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lhese notes present a caherent anc comprebensive introducticn
to the theory and epplications of Communicating 5equential Processes.
Most of the illustrative examples have appeared eerlier in PR(=22,
Thre theory gescrited inm PRG-1& hkas oeen taken as the basis af a
number of algebrsic laws, which can be used for oroofs of eguivalence
and ean justify caorrectress—preserving transformstions, A complete
methad for specifying processes and provinmg their correctness has
been teken over from FRG=Z0 and WRG-23. Pany of the concepts havs

been implemented in L15PK1T, as described in PRG-32.
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CHEBTL® hE

1.1 irtroduction

Forget far e while about computers and csmputer programming, era
think imstaag sbout objects in the world around us, which act ano
interact with us oamd with each pther in accoroance with some cheracteristic
pattarn of bahaviour. Think of clocks and counters and telephones ang
hoard gamas and vanding machkines. To oescribe their patterns of
behaviour, first decide what kinds of event or action will be af interest;
and cheose a different name for each kind, In the case of a simple

vending machine, the actinons may be
g ]

coin: the insertion of a coin in the slot of a venuing machine,
chac: the extraction of & chozolate from the dispernser of the

machine.

In the casa of a more complex venting machine, there may be a greater

variety of events:

Lntp: the insertion of one penny
in2p: the insertion of a two penny coin
small; the extraction of e small biscuit or cookie

large: the extraction of a large biscuit or gookie -

_ ,___47—eut%p:”tﬁﬁ”?iffé&iiﬂhrﬁfrDne penny in change

The =t aof namoas of svents which are considered relevant for a particular

dascriptiorn of an object are called its alphsbet.

The choice of an alphabet usually involves a deliberete simplifi-—
catien, & deciszion to ignore many other propertiss apd actions which
are considered to ba of lesser Interest, Ffor example, the colour, weight,
and shaps af a vendipg machime are not desgribed, and certain very
necessary events in its life, such as replenishing the stack of
chocolates or emptying the coin tox, are geliberately ignored — perhaps
on the grounds that they are not, ar should not be, of any cancern to

the custcmers of the machire.



The actual occurrence of sach event in the life of an object shoulo
De reqardec as instantaneous -~ an atomic action without duration.
Extended or time—consuming actions should be represented by a pair aof
evants, tne first denoting its start and the second oencting its
Tlnish. Tre duretion of the action is represented by the interval
between these two events, which may pe saparated by occurrence of

other svents,

In choosing an alphabet, there is no need to make a diastinction
between events which are initiated by the object (pertaps "chac") and
those wrich are initiated by some agent outside the object (for
example, "tcoin"), The avoidance of the concept of causality leads to

consideraple simplificatian in the theory ang its application, -

Let us now begin to wse the word process to stand for the

—_—

nehauiohfHa?t?fr‘n’b?’aﬁ- abject, insofer as it can ba described in
terms of the limited set of svents selected 7a_5”it?a’élﬁha‘t:et.ﬁ—ua_c;hagl_ln

use the fogllowing conventions.

1. Words in lowsr case letters denocte events, e.q.,
coin, choc, in2p, outilp,

ant alsn the letters c, d, e.

2. words in upper case letters denote specific defined processes:
2.9. YMS the simple vending machine

vnC the complex vending machine
3. Tre letters x, y, 2z are variables cenoting svents.
4. The letters A, 8, C stamd fFor sets of events.
5. The letters P, Q, R stand For arbitrary processes.
9. The letters X, ¥ are variables denoting processes.
7. The alphabet of process P is denoted «P, £2.Q.,
WM = {cnim, choc}

T = {in‘lp, in¢p, smwall, largs, 0ut1p}

Exampls

X1 The process with alphabet & which pever actually ergages in any

of the events of A is called STDPA. Tris describes the behaviour of




s broken object: although it is eguipped with the physical
capabilities tc enaage in the events of A, 1t never exercises those
capanilities. Nevertheless, it is useful to distinguish objects
with differert slphabets, even if ithey never go amyininz. 50 BTDrdUMS

=ight tave given out a chocolate, whereas oTOP coulo only have

AT
yiven out Eiscuits, It iz logically impossible for a process to
engage im evants gutsioe its alphabet; but there may be events within

its aiphatet which can never actually happen.

In the regmainder of this inrtroduction, we stall define some
simple notations t» aid in the description of obliects which sctually

succeed in doiny something.

1.7.17 Frefix

The fallowing notation shauld pe read "x then PMi

{x —>p)

It describes ap cbject which first engages in the event x and then
betaves exactly as described oy P. {x —>» ') is defined to have the
same slphahet as P, so this notation must pot be used unless x is in

that alphabet:

x € sifx —> B} = P
Examples
X1 A& simple vending machine which consumes one coim before oreaking:
— = in — 515
{eoin P eups)

X2 A simple vending machine that successfully serves two customers
before breaking

{eoin —> (choc — (coin —# {choc _>5TDPFW"‘S
o

1)

In future, we shgll omit brackets in the case of linear senuences of

events, like those in XZ.

X3 A counter starts on the bottom left eguare of a board, and cen

mpue only up or right to an adjscenmt white snuare

%1

~LTiR = {up, righ%

CTA = (right —» up —>right —> right —% 3T0p ‘CTH)
o
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1.1.2 Hecurs:on

The pref:x notation can be used to describe the ertire behaviour
of & process that eventually stops. out it would be extremely teaious
to write out the Full behaviour of a venaing machine for its meximum
design life; so we need & method of aescribing repetitive benaviour
patterns by nuch snorter notstions. FHreferably these notations should
not require a prior decision on the length of the life of an object;
this will permit description of nojects which uill comtinue ta act and

intersct with their environment for as long ss they are needed.

Consiper the simplest possible swerlasting object, a clock which
rever does anything but tick (the act of winding it is deliberately
ignored)

7 «CLUTK = {tick}

Comsider rext an object that beheves exzctly Like the clock, except

thot it first emits a single "tick" —
{tick = CLGCK)

Thre beheaviour of tris object is indistinguishable from that aof the

origirnal clock. The same process therefore describes the behaviour of

both obiects. This reasoning leads to formulation of the aguation:

CLOCK = (tieck — CLLIK)

This can be regarded as an implicit defimition of the behaviaur of the
clack, in the same way that the sguare root of two might be defined as
the solition for x in the equatiaon
2
X o= X 4+ X =2

The equation feor the clock has some cbvious consequences, which

are derived Dy simply substituting equszls for equals:

CLOCk = (tick — LLUCK) original equatian
= {(tick — {tick — CLUCK)) by substitution
CLick = {tick — tick — tick —> CLOCK)  similarly

The egquation car be "urnfolded" 2s manv times as reguired, and the
possisility of further unfolding will still be preserved. The potsntizlly
JUnbourded behaviour of the LLOUCK has been effectively defined as;:

tick —> tick =—> tick —> ...

in tie same way as the square root of two can be thought of as cthe
limit of a ssries of decimals:

1.4%4 ...




This methoa of self-referential or recursive definitiam af
processes will work properly only if the rignt hand side of the
eguation starts with at least one event prefixeg to sll rococursive
occurrernces of the process name., ©o0r example, the recursjive
"definition™s

A= A

does not succeed in defining anything, sincae cverything is a solution
to this eguation. A process description yhich begins with a prefix
is saio to be guarced. IF F(X) is a guarded expression containing
tre process name X, and 4 18 the iptended alphavcet of X, then the
eguation

X o= F{x)
has an unigue solution with zalphabet A, It is sometimes convenient

ta denote this solution by the expreseion
pXen.F(x)

Here % is a local mame (bound variable), and can be changed ot will,
since

PCALF(X) = pysalr(Y)

This equality is justified by tns fact that a smlution for X of the
equation

i = F{xX)
ie also a eplution for v of the equation

X =R L= . -

fxamples

X1 L perpetual clock:

CLOCK = pX:{tick] .(tick —» )
x2 -t last, a simple vending machine whi¢ch serves as wmany cbocs as
required
Ym5 = (coin — (choc —> VMi))
x3 4 machine that gives change faor 5p
«LHsit = {inSp, outip, out’p}
CHBA = (inSp — buwtZp —> outlp —> outZp — CHSA)

X4 i gifferent charmge glving machine with the same alphabst

CHSB = (inSp —> outlp — outlp —> outlp —> out2p —> CHSH)
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In future, we shall often omit &~ explicit definition of the alprazetr,

whan this is sovious from the cortpxt nr ecoptert of the orocess.

1.7.3 Choice

with prefirxing snd recursion 1t is possible to describe oojects
with a sincgls possible strean or behaviour, However, ®any 00JE@Cts
allow their oehavicur to te influenced by interaction witn the
environmant within which they are placed, For example, & vencing
machine may offer a choice of slots for inserting a 2p coin ar a Tp
coiny and it is the customer that decides bstueen these two events.

If % and y are distirmct events
(x =0 |y —> 1}

describes an opject whieh initially enmpages in either of the events

x o_riy. Tter-tfe—<first event hss occurred, the subsequent behaviour

of the obhect is descTibed Dy P if the first SVert was - on Ly g if
the first event was y. 3Since x and y must be different events, the
chaice between P and U is determined by the First event that actually

occurs. Ais before we imeist on identity of alphacets, i.e.,

7] € x|y —> Q) = oLP = i
The bar [ should oe pronounced "choice™
Lxamples
%3 The possible movemerts of @ counter an the board
%

are defined by the process:
(up —3 oTOR | right — right —> up —> 370}

x2 A machine which offers & chaice of two combinations of crannpe
Far Sp
[HSC = inSp — (sutlp — outip — out'p — out2p —> ChaL
|Dut2p —> outZp —> putlp — LHGC)

%3 « machine that serves either chaocolate or toffee

UMCT = pX,. coin —> {choc —> X | toffee —7 X)




X4 A more complicated vending machine, that offers a choice of
coins and a choice of goods ana change
YL o= (1nZp —» (large —> VMC
emall — autlp —= ML}
inlp —> (57511 —> w2
lirip — (rarge — 42
Jirio — sTOPY )

wes

Like nary compliceted mackires, this vYas s desigr flaw, < tewporary "fix" for

this bug is to write a notice on the machine

"IRAIAG:  do rot inmsert three coins in a row™.

The definition of choica can rezdily ke extended to more than

tuo alternatives, 2.0.,

(x =P v —> l...i T —>R)
I~ aereral, if 4 is any set of events, anmc #{x) L3 an expression
cefining a process far cach different = Zp A, then

(x:2 —> 0(x))
defires a process wuhich First cffsrs a2 cholies of any event y in A,
ans then terayes like P(y). 1%t should De pronourced "x Ffrom &

ther [ of x"., 1n this construction, % is s local wvariable, so

(212 —2 P(x}) = (yia —>P{y))

The set a4 definea the "initisl meru" of the process, since it gives

the set nf actisrebetween whith—a choive iz tobe made at the sftart, o
~xample

X5 4 process which at all times can engage in any evert of its

slphabet A

Ir the special case that A contains anly one =vent e,
(:':{e] —> P{x)) = {e —> p(e))

since e 18 ths only possitle inizial evert. 1n the even more special

case that & is empty, nothing at all can happer, sa

ey} = R0)) = e {} —>uiy)) = sTop
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Thus prefixirg and STul are just special cases of the gereral crolne
rotation, Tris will be a greatl sdvartape in the formulation of gereral

laws goverrirg processes,

To1.a4  myutusl Necursion

Recursion permits the defirition of & single process as the
solution of a single equatior. The technique is easily generalised
to solution of sets of equations in more than one unknown. For this
to work preperly, all the right hamo sides must be gusrded, and sach
urknown propass must appear exactly bpree on the left band side of one

of the equations.

Example

x1 A drinks dispenser haz a knob with two settings, laoelled GIN

and WHISKY, The sCLiors of setting the. knob are "setgin” and

"setwhisky”. The sctions of dispensing a drirk are "Gin" EFc- “whisky'.
The knob is Lmitially in @ neutral pasition, to which it never returna.

Here are the three equations.

400 = =L =wW = jsetgin, setwnisky, coin, gin, uhisky}
VD = (setgin — 0 |setuhisky — )
G = f{coin — gin —> | setunisky —> 1)
W = {eoin —> whisky —> 1 | setgir —> )

Informelly, the drinks dizpenser may be describeag as being in a
particylar one of tha two atates [ and W. In each state 1t may either

serve the sppropriate drink or be switched to the other state.

fy uwsing indexed varisbles, it ic possible to specify infirite

sets of equations.

Exampie

»
X2 ir object starts on the ground, and may ITH:i\JE" up..' At any time

thereafter it msy move "

up" or "doun", except that when on the grourd
it cernot move any further down. 8Sut when it is on the ground, it way
move "around". Let n range over the natural numbers {D,‘I,?, ...} .
Far sach n, introduce the indexed name ETﬁ to mescribe the behaviour

af the object when it is n wmoves off the grouno. Its initaal




bernavicur is defined as

cr = (up —.T | arou-d —> TT )
o} 11 o

and the remaining infinite set af eguations are

LT = {up —» 1T

cown —> [T
n+1 n+2 - n)

there n rangsz over the nmatuaral ~umcors 0,1,2, ...

1.2 Wictures

1t may be helpful sometimes to make & pictorisl representation of
& process as & tree strugture, consisting of cirgles connected by
lines, The circles rapresent states of the process, and the lines
represent transitions between the states. The single circle at the
root of tre tree (usually drawn at the top of the page) is the startir
atate}; and the process moves dowrward along the lines. FEach line is

labelled oy the event which occurs on making that transition,

txamples

x1 xZ X3
1 coin coin I cain

} choc cho% NDFFE}E
al Q

| cain cain l l coin
I

choc cho;// \\\iszee .
R - - ¥ - - ~a - 0 T T T

In these three examples, every branch of sach tree gnds in STOP,
represented as a cirecle with na lines leading out of it. Ta repreasent
processes with unbounded behaviour it is necessary to irtreduce anather
convertidn, ramely amn unlabelled arrow leaoing from a leaf circle back
to some sarlier circle in the tree. The convention is that when a
process reaches the nade at the tail of the arrow, it Immediately and

imperceptibly goes beck to the node to which the arrow poirts,

x4 v x5 T
///;d_‘aq coin L coin
taffei//u\\\ihoc
a 0

|
l chai//&\\ﬁggfee
cain
choﬁ//F\\\goFFee
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Clearly, these twc Oifferert pictures 1llustrate exactly the same
process. it is one of tre weaknegses of pictures that proofs of such

eguality are difficult to cunduect pictorially.

Another problem with pictures is that they cunnot illustrate

processes with a very larae or infinite number of states, far example ETD

A coumt with only 6% %36 different states would take a long time to draw,.

1.3 Lauws

Even with the very restricted aet of rotations irtroduced so far,
there =re many different ways of descriting the same behauiour. For
example, it obviously should not matter in which order a choice between

events is preserted:
(x—>ily~>2) = (y—=ajx—>n.
| |

4n the other hamd, a preoress that can do something is not the same as

ane that car't do anytning

{(x —> Y #£ s1OR

I order to understenmo a notation properly ard to use it effectively,
we muLst learm to recognise which expressions descrice the same o5jact
and uwhich do not, just &3 everysne who understanas arithmetic knous

that (¥ + y) is the same number a3 (y + x}. [loentity of urocesses




with the same alphabet msy be proued or dispraved oy appeal to

alceoraic laws very ik
The first lau desl
two processes defineag b
chaices an the first
differently. However,
gach rritial choice the

obyigusly the processes

L1 (x:6 —3F{x))

= r =8

&

Here and elsguhere,

st

=]

Y
a2p
if

arithretic,

with zne croice operator,

chuice are different
, ar i1f after the
the initial choices

utsepuent betzviours

are identicel:

\/x [

(yi2 —> a(y))
2(x)

g(x)

samg firsi

It states trat

if they offer cifferent

stap thtey benszve

are the same, anc for

Ere the sawng, TNEr

we gssume without stating it that tha alphabets

of tne processes on each side of an equation are the same.

The law L1 h&s

Lin  STF £ (a— )

Proaf. LHS = ~x: {} —>p
£ x: {d] —r P
= Ahka

L8 (c—F) £ (d —)

Frnc.’.j‘ﬂ £ {d}_7

number of immediate notatiormal consegucnces:

by definition

because {} £ {g}

oy definition

ifFcéd

e (e—2r |e—>2) = (@-—ufe—>9)
Proof  define k{x) = T if x = ¢
= 1] if = = d
LH3 = {x: {F,D} —3> 1(x))
= (x: {d,c} —> K{x))
= HH5.
L (C__)'J:(Cﬁu)gn:j,
Trese lzuwe permic proof of simale thzor=-3%



txasmales
A1 {coin = croe —2 coin —» choc — ST00) # {eoin —> 3TLR)

broof by Li{ trem L10,

¥z p¥.(colr —> {choc — X toffes —> x))
= pX.(coin —> (toffes —> X | chog =3 %))

To prowe more gersral theorems aboot recursively aefined
processes, it 1s necessary to introouce a law «hich states that evsry
properly guarded reccersive eguation has only oreg solution.

[ If F{r, iz & guarded expression,
(=YD= = px.r{x))

caeellary:  pX.0 (¥} = F(px.F{x))

Examples
%1 bet wl = pX.{caim —> ehoc —> X)
w2z = pi.(cbhoc — coin — )
tequired o prove:
1M1 = {choc —> UM,
Proof. wkl = {cain —> (choc —> uM1)) by gef  fni
ty prefixing "choo — " to both sides:
fecroc —> UM} = {(choc —> (cain — {chac —> M) })
i.e., (eroc —2 yii) is & solution for X in the equation
%X = f{choc —2 coin — )
3.t UM2 is defineg zs the only solution to this eguation,
(choc -—> yril) = w2,

Tris theorem is so obviously true thzt its proof inm nao way adds
ta its creoitility. Tha anly purposa of the proof is to show by
exanpis that the laws are pouerful srough to establish Facts of tnis
king. ‘vhar proving ocvious facks from less oovious laws, it is

imporiant to justify every lins cf t-e proof in full, as a check that

thte aroof is not circular




The law for recursiun car be extendeo o ~utus! recursion.

If F(i,X} is a guarded expression for ell 1 in 3

(Vi:d.xi = r{i,x) & v, Fli,Y)) =X = v.

Tet Inplerentation of Procescses

Every process F expressiole in the notstions intrseuces so far cas

Fe yritter in the form
(xta — D (x})

where P ls a function frem symbuls to processes, anu where A may De
empty (in the case of 3T.H), or may contain only one member {(in the
caze of prefix) or may contain more than one membar (im the case of
chaire). In tke cese of a recursively defiped process, we heve
insisted that the recursion should be guarded, so tnhat it may be
written

pre{xsa —> P(x,%));

8nd this may be unfolcdeg to the reauired forme
(xir =2 Plm,p¥a (e —2 P00 0).

Thus Bvery process may be -egarded a5 a Funetion P with a domain A,
defining the set of events In whicn the process is initially prepared
to engege; anrd For each » in A, H{x) defipes the future behayiour of

thre process if the First evert wss x.

This ineight permits svery procese to te implrmentec as o function
ir some suitaole fomctional programming language such as LISM.  cach
evcnt in the alprabet nf a process 1s Implewcnteo &s =n atom, for
example "COIM, "TUYFCLC, & process is a Function whlch can be applied
te such a symbpl as argument. 1f the sysbel is rot a possible First
event Far the procsssz, the functios glvew as ils result a speciol
symbol "BLCLP, which is used only for this purpose, For example, since
STUR never engages Ln any =svent, this is t7e only result it can cuer
give:

STUP = Ax. "ELLfP.
HBut if the acluwl aryumsnt is & possible ovent for the process, the
function gives back as its result another Function, representing the

supseguent Lensvicur of toe process. Tnous (coir —3 ST0F) is

Ll



iplererten a¢ tne function:

Axe Af = = "LuiN Tigr SO0

ExAPre e of <he Jzcilicty oF Lind Far

furction (E.d., CTOF) 2 ©%g Tesoit uf & forction. L6

: furctio, 10 te passed

ir dnplementing

arsfix {2,0) = Ax. if

4 functiar to isclimert o goneral clpary chaice (¢ —> © , o —> )
woula Le:

enoicez{c,",4, 1} =

Geprreivaly defined srocosscy M3y Do imolescrtsd with the aio of
the LABELL Teature of LIS, Yor example, the simple vending macrine

(pX.coin —> croe —> %) :

Xprefix{"ILIN, prefix ("CHOD,A))

The LAaBLL nay also be used to inplemert wotual Tecursiosn. For exemple
{1.7.4.%), LT may be regarded as a fumctium from natyral numberz to
processe: {which 2re themeelves fumcliors — but let nat that be a worry).

o UT mav ue defimeo:

if no= 0 then chodcal (™ adiND, (D), "or,» (1))

elee choicez(Mu x{n+1 ), 000, X (n=13)

Tre pracess that starts or tre grcuna is Z7(C]).

I¥ 0 is o function representirg a Orocess, ard 4 is a list con-
tajirarg tne sywbols of its alphabet, the LISE funckian

mena {5, P)

gives =z list orf all trose symbols of 0 weich car gscoul as the firsc
gvert ir the life of F:

mery (w0} = 1 = NIL thes D
i

-
b

+
f

F{car{-)) = "2Le<t tren menu{ecr(i),®)

clee cors(car{:), nmenu{cdr (A),r})




-
i)
.

If x iz 1~ menufa,p), C(x) is rot "W LIC =-o ig aerefore 2 Turctian
defining tte Future Bbehaviour aof ' after engagirg in x. Thus if y is
ir menu(d,P{x)) then ™(x)(y) wili give its later oehaviour, after both

X and vy "avg OQCLCUTTri'il.

Tris suggests :+ useful methaod of exploring the tehaviour of a
procecs. lWrite a program vhicn first outputs the valus of menulf, D)
or & screen, end tren inputs e symbel fran Lhe keyooard, I the
eyvicl is -obt Ir wre mers, it snoulc Le greeten withk en audiole oleep
and ther ig-ored. Otheruise i1re symoul 1: scuepted, ary, the pracses
1w rupeateo with B reploceu by the result of aoplyine & Ko bre accuotec
symbol, Tre process is terminateo by typing an "0iD symbol, Thus if Kk
is ©hr seguence Gf symoois jrmput from the kevboard, the Following

fonctior Zives the sEcCuLnbE ¥ butouts reguirecs

irteract{s,t <} = cors{merul{a,t),
gircar(k) = "_un thir L
plek if Sroar({v)) = "Bl U srar

cons("BLEE I 1ntersctii, mcar(k) )
slse 1ntaract{A,r(aac{l<) ), cdr{k)))

T~= rnotatzans yed above for definir+ LIGP furctions arcs wvery
informal, and they will need btu be translated to the sprcific conventiorzl
t—exprezsion form of esch pacticulsr inplementation of 1 ISR, For

exomple in LT:Pk:it, the prefix fFunction can be defineds

lamoda
(= ¢)

{lareda (x) (ir {eo x z2) g (zu

fartumately. we shall uze only a wery srall suczet of pure functianal
Linf, so tnere stauld Ze no ¢ifficuity 1a frz-elating anc running

these wrocesses L~ 2 varisty of dislects -

warirty o7 machires.

I

lor ttis resson we may freely mix “izher lewsl natatioms with the

code of the Llsd fupatilars.

1.5 Traces

4 trace of the behaviour af 2 proces= is o finite secuerce of
sympols recording the events 1n whick @ process hag engaged up to sone

momert in time. Imagine there is an oosserver with & roterook who



watches the rrocess ang urites down the rame of sach avert as it
occurs.  Le cznovallgly lonore the possiollicy trat toeo events
occur simultsneausly; for iF they dic, tre cheerver vculd still
~ave to recorz ong of trem Fipst ano btre~ thre otner;  ano irne ordel

ir waich ko iscords them will not matter,

5 trace will De denote 55 2 secuerce of symcols, senarateo cy

cammas arng encloseo in angular orackets:

<Xy¥> corsists af tug events, x fallowed by y.
<x > iz 3 seguerce containing only the event x.
<y 1z tre mmpby sequance containimg no events,

"xamples

X1 i tisce oF €RE mimple- venoing machine M5 (9,1,2,X2} at the

mament it ras completed service of its first tLl}a_bDéEﬁ\mErrS:——f_,k_____

~coim, choc, cein, chocd

w2 4 +race of the sase machine before the secornd customer has

extruecten his chocs:
<coinm, choc, coind

Meither *he process nor its cheerver understangs the concept of a
"completed transaction™, The hurger of the expactant customer, anrd
the rezriness of the mschine to satisfy it are not in the alchabet

of these proce<ses, amdg carrot be ooserved ar recorded,

X3 Giefore a process has engaged in any events, tre notabook of
the observer is empty. This is representeo oy the empty trace

<>

Lvery urocess tas this a5 its shortest possible trace.

x4 The complex vendirn machine WSC (1.1.3.%4) has the following
sever traces of langth two aor lese
<>
«inZp> <Cinlpd
<inZi,large> <indp, anall> Cimip,intp)» <In'p, smally
Cnl, one of the four traces of length two cen actually occur for a

give~ mackine. The choice between them will he determinec by the




wisres of Tne firec co-tamer b3 -=n MacTite,

x5 & trace of the saw machi-c 1F ics first castomer ha: ignared
“Fe wsar-ing:
<int@,1nlg, inlp >

Tre -—race does -o- actoelly recorc i~e rrze<s. a7 tre rmackine.

MNreakage is only indicaslec by tho fact thet among all the possible

traces of the machire, there iz no trace which extencs this anc, L.g.,

there 1s rno ruent x soch that

Cir'py tnpeinla, x>

is 2 possible trace oF ¥90, The customer may fret snd fumey the
observer may watcn eagerly with pencil poised; but rot arother
single event car orcur, and not asnother sympol will ever ce written
in the notebpok, The ultimate disposzal of customer and machine are

not in our chosen alphabter; and we have cecided to ignare them,

1.6 Cperarions on Traces

Tracus play a central role im recording, describing, and under-
stardirg the cenaviour of processos. [n tris ssction we exolore sore
of the gemeral propertiss of trares ang of operations on them. ue

will use the following canventicns

s, t, u stard for traces
B, Ty 2 T sefs of traces ) -
fy Gy M furctions

1.6.1 Latenation

By far the mazt importznt operation on iraces is catenation,
wnicn constructs a trmce from a pair of operands 5 snd & by simply
putting them tozetrer 4i- tris oroer: the result «ill Ze ceroted
Mt

2 ’

For exaTples

Fal
~cpir, chot > <cain, toffee)d = <coin, choc, coin, tofferd

. A . B - PR
~ir*p> warps = <inp,inip >

inipsintoy< >=  <irlu,inlp®



The mosr inoartart propertiss of cakeraetion ere thet JE is

1

s3ociative, ard has <> =2z 1ts unit.
[ 570> =<y s == {unit)

~ ~ A B .
tTW = (s7Me) {azsociative)

ihe followirs lsws are toth obuvious and useful.

~ o~

L3 st = s L0 = t=u
L4 =™t = 4™t = 5=y
Ly ™t = <Y =T s g% kT =d>

Let f stana for & Functlion which mape frsces onto Craces.
The functicn is said to be strict if it maps the emety traces to the

“emphy Lrace:

exr= <3 o (striet
I
[t x= saic to be gistriputive If it distriputes tnrounk catenztion: T
A ~ . . N
Flz"t) = F{s) i) (diztributive)

Many useful operatiors an traces will have trese properties,

. N .
1f n i3z a natural numoer, we celine £ 328 n caples ofF &

catenated with each other. It Is readily defined ov inductior,

a
LB t = LY

41 ~
T S S A

riz peTinition itself nives two useful laws; here are two mare:

ey n
te o =100

\
s (™

1.0.2 sestriction

Thi: nxpression (tPu) derotes the trace t when restricted Lo
symoo.s in the set -3 Iv i Tormed from t simply £y oaitting all

symzore uutside &, For example:

< aroung, up, OOwn, aruund)['f_up,c\owﬁ} = <vup, dowrd




Restriction 15 strict end distribuotive:

L1 <sfa= ¢ »

L2 (s"t) rf\ = (s [\’L)

PaS

([
Its effect on unit seguernces is cbvious.

