr,ds :":n tle ~,,~ueroc," 0; ",GSS,'lI;es 

co~~~nicated ~y F ~n c. Similarly, ir t~E SP5Clfic~tioG of ~, C 

s'Canos ,for t~~ se:::;uc,rce of ~1"SS"il;o;;; C.J,n~LCnica'Ceo ~Y ,~. ,-or:un2te}y, 

Of tr,e very ,-3tLCre of comrilunic<:otio,-, ,--,~e" ~, dno ,;, cO~",Lroic3te on c the 

sequences of Tessages sent ~nc receivpd rnu~'C 2~ all :i~~E ~e identical. 

[ons8q~Gntll :his seo~enC8 mU5t sati~fy Dorh the sp'ciiic~~j[jn of dn~ 

tr;e specifl:~:ion of ,~, T"e 8&-e i5 tr-ue for all cr-.,"n.o1s irl tr,e inter­

section cf <: ....,.oir .,Lph,-,cets. 

L~un5Lj'·r now a Ch3n;-,el d in ttoe alphab~t of P tJut "Dt of '..I. -1-5 

c~c,-nr;el Ccn~ot oe me~,tl.o[lecJ i" thfC specifica:ion :Jf ',', su the vslulo,S 

c0,'1f'unicqte'J on i.t o.rr, cor,~'tr'-,ineo only iJY thlo -"r:'ecifiuJtion :Jf I~. 

~::!:r"li~3rl/, i'C is U that ;::,s+.pr-c,in'!s the properties of ,hE cor;,r;-unic<:Jtior,s 

or its Dum ~r,,3nnET5.-----<:-~Ll-'y __d__5~GCl.f.iC<ltl':-,r, oT the tehaviour of 

(p :1 U) c"r, be "inplj FO['i160 as the lOJicdl cor-J-",-nc1Ton- of-~ecific=ltion 

of I' witrl the ,opecification of '". HOI.'E"JD:C, this si;oiJlifl.cetion is valio 

only whC'r, thf sp"cifications of P "r,c ~, are exp:cessed wr,oll/ if' terms of 

H-,e chanr,~l na'""'es, uhicr is not always possiole. 

.\ 1. let (left?x ~ r"ic:(x x: x) ~ f·) 

'J (IT,id?y -40 ri-';ht~(173 i-- y) ~ oj) 

I • 
Cle,nly :oat mio .-;;. square (left) 

-,
and r;, ~o':'.t ric<ht :f 173 )0 nlie 

1 t follDI~s that 

. • 
(G i '-J) sat (n.,;ht ~: 173 '-. miG') /\ (r;id ::;. SCluure (left))I 

Tre soeci;'ic~::~=,n rer,? i'T,plies 

ri':jht ~ 173 " 5Cl~arE*(.Lcft) 

w~ic~ W~~ pre~~~2bly ~~e ori9iroal ~ntention. 

,:hen c:o--"",ricatir'9 (Jr:Jc"s,-J,,,, 2I'E' co"n"cted =/ ':~l" concurr8ncy 

0f->er6t~r l: . t h," resul.tiG; fur"'LClc8 2rB hi':Jhly S:":;;e'0, ti V8 of a ph/:3ic",l 

ir,r-;lE-srtation msu,ou in ~ricl' eleotrDnic corc,r_C,r;·.rt~ :;Ire connect[,~ by 

luirss alon;; ",t,LCr, i';r'''J coc"'lur'icat". T"t' f:',-,;:P'JSS of s,-,ch ar1 i";Jl;o;,TErt2tiDn 

is t:J incre.:;se th,. 5peec cJitr ,-,-'nicr, '_sE'~-ul r':5ul:s C3n be prc,;:'uc£oc. 
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T"e technique is particularly effacti\Je '.:;ner e;re SdnlE calculation ~'ust 

Ocl performed on .,ech member of a stream 0: input ddta, anc the rl3su~ts 'l'..Jst !:Ie 

output ae; the sanle rat € as the in,::ut, but ;::ossiuly after an initial 

Delay. 5uch systems are called data flow netwcr~s. 

picture of a syste~ of concurrent processes closely
 

represe" ts their physical realisation. ~n output crdnnel of one
 

process is con~ected to an input channel of the other process wbich
 

has the same ~~me, but c~anrels ir tne alohab~t of only one precess
 

are left free. Trus t~e eX2rr';Jle ;::1 can 013 drawn:
 

~i' 1"'0 >~ 

X2. Two stre,wls of nU'Tlbers are to be input froo-, left'] ano left2. f"or
 

each x reao from left1 ane eac~ y from left2, e;he nUr:lber (a )( x + !:I X 'I)
 

is to 013 oue;put on the right. The speed requirement oictates that the
 

multiplications must proceed concurrently. ~e therefore define two
 

processes, and compose them:
 

X21 = (left1?x ----7 mid!(i:l ")L x) -----? X21) 

X22 = (leftny ----7 ;nid?z ~
 

right!(z + b y) ~ ..(22)
'j. 

X2 (X21 II X22) 
1- 01 

-.f-J:eaMy,-AJ saC""GTii"d--~ a X left1 " right ~ mid + C' '>. lE.!Ft2) 

X2 sat (right f: a Il. left 'I + b i- left2), 

X3. K stream of numbers is to ce input on the le.ft:r~~n9 on the right
 

is output a weighted sum of co-nsecutive pairs of input nurr;bers, I"ith
 

weights a ano o. r'lore precisely, 813 require that
 

right ~ a )I. left + b "left' 

The solution can be constructed by adcin; a new process X23 to the
 

solution of X2,
 

x3 = (X2 l~ X23) 

1 1
 
uhere X23 sat (left1 {. left "left2 { left')
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X23 car be osPinRd: 

>-.23 =: (leFt7x --:. left1! x -----?­

(}lAo left?x ~ left2lx ~ left, lx ~ A)) 

It copies frJ,~ left to both leFT.i aflO 18~t2. but rJ"'ita the T'irst 

Elenei:t	 in ';"8 case of left2. 

1\ picLre of the netl!Jcrk of X] is 

left 
/23 

~ X22 ~. ___ .:..-~ rlGl";t 

The cycle in tr,is oiag1'301 reveals 3 d3flger of o8so1ock. For exa,"ple. 

if the V~O outputs in tra loop of X23 werE reversed, deadlock WOUld 

occur ra~idly. In proving aOsence of deadlock it is often possible to 

ignore He content of the [;',8553ge8, find regard each co:;]:;]unicdtio[l on 

channel c as a single event n8cned "e". [o;;l",unic2tions on uncann8cteo 

channels can be ignored. Tnus X3 can ce ",Titten in terr~s of thess Events: 

X3 =' (/-lX.left1 ~ mid ~ X) 

;~(}Jy.18Ft2 ~ rnid ---+ Y) 

1[(left1 ---? fZ.left2 ~ left1 ----7 Z) 

l"ft1 ----7 leFt2 ~ mio ~ X3. 
This proves that X3 cannot deadlocK. 

T~ese examples show how data flol.! net~:lrks car, De set .Jp to co,c,pute 

ore or ",ore streams of results Frofil one or filore s:rear·s :)f input oata. 

Tne s~doe of the networK COf'I'E"sponds closely to tl->e structur8 0; operands 

ar;d o"erators appearing in the expressions to be computed. ",'her these 

patT.E'rrs are large but re;u16r, it is conv8;-,is;-,t to ust:' sucscrioteo na';lEs 

for c~,annels, an:::! t:J lnT.rcduce an ittrated ~ct2tiGr for conourrert 

co ...,bin2tior: 

II ,,(i) (p(,)llp(1) II ... 11 P(,-11)
i<n 

r6~uldr nstlJOrk Of thlS kir,c i;:; :<nol.r; as ar i':'O'r2'T.ivl2 arrClY. 
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xc:::.. 'j-r,e channels {:eft I j .::. n1 ar8 used to i~put s~ccessive 
j 

coordinates in n_oirlensional space. ~",cf-. c::;:ircin2.tE; set is to be scalar 

~ultiplieo oy a fixeo vectcr of ler'gtf-. [1, ere t"e resulting scalar 

proouct is to be Qutput to t~e ri;bt; ::;r rLJre (LJrmcilly 
n-I 

right::;'	 2. 'J: ~ left"]
 
j::oO ~
 

Tne intervdl betw8En successive out~uts purmics only one interve['in~ 

Iliultiolic2tiofl, so at le3st n processes cit'£) required. 

Let us cefine tre ~ ir· U',e specificatior oy tne usual incuct~on. 

mid = 0 
c 

I'lid ~. ~ left, + r'id, forj<:n
.1+1	 J J J 

right <;1io 
c 

Tnus we have split the spec~fication into a conjunction of n+1 conponent 

eouations, eacr containin;J at most one 'llultiplication. 1111 tb2t is 

required is to urite a process for each eouation. 

I"UL T ()-lX. mido~J ----7 X)
c
 

MULT <}JX. leftj?X ~ midj?Y
+ 1 

-----.:;. mid. ! ('.I, 'I- x + y) ---7 X) for j .::. n 

j 

J+1 J 

~'''JL T <}lA. Tlidn?X ~ right:x -----.:;. x)
n+1 

1 --------- ­i~[TlJ}[JnK " j-<.---f'Ft2' J'.illU-­____ II
 
!4 picture of the con"1ection diagra;;1 is:
 

lefto 
'> 

1 
leftr_'1 ) l "'~LT n 1 

;"id 
n 

right 
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XS. This is sirr,ilar to X4, except tI'-,at :TI scalar ~roj'c.lcts :':Ire reouired 

almost simu~tanl?ousl). Cffectively, the channel Isft] (rz j ..... n) is 

to De useo to input the th colu'11n of an infinite array; this is to be 

multiplied Dy the n _ n m~~rix ~. ace thE i 
tc 

column of the result is 

to be output on right for i (. ,;",. In for"1ul",e:
i
 

:i.ght ~ r\.)( left.

i j < n J J 

The coordirates of the r8sulr are reCjCJiL'ed as rapidly as before, so at 

least r;-, )( r· processes are required. 

The solution is based on tl'e diagrar-\ 

on o 
I 

.---6-0r~ 
oj ,6~ , 

~ 

l I l ~-u 

Eacl-, column of this array (except the last) is moDelled on tne solution 

to X<'l; but it cooies eacr-, value inp...,t on its horizontal ir'put channel 

to i ts nEi;t",tJ~ur on its horizontal output channel. The processes on the 

right ~argin nerely absortJ the values they input. 

The details of the solution arE left as an 8xercise. 

o 
I 

'ight ) l 
I I '> 

m 

I ) J 
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Xc. The input on channel c is to be inte~prEted as the successivE 

oigits of a natural ~u~ber ~ in b-adic nwtation: 

'-> Y- b i;~OC [1] 

'oJr-,ere e[i) <:..b For all i 

'coiver, a fixeD .1lwl tipllsI' the output on channel a is to be the 

successive digits of the product ',-,*C. The di;its are to be output 

after minimal delay. 

Let us speci f'y tt~€ proble;;l ",Dn, precisely. The desired output ji5: 

d &0 '" 1-- c[i] 1- oi 

The jth elsr;lsnt of d rrust be the jth digit of this: 

d[j1 ((i~O r'ir---c[i] 'f., t/) -; bj) mod b 

(~l ;r<. C[j) + Zj) mod b 

i 
where z.	 (2:. M' '[i1 > b ) ~ oj). 

J "'J 

Zj is the "carry" herm, ana can readily be proved to satisfy the 

inductive dafinition: 

z '" 0 o 

((M > ,[j] + ,") bl~ --- ­
Zj+1 ----------:J 

',j8 therefore define a process r'~UL T1 (z), which keeps tr,e carry Z 89 a 

parameter: 

l'IULn(z)	 c?x ----7 d~(i"; " x + ~) ~ b 

-7> MULTl ((!~ .. )( + z) -;. b) 

The initial value qf z is zero. so the required solution is: 

'~,UL T1 (0) 
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1,7. Tn!:> proDl;:::,!", is (fl2 S..l,-,e as \:', I?)(C8Ct r~ is a [;-,uIti-digit "ur;,Der-: 

::z: 
1. .... ,n ·"'i 

~ 

0 i 

4 single D~oceSSDr C8["1 ~ulti01y o~ly sin~1G-ci~it nu~bsrs. However. output 

is to ~e ~rojuced at a rate ~hich allows o~ly o~e -~ltiolication par digit. 

ConsequE?r>tly, at lec:st n prcctissoL'S a"e reyuireC. 'e l'Jill get each ~"l;J[l 

to look after one digi t I'i wf U',8 mul ti~Ler. 

Tr,s ca::;is of a solutior is P',e trsCl:.iol"'sl WF\\.Jdl algorithOl for 

multi-oi~:~ -ultiplicction. exc~pt th,n the partiol SLJ~IS are acd8c 

immediate:y to thE next row ~f tr € t3ble: 

C	 tns incoming nurnoer 

the lIIultiplier:o,::~~--j. 
I'I~ '" L- computeo by ~U~[., 

.••• 7654S5 1"1 ~ C t
I computeC by ",:·O[lE 

., • •• 8:£:7275 2::' Y L \ 

•••• 4']9273 ec, )I. C 'I 
o computed by NllLJlJ c 

•••• 7321]23 r'l )( C 

T,=	 rodes 2irEo ccn,ectE'C as sh01.'n: 

n-i	 '1 
rmC[c( a I~E:J~ 

,	 c 

,,-1 "	 ' G 
P 

c	 d, )1 i 
/ 

Trc> c::;inal inout comes In on Co a,--,d is prcpc:;ste,: leftwaro on the c 

c"anr,;'". The oartlal answers are ;Jropagatec rightward on tr,8 d 

c~an ~ls. a,d the d8sin:o answer is output on do. f-ortunately each 

,'OG'? Cc:f"' ;ive one dic;i t of its rl'lsult [;",f 0 1'E' co~~un1.cating W1. th its 

Itft lsighb:J"r. Furthermore, r.he left-,ust '--,;:lee Co''-- tJe definc:d to 

:;et"-=,e Like the answer to ;>;6. 

I\JC~[n_-1 (z) C _ ? x ~ C,_1 (:-'''-1 1. x + z) mod b n l 

~ f'JOI.Jt.. ((1'1 )(.< + z) -:- t»
,,-1 r>-1 
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Th"; remaining "odes art~ 51:-,11",1'. ~xce;:::t -:net each of them adds the 

1'88'...11': fro- its lc:ft n(oie,rLJGur to the carr-yo r-or k.( r-1 

r1iJ_ (,) c 7:< -----? dk~(~"\.," )( + z) ~ 0 

-----1> c K+ 1 1x ---'> dk-ti?Y 

~ I~L~!E , [v + (~Ik ~ x + z) ~ b) 
" 

TI-.(, '.ur,~de netucr~ i3 defined 

II I'!DC i (el
 
i'-h
 

X7 is a simple 8xa~plE from a olass of ingenious retwork algorithms t 

in ",hieh there is an essentiel c,!cle ir the directed graph of CD,711lun 

catlon channels. Elut the staternert of the problem has been much 

sillolified ~y assumption trat the multiplier is KnOlJh ir, edv",nc8 and 

fixad for all tL,;e. In a practical Bop!icatior-" it is r:l'Jcr, rnore likely 

that such pc:r,Olmeters would have to be input along the same cr,.,nnel as 

the subsequent data; and uoulG r,aVa to De reinput whenever it i.s required 

to c~e~g~ ths~. The implementation of thi3 requires great care, but 

little ingenuity. 

~. SifiiPl~ implementation method is to intrDduce a special sY'libol, 

say "relo3d", to indicete that the next number or nurrbers "'re to be 

treated as a c~'ange of ;Jarameter; 2nd if the number of para~_:-t_er~ i~_ 

vari"'ble, an "encreload" sy-tpJ m2) also be Illuoducel1. 

X8. Seme ss ;::4, except that the parameters U. are to be reloaded by the 
J 

nUITlt'er i~rTleoiately follal~'inc; 2 "reloae" SyT,OO!. The definition of MULT +; 
1 

needs to be cr-dn';8d. 

MULl (IJ) := left.?x ~ 
J+ 1 J 

if x := l"E:load r.f,en (left?y----7r'lULT. ,(y)) 
- -- ]+ 

Else (~id.?y -----7,-;,io. ll(v J'.- x + y) ~f'IULT, 1(\1») 
-- 2 J+ J+ 

rne netwcr~ construoteo fro~ these ~odes uill no~ ~ork unless the reload 

signill is sent O't tre Sa'1E time DC all the left cnannels. 
j 
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4.4 Pipes 

I n this sect.ion Cue "r,all confinE attsntion to processes with 

only two cr,annels in tr,;ooir al:JheoEt, raj-ely an input cra"Olel "l,~·ft" 

and an outcut channel "right". ';uc~ ;C~ocesses are called~, anD they 

may be piccLJrcd: 

~ 
leFt~
 
---?~ /
 

Th~~e pro_c:.s_5es may be joineD togett-,Er 50 that the right channel of P 

is connected to the l~ft a,_anner~~,--tt1ffi-t-Rg..seq Ipoce 0'C E~s~ages 

output [yo P 2nd input by Q on this interr,al channel is concealed from 

their ce~'T1Dn en'Jironment. TOe r8s'-Jlt of th3 conr:ection is denoted 

P » Q 

and ~ay Je pictured as the series 

Q I right 

T"is picturE s'lous t~e conc8al~er,t OF the connecting channel by 

not giving it e na~e. 1-1; also shows that all me~,saCJes input on the left 

ellannel of (p » !..;) are input by P, and all r7,essages output on tr:e 

right channel of (r: >':> ill are output by J. finally (.:- » q) is itself 

a pipe, and Day again be placed in series wlth other ~ipes: 

(-->}Q) »R, U' ,»,~) » (;; >':>3), ,tc 
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Tr·" same facts arB Expres<:"!cI =y -:'"',e 2llp-'o::'E:: con"trcints: 

00--(1.1 ~ >:) oZh-ftC) u ""ric;Jht:(f)); 

and 0 fur~~Er constroi~[ stat~s th It th8 C~~~€c~ec c,",an~Els are 

capetl£' of :rdnsmittil'"lg thE sorre e;in~ :Jf -''''Ss.=.yl':'; 

ci. right r (r'J oUeft'(,) 

X1 A pipe w~ich outouts eac~ inout :alue n'ultipli~~ bl four; 

,j L.H:'JI '. LJ,'~' LtC UCruRLL- >> I.H'U~U~ 

x= ~ Drocess wrich in0uts cards of ei~~ty ~naracters and outputs 

t~94 L~ sequenCE ti~htly p3~kec in lines of 125 charactEr~ ea~h. 

