Geometric Foundations
for Game Semantics’
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Game Semantics

® Quite successful in modelling logics and
programming languages

® full abstraction/full completeness
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Combinatoric
Foundations

® Harmer, Hyland and Mellies (LICS 2007)
give a new, combinatoric/algebraic

development of the key ideas.

Wy a k 2 5 1 E
s Sl o e Sl Al S R e o A N B e e gl e e s g S g il s B e i S Sl T e 4 s B R s e T e S
SAELE e o T o SR Sl R S MR I D Ot [Ty o | B T A e i e BT e e 8 st e it s Sl e e s R Y
. 1 B f B N ¥ 2 R} - e




A geometric
foundation?

® VWe present baby steps in giving a
foundation based on geometry.
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Distinguished history

® Compare with the development of
monoidal categories, braided, tortile and
traced monoidal categories

® |n that work, geometry took over as the
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Game semantics basics

® A game describes a tree of valid plays —
certain sequences.
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Maps in game semantics

® A map A—Bis a strategy on A— B,
whose plays are given by
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A picture (already!)




A picture (already!)




Schedules

® A play of A——B s given by a pair of plays of
A and B and a schedule.




Composing schedules

® s:m—hn means s is a schedule with m Ls
and n R’s.

[}
o iven S.m—hn and t: n—p we can
[ ] [ ]
compose to get s;t: m—p as follows
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Composition
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The Zipping Lemma

® The existence and uniqueness of this u is
tedious to prove.

® |t’s a dull induction on length.
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Associativity




Associativity

® Composition of schedules is associative:

s; (t;u) = (s; t); u.




Associativity
® Composition of schedules is associative:
s; (t;u) = (s; t); u.
® Jo prove it:

® prove a three-way zipping lemma
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Associativity

® Composition of schedules is associative:
s; (t;u) = (s; t); u.
® Jo prove it:

® prove a three-way zipping lemma
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Associativity

® Composition of schedules is associative:
s; (t;u) = (s; t); u.
® Jo prove it:

® prove a three-way zipping lemma
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Category of games

® Objects: games

® Maps: (certain) sets of tuples
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Composition of maps

Let 0:A — B, T: B—C. Define
O ;T ={(pabcu)|3pss,t.
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Aside

® For deterministic strategies, the schedules
are redundant: they can be recovered from
the sets of plays.
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Yel g T=Ye [T] (=X
Geometrically

® A schedule is a path in the plane: here’s a
schedule from 3 to 5.




More precisely...

® Work in an oriented plane: we can tell up
from down and left from right.

® Each natural number comes with an
embedding L, of {0, I, ..., n-1} in the real
line .
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Switching condition

® We also insist that schedules satisfy the
switching condition:
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Isotopy

® We identify these paths up to what they look
like.

° That is, really we're worklng W|th the
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Composition

® Given s:m—n and t: u—p, compose as
follows:

® draw them next to each other
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Associativity

® Define the obvious 3-schedule (or arbitrary
n-schedule) version of composition.

® Only need show that the subpath on any
three consecutive lines is a composition as
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Right, left, right, left

® Every topmost vertex is entered from the
right

because the path starts at top right, and cannot
cross a line without passing the top vertex.

® [he next level vertices are entered from
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Stating the obvious

® This proof makes use of “obvious
geometric facts” — the intermediate value
theorem, for instance.
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Conclusions?

® None really.
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Where to!

® Can we give useful geometric accounts of
views, visibility, innocence?