L3 <x> [a <x> if x €A

~
o if y €2

L4 <y> I‘A

A strict ard distributive fumction is uniguely defined by defining
its effect omn unit sequences, zince its =ffect on all longer
sequences can be calculeted by gistrituting the Function to each
individual wvlement of tre sequence and caternating the results,

Far exemple if vy ;é Xz
<Xy vy x>[\{>‘] = (x> eyn T e i
@t B N enl g Y ol L) e

Fal
x> ~ <> xS Ly L3, L

H

= <x, X»

Tne following laws show the relationship between restriction end
set aperations. & trace restricted to the empty set of symbols
leaves nothingi; and a successive rastriction by two sets is the same

as a single restrictiom by the Interseetion of the two setls.

sos Py e o
e lafe = s Pane)

1.8.3 Head and Tail

if s is & nonempty seguence, its First symbol 15 denoted =5

and trne result of removirg the first synool is 3'. or exs7ple
L N x)‘o = X
Xy ya x> = Ly, x>,

2otk of these cperatiors are endefires for the empty seguence,



i = x

Le = 3

_ o A .

L 5 = ((sg) ELD] if £ <>

The followinr, lew glves o cunvenient method of praving whskber

two traces are ecual

Tre get n¥ is the set of 211 finite treces [urcluaing < 2 )
ubich are “ormec fram symbols in the st o, Uber» such traces are
restricteg to &, tcey remain unchangeo.  This facd perorts o simple

c:s_;Fj nitlor:
,;"ﬁ_*i ;7_{_57'[—73?:1 = 3}7. L

The follesing setl of laws are sufficiently powerful to determine o

whather ¢ trace is a membar of A¥ or rot.

L1 <3 € A%
Lz <x> €45% = x g 4

L3 (e™t) € a* = sea* & tenr

- . =
For exanple, if x € b, y € &

oy
Cxy ¥ & 0% Z= (Kxd> Ky>) € A%

]

(ex> € 4%) & (y> e n*) oy L&

I

true & false uy L2, L3

Tetad Croering

it s 1s a copy of an initial subzeguence of v, it is poesible
ta Ping zame extorsior u of 5 suet that s U = t. we therefore
defins

~

s ¢t = (Jr, «7u = t)
say that 5 Is & prefix of t.
For exzmple,

Ky ¥ <oy oy, Ky oud

Lot ragt Sxy, y> & €2, ¥y 22 1f oz £ %,




Twe & relation i: 3 partiz=l sroerineg, &nn its least element

is <« >, as stated im laws 1 ta 4

L1 <> g 08 least wlement
Lz 5 % 5 reflexive
L2 2 gt kbt £ —» 5=t antisymT. tTic
Ld s £t xt Ly —> 5 Lu tranzitive

The foullowing law, tagether with L1 gives a method For computing

whetter s £t or not.
~ L
Ls {(<x»"'s)gt = t £<>» Ex=t & st
]
The prefixes of & giver scguence are totzally arcured,.
LE s SwEt gu —» 5 &t vt gu
if 5 is @ subsecuence of t {nuot necossarily initial), we say
s 1z in t; this may be defined:
s int = (Fa, voez=0uT370,
This relaticn is also a pertial ardering, in that it satisfies laws
L1 to L4 above. It @2lso satisfies:
L7 (ex3™s) int = t # <> gt = x & s§tv (<x$%) in &)

2 Functiocn ¥ from iraces o traces iz said to ce worotonic if it

respects the ordering £, i.e.

~

F{s) £ F(L) wherever s £ t.
411 distributive functions are monotanic, for excmple
L3 = &t =—p (sl‘A)é(t PA)
& dysdic funmction may be ronctonic in eitker argumest, keeping the
other argument comstant. for example, catenation is monotonic in
its second argument {but mot 1n its Tirst):

L9 tgu = (s™t) € (s™u).

1.8.2  Length

The numter af elements ir tne trace t is dencted 7\‘;" t. ror

oxample

Bex, y, 2> =3



The lavs Lracn defing WY ars gluen

L {s™) = (We) + {Kr)
“he rumoer of accerrepces in T ofF svebcls from 4 is counted oy ,\\{{tt‘-‘.).

M B(eP v )) = B Ma) e B be) - T (hne))
LS 5 £+ ﬁ[;%s 5_;77:"\{:
Lo XN = nx (3

1.7 Implenentation of Tracas

-———_. In order to reapresent traces in a computer and to implement

operatiors gn then, =& need s high-leuel list

processing language.

fortunateiy, LITP is very suitsble for this purpose. Traces &re —————_

representzd im tres obvious way oy liste of atoms represenmting its everts:

<> = NIL

ccoind = cans {("COIN, NIL)

<resin, choed n(CuTn CHOC)

I

Opsrations on traces car be reacily implesented as functluns on
lists., For example, tne head and £ail of a nomegmpty list are glven

4 ond "edo™

by the erimitive functions "ear
t = car(t)

cdr{t)

r
il

<x¥'e = consix,s)

-

Lesnara. catenstion is implemented as the familiar "“aopend" function,

Ltick uses recursion:

57t = append{s,t)
appoma{s,t) = 17 s = ML trer t

elase cons {car(s), scpend (cdr(s), t))

The correctress of tniz osfiniticn FTollowes from the Laws

ARAES] when s £ €




the list supplies as first =rgurent of sach tecurzive call

than Lt wss st the mext bicher lewvel of recursicr. aiwilar
eztablish the correctress <of tre imple~entations cf the ctrer

OpNETELICMS,

To implement restrictior, a set is represented =5 a function
which gives the asnswer "true" whenever its argument is in the set ard

"false™ othsrwise, so that

xes == n(x) = true

(sl a) can now be implementeo as tre Function:
restrict {s,4) = if 5 = §l1L then MIL
else if &(car(s}} = false ther reatrict(cdr{s}),i})
else corsf{car{s), restriet{ecor(s),a))
A test of 5 &t is implemented as = functior which delivers
the answer true or false
isprefix (s,t) = if 5 = hIL then true

else if t = W1L thern false

else carf{s) = car(t)

& isprefix (cct{s), cor{t))

TRe irmlenentztian af
S s = length{s)

is left ag ar exerclae.

1.6 Traces aof a Process

In tre preyious section, & trace cf a process .as introcucecd as
= sequential recora af tre tehavicur of & process us bEo scme rmorert
in time, Fefore the process starts, it is nat snown wnier of ics
possible traces will actuslly te recorced: ©mat will oepend on
enviraor-ertal factors beyonc tte conmtrol of trne prcocess.  however

the co-glete set of 2ll paseicle traces of = process c=n e vnown in

1

advencCe, ard e sefine a function "traces{™)" ta &g €acl prccess onto

trat set.
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Cxarples

A0 Tre onls Sraece of tre osbasicuas of tre proeess =TLE 1a < >,

Tne nmotecack cf e cossrver of t-is ~reocess rewains Vcorever olark,

)= (<]

KL Thste are orly twa traces cf the macnine that ingests a coin

cefore Lresdlrg
troces{cain —> ITUF) = {< >, ‘.‘c;in)}

A3 A cloek doas nathing huot Ytick"

i

traces (pr.tick —> x) {<>,<tick>, <tick, tick >, }

Etick}*

4e with most interesting procesaes, the set of trsces is infinikie,

althounh 4f course—sach ingivioual trace iz Finite,

x4 rosimole vending machines . _—

traces (pr.coim — choc —> ) =

{slar. s X<coin, choo> n;i

1.8, lLaus

1n trhis section we show bow to csloulate the set of traces of

any precess ogefineg wusing the notations introdoced so Far.,

A4S Mmgntiored aoove, + nas anly one trsce.

L1 traces (S70F) = {t }t = - )}
A trace of (0 ~—> ) nay be emoty, beceuse < » is a trace of the

¥

;L
w

uo to the moment that it engages in L

5

ceravisur of every prsce
very first action. Svery norempiy trace begirs with o, anmg its

tail nust ce & possitble trace of .

L2  =craces (c —> ) = {:

cit'oE tracas(r)} .

< tracszs(F)i

it
s
—
[ =
S
[}
v
s
F

~ trics of the oeraviour of g precesc whicn uffers a choice oetween

initig) events must pe a trace of cns of wre alternatives:

-
(¥
or
[
0
[ul
ux

—
n
L
L

I

~
o
or
il
A
v

v tc =c & '€ traces{F)
vi o=k e traces(:)} .




p
o
.

Tozse three laus zre sc-merisec ir the sircl- cenerzl lav qovsrninc
choices
L4  craces (x:i —» P(x)) = {tl t=<?

v’togm R A trzc&s("(to))z

To ciscover tFz= set of traces af a rcecursively csfired precess

is a bit more difficult, A recursively defiped process is the

sglution 29 ar ecuztion

voo= F(X)

MNirst, we cefine itcratiaon of the Fi-ctior F Ly induction,
T
"o = R
= FL{F{x))
Floar (FEFORDD) W0a)

n times

t

Then we car define

N r
= Kire F( = sces )
L5  trzces(pxir. F{x)) 0% G traces(F {(=U \A))
Tirzlly, it is mecessary to cdefine the traces of ﬁd?lﬁ by the ockviows
lauw
*
LE traces(HUS.;“) = A
Examples
X1 Let F{X} = tick —» X
Let : = [tick}
Then traces (FO(dUr }) = traces (RUM ) . def F°
*
={tick} (1} Le
. .- 1
traces (F' 7' (RUM,)) = traces (F(Fr(.umg))) def F™
= traces (tick —> FP(?‘_‘,‘\)) arf F
= it = A Lz

\.f(tD = tick ~ t! etraces(l’n(HU'\.l)))} e @)
e row preftse tme nypatresis that

-+
treces (FM(0 ) = Etim?( Far 21l -.
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Fropt (1) ‘or n = O, the proof is given zcove (1).

(2) estume the hypothesis; it follows Fror (2) aoouve that

e N+t N - i *
traces {F (BN )} =t ] & = <> V(tD = tick A t’ € Jtick} )
*
= {tied 1.6.4, L1-L3.
Sy LS uwe oecuce
*
traces {(pXia.tick —» X)) = OD {tlck}

N
L
= {tick]

Xz  Let F|X) = (coin —> chac —> X)

Let & = [coin, chccz .
Let vid = pXaf. (%)
:;_;;‘nt to prove T TT—-- —
traces (Uiz) = [tr, Vo, tr < ([‘.Diﬂm_ o T

*
w(tr > <cuin,chuc‘ln/\ tr € A )]

Froof. Let Tn = traces (Fn(ﬁuNA))
gy L5, it is sufficient to prove for ell o

! ;
Tn = !tr i tr &£ <CDlrI,E:hD|:>n
*
v(tr » <coin,choed’ atr g & )}

Tris is proved by inductior onm n,

(1) T, = traces (RUNJ‘)
®
= {CDiV’"ChDC}
*

= {trltr$<)v(tr>,<>/\t!€.“ )}
The cenelusion falleus, since <% = €cesin,chocy’
2y - = = <«
(2) ol {tr tr >

\/(trD = coin A (tp' = <>

V(tr‘o = chog A tr® eTn)))}
= {tr[trg<cain,choc>

v(tr 3 ¢coin,croc> A t1" g Tn)}




1
= Etxl tr & ¢coin,chocd»
A 1
v{tr > «¢coin,c-ocy
" 3 n
altc" ¢ <coin,chocd
ftr" >y <ceoin C"‘DC)”
v & - 1

x*
A to" € A )])2 uy inductior hypothesis

1
= {tr , tr & (Coi?,chol‘.)m-
.

. i *
v tT }(coln,chm‘.> A TD €~ .

s vi(tr 3 6 atot g2") = tr g™

n

sirnce tr

n+1
n y s

anc tr » s AL > 5 = tr )

, wherever X s = =

#s mentiomec In 7,5, a trace is & seguence of symtols recording

tre everts in which a process £ has ergaged op te some moment 1 tims,
From this it followus that < » is a trace of every process up to the
mement in which it engages in its wery first ocvert.  Furthermore, if
s™t is a tracr of a process up to some momernt then s must bagve been
a trace of that process up to sore earlisr wnoment, firally, svery
event that occurs must bs in the alphabet of the process. These three

tacts are formalised in the laws:
L7 > € traces (/)

L8 5™t € traces (P) :? o € traces (M)

- E. 3
L9 traces (C) € &P

T«8.2 Implementation

Juppose a pracess hes been impleneried as a LI functicn 7,
and let 5 be a trace. Thren it is pozsible to test whether s is a

possible trace of P by the function

istrace (s,F} = if s = LIL ther true

else if P{sg) = "BLLEP then false

else istrace (S"‘_’(SD))

Jirce s is Tinite, the recursinon involved bere will terminate,
having explored only & finite initiel segment of the behaviour of
the process #, It is only becacse we avoid infinite exploration
t-at we can safely oefine a2 pracess as an "infimite" ooject, L.e.,

s function whose result is function whose result is function whose
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1.8.3 4after
IF g5 &rtraces [P} then
/s (F sftor s)

iz a process vhigh betgues the gane as L CTerzves from Lthe time atter it

has engaged in all the actions of s. If ¢ is mat a tracs of ©,

n/s is not defined,
txzmples

%7 (velg/<€cainy ) = (choc — ups)
XZ Ui"|5/< coiny,choc » = UMS

z
X3 VR <inlp> = TP

The followirg laws gescribe the meaning of the aperator /. cufter

deing neihing, @ Frocess temains urchanged,

L1 Ples = p ' _—

Sfter engeging in ®°t, the betsviour of © is the same az that of (v/s)

would be after engaging in t
Lz P/s™) = (Pfs)/t

After eageging ir the single evert c, the behaviour of a process is as

defined by this initisl choice.
L3 {228 —>»P{x))/<c» = (<cp») provideu that c €A

i carollary shows that (f/<c>») is the inverse of the prefixing

operstar (c —» ),
L35 (c —=1r)/<c>» = P
The traces of (+/s) are defined
traces (F/s}) = {t l ™ & traces (D)z
provided trat s € treces (7).

Irn order to prove that a pracess F onever steope it ic sufficlert
to srove that

v/e { aTOR for all = € traces (P).

Efnpther desiracle groperty of a process is livsness; a process i is
cefinea as live 1if ir all circunstances it is roscsiple for it to tetueem

to ivs imitial state, i.e.,

Y¥s € trezces (P}, Jt. (p/(Sﬂt) =F)




STOF ie trivi=lly live; E£ut 1f sny other process is liwvs then

it also has the desiratle proecerty of never stscoing.

Ixamples
X1 The fallouuing processes are live

FL\IJ,\, yMs, {ghoc —=> ym3i), UMLT, Ty

Xa The following ere not live, becasuse 1t Is not possible to returns

tkem to their initial state:

(coin = wiis), (choc —> wMCT), (srouns — CT7)

1n the iritial state of {choc —» ¥ICT), only a chocolste is
aptaireble, out suoseguently wnenever choc 1s obtainaole a choice of
toffer is zlso possibble; consequently more of these suhsecuent

states is equal ta the in:tisl state,

warming. The use of / in a rscursively oefined process has the
urfortunate conseguence of invalidating its guards, thereby introducing
the danger of multiple saoluticns to the recursion equatiams. Foar
example

o= (a8 —> (X/<a3))

is not gu=rded, and has as its solution any process of the form

a —>»p

for any F.

Proof. (a —> {({z —>F)/ca»)) = (z —> F) by L3a.

1.2 Priore operations on traces

This section describes some further operations on traces; it
may be skipped at this stage, since backward referenges will be given

in later chopters where the operations are used.

1.9,% LChange of symhol

Let f be a function m=pping symbols from a set & to symbols in
a set #, fro~ f we can berive a new function F* wnich maps a seguence
of sy~zols inr ;* to a seguence 1n S* ay apolying F to eacr element of
the sequence. For exXample, if oocuble is & furction whicn doubles its

intecer ergument,

29.



30,
* . - - Bl
double [ <1,5,3,1>) = L2,10,6,2)
4 starred Furction is obviously strict zrmd dietricutives
*
L1 T ofe» = &7

*+
L2 f fexsy = <F{x)>»

Lroor £ (s)™ )

—
w,
>
1
e
1l

Other lawus are coviDus Cansenuences

L4 f*(so) = <€(SD)> if 5 £ <>
L f(e) = XKe

But here iz an "abyliows" law which is unfartunately not gerarally true

by = Fe TR

— — _where f(;l—j—f_{i(_i)l % & L\}

The simplsst counterexample is giver ty the function T_such that

T

Flt) = fle) = «c T
F*[<b>r{c}) o P )
= 42
# <cy
= <c» F{c}
= e tr{eh

Fowever, the law is true if f 1s 3 one-one function.
* +*
Le  fisfa) = ¢ (s)Nrin

provided that f is an injection.

1.9.2 Catenatior zno zip

let s Le a sequerce, each aof whose elements is itself o zequence.
Then A/s ie obtained by catemating all the elsments together in ihe

origiral order,
for axample
A . - ~ ~o
/e 1,03, <2, 47> = ¢7,3x L D> L7>
= L1,3,7%

This gperator is strict anc districutives:




v Ve <>
Lz Vess = =

Lx Yt = (Y)Y

The Function zip cives a secuence Formed by taking alternately

tre elemerts of e2ch af izs tug operarcs. Truos

2ipl€1,3,55,40,1,4% = <1,5,3,7,5,43

Tre furetion is totally cefined ovyi
Ld  zip(e >, t)] = <>

L5 ziplexs Te, t)

1
~
>
A’
]
-
o
o
-
w

1.9.3 1lnterleaving

A4 sequence s is an interlesving of two sequences t and u if it
can be split into a series of suoseguences, with zlternace subsequences

extracted from t and w. For example
5 = £1,0,3,1,50,4,2,7>
is an interleaving of
t = ¢1,6,5,2,7» and u = <3,1,4>

fal
bogause 8 = /<<l .63, $3,17 , €53, 4>, £2,7>

Tric exzrple guggests houw 2 definpition of interleaving can be fornulates

ir ter-s of aatenation and zip.

L - —_
s interleaves {t,u) = 3AT,U, s= " /zip{T,Uu)

& nmore corstruotive definition of interleaving car be given by

means of tre following laws.
] < » interleaves {t,u) = L =<¢> Au=1¢<>
Lz 5 i-terleaves (t,u) = s irterleavss (u,t)

L3 f(ex»™a) interleaves (t,u) =

{t #{)nto = x ~ 5 interleaves (t',u))

x A 3 irterleaves (t,u'))

v (u #()AuD
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1,9.4 Subscription

If 0¢i¢¥s, ve use tre conuentional ratation s[i-] to cenote the

th R
i glement of the seguerce s.

L1 If s £ ¢»
S[DJ =5 A s[iH:I = 5‘[i]
Lz ey [ = #(sIE]h for i< X s

1.9.5 Reversal

If s iz 4 sequence s is Formed from its elements in rewverse order,

For example
<3,5,37>» = «37,5,35

feversal i3 dsfined fully by the Follawing laws

L1 <P = > '
L2 CX? = LX ¥
L3 st = t™

Heversal enjoys a number of simple slgebreic properties, including

L4 T = s

Exploration of other properties is left to the reader. 0One of the useful
facts spout reversal is that 5 is the last element of the sequence, and
o =25t

in genecal

LS E[l] = s[)%s—i-‘l]

1.10 soecificatians

. gpecificatior of a product is a description of the way it is
interced to gehave., This ocescription is & preoicate containing Free
variasles, sach of ubich stands for scme chserveble aspect of the
behaviour of t-e procuct, far example, the specification of en electronic
amplifier, with an imput rance of one volt angd witen 2n approximste galm of
10 ceulo be gilven bty the methematical precicete:

sl o= (04 v €1 — [ vl —1a* v | &)

In tnis specification, it is understaod that v stands for the input
voltage and v' stands fFor the output voltzge. Lueh sp wunderstanding of
the meaning of variables is mssential to the vse of mathematicz [n zcience

anc engineering.




ir ths cese af & process, the most soviously relsvant ooservation
of its ostaviour 1z of tnz trace af events That ocCul up TO a glven

.e will use tne specizl variaocle "tr" to stanc For

ar arzitrary trace of t-e gTrccess DeiNg speci“izc,

fLxamples

21 rre ouner of a venging ~echime coss not olsh o naxke & loss by
installing 1t. He trerefore specifies thet the nunter of cnocolazes

disoensed must nmever exceed tha ru-aber of coins inserted:
Lot = (B(tr r{cho:} ) £ H(tr T{coin.} M
In future, we will use the abbreviation

tr.c = %(tr T{C})

to stend for the number of ocourrences of tna symbol © in tr,

Xz The customer of a vending machire wants to ensure that it will no:
agsors further coins uwntil it has dispensed tre chocolate alresdy paid
fors

FALRT = tr.coinm € tr.choc + 1

X3  The manufacturer of a simple wending maching must meet the

reguirements both of its owner and of its custamer,

vMspEl = MCLUSS A FALRT

= (9 & tr.eoin = teechoe €7) - - -

X4 The specification of a correction to the complex vending mschine
forbids 1t to accept three coins in & rouw

T
UMCFTA = (< inlpd in tr)

x5 The specification of a mended machine

MEMDYME = (tr &€ traces (VMC) A uMCFIX)

1.10,1  Setisfaction
If P is a product which reets a specificatior 5, ue say that
? sat 3 {+ satisfies 3)

Tnis meane that every possible observation of the behaviour of P is

described Ly 53 or in other words, 5 is true whenever its variables

[
L



S|
~
.

take values soserved from tre proouwct F. for esxzple, the fullowirg

taole cives same a%servatiors of tre properties of =r smplifier

v u'
[} U
L 5
3 4
2 1
ho | =

~ll obssrvations except the last are described by 4Mp1G.  The second

—_

“rame-thirc lines illustrate the fact that the putput of the amplifier
iz not coxpletely det_eir_mii-nie_di_ﬂ-_m—mmiine shows that
if the i-put voltace is outside its specified rangs, the Ou;:_;jLT_UE-Q_F_H——
can be arythipg 2t all, witmcout vielating tre specification. {lp this
simpls example we have ignared the possioility that excessive Input may

break the praduoct,)

Tre fallowing laws give the most genersl progerties of the
"satisefies" relation. The specification "true' which places no com—
straints whatever on chservations of a oroduct Lill be satisfieo vy all
oroducts; even a broken oroduct satisfies such a weak and undemanding
specificaticn.

L1 I osat true

If & precuct satisfies two differect specifications, it also satisfies

their corjunction

Lzl If L sat 5

ard P osat T
tren 1 sat (SAT)

The lzw L2A generalises to infinite conjunctions, i.e., to universal

guantificztion. Let 3{(n} be 2 pregicate contalning the vesrizols n.

L2 1F ¥n. (P sat 5(n))

proviged that P does not contair n.




If a =pecification S lozically implies amother specification T, ther
sueTy observation described by S5 is elso described by T. Conseguently
every preduct whick satisfies S must also catisly the weasker
specifipatior T

L3 If & seb o

dndﬁﬁ T

tren F sab T

1.10.2 Proofs

In the degign of a product, the designer mas & respensibility to
cnsyre that it will setisfy its specificaticony for this purooze he
will uherever noss:ble use the reasening methocs of the relevant orarc
of matrematics, for exasmple, geocmetry or the differeniizl and integral
calculus. Im this section we shall give a calculus whlch permits the
uze of matrematical reascring to ernsure that a procese | meets its

specification =,

finy observation of the process 53TJW will aluays ce aof an ewpty
trace, sinca thiz process never does anything.
L4n  STORP sat tr = < »

trsce of the process {c —» £} is initially empty. CEvery subsequent

trace begins with e, and its tail is a trace of F., Consequently its
£ail most he desprined hy any specification nf Py, -
L48 If F sat a(tr)

tnen {c —> P) sas: (tr = &>

vitr_=c A s(ert)))

4 aorollary of this law deals with double prefixing.
Lai  If £ gat s5(tr)

then (c —» d —>»p) sat (tr & <c,dy

vitr 3 ¢o,d> A S(Er' ')

fipary choice is similar to prefixirg, except that the trace may begin
with eithar of the two alternative events, and its tail must be

described by the specification of the chosen alternative.




L4G IF P sat 5{tr)
znd O sat T(tr)
then (c&bclu——)a)s_at_ (tr = &>
v(trD = CA 'Tu(tr’))

vitr = daT(er')))

411 the lsuws given above sre spsciz:l cases of tre law for general

choice.

La  If Yxen, (P(x) sat s(te,x))
then (k14 =3 Fl{x)) sat (tr = <%

v(trD € 5 A b(tr',tro)))

The lau gouermimg the aftervperater 15 surprisingly simple.

If tr is & trace of (P/s), s™tr must be a trate of ©, and therefora  ————— _
must be descrited Sy apy specification which P osatisfies.
LS IT P sat S{tr)
and s € traces {F)
-7 A
thern {7/s) sat G{s"tr)
Finally, we need & law to estaclish the correctness of a

recursively defined process. (et 5{n) te o predicate contaiming the

variatles n, which ranges over the natural numbers 0,71,%, ...
L5 If 5(0)

and (X sat =(n)) =3 (7(x) sat =(r+1}}

tren {px, F(x)) zet ¥Yn. 5(n))

The justificstion of this lsw is as follows. 5Suppose we have proved
the twc antecedants of LE.
Then FD(D.LJ.“:Q) sat 5{0) by L1

mr’](D

and {F”(nuwg) sat 3(n)) = (F I‘F'.'h,‘) sat (m+1))

By induction we can conclude

r“(qumq) est 2{A) for all n.




Camsider now an aepitrary trace of pX. £(x). Trie trace must bz also
! F

n,. . - .
s trace af (*J':Iﬂ) fecr 8ll m, By trke conclusion af the asouve 1nductiing

it is zescrinec oy S{r), for all n. It is cherefore cescritec oy
Y-, 3(n}. Tris srgurens apolies to all crzces of P F(4), anc

justifies tre conclusior of LE.

txample

x1 lle shall prove the obvious fect that
WS set UMSPEC

“ince YMS is defined by recursion, we shall need a suitaole induction
hypotresis 5{n), memtioning the induction varistle n, In the case of
a qudarded recursior, a simple but effective tecrnique is to add a

clausc +o the specificstian:
2{n) = REr 2> on v UFSPEC
sance Xt >0 is always true, so is 9(0); this gives the basis of
the irduction.
Mow assume X sat 5(n)
.. (eoin —3 choc —> X) sat
{tr 4<coin,choc®»

vitr > <coin,choc)

ATRITT 3 7 vy g trvToiA = rrt oo &TrY)
= (W tr > M) v 1 gtr.coin - tr.choc £1)
= 5(n+1}
Thig establisnes the induction step of the proof_: o
{x sat 3(n)) = ({coin —2 choc —> %) sat 5{m1))

7. pr(coin = choc —> ¥) sat (Vn. Xt 3 n v UMSHED)

(Y. R tr »n) v UMSPEC

[/l

YMAPEC

zince tre length of a trscs must be Fipite.

Tre fact that a crocess VP satisfies its specificatior dces not

recessarily mean that it i1s going to be sactisfsctory In use. For



a8,

example, since

tr = <>=> 3 £ir.coi~ - tr.chac £ '

=
@re can prove oy L3 ang Law thet

.
v

STOR sat 0 £tr.esir - tr.croc £

Yet STOP will pot serve as 2r adequate verding machine, exther for its
owner or for the cuztomer, It certainly avolds cairg arything wraongs
but only by the lazy expecient of ooing rothing et all. For this

reasor, 5TOF satiafies ewery specification whirt is satisfizble oy any

process,

Fortunstely, it is cbvious that ¥MS will never stop. 1n fact any

process definen solely by prefixing, choice, and guarced recurslons

. will never stop, The anly way to write a preocess that car stop is to

include exslicitly theprecass 5Tu9, or ecuivalsrtly the process

(x:i —> p(x)) where & is the empty set, Ay sveionifg suer Elementary
- T
nistakes ore can guarantee tc write processes that never stop.