TnE carci dounoaries arr:. indicatEc ';;y an ~xtrcl S~'OC8. 

u~'r~\cv '» ~ .~'c..f. 

X:i Same as >2, 2XC€J-lt that eaen pair of consecuti'JE i':S'::ETisks is 

replaced oy " t " 
(UI\!Pt\CK :» S':IUi':'rl) » ~ ;CK 

;:4 'iarpe as X2, except that t1-,r' rl".'1ding or cards may continuE w~e~. 

the prinbO'I' is h810 up, o,jnc late~ t~.~ _PJ'_iniil+§--£'8f"t----e-urrtlFlue- wher 
U:Ie----ee~C'E[lS-·helrj up. 

L;1·jf:,',U » (tiUrrlii ») r:-"CK) 

X5 ~~~E as X4, 8xcept that only on~ line of text is Du~fGred: 

UNPACK » rJ4CV )') cr'py 
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X6 A dout:£ buffer, uhieh accepts up to ~wc ~EEsa~Es tefGre re;u;~ing 

outpu~ of t~a first 

~::::-y » [15'Y 

e;.4.1 Laws 

The mC3t useful algebraic ~rop2rty of c~einin~ i5 associativity. 

Li ~::.'>CS')~) (p '»'J) >'> r 

The reMairlng lews show r,ow input and output can ba implemsnteo in e 

pipej trE efleble process oescriptions to be: si~plified cy 2 form of 

symc.:'lic 8-'E'cu:;iol'. 

1::7-- (ri9~-+v-~.1~~').(1~~~?"~., ----.:::..'~\J/I ;::,»,~,(v)-- ,.(,,1\ ­---'---- ­
I f Dna of tre proceS5ES is ::!eterOlineo to communicatLJ u:1 th the ott-:er, 

but the Ocher is preparec tD COr'"'M'_'n':cat2 dxtt:rnally, it is the 

external communicatiDn that takES ~12ce first. 

L3 (ri'~,lt! v ~ p) » (ri ght! w ----} LJ)
 

nghtlw ~ ((r.:-;t-,tlv -----.:;. ,L') h'))
 

L4 (left?x ~ qx))» (lp.ft?y ~ I~'{y» 

leF"?x ~ (I-'(x):» (left?y --;-. fJ(y))) 

If botl":' ~rocess('s 31'e prepared for external cO'-~LJnicCltion, thE;n either 

ffiay ha~~er first: 

L5 (~~ft?;.: --;-. p(x)) :» (1'i£htlCL' ----;. ,"')
 

(left?x ~ (r(x) '» (ri;htlw -? I)))
 

~ri,;r.tJw --------7 ((left?x --------7p(x)):» u))
 

TC 9 52r'le Law L5 is eaLJally valie When the op3rator » is 

re~lc;ccd ty >'>" '>') t since pipes in t~e ",iocle of a c\-ain C2('r,pt 

com"ur,:cc:e cirectly uite- tf'S' e"v~ronriler,t. 
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Lc (left?;.-, ~ r:(x)) ....... ;; »(rig~,t:u -----7 C)
 

(left?>: ~ (Hx)>> c,'» (rigr;t!w -----7'J)) 

Irigr,tlw ~ «(left?x ~ f.l(x)) ;>,),.» .."i)) 

~i~ilar generalisations mal Ge made to the ~t~er 13ws: 

L7 is a chain of processes 211 st2rtinr; 'with output "LO the ~lc;ht.I' 

h' >;> (ri~rt!e.r -----7:J) rigrrtJw ~ ('" '»0) 

L8 If r: is .3 chain of prvC;;SsL'S all starting uith input fror71 the Left, 

(luft?x ~ r'(x))» c..' left?x ~ (f.=(x»> P). 

Xl Le1. us Define 

k(y) "" (rightly -----7 COPY) '»COi-JY 

•• Hy) (right!y ~ COP'!') ').)(l~ft?y ~ ri;.ht~y ~ CClf-lY) def r.Of-lY 

ecrY » (ri~ht~y --=,.;~rJj.lY) L':: 

X2 C.UPV '» C~)PY 

(left?y ~ dght:x ~ corY)>> [l:.l.'Y def [~r:y 

ll?ft?x ~ «rightlx ~ CCJ~Y»> LI~lrY) LO 

left?x ~ F,(x) def ft(x) 

X3 Fr~.:tb~-1-inr:· af'"""TIwe deDuce 

H(y) "" (left?x ------;) right:x ~ CUf!Y»> (right:y ~ c:r:ry) 

(18ft?X ------;) (righUx ~ ::-OPY')>> (rightly ~ crWY) 

rigr,tly ~ (ClJPY >'> i.GtJV))) L5 

(left?x ~ ri£j'hUy --;.. i1(x) L3 

right!y ------;) 1eft?x ~ H(x)) X2 

Tris shous that a double Duffer, aftur i~put of its first message 

is orepared either to output that ness3Qe or to inout a second 

m,SS3J'" 'oefore doing so. 
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4.4.::: l"'ph-:€'nta".l.:Jn 

In th~ :'rpl~mertatio~ of (~~) .) ~~r5~ ces~a bre disti~~uis~ed. 

(1) If c07-~nicati~r can t~ke pla[e on ens ~ntl·rn21 cDrr~cri~~ 

c~arnBI, it Does SO im~ediately, ~it~ou: cD~sidrra~i~- ~t ~~e exttrnll 

enVirOn"Ent. 

(2) ~trer ':5e, if t"',e "nvironment is intsrt'sJ:l?c cc~n~n~c~ti~r ~, 

tre left cL-,9nrel, t~is is dealt wil.n uy ~. 

(J) L'r if the e'lviror"lert is intr,restec: in the rig'll. char,r'lOl, t~,i,:" 

de3lt Ld tf-- tl' I;,. 

chain (l-J,'-<; 0: 

if PC"righ1:ji-I.'"9tH:f-'--& ..... 4-"~e.n) -I "~LU:!-' 

t'ler. cbin (CCdp(lIrit;ht»). 

LJ(cons("left. cor,s(csr(;::'( "ri:j,'--c»). ,:11...)) 

else Ax. if x "rii]ht 

tl-,cln if ,~("right) := ",'3 Ll:!--' ther "::LI~Er 

else cons (c~r(,~("rit;htJ), 

ch;oin(P. CGr(~("ri;'lt)) 

else if atom(x) thET, "?L~_!::'l 

else if csr(X) := "left 

:I-er if "(x) := "::Ll~_r' t'nen ":lLLC'~' 

Else chair, (I-J(car(cdr (x))) ,Q) 

else "flLC[i= 

4.{:.3 Livelock 

Tf-e crJaining opEratOr connects tu-,o ,-,rocesses ~\ 'us': ons crarnelj 

",r,d so ~t introouc8s no risK of GEOlCloce;. 1-:" =01::- 2''"):; ~re n~n-

sto~oin~t then (p »'J) O)il1 n::n; sto;J ei-~:-=r. 1'r-'farL.:rately tnere i:o a 

n<::-IJ c!ar~,=r that tne OrOC8SE,ES , aroc L.,ill s;Jsn::J tl-"1e o."'ole ti"'iS 

commur,icatinS! with 8ach cJther. sc ~h2t (~, ':1.)1:') rever 29air, co;nmunic2i:ccS 

witt''", ens external warl:::. P"'is ~"sroJC"eron is kncLJJn d~ liv81ocl<.. eJnO ~s 
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illustri3".r,!o ':Jy t~'8 fOllo'_ir;, ':.r':',.. Lo.l "xa,"ple: 

(rigrtl' -----7 I') 

(lEft?x -----7 ;). 

(,~ » :') is ooc,ioCJs!./ "' ~S9.!.9SS ~r::;cess: 'ct. 15 Bven LL'orse tro3r" "irL' 

in t~at like 3~ Endl~a3 loop It ~ay con5L~e ~n~cu'ded eompwting 

r",SOLCrCES witf'LJut dcr'ieVll'9 2"J-:~ir;. - 1='0& -:ri'Jial eXol'lple is 

(I' >')IJ), where 

(r':'c;I"oU~ ----7;:: !lEft?X-"':;:"f.J1(X)) 

(left?x --? U I n'jilt:~1 ----7 ''';1) 
I 

1r tris exar,.-:ple, livelcJc;"; oeriv€5 fro'~ t['1e "ere possi:Jility of l.nfinHe 

incerncil communica-cion; it exists even tr',ough the er·oic8 of external 

communicdtion to the left ano r1ght 15 ofFered on ~~Ery possible 

oco,-,si~r" and 8vtJn tllough dfter suer ,=xternal co,.';",",unicetions tne 

5ubsequer1t bO!h",vioLJr of (r J » ,~) LL'oulo not suffer from liveloek. 

Livelock is 3 consequence of clJncedling trs C1E:c,sagl's on the internsl 

channel; it is 0 special C2se :If di",erg£nct:. which is discussea in 

3.5.2. 

" simple r'leU-,od to prove (p :»,J) is free of live lock is to show 

t~at is left r:;udrdeo in th" se~;se that it can n~\Jer output an 

infinitE: s8riE:s of fTlessag€s to thE right witr·out interspersing inputs 

Fro~1 tr,e lEft. To enslJre -chis, ~IE? must prove tr,E'~_thE_,LffLQ-±b----O-f-tAe-­

sequeonc,E' OlJtOIlt to.----t.-he----tigl t lS a 011 tin8s bounded above by some 

u<!ll-defi:led fL;nction f of t.h~ sequEl'7ce of values input froIT, the left; 

Or' 110rE. for-'olly, we oefine 

f--J is IBft-guarded ;:;;:;:;I 

"3f. sat (~right ~ f(left)) 

Lef~-gu3rced~,,~s is often simlJl; obvious fco~ thE: text of p. using the 

law L1. 

L; If every recursior usBd t~e defini-cion of ~ is guarded by an 

inC',...:t from t'lS le"'t.. tr--et'l is lEft-gudrd~'c. 

L_ If r is leFt-guard8cj c.t"',e" (; '»0) is Free of live lock. 

[x~otly -:['19 s~~e rpa50ni~g apolies to right-guardedness of tr--e 

E.~curd ~~erdn0 of » . 
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L3 If ': is rL:;ht-guwrded tre" (p» ::)) is free of livEloc'".
 
Examples
 

Xl Tr-s f~llc:Jing 8!.'Co' lef't-::!uarded by L1 

CG~Y, J~,1'8LE:, =JL'::;Sr', SL"FI:.'i 

X2 The fdlouirg are left-guarded in accordarce with tne original 

definition, because 

U~lf-Ir;CI( sat ~ right ~ ~("'-Ileft) + ~ left 

.oPCK sat ~right ~ ~ left 

X3 gUrFr~ is not ri;lht-gua.rded, since it can input arbitrarily l;1a1'y 

messages From the left without ever outputting to the right. 

___---.9...!...~LJ ::ipecifications 

II specification of a pipe can often be express~-----r-eht--i-eR-- _ 

S(left,ri~ht) between the sequence of messages input on the left
 

chennel ano t".e sequence of nessClges output on the right. When two
 

pipcs are connected in series. the sequence "right" produced by the
 

left operand is equateo with the sequence "left" consuilled by the right 

operand; and this cOr:Jmon sequence is tren concealed. All that is 

known of the concealed sequence is that it exists. But we also need to 

avert tre risk of livelock. Thus we explair-. the rule 

Ll If Il sat :=;(laft,right)
 

and Q sat T(left.[ight)
 

~nd if P is left-guarded £E 0 is right-guarded
 

tr,H (.0») ']) ~ :3s. I="(left,s) I\. Q(s,riQht).
 

This statcs that ths relation betweer "left" and "right" which is
 

l;1oir'tei:oed by (.0 »)Q) is tre norf'lal relational composition of the
 

relatio"1 for P with the relation for ~.
 

1
 
X1 L'JUBL[ sal; right ,;. double• (lcft)
 

[,oue·u:: is left-guarded and right-guaroEd.
 

(00UBLE »DOUBLE) ~
 

3 s. (s ~ dOubl/(left) I\. ri~ht ~ double• (s))
 

:2 * *
 
~ right :S- double (do:.Jble (left))
 

-== ri ght l quadr upll.'* (Is ft)
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'12 lc.'~ us L:se recul:sior tog5tner witn ')') to give an alternatiJ8 

oeflnition of :3 ouffsr. 

:'L!FF }lx.• (left?", ~ (X »(righUx ----?[IJ(JY)) 

_'e wish LO prolle th,,>t 

2L'~T s",t (ri;,ht ~ left) 

nS5L:rle trat 

A ~ ~ 1l'::Ft ~ f' 1/ ri~ht "left. 

w8 kf'o~ that 

_wuy sat right :5 left 

(rignU,o: ~ COry) s3t (right ::= left ::= < > 

v (ri~r,t.) <x> I'- r'::ljht' ~ left)) 

~ right ~ <x> left 

Since the ri'~r-t operarld i1; right-guaroed l by L1 ar,c the assumption 

(x >,,>{~ightlx ~ U'!'IY) -.?at (3s.(#left ~n 'V s ~left) 

I'- right ~ <:.X)..... s) 

~ (~left ?- n "rigr,t", <:X)'" left) 

left?x ~ ( '.' ) sat right", left == <; > 
l/(lef1: ~<x> 

,,(.~.left' ~ n "right ~ <x> left!)~_ 

--~)tfIeFt-~~~'l " right' left. 

The desired conclusion follows by tha proof rule for recursive 

processes. 

~.4.3 Buffers and Protocols 

buffer is a process whiCh outputs on the right Exactly the 

same sequence of messages as it has input frOM the left! though 

possibly after some d81ay; furthermore. whet'"', nD'l-empty, it is always 

rU_'ldy to output on the ri;ht. r~ono formally, we define a b'_lffer to be 

~ process ~ uhich never stops, which is free of live lock, and which 

meets t,"e speciCicatior, 

i= saL (right f left) 
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It folIous that all buffers dre left-guarDed 

.,1 The f:llQL.:i-; processes are t:~ffers. 

C:=IlY, (CPV» C':'~ Y), ~IJr, ;:'Jf,::q. 

iJuffns are cluarly useFL.l For storin~ irlfJr~~tior, y.'~'1.cr is 

LJai.tir;~ tJ be prccessed. 9ut tney r;re even mon USE'f'.Jl ,-:;,S sp8[;iri­

cations of tre oesireo oeh.s.viour of a CO:lnunic2.tio,~s orotscol, 

uhich is i'1tended to celiver nl8ssages in the sarr,e order in which 

they have 08Sn swbrJlitteu. ~ucr d pro:ocol cOf'sist::: of tl.:.'O processes, 

z, transmitter T and Cl receiver Ol, \~hicn -dr·" coonact€CI: j,n p:oriEOs 

(T :::'>R). If tns prGtocol 1-0 correct, cIs,Jrly (T..,,> Cl) must be a buffeL 

In D,ac:ice, the wire th;,t connects the t.rClnsmicter to the 

___recs.L:,e~~ :;(.,;i tE' 10,-';' ",n,:: ire -less3lj9s wbich are SEnt along it an, 

subject to corruption ~r losS. Thus the behBViour of t~e ~ire itsplf 

can be rTcjelled by a process'.ll}i;[, whicr "lay behave not qui te like a 

buffaI'. Lt is th~ tasK ('Jr the >crotocol desi~ner to EO~sure th<Jt if' 

spite of the bad behaviour of tt-,e wir9, tt-,E Oiystem dS a whole acts 

as a bUffEr; i.e. that: 

(,:::.) '.JIRr_» 1') is a DufFer. 

11 i=rot~col is usually ouilt in c number of layers (I I ,i-~l),
 

(TZ.H )"." (Tn'?n)' E>ac~ are usif'g the previous layer c,s its U10,[:

Z

T » .•• :::.) (T :::.>(T 1 » uJIHl »R ):::.) '2»> "·;;:n 
r 2 1 

L'f cour"e t uhen tne pro-r:ocol is iri1plelnent8o ir h2row2rE, all the 

trc'5ClTd:':.frs "re collected into co sim;le transrnittar at one pnd arH,1 

all tt-,e rece.l'Jers at the otht3r, in ",ccord2.l'c'- '.Ji-:h :;he changed 

brdck(,t ,;;: 

(Tn» ••• :::.)T1. »T1) >')'J.lllil'::» (r'I» ii~,» ••• >')"n) 

The lau of as~ociativity of » :;L.:-J!<:H,te"s th'!t "this regrouping docs 

not ch"nge tha behaviour of the systE'm. 
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T~e f~llowing l~~s 2re useful in prcvi~; t~~ currectness of 

protocols. 

L1 If::' :or,s:":; ",re ouffGrs,
 

so are (.= >') ,~,)
 

2-,d (left?x -? (I >,>(rightlx ---4 ::I)))
 

L2 If T >'> P (left?x ----7 (T »(rigntly. ---41-.')))
 

tr,en (T» r,) is a DuffE'r.
 

Tn~ follouing is d 9~nerali5~tion of L~. 

LJ If for some function f and for ell z
 

(T (z) » FI( z)) '" (Ie f t?x -?
 

