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Chapter 1

Introduction

1.1 General context

This thesis covers two topics pertaining to the potential use of Category Theory for
Physics. Familiarity with the basic concepts of Category Theory is presumed, as would
be covered in a standard Category Theory textbook [2]. Such topics include functors,
equivalences, adjunctions, natural transformations, monads, (co)limits, etc.

Category Theory has seen various applications in Physics. For detailed guides to
such applications, there are comprehensive review papers such as Coecke and Paquette’s
“Categories for the practising physicist” [23] or Baez and Lauda’s “A prehistory of n-
categorical physics” [I5] or Baez and Stay’s “Physics, topology, logic and computation:
a Rosetta Stone” [0]. Here we present a summary thereof.

William Lawvere was perhaps the first person to realise the potential of Category
Theory in Physics. His “Categorical Dynamics” formalised the relation between laws
of force and laws of motion in terms of a cartesian closed category [43]. His ideas have
since bloomed into a substantial body of knowledge called Synthetic Differential Geom-

etry, which formalises various aspects of Continuum Physics [44]; notably, it introduces



a way of axiomatising infinitesimals, long used in Physics and Engineering, through
constructive logic [49].

These developments started a categorical tradition in Physics, where the objects of a
category are used to describe kinematics and morphisms are used to describe dynamics.
A functor is then a physical theor in the sense that its domain category describes the
“rules” of an abstract process and its codomain category describes the transformations
of the physical system at hand. Categorical Physics confers certain advantages over

other perspectives:

e Deep mathematical connections between different physical phenomena, or be-
tween a physical phenomenon and an algorithmic process, can become apparent;
furthermore, the similarities are formalised as equivalences of categories. The
most successful instance of this is in Quantum Algorithms, where categorical de-

scriptions have led to improvements and generalisations [77].

e (Calculations can be simplified. One example here is gauge field theories, where

categorical tools have helped with complicated group operations [26].

e Theories can be reconstructed with fewer conceptual requirements. One such case
is General Relativity, where the topology of spacetime can be recovered without

the notion of smoothness [55].

e The elegance of some theories is revealed more clearly. This is not merely a
matter of aesthetics, but a way of approaching foundational research: at least
for the more mathematically-minded physicists, the idea that a mathematically

elegant physical theory must have some element of truth is pervasive.

The most prominent representative of this tradition, and currently the most active

area of research in Categorical Physics, is Categorical Quantum Mechanics. The aim of

ILawvere used the term “model” for the functor and the term “theory” for its domain.



Categorical Quantum Mechanics is to model quantum systems and quantum processes.
The codomain of the “theory” functor in this case is often Hilb, the category of finite-
dimensional Hilbert spaces and linear operators. Depending on the problem to be

modelled, the domain can be, for instance:

e a gro seen as a one-object category, which is the group of symmetries of the

system;

e the category of unions of parametrised circles and certain 2-dimensional cobor-

dismﬂ, which yields a conformal field theory as part of String Theory [24];

e the category of compact oriented manifolds and oriented cobordisms, to describe

a Topological Quantum Field Theory [45].

Other such functors in Categorical Quantum Mechanics have as codomain a category
of certain representations of some sort of group and as domain a category whose mor-
phisms are a network-like structure. Such “theories” encompass structures like Feynman
diagrams [12] and Penrose’s spin networks [I0]; for the latter, the reference given also
describes a 2-categorical structure with morphisms between spin networks (called “spin
foams”) that describes processes in Loop Quantum Gravity.

There is a distinctive characteristic of approaches to Quantum Mechanics, as op-
posed to Classical Physics, which has necessitated some new notation. In Classical
Physics, the structures that tend to arise are cartesian closed categories, such as the
ones Lawvere worked with. By contrast, researchers in Categorical Quantum Mechanics

tend to work with braided monoidal structures insteadH Monoidal structures are best

2This is the simplest example, mainly used as an introduction [15, [9] to more intricate and useful
cases, such as the rest on this list.

3Due to space constraints, this description is a simplification of a simplification, itself taken from
Baez’s review paper [I5]. The paper referenced actually involves infinity-categories.

4This is not a clear-cut dichotomy; the reasons for the tendency to prefer either structure depending
on context have been addressed by Abramsky and Coecke [1].



visualised and handled using string diagrammatic language. We briefly use this nota-
tion in Chapter Bl even though we are not working in a quantum setting. We assume
familiarity with the basic principles of string diagrams [71].

Beyond Categorical Quantum Mechanics, there are also similar applications of Cat-
egory Theory to Relativity [55] and gauge theories [14]. In these cases, the domain of
the “theory” is a groupoid whose objects are points in space and morphisms are paths
between them, and the codomain has objects corresponding to sets of possible internal
states of a particle and morphisms corresponding to maps between them.

This is the general framework within which this thesis aims to aid the potential
application of Category Theory to Physics. The thesis consists of two subprojects
dealing with different aspects of the discipline, each treated in a separate chapter.
Chapters 2 and [3] are independent enough of each other that they can be read in either
order. The connection between them will become apparent in the sequel and will be

made explicit in Chapter [l

1.2 Background to our work on matroids

Matroids are abstract structures which are widely used, their prime application being
in Combinatorics; as such, in Physics they have found use in a range of areas, from Civil
Engineering [67] to Electrical Circuits [65]. They are also useful as a means to compute
dependent probabilities [53]; the latter use gives us a connection to Entropy: Shannon
Entropy is the rank function of a generalisation of matroids called polymatroids [30],
and is also connected to matroids [56].

Matroid theory lies within set theory. Informally, a matroid is a set with some
added structure in the form of a distinguished family of subsets, which describes a

dependence relation. Historically, matroids were introduced by Whitney in 1935. His
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motivation was to generalise linear independence and acyclicity in graphs [80]. It was
Mac Lane who discovered the connection between matroids and projective geometry
a year later [54]. Since then, matroids have found application in geometry, topology,
combinatorial optimisation, network theory, and coding theory [79, [62].

While matroids themselves have been studied extensively, there is much less litera-
ture focussing on maps between them. Furthermore, there has been very little explicitly
categorical work on matroids, which we now list.

The most closely related work to this thesis is Al Hawary’s doctoral thesis from
1997 [5], which was an attempt to characterise one of the categories we discuss here: the
category of loopless pointed matroids and pointed strong maps. That thesis purports
to prove many related results, mainly concerning free objects, limits and colimits; some
corrected statements of theorems therein can be found in Propositions and of
this thesis, and others in Al Hawary’s papers of 2000 [6] (concerning free objects) and
2003 [7] (revolving around epimorphisms, monomorphisms, limits and colimits).

Before 2000, there was some categorical work on matroid bundles [§], which are
meant to imitate vector bundles. Matroid bundles are defined on the basis of weak
maps, which we do not examine in this thesis. We note, however, that the results
on matroid bundles find categorical implications for matroid representability, which
features prominently in this thesis.

Moving on to more recent work, there was a paper in 2010 [52] that examined cate-
gorical properties of and adjunctions between a category of matroids and corresponding
categories of matroid generalisations called fuzzy matroids and fuzzifying matroids. A
notable result was that the category of matroids embeds in that of fuzzifying matroids
as a simultaneously concretely reflective and coreflective subcategory. The mappings
of this matroid category were again the weak maps, so the results of this paper, while

interesting, have no implications for the category we examine in this thesis.
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Lastly, there was a paper in 2013 [73] on topological representations of matroid maps.
While the author examines both weak and strong maps, he focusses on the former. The
most notable result of this paper is that weak maps between matroids induce topological
mappings between their representations via a functor from the category of matroids and
weak maps to the homotopy category of topological spaces. Since we do not examine
these relations between matroids and topological spaces, we make no use of this paper;
however, for the reader’s reference we note that the paper also contains a partial result
about the category of matroids and strong maps.

Chapter 2 (which has been previously published [33]; the cited paper constitutes
joint work with Chris Heunen) aims to explore the categorical properties of matroids.
In this thesis we do not go into actual use of this category as a domain for a “theory”
functor for a specific type of system (in the sense described in the previous section),

but have laid the foundations for such an application.

1.3 Background to our work on entropy in Thermo-
dynamics

We begin with a brief overview of Thermodynamics and Statistical Mechanics. The
latter, while not explicitly tackled in Chapter [3, partly motivates it and is linked to our
future goals, as will be discussed in Chapter 4l Also note the connection to Shannon
Entropy, which as we have seen is expressible in terms of matroids, hence links this
aspect of the thesis to the work on matroids.