ChLETDE T

COKCIR==NT FANCELAED

2.1 lntrcductiecn

- process e defined =y cescribirc the wtale ranze cf its
ootentiel brhaviour. Frecuertly, there will Ze 3 croice between
several different actions, for exewpls, the insertion of a large
coir or a smell one into a vending machine VMPC {1.1.2.¥&), ©n esach
such occasion, the choice of which event will actually occur cen be
contrellec oy the envirunment within which process evolwes, for
examp’e, it is tre custormer of the vending machine who may select
umst coin to 1msart. Foaortunately, the enviromment of a process
itself nay ce describec as a3 process, with its behsviour defined oy
familiar rotations. This permite inyesticatiun of tre cetaviour of
a complste syste~ composed from the prooess and its environment,
acting and interactimno with each other as tkey evclve concurrently.
The complete system should also be regarded as a process, whaose range
of mepaviour is defiraole in terms of the behaviour of its component
processes;y and tre system may in turn be placed within a yst wider
enviropmert. Ln fact, it is cest to forget the digtinction Setween
processes, eruirorments, ano systems;  they are all of trem just
processes whose behaviour mey be prescribec, described, reccorded and

analysed in a sipple &nd homogeneaus Fashiep,———— — —
2.2 Intersection

uhen two processes ere brought together to evolve concurrently,

the usual intention is that they uwill iﬁtef%ct_wifk e;th other,

interactions may 0B TeEgaraen &s €yents thet require sirultaneous
gartzcipation of Soth tog processes involvyao, for the time being,

let us corfire attention to suck everts, apo i1gnore all others, Thus
we will assure that the alphacets cf the twp processes are the same,
Conseguently, sach event that actually pccurs must be a possible event
in the independent behavicur of each process sepasrstely. For example,
a choeolate can be extrscted from a vencing maohineg only when its
custorer wants it and only wnes the vending machine is prepared to

e o
1t

give it, If B and 5 are processes witk the same &alphacet, we introouce



the notation

o4
to denote the process which cahaves like the systen composed of
pracesses & and § interacting in the manrer oescrioed aboue.
Examples
X1 The gresdy custaomer.

A certsin custcmer of a vending machine is perfectly happy to
abtain a toffee or even a chocolate vithout payino., btowewyer, if
thwarted ir these desiree, he is reluctantly prepsred to oay e coir,

byt then he insists on taking a chocolate.

GACLST = (toffee — GRC

“leetm—  choc — sRows

When this customer is brought tagether witr the machine VIRCT
{1.1.3.%3):11 nis greed is frustrated, since the wvending machine does
g 3 =

not allow gooos to be extracted vefore paynent.

(GRCUST

IW‘CT)E px.{coin —> croc — X)

This gxa-ple shows how a process which has been defined as a com—
positior of two suvoprocesses may also he described s5 a wsimple single

processg, witkout ueing the concurrency operator I

X2 The fgglisr customer,

4 fgolisk customer wants a large piscuit, so he puts
ris cgir Ln the vending machine VMC. FHe does not notice whether he
has imsarted a large coin or a small one; nevertheless, he is

determined crn a2 large biscuit.
FolLTLAT = (in2p— large —* FOOLLUST
lintp—> 1arge —> FuoLTUsT)
unfortunately, the vending macrire iIs noct preperec to yield a large
t_scut for only a small coin.

(FGOLCUST ”\mc) = pr.(inip—> large —> <
{intp— 51093,




The =TOC- t-at superve-es after trhe first ir'n Is «nown =s ceecleock.
4lthough eacw comporent proscess is prepared to engage in some

fur<ner actior, theee acticns are different; since the processes
csn~ot agree on what tns next actior snall be, notking further can

Fappan.

These examples show a sad tetrayal of proper stardards of
scientific zbstraction and objectivity, It is important to remember
tnat events ere lntencec to os neutral trarsitiors which could Ee
obsarved and recorded by some dispassionats visitor fram another
planet, uho kmows nothinc af the oleasures of eating biscuits, or
of the hunger zuffered by tne foolish customer as he vainly tries to
cbtain sustenance. e hsve deliberately chasen the alphabet of
relevart events to exclude such internal emoticnal states; if znd
when desired, further evernts can be intrcduced ta model "inmterpal”

state c-anges, as shoun in section Z.3.

2.2.1  Laws

The laws gouverning the behaviour of (D“ U} are exceptionally
zimple and regular. The first law expresees the logical symmetry

between a process snd its envircn=ent,

L1 r “LJ = GH ] (symmetry)

Tre ne«t lau shows that when three processes are ascembled, it does
_ont matrer in which order they are-puttagethers—m —— —_

Le ? “ tu ElH) = (P ” i) ” A (associativity)
Thirdly, a Ceadlocked process infects the whole system with deadlock.

iz rfsree

ap = ._)TUP& {zero)

P

The next laws snow houw 2 cair of processes either engage siculteanesously
on the same action, ar deadlock if they disagree on what the first

action should be;

Lén (e —>8) “(c —0q)

n
—
(4]
—
s
=
—
~—

I

m
il

=

Leg (c—>P)||(c—>;) if o £ 4

Tris law reacily generalises to cases when one or fdoth praocesses
offer = g pice of imitial event; only events which trey both offer

will remair possible when the processes are combined:

ta (xi4 = a0 || yez — )
= (z:{e am) > (p(z) [Julz))



1t 1Is tris lsw which permits a syster defaned in terms of
concurrancy Lo be given an elternative description without

CONCUTTErCY .,

A Let F =(é—30—>'ﬂ|10—-->;‘)
o= {a~=ad(n—> g, c—>73))
Gl = s = (=0t —>a|c—a by L4
= a— (o — ¢y by Ld
= P (a —> 0 —> %) since the recursion is guardec.

2.2.,2 Implemertation

The implewventation of tre “ comtinator is clearly based cn L4

7 intemsset (M,u) = Az

JF A(z) = URLECK v a{z) = "BLCEG RRENYRLEER - _
— \_

else intersect (P(z), 2(z)}

Z.2.3 Trzces

Sincs each action of (PU_‘_') requires simultanecus participation
of Soth U arg 1, each seguerce of such actiopns must be possible for

both these cperands:

L) traces (F{{5) = traces (") A traces (4).

vl /s = /e[ ve)

2.3 Lercurrercy

T-¢ cparator described in tha previcus section can be generalised

to the cese wrer its operands F ano 1 have oifferent alphabetss
o # =3

Wren s.ch orocasses sre asserpled to run comcurrertly, events that
2re ip ooth tneir alptrabets (ss explained in the pravious section)
requirs simulteneous participetian of both ¢ and 7. Howeuer euerts
in the alphacet of P but rot an tre alphabet of 2 z2re of no concern
to u, wnicr 1s physicslly incapable of controllinc or even of noticing
them, Such gvents —ay occur indepenocently af O whsnevar P engages
in tren. Similarly, 1 may erpage alome ip events uhigh are in the
alphebet of J out rnot of P, Thus tre set cf all events that are
logically possible for the system is siwply the uricn of the alphanets

of the companent processes:




w(z|| 1) = wF o
This is a rare example of an operator which tekes ooerards with
aifferert alpbafets, anc yielss a resclt with yet 2 thirc zlgheceh.
—guever 1~ the case unen tre twe operanas have tne sarme alphabet,

so does tre resulting combinaticn, ano (F‘”':) t&s exactly the meanirg

descriftec in the previous ssction.

Cxarples

x1 Lot =lRUTSYYM = {coin, ctoc, clink, alunk, t:ffeg}

where "glink" is the sowund of a coln droouing inta the monmeycox of @ nolsy
vendinrg ~achine

Elgles "clunk™ is the sound maoe Dy the vending machine on completion of

4 transaction.

The noisy vending machine hag run cut of tcffee:

HOISYYM = (coin —> elimk —> choc — clunk — MO GyyaA)

Let LLUST = {coin. choc, curse, tUFFeE}

The cuetomer of this machire definitely prefers toffee; and "curse”
is what bhe does whemn he falls to get it; he then hss to take a
chacelate lnsteac,

CusT = {coin —> (toffea —> LT

surse —> chog —= LLET)

- ——

“The result of tne concurcent astivity of these two processes is:
(?.Wlb‘{""'llLJ'ST) =
px.(coin —% (plink =% curse ~—% choc —> clun< —>
- E'ﬂurs"é ——> clifk —> 6hoc =3 clunk —> 1)
Mote thst the relztive ordering of thke "clink" ord tre "curse" is

not deterrinmed. Thay may even occur zimulte-ecusly, a2nd it will not

matter in uhicgh sroer L-ey 5r6 Cetrroed.

Al | 1 Q E

i A 5 3
i counter sterts at the micale bot*om souare of the beard, ang
weaf, "Left" sr

" n "
L]

—ay noue witrin the boszro sither "op



Lot 1 = {u.J, dour‘}

v o= {up — doun 2]
i = [iefe, :ight}
do= {right —> left —> 1

Tre benayiour of the counter may ce cefined

I
In this example, the alpratets eoF and «u have N2 event i~ comnon.
Lonseguently, the Tovemernts of the counter are an artirrary inter—
lesving of zctions from the process P owinh actions from the process

Ja Such interieavings are very laporincus o describe vitrnout

concurrency., futual recorsion is uwseslly mescso: just imtroduce e

process. for gach_state of the system. For example, let s stand

for the versviour of a counter (X2 Whemsibwstad ig rou i and

column j of the boeard, for i g {_‘\,E} , 1€ {792;3} . - -

Then (F—'“g) = where
RZ‘F = {(wown —2 o | right —>» 52,4)
R (up—>a., | orisht =)
11 21 1z
o = (down >R, I left —> 0, l right —> & )
Ryp = (up—)-izZ ilef‘t —> ., l right —>H13)

= (ouum—)r:u l laft _;'ﬂz;)

R, = (upﬁﬁzs l lef‘tﬁ?‘?)

I Lzws

Tre laws for the exterdes form of concurraecy are similar to
trpss for iptersection.

1
L1,< il i3 symmetric anc associztive,

TR -
L3k AT = T
Let a € (' - oY, o € {&i — o) arc {c,d} S (a nwd)

laws srmow Ere way in wnick P oengages alone i oa, O
’ == L

3
=hgages alore imoo, but © and © rescire saimoltareous participation
a d




e (c—nlitce—1n = c—= f|m

(c—>m | (d — TTOr

5o =0l =0 = s—= Gl

I

(c —>p || (5 — ) b—> ({c =) [|w)

s = e =0 = E—=ellt—uy
|s — ttz — ) lan

ifF o £ d.

These laws csn be ceneralisec st the expenze of some ceomplexity,

to zeal with tre cerneral choice operater:
L7 Let P = {x:h —> 0{x))
g = (viB —>ly))

Tren (PHD) = {(z:L — D‘“ﬂ')

where [ = A NnB V(A -} v (8 -dF)
Pt= plz) if z €&
[ otherwise
and yr* = Qz} if z e B
] otherwise.,

Theee laws permit a process defined bty concurrency to be re—

defined without that naperator, &s shown in the Following

TN et wi=fee] . o= (B}
F=(a—>c—>7)
oD=(c—>b—>5)
Plle = (a—c—r fl{e v — -
a—2 (e —>#) Jlle —>b0 —>1))

2 —c—>(F|lb—>r))
pile— ) = (a8 == jic—0
o —> |l 0

(« = e—>0 |9
lo — ¢l

= (a——):.—)c—ﬁ(hil(:—_)u)) t

o = a—c—wili— 0

example.

by defimiticn



D

= pa—o—>20 21 since this
la——)a—Bc—b;\) is guarded.

R e e AP

|=—=ec—c— o 1)

J.3.2  lrplemezotation

Thne imglecentation of tre cperator ]iE derivea cirectly fran

“he law 17, Tre alpraosts of the operznds =r: reoresectnd as finite

liats of symtols, + ara 2, Test of sembrestip wses tre functian
igmembter (<, ») = if rull (n) trec false

alse if < = car(-} Lhun trus

else Ismemcer («, cor(e)).

(v lt 9) is Lﬂpls‘feﬂlgEt::

by galling o Functiom --— . ___

concurrent {F, o'y ofy ) -
wrich is opsfined az follous:
cancyrrert (b, 4, 8, O = aux (1 ,u)
ubere  zux (+,gJ) = Ax.

LP b= "3LcEF cr o = VOLLIY then MeLLLE

g1se 1f ismerber (x,s) aro isme-ter (x,2)
tren  aux {(M(x), 2(x))

clse if isverber (x,+) then aux (F(x), 2)

2lze if isnmermber (x,¢) tren aux {7, 7{x))

else "bBloor

Les © o8 & trace of (P “ My, Trer avery evect in & whic~ oelongs
to the alpnaoet of P ras bteen an svent ir tre life of 3  anc every
eyent :n T which goss rot belon; o e - has occurrec without tre
certic paziaom of . Thus (% r,u-') iz 2 zrace of all thcse ewvsrks in
whicr & pas participates, &nd nwust trerefore oe a trace of F. Oy @

sirilsr argument (truL.;) must e a trzce of ., Furzthesrroros, every

vert im £ myst pe in eirth.c For ehl. Tris reasining suggests tne

cefirztion




L1 traces (Fll,) = {:I(:rd:)é ~races (i)
&(trcku)é tracrs (1)
o€ (e ua)t

2o efl s = /sTe)) || /G

Let t1 = <e¢nin, clink, curse

Then 1} ol i vy = <coin, clink> € traces (MUOISYY™)
tifeCosT = <coing curse> € traces (2 7T)
.7, ti o€ traces (O CIsvul i LosT)

Tre same reasoning shows that

<cain, curse, clinkd €traces {(MIThHYUR I!ELST).

2.4 Tictures

A procerss P with alphabet {a,b,:] is pictured as a box

labelled P, fror whict emerge a number of lines, each labelled

uith & different event from its alphaoets

] . —

e

vhen ttese twc preocesses are put togethrr to evolve concurrently,

tre resceliticg sysTten msy e _ictutec 3s & netuczrxk fn okick girilarly
labellec lires are cannectes, Zut linzs labellsc oy eusnts in tre

alpracet af orly one prccess =sre left free

al .




s8]

& trird progess towibth @R = ic,s} may LE anced:
B _ '3] ; o
i L . —
: I
C

This diagra- shous that the event c reguoires participation of all
three processes, © reavlires participaticn of P ang 3, wherszas each

remeining avert is the sole cancern of a single process,

Tut t-ese plctures cculcd Ce guite misleaning. T BYSIET CoR=_
structed from chree pracesses 1s still only a single stogcess, anc

zhould kherefaore ue pictured as a sinole oox
B

L el

T

ic

The numszr £3 cer be conssructea as the proouct of three other
numbers (3 » 4 x 5); out after it has peer s0 constructed it is
still c-ly a single nurber, =rngd tre —anner of its cometruction is

ro lonpgir relevant or aven chzervztle.

Fxzirple:  trne Tinlo:z Mhilosophers

1r ancient times, = wezltry prnilantrropist doueo a Uollece

to accommogate five eriment philosochers. C[Cecr prilosopher bso a

room :n which ne ccule engase in nis orcfessionzl sctivity of
trirkirgy  there was glso 2 commen cining reow, furnisned with 3
circuiar table, surrcunczed cy five crairs, eect laoelleo by ths rars

of tre philoscphsr who was to sit ir it, Tre namesz of

500HErS weTE FJhilD, Ijhilq, enily Fril,, f»'hllq anc they we
< -




ir nris orosr zrriclocswise ro_~o tre nazlr. T tre loft of cacn

philosopber trhrerc was laid a gclden Fork, and in the cencre a larse

- cf soec Cr _<5 caore

newsi, w-

L

: philosopher was expected to spspc rozt of kRis time trirkincg
LUT urhen ~= fFrlt numncry, e wert o tre vining roo-, Sat cown 1n his

own cheir, picked up Fis owr fork on his ieft, amd plunged it inte

“retsl, Sut osacr

tre 57

P
srcond fork is required to ceorry Lt to the mouth, The philgsopher

trerefore -3¢ zlse to pice wp tre Fork on Pis

finished he woulc put cown botk his Forks, set up frem his choir,
ard cocrtirue thinking., If course, a fork cer te used by only one
rhilosopher at < time, 1F tne octher prilosopber wants it, ke just

h=s to wait yntil the fork is available amain,

2.89.1  Alphabets

we shzll pou construct = matnematical mozel of khis system,

first we must zelect the relevant sets of ewvents. fFuar IWhili, the

K Phil = {1 s5its down, i gets up,

i piecxs up Farx L, i picxs us fors {i (&) 1),

i puts gown fark i, i puts down fork (i @ 1)}

where (¥) is sdoition nodulo o [ -

ote that tne alohacets of tre philascpners are ~utoally 2dis-—
joint. Trere iz no svent irm whic~ they can acrse to participate
sirtly, 32 trore is "2 uvay vr=tscever ir w-icr they cam interact
or communicate with each other = 2 peaiistic-weflection of the

beraviour of philpsophers of thoso diys.

The ather aetcrs Ln our little dramas sre the five forks, eack
af w-ick cears tre sarz nuooar 25 the Zhllcsegter om0 owrs it A
fork is pircked up and put oown either by trhis philosoprer, or Gy

Fiz peigkbser on t-e cther sice,. oo alphabst Ls o=fimrc

w7 ok, & (i picks up forw i, (i (&) 1) pieks ur fork i,

: puts goun Forw i, (i (=) 1) 2urs zour Fork

whers @ depotes subtraction moculo 5,



THus each sye~t excent sittirg ogwn ann getiing up Teawires

zrticipszion of exactly Twc =ciagent actars, & philosopher anp

28 snoen L TRG Conr=Gtion glagram of

o

S ks Ay F -
Cputs Zour fork 3 .
FhIL

Z picwks up Fork 2

guts down fark 2
/ 2 picks up

fark 3
3 auts down
Fork 3

e Feo
F.ﬁLd K

Figure 1

Z2.5.2  -ehaviour

ypart from trhirking ano eating whict we baye cnosen to ignore,

tre life of cach prilosopher is cdescribed:

mIL) = (i tsdoun —2 1 pinksug fork i —2 i picks up fark {1 @ ) —

I fute goun fork 1o

o

puts anwn fera (I (3 1) —» i ~ets up —2




Tre r®leg of @ fock is a2 si-ole zne; it is regeatecly pickeao wu

arc put cown 2y ome 37 1ts acjacent philosoohurs:

Finki = {i picks ug fork 1 ~> i aurs cown fore i —‘“:'FDRKi
(i 2 1) picks up fork 1 —> (1 D 1) pute down ferk L= FORK )

The tehaviovr of the ubhole Dollece is She

tre zenzviour of eascn of these components

1
PRILYS = (DHILDH HHIL, llpHLEHp;.ILS rh;Ll])
: o - N |
Funks = (FC—{KD“ F‘|L‘k'| FL_I\L‘II' ‘"’Jh"‘-—"‘*d)
CULLILE = (PHILCS ”FU”VS)

é.5,3 Jeaclock!

wnen this mathematiec=l maoel hag been constructed, it revesled
a serious danger. Suoposs all the ohilozoghers get bungry at aoout
the sane time; tioey &1l =it downi trey all pick up their own Forks;
ard they all reect cut for the sther fork - which lentt Lhers, In
this undigrified sitwuation, they will ell assuredly starve, Altheuch
gach actor Is capable of furiber scticorm, there is ro ectior which any

pair of TneT can egree to do next,

Fowever, our story coeg ot €nc S0 sagly. Lnce the ocanger wes
detecteo, there were supowsted meny ways to evert it, #or example,

ure of the chilosochers could sluaye piek—ur—the wrong Fork first =

if only they could have egreeg which cne it scould ba! The ourchase

of a single additignal fork wes ruled out for similar teascns, whireas

the curernase of five more forks was much too expensiuve.

The sslution Fimally sdoptecd was the appniniment of & (aotman,
whose duty it was to assist each philusoorer intec erd out o' his

chsir. His alghab.t was defined:

[
Foot-er = | i szits cour, 1 ots u_:)s

This footmen was oclvern secTat instructicrs rmever to alloc ~ore thar

ously =eaiec. i3 Cehaviour is sost

four mhilosophess - ce sirulzer

si~ply gefineoc zy mutual reccersion.



sits uomr.}

nes Tne nehavialr of tre foovmar with § shilosouters

= [y — FL’IL"T,‘)

r
[
i
"

(k2o = T00T, L | ye U —> T,

J+1

u—> -"LETE)_
wctece || FooTy

The ae:fyirg tale of the dining philosooners 15 Oue to [osger

we Dijkstrz., The feotmam is cue to Czrel lc-olten,

2.8 Change of symbol ) : o

It 1s Freguently useful %o tescrice a gunaer of cifferenmt
processes, wrhich pehave in @ very similar fashiorn, except that the
naves of the everts in which they engage are differect, Let 7 ce a

funceion vhich maps symools of a grocess F onto syacols of the

process u;  and sdppose that wherever P ois rezdy ta perfore some
zction c,. is reacdy to perform tne action Fic), ero wice varsa.
1n this case  is the inverse imace uncer ¥ of tle process ], and

w& wrfite
po= 7).
Zlearly, thiz can vonly oe true 1if
B
LrerTe F_l‘(;\) = {x lf(x) € 43
Vxamples

ul +"LEY 2 {e. yegars, trhe urice of everytbing goes up. To

regpreient tre effect 5F pflation on o vending machine, define:

“lin"Zn) = irle f(smz11) = large
“(inip) = imio f{uery small) = small
flout3a) = out o

RhLuw G =




h. 93 - CLOURter seraves like _‘Ta, EXCEPL that it moves "right" ard
Meft"” increed of "uwp" anc “cour",

#{right) = upy f{left} = cown, f(arounc) = arcund

Lk = f V(CT )]

The =maln reason for chancing event names of crocesses ir Zhis

fzgshion 1s to enable them to be composed usefully in Concurrent

combination.

X3 ~ counisr moves left, riont, up or cown on an infinite tosrd
= L

with rmargins at tra left anc st tre cottom:

S

1t starts st the bottom left corner, OCn this sguare alone, it canm

turn "around™., 4s in 2.3 X2, vertical and horizontal movements can

"o

pe modelled as independent actions of separate processesi cut "around”

reguires simultaneous poarticipation of both.

LAUL = LR|

CT
o

Change of symool is particularly useful in constructiny groups of

+

eimilar processes which cperate corncurrcntly in provicing a service top
their co-mon envirpnmert, aut which da poz—ipterset—with sz otmer—in
any way &bt all, This meens ttat they must 2ll have cifferert ard
mutually disjoint zlphacets. To achieve rhis, cvach process is lsbellec
by a diffsrent name; ard each evert of a lazelled prorcess is also
labelled cy its name. & labelled event is a pair <1, x», where 1l is
label, snd x is the symbol st3npding for the evert.
i process ¢ labelled by 1 is depcted by
1:7

It engages in tre cvent ¢l,x» wrenever F would have engsged in x.
gag L] 394

Tre function reguired to define 1P is
stripl((l,x ¥ o= x
stripl(v) is undefined if v is not labelled with 1.

LiF = s,t,ripl-J (=),



1.

Al fopalr §f wercipg magrine: Standin, sioe oy sioe

int, aro sverv event

<
)
r
'

Tre slpngoecs of the two protesses ere olsj
b

trzt wrceure s labellec oy %he name of the zachire un unich 1t

occurred.  If tre mechinss weTe NoT named oetore 2elrg ~laced In

(L"‘.‘f—:” UMs) = urs

2.6.1  Laus

Lharce of symool distr: 22 1n The choligus w3y trrough all

ether gper:izors introduces sc far.

L1 FLTOPL) = iTae . Ttee- L L

T e =2 0] = e (&) =T (e )
I O T I T CON N €

L4 F_"(‘U"-z-\- Fl) = paf L. 1G]

Corpourcen cnange of sysbcl behaves ir tre exgected wey.

-
[as}
D
—n
—
o
—
I
—
C
[Jal

C.5,a Imnlenmentaticon

Ir oroer to i-glersrt symool chan, w& mMUSt De acle to test

whnether a sympol 1s in the domain of the functisn. i 2 therefore

assure that the furmctian will answer "aLI{F whes presenmteo with a

ol mot in its ocomain.

irverze lrage (F,0) =

Ax, IF f{x} = "ALicp then “SLErc
glse if F(f(x)) = "ELetr tren

slse inwverse imzge (FW{Ff(x)))




ip implement the naming operétor, ue represent the lavelled
cvert &£1, £ =3 tre peir cars(l,x).

(lsr) =

)x. If ruli(x) v zto(x) tcen "= I:f

r=-

o

24043 Traces

If = ie zn evert in the life of F_I(D) then F(x) nut be the
corresponoing event in the life of F. Conversely, if T(x} osceurs
ir z+e 1li“e of 7, x mu=t e 2 gasciZle corresconcing evert in toe
life af f_’r(P). The same argument applies to sequemces 0F cron—
secutive events, If t ie & trace of i'”_‘](k) then FY(t) is the
result of applying f to each incividual event in t; the resuli

rmust be a possible trace of .,

- *
Li traces (F ](p)) = {t |f (t) € traccs(?‘)}
*
vhere T  1is cefined in 1.5.1.
=1 =1 . * -
Lz F()/fe = f (F/f7(eD) provided £ (g) € traces{F).
Z2.7 ’:wpecificationsii _ ——————

Let ¥ and J be processes intended Yo run concurrecntly, and

SuUpDoOZE we have proved
Fosat s{tr)

ond 1 sat T(tr). . . -

Lst tr oe a trace of {P“ .}. It follous oy Z.3,3. Li that (we[edi)

iz & trace of P, =nd consequently it satisfias 33
“(tr[aP)

similarly, (trlell) is e trace of U, &0
T(trlaa)

This holds for every trace of (P ” 2.



Consequently s may deduce
(w“ w) set BtrPetn) A T(or Fali}).

Tris ipformal reasoning is summarised in the law
L1 If b szt 5(tr)
and o seb T(tr)

tnen (FJ} g) sat (uleelTar) AT(erTaty))

Example

%1 (a8 2,31 »1)

Let oLF = {e,c} s W= {b,c}
¢ = (a—>c—»p)

O Eia i A

Tke proof of 1,10.2 X1 car ocviously cie adapted To show that T ——

fa

&

st (D £ troa = tr.c £1)

ano  y sat {0 & tr.c = tr.h & 1)
Zy L1 it follows that
(P” ) sst (0 & (trTup).n ~ {trlap).c &4
A0 €(trPetd)ee ~ (trlet 0)ul &1

—> 0 $£tr.a - tr.bh £ 2

7

since (teln).a = tr.a wherever a € 1,

If gourse, this proaf ooes rmot excluode the paszzibility that
(s H 73 will stop as 5 result of deaolock, as illustrated inm 2.2 1 & and
Z2u.2.% L48, Une way to eliminate tre risk of stoppage is to prave that
a orocess gefined oy the parallel comoinator is eguivalent o a non—
stoppinc process definen withoct this combinator, as was dope in 20207 X0,
Howevar suwch proofs involve long anc tediocus algebralc trezmsformations.

\herever possible, one should sopesl teo scre general lau, sucn as

Lz If 9 anc i never stop znd if {olbn &) contains at most one

event trec {© “ ) never stops.