(T(f'(x,z)))) (l'i"r,Ux -?1~(f(x,zJ)J))
 

tr,er T(z) .>o>r=,(z) is ij blJffer for 211 l.
 

/1 The foll')'~in'd are buffe:cs oy U. 

':l,PY :::>'[~FY, RlJ/-F~r »LL'f-JY, C'~~Y >')DLJ~F,n.
 

8l'fTEr' » 3LJFrf:i=<
 

X2 If has been sho'_m in 4.4.1 Xl ;:,r,d ',": that
 

(C IJPY » c:'"n) = (lef t?x ---4 (CO:-'" .>0) (:: igrt! y ---4 i', :-", 1') ) )
 

8y L2 it is t"erefore 2 bufflr.
 

--,l.-d------ptJasG encoding 

H ohase ereoder i~ a process T wr,ich inputs d stre2~ of bit~. and 

outputs <0,'1> for e3eb 0 input CnL.~ ~',O> for CJc.ch ) irput.
 

decoder P r8vsr~es this translatior,.
 

T = left?:-; ----?ri;jht!x ~right.:(I-x) -------?T
 

left?x ---7 lE'F't?y ---7 if Y '" x -I.:h ...'r' FnIL
 

elsf:' (nC;ht.lx -7--')
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,lie '.JJisr. to Drove by L2 ~hat (T ::»ro) is a cLJffer 

(T »H) = left?x -----;;.. ((riLJh'Clx ~ ri;h;::l( I-X) ~ T) 

::»(left?x ~lcOft?y ------7 if j" == x the," r-i\lL 

else (I'i:;ht:X --"':;'1'1))) 

left?x ~ (T :»if( '-x) X ,:t-'sr- .-,,) L 

sls~ (ri:;ht!x ~I")) 

:dt?x ~ (T »(rightlx ~ Il)) 

Trncofore (T»I'l) is a buffer __ 

Xli Hit stuffint.j 

is output as UIU1'11D"10. The receiver h re;wv~'s these extra zeroE's. 

Tilus (T::»,) ~L;st be proved to be <) buffer. The construction of T 

and R, and the proof 01" their correc'Cness, ere left ,'Os an exercise. 

1;. 5 2u~ordination 

Let I' end U be orocesses with 

o(p S o(.~ 

In the conbination (1' lIU), eacn action of can Dccur only w~e~ 'J 

pen-'its :-t to ,.)ccur; uherecs:; can en'jage irdependently in the 

actions Jf (ol..L.i -01';:"'), witnouc the PErl:lission cin~ uitrout the know18dg8 

uf its p2rtn~r P. Thus P serves I, ciS a slJbordin,;te process, Luhere G 

acts as c. masb,r or ;~:ain process. '~'~e'l oo"'nunications betWEen a 

5.Jbordj rate proce::;s and a rnain process an) 'Co be conceelec from their 

common En~iron~E~tl WE ~sc tre aSY'l~etric notation: 

c' // 

Tf-is ro:,,-:10n is L:sed only '.JJhen .xP s= o::IJ; anrJ then 

",(o//c) (,(;-"U') 

It is usually conv.:ri"'nt -:0 ;ivto tre s.J:,ordir'at(' orocess a name, 

SOl! rT', '"'ricf- useo il' the "'5in proca::;s for all inv-,r3ctions '.JJich its 

s.Jooroi,-;ate. T'le ra,-ir; ttccrl'i:;~e de5criL:ed in 2.6 can be readily 
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eAter;ded to communica:in~ processes, :::y intrDducirlg co~'poum:; cl""'2'--'-"'::' 

rames. These take thE.' for'll ,("'-',c,> (3)c::::reviotc:d tG r;l.cL wr,erG 

is a process ~ams 2nc c lS t~E n~~s of DnB of i~s ch~nn~ls. 

let striPm( <:::'1'.c, v.» <.c,v> 

for ,:111 <:'c,v,> e. d..P. Trer. 

m: I.J strip, (, ) 

Examples 

Xl daub :~'.JUC:'U: II 'J. 

The subordinate proc8Es acts as 3 sirill.Jle SUCI'Dutirn, called fre"' 

uithin the main process u. Inside '~, tfoe value (:,f 2)( 8 rilal be 

obtained by a successive output of U";'O: <IrgumEmt e all the left 

channel of dOWD, dnd input of the result on the ri;rlt chcnnsl: 

ooub.left:e ------::> (dm..:::.right?x ~ ••• 

X2 une suorouti'IB !TlC:;y use another as a sutorcJina'Ce, and do so 

several tir\es. 

liUMDI~U~lt: 

(ooub:OLJLJ8Li:: 

#(}Jx.left?x -----} doub.h1 ftlx ~ 

_~~-y ) dDGb.left!y ~ 

ooub.right?z ~ right!:l_ ~ X) 

This is oesigned itself to be ws~d as a Subroutine: 

qL:ad:'JUI1,'JQUfJLE II 

X3 'I conve'ltiona1 progr3r, variable naned n may bE' mcdelled as 

a subordinate proc~ss. 

m:'J'111 II :.. 

Insioe 'C~)e main orOCBS;: J, !:.r,g val'..Jc of "; cap DE' c,!:-signed, read, 

anc ',""pdatec ':'Jy input ""ie. D<-JCput 
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~:~~ _~ i-pIS-ErCSG ~y -.left!3 

i<.:~~1 :8 i,-,p12111!?nted l,y l.ri';;1t?x ~ ••• 

~:~~+_ is i -1J1!?"1611ted ~y 

;n.ri.;r';.?y ----7 ,-:.liOft! (y+::) ----7 

s'-.JbJroin3te ~IOc;",'3S ITI-"y' DB USLOO CO ilopler;ISi,c" -.:2ta 5tI'~Cc.ure 

'_·i':t- c ~:.'2."= elel:;or2te 1j8~iO,-,i'JUr ','ndr just a simole Var18lJlu. 

(,',-,ccFC' II ;) 

T-e su::crc:nc;:oc ;cr'Jces::; 2erv,=s as .ow L.;nbn',", 8etJ eJl§ue n-=.meO lJ. Tf--,e 

DUtPlit "q,left.J\J" ad8s v tG or;!? 8'C o~ tr8 ~u?Ue, and ".q.right?y" 

I'err,DVas ar Elerr,;cnt fr::n the other enD, ar,o ~i'-,e~ i':,s value to y. 

1-; -ch", ;,-de i.s =:::f::j', ::h~ ::;J6W: will no-L resl:or,d, ,-:-'0 tl'e sys~ern 

rr,By oeadl::ick. 

I~ [!, sbck 'Jitr name?t u.-'cL2red: 

st: 'j"~CI< II w 

Ir.side trE [;ldir. prOcess :-., ""t.lsft~v" C-jn Ole u-;eG tc ,J:"'s~ tne value v 

unto the stack, iJr.d "o:-t.ri;)ht?x" '-lJill pOI) tn8 trJp In_due. To ceal witn 

ti,e possi~i~i~i ~:-,cJt thE; stack is en-lJty, a cIK)ic~ construction can be 

u~ed: 

(st._ i~~l'~:?X ---7' '-:1 (x) 

Ist,?-:cty ~ 1_,2) 

If ~n~ St2C~ i~ r~n-E~ptj, ~~~ ~irst s!te~neti~e is S'J!scted; if 

elnptYt weadlock is avoioeo .;lnc.l tr,B seccnc dl1:err;e:;ive ;;.s sels,c::",c. 

s'_t'ordincte process "-,itr sever,,! chanr,e1s 012y 0e '.JGed OJ 

several c~ncurrent proce"S2S. ~rcvidec :~3~ t~'.y cc ~at use tt-e same 

channtols, 

X5 ~ ~~cce5S ~ i~ interdeJ to car~unicBtr_ d ~trs~m of v~lue5 to R; 

tr,2to8 vdwe=> ",r2 t::l ~E ;::",:"rer'·c =1 a s:...=ordin~tC' ~uffE'r prooess 

r,aned "t," , so thc;t o'..Jtf-->u':. from 'J will ,-o~ be Gelayeo wrc:[~ t\ is r,:;t 

rEeOy ~-:~ input. "~se,:, c"'ci"'"e! t'.l[O:ft for its [)'.Jtput and l uses 

~.rlght far irs input. 

(c,c.C'c· II <-11-)). 
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Iwh.' t;f--'2t i:" .0 -=ttc-,~ts to iNJUl 1 rem 2, Q-;.ctj ~...;;fc:', ti5 syst.tj'~ 

...;ill ,,:Jt i,l;CE33arily oe2dlCJck; '--- _:::'11 :,ir;-,r::l, L5 ceL"yed '.2i-':::::'1 ~ 

n~~t; o~-'::=Lta a V~lU8 ~~ ti~ ~uff~r. 

~t-,c3_~o.:-di.nCJ'Ciof' [)wer2cOr ro:/ ~~ us=c tu C3cfll'F 5.Jurou'.:ir"'e:::
 

r(c~rEi~n. ~ac~ l·.~sl ~r rscurSlon (exc8pt t~E last) ~~c!ares
 

~ l'::Ic·::;l sULJroutin2 'LO ,:ie""l '-'.'it"' tfoE rE,ceJrsive call(5).
 

A7 Facturial 

)-IA. left?rc ~ (.if J tf--'E-n (r>-;Jntll -~ xl 

Flse (f: '/~I 

(f .1",fU (,"'-1)
 

--7 :'.ri:;ht?v --7 righ'.:!(n 'f. y) ---4 :<)))
 

r~"is is '" uor ingly f2'n:::'li~:r 5;(c;;,p15 of :recu:r",dOi, ·=xpresseC: 

J.r 21' '.J',fa!·~::'li'Ot tvt rae n",:r curr,~er5e'~'f? n,=t","::ic;n,:;l fra,-'Guork. i' lcs~ 

fa",ili<:;T iDEa is tr,bt ~,f uein~ tEcu:rsiDn t0l;isU,or 'J-'ith ~'~bQrc:'ination 

to ic--'plE'":s~<: C.n c.nbDuf'lcc:d oat a stncctu:rE. [cch IE-vel 01 ChlJ reccrsio r 

stores 2. ':ir'gle cDrnpDn",.~1:; L:f tc,E- structu:r8. dnc d'cl".r' d n~w local 

sIJboreinc.tc: date, struc'CurT to d8dl \;.'ith the re;,t. 

XP ~~~Dunded finite s~t 

/, D,DclOSS CJhic~ L',;lle-;ler'ts <J SlOt input" its '-e"uETS Of' its left 

C~'dil,eL .,fter eacn lnp,--,'::., it ~:II~tPLtS OJ (1- if it tlOJS 31r83d~J_np!:!t_ 

the s,,'le 1.l31"s. Cine c;:nerw].,;;;e.--_______ --- ­

left?x ~ ri'~h<:l'~C ~ 

(rc'st:S'-- T I? 'L~'C,~) 

LL'i"ere L:...\,:-': 

left?y ~ (if y =0 X tf--lCr: ri~rel r~- ~ 1_, {'P 

else (rrost.leftly ~ 

r~'st.I'i-;ht?Z --7 ri[;n'C~z ~ L':l'L)) 

if'£" set starts S''lpt,/; c:.lns5:jwi,,-'Lly Dr incut of its ~irst ;-,ro",bE-r 

x it i~~eci~teli outouts i,G. Ie t~'!'n decla,E-~ a 5~boroindte proce~s 

called "res-c", Ui"iCfo is -;sinOj t8 store ,,,11 ~l,?mt:','rs~~ the sEt EXCE-pt. -". 

The L~' F' is desi~,n"oo to inpeJ'C sulJseCIJs-':. c"t·ors e,f tn, set. If t.i"e 

nEwly inClu: '~e'lDET i.~ e:.;~,,,l to -"', t,ne ·J1,s'J c r ,,- is ;0(0,":: :"ck 



3:\ • 

immediat.E-I:,' un thE rigr,'[; Ch"H"T'''l. l,tnErwise, t'"'9 n8l.! -2--::wr is 

pdssr~d on for storagE' oy "rEst". ~hat(Cv,-,r .,rSW8r (\':'.~ or C) is 

~l2nt bClck by "r8;7t" is Gasseo LJeck a;;ai", sno :h€ L:~.' rspeats. 

/\9	 ~inar! "Crr.E 

;\ :n':Jr~ effich'nt re.presentatiorl af a SEt lS oS a t'inary trEE, 

which rQUes on some gh".n total ordering f over its elemen-::s. 

lach node 3tOrEoS its earlin::;t insertEd E-l~nent, and oec;lares bJO 

subordinat.9 trE'es, one to ':>tore eleMents snl<:lller than the Barliest, 

ard :Jne t: storG the ~i';lger plements~ The externdl spec.ification of 

t"C' tree ~s the sarle as X8. 

TR'_E = left?x ~ ri,;ht:r~" ----? 

("J'\311er :TkEl II bi~ger :T,U_E II lC-Uf-J ) 

The desi9n of	 the UlLlI' lS left as on exercise. 

cj .~. 1 LSlus 

The :"ollDuing ob'Jious laws govern communiCCitions betwec!n a 

process and its subordinates. 

L1 (m:f.c?x	 -----) p(x») II (m.clv ~ ~) 

(",c(v)) II ,; 

L2 (r.t:(d!'~	 -7> I")) II (~I.d?x -----;>'--;(x)) 

(c,C') Ilj(v) 

L'	 (",,(o?x ---7P1(x) I d?y --; "2(y)))11 (~,.o:" ---7W) 

" (m,C'l (v)) II '1 

L4 m,11 ('"'.11 c) (c,',.IIO) 

L~	 Ii ~ anc r ere ci~tinct namE'S 

c", II ("'JII i,) n" II (,,~ II C) 



d,;:"~ ,_c< rJl"_ 

~''-'~'_'l.", 1·,1_ f'~'I~ .:'L", 

5.1 Incroouctlon 

Th~' prCJc~'s5 <,i'_r-' 13 dEfined CIS 'Jne that rever erg2.ges in 6ny ~c'tion. 

!t is not a us~ful proc£'ss, ~wJ prob;;.cly results from", aeaolLlck or other 

OGsig" Error, ratr,E r U'3n " dElioerate cholce CJf ttoe dEsign!or. HOl.L'8ver. 

ther", is one good redS or u!hy cO proc,"s'3 stooul u do notning more, nalnely tr,at 

it nas already accom~lished ev~rything that it was designED to 00. 3uch 

3 procBss is said to Ler~in~t8 successfully. In order to di'3ting~i h 

between t!'is and :iTI~P. it is convDni8rt to rerjard successful Ll?rmination 

"13 a spEcial t;vent, denoted oy the sY:f1\:ul ", '" (prCJnounced "succesiO"). 

secuentidl precess is definE?d "s onl? .~nicn 1'39 ,/ ir, its alph2!JBL; and 

n,Jturally this C3fl unly be the l2st 8'JE"t. ir, ~,hich it cn(!c;r,es. For ~lis 

reason we stipulate trct cannot Dl' ~n Ollturnat.lVG in t.he chuice 

conSLruct: 

(X:I~ ~ Px) is invalic if c:::: ~. 

SKIPA is defined as a process whiCh dO~s nothi~g but terminate 

s~cces~fully. 

~~,1< lP v Vj.
" 

i'..S uS'.Jol, \;.IE' shall frequGntly Olfllt the subscript )pha~-----

K'. ~ ve~ding 'nachinG that is intended to serv~ only on~ customer with 

chocolate or taffe,": 

'o'1'lU~I= (coin -----7 (choc ~rJKH' 

itCffc", ----> one)) 

In 08slgning ~ process to solve a CO~pIEX t~sk, it is freq~ertly 

.Jseful tc split th8 tas).; ir,to two subtasks, o:,e of wric!", Inu",t te c,m1[jll?t-;'d 

successfully befor~ the oth~r ~E~i~s. If P ann ~ arE ~eo~"rti31 prQC~SS~~ 

with t'l~ S2r'\B alp"",c,:'Et, t~eir s8cuontial co"'pasiticn 

on 

is 2 Drocess 'cJhicl", fir';.':. bC07-,,,lIitoS li~," [; cut l!Jhen e' tC!rninat8s S'~CCGSS-

fully, (IJ;J) continues Dy c2naving like ~f r neVEr t!'rminates 

successfully, neit~Er dces (~'; .. ). 
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AL. ;.. ver;Clil; rl1~;:rir;E CEsL";;-ec tJ Se-I','IO cox2c-:ly tL'S cu"t:J'"lers, elf'e 

cofter t~'e :<:~er. 

"J:'; _ r,· _I_~ 

'-\ process which I'EPI?0tS si"lilar dct.!-uns 28 ':If tan as I'Equirpc is 

kr,O'.1Jn as d loop; it Cil, be dEfir-;8G 35 a ::;pEciai cas" of ['?CUrs-=-crl. 

*[1 = jJX'(P;X) 

fl ;,,;\-'; •••• 

• ('r) ~ "cr - V1 
Cleariv :leCh a loop is int8noed n8v"".r to tEP"!n3te c;uccI.'ssfull: that 

Is why it _" convenient to nil"IOVe ./ frcOl its alpf-)Clbet. 

X3. A v8ldinQ mdchinf' cl8slgnerJ tu servl? any rumter [)f customErs 

'Jf'I'r:T -"".j r"llI~JF:: 

Trois is Identical tol.l.JJ3. 

~ sequence of symools is said to be a BentE-1CB of a process fl if P 

':.eI'iTIinatlO5 successfully after 8n9"91rl] in thc' correspor:ding seauerCE :Jf 

,:>etions. Thl' sot of all such sante'-CEc; 15 called the languagE accepted 

by 0. Thus the notations introduced for describir'g sequential processes 

may elso:lEO used 'Co define the hind of simple lanC]'-'dC]e whier, migh'C ce 

used Fcr communiCiJtion oe"[ueer a hUII,an beir"; anc a CO~lputer .. 