In examining the physical properties of a system composed of N particles in the
thermodynamaic limit, i.e. when N — 0o, we may assume that quantities such as en-
ergy, temperature, mass, volume, pressure, etc. vary continuously with each other.

Thermodynamics concerns itself solely with these interdependencies; from the point of
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view of Thermodynamics, a system is in a macrostate, that is, a set of values of such
macroscopic variables. By contrast, Statistical Mechanics connects these quantities
to the statistical properties of the underlying energy states of the individual particles
of the system, hence is concerned with microstates, which specify the energy of each
individual particle.

A basic postulate in Statistical Mechanics is that of “equal a priori probabilities”,
which states that all microstates that correspond to a given macrostate are equally
likely. The number €2 of all possible microstates is a function of the macroscopic prop-
erties of the system. This function completely defines the thermodynamical behaviour
of the system. Systems generally tend to thermal equilibrium, which is the macrostate
corresponding to the largest number of microstates; it is an experimental fact that
this macrostate is typically orders of magnitude more likely than the next likeliest
macrostate. The fact that this is the macrostate which corresponds to uniform temper-
ature reveals a deep connection between Statistics and Thermodynamics: the heat flow
divided by temperature is a quantity proportional to In{2. This fundamental quantity
is called Entropy.

In the classical regime, the specific statistics of the particles of the system depend
on many parameters: whether they are distinguishable, how many energy levels are
allowed, how many states are allowed on each level, how many particles are allowed to
be in each state, etc. Things become significantly more complicated when the particles
are considered quantum, in which case new concepts emerge. The quantum regime is
not explicitly tackled in this thesis, but is within the scope of its applicability.

After this brief overview, we now move on to the central theme of Chapter [3, En-
tropy. The notion of Entropy is fundamental, both in Physics (Thermodynamical En-
tropy) and in Information Theory (Shannon Entropy). As regards Physics, Thermody-

namics was revolutionised as soon as the significance of Entropy, defined as the heat
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flow divided by temperature, was discovered. In Information Theory, Entropy is an
indispensable measure of information. It is of course no mere coincidence that these
two quantities share the same name; employing the Statistical Thermodynamics for-
mulation of Entropy we see that the two Entropies have the same defining formula
( — >, pilog pi) (where p; are probabilities in both contexts), the only difference being
in the basis of the logarithm and in an overall positive multiplicative factor. There is a
deep conceptual link between them, explained by Statistical Mechanics.

In this work we examine Thermodynamical Entropy through the prism of the Sec-
ond Law of Thermodynamics, which states that Entropy is a nondecreasing function
in any process taking place on a thermally isolated system (i.e. disallowing heat ex-
change). However, there is an equivalen formulation of the Second Law: Entropy is
a nondecreasing function in any process which is realised by means of an interaction
with some device consisting of some auxiliary system and a weight, in such a way that
the auxiliary system returns to its initial state at the end of the process whereas the
weight may have risen or fallen. Traditionally, the term “adiabatic” is used for ther-
mally isolated processes, but in this work we use “adiabatic” to refer to the processes

described in the latter formulation; explicitly:

Definition 1 ([51]). For a given system undergoing a process, we shall call the process
adiabatic if it is realised by means of an interaction with some device consisting of some
auxiliary system and a weight, in such a way that the auxiliary system returns to its

initial state at the end of the process whereas the weight may have risen or fallen.

This type of process is one where only the net heat exchange is required to be zero,
and the definition has the advantage that it avoids explicitly referring to heat exchange,

thus has less conceptual requirements. For more clarification and further discussion on

5The equivalence holds when the systems in question are assumed to be finite (i.e. the auxiliary
system cannot be a heat bath).
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how different authors interpret the term, along with constructive criticism of different
frameworks, see a relevant review paper [75].
From a mathematical viewpoint, Faddeev [28] has shown that the Entropy formula,

as defined on some set of probability measures, arises from just three simple properties:

Theorem 2 (Faddeev). Suppose I is a map sending any probability measure on any

finite set to a nonnegative real number. Suppose that:
1. I s invariant under bijections.
2. I s continuous.

3. For any probability measure p on a set of the form {1,...,n}, and any number

0<t<1,

I((tpr, (1 = O)p1,p2, .-, o) = L((p1, -, P0)) + 2 L((t,1 = 1))

Then I is a constant nonnegative multiple of Shannon entropy.

This result arises from a simple fact: the logarithmic function is the only function
f for which f(ab) = f(a) + f(b). Faddeev’s theorem implies that Entropy reduces to
fundamental properties such as additivity, monotonicity etc and should therefore lend
itself to a simple axiomatisation; that is, it should arise from a small set of simple,
intuitive axioms. This in turn may open the door to all sorts of mathematical tools at
our disposal.

As we shall see, one of the main concepts we introduce in this work is what we
shall call an adiabatic category. The foundation of these categories is the paper “The
mathematical structure of the second law of thermodynamics”, written by Lieb and

Yngvason [51]. They use a preorder to model existence of adiabatic processes between
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thermodynamic systems in specific states and derive a notion of thermodynamical en-
tropy from a small number of first principles; concretely, they recover a unique (up
to some factor) subadditive nondecreasing function, which must therefore be Entropy.
Although their work is not categorical, it is conducive to categorical treatment and pro-
vides the motivation for adiabatic categories, which are defined in Section B.3.1l Lieb
and Yngvason’s main theorem gives rise to an entropy functor from an LY-adiabatic cat-
egory (which is a specific sort of adiabatic category) to the nonnegative real numbers
(seen as a category). We shall see this in Theorems and 2301

In the first part of Chapter B, we use Category Theory to generalise Lieb and
Yngvason’s framework in order to model classes of adiabatic processes, whereas Lieb
and Yngvason only examined existence of adiabatic processes with given initial and
final state; we check that their proofs still hold in this setting (Subsection 3.3.4]). This
opens up the possibility of proving properties of different classes of adiabatic processes,
something that Lieb and Yngvason’s simple model did not cover (we give a concrete
physical example at the end of Chapter [B]).

Let us for a moment consider the possible uses of this new model. We shall call our
model thick, and Lieb and Yngvason’s model thiﬂH. In a thick model, what could the
different classes of adiabatic processes be? Naively we may consider using the displace-
ment d of the weight as a classifier; but that would not work: the parameter d indirectly
measures the amount of energy exchanged with the system, therefore processes p; and
p2 with the same initial state corresponding to displacements d; # ds would necessarily
have final states of different energies. We may consider “cheating” by somehow omit-
ting this energy from the state description (that is, by using this energy to change a
parameter that is not included in the properties we consider as part of the state) but

then we may pay the price of violating the Second Law! As described by Jaynes in 1996

6The name comes from the fact that Lieb and Yngvason’s model gives rise to a thin category.
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in an illuminating paper [36], this “hidden” information can be exploited to seemingly
convert heat into work without any other apparent effects, which is explicitly forbidden
by the Second Law. While Jaynes’s example referred specifically to distinguishing be-
tween different substances, his argument applies to any property of the system, as long
as one may find a way to use it to do work.

So in conclusion the classifier cannot be the displacement of the weight; it cannot
be the initial or final position of the weight, either, because then composability (i.e. the
principle that we may successively perform two processes as long as the final state of
the former is the initial state of the latter) would be violated. Furthermore, in light of
the above discussion, if we are to use a property of the system as a classifier, we not
only have to exclude this property from the state description, but we also have to be
careful to exclude from our setup all processes that can exploit this property to do work.
The latter requirement is not placed on the model itself, but rather is a restriction on
its applicability; in order for the model to give us the Entropy that corresponds to
the actual experimental measurements of the underlying physical system, it has to
contain all the data relevant to energy conversions. As pointed out by Jaynes in his
aforementioned paper, this is in fact a way for a physicist to discover an unknown
phenomenon: they may apply this or a similar model to processes on states differing by
some property, which unbeknownst to them is somehow used to do work, and discover
that their model does not validly describe the system.

To avoid such considerations, the classifier must either be a property of the auxiliary
system (such as what tools are available) or a property of the noninteracting environ-
ment (such as a clock). The example we use in this work (Subsubsection 3.4.2]) can be
interpreted as either of these, that is, we may label the processes either by the time
measured on a clock or by the average power of the stirrer we use.

So far we have spoken of the immediate connections between this thesis and pre-
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vious work. Taking a step back, we can see that this is situated within a broader
landscape; the use of Category Theory in Thermodynamics is of course nothing new.
Our generalisation of Lieb and Yngvason’s framework [51], which we discussed above,
falls loosely under the umbrella of Resource Theories [29] 22], where the objects of a cat-
egory are “resources” and its morphisms correspond to ways to “convert” one resource
into another.