2 Ths Lrciess (5‘” S) 3elined i3 .1

Fadl {_c}

Sl reveg LILE, Leldyse

The proo® rule “or cns yTrol de Fairly abviays,

Lé  1F F sat a(tr)

then f—:(P) Sat 5(F*(tr))

itk

AT



LHapTE T Teifd

1mntroouction

The croice operator (xie —> £{x)) 13 usso to anfine a process
-Figh exricles o range of possikle oehavicursy and t-e conmcurrency

ats scme cther crocess to —=he = seleption oetwesn

operator H I
ke alterratives offereo. for exernple, the chanoe~Ziuing wacrine

Lhas (1.,1,3.42) affers its customer tre choice of t=king his ghange
a8 three zsall ceans and one large oo tuc laroe coins ano Jne siell.

wometimes : grogess nas a range of peossinle cehaviours, Zut tre

mrocess ooes not have sny @bllity to influence the
zelsction tetween the alternativesy TTFor-examele, p cifferont crhange-

Siving machine may cive c-arge in eitner cf the corZinations descrigmg ———-
abovey cCut the Lhoice Detween them carnot Ge controllea or even

predictec by its user. The choice is mzde, as it were "interpally™,

by the macnine itself, in 2 nor-orterministic fasrien. Trere is

nothing systerious about this wing af ron—determinism: it arises from

a deliberate deciszion to icnoce otter fagtors which influence bthe

selectior. Ffor example, the combinmarnion of change civen Cy the

machine say depero an ths wav io ghics tre rackine hss peen lpacded

w1th large anrc small caoinsy; bot ug bave exclunerd these avents from

the alprazet,

2,¢ MNorgeterministic or

If © 2nd ' are processes, trer we introcuce ore -Dtation
A S T (F cr u)

Lo derote a process wnich behaves eltper liwe [P oor 1

e

KE Ly aTere the

selection oetwesn them is rade aroitrerily, .:xthopt t5s xnowleoge or

contrzl af tre external enuirons ri. alpracets af tre gperarcs

are gssuneo to be the sans=g

1l
7
T
I
#

a{F n )




txamples

21 4 chanpe=giving machine whick sluays gives the 1

in ore of tuc comoimnationms or easct gocecasion
CF50 = (insp—> {(outlp—> outin—> cutl —> outlo—> w51

M (outzp—» outlo—> outZp—> CH5U))

Xz Crnol may give a different combipatiam of change on each occas:on
of use, Here is a machire that zlways gives thre gsame coctipatiorn,

cut we do rot kiow initaally ohich it will oe {(see 1,7 .2.x3,%X&)
CEiE = Cr3A mr LHE7

0f cocurse, after this machine gives its First cnim im crapge, its
subsecuert behaviour Is entirely precictsble. Forf this reesor,
rrse f CHSE

3.¢.1 Laus

The slgecraic laws gowverning norm—deterministic crhaoice are

csxceptionally simple and obwvious, A cholco oetween P ard B is vacuous!
L1 PAap = Fk idempotence
1t coes not matter im uwhich oraer the cholce is preserted;

LZ Iy = 4 nhn symmetry

3 crpice ceuween three alterratives can pe split into two binary

choices, [t goez not matter in wnich way this iz done:

LT rfn(.Aar) =7(l3 AN associativity

Tha occasion on which a non=determiricstle choice 1z made is not
significant. - process uhick first coes x ang thken makes & choice

1g inoistinguishazle from one which first makes the ghoice and then

does X.

e x=—=2(FnJ) = (x—=>p){x—>Qq) cistributien

The law L4 status that the prefixing operator distributes trrougt
ron-determinisr., Such operators are said to be distributive. =
Z,ezlc ocperator is sqid to ce distrioutive IF it gistricutes throuch m
in goth its argument posltions independently. A&l]1 the operators

defined so far for orocesses ars distribetive inm this sense:



Ly (a2 r) moo(x)) = (s =2 0(x)) A{xaas = o{x))
el aya el
e m e

2 T n ey R T

[}

R R

L7 (P

fl

Howaver, the recursior opeTetor is nob cisirizutive, exocept
inm tre trivial case when tha opsrands of ™M are identical. Thas
point is well illustrated -y the oiffererce betuee~ the two

crocesses

Fo= e =2 ) n (o =3 X))

u (paa —>x3) n {px (e —> %))

¥ can make an 1noependent choice tetwesn "a" anc “c" on oeasch
B

iteratior; “sg itz -etreces incluce
CAyb,0,E,5 > T ———

7 must wake a choice between always ooing "8" zro aluways doing "B,

ana so tmis trace carnot te 3 trace of L.

In view of laws L1 to L3 it is usefel to introouce s nultiple

choice acerator. Let i be a finite ncrnermpty set:

q {a,b, sasy z}

Then we define

M p(x) = B(a) M P(B) Meee M E(2)

i

3.2.2 Implementstion

Trnere are sgyerz oifferent oermitted implementations of {F A 7).
In fact ome of the rein reasons for imtroducing ncr—oeterminism is to
permit a Tangs of possiole imeolemantetiors, from wbich a3 cheap or
sfricient are car ke selectec. o wvely 2°Flgient implemsrtaticn is to
make zr arbitrary choice tcetween the operands. For example, cone miaght

chooss
ari(P,n) = *
or core might cnoose

orz{i, ) )




If the event that hapoens First is cossicle for botr | and 5, tre
necision may oe postponed to soms later occasior, The "kipcest" (bt
legast efficient) implementation is one trat continues to entertair

Loth glternatives until the enviromnert chooses between them:

or3(P,k) = AX.AF F(x) = “BLLLP then (x)
elas if L{x) = "dLELP tnen P(x)

else or3{~{x}), {x})

The implementation "or3" is the only one trat obeys tre law of
sy®metry L2, Soth the otmer implemertstioms are asymmetric in P and
. Ttris cdoeg not matter. Tre laws shoulo be taken to assect the

identities of the processes, ngt of any perticular impiemcritation of them.

If desired, the laws may be regarded as zsserting the igentity of
the set of all permitted iImplementations of theit left and right haed
gides, For example, if {nr1, arz, Dl’}} are all permitted

implementations of ™M , the law of sycretry states:
fort(p,2), orz(v,u), or3(r,a)f
= {or’l(ﬁl,lﬂ], acz(a,p), or3(:».w)}

ttne of the acventages of introducing ncn=determinism is to evoig loss
of symmetry that would result from selecting one of the twa efficient
implesertations, without incurriry the inefficiency of “he syametric

irplementation.

If t ia a trace of P, then t is also z possible trace of (P e L),
i.esy in tne case that P ic selected. Similerly if t is a trace of O,
it iz also a trace of (Fm 1. Conversely, each krace of {P r ) must

be & trace of one or both zlternatiuves, .

L1 traces (M 3} = traces (P) y traces {0)

Lz (P a)/s = /s if s € treces (P)
= B/s if s & traces (1)
= (o/s)n(y/s) otherwise

3.2 CLeneral Choice

Tne envirorment of {(F M Yy} has no control or even knouledge of the

croice that is mede between I ana 5, or even trne time at which the choice



iz nede. So (P m Q) is nct a belpful way of comeinlng crocesses,

Secause trne evironment must te prepare¢ to oesl with cither F oor

W3 and eitrer ore of them separately woulc nave Lasr easist o
desl with. e t-erefcre introguce =rather operatiom (I D 2Yy far
which tha ervironmeni tan cantrol which of v ano o will be selectec,
provided tha: this control 1s e<ercised om tre very first actiom,
If this actlion 1s not a possible “irst action aof B, thern J will ve
selected; tat 1f 0§ cannmot engsge in £he zetion, ¢ Lill Bs sclecteo,
1f howsver zhe first action is peoz=ible feor coth ¢ and 4, thern tne

-

choice betueen them is mon-oetsrministic. ({f course, 1¥ tne evert

is impossitls far both A ano ., ther it just can't happer.) As
usual

Ll ay = o2 oy

T -——-1ln the case that no initial event of © is alew ocossible for 7,

the gereral choice mpe_r_ait'orr' i'éiw—sameaa_tnrg_'l_ioperatur, which

has been used hitherto to represent choice oetwsen oifferent cverters —_—

=) if ¢ £ d.

(c—rfie— 1) =(c—>=
Houwever, Lf the initial events are tre samg, (GU 1) cdegenerates
t0 non-gdeterminiztic choices

ce—>rc—n = c=>vnEe—

J.5.1  Lause
"re algebralc laws for E are sivilar to thoze for M, ard
for the same TeaSDhS.
Li—L3 U ig idempotent, symmetric, ant assccliative.
La @ BSTEP = unit
Tne followiry law encapsulates the informal nefinition of the
operatian,
s (aan —> 00 | vie —> a0y -
(z:{onwi) —> (if z € (3-9) trer F(=)
else if z € (E~4) tren (2}
else if z € (v n &) tren (F(z) A 3(z))))
Like 2} gtrer oparators introducen so Far, ﬂ zistribhutes thrdugk M

Le = [](urﬁ) = (F[[:)n(uﬂﬂ-).




Lnat may seem more surorisinmc is thet M distrioutes through U

R S D R CE N RS

This leu statse That ihs c-clces ipwoluso in 1V anc H aTe
indepenoert, The laft Fand sice cescrices 4 ncn—geterministic
cnoice, followen {(im one case) by ar externzl choice Oetween 7, and

R, Tre risnt Fans sice cescribes an external crcice Folloved Sy a
nor—detercrinistic choice betwsen tre selected alternative ard F.
Thte law states that tre set of possicle results Gof these two choice

strategies are the sare.

3,3.2 1mplementation

Tre implemsntatior aof trme choice operator follows closely the

law L5, Tharks to tre syinetry of "or", it is also symmetrical.

e

cooice (i,4) = )\x. if p(x) = "ELEEP then O(x)
elee if {x) = "BLESP tpen F(x)

edse o (P(x), A(x))

3.3.3 Traces
T“yery trace of (I D 1) must oe a trace of B or e trace of 0,

erd conversely.

traces (F U 4) = traces (P) yu traces {Q)

I, —refUsals

The distinction between (K M Q) zng (P “ 2) is guite subtle.
Trey cannot ce distimgulished by their ¢races, beceuse esch trace of
are of them is also a possiole trace of the other. However it is
possible te put them in a'n- efn\]ifo-nnrler-wt inrwhicn (P N 1) can deadlock,

on its first step, but (PD ) carmot. for example let x # y end

P=x—3r , 1=y—1

(-‘) (PD'-J)J[‘P = (x-—)c) = =
() e-ullr = wltanals
= "R ETF

Tris shous that im ervironrmert 7, {F f J) may rescn deadlock, but

crat (B u J) cannot. If deadlock cccurs, then at least Le «now tnat



T

it casntt (¢ ﬂ d). P course, even with (P M 1) we can't t& sure trst

teadlogk will accury and if 11 ouesn't ccour, we will mever kpow that

it might heave. oSut tre mers

nessibility of an pccucrence of deacliock

is emough to oistinguish ths tLo processes.

in gengral, let « oe a set of

il

Dy the envircnrent of a process

lock on its first step wher placed

is a refusal of ¥, The set of all

refusals {©).

34441 Laes

Trne following laws nefine the

ryernts whioh are offered 1nitially
If it is possible Fcr P to cead-
1n trhig epvironment, we aay that s

such refusals of U is denctec

refueals of various simple prccezsses.

T —Fhe process STGF is already deadlocked, and refuses everything.

L1 refuzals (".TD’FI_) =
b

4 process (¢ —> F) refuses svery

event ci

Lz refusals (c —> M) = {X | c

These {fuo laws genzralise to

all suDsets SF A---- . ___

set that doss not contair the

Sx}

L3 refusals {x:5 —> 2(x)) = i)(l ip b o= {Ei

If P cav refuse x, so will (P 3), in ths case that P is selected.

Similazly every refusal of 7 i1z also a possible refusal of (P ™ Q).

These are its only refusals, sc

L4 refusals (F m ) =

refusals (M) y refusals {3).

\ corverse argument applies to (¥ [] d)e IF n is rot a refussl of P,

ther P can't refuse X, and nmeither can (“[1 ). birilarly if X is

not & refusal of ., then it is not

refusal of (P U ). However if

noth 7 af U car refuse %k, so car (P ﬂ ul.

LS refusals {P Uu) =

refusals (P} n refusals (o)

Comparison of LS with L4 shous most clearly the distinction betweer

[Iam:n.

It F can refuse X and L car refuse ¥, tren their combination

(m “ J) can refuse 211 euents refusecd oy F as well as all sven-ts

refusea oy &4, i.e., 1t can refuse tre

urion of tre twa sets X ana Y.



Ls refusels (F H So= {,\’ u T I % € refusals (P) &« ¥ = refusals (L)}
fur synool chance, tre relevart law 1s clear

-1
L? refusals {F (FP)) = {\(l f () € refusels (T)}

whers f (1) = {f(x)|><|=r\'}.

Trere =z=r. 2 mumoer =f ceneral lauws acout refusels. A process
can refuse only events in its cur zlpracet. & process aeasolocks when
the environment offers no events; ancd iF £ process refuses a monespuy

v

set, it can also refuse eny subset of tpat set, Fimzally any svert x

ubick can't accur initially may te aooed to any set X already refused,

€ refusals (7)) — ~ S wA
L3 i} g refusals (+)
LT0 {X v¥) g refusala (K} = X erefusals (&).

L11 % € refusals (F) = (« u{x} £ refusals (B)
v <A € traces (F)

3.5 Canceslment

in gererzl, the z=lphaoet of & process contains just those events
wnich are cornsidered to be relevant, anc whdse 0CCUCTENcE requires
simultaneoys perticipation of its epvironment. i'e trersfore ofter
wisr to regaro certain events as internal transitions of tre Process,
u_“i?iji?ﬁfﬁéuiﬂmaﬁcal—}y—&s-—sm‘as_ﬁff-ﬁ,_ without be En_g obsarved

or coatrollec by the enuiraprment of the process, If O is a finite set

of events to be concealed in this wey, ther
r\c
is a precesa whicn behaves like P, sxcept that the occurrerce of all

vuents in C is concesled. Llearly it is our intention that:

w(F \L) = (otP) - €
Lxamples
AR @ rolgy vencing macrine (£.3,41) can 2 pleced in & soundproaf
Loxt

ROT Sy N {clink, clunid
4



Its unexercised capability of aispersing toffee can also ne
remgved from its alpnatet, without affecting 1ts asotasl bebaviour,

The resulting process is equal to the simple vending tachine

WES = .“‘-JL.ISY‘_W\{:link,clunk,toffee}

uhen two processes Dave beer combinsd to run concurcerntly, their
mutual ipteractions are usually regardea as internal workings of the
resulting system; they are intended to occur autanomously andg as
quichkly a_s._pcssible without the knouledge or intervention of the
systen’s ;uter_;_n_\[i_ridﬁrﬁéﬁt;' Thus it _is tre symbols ir the iptersection

of the alohshets of the two componerts that need tiu_ilf_ébhﬁga‘l-eﬂ-._\___i_ﬁ

x2 (See 2.3,1.51)
Let P = ia,c}, oL = {n,c}
P = (a—>c—>P) 0 = (&—>b—>u)
(|| D)\icl = a2 —>jXi(a —> b —HX
o —2—9




3.2.1 Laus

The first laws state trzt concealing no sy~iocls has no effect,
anc that 1t makez rmo differerce in uhat order the sy—kols of & set
are corcesled, The remaining laws in this crouo shoo hou concealmert

districutes throuyh other operetors.

RN I
Lz (P™NEI™SC = AN(E U C)

L3 N[ distributes through n

La sTqu\E = 5TOP .

LS (x —>P)NC = x —>(I\I) if x €¢
= FNC if x €C

LE 1f dbn dinl = {'1 then

elaoNc = eNo || e\
7o heNeeY = fT N )
Note that \C does pot distribute through n .

1f rone of the possible initial events of a choice is concealed,

tren the initial ehoice remains the same:
e If ancC =L &

then (xin —> PN L= Lah—>trtrrCTiT

. . |
Like tre chdice operator E , the concealment of everts can
introoguoce non-determinism. 'shern seversl differsnt concesled ewverte

can rappen, it is not determined whic- of them will occuri but

whichever does occur is concealéd. - -



Ls If 4« &%, anc A 1= nct empty, then

RO NG

K=
Ir tre intermediste casq, wrer some of tre ipitial everts are

concealeo ang scme are ~ot, the situation is rairer —ore comolicateo.

Consider the process

(c —n

d —)u)\E wrere ¢ €0, © EC

-

Tre concealsd avert © may hapcen ismediaztsly. 1n tnis case the tctal

Gabaviour will be definec oy (F\:,), a~2 the poss.nility o7 cccurrerce

of tre evert o will be withdraup. PRut we cannaot relic=bEly assume that

0 won't hegpen.  If the environmert is reacy For ity o may very well

hagpen befrre the nidden wvent, after vhich the hicown evert c can no
]

longer oceur, out even LF ¢ occurs, it mignt hawe teen performed by
re

(F\C) afier gCctUTTEnee of . _lp this case, the total ochaviour i3 as

defined by e
N\ [ e — N\
The chaire between this and (6 \0) iz non—determinmistic.

Tris is &4 rather conveluted Fustification fer the rather complex
law:

(e —> &

e —>\e = (N n (N0 [] (e =N
cimilar ressoning justifies tre more ganersl law
L10 IF A n £ {} Eher
(e —> 5N = 0 (o {] (e (am0) 3 F(x))
where n o= H P(x)\[,

x1hnl

i

3.5.2 Implements*ion

For simplicity, we shall imple-=-t ar operatior uhien tides 2

single symool at a time

hide(b,c) = p\{:}
To nire a5 set of two or rore =yrbols, tey may ce hicdsr ore zfter

tre cther, since

P‘\{c'l,c2, cey cn} = (..(((—\{c"})\{cl‘}) \...) \{cn}




The most efficient implemertation 1s sne thet always wnakes the Fideer

zyEnt OCCcur 535 sOcCn as 1T Cdan.

hige (F,c] = if 2{c) =™ 5F tren

A, 1f A{x) = "ALLEP then "OLLEP
clse hict (P(x},c}

else hida {~{c),c).

This inplerentation fails te Lcrk ohen 1ts pdrameter F ocan beglin
with an aroitrarily long saceence of the events "e".  In tnls case,
the hide operation will degencrate to ar infinite recursior, since
it will sluays choose the second wain trarch (P(c) # "SLeik), ang
rry to corpute:

hice{l,c), hide(¥(c),c}, nior((F(c)i{c) ), wus.

This phenomeron is krown as civetgerce; and ue will regero tnis as
arn error in the process D\\{F} rather than an error in the implement-

ation of concealiment,

3.2.3 Traces
If t is a trace af £, “re corresponding trace of BN\L is
gotained from t simply by removing all occurrences of any of tre

syrtols In C., Conversely each trace of ENEL must heave peen obtained

from some such trace of ¢, we thersefore state

L1 treses ooy = T E Taees (1)}

provided thet @ \C does not diverge.

Tre possinls divergerce of v\ L can oe defined in terms of the
tr=ces of Pi

niverges [(P,.) =

Ft. {:5 \s € traces(F) & s[b = t} is infinite.

7.8.4 Pictures

Mon~deterministic chnige can be represented im 2 pictute by a node
from which emerge twc or more urlabellsd 2rrowsj; on Teachlng the NoDe,

process passes Imperceptibly =zlong one of the emergent arrows:

[



-
]

PmM B ispictured as

Tre algebraic lews governing non-determinism assert identities Detween

such pictures, e,q. by essociativity

Cancealment of symbols may b_é-fégérdéd'as arr operation which simply
removes ccrcealed symbols From all arcs which they label, so that these
arcs turn into unlabelled arrows, The rasultipc non-determinism emerges

naturally, as shown below.

NZEEE

F U

But what is the meaning of a node if soma of its arcs are laballed and
somg are not? Tre answer is given by the law 3.5,1 L15. Suck a rode

car be eliminated by redrawing as shown Delow

Sucn eliminations are aluays possible for Finite trees. They are also
poseicle Tor infinite graphs, bprovided that the greph contains no

infirmize path of coneecutive unlabelles arraws, as for example:




Such a gict

Ure can arise only as 3 result of

alrc—ady decided to regard as gn RTTOT,

diuergen:e, Wnich

we have
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3.5,3 larring

Urfortur:tely sne introdusticn of higlng asrvita trhe construchian

of recursior pgcuations whict dc rot have an Jnigoe solution.

Fcr example let

w = {a,0)

s —> ((x.\(a} )“:,n:n%} 3

Tris eouatien looks as thouph it is guarcded, but it has many soluatiaors,

IT © is any process whstscever, tbem 3 paseiple solution is

3'—\‘((1_’\{3}) )

| sTor

)
~——. Preof. Sibstitute this formuls for & in tha LRS of the recursive egeation.

s (=S (P\Ja |t STote 3 3N &'Elu—"‘f—"’,".&a_}li_f
—> (=N e | mmiai)\{ap Il QETRY T
—> ("\[a] \ {e}) I (bTL-F{a}\ {_n] 3 M *—.Tr.@ia3
= a > (eN{D | ST I T
a —> (=D | AT, )

P = 5TOF aro P = (b— ) give two different selutions.

il
w

I
[

W

Ir arder to preserve the validity of the law of unique solutions
(1.3.12) any recursion which involves nicing fust be regarded as not
guardec, and possibly even mzaningless. however, there 1s ar sasy
method to oetermine whether tris is so. Introduce 2 new event ¥ into
the alphacet of the process, and prefix it to tte right hand side of
each rscursive gouation. The equations are now guarded, and therefore
Save ar unlgue =salutiaom. In tris solution, each cccurrerce af the
evert U represents a recursive cz2ll of the process. Such events are
clearly Lnternal to the operation of tre process, and shoulo o8 con-
cezled “roo its external Gnvironment. IF this concezlment is well—
cefirec, the result is exactly uhat we want - an unigue sclution to
the criginal recursive ecuzticps. If the concealrert is ill cefined,
ther there is a passibility that the process will recurse infiritely,

r
Gitkout ever engaging in any more extsrnally visitle actions. 3Such

jom

recursions are alsa with justice ceclared to ce [ll-zefineo.




priiux =
fut traces (pate, T—24) =

N

Interleaving

cbwiously olsasirous Tecursian

(prea T —> x)\\\{j‘g

1

is certainly 111 definec,

The Il pperator was defined 1n chepter 2 in such a way that

actiong in trhz alphabet of hott cperends require simulteneous

partiomipstion of them aoth, whereas the remairing
SySTEM occyl in am arbitrary interleaving.

is possicle o corbipe interacting processes into

actions of the

Usimo this operater, it

systems with &

ossibility cf concurrent activit cut without iIntroducing nom-—
P ¥ + a

geterainisnm,

However, it is somstimes useful to join processes to operate

concurrently without directly interacting or symchronising with each

cther, 1In this cese,
exzctly ome of the processss.

ir the action,

thgn it must Fave besr the

gacn action of the system Is an action of

1f one of tne processee cannct engage

other ene; but if both

processes can eng2ge in the action, the cholce between them is mon—

_ _cetermipistie, ~Fhis —Porm OF Gombination is denoted

b«

s

(¥ interleave 5)

amo its alphabet is defined by the usual stipulation

o{r ]”J) = P =

cxamples

gi1spensino up to two chocs:

yIrs “[ung

.- - - " -

i i vending machine thet will accept uvp to twc coirs before

16.
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X2 & Taotmar mege frem four lackeys, each serving only one

philosopher st a time (see 2.5.3)

Pollelie

where L = (x:0 —> (y: ' —> L))

L

3.6,1 Laws

'
L1-3 Ih is associetive, symmetric, ano cistributive.
La Flllstee = e
Ls o Waue = A

LE =)l —0 = x—>( “i(y_)”))
by el o
T irfes (ah = e(x))

amd § = {y:8 —> Piy)) I -
(xsh —> (P 0) I} 9)
By~ fl acon

1’. N
then F {'l. i

Nate: “I does not distribute through D

Example
X1 Let R = (a—>b—%R)
Rl ) = (e — (6 =) i 1)
Ja=>GHw—m0)
a—>((t =)l R)m (RN (6 — "))
= a8 —> {(b—=>» ") W)
(e =R = (a—> ({5 —>a)} N (o —>nr)}
0 6 —> (rRWR))
= (s —> (b —> (b —>r)N 1)) }

Jo—=G——>armr)))
= }Jx.(a—an—>x

e —a 4

since the recursion is querded.

LB

L2

L6

as shouwn
above




Thus (R Wl ) is icentical to the examale 3.5 X2.

3,642 Traces

A trace of (& l“ %) is an arbitrary interleaving of a trace fram p

with a trsce from g, for & defipition of interleaving, see 1.9.3.

traces(H l“ 1) = {slat € traces{P).Ju € traces(d).s interleaves (t,u)}

(p “l Q) can engage in any initial action possible for either P or
1% and it can therefore refuse only trose sets which are refused oy

both P ang 3.
refusals (P ”l 3} = refusals (r ]] 9).

The behaviour of (P I“ N} after sngacing in the events of trhe

trace s is oefined by the rather slaborate formula

i lerss = (I—"] (r/o||} v

t,uleT
where T = {(t,u) l t € traces{F)a u € treces(4)
A s interleaves (t,u}}

This law reflects the fact that there is no way of knowing in which wey
a trzce s of (P Hl 0) has besn constructed as arm interlesving of a trace

from P and a trece from 33 thus after s, the future behaviour of (F‘I” o)

may reflect any one of the possible interleavings. The choice between —— - -
/Angs. heC

o
_ _them is pob+wreon— o) elermined.

3.7 Specifications

In 3,4 we have seen the need to introduce refusal sets as one of
the important properties.of-&. process, ‘T'm'"'spec:ffgi'ng 4 process, we
therefore need to describe the desired properties of its refusal sets
es well as its traces. Let us use the varisble "ref' to denote the

refusal set of a process.

1 When a vending machime has incested more coins than it has dispensed
chocolates, the customer specifies trat it must not refuse to dispense a

chocolate

Felr = (tr.choe < tr.coin = choc € ref)
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NE Jreroa verding machine ras ziven oot asz many chocolates as
"have neen palc for, tre owner specifies thar 1t must not refuse a
Fartner coin
= -~ . : . ~
e 1T = (tr.cnuc = mr.coln = coin € rc?)
X3 4 simple vendiag machire shoulo satisfy the comoined specification
WOUUMESSEL = FAIE A FLLFITH A tr.croc €ir.coin

This specificstion ic satisfied oy UMz, It 1s also satisfied by a
vending maching which will zccrept several coins in 2 row, and then

tive out sewerel chocolates,

x4 IF desired, one nay place s limit on She val=rce of coinz opich

. may De accepteo in a row,

ATIGST? = (trecoin - Er.chom—€2).
*o [f de:irga, one can insist that the machine agpept at leoast tuo
coins 1n g raws

BTLARETZ = tp.eoin - tr.chos €2 =2 ooin € ref
X6 The process oTUOF refuses every event in its alphaoet. The following
predicaete specifies that a process with slphaget ) will never stop:
MORTOT = (ref £ &)

Since

flanrsPLE = ref # {zoin,choc]

it Follows trat any process uhich sstisiisc [ will mever stop.

These examples show hou the introduction of "ref" into tre
zpecification of a progess permits the expresszion of 2 number of szubtle
but impertant propertissi  pertags the most Inmportzmt of all is the
aropertvy that the process must not stop (X6). These advantages are
potained at the cost of slichutly increasec complexity in proof tules

arc ir proofe,

7y the cefinitionm of noracter-inism, (F M U) beraves either like

- ar like §, Therofore every obesryation of L33 Zerzviour oust oe an




obzervatior possitle for P or for L or for bot™, Trus ooservation
nust thersfore be described oy tre sgpecificezion of + or by the
gpecification of [ ar by both. Lo-sequertly, ohe posof Tule Tor rop-
determinism has an exceptiorelly simple Porm.
L1 If ¥ sat

znd [ sat T

ther (Fm ) zat (5 v T)

The proof ruwle far 2TuP ie the samc as given in J.10.2 Lis.
Lz2a ST sat tr = < >

Trnere 13 3 need For explicit mention of a2 Tefusal set, singe STLR ray
refuse any set whatssever, fStrictly, e rule stould mantion the

alphatet 4

TR, sat{tz = <y A Tef =R

but in future we ehsll not be <a strict.

Tre previous law for preflxing (1.13.2 LiD) is olso still valid,
byt 1t is naot quite stromg enough to prove properties of ref. The
rule must be stremgthened Uy mertion of the fact thet 1n the initial

state the initial section canmot De refused:

L= 1F 0 gat G(tr)
tmen (e —¥P) sat {se—cran Erer T

v trD =c A 5(tr'))

Tre law for general choice {1.10.2 L4} recds to ke similarly

strengthered,

12 It ¥Wx en, @ix}) sat 5{tr,x)
then (x:i —> (%)) sat (tr = €> Al~ a ref) = { }

WAT_ & f A :(tr',crn))

Tre law for parallel composition giluen in 2,7 L1 is still wvalio,
pravided that the specifications make ro mertion of refucal sets. 1o
order to real correctly with refusals, = =ligrtly ~cre coplicatec I1aw

iz reguirea

2o,



L3 If P sat “{tr,ref)
and 7 sat T(tr,ref)
then (P " L) sat ( Fs,voref = X g ¥

A SltrTeep,x) A T Teln,v))
The law for change of symbol needs a similar adaptation:

La IF b sav S{tr,ref)

=7 E3
then £~ () sat S(f (tr), f(ref))
The law for I] is surprisingly simple

LB It P set 5

Tt T ————and-j.zat _T, __

then {p I] o) sat (if tr = <> thila;wizé AT] else {5 w3 - ____

—_——

Initially, when tr = £ , a set is refused by (P [] d) only if it is
refused by both P and Q. This set must therefora be described by
both their specifications. Subseguently, when tr # <3, =ach
obseryatich aof (P l] }) must be an chseryation either of P or of 0Q,
and must therefcre be described by orme of their specifications (or
both).