Xa. i\ sontG'lce 'Jf "pidgirgol" consists of a noun clause followed by a 

predicat~. ,'1 predic2te is e verD followloD uy Cl noun clCiusrc. k "erb is 

either "ritee" or "scratches". The definitir:on oT a noun claLse is £iven 

Mor~ forlally Jelow. 

d	 1'1e-:1~INl,UL [ a.:n~.c?~,oog.tite5,scratcnes1 

IlIL.l,HIGrlL tJOur'il~U'\~ Jr ;PFCL'Il>l.Tl 

flilElllC,HE V,,-I--8; rli dII'KU\lISE 

\!lRn (bites ----? ':3Klr I scratches ----? ':::l1o\1"') 

'WUI'CL ~,lJ.SE rl';TI~U·;r.,jLJU~J 

:\,~Tll~L[ (a ~ SKIP I the ---7 lKH1) 

rluurJ (cst ----? :,vIP I d:J') -----? r,KIP) 



An example sentence of ~idgirgul: 

"the cat scratches a DOg" 

To describe lan<;uCj(d8S '.:i th an Lmbounded number of sentences, iL:
 

is necessary to LJse some vind of iteratio" or recursion.
 

X5. JJ. noun clause wh~ch ~Iay contain any number of adjectives~ 

r~O\.jrJCLAU,;[ JJ.RTlCIX 

pX.(furry -----7 X Iprize ~ xl 
cat ~ ':,KlP I dog ---? SKJ~) 

lx.,mple or a nounclau5e: 

"the furry furry prize dog" 

X6. i\ process which accepts ar.y number of "a"s followed by a "b" and 

then the same number of "c"s. 

AnGC n 
~X.(b ~ :;ir..lf-l 

fa ~ (x;(c ~ SKIIJ))) 

If a "b" is accepted first, the process terminates; no "a"s and no 

"e"s are accepted, so their numbers are tha same. If the second branch 

is taken, the accepted sentence starts with "a" and ends wl-tr, "e", and 

oetll.'een these is the sentence accepted by the "recursive call" 01' thE 

process X. if we assume thet the recursille call bel dves correctly, thE'" 
c c 

29_ will liFE oil-recursive call 01' ,J" :JC • 

n
X7. ~ process which first behaves like AnOC , but then accepts Q "d" 

followed by the Sarne number of "e"s. 

n nAnGCnDE n 
((A 8C );d ----.:;,. SKI~) [I [nO:::n
 

c c
 f-1 
(,L,I'[;( n)where C DE 

for f which maps "c" to "e". "d" to "~". dnd "~" to "c". 

The ~otati~ns for defining c lcrg~2~e by m~ans of an accepting 

process are as pouerful ,'Os tT-,Ose of r<?gular el<pt'3ssions. The use of 

recursion introduces SDlr,e of t!'le >Jower of context free gralnmar, but not 

all. ~,process can only def ine those L:.nguClg'3S that CClI' be oarsed from 

left (0 X'l-ght witr,,~ut b3cktrackirg Or lCJuk-2h'3ad. This is because tt"'8 
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w:::;C 8f tl'E croice oOl:rator r9quirF_'s tr2t the first pvent :Jf e3ch 

sl-_Ernati:? is diFFt':re,-,t fro"l 311 its otf'oer fi:rst I!vents. Conseqwently, 

it is not O::lssible to wSE' ths constrwction of i.'J to rJeFine a nowncldL.J!38 

in 'J.1hicr 'JJu:rd "prize" Cdn be either a nown or "',' adjective or both,':nl 

E.g. "tr,r, :Jrize dog", "the furry p:ric:e". However, the introduction of 

parallel compositior' makes the process natation moru pOWErful '[har, 

contr,xt-frec yrammar5, uhich c8nnot deFine the langudC;e of XI. 

1.8. 1\ process which Clocepts any interleaving of "dollir,"s .:lnd "up"s, 

except that it tr,rmin<ltes 3uooessfully on the first occasion thai: the 

numbsr of "down"s exceeds tna nwrnber of "wp"s: 

~'ns (down ~ SKIll Iup -------::"(r'lfi;PCIJ)) 

If t,~'8 f~,st syr.mol :'s "doun", tre t<Jsk of [JUS is immediately dccomplished.
 

I3UL if t"~-frrs:r-§ymbrrt-i5 'up", ~.ssary~ccepttwo~__
 

"dou.,n"s :'lan "up"s. The or.. ly way of achieliin] this io: first to eccept on~
 

more "oo_n" tr'an "wp"; snd thEn agdin to accept onl" more "dolJJn" than "up".
 

Thus two swccessili8 racL.:rsive calls on ro'; Bre r>eeded, one ;jftr'r the other.
 

X9. The process Co behaves like C1 
0 

lOI."1.Q.>:2) 

C 
" 

== (aroJnd ~ L. I up 
0 

----:.,. C ) 
1 

Cn+1 
~u:::; ;L: 

o 
for all n;; O. 

,f-'CI',; • :.: ; f.'L\; P 1.-;:.; L 0 

r:, t 1"'-,133 

':l.2 La's 

The Idws fOf sequential compOSition afe similar to tl,ose for 

cataneLon (1.15.1 l, Ivith ':lKH' playing the role cf the unlt. 

,l1. SK;P;P >J; 5~ I P 

L'. (C;O);R [J; (I]; R)
 

L3. (;.:;c, ~ f--'x)(:; (x;, -----> ((Ox);]))
 

The law for thg choic~ o>Jerator h~s corollaries:
 

Lt.!. (2----?>.);J a-----j.(I';-:)
 

L=. ;~"F;: == ;:,TL:P
 



--------
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uhen sequcnti<ll processes ;::1'8 cmr.posed in ~arallel. U'e e'Jo'tLnation 

termir,2.tes successfully just wr,8n both comporv::'lts d·:! 80 

LE. ::;I-::P o II ~Jf'.lP '~r.I p 
,-, u a'< B 

A successfully termin~tin9 process participates in no other event 

offered Cy a concurrent pJrtner. 

L7. ((x:A ----::'!> Px)/i' SKIF ) (x;(li-8) ~ (i-lxll c,KII'8))
B

In a concurrent combination of a seq-..Jential with a nonsequenti"l 

pracBs5, when dOl?s the combination tEnr,inate successfully? If the 

alohebst of the sequential prOC2SS wholly contains that of its r~rtncr, 

Lermination of the p~rtnership is dGtermineo by that of the geq~Ent:cl 

process, since the partner can do nothin<; w>Oer its partn!:£' has finio:hed. 

LB. :imp,IISKIP :,oJ<lP if.J'€A/,II£B. 
" 8 e 

we shall avoid a number of proble~s by stipulatinJ that all parallel 

combinEltions of sequential and nonsaquEntial proceso;es rllust ConForm 

to the alphabet constraint of L~. 

The lawS L1 to L3 may be used to prove the claim [flads in 5.1.X9 

that [oehav(Js like CT • This is done by shOWing that C satisfies tne 
a a 

set of guarded recursive equations useo to defir'E CT. The equation f Gr 

CT is the same as that for [ : 
a a
 

C (arourd ----7 e. I up ~~J _
 - ---ee-f- t:- - - ­
a o a 

-reI' '1 > 0, we '18ed to IJrove 

C == (up ~ [ 1 I down --'" C )n '1+ '"'_1 

Proof. LH'J POS;C _ def [ 
n 1 c 

(down ----7 :::.nr~ I up ~ ~LJ~"PLS) ;['1_1 def fJO'.:i 

(down ~ (.JKIP;L ,) I up --'" (i-'[:'"f'0' );C: ) L3
'1- '1-1 

(down ~ [['-1 Icp ----7 "Go; (r::,::,;[ )) L 1 , L= 
'1-1 

def(down ----7 C,,_l Iap ----7 I-'I'::'j':; ) 
c" 

,IHS De F C 
a 

Since L: obeys tra same set of £uClrced r;oc1...Jrsion GquaT;ions as I" T, they 

e.re the S'-cine. 
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Trois proof has been written out in full, in o.osI' to illustrate 

the use of the 18ulS, and also in OrdEOI' to alldY suspicion of circuLnity. 

'J,ih:::;t seerr,s llost suspicious is that tne proof cJoes "'ot use inductio["1 on n. 

In fact, any attempt to use induction on n will fail, because tr,e very 

definitior of eT contains the process CT + Fortunately, an appeal to 
n n 1 

t.he la~, of uniquE s~lutions is both si~:p18 end successful. 

In order to preSErve the validity Lf the law of unique solutions, it is 

necessary :0 state that 

SKIP is not Quarded 

~;W is guarded if Pis. 

5.3 TraCES 

The ~irst and only actior' of the process SKIP is successful 

terminatiJn 

traces (SKIP) t< >,<J>l 

To define sequential composition of processes, it is convenient first to 

define sEDuential compositlon of their individual traces. Ifsandt 

are trac~s and s does not contain ,,/ 

(s;t) == s 

(s".::/));t == s"'t 

(The ./ at the end of s acts as "glue" to Join sand t. I n the absence 

of glue, t falls off.) 

L1 traces(P;Q) == {s;t j s <:. traces(P)" t E t.races (Ii)} 

ThE uhole purpose of the ,/ symbol is that it should terminClte the 

trace in which it occurs 

s e:: treces (p) .\ S contains v ,/L~ :::::=::::? So 

To preSErve the valioity of this lqw, it is essentiql to impose the 

restriction mentioned in La: 

(p Il~) is valid only if 

co.;: ~ ""J .... ...p 

\I v "" , ... P ,"l '" ~ v >I .cP «D 
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5.4 Sequential ~Lograms 

In ~his section we ~~all introduce the most important aspects of 

conventionol sequential orograrnming, r,amely assignments, conjitior,c.ls, 

and loops. To si,npllfY "[he fo.nrula-cion of useful lauls, some unU5ua~ 

notations will be introducGd. 

The essential feature o~ conventional comput8r programming is 

assignment. If x is d progr-am variable 2nd e is an expression and ~ 3 

pr-ocess 

(x:o:oejP) 

is a process which behaves like p. EXCEpt that the initial value of x 

is definEd to be! the initial value of the expression 8. Assignment oy 

itself can be defined: 

(x:=e; = (X::=8;SKIP) 

3ingle assignment generalises easily to multiple assignment. let 

x stand for a list of distinct variables 

x == x ,x ' •••• x _o 1 n 1 

Let e stand for a list of expressions 

e 8
0

,B
1
····,en_1 • 

Provideo that the lenCjths of the two lists are the same 

x:=e 

assigns the initial valU8 of e. to xi' for all i. Note that all the e, 
are evaluated Defore ~ of the assignments are made. so that iF y 

occurs in the expression 9 

y:=f;z:=g 

is quite different from 

y,z:=f,g 

Let b be an expression that evaluates to a ~oolean truthvnlue 

(either true or false). If P and ~ are processes, 

tJ 4b *CJ (~ ~ 0 else r~) 

is a process w~ich behaves lika r if the initial value of b is true. 

or like Q if the initial value of b is false. The ~otation is novel, 
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cut less C-j.T.berSGT8 1;h::;~ the trcdi-;:.LnnC'll 

if b then P else J. 

~or similar reasQns, the traditional lO':Jp 

while b .2£. 

will be written 

b*,-, 

This mal ~e defined by recursior,: 

b*:l yX.(il;X) 1b *5KH-' 

Xl. ;1, process that behdves like CT, (1.1.<'.,X2) 

_,V~Euun~~ ~~ ~ ~n:=1 ;x)) 

ok = of 
{up ---7 (n:~fl+1 ;x) I down ---7 (n:=n-l ;X)) 

XL. A process that behaves like eTa 

n :=u ;X1 

.0. A plDcess th",t oehoves like POS (:;.1.X8) 

n:=1 ;(n > U)*(up ~ n:=n+1 

\ down --...:,. n:=n-l) 

Xl<. A pro[:;ess which divides a natural number x by a positive nUIf,lJer y, 

assigning the quotient to q ~nd the remainder to r 

I~UOT (q:=-x -:- y; r:=x-qxy) 

X5. r\ ;rocess with the SaMe effect as X4, L.lhich cO"lputes the quotie~t 

by fQpected subtrection: 

L~',L,:UCT = (q:=O;r:=x;«r ~ y).(q:==q+l;r:=r-y))) 

:;.5 La~'s 

Ir the loc.lo; for cssignment x ard y sta,d f:Jr lists elf disti~ct 

variabhs; 8, f(x). r(e) stdnd for lists or expressions, possibly con­

tuir,i,,; OCC,jrrenCI?S of variables in x or Ii ano f(e) con tains e 
i 

wllerever r(x) c:ontains Xi for all indic:[Cs i. 
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L13.	 (XO=,;PlII (x:=:e;(c::i .')) 

prou':ded	 that x r;;: var(r) - val(";) 

and val(e)"" VJr(C) ::= ~ 

f\rl immedbte consequence of this is 

(xo=,,") II (y'=f;C) (x,y:=:e,f;(pJ! LJ) 

provided	 :hat x ~ v6r(i-') - val(Q) - v.'ll(f) 

and y s: var(ll) -val(P) -val(e). 

This	 ShOU5 how the alphabet restriction rulQs ensure that assignmEnts 

within one component prucess of a concurrent pair cannot interflCre 

witll	 ass:;lnments l.,ithin the otrler. In an implementetion, 5equences of 

assignments may be carried out either together or in ary interleaving, 

WUJIOL,I.J	 raki~ny differ~nce to the E~terncilly obS!i'rveble acliur·s of 

the prOCEsS (except possibly to improve their timing - but we have 

chosen t,] ignore such details). 

r-inally, concurrent combination distributes through tice conditional: 

L14.	 P 11(11 tb i- n) = (pil ,1) «.0* (011") 

provided val{b) n var(r) =: • 

5.6	 5pHiFications 

A speci fic.:Ition of a sequential process must describe not only the 

tracES 0 tne events wr,ich occur, but also the relationS'1ip between 

these tr~cL's, the irlitial values of the program variables, and their 

final vilLues. To d"role the initial value of a program variable x, we 

simply use the variable name x by itself. To Denote the final value, ",'13 

Jdecorate the name with a superscript ,,/ • as in XV The valuE' of x 

is not cefined until the process is terminated, i.e., until the last event 

of the trace i5 ./ • 

Xi. A process which performs no action, but adds one to the vCllue of x, 

and ter-inatBs successfully with tt-'e value of y unch""';Jed: 

tr =: <. >	 V tr == <./> 1\ x./ == x-t-1 .... y,/= Y 



---------------

",
 
X2. P. pflJCt$5 wl",icr-, r-JErfof'Tls 3~ EVErt '-.''',05E syri,pol is the init:"-l 

value of t~e veri~tlE x, ard tnen tSrmin3tes swccessFully. leBvins ths 

findl vaiu85 01 x ~nD y urch2~~~G: 

tr '" ..::> rr .... /..) V (tr ~/...",~>,,\X./,,,,X "\yv=:y) 

X3. h process ~hich stor~'5 the ioentity of its first event as the 

fir,al 'Jalw!? of x: 

,*',tr ~ 2 1\ (,*tr :; ~(n '" «x/,';) /'.. y.,/'oo y») 

The correct ~urkin; of a process often depends on so~e preconoition 

S(x) on the lniti81 values of the pro~rdm variaoles x. This can be 

expressec by ~riting ~(x) ~s tne antecedEnt of tne specification. 

X~. H process u~ic~ divides a nonn8gHtlv~ x ~y d ilUGitive y, and 

assign" thn eJuotient to q 3nd tne remairot~r to r: 

UIV= y>O:::::;;;;;} 

(tr := <'> V (t r ",(/) J\ q./ 0: x';' Y " r'/ "" X-q,,/ )( Y /\ y../ := y !\ xv", x) 

Uitr,out t~e precondition. this specificotion w::Juld be impDs':iible to mEet 

in its full gen8r~lity. 

A5. Here are sorne more compllJX specificatiGr,s w11ich will t:E useD lat(~t 

, 
m'JLCGfl (tr == <.) v ("::r "" ~,/) 1\ roo (o"'-q) x y T r'" 

~ ,/ . 
I\r"'<y \:; 00 X 1\,,'" ==,,)) 

T(n) == r < n X y 

1111 variabll?s in tris sp.?!:ei~-<rre-Inf8nde-d-t~- denote natural 
-

--~mD8r5. 

than tne 

- - ­ - -

S8 subtraction 

first. 

is undefined if the sGcond operand ~s greater 

'ud, 

process 

sllo.ll nLllJ,' formuLJte thE laws 

~atisfies its specification. 

uhich 

let 

underlie 

Sex, tr. 

proofs that a 

xl) be a specificatior. 

In order to prove that -:''':11' s"ltisfies trlis specification. clearly the 

specification must be true Wh8~ the trace is empty; furthermore, it must 

be trut wi.en the trace J.S ./> and U",e final values of all variables x,/ 

ar~ equal to their initial valu8s. These t~o conditions are also 

5uffici2nt, 2S sta~cJ ir the rollowi~g lau. 

L'1. If ,,(x, .... :>, x ) 

and S(x,.(J >. x) 

then 5KIr' S3t S(x, tr, x/). 
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X6. ThE strongest specification sotisfL~o by ~~IP is
 

.Jf';:P ..§..~..~Jc;r .() V tr '" <:01~!\ x~= x)
A 

uhere x :s e lis: ~f all var~ablEs _n .\ ~rd x~ is a list of their 

ticked v~rienI.s. 

X7. 'Jk.:r'	 S,Jt (r L.. y "'9(T(n+1) ~LH','lli(lr)) 

(1)	 ~e~~;],c~n; tr by <. '> ..i.r t~e specifluti:Jr gives 

r <.. y I\. T(r,-t 1) .::=:';> <. ) == C> V .••..• 

(2)	 neplacing tr by <.v) dnd final values by initial volur,s gives 

r ~y 1\ T(n+l) ====9(<./-::'= <.> v«...f) <. ..... 
~ 

-::. !'o. x /\.y=y 

," (Cl-q)Xy+ I\. r < y)) 

80Tfi of Hi8seare te1'1!OUg--tclUtcrt-ogi~-

If e lS a list of exprrcssions, wa define ~ l' as d preL.1icato 

stat1nc; that the values pf all operands ::Jf f' an: ~'ithin the dom"lins 

of thRir operators. For example, in natural numbe. arithmetic 

~(X" y) y > O.
 