Perhaps the closest to our treatment is a paper very similar to Lieb and Yngvason’s,
namely “A characterization of entropy in terms of information loss” by Baez, Fritz
and Leinster [I3]. This paper defines the categories FinProb and FinMeas, which
involve sets with measures and measure-preserving functions between them, and derives
a notion of Shannon entropy from axioms similar to those of Lieb and Yngvason. They
explicitly define entropy functors from FinProb and FinMeas to the nonnegative real
numbers.

Although the two papers (Lieb-Yngvason and Baez-Fritz-Leinster) refer to different
scientific fields, their motivation is similar. Lieb and Yngvason’s goal was to derive En-
tropy as a nondecreasing function in a certain sort of physical process, namely adiabatic
processes, where the thermodynamical states involved formed a preorder; Baez, Fritz
and Leinster’s goal was to derive Entropy as a nonincreasing function in a category of
deterministic functions. Even though one of these settings lies in Physics and the other
in Information Theory, both aim to tackle the more abstract question of what sort of
systems display Entropy.

Furthermore, these two papers use overlapping methodologies. Specifically, they
take the following steps to retrieve an appropriate functor (unique up to affine equiva-

lence):

1. Establish a category with a symmetric monoidal product H and a family of co-

variant strict monoidal endofunctors A that correspond to the nonnegative reals
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and whose composition corresponds to multiplication.

2. Ensure that the functor respects additivity (or convex linearity) and homogeneity
(in Lieb-Yngvason this is done by inserting morphisms between X and (1 —\)X B

AX both ways)

3. Ensure that the functor is continuouJ% (in Lieb-Yngvason this is done by building

continuity into the category)

A notion of entropy can be defined if the objects of the category correspond to
vectors and the A functors act as multiplication by a constant; one can then apply
these theorems in order to categorically characterise entropy-increasing and entropy-
decreasing chains. Lieb-Yngvason focussed on a macroscopic treatment so they were
satisfied to leave it at that, but if they had been working with probability distributions
as in the Baez-Fritz-Leinster paper, they could have got the statistical formulation
of Entropy by applying Faddeev’s theorem (which Baez-Fritz-Leinster did explicitly);
this is in part what motivates this work, but there is a caveat that we shall return
to shortly. To see how this works in general, we refer back to Theorem 2} the three
numbered properties are reflected in, respectively, the following properties that both of

these constructions have in common:
1. Functoriality of Entropy, along with the fact that the target category is a poset.
2. Continuity of the Entropy functor.

3. Monoidality of the Entropy functor and strict commutativity between the Entropy

functor and the A endofunctors.

"The precise definition of additivity, convex linearity and homogeneity need not worry us here; a
precise mathematical definition of an appropriate category is given in Section 3.3l

8Here we mean continuous in the topological sense.

9 Again, the precise definition of continuity need not worry us here; see definition of adiabatic cate-
gories in Section B.3.Jl We note, however, that there is some nuance here. Continuity is defined and
used slightly differently in each of these papers to achieve the same end result.
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A more complete explanation of how to get the Entropy formula from an appropri-
ate functor is found in Baez-Fritz-Leinster; a proof of existence of such a functor on
appropriate preorders is found in Lieb-Yngvason and repeated in our treatment in a
more general context (the main difference being that we no longer require a preorder).

The similarity of these two results is not to detract from their significance. Lieb-
Yngvason may have restricted their treatment to preorders (in a way a “decategorified”
version of Baez-Fritz-Leinster’s setting), but it is remarkable that they reached their
conclusion by making use of only the data of a category (i.e. instead of positing an
appropriate functor, they showed that it exists). This highlights the simplest possible
setting in which Entropy can arise. Baez-Fritz-Leinster, on the other hand, while they
included existence of such a functor in their assumptions, were the first to bring the
full force of categories into the picture and explore what sort of category is needed to
recover the explicit formula of Entropy.

It certainly looks like these two papers should complement each other, and this is
the contribution of this work. We aim to unite these two results into a seamless proof
of the necessity of a unique Entropy, given by the statistical formulation. However,
as we mentioned earlier, there is a caveat. This arises from the continuous-discrete
dichotomy.

In our work, the Entropy functor we recover satisfies the properties of Faddeev’s
theorem on an abstract level; that is, even though the function’s domain is not prob-
ability measures, it is invariant under bijections, continuous, and satisfies the same
convexity-type property. At this point it looks like we have done most of the work:
then surely all that remains is to set the domain to be a set of probability measures
(or, more accurately, set up a functor from our category to the category of probability
measures and stochastic maps) and we can apply Faddeev’s theorem to recover the sta-

tistical formulation of Entropy! Unfortunately, however, things are not so simple. Such
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a categorical application has complications due to the fact that Lieb and Yngvason
assume that their systems are continuous, whereas Faddeev’s theorem only applies to
probability measures on finite sets. This construction therefore demands a setup that
recovers the continuous case as a limit; in fact, it turns out that this requires setting up
intricate bicategories (meant as “approximations” of an adiabatic category) and taking
the categorical colimit of a chain of these bicategories in an appropriate category of
bicategories. While we have attempted this problem, it will not be further discussed in

this thesis; it is a large undertaking, reserved for a future project.
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Chapter 2

The category of matroids

2.1 Introduction

Note on previously published material

The material in this chapter has also been published in a relevant paper [33], which
was coauthored with Chris Heunen. A small amount of material has been contributed

by the anonymous reviewer, as we note in the appropriate places in this thesis.

Note on notation

Throughout this chapter, the term source will be used interchangeably with domain and
the term target will be used interchangeably with codomain. We caution the reader that

this differs from the use of the term source elsewhere in the literature [3].

2.1.1 Overview

As mentioned in Chapter [, matroids abstract dependence and have found many uses
in Physics and Engineering. This is primarily through their connection to Linear Al-

gebra (where they encapsulate linear dependence) and to Graph Theory (where they
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encapsulate cycles). We treat these areas in Subsections and respectively.
For the moment, we note that the connection of matroids to Linear Algebra concerns
the so-called representable matroids, on which there are currently many open problems.

Of particular interest to us is the connection of matroids to Shannon Entropy [56];
this connection arises because matroids encapsulate probabilistic conditional depen-
dence. However, this involves a more advanced notion of representability, the so-called
probabilistic representability. We therefore opted not to tackle it in the context of this
thesis, but in future work on categories of representable matroids. The thesis contains
an expression of matroid representation as a functor, which can serve as the foundation
for future work on probabilistic representability.

In the most general terms, the purpose of this work is to survey the properties of
the category of matroids. Of course, speaking of “the” category of matroids entails a
choice of morphisms. There are mainly three candidates [79]: weak maps, strong maps
and comap. While there is some structure associated with the category of matroids
and weak maps [79, Chapter 9], here we have chosen strong maps for various compelling

reasons:
e They are a natural choice of structure-preserving functions.

e The resulting category is much “nicer” than the two other choices of morphisms;

we shall see that it has interesting factorisation properties (see Section [2.0)).

e A few commonly used matroid constructions become functorial in this setting (see

Sections 2.5 and 2.8)).

e There is a functor from vector spaces and linear maps to matroids and strong

maps, arising from matroid representation.

Here, the prefix co- bears no relation to its common use in Category Theory.
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As we show in Section [2.9] this category serves to characterise matroids in terms

of optimality of the greedy algorithm via limits.

Having motivated the category, we now give an outline of the chapter:

In Section 2.2l we define the matroid categories we examine and look at some basic

properties.
In Section 2.3] we look at limits and colimits of these categories.

In Section 2.4l we examine chains of adjunctions between various notable subcat-

egories of matroids.

In Section we look at categorical properties of two basic matroid operations,

deletion and contraction.
In Section we look at factorisation systems in the category of matroids.

In Section 2.7 we examine functors between matroids and other notable categories

(vector spaces, geometric lattices and graphs).
In Section we examine functoriality of common matroid operations.

Lastly, in Section we have a categorical characterisation of the greedy algo-

rithm.

2.2 The category

The category we shall be examining has matroids as its objects. Matroids, like topo-

logical spaces, have many equivalent definitions; as in the case of topology, this is a

testament to their usefulness.
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It is an unfortunate tradition in the matroids literature that these equivalent defini-
tions are called “cryptomorphisms”, to denote that the equivalence of these definitions
is not obvious. We find that this term places the emphasis on a trivial aspect of the the-
ory (i.e. whether a mathematical fact is intuitive), as well as alienates new researchers
in the area. In this work, we shall not use the term “cryptomorphism”, hoping that it
will eventually be abandoned.