The law for interleaving does not nsed tc mention refusal sets.

L& If r sat S(tr)
and § sat T{tr)
then (P”l Q) sat (Js,t. tr interleaves (a,t)

A 5(s) A T(E))

Tre law for concealment is compliceted by the reed to guard

against divergence
L7 If ¢ sat S(tr,ref)
then (PN C) sat (nODIv =D
35. ir = STE

A S(s, ref v C})




e,
states trar giverge

€Nce couyld rgp Rave taken place ar 2y

UFere Nty

timg during the TN mfnrv 2 rhe Process:

MO = (Ys, €tr =3

{ J'\tr[?—s}

is finite)



Lrne TR FOUR

Com s iL-Thr CCCLE3ES

4.7  Introcucticn

In previous cnapters we have introduced ano illustreted s general
concept cf :r event as an ection withouc guration, wkpse sccurrence may
reguire simvitaneous participastion cy more tran one incepcndertly
described process, 1In this chapter we shell corcentrate on a speciel
claas of evsnt known 25 a cointwnication, 4 communication is anm event

that is describsd by & pair

«Cyu

where © is the name of ire chermel -an which the corrunicatiom takes plaee

and v iz the value of the message which passes. ' ——

The set of all communications that car take place on channel c of

process P 13 defined:
ac(e) = {(c,v) l<c,u> EJP}

The sev of messagns which can pass aleng crannel c© of process P is
Aot(p) = {v , LCyu? Gd\P}

rli the operaticns introouced in this chapter can b defined in
terme of the sape primitive concepts Introduced in earlier chapters, and
most of tme lews are just specia) cases of familiar lsws. The reason
for introcucing special notations Is that they are sugoestive of useful
apglications aro inplementetion wmethods; and Lecausce in some Cases
imposizion of notetionzl restrictiors per—its the use of more poverful

reasonisg methoda.

a,z, Inous arc Cotput

Let v 26 a —emger of  wc'(f). & preocess which First outpuots o

ar the charrel £ ozang then cshaves like 7 is defineds:

(clv —> 1) = (ac,us —2>F),

ba
n
o
T
lul

Tre anly svert in ohich this is imatially preoareo to engage

conwnication event <Cyud .




£ process which is Iritially crupdared to inpuz ary value 2 uwhich

cerm GE cammunicetrc on the chanrele,snd ther Sehevs like F(x) is aefined
(e —>=2(x)) = {/iolc(f) —>:('))

=f the cornunication y

Sl Y = Zo,y's for all vy oinec{r).

weg snall observe the copventibn that channels zre used for

lcaticn in only one ocirectior and betuwesn cnly Twp processes, A

s process will Ge c=lled an

channegl wnicr is used only for
autaut chzrnel of that process; ano one used only for input will ce
called an input channel. n coth casse, we snall say loosely that the

I
cnannel name is a —ember of tre alpraret of tre process, i.e.,
¢ € ¥ means eclf) € &r
Ire useful operatior ohich aeseryes special mertion is tha= whicrk
changes the name of a chanrel, The process (d _(")r:) is pefined as ane

whigt cahaves exactly like F, except that the charnel ¢ has ocen rensmed

to d, where o Is not in the alp-abgt of P,

c—>r = f (P)

[
where Flza,ud) = T{<c,u>) for <c,v > € =lc(i)
F{ <b,u> ) = <£E,ud far b # ¢y D& AP,

t&(UT}D) = (,.;!_17_ {C Y u fo I

I —

then crasuwing & picture of a process, the ch2nnels 2re graun es
arrows inm tne agpropriate oirectior, and laceliec with tre name of the

crarmnel:

left | I rignt >




Let P =rd ) oe processes, ard let ¢ be an output chzprel of P2
2nc =n inout cranpel of 3. UVhen P ang  are ccoposed concurrently
in the system (P “ 4}, cormunication will oceur on chammel © on each
occasion that 7 outputs 2 message ano J simultaneously inputs that
message. An aibputting process specifies an unioue value Tor the
message, whereas the inputting process is prepsred to accept any
conmunicatle value, Thus tre svent that will sctually ocecur iz the
communication <c,v» , where v is the value specified by the outputting
process, This requires the obvious constraint thabt the chammel ¢ must

have the sams alphabst at both ends,i.e,
et {F) = oAet (D)

In gergral, the wvalue to te output by a process is specified by
means of sxgression containming variaples to which a value has bDeen

assi_g;w_eb Ly S0Me pPrevicus input, as illustrated in the fecllowing

examples. e
X1 4 process which immecistely copies every ressage it has input
from the left Sy outputting it to the right

CORY = px(left?x —> rightlx —>X)
x2 A process like CORY,except that every number Imput is doubled
before it is outputs:

DOLBLE = pX{left?x —> righti{x+x) —> X)

X3 The value of a purnched card is a sequence af elohty characters,
which may be read as a single value along the 1eft channel. A progess
which reeds cards ano outputs trelr chbaracters one at a time, inter-

posing an extra blamk character " " =fter each cargt

LMEACK = R

<%
where 7 = left?s —F
<% =
- = pichtT : pouon
and Fexs richtix —> right! —> Fos
. ] .
M en>e rightix — Pg ifF s £ ¢

x4 A process wnicn inputs charecters one at & tice from the left,
and as:erbles tnem imto lines of 125 characters' lergth, Each completed

line is output on the rizht as a sincls srray-valued ressage.




FACK = B,
where P, = zightil —p if WAL = 128
= leftTx —>7 if W <1z

lexs

Here, F. cescribec thke Seraviour of the proce uhen it has input 2nd
¥

1
acksn the creracters ir the seouencs 1y trey arse warting to be octput
P k 9

wnen tne line is lomg enough.

XZ A4 praocess which cogpies from left to righrt, except thket corsecutive

pairs of asterisks ares replaceg cy a sirgle " T "

SAUAGH = pX. left7x —>
if x e thar (rightlx —> X)
else laft?y —>@Ef y = " trer (zignt!" 4" —>x)

cize (righgimsen —— righttly —3 )}

~x process ~2y De prepared initially to communicate on ary cne of a
set af charnels, leaving the choice betuesn them to the other processes
with which it iIs connectec., for this gurpose we adagt the choice
notation introduced in chapter One. 1F ¢ z2nd d are distinct chamrel
rames

(e7x —> 0(x) | 87y —> (y))
demotes a process whick initlally inputs x on o ard tren behoves liks
P(x), or ainitially inmputs y on channgl d_and_thepr—reemaves Tike Oy ).
5 ¥ en channel o
Ing—shedce 1S determinped Sy whichever of the correspanding outputs is

reagy first,

X6 # precees uhich accepts input omn eithsr of 4he tuo charnels left’
cr 1eftZ, and irmadiately outputs. the messsge to the rights

MEAGL =  (left77x —> right!lx —> FERGC

lefte?x —> rightlnx — MEAGE )

Tre output of this process is an interleavirng of tre ~essages input

from lefhl apd lefos.



7 Joorocess that s aragarec to inout = wvailue an the lert,

OF Lo owtput t the signe treé welue Lhick it hag most reoently inpat.

here L."-:;x tehaves liks & progrtas vartabls ulty current wslue x. llew
vzlues are :ssigrec tu Lt Sy commurnicatiom on tme 12Ft crannel, arc

its current value is chraines oy comaunicatier or tre right crsnnel.

xE A opreeges which inputs from "up" arg "lefu", ano outputs tc ..

"down'" & functiun of what :t has irput, cefsre repezting:

HOLLV) = Fx.(uu?sum —> 1=ft?prod —>

7G_aru_l‘{ltrs‘;f’” TF UDTOG). T2 ) -

A% progess which is at all tigdes ready to input & cessage on the
left, anc to oucput on its rigrt the first message which i3 hes input

but not vet ouzput,

BLUFFIR = P<>
. = Fa o
where ey = lat.x—)ﬂ()()
L = (left?y —> 7
(XS ( 14 L XISAY D

right!ix —)F'S)

This process is like & ousue; ressages join the oueue on the left apd

lezue 1% on the right, ir the same order out possitly after some dels

A10 . arocess urbich beghaves like &4 stack af —essapes. wnen eanty, it
resporLs to the signal "empty™, st all tinec it is reacy to input 8 new
message from tne left erd pur it on top of tre stack; arg uvhen2ver

norenpty, it 1s prepared to output and re~ouve tre top element o7 tre

steck
shmln = =-<>
- _ . . U )
where Fes = (empty —)L<> left7x —-—)Zx))
u {==t! u
L(x); (rl:. tix —2 s
12Ft?7y —DF )

LyP «x2s




4.2.1 lrple~entallion
1r a LI3F implerentaticn of cammunicating arccesses, the wuent
<Cyv>» 1s maturally represerted Sy the 1i:t "(L,JJ, wnigchk 1s constructed

Cy
cons("c,conafu,MlL))

An irout command inspects 3 prefferse eornunication o check the

crarpel name. 1F this is not rignt the result is "2LEVR,  Sut iF the

name matehes, the contert of t-e resszge 1s exirscieo ano uzed.  Thee
b ] B

cthe input co—mand
(c™x —> v (x})
ig implementec as a LISP functior call
tnput{®c, Ax.r(x))
where the imput function is oefinead:
input{c,F) = Ay. Af v = wIL v atom(y) ther "BLLLE

glse if car(y)} # c thern "2iilpP
¥ LreR

clse t{car{cur (y)))

This implemeptation of input fcllows closely its definition es a
general cornanicating process, o similar definition cannot be given
for output,since in order %o test vhetker o process 13 reaoy for outpet
on a giver chFarrel © it woulo oe necessary to construct znc test the
evcnt < c,v)> for every DOSSEE}EQEigiﬁQEEuﬁJUS-M*iﬁ_ﬁtc1:4#TTi_“;lE_ié

ufkargewtﬁig’ifafg_ggi;;;;-}nefficient; 1f &he iz infinite it would be
impnssisle, For this reason, we imglemert an culputiing pracess as o
furction uhich ie applied first to the chanrnel name alore. If tre proces:z

f

is not reacy to output an that gnannel, it gives the Farilisr "dleck,

But if it is ready, ther iis result is a pair
(wat)

ubere v is the value it is ready to ouiput

arc £ i3 its subseqeert Tehaviour.

Trus the outoutting process
{cty —>p)

is irplemerntec a8 the LIor Tunccion call
autput(Meyue )

wrere tne output furctioo i= ce¥insd:




otput{c,u,r) = Ax. if x # c then "BLCaD

T&kampleg

X Cipy

Az Faik

uhere -

LABEL X,
imout("left, kx.output(”right,x,.\())

AL, if lergth{l) = 125 then cutput ("right,1,x( TL))
else imput ("1s¥t,

N, %(appeno{l,cons{x,n1L))))



4,7,2 Specificaticns

In spesifying the behaviour 2f a comrumicatzng process, it is

corvenient to describe zcparateily the sequences of mensages that pass
c

alony gach af the channele, 1f © is a chamnel ra-e, we Crfine
*
tr.c = stripc {tr Tetc).
where stripc(<c,v>) = v.

for exatpls,
if tr = <4 left,d3>, Lright,3 >, Jleft,27>>
tren trolefr = < 5,575
ano  tr,right = {32 Elatel fr.mio = &)
It is convenient also just to omit the "tr.", and write "right <€ left"
instead of "tr,righkt < tr,left”,
finother useful definiticor places & lower Sowra on Yrme lennth of a prefix:

t o= s €t oAt & s+ o0

1]
=)

From this 1t follows that:

a
s £t = {s=1t)

"
s <t = 3dn. s £t - ———
7_,].,_7—)*—*—”—(‘__#—_)))
. AV —EBREAT Tiaht & left
! *
XZ. DCUBIL sat right £ doutle (1sft)
A *
X3, UNPALY sot right £/ extsp (left)
A, AA A - .
where /«53, Sie eees Sn—’i> =8 5", S, (see 1,9,53)
and extsp (s) = 57 <spase>

125
A, 4 +
i, paoe sat ((/right € ters) A rigntye {25}
This specification states that esch element putput on the riagbt 13
itzelf a sequence of length 125, and the catorstion of all these sequerncrs

iz an iritial subsegquence of what has been imput oo the left.



If () :3 a vinary operator, It is corus-ient to apply it
distritytively to the corresponding elewents of tuc seguences.  Tre

length of the resalting zequence iy egual to that of the shorter

operarc,
s Dt = <> 1F a=4% ort=4>
= ds ) t3>'\(3' @) ') otheruise
Clearly {= & =) [1] = 5 I:l] @ i [1] for i 4m1m(,\’\é(s,\,\;'ét).
n

St @Al ®s € v ® )

a

3

=%

[0]
0o
-

[

cC

A3, The f.saracci sezuercs )

s defined by —Lb.&IEQQEEQHCE%_ fsl-:
fic [_.J] = fin [\] =1
iz {iv2] = rin [asi] s

JFe second lirme can be reuritten usin

trne ' gperator tp MshiTt"

tre sequence to the 1mft,
Fit® = fio!' 4+ rig

~ proces: which ootputs the Fioonacel sequerce to the right is specified
F13 =at (rignt % £7,7% v (41,1 > £rignt

1
A right" & right' + right)}

X6, 4 variaple witn value x outputs on the right orly the value must

recently input o~ the 1left, o1 x, if there is ro osuch wnput,

vox_sat (7 € ekright == Tiork, = 4x¥ ~&left>)

x o

s (1.9.5).

where = is tre last elomert o

carrct be zdequutely specified salely

or ite separete charmrels. [t is
alsp recessary o kaow trz arder in which the esrrundcations on separate

cnannéls are imcerlesved, for exarole thabt the lotest convwnicatior is




ATe Toe PeFCL proceRss Prusucés en interleavine of ths fwp seguzncis

innet or leftt! ard lefi-o.

MEUCT gt Jrp. Tipft € A interleaves (r,ieftl, leful)

4 urecess Uhich gatisfies tne specificatior (righs € left) oy e

used =5 oz LT

parent™ communicatiors protocol, which is coarantred bo

celiver om tae Iloght only thosze -essizes which rave heen submitte

ths 1oft, apo ir tre same ordar, T zetleved in spite of the

-

oserbility trhat The place where tre ressages are sJbritiec is wioely
separanea Trom the place whare they are receivesi ard trat the

comiunications medive L hich copnscts Ttne twe places 1s sceubat

a3 CDomruericatior

Let » and 1 te pLDCeEsz=e2s, and let c be a cherrel uged For cutput
by [* are focr inpot by we Trus the set oo, cortaining all communication

everts of thr Torm < c,v>», is uikth

the intersection of the alphabst

of P with the alprabet of f, Lircen these processes are cawy aced con—

currertly in tne system (DI

1}, 3 covrunicaticr <c,u> car accur only
wihen Zuth processes ergace simulizreously in that event, 1,e., ubenever ¢

outputs a value zn the channel c, ond W simyltareau

value. ‘r inputting process Is prepared to eBcoepl alby canmonicac
so it is the Dunuuttiﬂg)igfgfaii_zbaz_ﬁa$ef9iﬂes*EﬁIEEﬁ§ctual ressag
. -dctTEAEMIELEd on aach accasion.

Trus ourout may be regardec o8 3 specislised case of the prefix

operator, ard input a speclal case of cnociceg

to thne law:

L1, {etv == 0) |[{e7x —> (x}) = otv —> (r|a(s))

iwote that clv rem=irs or thke ri,-t nN=ng sioce of this equesticr s

le actisem ir the oehsvioer ¢ the syste~, Thi. Tefresents the

ivility of tsucing tre wires conrecting tre corpangnts of a2

of thersty weepirp a lag of tneir interral ce--unicetic-s,

z relp ir recsonin. acout the syste-,




Let © op tre ~ame of = cranmrsl alang uhtok » ang L cocamunicate,
ir the specificatior af ¥y ¢ stands Tar ths szeguerce atf nessages
communicated 'y F on o, aimilarly, ir the speclfication of U, c©
stamns far the seguerce of messages comrunicateao oy . Fortunztely,
Oy the wvery rature of communicetios, cher b ano o Ccofmonicate on ¢ the

sequences of Tescages went anc received must at all i te identical.

Consequently tnig seguence must satisfy porh the spscifica*jon of + and
tre specifarczzion of 4. The s&~¢ 1s true for all craonels im tre inter-—

section cf their alphacets,

Uopsid-r now a chanpel d in the alphabek of P but rot of 4. ris

charmrnel cacnot we mentilomned irm the specification of T, so the wvealues
cammupicaten on It are constriained only oy the gpecification at .
_;-J'_.rji_}.arly, it is g that Zeter—ines the properties of ine cannunicetiors
or its Enul;_gﬁih_ﬁEfgf"f'afﬁequent_Lj_7.3_75p~>cl‘“icatl:m of the behaviour of

(P ! u) cen be sirply Formeo as the logical cor junctiom of- the specification

of I witn the specification of y. However, this simplificetion is vallo
only when the specifications of P ond [ are expressed wholly im terms of

the channel na~es, uhicr is not always possiole.

A1, Let e = (left?x — midd(x ¥ x) —> 1)
7 s (mid?y —» risht!i(173 % v) —> J4)
i *
Clearly @ sat mio < sguare (left)

2t right £ 173 = mid

1t follows that

1
(& “ o) sat {right £ 173 ~ mig] A (mid Suuare*(left))

implies
. A *
rizht £ 173 x sguare (left)

Zy YTE camncurrancy

suntestive af a physical

|
i
irple-ertatipn merrios i ohict eleotronic comccrnirts are cannected Dy

wirss alony which the, co-mumicate. e af such an irplerectaticon
= t =

is tu increase the speecd uith wnich wselul s s can be proguced.



Trme technigue iz particularly effactive wner the same calculation must
pe performed on eech member of a stream o! input data, anc the results must be
output at the same rate 2s the ingut, but poessioly after an ipitial

gelay. auch systems are callead data flow netuwerks.

A picture of & system of concurrent processes closely
represe: ts their physical realisation., &n output chsnnel of ore
process is connected to ar input channel of the other process which
rmas the same reame, Sut chanrels ir tne alehabet of only one process

are left free. Trus the example X1 can oe drawn:

e

left G mio s - rlght -
L

¥Z. Two streams of numbers are to te input from 1eft? anpo leftl2. for
epach x reao from laftl and eact y from left2, the number {a % x + 5 x )
is to oe output on the right. The speed Cequirement ocictates that the
multiplications must proceed concurrently. we therefore define two

processes, and compose them:

%21 = (left1?x —> midi(a % x) —> x21)
X22 = {lefti?y —> mig?z —>
righti{z + b x y)} —> x22)
2= (e || w2y -
. My;*@ﬂﬂ_égim mig + b v left?)
x2 sat (right & a x left1 4+ b % left2}

%3, & stream of numbers is to ce input on the left, and on the right
is output a weighted sum of conaecutive pairs of input numbers, with

Ueights a ano o. FMore precisely, we reguire that
right £ a % left + b = left?

The solutior can be constructec by adcing @ new process X23 to the

solution of X2,
X3 = (%2 I'l x23)

1 i
ubere %23 sat {leftl £ left A left2 éAleFt']



X253 car be osfined;
223 = (left?x — leftl] x —>

(. left?x —> leftZlx —> leftilx —> 1))

It copies fraom left to both lefti aro leftZ, but mmita the Tirst

glenent in the case of leftz.

A pict.re of the rmetwcrk of X3 is

lefti

X210

left 1d

. o left?z xpz pright >

The cycle in this giagram Caveals a darger of cesglock. For exatple,
if the two outputs in thz loop of XZ3 were reversed, deadlock woula
oceur rapidly. In proving sosence of deadlock it i1s often possible to
Ignore tre content of the messages, and reogard each communication on
channel ¢ as a single event named "c", Comsunicetions on urmcannecteo
channels can be ignored. T7Tnus X3 can te writtem in terms af thess events:
X3 = (pr.lsftl —> mid —> ¥)

;A

al{pr. left2 —> mid —> ¥)

|

l[(lefﬂ —> pz.lefez —> leftl —> 1)

= ieftl —> left? —> mig —> X3.

This proves that X3 canmot deadlock.

Trese examples show how data flow networks cac oe set Jp to compute
ore pr more streams of results from ons or more sires—s of input osta,
Tne sraoe of the network corresponds clasely to the structure of operands
ard opsrators appearino in the expressiaons to be computed. wher these
patterrs are large but regular, it is converient to use sSuCsCTIPLEC NSMES
for crannels, and to aptreduce an iterated neotaticor for concurrert

conkinztior:
Aoy = wollson |l oo ee-

A Tsoular metwork of tras kinc is knoun as ar iteretiue array.




Xé. Tre channels {leftj i i (.n} are used to irput successiue
coprdinates in n—oimensional space., Leck csordinztse set 1s to be scalar
multiplieo by a Fixeo veccocr Y of lergtt n, arc tre resulting scalar

procuct is to be output to the right; sr ~are 7ormally
n="1
i 1 B3 t
right £ Z Jj ; lE‘F,j
j=0
Tne interval between successive outputs permits only one intervaring

myltiolicetion, so at lesst n processes «re required.

Let us cefine the > ir the specificatior oy tre usual incuction.

mid = 0
o]

mig, = ., » left. + mid, For j < n
i+ J J J

right = miog .

Trnus we have gplit the specification into s cenjuncticn of n+1 conpone-t
eopuatinns, eack containing at most one multiplication. &#ll thet is

reguired is to write a process for each scoustion.
i = . mig 1
FULT (}JX mid 1 —> %)

= ft.? id.?
MULT . (}JX. le tJ x —> mldJ ¥

i+
_>midj+11("'j" X+ y) —> %) for j&n
o = ig 7 i ! X
MULT g = (;JK. 'nldn.x —> rightlx —» X)
WETWORK = ooy -
IR T T

A picture af the conmection diagram is:

MULT
o
mid
Q
leftq MOLT,
rm.d1
W
left_ 4 SULT
—_— n
inid
a
N

right

LT RS




15,

X5, This is similar to X4, except that T scalar products are reouired
slmost simultaneously. C(ffectively, the channei 1sft_ (for j « n) is
to pe usec to input the jth column of an infinite arr;y; this is o be
multiplied cy the n » m matrix M, and the Lth column of the result is

to be output on rj.ghti for i <m. In formulee:

dghe, = 2 M. X left.
henty i<n 13 i

The coordiretes of the resulr are required as rapidly as befare, so at

least m X r processes are reguired.

The solution is based on the diagram

B
. ....:-;E“““‘“

e - [?
Lodd de

d/

mfin

l right

Eech column of this array (except the last) is mooelled on tre sclution
to Xd4; but it comies each value input on its horizontal irput channel
to ite peighbour en its horizontal output chanpel. The pracesses on the

right margin merely absorc the values they input.

The details of the solution are left as =zn exercise.




¥&. The input on chanmel ¢ is to be interpreted as the successive

oigits of a natural ruUTBbET C im b—adic notation:
- = l:'OC [1 'Y b
where c[i]<_b for all i

Livern a fixeo multiplier #, the output on channel o is to be the
successive digits of the product “*(C, The digits are to be output

after minimal delay,

Let us specify the problem more precisely, The desirec output d is:

d = %O il ;Lc[ij x ot

.Eh

th
The i 1 nt of d must be tha j digit of this:

[u)
L'D

o[ - uiZ;D meal] « 6h) £ 69) nos o

1

(n % 03]+ 1)) mod o

where z, = {izt.j M x c[i] x bl) = nj).

z, is the "carry" term, anc can readily bDe proved to satisfy the
3

inductive dafinitions

T (m ely) ) sz )se) T

Ye therafore define a process FULT1(z), which kesps the carry z as a

parameter:

FULT1(z) = e?7x —>al(¥ x 2 4+ 2] mag b
—= LTl (M« x + z) =)

The initial value of z 1is zero, so the required solutionm is:

wULTI(R)




17.

x7. Tne proclem is tne sa~e as %%, excest M 1s a multi-aigit ~umper:
> i
e - “— " L
iam 2

4 single orocessor car multinly only simgle~digit numbsrs,  However, autpot
is to be sroduced et a rate which allows orly ore ~ultiplication par aiglt.
Consegquenrtly, at lesst n procsseprs are reguired. ‘e will get each N[D'El

to look after one digit mi of the multiplier.

Tre casis of a solutior is the tracicional manual sigorithm for
multi-oig:t ~uitiplicstion, except that the partiol suns are added

immediately to the rext row af tre tasbnle:

e 153090 C tne incoming numaer
- S-—--233% | o the multiplier
— TR
.... 30E1Z2 PLow L computea by whio p T

ce e 705455 o C 1
7 computed by ~ODE,

ve 4. 827275 25 wih
 e2.459273 Mo L)
0 computed by BOLE
ve..732023 Mo ©

Tre rodes are cenrected 2z shown:

c_. c —
n=1 1 o

WL i — A NOCE | <&
a Coe d i T =
SN N S DTN

4

The criciral inout comes 1n an ¢ ard is prepegetec leftwaro on the ©
o

cranrsls,. The partlal answers are Jropagatec rightwarc on the d

cham-els, ard the desirec answer is owtput on dD. fortumately esch

falsis

d

car give ane dicgit af its rasulf oefore comrumicatimg with its

iy

—

ef

o

sgighbour. Furthermore, the left-ost roce cer be definzg to

Setsve like the answer to a6,

\\JCDEH_,t(z) = c_ .7 x—> ¢ o

n e % x + z) mod b
—; - mad

n=1

—_> r-JDuL_q((mﬁ_1 X 44 z) £ 0)



iB.

The remainming rodes are sirilesr, excegt =net each of them adds the

result fro~ its left rmeighbbour to the carry. For K4{ro =1
mle, {z) = € Fx —>g i s« x + z) mag o
i w k k -

—)EK+1!x —> g %y

K+ 1
— WUDE, fy + (mk 2 X+ 2) <)

Tre whule netucrk i3 defined

£7 iz & simple example from a class of ingenious retwor< algorithms,
in whicn there is an essentiel cycle ir the directed graph of conmun:-
cation charnels. Hut the statemert of the problem has been much
simglified by assumption trat the multiplier iz krown in edvance and
fixag for all time., 1In a practical applicatior, it is much more likely
that such parameters would have *o te ipput aleng the same channel as
the subhseqguent datas; and woulc haue to oe relnput whenever it is required
to chergs them. The implementation of this reguires great care, but

little imgenuity.

& simplz implementation method is to introduce a special symbol,

zzy "reload', to indigete that the next number or nurbers are to be

treated as a change of parametery zng LT the number of gparameters is .

an "EDCIGLEEgE4§yLhDl.may-ﬁitﬂ‘bE’IﬁffﬁBﬁEgai_

yarisble,

X8. %Seme as A4, except that the parameters ui are to be reloaded by the
number immegiately follawing & "reloag" symoel., The definition of WULTj+1

ngeds to te clhanged.

MULT  (v) = left x —>
3+ 3

if x = reload then (left?y — wuujﬂ(y))

. - L] R 1 T Y
else (mid 7y —Fmid, v x x4 y) —>ouLT, L (u))

1

Tpe metwcorik constructed from these rodes will cot gork unless the reload

sional is sent =t tte same time an all the leftj cnannels.
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4,4 Pipes

In this secticn we srall confine attsntion to processes with
only two cranmels in thsir zlohabet, rarely an input charnel "lofi!

and an outcut channel '"right", Such processes are called pipes, ano they

may be picrured:

left P right
left right .
d 2

Thzse processes may be joinea together so ihat the right channel af P
is connected to the left chanmel oP 2y end-the saguence af messages

output bty & &nd input by @i on this interrnal chamnel is concealed from

their ecrmon enuiromment. The resualt of tha2 comnection is denoted

P>yl

and may be pictured as the series

left P ¥ right ~

This picture shous the concaslmert of the connecting channel by
not giving it a narg. 1t also shows that all messages input on the left
channel of (P »% L) are imput by P, andg all wessaoes output on the
right chanmel of (F »>% 0) are autput by J. Finally (f >% 0} is itself

a pipe, and ray again be placed in series with other pipes:

{~>»0) »~R, (F>»3)>% (23], etec



Tre same facts are expressed oy the alp-aSer constreimts:

(5> 7)) = ALleft(f) U SAriahs(u);

and a furtter constreint states th:t the corrsctec chanrels zre

capekle of transmitting the ssre kind of -gsczge;
L right"(F) = alleft'(y)
x1 £ pipe whkich outouts each irpur walue multiplisz by four:
qLAaTeuile = UOURLL > % JUELE

Xz 4 progess wrich inputs cards of eighty cnaracters =nd autputs
tren ip seguence tightly packec inm limes of 125 characters each.