~(y+1, z-ty) true
 

~ (c - y) y ~ r 

It is a precondition of successful assignr;lPlt (x:=e) I.ld'C t.he expressiorls (e) 

or. the right hand side must bEe defined. In this c"lse, if fJ sat~sfi02S 

b speci'icdtion '-,(x)1(x:=ejf') satisfies the sane specif1cdti::ln, Ciftf:r it 

hds beBl modified to reflect the fact that the initi~l 'J'J~ue of x i5 e. 

L2. If p	 s",t '~(x) 

t',en (xo=c;O) ~ (~p ~ ,(e)) 

Tre la~ fpr simple Cl<;signmen;:: can DE dErived from I.'"'is ;'n replaci"9 1--' 

oy 'CiVIl, a"d '..Jsing XCi: 

L2' x :~e sat (~e J\ t.r -I- < ) ~ tr </) A x'
~ 

e /I x""
/ 

X· /\. •••• )c	 o 1 I 
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X8. Si<IP sat (tr Ie- _) =::;. tr == .;./) 1\ ~,,' c; '\:r 0/' r /\ y y .... x< x)­
(r::=x - 0 x YiCiVlP) Set (x ~ G l( Y "tr f-.( ) ===> 

tr == ..:-,'S .', '1/ == q f\. r V "" >( _~)( y 1\ y./:= y 1\) J ::= x) 

(r;: ==)( -:- y; r :=x - 0 :A. Y ) ~ (y > 0 /\ X ::;.. (x .:, y) x Y /\ tr -I .( > ===? 
tr ==<,,>'\c/:= x~y 11.:[ ../= 1(-0)( Y A y~,-:= y '""X V = x) 

The specificc.ticn on tre last line is e~uivalent to ~'I',.' uhier, was defined 

i r X~ • 

X9.	 iissume X sat (T(n) ====? UI'v'l8Cr) 

(r::=r-YiX) ~ (y ~r~(r-y.( n x y~(tr = <> 

va := .(/; A (r - y) := ••• ) ) ) 

(q:=q+1jr::=r-y;X) sat(y~r=9(r Z(n+l)"'y-=:?IJI'oo"c:Je',p'))
 

where 1J~\J'LU(jI-J' == (tr =<.)v(tr :=.:..0.-..(r-y):= (q~/-(q+1)))(.y + r"""
 

~./ ' 
I\ r o/'<"'y/\x =x/'-..y"'=y))
 

8y elementary algebr~ of naturJl numbers
 

y ~ r =9 (l.'lVI_uOP' == UIVLlJLJf.J)
 

(q:=Q+ Tjr:=r- YiX) sat (y ~ r ~ (T(n+1) =::::;. 0LVLUOP))
 

For general sequentictl composition, a much more complicated law is 

r<:'quired, in wrlich tho tracE'S of tre components are sequentially cornpoEed, 

Clnd the initial st-..te of tre SE'cond compon£'nt i,j identicOll to t~~ _(iCl~l 

Etate of the? first CO~~O_IJ!<J:I-.L.--1iOIoJC"Ci, tile \Jalucs or th·? \Jariables irl 

-nii~ int~at-;~-~~tR are not ubser\J3ble; only the existence of such 

valu~s is assured. 

L3.	 If P ~ S(x, tr, x"")
 

and i..I set T (x, tr, x../)
 

then (p;:~) set (3Y, s, t. tr = (Sjt)
 

/'\ S(x, y)
 

.... T (y, t, x/))
 

I~ this law l x is a list of all variables in the alphabet of rand 0; 

x/"is a list of their superscripted variants, and Y d list of the same 

nU~lber of fresh variables. 
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Tke !peci'i~2tion af a corcit~onal ~s ~~E sa~e cs ·ha~ Of t-~ fir: 

component if U'E condition is truE, and the sarne dS th=,:: of tr'f' seC::lnc; 

COr"loonert if fal~~e. 

L4.	 If I' sat S anei [j s"t T 

t'le" (~<:b >~) ~ (0,' ;" ·"'0 "T)
 

r<n alterrativ8 form of this loLL' is so',etimF<=' -,are COn'JfTlent
 

L4'	 If ~SBt (b~3) ar,d ~ (,o~5) 

+:her,	 (p t-b .}U) sat :'. 

X10.	 Let ~[Jr'J[I == (c:==q+1jr:=r-,;\) ~:"'r ~ y +S~<II-J 

and X ~ (T(n) ~DIULL[~)• 

.r.hEn i:.DlJ.I:.L.....s..t--i.I..(n+ 1 ~ ]l,-,,,JLo'U",O'ccC1)~' _ 

The tWG sufficient conditions for this conclusion have beun prou~d 

in X7 "nd XQ 

The proof of a loop uses the rlO'cursive definition given in 5.4 Clr.. d U',,, Idul 

for recursion (1.10.2 L6). IF:=: is trE intendeo specifica:ion 

of the bop, lue must fir,d a speciFication '-,en) such that :>(0) is 21ways 

true, sn: also 

(~c.	 ole)) ==? k. 

gener",: me:hoQ to constr:Jct ,,(n) i:; to ·-irc 2. precicate T(r:,x), uric'"' 

describes the conditions on the ir,itial 9tate x such that the loop is 

certair :c t~r'l'lnate ir lESS trar r, r-epe'::itl'Jrs. Trer define: 

;(c) (T(c,x) ~ R} 

~lcarly, ro loop CEn t~r~in~:E in less ~han nc rEpE:itiors~ so if 

T(n,x) is correctly definec T(U,x) must be fa15~, and S(~) must be true. 

Thf result o£ tne proof of the loop uill ~e \0 n. )(n), Le., 

~ c. (T(-"x) ~ -,I 

Since n is chosen as d variable Lrhicr C'Jes net occur in " this.!-8 

e:cuiv31nt to 

(3c. T(c,x)) =9 P. 



15. 

,'.JCJ stronger specification can poss:cbly be met, since ::l n.T(n,x) is the 

precor-;dition unDer l~hicn the loop ter'l'ine.tes l" saine finite numoer of 

iterCitions. 

- in6111", we must prove that the ~ody ,:;f the loop meets its 

spaciiic~tion. Since the recursive equation for a loop involves a 

ccr':it.ionc,l, this task splits L-:to two. Trouf;'; '-!.Ie derive the 9l,n8ra1 lClw: 

LS. : f ,T(C,X) 

and '-,I<:~' s<Jt (-, b ====!? (i(n,,'<) -===? r,)) 

ar:e sat (T(r.x) ==::::? 'r,) =? «I);'x) ~ (b ~ (T(n+1,>I) ~ R))). 

then (::,.Hj) S3t «( "3n.T("'x) ~ R) 

X'11. 1,'8 wisn to ~rove thi'lt tr.E progrdlT' for long dlvision by repeated 

suotractior (5.4.X5) meets it3 specification OIV. The task splits 

naLJrall)' in two. The sl~cond dna I'lore difficult port is to prove thac 

trE loop meets SOln!"' suitetly for'1',wlated specification, nemsly 

(r.? y) ... (q:::o:q+1;r:=r-y) sat (y > 0 ::::::::;":JIVLOOP) 

First wu need to formulate the condition unDer wnich the loop terminates 

in 183S than ,'1 iteration5. 

T(n) = r L.. n )'.. y 

here T(O) is obViously false; the clause 

"3n. T{n) 

~ eq\.!iU"rterit-t.~, 

y > 0 

which is the precondition under which the loop terminates. The remainin; steps of 

tho proof of tr'e loop heve <Jlread¥-beee tokBI"f 1Fi-­ >(7 - and XS The rest of 

the proaf is B sim~le exercise. 

~.7 Implementatior 

The initial ane fin3l st2tes of a sequential process can be 

reoreserted as 3 function ~hich maps each variable ndme onto its value. 

::; seq'._£,.ti2.l prucess is rj~fin8C a:: 'OJ fl.!nctior, which IilOlpS its lnitial 

state or-;to it3 subseauent beh~viour. Successful termination is representEG 

cy the atom "c,I_,r~c'S·_. ;C, prOCESS which is' n'ddy to terminate 'JJill accept 

this sym~ol, which it maps. not onto another process, b~t onto the final 

ststs sf lts uaria~les. 



16. 

The :Jroce"q --:~:r, tdk~s an initial st<lte as a para"'Et,:,r, accepts 

"SUCCES:, ciS its only action, eJnd delivers its initial state as its final 

state. 

51'.111 Ac. Ay. if" y f- "SUCCESS troen "RI.EEP else e 

~n assignment is <;imilar, eXcEpt that ltS final state is slightly 

changed. 

ass:~n(,(.e) A" '>.y. if y f- SUCl.::::':o ther "'~L[I ~J 

else update (s,x,e) 

Where update(s,,(,e) '>..y. i.f. " = X troen eval (e,s) 

ElsB s(y) 

and ev~~ (e.s) is the result of evaluating the 

_~.9n_~r, state ~_._ 

Here, for simplicity we have implemented only the single assignlnent. 

MultiplE assi~nmer,t is a little more complicated. 

To implEment sequential composition. it is necessary first to 

test wrether the first operand is successfully terminateo. If so, its 

final state is passed on to the second operend. If not, the first 

action is that of the first operand 

sequence (p;U) >- ,. 

if ~(s) ("5U~Cr5~) f- "BL~~P then 

iJ(r:(e)("SUL.CE5S)) 

else f.y. i!. p(s)(y) = "tJLl:CP tren "BLEEP 

els8 sequence (p(s)(y), J) 

Tre impll'rnentation of the conditional is as a conditional: 

conoition (F,b,~) "" \s.i!. eval(r,.s) U'en p{s) else [;(5) 

n-,e imp~ementation C)f the loop is left cs an exercise. 
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"_W~-:::~'{ ~~x 

~WWCI~'.=' 'ILS '_'- CL',"c 

6. i lrtrcduction 

l~ c!-af:)to.r Ci.5 we introcuceo tne C00cept of 2. sJ~:lrd':'nate proc~s5, 

'-"rose scll"' tasl-; is ,,0 rJ€et tre ~eEds 'J:" a sinr;le r,ain procees; af'd 

for 'Chis ue r"'.'o'l' ce~ireG -ehe notetion 

(."c'll C) 

:;U;:Jr;C:<E ro'.J t:ldt contains or consists cf two cOrcurrent processes 

(r 1Il:!), arC' both P ",nd Q r,-'quirG the services of the saine subordinat~ 

orccess (~:q). Unfortunately, it is not ;:Jossitle fJr rand 'J Doth to 

conrilL.;nica'Ce with (rn:"i) c>lo~s U"E' sa",8 crannels, because trese ch8nnels 

would h(),'E to te ir, 'thE alpnaoet of b'Jth :J ano (); end then the 

definiticn of 11 WOUld r'?~uire U',st cmlif,unications with (rn:F~) take 

place only when ~otr. [J 3no ci conl,-T'unicate the same 'T1eSsagE simult8neously 

'-lJrich is far from t~e requir'--'o effect. ,Jhat is needed is SOrle way of 

intc.r-le8ving the cO'Df;lunicCltions between P and (m:"!) uitto thOSE between 

Q snj (~:H). In this way (m:q) serves ClS a resource shared between ~ 

ana -.'; 8.-,C" of them uses it at a time \unen the othE'r is not. doing so. 

IL'hen the ioenti ty of all the shering processes is known in 

:idvarce, it is possible to arrange thet eac~ s",-~r-:.....u:tDC--e-S-6-t:ffl'e-s-a---- .. 

Different SEt af----eh3.nr1eT's to co~nunicatE witn the 5hared resource. 

This tec~niq~a was used ir the story Dr thE Cinin~ philosophers: each 

fork was shared an;ong twu nl?i;hboGring philosopners t 3nd tne footman 

was shared i;'.':",ong all five. :~nother example '.!!8S 4.5 X6, in which a buffer 

was shared Detween two procesS8-6, one of which used only the left 

cha'lr'el and trE' '":lU',er uSEe, only the right channeL 9L:t t;--,is method is 

not adequ3te for a subordinate process intsnded to serve the needs of 

a main procees which splits trlto an erbitrary number of concurrent 

sl.lc;JrocESSGS. This chapter introducE's techniques for Briaring a resource 

among "'any oroCesses. ever, when U"'.ir nUrJCier ano identities is r,ot :'-nown 

in Clcvancs. It i5 lllustr8teo ty e)(2rc,~les dr",I..'r fror;l the design of an 

opEratin~ syStem. 
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5.:L Si"n:lng sy interleavl.-,S 

The pr':,blerq cEscribed ire 5.1 aria8s from tne 1..'.5'0 of ~he 

ccr;-:::inEL:r t:J JEscrlce 'Lt"'E corc'_::'rs-C't bs .... ·'Jiour of p:r-OCE'o;SE5; 

and this problw'l can often be avoidod :Jy U5l-nJ instGad t"'EO inter­

leavinS '0["" of c:,rc.Jrrercj (; III ~). re, "'--: [-'",,"'e erE S~-E 

alphabet and thelr cc~,rrunications witt-' f~xt8rnCll (shared) proC8Eses 

arB art-ltrarily intc-rle3IJ(O'J. uf cou:'se, tris '.. ro-i;;;lc:::o ~;irect 

co",munlc3tion bet-lJ8ell P :one:~; but indirect c(;Jl,llur-.ication can be re­

established '[I,roush the %rvices of a snared subordinate orOCES" 'Jf 

appropr~~:;8 c8sL;n. 

X1S"cred Subrou'Clne 

dceb:DGlIBlll! (c III ,) 
ht'ire, trrJth p------a-nct~y___e_<.Jfltl':t±-fl c~ ~r-:E.-.S1.l.D.=.oi..ndliL.P_rOC8~_~ _ 

(d:u;::.l"JUv; doub.ri:;ht'i;.:) 

Even trJugh these pairs cJf communications from P and L; are Eirbitr"rily 

interle6'J8d, there ~s no danger th3t one of the processes will 

accidEr.-.allv ot'T-ain an answer which should have been received '::Jy the 

other. To EnSUre this, all subprocesEes Q~ the main proc~s5 must 

obserVE c strict alternction of COf]1rcunicatians or the' :!eft crCinnECl 

LJlith cc~munications on the right channel of the sharec subordinate 

proceSE. For this rEason, it seE~S wort1lw:-ile to introcuclO " 

speciaEsed notation, WhOSE exclusive use will guar'3ntee obsl'rvar>ce 

of the requirEd '::JisciplinOJ. I suggest c; nato:tlan r~min1.scerr::. of a 

traditlJnal procedur~ call ir a high level languege, except that the 

value parameters are prECEded Ly : and the result paranEters oy 7, 

trus 

d'JcJblx?y =. 

(aouc.lea:x; c:ow~.ri;)~t?y) 

x2 ~rec ceta structure 

In an airline Flight reservation system, bookingE dre :-,.lde ty 

rcany r~serv~tion clerks, uhosE sctl.OnE ,:;rC' ~ntrJ:'leal!sc. l.ac­

reservati~n adds a passenger to the fliQht li~t. and rpturnE an 

indicatiOn w~atr"er tr',at uasser,gEr wdsOllrL~O! bOOKeG or not. or 

t-'is Oler"inpli~ied eXC!"l:ole, the SGt l~ple~~rted if' "'.=: X8 will El'ru''O 

as a 3harsG 5vbor-dinate iJrocess, narced by t'r,E fligrt nur",ber: 

-[1",," J ( .... (eLee1 III :CLC,. III .... ) ... ) 
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each CLERK books a p~sscn9~r by the call 

;,r:;1 O']! pass no?x 

whicM st~nds For
 

(~C109.18ft~ pass no ; PG109.ri~ht?x)
 

In the~e two examples, each occasi::m af USE' Qf the shared 

r~sourc€ involves exactly two cocnunications. one to send the 

paramgtt!rs and thE.' other to r8ceiv8 the results; after eacl"> pair 

of Co~(-,unications, the suboroinate process rgturns to a stab; in 

w~ich i':. is rsaey to serve another process, or ths safTl8 one again. 

3ut frequently we wiSh to enS'...IrE' that a whole series of CO"1rnunicaticrs 

take ~lace between two processEs, witnouc danger o~ interference ty 

a third process. For example, a single expensive output oevice ",ay 

haVE to bEl shared among many concurrent processes. un eacl"-, occasion 

of use, a number of linES constituting a filE fTlust De output 

consecutivEly, uithout any danger of interleaving of lines SGr,t oy 

;:mother process. For this purpose, troe output of 58ch file :nust ce 

preCEded by an "acquire" uroicro obtains exclusive use of the resource; 

and on completion, the resourC5 must be maoa available again by a 

"release". 