We go on to give some of these equivalent definitions of a matroid. These have not
been chosen according to their ubiquitousness or general usefulness; they are merely
the ones used in our categorical treatment. For a comprehensive list and to gain a
better understanding of the intricate relations between the various notions involved,
the reader is encouraged to consult relevant textbooks [62] [79].

Throughout this chapter, we shall use the notation #X to denote the cardinality
of the set X; furthermore, this cardinality is always understood to be finite for the
purposes of our treatment. We do note, however, that there exists a notion of matroids
of infinite cardinality [20] and even matroids of infinite rank (see below for the definition

of rank); many important matroid theorems still hold for these cases.
Definition 3. A matroid M consists of a finite ground set |M| with, equivalently:
e a family of Z of subsets of |M], called the independent sets, satisfying:

— nontrivial: the empty set is independen;
— downward closed: if I € Z and J C [ then also J € Z;
— independence augmentation: if I,J € T and #1 < #J, then I U{e} € T for

some e € J\ I.

e a family F of subsets of |M]|, called the closed sets or flats, satisfying:

?In view of the second axiom in this bullet point, this axiom is equivalent to “Z is nonempty”;
hence the name “nontrivial”.
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— greatest element: |M| itself is closed;

— closed under intersection: if F,G € F then also FFNG € F;

— partitioning: if {Fy, Fy, ...} are the minimal flats properly containing a flat
F, then {F) \ F, F; \ F,...} partitions | M|\ F.

e a rank function rk: 2IM — N, satisfying:

— bounded: 0 <1k(X) < #|M| for all X C |M];
— monotonic: if X CY C |M]|, then rk(X) < rk(Y);

— semimodular: if X, Y C |M]|, then tk(X UY) + (X NY) <rk(X) +1k(Y).
The following three notions are also essential to matroid theory:

Definition 4. A maximal independent set is called a basis; the collection of bases is

denoted B.

Definition 5. The closure operation cl: 2™ — 2/l i5 defined by
A(X) = {z € [M]| rk(X U{z}) =1k(X)}.

Definition 6. The maximal flats properly contained in the ground set are called hy-

perplanes; the collection of hyperplanes is denoted by H.

Remark 7. The connection between the different equivalent definitions is as follows:
A flat is precisely a subset of |M| which equals its closure (hence the alternative term
“closed set”) and rk(X) is precisely the size of the largest independent set contained in

X C|M].

We note for the sake of completeness that a matroid may equally be defined by
axiomatising its family of bases, its closure function or its family of hyperplanes instead

of its family of independent sets, its family of flats or its rank function.
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Remark 8. At this point the astute reader may observe, based on the above definitions,
that a matroid may be defined as a functor from some appropriate poset to the category
Sub of sets and inclusions. This idea will play a role in Section 2.9 when we examine

the connections to the greedy algorithm.

Matroids are fundamentally set-theoretic constructs, hence the elements themselves
are immaterial; we only deal with the distinguished subsets of the matroid that arise
from its defining family (eg independent sets, flats) or function (eg rank). However,
there are certain elements that exhibit notable properties. These are the loops, isth-

muses and parallel elements.

Definition 9. A loop is an element of a matroid that is not contained in any indepen-
dent set, or equivalently, an element that is contained in all flats. An isthmus is an
element that is included in every basis. Nonloop elements of the same rank-1 flat are

called parallel.
The following special types of matroids are of special interest in matroid theory.

Definition 10. A matroid is pointed when it has a distinguished loop, denoted e and

called the point. A (pointed) matroid is:

e [oopless when it has no loops (other than the point);
e simple when it has no loops (other than the point) or parallel elements;

e free when every subset (not containing the point) is independent; equivalently,

when every subset (containing the point) is closed.

In this work, we shall also use the following term, mirroring the notion of free

madtroids.

Definition 11. A matroid is cofree when the empty set is the only independent set;

equivalently, when only the ground set is closed.
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The following examples of matroids constitute the central themes of this work.

Example 12. Any ﬁnitﬂ vector space V' gives rise to a matroid M (V'), whose ground
set is V', and whose independent sets are the linearly independent subsets of V; flats
correspond to vector subspaces of V', the closure operation takes linear spans, and the
rank function computes the dimension of the linear span. The matroid M (V') becomes
pointed by making the only possible choice for the distinguished loop e; that is, setting
the origin 0 as . The pointed matroid M (V) is free only when V' is zero-dimensional

or when V = Z,.
The matroid in the next example is called the cycle matroid of a (multi)graph.

Example 13. Any undirected multigraph G gives rise to a matroid M(G), whose
ground set consists of the edges, and where the independent sets are the forests. Loops
of M(G) are precisely loops of G (i.e. edges between a vertex and itself), isthmuses
of M(G) are precisely isthmuses of G (i.e. edges that are not contained in any cycle),
and parallel elements of M(G) are precisely parallel edges of G (i.e. edges with both
adjacent vertices in common); this is, in fact, the origin of the terminology. We can
point M (G) by choosing a loop. The matroid M (G) is simple when it has no loops and

no parallel edges; that is, when G is a graph. M(G) is free when G is a forest.
For the next example, recall the following definitions:
Definition 14.

e An element z in a partially ordered set (poset) covers x when = < z, and if
r<y<zthenx=yory==z Inaposet P, a chain from zy to x, is a subset
{zo,x1,...,2,} of P such that zo < x; < ... < x,. The length of this chain is n.

The chain is mazimal if each of its elements z; covers x; 1 (¢ > 0). The poset P

3According to the usual definition of a matroid, infinite vector spaces also qualify, but we do not
consider the infinite setting here.
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satisfies the Jordan-Dedekind chain condition if for every pair a < b all maximal

chains from a to b have the same length.

e A lattice is a poset with all pairwise least upper bounds (joins) and all pairwise
greatest lower bounds (meets). The least element of the lattice is called the bottom

and the greatest element of the lattice is called the top.

e The height h(y) of an element y of a poset is the maximum length of a chain from
0 to y (elements of height 1 are also called atoms). A lattice is semimodular if it
satisfies the Jordan-Dedekind chain condition and h(z)+h(y) > h(xVy)+h(zAy)

for any pair of elements x, y.

e A lattice is geometric if it is semimodular and every element is a join of a (possibly

empty) set of atoms.

Example 15. A matroid M is specified by (the Hasse diagram of) its partially ordered

set L(M) of flats, ordered by inclusion. For example:

{a,b,c,d, e}

7 NV

{a,b} _ {a,d} _{a,e} {b,d} __{b,e} {ec,d e}
e
{a} {0} {c}

\é %{e}

is a matroid with ground set {a,b,c,d,e}. As we will see later, any geometric lattice L
gives rise to a matroid M (L), which furthermore is simple; if L is the lattice of flats of
some matroid M’, then M (L) may or may not be equal to M’. The matroid M (L) is

free only when L is isomorphic to a full powerset lattice.

We now specify the morphisms of the category. These will be the so-called strong

maps.
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Definition 16. A strong map from M to N is a function f: |[M| — |N| such that the
inverse image of any flat in N is a flat in M. Write Matr for the category of matroids
and strong maps, and LMatr, SMatr, FMatr for the full subcategories of loopless,
simple, and free matroids.

A strong map between pointed matroids is pointed when it sends the point to the
point. Write Matr, for the category of pointed matroids and pointed strong maps,
and LMatr,, SMatr,, FMatr, for the full subcategories of loopless, simple, and free

matroids.

The flats of a matroid M, when ordered by inclusion, form a geometric lattice L(M),
where the height of an element is the rank of the corresponding flat; and conversely,
every geometric lattice is isomorphic to the lattice of some matroid [62, Theorem 1.7.5].

This fact yields a characterisation of strong maps between matroids.

Lemma 17. For M, N € Matr and f: |M| — |N| the following are equivalent:
(a) f is a strong map;
(b) tk(f(Y)) —rk(f(X)) <tk(Y) —rk(X) for all X CY C |M|;

(c) the function L(f): L(M) — L(N) given by X +— cl(f(X)) preserves joins and

sends elements of height 1 to elements of height 0 or 1.

Proof. This is a well-known result in matroid theory [79, Propositions 8.1.3 and 8.1.6].
O

Of particular interest are submatroids:

Definition 18. Given a matroid M, a submatroid N of M is a matroid such that

IN| C |M| and Fy = {FN|N|: F € Fu}.
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It is immediate that if NV is a submatroid of M then the map i : N — M acting as
the identity on elements is a strong map, and furthermore any strong map with target
N extends to a strong map with target M via composition with .