Tne card gdounoaries are indicstec by an extra space,

UMPACK 33 Flie
%3 Same as xZ, sxcept that eacn pair of consecutive esterisks is
raplaced oy " T "

(UNPACK. % 50UnSH) 3> T 50K

Xa Game as XZ, oxcept that thr reading of cards may coentinue when

the printer is hele up, =nc latE;_7t“§7E£iﬂtin§”€6ﬁ—tﬂﬂftﬁuéiDﬁéﬁ7

thoeartTEEEET 18 held up.
LEEADK DD (EUFFER Y FACK)
x5 Jame as X4, except that anly ong linme of text is ouifared:

UNPACK 3% Pacx 3 CORY



X5 A coubls buffer, uvhich accepts up to twe meEszages tefsre recuiring

output of tre First

COUY OS> ey

44447 Laus
The mest wseful algebralc proparty of cheinine is associativity.
Li Fsx{,m»3) = (FP>2)wrn

The remainino lews show how inmput and output cen Be. implementec in =2
pipe; threr ensble process aescriptions to be sirplified by =z form of

symcolic execution,

T2 (rigmdv =211 {lsft?y —> (y)) = 7 {v)
— L T

If one of tre processes is determineo to caommunicato with the other,

but the other is preparec to cormenicats axternally, it is the
external communication that takes olace first.
L3 (rigitiv —> P)>> (rightlw —> Uy} =

rightlw —> ({rightlv —> 0) > 7)

L4 (1eft?7x —> F(x)) oy (left?y —> o{y )
= lefi?x —> {(P{x) >» (left?y —3 2{y)))
IT¥ both orocesses 2re prepared for external cormunicatieorn, therm either
may hagper first:
LS (left?x —2 5 {x)) > (rightlue —> )
= (left?x —> (P(x) >> (rightiu —3 3))
|ricrtly —> {((12Ft7x —> B (x)) 5 )}

T-e same law LS is eoually valicd when the opzrator > is

replsced By  S»4 %y 4 since pipes in the miodie of a c-ain cernot

n

comruriczte cirectly uitk the environment.




Le  (left?x —> F(x)} >R »>{rigktlv —> 1)
= (left?x —> (F(x)>> = > (rigrtluw —> J1})
rightly —» ((left?x —> p{x))» 7 »> )}

similar generalisations may ce maae to the other lsws:

L7 17 % is a chaipn of processes =11 starting with output to the cight,

rer (cightiu —>3) = rightle — (5 3> 0)

LE If B is a chain of procasses all starting uith imput from the left,

(left?x —> M{x))e»> ¢ = Lleft?7x — (F(x) »» R).
x1 Let us ocefine
R(y) = {richtly —> £0pY) >> COrY

enly) = (rightly — COPY) »>(left?y —> rightly — COPY)  def “OPY

= CCrY » (rightly —»I0PY) L

X2 CUPY »» LUPY

= (left?x —> rightlx —> CORY) >» LOFY def CEY
= left?x — {(rightlx —> CLEY) > CarY}) L4
= left?x —> R{x) def R(x)

[
X3 From the last-3d3ne-af X7 we deouce

Riy) = (left?x —D rightlx —>» CURY) »> (righttly —> COPY)
= (1sft?x — (zightIx —> J0PY) »» (rightly —>» CORY)

| rightly — (CUPY  LGPY) )} - L5

= {lef{?x —Frightty —>H(x) L3

| rightly —> left?x —3 A(x)) )

Tris shous thet a dauble ouffer, after i-put of izs first message
iz grepar=d either to output that ressace or to inout a second

messagza before doing so.



4,4,2 1mplesentation
In trhe :rplemertation of (F 3 () inrec czses zre disti-cuichec.

(1Y 1If covuricseticr can take Dlace an tne internal carmscricg
charrmegl, it poes so immediately, witrou: carsideratiz~ st <the external

enyironment,

(z) Utrernee, if the environment is inmtsrested i- cormunicatior o

the left ghamrel, this is dealt witn oy r.

(3} Or if the enuirormert is interestec i the rignt charmel, thi, =

if POMoighty #-Yetter- & w{"laft) £ "Bl P

then chain (coo(P("richt)),

ulcons(mleft, coms{car(r{"rigrz)), L))

Elss  hx if x = "right

then if u("right) = "SLETE ther "ZLIER

elze caoms (car(i{"richt])),
chzin{F, cdefi{"riznt)})))
glse if stom{x) ther “ZLLCO
else if car(X)} = "left
sher if 2(x) = "CLELP then "ULlE
glze chair (0 {cer{cdr (x))),q)

else "HOLIER

4.4,% Liveloek

Tre chaining operator connects two processes oy Jus® anc charmel;
z=rnd so »t introouces no risk of geaclocwx, I¥ SZock 7 20 ! a2re non-

tanoing, then (P »»5) will not rturetely tnere iz a

o0

a
new darger that tre orocesses § ancd | vill spend the wvhole time
cammunicating with each sther, sc thzt (b »»0) rever egair commuricaces

with tne external worlz, Tris zrepcreron is kpeown as livelock, ano is



filustrared oy toe Tolloviry trivizl sxample:
¥ = B

o= (rightlt —> N}

2= {left?x —» ).
(7> 1) is ooueiously 3 useless proCESST LT 1s BvEn worsg thap aTos,
in trat like =r erdless loop 1t may consime untouaded compating

TesoLrces witpaut acrieving 2nyipirg, - lzse irivial example is

(i >» 1), whare

vo= (right!t —> 7 | Leftm — p1(x))

4= (lefi?x —>u ! rignt!l —> 1)

Ir this example, livelocw cerives from the mere possiSility of infinmice
imrernal epmmunication; ft exists even though the croice of external
cammunication to the left ano rioht 1s offered on evefy possible
ocoasiorn, and even though sfter such external communicetions tne
subsenquent behnaviour of ([ > .) woulp not suffer from livelock.
Livelock is a conseguence of concealingd the messages on the internal
channel; It is a special cese of divergence, which is discussec in

3.5.2.

4 simple method to prove (P »»7) is free of livelock iz to shouw
that ¢ 1s left—guarded in the sense that it cam mever ocotput an
infinjte series of messages to the right without interspersing inputs
from tre left., To ensvre this, we must prowve thet the length of-the -
SEQu_&E%LQWWJW\;;}HDEd above by some

well=defined function ¥ af the seguerce of values input from tre lefti

or more for-slly, we cefine

P is left—guarded =
Jr. = sat (Krioht & {left))

Left-guardedrezs is ofren simoly obvious from ihe text of P, using the

law L7,

Li 1f every recursior used in the definirtion of P is guarded by an

ingut from the left, tren 7 ie lefi—guardec.
[ If ¢ is left—guardec tren {7 »»0) is free of livelock.

Lxzotly tpe scme ressorning apolies to right-guardedress of the

eecord Sperans of 3% .

e



LZ If . iz rizht—gusrced tre~ (Ma» 2) is free of livelock.
Examples

x1 Tre f:llcuing are left—zearded by L1

CBFY, JGLALE, SyUssSe, BUFFER

x2 The fellouirg are left—guarded in accordarce with trne original

definition, because
uppeck sat Mright € XN /lert) + W lert
Pack sat richt ¢ RLleft

x3 BUFFf% is rot right—-guarded, since it can input aroitrarily many

messages from the left without ever outputting to the richt.

4.4.4 Gpeoifications

A specification of a pipe can often be expressed as & Telztien ——

5(left,rijht) between the sequence of messages input on the left
chennel ano the sequence of nessages output on the riocht. When two
pipes are connected in series, the sequence "right" produced by the
left operand is equatea with the sequence "left" consumed by the right
operand; and this common sequence is then concealed, All that is
knewn of the concealed seguence is that it exists. But we also nmeed to

avert tre risk of livelock, Thus we explair the rule
L1 If P sat S(laft,right)
and 0 sat T{left,right)
and if P is left—guarded or 0 is right-guarded
then (P33 9) sat Js. Flleft,s) A G(s,rignt).

Tris ststes that ths relstion betweer "left" and "richt" which is
mairtzired by (P >»d) is tre normal relational composition aof the

relatioy for ¥ with the relation for J.

i *
x1 LIUBLE sat right £ double (left)
LOUBLE is left-guarded and right-gusrosd,
. . (sOUBLE »> DOUBLE) set

1 *
= (=2 € dDuble*(leFt) A Tizht -\1< double (=)

Z * x
right £ couble {double (left))

*
right é quadruple (lsft)

i




¥z Let us use recursior bogetrmer witn »»  to give an alternative
gefimition of 2 wuffar,
SUFF = pxl{left?a —> (0 2> (riohtix —> CO0Y)))
& wish to prove that
cUFF sat {right £ left)
figzumg trat
A mat %la.‘-‘t zr ovright € left,
wg kpow that
CokyY sat right £ left
.o {rigntls —» COPY) sat ({right = left = <>

v (Tignt 3 <x> A right! € 1lsft))
=% right € <x> left

since the rigkbt operand is right—guardea, by [1 ard the assumgtion
(% sp{rigntix —3 Coy)) sat (Fs.(Aleft 2n vs £ left)
A Tight £ <><>A5)
= (X left 2 n v right € ¢x>"™ left)
oolefttx —> (... ) =at right = left = <>
v lleft <>

NS SCLE > n vright £<xy left!)

R
- RTETD 3 el Voright € lefr,

The desired conclusion follows by tha proof ryls for recursive

processes,

4,4,%2 pBuffers and Protocols

v tuffer is a process which outputs on the right exactly the
came seguence of messages as it has imput from the left, though
possibly after some gelsy; Furthermore, when non-empty, it is always
ready to dutput on the right. More formally, we define a buffer to be
s process ¢ uhich never stops, which Is rfree of liuelock, and which

meets the specification

F sat (rignt £ left)
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It fFolleus thst all buffers are left-ouaroed

Al The f:llovi-3 processes are cuffers,

Lipy, (CPv»» COLY), BLFF, ZuFFIm,

puffers are clearly usefll for storing informstion whachk is
waitinc to be prceessed. Sut tney are even more useful as specifi-
cations of tre oesireo vehavicur of a conmunicstions protscol,
uhich is intemded to cdeliver messages inm the same order in which
they have oeen submitteu. .uck a protacol ceresists of tuo processes,

a transmitter T ano a receiver %, which &re connectecd in series

{(T>»R}). If tne protocol it corrsct, clearly (T »» 9} must be a buffer.

In practice, the wire that connects the tramsmitter to the

receirver s juite losg, anc tre "essages which are ssnt along it arse

subject to corruption or loss, Thus PPt BeFaviom—of—the wire itsglf

can be rcielled by a process WIRE, whick may behave not quite like a
buffar. [t is the task of the protoecol desiurmer to ersure that ip
spite of the bad behaviour of the wire, the system as a whole achts

as a buffer; i,e, that:

(T3 WIR. ® F) iz a ouffer.

A protocol is vsually ouilt in e number of layers (TI,'H

s

(TZ,Rz),..., (Tn,.f%n), each ore usimg the previous layer as its UIRE:

IAE >> R b
T ow S (T2 >> (T, » wIRt >> R, ) » > .

5)
['f caurze, uhen tne protocol is implementen ir herowsre, all the
treremizters 2re collected into a sincle tranmsrittar at ome cnd and
all the receivers at the ather, in sccordence vith the chanced

bracketirg:

(T 9% eeenn T, 35T ) S UIRE 3 (P 3% F 3> 442 3y )
n ya 1 i 2z n

The lau of associativity of = susreriecs that this regrouping docs
¥ j o o

not chenge tha behaviour of the system,



The following lacs zre wseful In groving the courrectness of

protocols.

L1 If P ane i are ouifers,
s0 sre (K oad> )

g (left?x —> (I »>»{rightix —>»3)))

L2 I To»F = (2efe? — (T » (riantlx —> "))

-

then (T» ) is & ouifrr.

Tre follouirg is o gensralisation of LZ.

L3 1f for some function t and For =1l =

(T{z) > r(z)) = {leftrx —>
(T(F(x,z)) 3 (righttx —>a(f(x,2))]))

trer T{z) ¥ 7(z) is z buffer far a1l z.

A7 The following are Guffers oy L1.
CUPY 32 ECPY,  BUFFER » LURY, CUPY > 5Uffin,
BUFFER »» BUFFER
12 If has been shown in 4,4,1 X1 =rd <7 that
{ChRY > CuRY) = (left?x ——» (COMY M {rightly —¥ Lory)))

By LZ it is t-erefore a buffer,

—A3——PHEEE EACOCiNG
n Ghase ercoder isz & process T wrnich ipputs a strea- of Ebit:, and
outputs €0,V» for each 0 input end &°,0» for each ! irput, 2

decadnr [ revsrses this trenslatian.

T left?x —> right!x —Prichti(i-x) —>» 7T

[

left?x —» left7y —P if y = x thun Fall

i
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we wisk to prowe by L2 that (T >»n) is a cuffer
(To>R) = left?x —3 ((riyhtix —P righe!{i—x) —> T)
3> (left?x —3 1:Fft?y —2 if v = x thers FAIL
glse (rigr-tix —>R)))

= left?x —» (Topif('—x) = x ther 7nlL

slse (Tightix —2 1))
= leTE%x 2 (T »»{rightlx —2 1))

Trercfore [T»»R) is a buffer.

Xd Ait stuffing

The tramsvitter T faithrally reproduces toe 1pput bits from
——1eft _to right, except that after three comssoutive T-tite which have

been outpuz, 1% ipserts a sinzle sxtra 0, Thus €me frpet—84edd4dg

is putput as 0UIUT11010, The receiver h removes these extra zeroes.

Thus (7 >»3) must be proved te be a buffer, The construction of T

and R, and the proof of their corrsctness, are left z2e an exercise.

4.5  subordination
Let ' emd U be orocesses with

AP T Al

In the conbination (‘F‘Hu), gacn action of & can occur only when 7
permite :t £o occur; uheress I can engage irdependertly in the
actions af (oly -olf), witnout the permission anc without the knowledge
of its pzrtrner M., Thus P seryes [, as a subordinute process, where 0§
acts as ¢ master or ~ain process., 'ten comrunications tetween a

sabordirste prucess and a maln process are to be conceelesc from their

common environme-t, we wse tre msymretric notation:
/.
TFis roation is used omly whern P& gl and then
AP/ 1) = (oL -dr)
It is usually conusriznt to gius tre sooordimate crocess a name,

tay m, whick useo ir the main procass for sll intcrzctions with ics

saoorcirate, The rarirg techpijue described in 2.6 can be readily



estended to communicaiing processes, c©y introducing campounc chanmel

rames, These take the farm  £mycy {(3kcreviated to m.c), wrere +

te name af one cf its chornels,

o

is & proces:s name 2nc c is
Let stripm( LT.Cy, U P) = LCau>

for all <¢c,vd» €& AP, Thren

m: b= stripr_‘ {r)

Examples
X1 doub:SOUBLE A .

The subordinate procecs acts as & simple subroutine called from
vithin the main process J. Inside 43, the value of Z2xXxg may be
obtained by a successive cutput of the arqument e on the left

channel of doub, and input of the result on the right chennel:
ooub.leftle —> (gavk.right?™ —% .., )
xZ upne suoroutime mey use another as a subordinate, and do sa
several times.
QUALRUPLE =
{ooubsDULBLE
//{Px.lef‘t?x —> doub.lefilx —>
| dowb.rightty—>UoutiIETEly —

ooub,right?z — rightlz — X)

This is cesigned itself to be used as s subroutine:

quads JUALRUPLE 4 ...

X3 4 conventional progrze variable named momay be medelled as

z subordinate process.

mevan 4L

Insioe the mgin orocess 2, &ng valus of m cap be aswigned, read,

enc wpdated Sy input @nc oucput



—~:="+" 1s i-plemented by

Maricri?y —P> oalafol(y+

i

4 subordinzte procass Mmay Da used to liplemsrnt = z2td structule

wi1tF 2 mors eleborete bekeviowr Lher just & simole variaplo,

. (q:ﬂLFFf'// :J

T-e suctcrcinzie PrOCESE SETCYES 3s ar unbou~oed gqurue nemed o, The

"

output adds v to ore erc of tre gueug, anc "g.TightTy™
TEMOVa: ar Elemont frow the ofher erpo, ano gives ios value to y.

I7 the guele is 11 mol resrond, -ng tle svsier

may oeadlaock,

EAS A stack witk name =t 1 claredl o —_—
straTelk /@

Inside the main prdeess o, "sT,lsftiv! can ou uses Lo puer tne val

ocnto the ztack, ard "st,right?x"™ will pop tne top walue. To ceal witn
the possicilisy that the stack is empty, a cholcs construction can e
used:

(stocichzve — 1{x)
lst.?*:ty — uz)

If tne stzck i romesmpt,, tre “irst zliecretive iz sulected; if

L0]

empty, weadlock 1s avolageg anu tre seccnc 4izernesive 15 gelscted.

" ¢ bordincte process with several chanrels may oe wsed oy
3BvUEral CORCUFL2NG PrOCE=§2Sy -rovifiec that tkoy cc rot usze the same

channels,

e 4 crocess 0 interded to cogrmunicati s strsam of valwues to Ry

tnsse welues ars ©1o CE Cufifersc Sy a ackordinszte huffer prooees

rangd """, so thot output from ) will rot be celayed wrce Rois rob
2

Teegy 7l Znpui. . .58% ctamcel tL,left Yor its output and R ouses

o,right for its input,

( A G-




poke trkat 17 2 =zttr-ots to Imput Trem oa2r eopty
211l rnot recessarily oeadlocks = _Ill wimcly te delayed urtil |

next outcets 2 Walue 0 T
"te s tgrdimation ooerator ro; 5e ussc to cefipr sooroutires
i

v rieyrzion, Eace leuel of recursion {except tre lzst) cdeclares

z new loczl susroutine to Zeal with the recursive call{s).

A7 Facturial
pre left?n —> (if n = 3 then (riontlt —% x)

I
R/

(fF.leftl (n=1)

~—3 frigPt?y —2P richtl{n X v) ~—> £}))

This i a corinoly femilisr ex=nple of recursior, =xpressed
ir 2n wurfamilizt Evt ratner cumbersome noteticnsl frarcuork, o lece
familicr ioea is tret of using tecursion together with soborcination
to impletent an wnouncsd cets structure.  fzch lewvel ol tho recursior
stores =z sirfgle componz~t cf the structure, anc dzclaros a4 fmiew local

suborcinats dats structurc to dgeal with the rest.

RE vr.bounded fipite =gt

4 process whleh nlenerts a sct Inouts ihs —ermcers on its laft

crernel, «fter eacn Lnput, it outputs 3 470 1f 1t nas already input

the same valus, and W cinerwise. ————-—-

= left?x —» rightlinl —>

(cestitiT & LI0F)
whers LOLF =
left?y —3 (if v = x then rishelol. —2 Lofe
(rest.leftly —>

rest.Titht?z —> rignelz —> LIU8))

Tre set starts empty; consegjesrtly proincut of its first rember

ely octouts o, It then declares a soooroingte process

x it i=-ms=di

called "rest", wbick is memberz of the 53t EXCEPL
The LT7F is desizneo to oEsrs of tme sgt. I F ibe
rewly inout memper ic tne answsr vTbL {5 =ert btick
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immediately on the right charrel., Ltnerfwise, trg new "¢-aer is
passcd on for storage ay "rest™, cChetever arswer (Y73 ar 0} is

sent back by "rest'" is cassead oeck again, zna the Liwr rspeats.

A3 Binar, tres

A more efficient representation of a =zet 1s @3 a oinary iree,
which relies on some glviom total ordering £ over its elements.
Lach node stores its earliest Inserted element, and ceclares two
subordinate trees, one to store elerments smaller than the earlisst,
ard one t: store the bilgoer elements. The external specification of

the tree Iz the same as X8.

TREE = left?x —» ri kil —>

(e¢maller:ThEE // bigger:TALE // Liwe)

The design of the LOUP 1s left as an exercise.

4,5.1  Laus

The fellouing cbvious laws govern communications betwewn a

process and its subordinates.,

Lt (mifezx —2000))) 4 (meelv —2 )
= (me(v)) /i

Lz (relddy =2 ) 4 (meazxe —>200)
= {min) f 3lv)

LT ({2 — P1(x) l d7y —> 02{y))) # (nelv —> W)
= (meM(u)) # 0

Lo meff (o ff 7y = (milf %)

i7 % 2ne P oare ci®tinct names

mae A nsafRY = sl ()

—
il




5.1 Introoucktion

Thne process S1.F iz deflmed &s Jne that rever ergages in any action.
Tt is npt a usz2f uwl pracess, and probacly results from a geaolock or other
omsion error, ratrer tran = delicerate choice of ihe designer. Howsver,
thers is one good reasar why 4 pracess should do notning more, namely that
it nas already accomulished swerything that it was designea to oo. 3Such
3 process is sald to verminate successfully. In order te distinguizh
vetueep this and STOP, it is canweniert to regard succeszful termination
as a special svent, denoted oy the symtol ", " (pronounced "succesz="). &
secuential process is defined as one wnicn basg v in its alphabety and
naturally this eap ovnly be the lest event inm which it engares. for fais
regsor we stipulate tret ' cannot pe =z2n altermat:ve in the choice
canstruct:

{xg6 — Px) iz invalic if v € A,

SKLQA is defimed ss a process which daes nathimyg but terminste

successfTully.

SR, = v{»/ﬁ-

#s usual, we shall freguently omt the subscripl slphepets—" "
T

1.  w# uwgrding machire that is Intermded to serve anly one cystomer with

chocolate or taffee?
YMUND = {coin —2 (choc —> 9K 1P
ithfE&: —> oK 1P))

In oesigning 2 orocess to solve a complex task, it is freguertly

Jseful te split the task imto two subtasks, ore of which must te comoleted

[0}

successfully before the other cecims. 1f P ano O are seauertizl prace

with the szme azlphabet, treir secuential compasitisn

55

is £ process which first behaves like [ Gut when P terminates success-
Fully, (F3;1) continues oy cznaving like ~. if 7 never terminates

successfully, neitrer cees (7.},



2.

Keo & venins mgcorine cesig-ed £a sFTue sxzctly tuc custoners, 4arg

zfter t-g ther.

4 process which repeats similar actiuns 25 aften as reguirec is

Krawn as s loopy i1t can be definec as a special case of recursacn,

* JJ‘A.(D;;()
= PkiPieens
w(rr) = or - {V] T
Ulearly seweh 2 loop is intenoed never to terrinate succesefully; that

is why it is convenient to remove o from its alphabet,

X3. A wveiding machine desioned tu serve any rumter of customers T
YMCT = ®YFILINE

This is idemtical to T.1.3,xX3.

o\

4 sequence of symools is sald tn be a sentence of a2 progeess M iF P
terminates successfully after engaoirp in the correspording seouerce of
mctions. The sct of all such senterces 1s called the languag\e accepted
by M. Thys the notations introducad for describirg sequential processes
may elso 0e uszed to define the kind af simple lanquage which might ce

used Fcr communication oetweer a human beinz and @ COMpPUtET .

Xa, & szntence of "pidgirgel" consists of & noun clsuse followed by a
predicate. A predicste is s vero followeo Ly 2 noun clause:. A uverb is
gither ™itee™ or "acratches", The definitinn of 4 moun clause is giuen

more faorially oelow.

ol PICGINGUL = {a,: ne,cat,mug,tites,scratcms}

PTLLINGOL MOUNCLAY AT 3PROCTICATE

PRENICATE = Vo RB SMOLWCLALSE

YLRD = (oites —> SKIF I seratches — sk}
ROUmCy AUGE = AAT1ICLE sNUUN

AATILLE = (E'. — S¢In ’ the —2 TJMU»‘)

MUY = (cst —> wKIp | dag —> SKIP)



tn example sentence of pldgirmgol:
"the cat scratches a oog”

To describe lancuages with an unbounded number of sentences, it

is necessary to use same kind of iteration or recursion.

¥*5, A noun clause which may comtain any number of aciectivess
NOUNCLAUSE = HRTICLLG

pr.(furry —> % |prize —%¥ x

cat —> 'iKIP! dog —> 5K1U)
txample of a nounclauze:

"the furry furry prize dog"

X6. A process which accepts any mumber of "a's follgwed by a “b" and

thern the same number of "c"s.
Al = pxu(h —> skl
!
|a — {0 —> sxie)))

1f a "b" is accepted first, the process terminatesj no "a"s and no
""t"s are accepted, S0 their numbers are tha same., If the second branch
is taken, the accepted sentence starts with "a" and ends with 'c", and
petween these is the sentence accepted by the "recursive call" on the

process X, Lf we assume th?E’Ebﬁgzgggggiyg_aakéwbeﬁaﬂé§7EB}}EEEly, LHEN

. i n__m
~ a0 will ERe-morm=tecursive call on A HC .

: . n..n
X7. 4 process which first behaves like A 7iC , but then accepts a "d"

followed by the same number af "e's.

N ‘o

a"ac"oe” = ((a"Bo"Yid —3 okIw) H £ pz"

n__n =1 n..n

where CO0OE = f (& 60 )
for f which maps "c"™ to "e™, "d" to "5, and "e" ta "c".

The rotations for defiming e lzrquage by mzarms of an accepting
process are as pouwerful as those of regular exgressians, The use of
recursion introduces some of the power af cantext free grammar, but not

all. & process can only oefine those languages that cam be carsed from

left to right without backtracking or luuk-zhead, This is because the




usc of tre choice ooerateor rezquires thet the First event of each
zl%ernativz is different from all its other first wvents. Consaguently,
it 1s not possikble te use the construction of £5 to define a nounclause
im whick *n word "prize"™ can be either a noun or arm adjectiwve or boin,
e,17+ "tre orize dog'", "the furry prire". Howvever, the introduction of
parallel composition makes the process notation more powerful tharn

context—free grammars, uhich cannot deflme the language of X7,

" "

A8, A process which accepts any Interleaving of "down"s ana "up

except that it terminates suovessfully on the First occasion that the

Sy

n "

number of "dowun"s excaeds tne number of "up"s;

PRa = (down —> SKIP 1 up —>{P0R3P05))

If the first symool is "down"™, the task af PUS is immediately accomplished,
But if t'F FiTst symool is“op'y- i4—is then negessary to sccept tuo more
"down"s than "upMs. The oriy way of achievimg this is first to eccept one

more "oo.r" than "up"y; and then aggin to accept onr mare “dowrn! than "up'.

Thus two successive racursive calls on PD% are ngeded, one after the other.

X9. The process CO behaves like C'ID [(Ta1ada22)
Cu = (around —)L.Dl up _"5'51)

tn+’l = QL‘-S;L‘n for all n 2 0.
= Pl9j e fPLagPliogl o

norines

The laws For seguential composition are similsr to those for

catanation (1.6,1), with SkIb playing the role cf the unit.

L1. BKIP§P = P3SKIP = P
L2 (F0)sR = P3l04R)
L3o (ox —>pxdid = (e —2 ((Px)33))

The lsw for the choice operator has corgllaries:

La, {e—=>);) = a3 —> (M)

—
o
.
Ly

TOR3L = 5T0P




vhen seguential processes are composed in parallel, the combination
termiretes successfully just when both compopents do so

_ awIp
L&, sKIP, HJuPE IR g

f successfully terminating process participates in no other event

offered cy a concurrert partrer.