X3 Shared line printl'r 

LP ~ acquire ~
 

).Jf,. (left?l ~ hD ~ X
 

I relea:;;e ~ ~l
 
.----- ­

--HEra, h is tn8 channel wr,icr, conr.ects LP to the hardware of the lin!? 

printer. After acquisition, tr".:; process U' copies successive lin8s 

frorr its left cr-annEd to its r,ardware. until a rel8ase signal riOturns 

it to its ori:;in51 StB1:8, in wrlicrl it is availabl~ for USE> by other 

processes. TMis process is used as a 5hareo r8sourCE 

lp,LP II ... (p III u) 

Inside P or D, trle output of trle sl,ries of lines constituting a file 

is bracketed by an "lp.acq..Jire" ano "Ip.release": 

lp.acquire ~ ••• lp.leftl"".JC'I'Jt.::j" •••
 

Ip.leftlnextlin€ ----3> ••• Ip.release
 



1.4 ;:;n ilprove~lent on X3 

,_'re- a line printEr is ~harso t:etweEn na"y 'JSEr", thE conttnt 

OC eaen F:le ~ill ~e -En~al~y ~~perateo sfter Dut~u~ frc- :~e 

previous and tne following filss. For this purpose. ttl~ pr~nting 

paper is usually divideo into pagEs, \JI"ioh are separated by 

perfor2tiJns; anc: trE har(jware cf' ::-re :lrin:",r 2'~lo~<; "n 8:Jsr2L:c-On 

"throw", which f:'oves the p,:;pEr r2pidly to tr,e E'md of trc current 

page - or ;:;etter t to the next outward-facing folrJ in thE papl2r 

stack. assist In SEparation of out;:>ut, flIes shculw :ll:gin 'oinC 

end On p~ge woundaries, anc a oonpI."trl rou of aster-isvs should be 

printeo at the end wf the last page of th8 file, arle at the beginning 

of the f:::st pc;ie. T-::J prevc:nt conFusion, ro wor.plete lins of 

asteri3ks is plermitted to oe printed i;l t.ilE l7icdle of i=l file: 

-~p ::.: \FiTtnrow----==?r1"'TasteL'Ts1<:s·~~)----

acquire --7 ~:~ster~~~s ~ 

fJX.(left71 ~ if 1 F "'sterisxs	 then (h!} ~ X) 

else X 

IrelEas<o -7L!=-') 

Thi" ver"ion of LP ~s userJ In exactly the safne way as tre prev2-Cus One. 



ins use of tn8 si,~nals "3cc'..;.1r8" ·:l'C ":':'o.le33E" r:;ri·ver,: 

ar::::'itrary lntl-rll?3ving of' lines fr:;~ c'istirc;:. filEs, ~'~;:'--'CJut 

intruducln::J tre d,"r,gEr 0" :::Ecc,:;lcck. ~ut if mwre t",,,.'l onE resourCL 

is to ~E s~ared in thi5 fasnio~. ~~e risk of de~~lock C2rr~t te 

i;r-Grt.c. 

;<5 I-cE2dlDC!-, 

;:ir'n ",nd "16:;'y are ;;G:Jc ~.,-/. iFlpECLH'.i.Ol<-G cooks; I;h,,/ ~hare 2. 

po~.:"Jrc'. 2- j.J2n, 'Jhicr, tre-, .:::cquir8, LJSl Clnd ,";18a8[; as '::hej n",ej :1-,0:;::,. 

L"':. "'::IL =:: (c.l:;<::juirE ----? use ------} USiO ~ ••• ----?' rel"':c'se ~ :JT::: ',IL) 

C':Jt:'_'T~'::,lL// p"n:',J1,c','JIL// (""I'J 1lI"'Hi;Y) 

'-:nn cDoks in aCCOl'd",nce uitr, 2 l'E:cipr. u!r,ich reqU-ll'ES cl Dot first 

ar~ then a p~n, uhere2s ~~ry needs d pan firs~, t~E~ 3 Dot 

,jr',lr',1 fJO+'. acquiri?; pan.ocqLiire; 

~lClP Y pan.aC~i...ile; pct."cqL,il'2; 

Ur.-fort'Jn"tely, f:;hl'y' cscide to ~fSpal'e a mc",l at aoout the 98m2 ti"le. 

each of t~,,~ acquires her First utEnsil; but w~en she nEeds hsr 

sEcond utEcr,sil, she Finds she cannot h8ve it, bec~v", 1t is being USGG 

QY the o'ther. 

;[--8 story of HnOi ano ',ary Ccln be vis'J"li"ej oro c tL.o-ji"iGnsiOnal 

plot, u.'h"re tre life of "r'n is jlsplayed Glang tne vc,rtical exis, ar,d 

I-"al'y's liF'-, on the horizontel. T~5 systEm ",!ado l e t:rmcomlerf 

___ han-d cOthel', et the beginnin; :J" :::'OU'l their lives. leach -cilnE' iJrn 

~"rf':Jr'~s an o;ction, the sys~('rn II'OVl'S 'Jne steu up'..Jerd. !.-aCr ti -,5 -'''ary 

p5rfor~s an action, the systpw ~OVE.:S une st~p ri9ht. T~E tro~ec:ory 

shown on tr.E ,~rap~ shows a typic21 int'2l'leavinr;, Cif ,.r,r, anD I"ary's 

actions. !- ol'tunatall" thi~ trajectory rF-Clches the cop l'ight hand 

corner of ttot3. ;rslJh when, both cooks are enjoyihg their ~e·aL 

tlU~ this haopy out con' is ,,:;" cEl't2-in. D'2ceU58 tr,ey Cannot 

si~':.11t",ne0tJsly us,:,:, a sh:Jred u'::8rc.3i1, tr.ere ars c<ort'3in l'ect2ngu12r 

r;;~io~s lr ~ .... , S':.2ttE space t'lrougr. wr,ich the tr2:ectory c2r'not :Jass. 

,-::;;: ,~xa--;-,ple ':-r the re~ion h"tcheo ~ totr c~oks ~ould b~ using 

~he p"n, ,,['c U-,is is not oossi~l!O. Si,11<,::ly, exclusior on thE USl' 

of tns pot ofohitlits entry in':.:: t~E n,;;ion ~atch!;;o ~ Thus if 

tMe tr~j8ctory rf2c~es tne edge of onw of L~ese fOl'bioden regions, 
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it can only follow the edge uplJ.raro (for a vSr'tical edge) or­

rig~tu&rc [for d norizontal ecgf). _~ring :~i3 p2~iod, ~ne of t~e 

COOkS is '_'3itin;J For releasp. of :J utensil by the other. 

oNow cJnsi~er t~e zone marked uith dots. If 8V!c[ th8 trajectory 

entE'rs thlS zor,s. i: will inevitably end in deadlock a1: the tap 

ri~rt har: corner of [he zon~. T~E purpOSE of t~8 picture is to 

show that the dangco[ of dec"dlocK arises solely as a [lOsult of a [8­

ertrancy cf the forbidden I'8gicn which faces towards the origin ­

otr,er rae-tr3'lcies ErE ~L..;ite se:Fe. Tre picture also sro'.JJs that :he 

~ sure wa.y of preventin<; deadlock is to·-exten"d the forbldden 

region to cover 'the d8r;J8r zone, Gnd so remove the reentrancy. ~ne 

technique would be to introducE' er. additional resource (say tt-'e stove), 

which rnus: bE' acauired before either utensil, c;nd nust not be 

r~ :Jnt-±i ~---tff-e-fl8il", h] '9 neED releASee Iris solu~ion is 

similar to the one imposed by the fDotman in the story of the dining 

philosoprers (2.5.3). An easier solution is to insist that any cook 

who is ;):ing to wart both utensils ~.ust 2cquin: tre par first 

(example due to l.W. Qi]kstra). 

eat 

s9rve 

pan.release 

pan,use 

pot .release 

par"USA 

pan.acOLirA 

pOt,USA 

po~.acc~irA-1 

mix 

pee 1 

::.r.1 

['I;.F<. y 
pcin. pot. pot. Dan. 80t 

2Cql;i:rfO ",c:::,Jlre ::el~c:"~ rel"c;~e 
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H'= ~olution of r-hl:' prl1ViOU5 Example generalisEs to any nwmOEt 

of wsets 2lnc ",ny nU~lber of res'Jurc""~. Prcvlo€'d tr,tt8 ie a fixed 

orDEr in wllich all users 2cq'JirC' ':.he resc'urces tney want, t'1ete is 

no risk of d~adlock. User~ snould t818~s8 th8ir rEsources as soon 

as tTiey raVE finished witr, them; the orcer of [",lease Does not 

:nat;:.et. Users mo.!' even ac·:;uire resourc~s Qut of orDer, provided th"t 

at time of acquisi tior: they ha,le already released all resources whlc" 

are latEr in the standord or08r1r,g. []8SeI"JanCE of this discipline of 

resource acquisition and release can often De checked by a visual 

scan of the text of the USEI' processes. 

To formulate the relevant theDre~ mDr~ accurately, we let 

3. stand for the acquisitioi, of tl,e resource with rank J 
J
 

in the standard oroering
 

stand For release of this resource.'j 

Clearly, each resouroe rnust be acql..,ired and releas8d in alternation 

i,LT[RNATIO~J VJo 0 ~tr.aj- cr.r. ,; 1 • 
j 

iurthermore a re&ource may be acquired only if it is ranked higher 

U',ar, any resource cun:ently acquired but not yet released: 

f)r\uEREO = Vi t, a i ====;>c 

i > max {j I h' .3. - 41~---+---- -­

~ user process ~ust satisfy both these speciFioations: 

U5E\ ~ ;"l TE~NATIGN 1\ fJRDEH[U 

The betoaviour of each resourcs-f"or-arl-i ~ n is a strict altErnation 

of acquisition ana release, so their cor current oomposition may oe 

specified: 

RESGUFICES sat AL E:lr,F,TlcrJ 

ThE system as a whole is defiMed 

SYSTEi', RESCiURCt::;, 11 ilLL'-'S'::".:; 

w:,ere riLLU5L:RS (USC"o Illsco 1 III ···111 u:3L::1 )
c 
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[ i _~r:T t-e con:::1::..:'-:: c=fir!:c a:::ove, i'" fo~ 3.11 (-::::-: r I~ ~.c,-

never 5 tC';J 5 , -.:hen ,'l,"itr:er c::oes ths syst~rTI. 

5.3 --:rc~E'G stora:;~ 

; .'lEO pwrpose of' thiOo Sl=c[i:Jr i= c::: ",r(jus "'c:Jc::'r1st t~e .JSE of 

srldred storags; the s8cotion ~lay b8 orcitted. 

,nE 8&i'avicwr of cystE:rs o~ co"c...Jrn:::"·t orc:CESSES CiJ; re8.:::il, be 

irnplsn&l':co'Jn a sin",18 c;:Jnvr'ntional S1".:O[,-,O ~ro;rar, COrTlputer, OJ ,"'1 

tet:::hi1iqlJC known as timesharing, by which a single procE<s.sor eX8cutes 

each of the proca"o;r:s in "lternatior, wi:h procesc; change or occurrence 

of intsr~upc; (r:;,- Jr 8xc;C'rn21 CE:vics or 8. rlO~ul<:r :illE:~. In ::C)i~ 

irnplerncrr>Jtior, it is vEry 82Sy to allow the conCLJrrr'nt procesS,:3 t;~ 

shar£e locdtioil9 of cOrP;]lon storag8, wi-'ich Clre acce"s12d and 85sit;:ned 

sir pI, to' neens of tne uSLJal m,JChine instrt.;ctions-----;;;ithin the ccde--------­

for e,JC~ of the ,-JrociC900es. 

A l']cation of sr.6red storage can be 1110do211ed in OLJr theory as 

a shared \ldJ:"iac;1E l'<.2.X.7) 'Jitr tre appropriate c,ymbolic n",nlE' 

(couilt:UA~ II (countlO ~ (~I 1J! IJ))) 

Shdrec stordge must be cleerly c:istingLJished fro-, the local stor.';lge 

desc;riOr;j in 5.L... lr-.~ s::':-~lici'.;y of t~,e laws ""::r rCE~oning about 

sequential proc8ssE5 ':Jl!(ives solely from thE fact that each varia:.1<, 

is ul-lda ~-,d by at '"lOst one process; ar,d these laeJ5 rjc not dedI with 

the rPail' dangers thiot dr1St. Fro;:, arbitrt,r, cn-:::Erleavl~g of Ejs~ignnerts 

from di'fer<"t; prOCeS~,E:s. 

Th9s,-, dangl!rs orR most cle,orly illu;;tratEd t,,! ti"(] f'ollowinlj 

e;o;drr·pll'. 

/..1 1'cl'rfE'J:'ence 

T~E ~harEd v~rlab18 "ccwnt" is uSEd to k~ep d CGunt of the 

::otEI n.r:~C5r 0:' :JCCL'rr'?iIC'_S sorcE: i~:Jort,', E\,'Ent. Lr' eacr, 

Dccurrp·clC ~r tre eVEiJt 1 tr'E [()lE:v~rt procE~::: r:- or ,~ 3t<:empts tv 

update ::hl' count b'l the pair 0' communic~tions 

cOJnt.ri;bt? ... ; cOLJnt.left:( ... + 1) 
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unf~rt~na~ely. these t~o CO~~~~lc2ticns ~af De intlrleavea oy a 

sir'li101' fJe.ir '); c.o,-'-~',""ic'=tions from In" othp.I' process, r~s.jltir'g 

in the seC;..JE2I'C€: 

CDunt.rig"'t?x ; c:::;'_nt.ri~ht"y ; 

COLc~,t.h:ft!Ci-+~) ; coun'Lleft!(x+1) 

~s a corse~~erce. th~ value of ~he count is inc~~~entsa ~nll oy 

~na inStEaO of t~o. r~is ki~d oP error lS kncwn a5 interference, 

and it is ,,- 8c":i/ -;:istci~b ir' tne 088ig,'1 of DrLIC-?S5,',," uhier: st"'are 

cun~or sturage. lurtnal', tre actual occurrence of the Fault is 

nigrly rlun-diOt':I''T'inistic; it is not reliaoly I'eproducibh,. a,,'~ so 

it 10, clr;wst ililpos9i~le to diagnosE thO' error ~y con'JentiDnal 

tusting techniques. :IS a :r8sul+:, ther!:' ere sevEral operatir'g 

3yste:'s in cI:;"','.o,'1 ,-sro, which regulerly pracuee .,lightly inaccurate 

sum'T'c;riEs, s"Ca"Cistic=", anc accounts. 

:JDssible s':Jlut2-on '::0 tr,is proble,Tr is to muke sun, thct r,o 

changE erf proces~ telkes pLacE dUl'ing a sequence 0;' actions which 

!'lust b2 protect8d fl'om irterleClllin9' Such a aeque"ce is kno'JJn as a 

critical region. [In an implEiTlentation by a single prOCEssor, the 

r~q~ired exclusioG is ort8~ GchievRd wy inhioiting all intel'rupts 

for tt"'e duraL_on of tho; critical region. This s'Jlution has an 

urdesiraole effect in delaying responsE' to interrupts; and worse, it 

fails cD~pletely es soon ~s cl secono orocessing unit i., added ~o the 

computer. 

:" ~8tter solution wo.';, su~gested by l.'ul. fJijio..stra in his 

introouction of the binsr" exclusion semaphol'e. I; s'3C'1,>phore may be 

cescribed as a pl'DCeSS ~~ic~ engages 21ter~2tEly ~n actions named 

f.-" sl'd 'J. 

SE~l (r ~ V ----7 J~ 

Tt"'~s is declareo d5 a o;hal'ec resource 

(ri'utllX: Se::,-// ••• ) 

e::aCh proces~, on en~rv i~to Q cri~icell re91ol', ~u~t send tre si9na1 

-"..:~e" .,' 

2-"j WI, EA.:Lt ;'roln "Cn8 critical re';,::":w ,?lust enr;age i,n the event 

,-;-U1:>")( .l,' 
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Thus, the ::ritical I'E;ion in whict-- t,E C:Junt is incrE~EntEd will appear: 

mutex.P ; 

count. right?:.. count.left:(J<+ I) 

mutex. \} 

rrovided ~hat all processEs observ",- tr-is discipline, it is impDssiClle 

for two proc8sses to interf~re with e~ch other's updating of the 

Count. ~_t if any procEss onits c.. ~' ,,[' a V, or gets lrc:m ~n the wrong 

order. the effect will be chaotic, and will risk a disastrous or 

(p2rhaps ~orse) a subtle error. 

'1 m,-cr more robust way to prevent interference is bUlld the 

required protection into the very design of lr,e shc.rE'd storage, taking 

advantagE of knouledge of the intended patterr of usage. ,-or 

example, if a ~a6Te-i5 r:oDe------useo 0I11} i Of couiiLiilg, tl e~ 

op3ratior i;.'r'olC!; incre'Tlents it should be a single atomiC' operatiol' 

count.up 

and the ohared resource should be designl3d like [T (1.1.~ X2) 
o 

oooot'CToll(••• pIli q .••) 

In fact :,ere are good reasons for recom""encing that each shared 

resource be specially dEsigned for its purpose, and that pure storage 

should nE\ler be arared ir. tre ciesign CJf 2 syst:c:n using concurrency. 

This not only avoids the gra'Je dangers of accidental int"'rferEnce; 

it also ~roouces 3 dEsign that car: :JE i(;",pIE~er,tEo readily on net:works 

of distributed processing elel'lents as well as single-processor and 

multipro:essor computers witrl pr.ysically shared store. 

6.4 l'1ultlple rE'SDUrCes 

In t'""'e prEvious secti::", ~e oEserieee nCLL a rumber of concurrent 

processes with different beh8viour could sharE a sin':;Jle subordinate 

process. [dch sharing process ooserVES a cisci~lire of alternating 

output <ind input, cr alternating acouire and release s1gn218,. to ensure 

that at cr;y given tir:le the resourCE is used oy at ",ost one of O"E 

potE,'lti.=.~ly sharing processes. Such resources are known ciS "SErially 

cEusaclE". In this section we introauce arrays of processes to 
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I'epreser,t ~ultiple resources with identlcal behi:!viouI'; and indices 

in 'th8 array enSuI'8 that each elemert corc,",unicates safely ",'ith th~ 

proces'S that h2S acquired it. 