The assignment M — | M| forms a forgetful functor | —|: Matr — FinSet from the
category of matroids to the category FinSet of finite sets and functions. The following

observation justifies the use of the terms “free” and “cofree”.

Theorem 19. There is a series of adjunctions F' 4| — |- C (=)o given by

FF(X):2X7 F(f):f7
Fox) ={X} cf) =1,
(M)o = F, (f)o=flr-

where Fy denotes the matroivd with only one flat, which is the rank-0 flat of M. There

are no further adjoints.

Proof. Functoriality is immediate in all cases. We show that the adjunctions hold.

For FF 4| — |: Observe that matroids of the form F(X) for some finite set X are
precisely free matroids, and that any matroid mapping whose source is free is a strong
map. This yields a universal arrow; that is, for every set X, every matroid M, and
every function f: X — |M]|, there must exist a function nx: X — X and a unique
strong map f: F(X) — M satisfying f = f o ny, namely nx = idy and f = f.

For | — | 4 C: Observe that matroids of the form C(X) are precisely the cofree
matroids, and that any matroid mapping whose target is cofree is a strong map. This
again yields a universal arrow: for every strong map f: M — C(X) there must exist a
strong map 1y : M — C(|M]) and a unique function f |M| — X satisfying f = fonu,
namely 7y (z) = 2 and f = f.

For C' 4 (—)o: observe that any strong map whose source is cofree must have a cofree
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matroid as its target. Therefore, we again recover a universal arrow (set nx = idx and
f=1.
We now show that there are no further adjoints.

Suppose K were left adjoint to F'. Let M be the matroid with flats

{0, {a},{b},{c}, {d},
{a,b},{a,c},{a,d},{b,c},{b,d},{c,d},{a,b,c, d}}

We will count the morphisms K(M) — X and M — F(X) (for the following suppose
that #X > 1). It is straightforward that there are #X#5™) morphisms K (M) — X.
As for the morphisms M — F(X), in order for the preimage of each subset of X to be
a flat of M, either all elements of M must map to the same element of X, which can be
done in #X ways, or precisely 2 of the elements of M must map to each of 2 elements
of X, which can be done in 3#X (#X — 1) ways; in the end we get 3# X2 — 2# X maps
in total. So K (M) must satisfy #X#KM) = 34X2 — 24X but this clearly cannot
hold for every choice of X. Thus F' has no left adjoint.

Finally, suppose B were right adjoint to (—)o. Let M be a free matroid. Then there
is a unique function (M)g — X, so there can only exist one strong map f: M — B(X).
Hence #B(X) =1 for all X. Now let M’ be a matroid with at least one loop and let
#X > 1; there are multiple functions (M’)y — X, so #B(X) > 1. We have reached a

contradiction, therefore (—) cannot have a right adjoint. O

The anonymous reviewer of our relevant paper [33] was the first to point out the
following link to topology. The preimage of any finite set X under | — | is partially
ordered: if M and N are matroids with |[M| = |[N| = X, then M < N if and only if
Fu € Fu. This resembles the situation in general topology, with < indicating a “finer”

matroid structure, F'(X) being the finest (most closed sets) one, and C(X) being the
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coarsest (fewest closed sets) one.

2.3 Limits and colimits

We now examine limits and colimits in the matroid categories defined in Definition
We give proofs and counterexamples to accommodate different variations and to repair
mistakes in the literature.

Firstly, observe that FMatr and FMatr, are finitely complete and cocomplete.

Remark 20. The functor | — |: Matr — FinSet restricts to an isomorphism of cate-
gories FMatr — FinSet. It follows that FMatr has all finite limits and colimits.
Similarly, the category FMatr, is isomorphic to the category FinSet, of pointed

finite sets and pointed functions, and so has all finite limits and colimits [3], 28.9.5].

Before continuing to the other matroid categories of interest, we offer a contextual-
ising remark, which describes a way to construct limits and colimits from FinSet. The
following remark was contributed by the anonymous reviewer of our relevant paper [33],
who observed that the situation was similar to topology. Note that the latter part of

our independent observation in Remark 20] also arises as a corollary of Remark 211

Remark 21. In some ways, including the computation of limits and colimits, the
category of matroids is analogous to the category of topological spaces and continuous
functions.

Let D be a diagram in Matr. To construct its limit (if it exists) first take the limit
L of |D| in FinSet and denote the limit cone by Ax: L — |X| for X € D. Then the
limit of D exists if and only if there is a coarsest matroid structure on L making the

Ax strong, that is, if and only if there is a coarsest matroid structure M on L such that

DY(S) | X eD,S e Fx} C Fu.
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Similarly, for the colimit of D, take the colimit K in FinSet and form a colimit
cocone kx: | X| — K in FinSet. Then the colimit exists if and only if there is a finest
matroid structure N on K such that Fy C {S C K | VX € D,k (S) € Fx}.

In contrast to topological spaces, there is an obstacle to the existence of all finite
limits and colimits of matroids: matroid flat structures on a set X are not closed
under finite intersections in 22 because of the partition property. Thus the category
of “generalised matroids”, with objects defined via closed subsets by removing the
partition axiom and strong maps as morphisms, gives a finitely complete and cocomplete
category containing Matr. The inclusion preserves coproducts and equalisers. As we

shall see, products and coequalisers are not reflected.

Clearly the empty matroid is an initial object in all of the unpointed matroid cate-
gories we consider. The one-element matroid where the element is a loop is a terminal

object in all categories of matroids we consider.
Proposition 22. The categories SMatr, LMatr, and Matr have coproducts.

Proof. Coproducts have been found by Brylawski [2I] and Crapo [25, Proposition 4];
they are the same construction in all the unpointed matroid categories we examine.
The coproduct M + N has ground set |[M + N| = |[M| U |N| and flats {FUG | F €
Fu,G € Fy}. It is easy to see that if M and N are simple or loopless, then so is
M + N. The coprojections are the inclusions M — M + N and N — M + N, and it
is easy to see that for strong maps f : M — P and g : N — P there is a unique strong

map [f,g] : M + N — P. O

Corollary 23. The categories SMatr,, LMatr,, and Matr, have coproducts, defined
in the same way as in the unpointed categories but additionally identifying the points of

the constituent matroids.
Proposition 24. The categories SMatr, LMatr, and Matr have equalisers.
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Proof. Equalisers have been shown to exist in the pointed loopless category [5, Theo-
rem 53] and are the same construction in all the matroid categories we examine. The
equaliser of f,g: M — N is the inclusion of the matroid E with |E| = {z € |M]| |
f(z) =g(x)} and Fgp = {FN|E|| F € Fy}. This is a well-defined matroid and clearly

satisfies the universal property. Finally, if M is simple or loopless, then so is F. O

Corollary 25. The categories SMatr,, LMatr,, and Matr, have equalisers, defined

in the same way as in the unpointed categories.
Proposition 26. The categories SMatr, LMatr, and Matr do not have all products.

Proof. This was shown by Crapo [25, Proposition 5]; we repeat his argument here.
In any of SMatr, LMatr or Matr, consider the simple matroid M of rank 2 with
|M| = {a,b, c,d} and suppose M x M existed. For any pair (z,y) € |M| x |M| we have
two strong maps z,y: 1 — M, and therefore a unique map (x,y): 1 — M x M with
m(z,y) = x and my(x,y) = y. Hence M x M has at least 16 elements. Take any per-
mutation o: |M| — |M]|; this yields a strong map (o, idy;) : M — M x M, whose image
{(a,0(a)), (b,a(b)),(c,0(c)),(d,o(d))} must be a flat. But {(a,a), (b,0),(c,c),(d,d)},
{(a,a), (b,b), (c,d),(d,c)} cannot both be flats. O

Corollary 27. The categories SMatr,, LMatr,, and Matr, do not have all products.

Proof. Consider the pointed matroid arising from the matroid M in the above proof by

adding a point. The same argument holds. O

It follows that these categories do not have pullbacks or exponentials either.
It was the anonymous reviewer of our relevant paper [33] who first pointed out the

existence of pushouts under cofree matroids, though they did not provide a proof.