L7, ((x:A~—>px)H SKIpg) = (x:(n-ﬁ)——>(px||:—.mng)

in a cancurrent combiration of a sequential with a nonsequential
process, when does the cambination terminate successfully? If the
alphabst of the sequential precess wholly contains that of its partner,
termination of the partnership is determineo by tnat of the saquent:zl

process, since the paringsr can do nothing wher its partnsc has finished.

va. stoe || SK1B = sRLP it/ En A0 g8,

We shall avoid a number of problems by stipulating that all parallel
combinations of sequential and nonsaguential processes must conform

to the alphabet constraint of LE,

The laws L1 to L3 may be used to prove the claim macde in 5.7.X9
that Ea pehaves like CTU. This is done by showing that C satisfies tre
set of guarded recursive eguations useo te defirne (T, The eguation for
CTD is the same as that for Eg:

a

e

C = (srourd —cC i up —> L) T
o Ak EAPRE o

——

“Fer n > 0, we need to prove

g, = (up — L l down —> Can )
Froof. LHS = POG;C def C
n-1 n
= (down —2 5klF fup — PUBIRLS);E, def P05
= (gown —> (,jKIP;Ln_q) Iup e (ms;uua);:ﬁ_w) L3
= {daun _>Cr\ 1 Iup—‘)?‘fjg;(ﬁ'.‘.‘a;[r ,I)) L7,LD
- -
= (dowrn —> ¢ 1 lup —> HF'E.,-C]_) gef ©
= | ol
= nH5 oef C
n
Since © obeys tra ssme set of guarded recursian squatians as LT, they

are the same.



This proof has been written out in full, in ocasr to illustrate
the use of the laws, and also in order to allay suspicion of circularity.
what seems nost susplicious is that trhe proof does ot use inductlion on n,
In fact, ary attempt to use induction on n will fail, bscsuse the very

+1
the law of unigue so2lutions is both simple and successful.

definitior of ETn contains the process ETn . Ffortunately, an appeal ta

In arder to preserve the validity of the law of unigue solutions, it is

necessary “a state that
SKIP is not guarded

731 iz guarded if P is.

5.3 Trarces

The “irst and only actior of the process 5K1V is successful

terminatian

traces (SKIP) = {( ),(\j >}

To define seguential composition of processes, it is convenient first to
define seouential composition of their individual traces, IFf s and t
are traces and s does not contain v°

(s3t) = s

(s™es/s)st = s™t
(The + at the end of s acts a&s "glue" to join s and t. In the absence
af glue, £t falls off.)

s ¢ traces(P} A t & traces (ﬂ)}

1 traes{P;Q) = {s;t

The whole purpoze of the g symbol is that it should terminate the
trace in which it occurs
L1 5 € treces (F) A 3 contalns v @ — §D = v
To preserve the valiclty of this law, it is sgsssntial to impose the

restriction mentioned in LA:

(F ]2 is velid only if
o Sl v AL YW

Vo e wP oA oelTuv e P oA el




assigns the initial value of e, to xi, for all i, MNote that all the e,

5.4 GSeguential Frograms

In this section we =rall introduce the most important sspects of
canventional seguential orogramming, namely assigrnments, conditiorals,
and loops. To simplify the formulation of useful laws, some unusual

notations will be introduced.

Tre essential Feature o7 conventional computer programming is
assignment. If x 1s a program variable and e is an expression and D 2
pProcess

(x:=esp)

is a process which behaves like /', except that the inmitial value of x
is defined to be the initial value of the expression e, Aassignment oy

itself can be defined:
{xi=e) = (xz=e3SKIP)
5ingle assignment generalises easily to multiple assignment. Let
x stand for a list of distinct variables

X = X X, peeesX
e’ 1t T e

Let & stand for a list of expressions

E = & ,& aray B .
5t *E

Provideo that the lengths of the two lists are the same

%i1=e e

are evaluated oefore ary of the assignments are wade, so khat if y

occurs in the expression g
yi=fjz:=g
is guite different from
yvy2:=f,g .
Let & be an expression thst evaluates to & Scolean Lruthvalue
(either true or false). 1f £ ang 4 are proesesses,
p%(b:i,n (F if o else @)
is a process urich bebaves lika P if the initial value of b is true,

or like Q if tre initial value of b is fFalse. The rotaticn iIs nowvel,



B.

Te thi~ the trzditzinpal

4]

cut less ¢curbers

if b then Pk else .

Tor similsar reascns, the traditional loop

while b do J

will be written
b*
This may 4e defined by recursiorn:

p*2 = Px.(ﬂ;x)}h :i, 5KIP

X1, A procsss that behaues like CTn (1.1.4,22)

_pre{around —> X_ug —> (ra=13x))

_[-_nzoj. B

{up —> (nr=n+135X) | down —> {ri=n=13;%))

XZ2. A process that behaves like CTD

ne=035x%7

%3. A process thst oehaves like FUS {5.1.%8)
rr=T3(n > 0} (up =~ ni=n+1

l down —> ni=n-1)

X&. A process which divides & matural number x Dy a positiwve number vy,

assigning the quotient o g and the rgmainder to r

RUOT = (gi=x = y; ri=x=qxy)

X5, A crocess with the same effect as X4, which computes the guotie-t

by repeasted subtrection:

LULiueT = (qe=05ri=x¢;((r > y)*{qt=q+ljri=r-y)})

9.5 Laus

Ir the laus for sssignment x ard ¥ stand for lists of Jistimet
variables; s, f(x), f(e) stend for lists of expressians, possibly con-
tziring occurrences of wvariatles i x or y; ano f(e) contains €,

whgrever F(x) contains ¥, for all indices i.



Lz, (x:=e; x:=f(x)) = (x:=F{a})
L2, If x,y is a liet cf cictirct variaoles
(mi=ej yi=f(x)} = (x,y:i= &,7(e))

when c{:m# is consicerec es a binmary imfix operstor, 1t possessos

several f=millisr algebraic properties.

L4=E, 4:::% is idempotent, assccietive, ano oletributes through 4;c$>

L7. P ftruepa = P
Lo, F‘Lfalse%ﬂl
Lo. s =0 $a = d4qbPe
L19. ¢ 40 (q <{Zt|:i>.‘i) = efetbn
iepdksdobede = et dod (0 fep o)
112, xe=e;{F £ n(x) P u)

= (x:=e3n} & ble) # (x3=e;u)

[
'y

]

To deal effectively witn esszignment in concurrent praocesses, it
is necessary to impose a restriction that no variable sgsigred in one
concurrent process can ever be used inm ancther. To enforce this
restriction, we introduce two new categories of variaole _into the-----

alphabgts of _sigga_nj:_i,alfp A

var(P} : the set of verlacles that may te assigned within f?

val{(F) : the seat of variablss %hat nay Se used in expressians

ulthin o,
_These are related by inclusion:
var{) € val(n) < ¢
3imilarly, we define val(r) as tre sob of yariables appraring 1n the
expression e.
- " 3
pow if P arcd j sre to be Jpined by “ , we stipulate trhat
var(f) A val{w) = wvar(d) nvai(:} =72

vrnder kthis conditior, it coes rof, matisr whither ar as=igpPment takes

plzce tefore or after & parallel split,




L13. (x::e;P)“ L= (x:=e;(ﬂ'f! o))
provided that x € var(P)=-wval(l)
snd  wal{e) n wvar(s) = #

A immediate conseguence of this is
(eezoe) l(ye=psa) = Oxgye=e, £5(P] 0}

provided that x € var{r} - val{0) - val(f)
var{u) —val(F} -val(e).

n

and ¥

This shous how the zlphabet restriction rules ensure that assignments
within ore comporent prucess of a concurrent pair canmnat interfere

with ass:gnmerts withinm the other. In an implementetion, seguences of
assignments may be carried out either together or in &ry interleaving,

without raking any difference to the externslly obserueble actices of

the process (except possibly to improve their timing —but we have

chosen to igrore such details}).

Finelly, cancurrent combination distributes through the conditional:

tas e i dodr) = rla) et (o] a)

provided val{t) A var(P} = #

5,6 Spetifications

A gpecificatian of a sequential process must describe not only the
traces o° tne events which occur, but also the relatipbngmip betuwesn
these traces, the initial values of the pragram varisbles, andg their
final wvalues. To derote the initial value of & program variable x, we
simply use the variable name x by Itself. To oenate the final value, we
decorate the rame with a superscript v, as in %Y . The wvalue of x v

is not cefined until the process is terminated, i.e., uptil the last svent

of the trace is v .

X1, A process which performs no action, but adds ane to the value of x,

and ter-inates successfully with tre value of y umchz-ged:

LT =< > V otr= <v> A x7 = ¢l -\y‘/:y
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X2. A process which performs 3~ evert vhose symbol  is the imitial
uvalue of the variable x, ard tnen rerminates successfully, leasving the

final values nf « anp y urehargec:

N ) v
tr = ¢33 4 TT = 4D v(l:r = v AT = x vy ¥)

X3. w process which starez the loentity of its first event as the
Firal value of x:

\;A‘ltr [ ) A(%tr =z :\(Er = -{x'/,\/) /\y‘/.: ¥
The correct mcrking af a process often depends on some preconoition
5(x) on the 1nitizal values of the program variasles x. This car be
expressec by writing 3(x) as tne antecedert of tne specification.

XK4. A process which divides a nannegatlve x Ly 2 positive ¥y, ard

assigns the guotient to g and tne remairder to r:

Iy = y > 0=
(tr =<Y v (tr :(v/)/\q‘/: X =y Ar‘/: ,:-q'/x vAyY =y A xzx)

Uithout the precondition, this specification would be impossible to meet
in its full generality.

X%, Here are some more complex specificatiore which will be wusea later

: -
DIYLOGP = (tr =<4 ¥ (fr = <> A1 = (0"-g)xy + ¥

ATV y \)’/:x/\}-‘/ = vy]]

T{n) = r<nxy i

A1l variasbles in tbiﬁs_gpgg;lf_i;a&-}m'—aﬂ!’iﬁféﬁde’d- to denote natural

I ——
~—- TTUmMbers, so subtraction is undefined if the second operand is greater

than tre first.

wh =nall now formylate the laws which underlie proofs that a
praocess satisfies its specifigation. Let 3(x, tr, x'/) be a specificatior.
“In orger to prave that ¥[I' satisfies this specification, clearly the
specificatian must be true wher the trace is emptys; forthermore, it must
be true uhen the trace 23 <> and the final values of all variables x“/
sre equal to their initial values, These two conditions are also

sufficient, 2s8 stated ir the followirg law,
L1, 1f 3(x,~ >, x )
and S(x, <43, x)

then SKiIr sat 5{x, tr, x

11,



X6. The strongest specificatiorn satisfieo by sxXIF is

SKIP. satfzr = €3 v otr = <> A x'= x)
g 24T

uhere x ts & lizt of all varisbles -n - ard x¥ iz 2 list of their
ticked verience,
X7. ki osat (r £y =(T(n+1) = 0TwL00p})
(1) “erlacing tr by < » ir the specificatior gives
TSy ATl )= <»=e>NV ...,
(2) Replacing ttr by &~ > and finagl values by i-nitial values gives
P Ly AT ) =2V o> vie> =< Ac-x Ay=zy
Ar=(og)x y+r AT <y)}
bBoth of thege @re teotous tautrtogiess —mf——
Ife iz & list of exprecssions, wa define % ¥ s a predicate

statinc that the values of &ll cperands of p are within the domsins

of their operators, For example, in natural number arithmetic
Dixzy) = y>a.
Niy+1, z+y) = trus
Nic-y) = ygr

It is a precondition of succes=ful assignmert (x:=e) that the expressions (&)
or the right hand side must be defimed, In this case, if P czatisfies
a speciication “(x),(x:=ejb) satiefies the sarme specification, after it

has beey modifiead to reflect tne fact that the initizl value of x is e.

L2. IF® sat 5{x)
tran (x:=c;p) sat (§)r = s{e))

Tre lac for simple assignment can oe derived from criz nn replacing F

oy sSKITy ard using Xég

- e
L2' = i=e sat (d)e Atr £ 4D =3 tr = <> /\x; = e AXY = XA dall)



¥A. SHIP sat (br A-s=dtr =< Ao  =gAar =raAay’ =y A= n)

7. {ri=x=n x yiSKIF) sat (x 2 5 %y Atr # <> =

Vs x—2x y Ay = y f\x‘/:x)

tr =;-’3‘\q‘/= SR o
S (grexiygrimxe—gaAy)sat (v 20 Ax 2 {xy)xy Alr For =
v s P e v
tp = A= X3y AT = x=a X ¥y Ay " =y AxY = x)
The specificaticn on the last linme i4 eowivalent to 0TV uhich was oefineg
ir XG o,

x9. Assume X sat {T(n) = 0IYLIOr)}

e {ri=r-yin) sat (y ¢ r={r-y <nxy=%{tr

v LI

L

5 Aalr=yi=...)))

T {ar=a+ liri=r— yin) sat(y £ v == (r L(n+1)ny =S NINLD0RY))
where BIULUGP' = (LT =<3 v(tr = < Alr=y) = (@7 =(ge1)) %y + ¥

-

Arey ae o w Ay )
By elementary algetre of nstural numbers
y & r==% (DLVLUGP' = DUIVLOOP)
Jte lor=g+ Tsri=r- yiX) sat (y £ r==> (T{n+1) = ULVLOODP))
For general sequential compositiaon, & much more complicated law is

required, in which the traces of the compornents are sequentially composed,

and the initisl state of the second component is identical to the final L

state of the first component. kowewer; tTe values of thes varishles in

-~ ~TEhlz interrediate state are not ubservable; only the existence of such

values is assured.
L3. 1f p set 5(x, tr, x‘/)
and y sat T (x, tr, x/)
then {P3n) set (Fvy, s, t. tr = (s35%)
AG(x, =, v)
AT{y, t, x'/))

Ir this law, ® is a list of all variahbles in the szlphabet of P ano iuj
¥ is a list of their sugerscripted varianmts, and ¥y @ list of the same

number of fresh variables.



Tre tpecification =of & corcitional I “*e ss™e of t-¢ fir:t
camponent if the condition is true, and the same as thzt aof the secann

comzonert i¥ fzlee,

L4. If I"sat 5 ano (] sat T

then (F <b >_,) sat (0 A 3v ™o ~T)
AN alterrative form of this lsw is sometimrz —ore converient

Lat If | sat (b == 3) and J sat (7o =—=%5)

ther (2 &b b y) sat & .
X10. Let COMD = {ci=gelsrisr—y3X) 42r 2 vy e SKIP
and % sat (T(n) == DIVLLCF).

Thea COMD sat {T(ra?) ===> 01yLUOD),

The two sufficient conditions for tris cenclusion have been proved

in X7 ::d X9 .

The proof of @ loop uses the recursive definition given in 5.4 ang tre lau
faor recursion {1,10.2 LE). If 5 is the intendeo specification
of the ligp, we must fird a specification “(n} such that (D} is zlways

true, snc aleo

(¥r. 2(r)) = &,

~ Generz methog to construct =(n) iz to “irc a precdiczte T{r,x), whick
describes the conditions on the initial state x such that the loop is

certesir Zc terminate ir less thar n repetitiors. Trer defimne:

i(n) = (T(n,x) = F\').

Clearly, ro loop cen termingte in

iars, sao if
T{ryx) is correctly gefirmec T{U,x) must be false, and {0} must be true.
The result of tne praa? ot the loop uwill 2e Y. {n), l.e.,
Y. (Tx) = ~)

Since nls chosen as & weTiabile uhich caoes not occur in 7, this :s

eaulvalent ko

{3n. T(n,x)) = *#.



Yo stronger specification can possibly be met, since 4 n.T{n,x) is the
precordition unoer whicn the loap terminztes in some finite numoer of

iterations.

“inally, we must prove thab the Gody of the loop meets its
spacificetion, Since the recursive equaticn for a Ioop involues a
coreitionol, this task splits into two, Thus we derive the general lsw:
Lo, If TIT(C,x)

snd SkIP sat (5 = (T(m,x) => )}
arg ¥ sat (T{-,x) = 7) = ({W;x} sat (b# {T{n+1,x%) ﬁ D))

then  (5*7) sat ((3rdlmx)) = ®)

£11. we wisn to prove that the program far lang division by repeated
suotractior ($.4.X5) meets its specification DIV. The task splits
natarally in two, The second and more difficult part is to prove thao

tre loap meets same suitaebly Farmulated specification, namsly
{(t > y) * (gi=g+ljrs=r=-y) sat (y > 0 =3 DIVLODF)
Ffirst we nesd to Formulete the condition unmoer wnich the loop terminates
in less than n iterations.
T{n) = r<&n xvy
here T{(0) is obviously false; the clause
Fn. T(n) IS
__ie equiTalent ta
y >0

whict is the precongition under which tre loop terminates. The remaining steps of
the proof of e loop heve already_been takern if~ X7~ and X5 , The rest of

the proaf is & simple exercise.

E.7 Implementatior

The initial and fimzl stetes of a sequential process can be
reareserted as o tunction which maps each variable name ornto its value.
A segquentizl proces:s is defined 2 o Functian which maps its i1nitial
state onto its subtsequent btehaviour, Successful termination is representec
cy the atom "SUCCTS.. & process which is resdy to terminate will accept
this symbol, which it maps, not onto amother process, but onto the final

stste 2F 1ts variatles.




The orocess kIl takas an Initial state as a parameter, accepts
"SUCCESS as its only action, and delivers its initial state as its fipal

state.

SKID = As. >\y. AF y # "SUCCESS then “BLEER elss e

An assignment is similar, except that i1ts final state is slightly

changed.
ascgnix,e) = ks, Xy. if oy £ 5UCLT3a ther MLy
else update (s,x,e)
where update(s,«,s}) = Xy. if y = x then eval {e,s)

else s(y)
and evs: (e,s) iz the result of evaluating the

— ___expression e in state s.

Here, for simplicity we have implemented only the single assigrment.

Myltiple assignment is a little more complicated.

To implement sequential composition, it is neeoessary first to
test whether the first operamd is successfully terminatea. If sao, its
final state is pasgsed omn to the second operend. 1f pot, the first

action 1s that of the first operand

sequence (P;U) = Na.

if v(s) ("SULCTSh) # “BLELP then

A(r(e){"SULCESS))
else  Ay. if p(s)(y) = "HLICP then "BLEER
else sequence (P(s)(y), 3)
Tre implementation of the conditional is a5 a conditional:
conaition (¥,0,4) = ‘\s_i eval(t,s) then P{s) else (s}

The implementation of the loop is left &5 an exerciss.



S.i  Irtrcduction

1~ crtapter 4.5 we intracuceo tne carmcept of 2 s.bordinate process,
ubcse scln task is 1o meet the -eeds o7 a single nainm procees;  ard

for this we Faye celinrec the notetion
(a2 =)

v

jupccse nod tnat o contains or consists cf two corcorrent processes
(L'f;), arg both P and O reguire the serwvices of the same subordinsts
urccess (m:9). Unfortumately, it is not possitle far P and .4 ooth to
communicate with {m:g) alorg the sawme chanrels, because trese channels
would hazve to be in the alpnrapet of both {2 ano 113 and then the
definiticn of ” woulo reauire that communigations with {(m:R) take
place only when both P ano 4 comrunicate the same message simultaneously —
uhichk is far from the requireo effect,. uWhat is needed is some way of
intarleswving the communications betwsen P and {m:R)} with those between

G oard (iR}, In this way (miR) serves as & resource shared between ¥

ano 43 each of them wses 1t st & time when the other is rmot doing so.

when the lgentity of all the shering processes is known in

advares, it is possible to arrange that each such process—uo2es =~

oifferent =et oferamnels to comiunicete witn the shared resource.

This tectpigua was used in the story of the cining philosophers: each
fork was shared among two neighbouring philosopners, and tne footman

was shared awong all five. gther example was 4,5 X5, in which a buffer

was shared cetwsen two processaes, aong of which vsed only the left
chanrel and tre ather uaed only the right channel. Huet tnis metbod 1s
nat adeguate for a subardinete process intsnded to serve the needs of

a main procees which splits into an erbitrary numter of concurrent
subprocesscs.  This chapter introduces techniques for snarina 4 resource
amgng Many orocesses, ewven when thuir numcer anmo identities i3 ot »nown
in acvance., It is 1llustrateo by exarples Crewr from the design of an

aperating system,



©.Z Sharing ©v interleaving

The problem gescribed ir 5,1 arizes from trne use of the

” ta sescrike the corcurrsnt bsteyiour of prpoesses;
and this problem can often ce avoided 2y using Instgad tre inter-
leaving “or= of corcurcercy (7 ||| ~). ~-ire, .7 z=-2 | Fzue Ere szE
alphabet and their cocmrunications with externz=l {shared) proceeses
are arbatrarily intcrleavea, UF course, tris wro-igizs cirect
commupnicatiaon betueen P znc T3 but indirect cownuricationm can be re-
established throuch the services of a snared subordinate orccess af

a3ppropr.ste cesicn.

x1 Skergd Subroutine

dowbzpauale £ (r |l
Here, toth Fanmd-f—ray—eontedis cadde on he asunorfinalte process
(douz.1laFtlv § deuk.Ticht 7x)

Even triugh these pairs of communicatians from P and  are s&srbitrarily
interlesved, there 1s no danger that ane of the processes will
accidertally cbtvain an answer which should have beepn received by the
other, To ensure this, all subprocesees of the main process must
obaerve & strict alternstion of comrunications on the left crhannel
with ceamunications on the right chanrel of the shared subordinate
process, for this reason, it seems worthwhile to introcuce =
specialised notation, whose exclusive uze will guarantee obscrvapce
of the required aiscipline. I suggest s rotatiaon reminiscent of a
traditional procedure csll ir & high level languege, except that the
value pzrameters are preceded Ly ! and the result parameters oy 7,
thus

doublx?y =

(oouc.leftlix; coub,right?y)

cata structure

In an airline Flight reservatiom system, bookinge are rade by
many rsserystion clerks, uhose =zctione zre interleavec. Eac-
reservstion adds a passenger to the Flight list, and returne an

indication wrather that vassermoer was alrusay bookeg or not, or

this owercsinplified examzle, the set 17ple~erted ip 4.5 XB will eerus

as a sharec sybordinate process, named by the flight nurber:

C103:5CT 4 ( vues (CLEF ||| Slede ”| vaid) o)



Cach CLERK bookg a passenger by the call
G103t pass no?x

which stands For

AG109, 1leftl pass no § AG10%,right®x
5

ln these two examples, pach occasian of wuse of the shared
resource involves exactly two corwnunications, one to send the
paramaters and the other to receive the resultsy after sach pair
af co—wunicaticons, the suboroinate process returns to a state in
which 1t 15 reacy to serve another process, or the same one again.
dut frequermtly we wisbh to =psure that a whole series of cogmmunicaticrs
take place between two processes, witnout danger of interfercnce by
a third process. For example, a single expensive cubtput oeuvice may
have to be shared among many concurrent processes, On each occasion
of use, & number of lines constituting a file must ope output
consecutively, without any danger of interleaving of lines sent Dy
another praocess, For this purpose, the output of each file must ce
preceded by an "acquire" ubich obtains exclusive use of the resource;
and on completion, the resource must be maoa available again by a

"release',

X3 S5hared lirme printer

LP = acquire —
pro (1efe?l —2 Rl —> X
, releaze ~» p) e _

Hera, h is tne chanpel which concects LP to the hardware of the lire
printer. After scquisition, the process LI cooies successiue limes
from its left channel to its hardware, until a releasse signal returns
it to its orisinal! state, in which it is available for use by other

processes. This process is used a3 3 shareo resource

ACTIRI/ A -1 || T

Inside P or 0, the output of the series of limes constituting a file

is bracketed by an "lp.acgaire™ sno "lp.release":
lp.acquire —2 ... lp.lefti™i J0nes"™ ...

lp,leftirextline —> ... lp.releass



A4 4n liprovement on X3

Jteg- & line printer iz shargo tetuween rmarny users, the content
o7 eacn f:leg will ze ~—enually separestepo =7ter outsuc fro- the
previous and tne following Files. for this purpose, the printing

paper is usually divideo inta pages, whiph are separated by

perforatisns; anc tre harcware of the orinzer s!law:z -n goeration
"throw™, which maves the paper rapidly ta the end of thc current
page - or setter, ta the next outward-facing fold iIn the paper

stack, 7o assist 1nm separsticon aof outgut, files shouloc oegin anc
end on pege ooungaries, anc z oacplstn rou of asterisws should he
printeo at the eng of the last page of the file, ancd at the Gegirmning
of the first psge. T2 prevent cenfusion, ro pormplete line of
asterisks is permitied to be printed in the micdle of a file:

T 1P = (RItRfou—> Flasterichs—> - -

acquire — hlosterists —»

. (1eft?l —> if 1 # astsrisks then (hi) —3 %)

else X

releaze —>» LL)

Thi= verzion of LP is used i1n exsctly the same way as the prewvicus ane.



intruducing tre danger = Zeazlock.  sut if more £nan ane resource
is tp =g =karzd in this fasrnion, tre risk of desz”lock carrot ke

icrurec,

drmoand Mary are 5035 oot impecunious cooks;
r

ey aGquire, usc and reiease

UTErCIL = (acquire —> use ——» — .., P releags —2> UTC0IL)
LA (anh |]| My )

cotUTEnLL 4 pantlls

ann cooks in accordance with 2 recipe which requires @ pot first

arc ther a pgan, vherezs ¥ary neecs a pan first, tren a pot
AT = ... pot.acguir?; ... pansacqoire) ...
Maky = ,,, pan.acguire; .., pct.ecguire; ...

Unfortunately, they cecide Lo prepare a meal ab aoout the gems tirme.
Tach of thkarm acqguires her first vtensil; but when she ngeds her
second utensil, she finds she canmot have it, becagre 1t is bDeing usac

oy the octher.

Tre story of wnn ano rary can be visyzlised orm & fuo-diviensional
plot, whare tre life of 4rn iz dagplayed zlong tne vertical axis, and

fary's 1ife on the horizontel. TWM‘EEE Teft
- —hand M&ifﬁbgﬁm:oth their liues, tach time &¢rnm
sarforms an action, the system mpwes one steo upuwsrd. Lachk ti-e Mary
performs an action, the syster moves one step right, The traleciory
shpwn on the araph shows a typical interleaving of .rm oapo mary's
actions, ‘ortunately, this trajectory rrachkes the top right hardg

corner of the graph where both cooks are enjoying their -eal,

fut this happy autcore iz roi certeins. BGeceuse they canmnot
simzltaresyzly use a shared uternsil, there are certainm rectanguler

regions Lo on

state space tnrouoh wrich the tra-ectory carnot ogass,
Veor exaTple Ir the region hatcheo % otk cooks would DE wsing
the pam, arg this 1z not oossisls. Si-ilarly, excluzior orn the use
of tns pot prahinits entry ints tre region rkatcheo « Thus if

trhe trzjectory reeches tpe ecdge of one of irese Fforbioden recions,

&



=

it ean only follow the edoc upwaro {for & vertical edge) or
righrtuare {for & morizental ecge)., _aring shis perioc, one of tre

cooks 1is vaiting for releese of a utensil by the other.

Mow coancicder tre zome marked uwith dots If ever the trajectory

enters ths zone, 1: will imevitably end in deadlock st the tap

rigrt har: cacner of the zore. TrHe purpose of the gpicture is to

show that the danger of deadlock arises solely as a result of a re-—
artrancy cf the forbidden regicn which feces towarogs the origin -
othe&r ras-trancies ere juite safe. Tre picture also shows that the
only sure way of preventing deadloack is to”:exten'd the forbldden

region tg cover the darger zone, snd so remove the reentrancy. Jne
technique would be te introduce en additional resource (say thre stove),
which mus: be acquired before either utensil, and rust not be

reteased mntil Pethutensils-have npen reigasec Tris solution is

similar to the one imposec by the footman in the story of the dining
philosoprers (2.5,3). An easier solution is to insist that any cook
who is giing to wart both utensils must zcquire tre par first

{example due to E.W., Dijkstra).

zat
3erve

pan.telease

pan,use

pot.release G .
B

e ledetete%
SO S
XX I X
é&‘ QUKL

panr.,use

S %%

pan,acoLire
pot,use

pot.accoire-

pot.
2CgQuUirs ZCcoulre




Tr= eoluetion of the previous example generalises to any number
of users anc any NumMber of resaurces=, Prouioed there ie a fixed
orager in wnich all users zcgulre the resaurces trney want, there is
no risk of deadlock. Users snauld release their resources as soon
as they have finished witn them; +the orcer of releasse ooss not
matter. lsars may even acaulre rescurces out of oroer, provided that
at time of acguisition they hase already released all rescurces whicn
are later in the standard oroering, DObservance of this discipline of

rgsource acguisition ang relesse can often pe checked by a visual

scan of the text of the user processes,

Ta formulate the relevant thecrem mbre accurately, we let

aj stand for the acquisition of ire resource with rank j
in the standard oroering

r, stand fFor release of this resourcs.
J

Clearly, each respcurce must be acguired ano releassd Im alternation

ATEANATION = Y3, 0 € troag - trar, &
J

Furthermore a resource may be acquired only if it is ranked higher

than any resource currently acquired but not yet released:

crep = Vi _
ORDERED i tr a, =

—

4 user pracess must satisfy both these specifications:
USEQi sat  ALTER/NATION A DRDERED
The betayviour of msach rasource for all i gin' is a strict alternatian

of acquisition amc release, so their corcurrent compositian may oe

specified:
RESGURCES sat  ALTERMATICHN

The system as a whole is defimed

ALLugERs

SY3TEm = AESOURCES |

wrere ALLUSCRS = (UEEH_ H] ssce |” “| LSz )

i1 »max {3{ tr'.a, —T%y%*"“’ni o



+

[ _frir Lte ConIlt.

czfirec acowe, I7 for all i (-Z:7CL=Cc. “ _xI7)

1

never steos, then naitrer aoes the system.