Xl Reentrant 3ubroutin8 

A shdred subroutine that is serially reusable can be used by 

0f11y onE Callin:;! process at a time. If tre execution of the subroutine 

requires a con'SideraDle calculation, th2r£; could be correspondi"g 

delays to the calling proc82ses. If several processors are availab~e 

to per-forn the calculatlons, there is gOOd reason to ellow several 

instances of the subroutine to proceed concurrently on different 

processors. (\ g'..Jbroutine capable of sevEnal concurrent instances 

is known as "re-entrant" 

daub: (il! 27( i :u,JUBL[ )) II 

A typical call of this subroutine could be 

doub.J.left!JO; doub.J.right?y 

The use of the index 3 ensures that the result of the call is 

obtained from the 82me instanco of doub to Which the argu~lents 

were sent, even though some other concurrent process rrd3Y at the same 

time call another instance of the array, resulting in an int0rleaving 

of the messages: 

doub.3.1eft.JO t •• doub.2.leFt.20, •• 

" ~S-;rtgfiE:-6---O;---.• doub.2.riQht.4iJ, •• 

wren a process calls a re~ntrant subroutine, it really dOBS not 

matter which elemer'lt of thE: array responds to the call; anyone 

that happens to be frea will be squall¥- gooEl-. So l'atner than 

specifying a particular index 2 or 3, a callin~ process should leave 

the selection 2rbitrary, by using the construct 

.0 r (doub.i.left!30; doub.i.right?y) 
l~U 

1r,1s still observes the eSSE'nti",l disciplJnE tnat the sal'le index is 

used for serding the arguments and receiving trE' result. 

In tre eXdmpl€ shOlJr'l aoove, t~ere is an ;:;rt'itrary limit of 

te,Jsnty S8";o,r, simultar'l8ous activ",tior,s of t"e sutrDutine. Since it is 
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~'OiI'ly e",. t'.:; ,,:rd~;'" tr",t '" ~i,S.l(' pu::cC"SlJr c",- di'Jice lts 

att"",tion rioJr,s cO -;-,'.Jcr l"rSer r,u:-,cer of" >=:rocs::;:c;r~s. It is nJrE e18gant 

-:0 :VOlC 3~cr arbitrer_, liclits. "';,C c> eler'~' ,,- ~.!-nit8 3I'ray of" 

CU,CLI'rer: JrQCeS~DS 

. I II . i,. )juub. \:. >.: ~ 

~'herC' ~ CJ, no'~' t'l? oEsir;neo to s!:'rve ui-,ly a single call ano thEn s'top: 

lefUx ----7' rigrtl(x-t- x) ----7' ,,~r:: 

subrOU:lne '.Jit~, no bound or. its F·~ntr~!ncy is kr,o,.w a~ ,1 r,rOCECUre. 

Trle ~ntentllm in using a I-Jrocedure i5 t"'l1"t U',I:! effsct 0 r E;,ch call 

.0 (duu:J.i.lef"tlx; aoub.l.rit;--:?y) 
qo 

~'='~ i::'~d.-l~~ CD _jE8F8iR-<S cr"cp"s L~~ _ 

riCjht next to the call: 

(dcuc: : II (.~:Juc.lE:'"t~;<; cuu:.ric;~t'?i)) 

Tnis latt~r is known as 0 "loc 11" ~r0csdure call, since i: Illodeis 

Exeeutior of trle proct>o'.JI'F. 0'"1 the Sdme processor "'s -er,E eallir-g process; 

wheI'eas ':le call uf" a shar~d proceduI'lc is knoLJ.w 3S a "remot~" cCill, 

si,c::o il ~,oc;"-ls ('xtec_:i:Jn o" ssparat= ~:::osl~ly c~ste,': ~rocessor. 

Sincrc tr,P. ",Ffeet of rerrote Cind locdl calls is intendEd to be thE' same, 

'the I'EaS;-S f::JI' _,sire: :hE I'",,,ot,, call C2-, orly be ~olitic;;l or eco~Clmic 

- ".g., :J kefop 'the £001-' of" th" proc",dure SEerel, Dr to run ir on 2 

'",chine _'ith spRcial f"acilitle~, uhier, arp too EX:Jc:,s':'Je to prcvid= Dr. 

~re nach:nes en whicn u~in£ processes run. 

-,:lic,,::' Ex,,-;:::!.e cf a, O'xpen":lv", f~c':'lit/ i~ 0 :-i~r-volu.;,'2 

oacking store, such as c:; disc or ~,-,LJu18 mi.-IIlor;.'. 

/,2 ::ihawd oc,cking stor2ge 

s:or2O;"'" neci..jn i3 sc:lit i~,tc sect]:",;; I~hic" c"r ::9 re",c end 

'oJrit:cn lnd::opencently. [0ch 3· ct~r e.-,n stor,' unE :l'Jc:k C;" inf::nrr5tion 

c,:hie", it inputs 0'""1 t",e 19ft ar,:::; ou:puts ::n :-,e r·i',h';. Urfortunatl?ly 

-:::r-;- stc,r,c::I€ ~eoium is ':'1pl::oc",rc=.::; ir s :"c~:lJl'J;': ~i::~ :J~struc':iv8 

redo-out, so that 8,::C;l block wI'itten car O~ rEad o"ly o',ce. Tnu8 

'0 :O:C- S=C:~I' ~e~=v~s ~~~~ _l~( ra~~E~ '_ -= 1· st:lre ':'s 3-' 
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array of such sectors, inoe'Eo ~y numbers le~s t~~~ ~. 

8:' T ':',/, i~n i:~ -"'f 

Tnis S-eOIL, i'3 in-c,'nd"d for UC'" =5 '" "u::c:,~ir'd.~E proC;ESS 

(oack:b:;Tui1[ II ... ) 

,,,ir;nin ir;s scope, Lh,~ storE ,n< t>_-_sed: 

cac",.i.leFtlol ••• tJ'~Jok.i.ri;r,t?y 

ThE lJaokin~ store "','3/ Elsa De shar,=,o :y conc...:rr'=cr,t prGCl'ss"s. In 

this cas", -ene action 

n b2ck.i...lefn;::}
 
i< 5
 

will ~i~ultan~ously acouire 2n =r~itrary frEE ~Ector w~-eh numoer i, 

ard write the value of ~l into it. ~imilarly, b,·ck.i.right?x will 

si~,ult",nEou::;ly read the cont'?nt uf s('cLJr i lnto x ;:Jr'S rElease this 

sector for use on another occEsio". v'e.r:y ;.;ossibly =y ~nother praces~. 

XJ T~o lins pI'i~tErs 

Tuo i::krtic'J-l linE ~I'i"t>.=rs arE available to 'S"I've thE r8E'CS 

of a collfoction of l.Jsi[l~ prccF.os'Ses. ThEy l~rjth need <:he kin.-::.,r 

plott,ctian froln int(~rl>O"".Iing :hdt U3S ~rC\!iGEC by '_f (".i.XL,). 'J'e 

tnel:.efore oeclelre i-l[l erray ::Jf :wc irl'3t0nces Gf I f='~cJ:L..o.f-----\II-h±-ef'"1" 

ind.exe d P) 6~-ara"l-n~",r in,]icd-eing its p::J<Oltior il' U-,<o 2nay 

LP2 (U:lf-l II 1:Ln. 

This array ~ay itself t2 giJP~ 6 n3m~ ~or use aa sndrec resource 

(lp;lP211 ..• ) 

L<ocr ins'tance of U:J i~' r;ow ~T,=fixed t'_ic;, ':.:.; '" n2-,E :,no ty c~n inDex; 

rhus commul':Cdticns '..Ji::h ti L;3ir,g rrocec~s caKE -ehp for'll: 

lCI.O.iJcouire, Ip. '.!..e7't." ••• ", 

nS in 'tre coss of d oroc~cur~, uh~r ~ ~rGCC~5 neeDs to acouire 

one of dn eJrr2-/ of id'?r:ic~l .:-",s;::urcEs, ic I'f?Cllly C'-:;,n"Ot IT'ctt"'r lc,hicr 

Eo!Oo:-:ert of tl-e at:L,,' is SF.oIEc:~a un CJ ;jiver ccc",,,io.". Qc.y Ell,"-",r,: 
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which is TE3dy to ~espond to th~ "acqui~8" signal will be acceptable. 

A g~neral choice construction uill md~E the requ~rBc arbitra~y choice: 

o (lJ.i.acquLre ~ •• , Ip.i.ieftll .. 0' Ip.Lrelease) 
i ~C 

Here, the ~~itic;l l,:l.i.acqvire l:J:"ll acr;uire urichever of' the two LP
 

processes 1S rea.dy for this event. If neither 1S ready, the acquiring
 

process ,",ill w3itj if both are reaoy, the croice between them is
 

r-on-deterrinlstic•.::;ftsr It-'8 initi"'l acquisition, the bound variable
 

takes as its \/alue the ind8x of the selected resource, and ell
 

subsequent communications will be correctly ;Jlrecteo to th;:;t safl8
 

resource.
 

When 2. shared resource has beEcn acquirec for tem,:Jorary use within 

------another pT::n:;-s-s-S, tl c resouFcE-----is- .i.A-t-6ACe-d-....t.J:::L...b.!ili.a.l.LB~~--ly like_a _ 

locally decL;;red subordinate process, communicating only with its 

usin£; sub~~ocess. Let uS tr>erefore adapt the fallillar notation for 

subordination, and write 

(myfile::lpl! ••• myfile.lefUx ••• ) 

instead o~ the much mllre cumbersome corlstruction: 

o (lp.i.acquire ~ ... lp.i.left!x ... ; Ip.i.rE'lease) 
i ~O 

Here, the local name "myfile" has oeen introduced to stand for the
 

indexed n~me "lp.i", and the technicalities of acquisition and
 

release h2ve been conveniently suppressed. The netu :: notation is
 

called "remote suboroination"; it is distinquishec fror:l the fanclilar
 

notation if' that it takes a process ~ on its right, irl,:,tead of a
 

process. 

X" Two DUtput files 

iJ using process requlres simultaneous use of tl:JO lin<.c prirlters
 

to output two files, f1 and f2
 

f1: :lp II f2: :lp// ••• fl.left!11 ;f2.leftH2 

here, th~ using process interleaves output of lines to the two
 

differen: files; but each line is prin':.ed on 'Chs =.pprocriat8 printiO.i'.
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Lif course, deadlock uill be th" clrtaln result of ~ny atte;npt to 

Declare tr,ree print<~rs simul'taneously; it is ",Iso a likE:ly rESUlT. 

of declering two orinters simul tan'?O'Jsly in G~ch of two concurrent 

procasses. 

Fornal oefinitJ.on of the neu o;;'Er",tcr 

(","// C~) 

must ersurco U',:ot whichaver actual resourCE: is acq,Jirec, thet 

part::-cular resource will not be usee ai;air within its SCGpE P. 

Le! J be the identity of the selected resourCE. First "8 d€fine r'j 

as behaVing likE P, Except that it is not allow<:'d to CCHTlmunicete 

uith I'].j: 

traces(P'.) ft'l t, < PAt, 'f'13Y0 = mojoY)} = o}
J 

,Jow IlJe can safely replace eomrnunications t;etween P'j end the process 

named n by communications with the real resource m.j: 

1
P", "" f- (P') 

J 

where f(lp.j.x) == n.x 

fey) Y if Y does n'J~ begin 

with lp.j. 

It remains only to insert thE roeeSSdl) dCqUIre and releasE signals, 

anrj allo\:.J j to re"-'ge over '-311 natural numbers 

(c"m II pi o (rr;.j.acquire ~ pOl ,or. j. rele'-3sE') 
J 

J~O 

This is 8 rath8r e13borate oF.finitionj but one should ~ot be 

surprisej. The oefinition giues ~ ~~econistie model of how global 

resources can be s<::fely shErej a;;,or:g many processes, wit" e 

gU'-3rantee th'-3t e2C~ instance is wholly protected from ~v0ry ether. 

x~ :'cratcnflle 

;; scratchfile i" used for out;.:ut :::f e 3equ£r'C1? of olocks. 

:":hE'n ;;he OutpLrt is compl"tc>, ~~,2 TilE is r~'wound. and the ~rtire 

seQuenc~ of blocks is rEdd D~r:k frum the oeginning. T~e scratchfile 
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tr;_·~ o~'~~ 0'11y "E-',--c:-,ll =.: :.n,;:"s; no f~rtr~r rE~~in~ ::cr wr_tin: 

is ::ossi!:JL 

=n- <:) 

(l,;ft?x ~ _;o~Tr:::=;,' <..<> 

\ rewind ---+ ro'- ,'LI s)
 

Kl Au ,.. (rig,'ltl.<: ----?- rk;,,-'s)


'" 
,,~ AJ.. > (,'rnpty ----7 :::';L<» 

II'i3 mi'ly c')nvF'nienlly ~e l.Js(~d ,'is <:; sublJco:inace proce3s: 

('~lfile:SUATr:H/I .•• myfile.left:v ••• myFil".rr·ullnd ••• 

••• (nwfile.righUx ~ '" 

jrhlfilE.empty ~ .•• ) ••• ) 

;6 '~cra(cr, Fil~s on oe-eking store 

Tr,e 3cr2cchfile o'?scribeo in!.':. COi,:CE i:E.'2cily ir"plC:';"BiltGd 

:::;y holcir, thp .stored sequence of blocvs in the milir, store of 8 

computer. 5ut if the bloc\..s Olre largE and tha sequence is long, thi3 

could be ..in unLJconomic US!' of main stlJre, "r,d would bE bet:f~r to 

stop_ -:ne ol:Jcks cn 8 r:;8c:.nr;) storE:. -,incE f;:;;ch block in a scratcr­

filE is ;0'30 ar-,e wr~tt'2n orly onCE, a LJ2,cking s+:ore (::<2) with 

destructi'JI? re",d-C'ut '.!Jill suffice. !-',n ordjnClry ccratchfile (held in 

m£lin sto:!:'_') .LS used to hold tre S8L\u-=nCe of lnLJ.LU;S ::ir the SE:Cc;OI"S 

of baCki-(j score ~n urie- trs CCrr8sf-!on ,In,, ~cL.:31 ~llJc~5 of 

infJr',s:',w ere hald. 

]Si: ,",Ef-, (paget2i:Jle: - - ­ . ,=,'- II 

}-J,~.(left';';':: ----7 (,0 =-"ci, • .L.ll:ft~x ~ ,<8 

~2;Et~~1~.~s"~:i~ 

IrelJJir::: ----? ;:3:e=t~:..lE:.r;:ul-;:: ~ 

r(·C_'e~-=t3[>.l".:;-t?~ -----? 

::C5c_.i?x ~ ri;l-c~x ~ v 

>:;a.;'OL =l,.• ":-~ty ~ E:-;:":'. ~ J)) 
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T"is orpCGS3 1', '_nten~E"::! to :.:e ~3oC d6 SwGOrrJ"LnClt'? uroce:=:=. 

in 8xsctly the se,,'!o' us, as 'nll-": 

(r', "':'1" :::::'::f-=<,;;TC~ II ... ) 

~'J:' th.i.s r2li05OO:o d ~rOGl8~, L"it" the n;r ~n;; '~'~,C'r;;;t:'r. Ic,ricr: "Jill ciO'~~~' 

comrilunioations of ~:_'="'oT'. L..::~ "u6c:':" "(0 ue r'Onilr~ed ""'y"'i15.t;:,Ck". 

' ..'8 -,ust the:,·,L'::-rF fJr:,r,i:...·.1'l ScJerl G~u,'l~_,~"-'or.-~ '0 "J , r,tQ, ,,11C reoEfin", 

tne pr8fixing operator c..c. :r,,,,: .i.;:. G,Jes r,ot dOD c' secor'd ne'~F3 :.;::; an 

eV':cr':. ur.i.cb QlreBoy r,6S a "d",.e. ,,'iU tl-':':o c'Oc::(;fir,itir.>n, cO,"iT,unicdt~:Jns 

of (rnyFile:d'JL'-'i1TCH) "'ltt> :re ~rGCt.s", (bc~CK:lj'-,Hlri[) C2rJ ~e c=rrsct1./ 

mai r,t ci neS. 

'=ut U-er'O are LJlorse prpble""'1. I'" tr", cefiilition of U,e suLJ­

orDination operator II J..;e -'50Ii cl sti!-Jule'lion that the qlpf-,e::,et 0; ere 

s~~or~in~t~ process sha~l be w~olly con~~in~8 in the alphaoet of its 

scope. lven if this r~atriction WBre relaxed, we would facB ~ 

pro>-'.U:;'..tion dgainst sharin.~ tns backin,;, storE ':,[-tweiOn butlordinClts 

prDceC',s and its 05COP€!: thi.=, prohit,~tipn would (for E':<"~I~dE') prEVE,-;t 

si'lulta"eous us" of two S80arClte instances Clf ~'["';"-~l-h 

n :o,o,Lli'ITCf-! II f2:85Cf-l.I\TCh II 

All the pro'::le"'s cai be nappily avoided LJ~' trle 'JS2 of remlHE 

scJ:;oI'cinatiofl. a." shown in the r"x~ EXd~'(:Jlc'. 

\7 Scr",tch filing s1'st,,'ln _ 

---------------­
M SCI atch r-1Tf,:;-g- -;,:;'-~te',,,hdres a singh:> backir; st8I'e a-,ong ai, 

a:r~itra!y r,u--,ter of si.'~ultan",ouely active 'Jirtu"J. resources. H-p. 

first require'~ent is t'J '..r."F3rt acquire end rslea~e 5ir~n21s ii,to the 

:1'" ,=~:,-. T':\-; CJf \~" 

\i::':='ri =	 ecquirc ~ 

( OCO" ere II }JI\.(e,-;-mty ~,\~~ ,eI I L " 

I r:'",leese	 -----;) c,Ei--')) 

,'::1' 5i,,01icit1', ue CO not ellc trie, r",source 1:-0 be rplfO;~"Gc '.;r;:il 

it l-~J .<iO'-''' ~o Ct.' ,,-.pty: er,:, Qttel'lut t" .::':' '"''=' '_ill 0"6c10cK. 
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~Jext, we construct 0:[""1 infinite array Dr tt-ese prooesses. 