Proposition 28. The categories SMatr, LMatr, and Matr do not have all pushouts,

but pushouts under cofree matroids exist.
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Proof. For the first part, we transcribe the proof in Crapo’s lecture notes [25, Propo-
sition 7], who proves the lack of all pushouts in SMatr. In any of SMatr, LMatr
or Matr, consider the following simple matroids M, M; and M,, defined by their

hyperplanes:

M: |M|={a,b,cde,f},
Har = {{i, 73 # ji € [M],j € [M]}
My My ={a,b,c,d e, f,g},
Ha = {{a, ¢}, {a,d} {a, [}, {b, ¢}, {b, d}, {b, [}, {c e}, {c, },{d, e}, {d, [},
{e,f}{e. 9} {f .9} {a. b, g} {c.d g}}
My :  |Ms| ={a,b,c,d, e, f,h},
Har, = {{a, ¢}, {a, d} {a, [}, {b, ¢}, {b, d}, {b, [}, {c e}, {c, },{d, e}, {d, [},
{a,b,h},{c,d,h},{e, f,h}}

Suppose the pushout P of the embeddings fi: M — M; and fo: M — M, existed.
Then the image of M in the colimit cone P’ cannot be of rank 3, because then M;
and M, would be embedded in P with overlap M. The closures of the sets {a, b} and
{d,e} in P contain an element which is not in the closure of {e, f} of M; but is in the
closure of {e, f} in M,. Therefore the image of M in P has rank at most 1. But there
exist different choices P’, such that no rank-1 flat has a strong map to both choices P’;

specifically, consider:

| P{| = {abgh,c,d,e, [}, Hp; = {{abgh}, {c}, {d}, {e}, {/}}
P3| ={a,b,c,d,e, f,gh}, Hpy = {{a}, {b}, {c}, {d}, {e}, {f} {gh}}

For the second part: Morphisms f: C(X) — M and g: C(X) — N in Matr
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correspond to f: X — (M)o and g: X — (N)p in FinSet by Theorem 9 These
have a pushout Y in FinSet, and it follows that C(Y") is the pushout of f and g in

Matr. 0
Corollary 29. The categories SMatr,, LMatr, and Matr, do not have all pushouts.

Proof. Consider the pointed simple matroid with the same flat structure as M in the

above proof; the same argument holds. O

Coequalisers are a bit messier, as we need more counterexamples. We start with

the pointed categories.

Proposition 30. The categories SMatr,, LMatr,, and Matr, do not have all co-

equalisers.

Proof. Consider the following objects and morphisms:

M| = |N| = {e,1,2,3,4},
Hy = Hy = {{0,i,j}i,j € |M|, 0 #i+#j+#e},
f=id,

g= (o122~ 133 4—4).

If the coequaliser ¢: N — C of f,g: M — N existed, then [5, Theorem 54]@ its ground
set must be (in bijection with) the quotient |N|/ ~ by the equivalence relation generated

by f(x) ~ g(x) for all x € |N|, and ¢ must map z to its equivalence class [z]. Explicitly,
C1 = {e,[12], [3], [4]}

f
M—=N—-=C
g ék

¥
Cl

C/

4That proof is invalid, as the map y — [y] need not be strong. However, it does hold for the choices
in our proof below; that is, there are strong maps from N to options [2I)) and [23]).
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Each flat G of C must be of the form [F] = {[z] | z € F'} for some flat F' of N, because
G = c(cH@)) = [¢c1(@)]. In fact, each flat F of C must satisfy F' = [F] in N. Thus
we do not allow the flats {e,[12],[3]} and {e,[12],[4]} in C. We are further constrained
by the three axioms that the closed sets of a matroid must satisfy, so we can only choose

Feo to be one of the following (for SMatr,, consider only the first and third options):

{{e}. {o. [12], 3], [4]} }, (2.1)
{{o}. {o. [12]}, {o, [3], [4]}, {e. [12], [3], [4]}}, or (2.2)
{{e} {o.[12]}, {o, 3]}, {o, [4]}, {o. [12], [3]. [4]} } (2.3)

Option (20 fails when we set C” to have the same ground set as C' with flats (23],
because then the inverse image under k of any rank-1 flat is not a flat. Option (2.2
fails when we set |C'| = {[o4],[12], [3]} and For = {{[e4]}, {[e4], [12],[3]}}, because
then the inverse image under k of the rank-0 flat is not a flat. Option (2.3]) fails when
we set |C'| = {[e34], [12]} and Fer = {{[e34]}, {[#34],[12]} }, because then the inverse

image under k of the rank-0 flat is not a flat. O
Corollary 31. The categories LMatr and Matr do not have all coequalisers.

Proof. In the above proof, remove the point from every matroid and set involved; amend
the last paragraph as follows:

Set C' to have the same ground set as C. Option (ZI]) fails when we give C’
flats (Z3]), because then the inverse image under k of any rank-1 flat is not a flat;
option (2.2)) fails when we give C' flats (2.3), because then the inverse image under k
of two of the rank-1 flats is not a flat; option (2.3]) fails when we give C' flats (2.2)),

because then the inverse image under k of one of the rank-1 flats is not a flat. O

Lastly, the case of unpointed simple matroids requires a larger counterexample.
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Proposition 32. The category SMatr does not have all coequalisers.

Proof. Consider the following objects and morphisms:

|M|=|N|={1,2,3,4,5},
f-id

g=(1—22—1,3—3,4—4,5—5).

If the coequaliser ¢: N — C of f,g: M — N existed, then (by the same reasoning as
above) its ground set must be (in bijection with) the quotient |N|/ ~ by the equivalence
relation generated by f(z) ~ g(x) for all z € |N|, and ¢ must map z to its equivalence
class [z]. Explicitly, |C| = {[12], [3], [4], [5]}. Because C' is simple, its rank-1 flats are

{[213, {31}, {1413, {15]-

M—=N——C
g ék

Y
C/

C/

Each flat F of C' must satisfy F' = [F] in N, therefore we do not allow flats {[12], [3], [4]},
{[12],[3], [5]} and {[12],[4],[5]} in C. We are further constrained by the three axioms
that the closed sets of a matroid must satisfy, so we can only choose F¢ to be one of

the following:

{0,027}, {31}, {1473, {51}, {[12], 3], [4], [5]} }. (2.4)
{0, €027}, {31} {1473 {151}, {1121, 31}, {[12], (4]}, {[12], (5]}, {[3], [41}. {131, [5]3, {[4]. [5]}
{[12], 3], [4], [5]} }, or (2.5)
{0, {027}, {31} {147}, {51} {13], [4], [5]3, {1121, [3]}, {[12], [4]}. {[12], [5]}.
{[12], 3], [4], [5]} }- (2.6)
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Set |C'| = |C|. Option (24 fails when we give C” flats (23]), because then the inverse
image under k of any rank-1 flat is not a flat. Option (2.5 fails when we give C’
flats (2.6]), because then there is one rank-1 flat whose inverse image under k is not a
flat. Option (26]) fails when we give C” flats (2.5]), because then there are three rank-1

flats whose inverse image under k is not a flat. O

So far, we have reasoned directly about pointed categories by applying the same
(perhaps slightly amended) proof as their unpointed counterparts. This is a simple
method, but there exists in fact a more elegant line of reasoning, again contributed by

the anonymous reviewer of our relevant paper [33]:

Remark 33. A loop in a matroid M is (the image of) a strong morphism C(1) — M
(where 1 denotes the singleton set). Hence Matr, is (isomorphic to) the coslice cate-
gory C'(1)/Matr. Since Matr has coproducts by Proposition 22 the forgetful functor
Matr, — Matr is monadic and its left adjoint (—), sends each object M € Matr to
the coproduct inclusion C(1) — M + C(1) Moreover, this monad preserves connected
colimits. Thus the forgetful functor Matr, — Matr creates limits and connected

colimits. In particular it preserves and reflects monomorphisms and epimorphisms.

The above observations seem to refer to well-known facts, but some of the corre-
sponding proofs could not be located in the literature. We therefore append a proof for
the sake of completeness.

We first need an auxiliary definition and an auxiliary lemma.

Definition 34. A fibred coproduct is a colimit of a nonempty, possibly infinite, family
of morphisms with the same domain. A fibred product is a limit of a nonempty, possibly

infinite, family of morphisms with the same codomain.

5We had independently found this left adjoint, but not expressed in terms of the coslice category.
That proof is straightforward and omitted.
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Lemma 35. A category C has every connected colimit if C has the two following

colimits:
1. coequalisers,
2. fibred coproducts.