5.3 *EC stoTsze
Tne porpose of this sceorian {s €2 argue =sgelinst tre ase cf
shared storagsj the section may be omitten.

Tre behavicur oaf systers of corclrrcot orocesses cor reszily De
implererieg on a sin_le conventional =tated progfaeM computer, Oy &
technigue known as timeaharing, by which 3 single processor exwcutes
each of the proca=scs In 3lternstidr, with process change Or QoCcurrence
of interrups fro- ar external cevice or a2 reculer timer. In This
implemertatior, it is very easy to allow the cancurlrent processes 4o

share loceticons of common storage, which are accessed and assigned

sirply by mezns of tre usual machine instructions within TFe cede

for eacr of the psroces:es.

A4 lacation of shared stgrage can be nodelled in our theory as

a shared variscle (4,2,k7) witt tre appropriste symbolic nene
(count:uas f (countlo — (p 1” 1))

Sharec storage must be cleerly vistinguished frow the local storage

descriced in S.4.  Tre sirplicity of the laws “sr rocesgning about
seguential processes dorives solely From the fact that each variacle
is updad by at most ane process; and these lsws do not deal with
the many dangers thit arise from arbitrary unisrleaving of &saigrrmerts

from gi‘fereri processes.

Thesu dangurs ore most clesrly 1llustrated by the following
exarple,
A1 lrwrference

Tre shared variable “ccunt" is used to keep a count of trhe

zotel n.mcer of aoccorrences ST ogame Inports-t evert, Lo each
gccorre-ce of trhe cyspt, tre releusrt procezs £ or 4 zttempts to

update thue count by the pair of communicetions

cosnt,riztt?s 5 count.lefti(s + 7)



unfurturately, these two gomnariceticns may O interleaved oy a
zimilar p=ir 27 cormuricstions from tns other process, resalting
in ths seqoences

el

count.rigri?x joocunt.righty

cotmt leftl(s+ 1) 3 count.leftli(x+1)
Az a corseguerce, the walue of the count is freremernisd orly oy

ore insteag of two, Tnis kird of error is kncun as interference,
it

ir tne design of pracesses yhich share

comnor shtorage, urtner, the actual occurrence of the fault is

nigrly non-detérministicy L1t is npt reliaoly reproducible, ard so

it is almost imposaible to diaonose trhe scror by conventionsl
testing technigues. s =2 resuclt, therc ere several operatirg
svsterns in ecmron use, which regulerly procuce slightly inaccurate

summaries, statistics, and accounts.

i mpesible solution to this problewm is Ea make sure thet ro
channe of process takes place durinc a sequence of actions which
must D@ protected fraom irterlesving. 5Sueh & asquence is Wnown as a
zriticzl reqion. {n an implementation by @ single processor, the
rzquired exclusior is often achieved oy inhioiting all interrupts
for the duration of th= critical region. This saolution has an
vrdesiraole effect in delaying response to interrupts; and worse, it
fails completely ss soon as & seconp processing unit 1s added %o the
canputer. e

e —

“

A Setter solution wss sugpested by E.w. Dijistra im his
introouction of the birary exclusipn semaphore. & cemaphore may be
cescribed a5 @ process wricn engages a2lterrately in actions named

oard V.
SEM = (F >y —F i)

Thig is ceclareo as g shared resaurce
{rutex: 374 ...0)

fach process, on entry into a critical regior, ~ust send tre sigral
—eten U

2nd or Exxib from the critical res

or must engage in the event

TUTEX .U



0.

Thus, the critical rezion in whick tne caunt is incremented will appear:
mutex.P 3
count.right?s ; count,lefti{x+ 1}
mutes. Y

Provided *hat all protesses obeerve thisz discipline, it 1s impossiole
far two processes to interfere with each other's updating of the
count. B.t if any process onits a P or a ¥, or gets them im the wrong
order, the effect will be chaotic, and will risk a disastrous or

(parhaps worse) a subtle error.

4 mcck more robust way to prevent interference is build the
regquired protection inta the very design of the shared starage, taking

advantage of knouledge of the intended patterr of usage, fOT

example, if a varliable is to be Used ONMIy For countimgy; ther—the

opsratior which increments it should be a single atomic operation
count.up
and the shared resource should be designed like CT (1.1.4 X2)

counc:tT 4 (cer Pl 0 .00

In fact :nere are good reasons for recomwencing that each shared
resource be specially designed for its purpaose, and that pure storage
should never be shared im tte design af & systen using concurrency.
This not only avoids the grave danmgers aof accidental intrrference;

it also proouces a vesign that car De implementen readily om networks
of distributed processing elements as well as single=processar and

multiprocessor computers with prhysically snared store.

6.4 Multiple rescurces

In tre previous sectison, w2 oescrirtec rce a rumber of concurrent
processes yith different behaviour caquld share s single subordinate
process, ECach sharing process ocoserves a oiscizlire of alternating
output snd input,cor altermating acauire and relesse signals, to emsure
that at zny given time the rescurce is ysed by zt most one af the
patentiz.ly sharing processes. 5Such resources are known as '"serially

-

reusacle’. In this section we introcuce arrays of processes to



represent multiple resources with identical behaviour; and indices
in the array ensure that each elemert comfunicatzs safely with the

process that has acquired it.

X1 feentrant Subrouting

A shared subroutine that is serially reusavle can be used by
only one calling process at a time. 1f the execution of the subroutine
requires a consideravcle celculation, there could be corresponding
delays to the calling processes. IFf several processors are avallable
to perfarr the calculations, there is good reason to =llow several
instances of the subroutine to proceed concurrently an different
processera, A subrouting capsble of several concurrent lnstamces

is known as "re-entrant"

doub: (i|.|:27(i:UJUBLE)) /A

A typical call of this subroutine could be

douh.3,1eft!30) dauk,3.right?y

The use of the imgex 3 ensures that the result af the call is
obtained from the same instance of doub tn which the arguments

were sent, even though some other comcutrent process Tay at the same
time call arother instance of the array, resulting in an interleaving

af the mesaages:

doub.l.left.32, .. doub.2.left,20, .. -

e
e

o detb T TIGRE .60, .. doub.Z.right.sd, .,

Wren a process calls & reentrant subroutinme, it really does not
matter which elememt of the array responds to the call; any ore
that happens to be Frea will be equally goee. 5o TatfFer than
specifying a particular index Z or 3, a calling pracess should leave

the selection aroitrary, by using the construct

iq[J(dDub.i.leFtl3U; doub.i.right?y)
>

Tria atill abserves the essential discipline tpat the same index is

used for serding the arguments and receilving the result.

ln the exemple shoum aoove, there 1s anm arbitrary limit of

tuenty se.zn simultameous activatioms of the subrouvtine. Since it is
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attention smang @ wuck larcer number of grogessus, 1Tt is more elegant

to avord :,ch arbitrar, limdits, and cocleruv - I-7unite array of

COMCULITEr: JTOCESLUS
Juube ‘\‘.”"-_ i:_)
iz
where T ciar now e gesignen to serve uvrly a single call ano then stop:
o= left?x —P rightl{x+x) —2 _F
4 Subrousine witn no bound or its roentrancy 1s krowr as 2 T OCECUTE.

P ettt

The intention in using & procedure is that the effsct oF esch call

U (dous.i.leftlx; doub.i.oic-t7y)
130

—<dgberginae orocess | declared

srourmT b

n

right next to the call:

(doucs -/ (soup.leftlixg cuvus.tichs?y))

Tnis latter is known ac a "local"™ crocsdure call, since it inadels
executior of the procedurs 90 the Same processor o8 the callirg processg
uhnereas =g czll of a skarsd procedure is knowr as a "remotoe! call,

sirgs It socels exccoIlon o 2 ssparats a

zsicly cistars processor,
Simce the effect af remote and local calls iz intended ta be the same,
the reasis far -simc the ranote call cer oorly be political or economic
— f.gay o keep the €ode of the proc=dure secret, bOI to rum ir om 2
raching oith speciszl facilitiese uhich are too exoemsive to preovids on

the machines on whicn caing processes cun.

LoZ.oicsl

w

exz—cle cf ar sxpenaivs facility s a rich-volune

cacking store, such as & disc or Zobols momory.

x2 Shered cacklng storage

& sgzgrase neciun is sclit intc & sectars which czr Zg reac end
written indzpencently. Cach =z=ctor can 2tare wne zlock of inforrmstion
whigs it ipputs on the left arg outputs on t-e richt, Urfortunately

alzr ncstruective

“F2 stor-ye -enium is Iaplererceld Ir & cecrnals

read—-oput, so that ezcn block writften car De read orly orce.  Thus

£2C- sSzciaT Teboyss llae _ief TaTielr t-2s o -, ‘e w-zl. store is ar



array of such sectors, ingesec oy numbers lesg trhan B

BaTi?: = il,lznih'”‘f

Trnis storw is intended for wse 2s = su-e-Zinate pProOcEsSS
(cacktbaTurE & v.u)

witnin its scope, the store me, Cio Lsed:
cac«.i.ieftlol ... bock.dl.Tight?y ...

The backing stare mazy zlso be shar=d oy cOpCuUrrent processss.  In

this casve, the action

ﬂ Geck,i.laftlc]
igE

will simultancously acouire an =zrcitrary free sector with numeer 1,
ard write the vaiue of c©l intc it. &Himilerly, Deckei.right?x will
simulteregusly reac the content of scctur 1 intoc x arc relesse this

cector for uyse om anather occesicn, veTy possibly Sy znother process
’ Y F P 4

X3 Tuo lime prirters

Is are availaple ta se¢rve the resds

Tug idsrticzl lime gprir
of a collection af wsing processes. They Coth need the kinad af
protection from interlesving Shat uwss proviced oy b (c.2.54 ). e
-

tnerefore geclare an erray of fwe instances of LB, each of wheed 15°

ipgexed fyeratarEl T nonber inagicating its posi

tior ir the zrray

LPz =

3 SNared IesSOource

Thig array nay

o
a
w
2
o
-
0
=]
[
o
Ll
al

(1psLuz /...

tech instance of LP Is now prefixed tuico, “y a nzre ano By an Inoex;

rhus caommurications wich the viaing rrocens take the form:
Lo.0eacouirs, lp.'.leftl" L0y e

f g progedurs, uhe- B ZrocEss n[gcds te acawire

iderticzl rescurces, ic really carnot metter which

iz gelectio un 3 giwver ccocesior, fry elersrt



4.

whieh is resgy to respond to the "acguire" signal will be acceptable.,

A general choice construction uill make ths requirsc atbitrary choice:

D (lo.i.acquire — .., lpsi.ieftll ...; lp,i.release)}

10
Here, the ritial lp.i.acguire will acguire whichever of the tuwo LP
processes 1s ready for this gvent. IF neither 1s ready, the acguiring
process will waity if both are reagy, the croice between them is
ran-deterrinistic, After the Imitial acquisition, the bcund wariable
i takea as itas wvalue the index of the selected resource, and ell
subsequent communicatians will be correckly airecteo to thet sane

Tesource,

Uhen 2 shared resource has been acquirec for temporary use within

“Tarother processy the——ressures—is- intenced tn hehave exsctly like a

locally declared subordinate process, communicatimg only with its
using subprocess.  Let us therefore adapt the familiar notation for

subordination, and write
(myfiles:lp f/ ... myfile.leftlx ...)
instead o® the much more cumbersome construction:
D (lp.i,acquire — ... lp.i.left!x ...; lp.i.relesse)
ixD
Here, the local name "myfile" has ceen introduced to stand For the
indexed nzme "lp.i", and the technicalities of acguisition and

release hzve been conveniermtly suppressed. The Pew :: notation is

called Yremote subotcination™; it is distipguishec from the Familiar :

notation ir that it takes a process name an its right, instead of a

process,

xda Two putput files

& uging process requires simultanecus use of two line arinters

to output two files, 1 and f2
Flalp / F2iilp/ wee flodleftilljf2.1eftil2 ...

Mere, the using process interlesves output of lines to the two

differem: Filesy but each line is printed anm the spprocriate printer,



0f course, deadlack will be tre certain result of =ny sttempt to
aeclare three printers simulranmeously; 3t is zlso a likely resulr
of declering two orinmters simultaneouysly in zech of two concurrent

pProcasses.

t formal gefinition of the new operstcr
(n::m// E

must g-supe that whichever actual resource is ascguirecd, thet
particular rescurce will not be usec acair within its scope P.

Let 3 be the identity of the selected resource, First we define I'',
as behaving like P, except that it is not allowsd to communicete -

uith m.3j:

tr & F Atrr{xlay_x:m.j.y)} :<>}

traces(D‘j) = {tr

Mow we can safely replace communications between P'j end the pracess

named n by cammunications with the resl rescurce m,j:

P, = f (R
J

where F{lp.j.X} = n.x
f{y) = vy if y dags mat begin
with lp,.J.
‘ e
it remains only ta insert the meeeesary 3cCdulre and release signals,
STArns ey R

2nd zllay j to renge over zll natural numbers

(neam ff @) = [] (m,jeacquire —3 p" ;3 ir.j.relesse)
|
120 .

This is & rather slaborate cefinition; but ane should not be
sarprised, The aefimition glves a macranistic model of how olaotal
resources c4an be szfely shared among many processes, with e

guarantee that sagh instance is whally protected from every ciner.

XL seratecnfile

4 scratchiile is used for cutput =2f e sequerce of Dlocks,

[N

Vhen the output 1 completa, she File is rewaond, and the 2rtire

seouence of blocks is reed park from the feginning. The scratchfile



O
o

I
o
=
!

Fa

v

RLAD A = (rightix —>aii0 )
L33 Y 5

RO,y = {empty = SDag,)
Thiz may onveniently e uwsed ae o suborainate process:

(myFilesSLAATRR /o0 myfile.leftlv ... myfile.rrwind ...

re (myfile,right?2x —> ..,

myfile.empty e S S |

rE a¢rateh Files on ocscking store

Tre scratchfile oescribed in X car te reszcdily irplomented
Sy holcir. the stored sequerce of blacks in thke mein store of a
computer. Gut if the blecks are large and tha seguence 1s long, thia
could bte sn unuconomic usr of main store, ard 2 would DE betier to
store tne olacks cn a wackiryg store, olnce fach tlack in & scrateh-
file is r2ag arrc writtem orly once, a oacking store (x2) with
destructive read—out will suffice, #n ordinary ceratchfile (held in

main storr) 1s used to hold tre seausnce of i1noicos of the sectors

'

of backi~g steore on uric- rre corresponcing sctasl ologks of

Infaruztior zre Fzld.
A

pae{leftin —> (EE:;ch.L.luftlx —

3532-4Tik = (pagetaales i=-




n
o

woDoradinate urocess,

Ayt thie raisgs & ELOLBLER witn the ma-ing o

(L)

ETEL2T, wrich will cavse

communicstions of EOCR TR Lk

g must ths

renarred "myfile,Cack",

prohlicit soch gouple—rarre sy nts, anc reosfina

a

tne prefixing operator <o b gg < secord nece Lo an

o

b olreacy ez a nawe, Witk triz rzcefiniticn, communicatiang

af (myFiletgtLwATCHY wath <re srocess (backid TUPC) czn be correctly

maintzinec,

2yt trers sre worse problews, I» LFe cefinition of the sub-
oroinatlion nperatar // wve ~adt a stipulevion that the slphebet of tre

s horol

process shall ke wholly cont2ined in the alphapet of its
scopes Lfven if this restriction were relaxed, we would face a

pro-i

tion against sharing tne backing store Sretwesm o sunordinate
process amd its scope: this prohibition would {for exsmple) prevert

ginultarnsous use of two separate instances of BLIRATLR

1

CleaToH /) FZaBSORATOR 4 ...

All the protlems car be nappily avolded by the use of remurte

suborcination, as ehown in the rixi example.

%7 Screten filing syetem [

[
ires a single kackirg store z-oong an

,rszem 5

———sTTATER Tiling
arkitrary nu-ter of simultancouely active wirtusl resources. Tre

first reguirevent is tu insert ascguire eno release singnals irto the

ViR = ecguire —>

(920RLTCR || pn.{emnty — X
I relegse —> BT0F))

cr siwplicity, ue ©o not =llc. %ris resource to be rele:

it 1s «rovue to ke eoptys  eny attemot te ©o sc Uil cEaclock.

~.1



Next, we c©
VELRE =

Lote that .e hz
S0 that ccmmuni
with i. 73 all
scratch files,
t he H\ camoin
store to tie sc

subordinziz pro

WACRSYS =

Finmally, the wh

uscr:JS5CRS

This use of ren
complete freedo
SCHATCH;  howev
free blmrcks lef
expanding; or
example by Fail
second danger ©
accept a raless
blocks, twreoy
modifications a
and complsxity

arbitrary misbe

A simple b
rurninc jubs =o
Tesources such
operating syste
inevitanbls that
resqulces uhich
which nNawe been
This leass to a

and & decrease

onstruct an infinite arrsy of thkese orocessss.

”I 13450

izd

vs takemr advantaze of tre new convertjon for prefixing,
cations of (i:v3CR) with (back:STORL) are not indexed
ow the backing store to te stared awong 2ll the virtual
these communications have been interleaved oy use of
ator instesoc of “ . Vo corfine the use of the backing

ratch filing systerm, it car be declared as a

cess:

(back:BSTORE /# W5CRS)

ole systenn can be declared zng used:

VS5 ... (f'ﬂ:-:\.'scr// e —_—

F2riusch / vva)ien)acs

ote subordination allouws "wscr" to oe used with

my in exactly the same way as a local scratenfile
er, there remains a risk af gdeadlock if there are nao
t when sll the virtual scratch files are still

if @ using process misuses the scratchfile, For

ing to read to the end before releasing it. This
oulad ce averted oy redesign of Vb5CA, so that it will
s signal at anmy time, and then read back the onread
releasing then for suoseguent reuse, The reguisite
re left as an exercise, A major reason for the size
of operating syateé~s 1s the need to desl wikth

haviour om the part of using procasses.

atch processing operating system has the task of
cmittec by a number of program-ers, tach job recuires
ag readers, storage, and printers, In 2 multiprocrammed
m, many Jobe will be running conmcurrently; and it Ls
jobs will sor=timas have to wait to acguire reeced

are currently being used bty other jobs. &8ny resources
acqJired ty a waiting jos will be icle Juring tha wait.
decrease in the effective utilisation of resources,

in the effective throusrput cof jobs by the opzarating



system. TrEe

ecuctian in oficisrcy e to snarin

oF resources

r
aming too many conneting usersg iz kpown o3 tnrasning.  In ar

operating zysetem, thrasnino nust o avoicded with
deaclock ~ the

is mace at all,

axtreme version of ihrashing in wnich ro pragres

Ore way to avolc thrashing is to a-sgre thas

acguires ore resourcs at a tirey 5o o that iIf erners is

Trus

irvolved, rc cther resource revsins Jzle.

will fFiret acgaire o reager fo irput 3ll its caros;

ideally

&5 MuCh Cc-re a

m

w

eack oz anly

any wait

sect jab

it alll then

relsese ths reader ono accuire =ain siorage to Tum the urogram;  anc

wrer the program has relessedg its

printer for trhe output.

there ie storage less precious than —alin store to Fold the

in etprage, it will acguire a

aF course, tnic scrneme will Pot Lork urnless

whole of

the input and Yhe wnaole of tre output Setween the trree nhases 1o Tre

thi

H

in

OrGEIEss of the job. fo backing stdre ig

+he technigue is knodwr &s SEDDling.

x 8 Yrooled printer

normally Jdseo, anag

s single virtwal printer uses a temporary scratch ¢ils (%7) to

store blocs output oy its using process.

wren the uzing process

signals its release, then an ectusl printer («3) is acquired to

gutput the ceomtent of the temporary File:

Wit = (temp:zuscr

—‘—#_#—Eiﬁlgﬁtzx;”>fﬂﬂﬁffé?£-;""'}

relezses —* tanp,rewing —>

{actualizlp /

pY.(tero.richt?y —> actual.leftly —> ¥

temp.emnty —3 aTor)))

The reouisite uncoundec zrray is wefined

I o:

1240

(eccuire —> uLF)

VvLRw =

i

we can declsra tram local toc the spooling system

oLTEFo0L =

f wz wart the actuzl lime vrinmters to oe usec orly In spopling mode,



This im ics torn 1s ceelared suboreipete to the using Jobs
Ton 70T f(myrilessp AL Y Y )

tote that spogleo line primters are declared using aexactly tne same
notatior 3as if spooling were ~ot ip use, and th actuzl line

crinters _ers usec directi,, =5 ir

b2/ Gaaimyfilesslp 4/ woa)ae. ML)

2% Inpenfogtput system

4 sinilar spooling system INSFCCL may be designed for card
readers, Tre scratch Filing systen wu=t or skharec testwse- IF 22008

and Ldlw 7L, which must therefcre ve interlieaved:

L0oYs " = (useraUsCRSY s # (losLUTsp ol

”I cralnsfucl )}

~10 & aiitiorogrammed cperating syste-

Let J0A oz & staneard program which inputs the cards of a
single user's job on in.riant, e<ecutes the job in aceordance with
the inmetructicns or the cards, and cutputs the resual-s on out,left.
JLE is designec to terminate sitceessfully after & reasaonatle time,

incepengent of the content of the cards.

The ]J_7 arogrart car be acapied to drocsss < whole bateh of
asers' joze, one after the other., for éack joh, 2 card reader ano

a prinmter is acguired from the IOSYSTLM
3aTL- = *(imtzcr f ocutz:lpf/ 200

fi multipragrammed operating system cazn rip (say) four such batches

gincltenesasly, all sharirg the sz-e [.3Y5TL°
OfLYs = ICOSYSTEM / (.“Ja BATUH)

Im =nis e=siyr, the scratck Tilinz sysie~ is srared nly
cetween Tie INSEWL and ULTARNCL processes, anc is rol accessible

to JUB. Thus cne af the majcr risks of Jeacleock —ertionsd in 27

ca~ DE auirtec, Trz tisx of cezclock o.= —an of oacwin:



sLDIege Can Oe Leouced cy stouging further insut of cards wherewe:
“re ctors ie nzarly Tull. (If nhe packirz stcre is large enowon,
no cne will want to subrit more jons whgo 1t 1= fFull, tzcasuse they
wauld have to waliz too leng for treir rssultq. IF trne ryrper cf
free sectors continuss to cecline, stop onme -r 7ore of the roaning

joos, preferacly crne that 1a prooucing more cutpet tman the input
c

cocnsumeo, The r inusking these oolicies srucld
se set lou enougyb to ensurs tnzt cdeadlacwk is consideracly less
Fregugnt thz- breascowr of Lhe nardwere on Jhich the anerating

systemn rans.

6.5 Eokeduling

wrner a limited rumber aof rescorces is shareo amcng a greztor
rumber of potential users, ftrers will aslways be tne possibility
thet gome aspiring users will have no wall to acculre a rasource
unt1l some other pracess has releassa it. If at the tire of release
there arg two or more processes waiting to acavire it, tre chpice of
whict waiting process will seqguire the rezource 1s non—aetormimistic.
In itself, this 1s of little concern; but suppese, oy the time a
resourci: is released again, vet another process has Joined the set
of waiting processes. LHince the choice between werting process Is
agein non-deterministic, the newly joirecd process may be the lucky
one chosen. If the resource is neavily losded, thas may happen

agazin and ageln. As a result, some of the processes may happer too - - -

be delzyed foruver q;jﬂ,laaat—fcf?ilﬁﬁ&ig7dﬁpredictanle anC =
A

acceptable period 2f ftime. This is krowo zs the problem of

"imfinite overtsking”.

Jrne salution te the problem is to ensure that all respurces
are lightly used. This may be achieued either by crovicing mure
LEsSQurces, ar by rationirg their use, or by cherginc a heavy price
for the serwvices provigeo. In fact, these are tre anly solutions
in the case of & rescurce whicn is consiztertly ounder hesvy leaa.
Unforrunacely, even a rescurce which is on sversaoe lightly lgaded
will guite often be neayily used fur long pericds (rusr heoyrs ar
p2aks), Tre problem can sometimes 0= mitigstecd uy alfferen
chsrging Tto try teo sooth the demano, cut This 18 mct aliays sacoEsa—

vl ar even possicle, Larirg the pesks, it is inevizable trat, on

1.



=g preoictscle — you odulo feecl pr

servet w:tkir tne hour, tran to woncer whether you will bPave to

wait ome minuge or one day.

The tesk of decicirg how %o alloczte e resource among wairing
w52rs is «no.r as scheduling. o orasr to schedals successftually,

£

=re currsrily waizinz for

it 1s necessery tc «<nou w-ict procs

locatizr of %te rescurce. (OT Tris reeso-, tre acacisitlicn of a2
resIurce cannot any longsr oe recarord =5 a single otomic event.

1t must e split intu two events:

pleaze, which recussts the allocation

tha-«yau, wrich sccomoariss the actual allocatiorn af the

CEECUTCE.

For eact process, the ger:oc ostween tne "oleoase” and the
"thankyc." is tre period during which the process hazs to wailt for
the rescerca. 1n arder to idemtify tre reguesting proocess, we will
ingex each occurrence of "pleasse', "thankyou™ and "release! oy a
differiont metural rumber. The reguesting process acquirss its
number cr each geecasior by the sam= construction as rzmote

subprdinstior (£.2 =7):

[] {re=,i.please; TES.1.t"2NKYOU; +.e) CSc.2.0°lezae)
i»o
" simple end effective method of schedulinp a resource is to
allocate it to the process which has been waiting longest for it,
This policy is known as "first come first served” (+CFs) or "first

in First aue" (FIF0). It Za tne gusiinc discizline observec by

u=SSENgRErs LTo “orT therselives Into rne st a tus stop.

In z place sack =s a bakcry, whsre custamers =re unesle cr

urwillir; to for~ = line, toere Is an alternative mecranism to
acnieve the seme effect. # mackine is installed which issues
tickets with strictly sscending scrial numkbers. Un entry te tha

Oakery, a customer taxes a ticket. uren a sercver is ready, he

calls our the lousst ticket numbaer of 2 costomer who has taken a



ticket tut not yet pzern cirvec. Tris 1s known as the "paxery

algoritnm”, ancd 15 Tescr —ore formally bslou. Ve assure that

2p tu B ocyustomers can be sirultansously.

x1 The bawery algositn-
re need to kees the Following courtse

o custamers wrg

© custometrs

custcmers

Clearly, et all times T £ T £7. Fflso, at ell rimes, o is the

numoer that will be given ©o thne next customer who grteis ore

n

takery, and t is £"2 rumier ¥ the NExXt CustomET 1D LB OSETVED.

o

flsz, p—t is the numtber =f o

itimg customers,

511 coumte ate

Jre of the main tas<s af the algorithn is 1o ernsur: trzt {rere
=]

ig never simultanecusly =

wh ver such a sitvpation

trankyou.

SARACAY =

#'if?{ﬁr -t D0 ap~% >0

3]
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