',::;L'!-i ',; III ,,'. se' 
i~O 

I,ote that .8 heVS taker' advar,ta.~t' of cr'~ neLL' Donver,tiD" f'o~ prefixing, 

50 that ccmmunications of (i:lf";CR) with (back:STORl) are nc:;t indexed 

with i. TJ allow tt-e ~ackinc: store to te sl-'ared 2:7,01'19 all the virtual 

scratch files, these communications have been interlade,pd wi use of 

the \11 CJrluinator insteao of 11 . "0 cor7'ir;e the use of the backing 

store to tie ~cratL,h filing system, it car be declared as a 

subordin ,t~ process: 

V:=iU15YS (back:OSTDRE II \i'~CR5) 

Finally, the \:Jhole syste:n Can be declared 2nd used: 

vscr;JSCR')YS II .... (f1: :V5cr 7! ...
 
f2::V80['// ••• ) ••• ) •••
 

This use Gf ['eiliote subordination 8110"-5 "vser" to De used with 

complete freedom, in exactly the same way as a looal scratchfile 

SCRfiTCH; however, there remains a risk of deadlock if thE!re are no 

fr'BB bInds left when all the virtual scratch files are still 

expandinc;; or if a using process misuses the scratchfile. for 

example ty failing to read to the end before releasing it. This 

second danger cOlila De averted oy redesiljn of VS[::J. so t~at it will 

accept i:I ~ale'"l5e signal at any time, Clnd tr,en read back the unread 

blocks, tl~'re:Jy releasing then for 5:.Josequent reuse. The requisite 

modi ficatLons are left as i:In exercise. JI major reason for the size 

and campI xicy of :Jperatin~ sy9te~s i~ tl-'e need to de"l ,-"ith 

arbitral', misbehaviour on the part of using procasses. 

A SImple batCh processing operatir,g system .11";13 thE task of 

rurninc; jobs sl..t'llitt.>?c by a nurr.b8r cf progralTlicers. lach jub rF3c;uirf?S 

resourc85 such as readers, storage, and printO'rs. Ln 2 rrultiprogrammed 

operatin,] 5ystem, many jobs Il.lill be running cancurrently; and it is 

ineuitab12 th"lt jobs will sor,~tim-35 have to wait to acquire neeced 

resource~ uhich are currently being used ty other jobs. D;ny resources 

which ~a,e been acq.Jired ty a 8,:;i:i"9 JO=: '.e'lll bE 1::19 durin; th2 wait. 

This leacs to a decrease in the effective utilisation of resour08s, 

and a decrease in the effO'ctive throu;rput cf jots by the op2:ratinr::; 
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S]'stS'l. Trs J:'SGuc.-:::~'Jn in l'fl'lcier'cj c." to s'ldrin' of reSC:Jl.;rCE'S 

e"'Jn:; too ;nany CO,l'~Eti"g UEi'Jrs is knc:.w" ,~3 tnr,Jsnino. r", Dr 

op~rati~~ 3jstErr,. thrasnin~ ~ust D~ 3u.,ided wi~h as ~uc~ c~rE as 

dG2s1Dck - the 2xtrEri1S 'JErsio" of t~,rast-,ir,; in wClich :-0 ;-',r[]-:;:8ss 

is "":2ce at ,,11. 

O,e way to avoic thrcs~in~ is t~ a~s~r8 tr~: eac~ ~oc only 

oeC;l.lires ::;,,8 rEsourcr, at 2 tir~e; ':;2 tt-;::it if ;:;nEr", is eny wait~.J; 

irvolved, re ether rEsource te~~i~s i~lE. ~rus ideally ~2cr job 

will firet acq~irs ~ r~ao~r to ir~ut all its caras; it will then 

re19c:sE the reader 0,'0 acc:ulr8 "c,di" stGrar;;e to ruc, tro,' :_0['0;;;1'3 0;; s.r,c 

wref' the program has rels:o>sed its ,,"o::'n <o:torayl? it will 2.C\.iUi,E a 

printl?L' For U-'I? output • .'Jf eCiursl" tnic. SCn8f.lG ~ill r'ot v:.::rk ur,1l?3S 

trere iE stur<)~8 lsss precious tr,an ,ain '3to[e to role! ttw wi",uI5 of 

thl' input anj the wnol", of ':.r"e ou>-_~uc; ::,etwesn t~e trrGe >:!-,a383 1,; tr,e 

~rvgrEss of ths job. For this b,je~ing star" i<o: nor~2.l1y ~sed. dna 

t.he trocr,niqus is knol.'" cs spoolinlj. 

;-: fJ ',poolEd printer 

singlE virtual printer uses a temj:,orary scratch nle (X7) co 

store bloc,.;" output oy its 'JSi;l~ process. ~!"en the uSln" p"ocess 

signals its r812838, the~ an ~ctuBl printer (\3) is 3cquired to 

output the contEnt of th8 t"m,fCorary file: 

---~\,'Ij' (te"lp: :vscr II 

_~~l&-il-'2x-~-tE~5~Ieft.~x-.:.> x.
 

I1'811235'0' ~ tSIT,p.nowina ~
 

(actual: :lp II 

]--JY.(tE''1'o.right?y ~8ctuaLleft!y~ Y 

IteMP.e",~~y ----7 :.oTlW))) 

H-'e; rr:quisitE unc'o~n::J",C ",rray is u8fined 

'u'U~:;J Iii i'(dC~~i" _,LC) 
l.:}.U 

I f Wi< ware the act'j~l linE' '.::rintf'!'3 to u", us,=c ']"ly ::'r, Si~DDlin~ ~,od"" 

W5 can declare t'2"1 loc21 tc trE ~poolin~ ~ys:e~: 

:)L TC:,~<Jl'l.. (lp:~r~' ,II,': r',) 
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This in i~5 t,-.:rn i~ ct.:cl,,:,ed suboroin.Jt~ t::J th8 u"iing jObS 

Cc" TeCT' 11(... (-ycil",c,11 ... J••• III ... ) 

r,lot", tree spooleD line print"r"S are declared u~ing l~xactly tn0 s"rr;e 

.,-,otatio, o;S if spoolinc:; W{'["'! ,~.ot iro u::>e, and th, "lctuo,l line 

;:rin'::~;;,s ~ErE USEC direct:L" -::,s 

',,,,,,II(... (<eyfi'e'dpll ... J... III ... 

,s' In;JL:/out~ut sfsteril 

C\ sillilar ~pooling syst£n IIIISr:'C'CL m2jl DF dEsigned for card 

rraders. P"'e sr;r,;Jtcr' filint;! syste'l ·".J,:t :" sr.,rec t:StW~f" If ~L-I_, 

,;Jnd [Jl~,-rL, w~ich ~ust therefcre Ue i~terle2vEd: 

IL:~'h "[1",1 = (vscr:"_';CR5Y.l II (lo:LJll'j ::--ir":OL 

'---- ---I-II-cr:II"~f:U~-L)) 

;10 ;2 '~lL;tiprogr8rn;ned cpi2r;:;ting sysb·· 

Let J08 06 a stanc·ard fJrOgrom wllich inputs the card'" of' a 

single usp.rls job on in.right, u.<ecutl!s the job in accordance with 

tre instr~ctic,ns u,_ th6 cards, 2nd CutPUt5 the resul:s un ou':.left. 

:JLE, is dui;n",c to terminate 5L.CC8Ssfully af:er c, r'?1J~:Jn,,:le ,=i~;8, 

inoep~naellt of the content of tr,e cards. 

T~8 J :::lro:;r;p ca, be 2C2ptEd tQ ::Jro::JC55S c. 8h::Jle b~:ch of 

.Jsers' JCcs, one ,;JftEr- L:he other. For o=ilcr ~Ioh, 2 card r'~odf=r ano 

a prinh:r is acquir,"d fr-om the I03Y5TlI'l 

ijr\E.- *(in::cr// Gut::lp// "I" 

p, rnultipngrammEd oper-ating system cc;n rLn (sa!) four such batches 

si'ILlte.ne'.Jsly, all shari,,! the c;oo~e I :;'{ST::, 

(1\-' .Jy, ICCYSTC" II (.III B.qCe)- < , 

I" :~i5 c'?s:::';", :;r£ .5C:j:cr ~ili'---,:; sys:e'~ is sl'3.~ed :nl y 

bee;ween I."Ie HJ:,;'·ll,L cHld UL.T'd,'I-I'::L proc€sses, ,HIC is r,[jt ;:>ccessible 

to JUB. rhus one of :r,e 'naJcr risks of JEaclC'ck "':crt:::'oneJ in' 7 

Cd.- b6 av,r-tec. ~r,= ris:": of ce"clock tc ",>c·"'_s::"Jn o~ o&c;<in-: 
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S:OI"8ge can O~ l'Gouced oy stoCJpin~ r'_rtl-,GI' in~ut or cards ",foer'!\'''': 

';:re storG is nEarly f<Jll. (Ir' ',he osckir:;: S':;~'::E is L,rc:;'£ eno,-'gh, 

no CinE '~'ill '.e'dnt to sU:J"it r;)orE JODE Wf''''(l i~ is -Pull, ~;2Cc;'~SE '::1-'8> 

",;:Jule hav[. ~o wait toC) Ion',;; f::;:r ':.r''''ir I's:JL.lto:.). if t"E nw"ber of 

~ree sector';' contir'Us5 '.0 oec1i(l"', :;t8P 0:-',8 -:,r ;;-on, eo;' the I'u'lnin; 

JOL's, pref~'.r3C:ly cr.s tT..,~,'C i", preoueir,!;! .~lore ,:,ut;;LJt "t';2.n tl'8 input 

consumeo. The contr~l 1i1i:5 fo~ inv~kinD these aolicies 3r~~ld 

:;E set low enoLJe,h to 8nSUI'S t<l2t cl!ac~loc'", is consid",raoly les8 

rr[]c;u~r"'t t.r2- breaM.lOWr of triG n(JrcLL'ere or, OJ'hic:- ';:;--,'0: op8I"Gting 

syster;, !'<In,,. 

6,5 Scl-ed'-clir-,; 

wnen a limited number of rtSCUrCU5 is shareo ameng a gre2tl·r 

numb~r of ~otenti~l users, tnere will alwbfs be ~ne po~sibility 

t'let somE aspiri"g u'OErs will hoviJ :::0 \!.Joit to acouirE- a r,.sourCt' 

untll some oHler process h2S rE-18;:.g,:;,0 it. If at t~e time QF releaSE 

there artc two or more prOCeSSlJS waiting to aCClL..ire it, tr--'t" c~.oice of 

which waiting process will acquire the r,,30UrCf! i-s non-Of."tt"'rI"Lnistic. 

In irself, this 1S of little concern; but suppose, ~y the timE a 

resourC0 is releas~d ogain, yet ~nother process has ~oined the set 

of waiting processes. Since tile choiCE bet"'l,En welting "rDceCis is 

again nOn-dellJI'rilinistic, the newly joirec pr'.Jcess ;;oay ~E; the lucky 

ono chosen. If t!oe resource is r,eavily loaded, U'lS moy happen 

agair. and a:;'dLr-,. i-\s a result, some of tr",e prGcesse~~~t_~~Yl:..rL.t.o -­

be del=:y'3c forever, QJ2....a1- -l~'38-l;--fu!'" -8 ~"'-"'c>Ii;; wnpredictoo1e ",'"Ie 'In­

3cceptable peri:Jd::Jf tir;-,e. 1,11 s is K~OW(l '0:3 the proc~ef'1 of 

"inFinite oV8rt2l...ing". 

One slJlution to t~'8 probhJln i8 to ensure tr,,:;t all resourc_'Js 

are lightly used. Thi~ m~y be achieved either by provicin~ ~ore 

rESources, or by r~tioni~g ~heir use, or by chergi~~ a h~dvy price 

for the servicEs orovideo. Ir. Fact, the~e ar~ the 8nly sulutions 

in the Cc33"C of '" re5~UrCG whlcn is consistc-:ly undGr ~,eavy 10ao. 

Unfortunately, ever, 'j ["'3sc'.crce wT,ich is on averGge light~f loades 

luill qui-:E oftl"'n be neavily used fur '--on;;; perJ"c.s (rusr, hou!'s or 

ped!<S). T~E !-Crocl,,;;-, can ;;~,r;le:i,,,es 0'3 mi"ti;a-f:.ec ~;y ~iffer;=ntidl 

chsrr:<in-~ "[0 try :c s"oot h :~,2 de,f,ar.o, Cut tris 13 :;cc; "lL2/~ s·~r::Ct'SS-

f~l or eVEn possiole. !)~rir; the p~a~5, it is inevi~a~l~ tnat, o~ 
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~ve~o,,~, _52:0,:::: ::rcces _l11 :100 s_="SGt ~(lev. ~": is 

i-:...=rt~": t~ c,s"I'''' :J-o.: tr· ;'l' =e2.sjs 0;:'= :re3.s'J.",:.=1y cCr'siste,t 

eo,::) prPo-c.:ctccllo - yOu .JJu~w : ,'_cl i-'I'eF"r to "nCl", c.""t you ",:ill Dc 

serVl_C 'c tri, "'::'ie hour, t,an to WDncer ll.'t'e"CrF'I' you "'ill rave to 

wai tone rllinut:e Dr one day. 

H1E: tesk of decici'--g r,ouJ :0 ,,110C:="[8 2 reSOUI'CE among LLairing 

~5ars is "no_, 25 scheduling. :n ~rG5r to 5crBc~le succ~5sfully, 

it lS ris:esseI'/ I.e -<neL,.; W-~C" proce5s,=s =-1'[' curl's'''::!.y wal::in; for 

211Jc"t~:, of t'-e r8SC'U;:CfO. lor rris reeso-, t:-,e ~cJ.Jis:tic''''' 0 e 

rEoS::Jurce Cdnn:rc any longeI' ere I'cgaro"d ,,5 a single "to"Tlic even::. 

1 t rnust De spli t into two events: 

p18JS8, which reCu8sts the allocation 

th2""yOU,	 wt'ich accomiJari~s the actual allocdtior. of the 

resource. 

For Cedcr process, '[he 08r'.oc.) OE"C-ween -ens "iJlloClse" 3nd -::t'.E 

"thdrlkyc~" is tne period during LJ:t'::ch thE procESJ ho,s to wai t for 

the reSL'Crce. In ordEr to identify tt'e requesting proGess~ we will 

inoex each occurI'E-Jnce of "please", "tr,ankyou" and "release" oy a 

differunt netural pumber. fhe requesting process acquires :its 

number cr each occBsior by t:he same constructi on ;':;8 r,"mote 

subonJincUor (t-.'- ,-c): 

o (rEoo.i.plE'a'=;E; L"Es.i.,t .... 2.nkyol.J; r"i co.:::.. r" lE33e )
 

i ~ 0
 

1\ simple end eff8ctive method of scheduling 0 resource is to 

allocat8 it to the process which has b8en waiting longest for it. 

Thio; policy is knoLJm as "first come first s8rved" (~Cf-5) or "first 

in first oue" (fIFO). It ~s tile queL.inr; discicline observec cy 

uc:ssen~",s u-o or"" t .... e,sElves :'nto 0: lir,e st a tus stop. 

In pL"ce suer :os d bakery, '.JJt'sre cust::J;r'EI"S :ere un20le or 

unwillir; to for~, '= lin8, t"le.rE ~s an alternative r;lec~a'lism to 

3cniove the sarTle eFfEct. II rnacr,ine is installed which issues 

tickl!ts ..lith strictly 8sc~nding aprial nUrlCErs. Un entry to tha 

oakery. custo",E:r tdKGS a ticket. u'hen a SerliEI" is read]', he 

ccolils o,_~ tt',= lOU~5t ticket nUrTlber of 0: Cc..stOrTlEr wh8 has ~akEf' a 
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~ic~~t out not yet De2~ s~rV5C. Tris lS k~o~n as ~hE "oa~ery 

algo7itnrn". and lS S"S;:;':"~~c;;:; ~,~,no for~",lly bel::J'..J. U" o.sS-.J~t' t"at 

..:p ~u ~ C<.Jstom8I"S C,~fl !Je '0;0;'1.'<':: si',ult2-nsously. 

;.:1 T>-e t,'a\-.;ery al£o:-itn~ 

~'e rH~ed to \-.;'2E;:; :r,E ::Jllo,,}in':;J CO'Jrts 

p	 custornf':': ~"'1:5 5",::'0 "please"
 

customers ~hc ~aue ~o.ic "t~anky~~IP
 

cLl"tc:~ers G'ne ~E:eaS80 their re~c~':"c~s. 

~~leaI'1y, at ",11 ti~,os r:::, 'C ~ ~'. ;ls~, at Ell urnes, ~ is <:: .... 8 

numOE:[ :roat will be r;i-ven :::0 tne next c'...:stOr:lEe:' who sn;;OI5 (r'c-' 

bakery, and t is t~5 rUr:l~er ~f tne nE:xt CWE~C~E= to De s~rv~~. 

;:;158, p-t is '!:he nU"ltcI ~f W<oiting cu"t:J"'''rs. ar-,:::; c;-+r-t is 

tre nu~ber of waiting s~r.er~. ;11 cnun[~ a:~ in::i~~ly :~ro, 

2r~ ca~ revE;rt to zero a;2i~ w~er, t"ef' ",rO': 'OJ}} &::;.~c1.. 

D~e of thE main tas~s of t~8 a1~orit~~ is 'Co e',,,ur- tr~t t~Ere 

is nrver si~ultcneously a fr~r resource cr~ 3 ~el:lng C~5:c~~r; 

~henever such a situ3tio~ arises, the vEery nExt Ev~n: ~~~t be e 

traflkyou. 

B;:;'<[f'Y 8 
0,0,0 

if 0 <. r == t := p Usr S,·'f.::c.:~l'"-;::,t,r
 

~-----eTSETf~i1~~r - t > 0 1\ ~ - t .> J
 

tr,En t.:h::,~c_,J'-': ---;:. e:'p,t+~, r 

C'lss (p., ,,," ---'> t! 
c+ 'I • t. r 

I(,~,"'~""C ---'>'o,t,C+,)) 
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