Proof. A result by Paré [63] states that a category C has all connected limits if it has
fibred products and is “simply connected”, meaning that the category C’ resulting from
adding inverses to every morphism in C is a preorder. Dualising this result we conclude
that a category has all connected colimits if it has fibred coproducts and is simply
connected. We need only show that if C has coequalisers then C’ is a preorder; for this,
we need the observation that there exists a functor ; : C — C’ sending every morphism
to its invertible version, as composition and identity are clearly preservedH. The result

then follows: taking f,g : A — B in C with coequaliser ¢, we get m (f) = m(c) ' o

m(c)om(f) =m(c) tom(cof)=m(c)  om(cog) =m(c) " om(c)om(g) = mi(g);

taking f : A — B and g : B — A in C, let ¢; be the coequaliser of f o g and idg
and let ¢y be the coequaliser of g o f and ida, getting m(f) o m(g9) = m(fog) =
mi(e))tom(a)om(fog) =m(c) P om(ciofog)=m(e) om(er) =ids(p) and
mi(g) o m(f) = m(go f) = m(c2) ™ o mlc2) omi(go f) = mi(cz) " om(czogo f) =

m1(ca) tomi(ca) = idy, (4, therefore 71 (f) = m1(g)~". Soin the end C’is a preorder. [

Now we give the proof.

Lemma 36. Let C be a category with coproducts and C' € Ob(C). Then the forgetful
functor U : C/C — C has a left adjoint F : C — C/C that sends each object D to

the coproduct inclusion C' — C + D. Furthermore, the adjunction is monadic and the

6This is a well-known functor, as is evident from Paré’s paper [63], but details need not concern as
here.
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monad preserves connected colimits. Then U creates limits and connected colimits, and

in particular it preserves and reflects monomorphisms and epimorphisms.

Proof. For F 4 U: Explicitly, the forgetful functor U sends each object f : C — D of
C/C to target(f) and each morphism of C/C to itself, and the functor F' sends each
object D of C to p;(C'+ D) and each morphism f : A — B of C toidc+ f. We note that
these are both well-defined functors. Then U(F (D)) = C+ D and U(F(f)) =id¢ + f.
We verify the existence of a universal morphism 7,4, namely the coproduct inclusion
A — C + A. For every A € Ob(C) and any maps g : C' — B and f: A — B in C,

consider the following diagrams in C:

A na=p2(C+A) U(F(A)) id C1 A C F(A)=p1(C+A) C+ A
\ f \ lf
Ulg)~—2—~B B

The right-hand commutative diagram is a morphism f:FA— g in C/C. By the
universal property of the coproduct, there is a one-to-one correspondence between mor-
phisms f , morphisms f, commutative diagrams of the left-hand form and commutative
diagrams of the right-hand form (in fact, f = [g, f] by definition of the coproduct).
This establishes the result.

Adjunction is monadic: Observe that the counit of the triple (U o F,n,pu) is
defined by p4 = [ide,ide] +ida. Then an algebra (A, a) of the monad corresponds to
a morphism f: C' — A, setting a = [f,id4], and Hom((A, a), (B, b)) = Hom(A, B). So
the Eilenberg-Moore category of U o F' is isomorphic to C'/C, making the adjunction
monadic.

U o F' preserves connected colimits: A proof of the dual proposition can be
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found onlineH. Here we essentially dualise that proofH

Observe that the monad U o F' is precisely the functor C'+ _. We show that C' 4 _
preserves connected colimits. By Lemma 85 we need only show that C' + _ preserves
coequalisers and fibred coproducts. As every colimit functor, the coproduct functor
C x C — C is left adjoint to a constant diagram functor, hence preserves arbitrary

colimits. So we have

C + colim(c & ¢;) =colim(C Jizle C; = C) + colim(c % ¢;) =

colim(C + ¢ Mete o g i),

so C' + _ preserves fibred coproducts. Similarly

il ide|lide
_>

C' + colim(c aly ) =colim(C fllg

C'=C) + colim(c = ) =
colim(C' + ¢ Gder)lifideto) o d),
so C' + _ preserves coequalisers. Hence the proposition is proven.

U creates limits and connected colimits: Since U is monadic, it creates lim-
its [3, Proposition 20.12]. Monadic functors also create any colimits preserved by the
monad [3, Proof of Proposition 20.16]@, thus U creates connected colimits.

U preserves and reflects monomorphisms and epimorphisms: A morphism

"See Theorem 3.2 on https://ncatlab.org/nlab/show/connected+limit (as it was in 2017).

8The theorem we cite requires the category to be complete (which in our case would mean cocom-
plete, as we prove the dual statement), but that is only because they prove something stronger. Here
we only use coproducts, which exist by assumption.

9The proposition cited makes a weaker claim, but its proof also proves the claim we are making.
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f X — Y is an epimorphism precisely when the following diagram is a pushout:

f

X ——

>~<

f
y _idv

idy

-

>~<

A morphism f: X — Y is a monomorphism precisely when the following diagram is a
pullback:

idy
—_—

X X
b T
x-t.y
Since limits and connected colimits are created by U, it follows that monomorphisms

and epimorphisms are preserved and reflected. O

Corollaries and follow from Remark [B3] as right adjoints preserve limits.
Corollary 23] follows from Remark B3] and Proposition 28], noting that the coproduct of
M, and N, in Matr, is the pushout in C'(1)/Matr of M, : C(1) - M + C(1) and
N,:C(1) = N+ C(1).

Lemma 37. A morphism of Matr is monic if and only if it is injective, and epic if

and only if it is surjective. The same holds for Matr,.
Proof. A direct proof was given by Crapo [25] O

Proof. (Contributed by the anonymous reviewer of our relevant paper [33])
The functor | — |: Matr — FinSet reflects pullback and pushout diagrams of the
form:

f idx

X — —X

Y X
f lidy lidx f

y Sy xt.oy

It follows that | — | preserves and reflects monomorphisms and epimorphisms. O
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To add a bit of detail to the reviewer’s proof: The preservation property follows
from the fact that | — | has both a left and right adjoint, hence preserves limits and
colimits. The reflection property follows from faithfulness.

We end this section with a related lemma.

Lemma 38. A morphism of Matr is an isomorphism if and only if it is bijective and

the direct image of any flat is a flat.

Proof. If f: M — N is an isomorphism, it is bijective by Lemma 37l The direct image
under f of a flat F' equals the inverse image under f~! of F', and therefore is a flat in

N because f~! is strong. The latter argument also establishes the converse. O

2.4 Adjunctions between subcategories of matroids

We have seen various classes of matroids: all matroids, simple matroids, free matroids,
and loopless matroids. We now study free and cofree constructions translating between
these classes. Theorem [19 already showed that free and cofree matroids over sets exist,
and are precisely what we have been calling free and cofree matroids. We go on to

consider whether the inclusions
FMatr «— SMatr — LMatr — Matr

and

FMatr, — SMatr, — LMatr, — Matr,

have adjoints. Before embarking on this task, we note the following.
Lemma 39. The forgetful functor Matr, — Matr has no right adjoint.

Proof. Let R : Matr — Matr, be any functor. Consider the empty matroid O with

|O|] = (). For any pointed matroid N, there are no functions N — O. However, there
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does exist a pointed strong map N — R(O), namely the map that sends every element

of N to e. Therefore, R cannot be a right adjoint to the forgetful functor. O

Remark 40. It can be seen that the categories Matr, and Matr are not equivalent
by noting that only Matr, has a zero object: the one-element matroid is both initial

and terminal. This matroid is a terminal object in Matr, but not initial.

We shall first focus on pointed matroids. As we have shown in Section 2.3, Matr,
does not have many colimits apart from coproducts. Because of this, we cannot invoke
the adjoint functor theorem. We will reason concretely below, to avoid and repair

mistakes in the literature.

2.4.1 Free pointed matroids

We start with right adjoints of functors out of the category of free pointed matroids.

Theorem 41. The category FMatr, is a coreflective subcategory of LMatr,, that is

to say, the inclusion FMatr, — LMatr, has a right adjoint F defined by
|F(M)| = M|, Fran =2MN\2MME 0 p(p) = f.
Proof. This has been proven in Al Hawary’s thesis [5, Theorem 86]; the proof can also

be found in two of his papers [7, [6]. O

It is straightforward to check that the above functor F' extends the right adjoint
to the inclusion FMatr, — SMatr, and extends to the right adjoint of the inclusion
FMatr, — Matr,. We now examine whether the functor F' itself has a right adjoint

for each of those three cases.
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Proposition 42. The‘unctors . SMatr, —» FMatr, and F: LMatr, — FMatr,

have no right adjoints

Proof. Suppose V' were a right adjoint; then #Hom(F(N), N) = #Hom(M,V(N))
for every loopless/simple matroid M and every free matroid N. We find a simple
counterexample by counting morphisms in homsets.

Let N be the matroid with flats {{e}, {e,e}}, and let M be the matroid with flats
{{e}.{o,a}, {0, b}, {o,c},{®,a,b,c}}. There are #|N|#M~1 =8 morphisms F (M) —
N. Now let us count the morphisms M — V(N). For SMatr,:

o If #V(N) =2, V(N) necessarily has flats {{e},{e,e}}. Noting that the strong

property excludes maps that send precisely 2 nonloop elements to the loop, we

arrive at 5 morphisms.

o If #V(N) = 3, V(N) necessarily has flats {{e},{e,e1}, {0, €2}, {0, €1,62}}. Of
the 27 possible maps between the underlying pointed sets, it is easy to see that
we must exclude the 6 that send precisely 2 nonloop elements to the loop and the

10 whose restriction to nonloop elements is surjective, arriving at 11 morphisms.
o If #V(N) > 3, there are at least 11 morphisms.

For LMatr, we have to consider one extra case: Fy () = {{e},{®,e1,e2}}. In this
case we need only exclude the 6 maps that send precisely 2 nonloop elements to the

loop, resulting in 21 morphisms M — V(N). O

Theorem 43. The functor F': Matr, — FMatr, has adjoints F 4V 4 H given by

Fvan = {|M]|}, V(f) =1,

H(M):F(Mo)v H(f):tho\‘

0The purported right adjoint in Al Hawary’s thesis [5, Theorem 126] fails for every function mapping
1 < n < #M elements to e.
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where My is the matroid with only one flat, which is the rank-0 flat of M. The functor
H has no right adjoint. The inclusions FMatr, — SMatr,, FMatr, — LMatr,,

and FMatr, — Matr, have no left adjoint.

Proof. The proof is almost identical to that of Theorem [19 the nonexistence of the left
adjoint to the inclusions requires the following adjustment:

Suppose K were left adjoint to F'. Let M be the matroid with flats

{{e}, {o,a},{o.0},{o.c}, {o.d},

{e,a,b},{e,a,c}, {o,a,d} {8 b} {00 d} {e c d} {e ab,0c, d}}

We will count the morphisms K (M) — X and M — F(X). There are #X#K(M)-1
morphisms K (M) — X. The morphisms M — F(X) are those that map the elements
as in the unpointed case (see Theorem [I9) plus those maps that map exactly one
nonloop element to the loop and everything else to the same nonloop element; there
are 4(#X — 1) maps of the latter sort. In total there are 3#X? — 6#X + 1 maps
M — F(X). So K(M) must satisfy #X#K3)=1 = 34.X2 — 64X + 1, which cannot

be true for every choice of X. Thus F' has no left adjoint.

2.4.2 Simple pointed matroids

Next, we turn to the inclusion of simple matroids into larger categories.

Proposition 44. The category SMatr, is a reflective subcategory of Matr,: the in-

clusion SMatr, — Matr, has a left adjoint si,. The functor sis has no left adjoint.

Proof. The first statement follows from Theorem R0 which states that SMatr, is (iso-

morphic to) the Eilenberg-Moore category of a monad si, on Matr,; here, the inclusion
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is the canonical forgetful functor sending an algebra (A, a) to A, hence has a left ad-
joint sending A to (sie(A), nA), where p is the algebra multiplication [16]. We shall
examine this monad in more detail in subsection 2. 7.1} for now, it suffices to note that
the nonloop elements of siq (M) are the rank-1 flats of M.

For the second statement, suppose K - si,. Take M to be the pointed matroid
with two parallel elements a,b and the loop e; then Fy ) = {{e}, {e, Fi}}, where
we write F; for the rank-1 flat of M. Let €); denote the couniversal morphism of M.
Take S to be the pointed simple matroid with elements e and e and consider the map
f S — sie(M) that maps e to Fy. Its transpose f must map some element ¢’ of K(95)
to either a or b. But if ¢/ — a satisfies f = ey o sio(f) then so does ¢’ — b, and vice

versa. Therefore, f cannot be unique. We conclude that the couniversal morphism

cannot exist, hence neither does the adjoint. O
Proposition 45. The inclusion SMatr, — Matr, has no right adjoint.

Proof. If R: Matr, — SMatr, were a right adjoint, there would be a natural iso-
morphism F' = F o R: Matr, — FMatr,, whence R must (1) preserve cardinality
and (2) reflect surjectivity. Now let S be the simple pointed matroid with Fg =
{{o}, {o,1},{e,2}, {0 3}, o, 1,2,3}} and let M be the pointed matroid with Fp; =
{{e},{e,1},{e,2,3},{e,1,2,3}}. By property (1), R(M) has 4 elements. Without
loss of generality, we fix |R(M)| = | M|, which leaves only two possible simple pointed

matroids:

Frory = {{o}, {o,1},{0,2}, {0, 3}, {0, 1,2}, {0,2,3},{0,1,3},{e,1,2,3}} :== F, or

FR(M) = {{.}, {., 1}, {0,2}, {0,3}, {0, 1,2,3}} = .Fs.

We can immediately reject the case Frny = Fi, as then clearly #Hom(S, R(M)) <
#Hom(S, M) (because of the added flats to R(M) which some maps will no longer
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reflect). Suppose then that R(M) = S. The transpose f of any surjective map f must
be surjective by property (2); yet there are no surjective strong maps S — M, whereas
idg : S — R(M) is surjective. Thus this case is also rejected. We conclude that the

adjoint does not exist. O

Propositions 44 and straightforwardly also apply to the inclusion SMatr, —
LMatr,.

2.4.3 Loopless pointed matroids

All that remains to consider is the inclusion LMatr, — Matr,.

Theorem 46. The category LMatr, is a reflective subcategory of Matr,: the inclusion
LMatr, — Matr, has a left adjoint J that deletes every loop except ® from objects

and acts on morphisms f: M — N as

fle) if fe) € J(N)
o iff(e)g J(N)

J(f)(e) =

The functor J: Matr, — LMatr, has no left adjoint.

Proof. For the universal morphism 7, : M — J(M) we may take the strong map that
sends every loop to e and every nonloop element to itself. Then morphisms f: M — N
correspond bijectively to f = J(f) satisfying f oy = f.

Suppose G - J. It is easy to see that G cannot be the constant functor e, so we
may pick K € Ob(LMatr,) with e # ¢ € |G(K)|. Let M be the matroid with loops *
and e. Then any function G(K) — M (of which there exist at least two, interchanging
the mappings e — * and e — o) is strong. However, there exists only one strong map

f: K — J(M), namely the one that maps every element of K to e. So there is no
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bijection between the two homsets, which means that G could not have been the left

adjoint to J. 0
Theorem 47. The inclusion LMatr, — Matr, has no right adjoint.

Proof. If N were a right adjoint, there would be a natural isomorphism F = F o
N: Matr, — FMatr,, whence N must (1) preserve cardinality and (2) reflect surjec-
tivity. Let D be the matroid with flats {{e},{e,c},{e,a,b}, {e, a,b,c}}, and M the
matroid with flats {{e,*}, {e, x, e}}. Now #|N(M)| = 3 by property (1); without loss
of generality we may set |N(M)| = |M|, leaving two possible choices for Fy(s). The
first choice is {{e}, {e,*},{o, e}, {o,x e} }; this is rejected because there are 9 strong
maps D — N(M) but 15 strong maps D — M, so the two homsets are not isomorphic.
The second choice is {{e},{e,,e}}; by property (2), epimorphisms D — N(M) cor-
respond to epimorphisms D — M, but there are 8 of the former and 4 of the latter. In

the end, either choice results in a contradiction, so the adjoint does not exist. O
The following theorem summarises all adjunctions in the pointed case.

Theorem 48. The inclusions have the following adjunctions:

Matr, 1 5 LMatr,

o

SMatr, 1 > FMatr,

The functors in the above diagram have no adjoints other than those indicated.
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Proof. Collate the previous results in this section. O

2.4.4 Unpointed categories

As we have seen in Remark 40, the categories Matr, and Matr are not equivalent,
so our results for the pointed categories do not translate into the unpointed versions.
We now reason directly for the (non)existence of adjoints between unpointed matroid

categories.

Proposition 49. The category FMatr is a coreflective subcategory of SMatr; that is

to say, the inclusion FMatr — SMatr has a right adjoint F' defined by:
|[F(M)| = [M], Fron =2M, E(f)=1F.

It extends to right adjoints of the inclusions FMatr — LMatr and FMatr — Matr.

Proof. Setting f = f, one can easily check that the map ny: M — F (M) defined as

the identity on elements is a universal arrow. O

The functor F': Matr — FMatr has a right adjoint V: FMatr — Matr, which in
turn has a right adjoint H: Matr — FMatr, both defined as in Theorem [43] and H

has no right adjoint; the proof is identical to Theorem [19]
Proposition 50. The functor F': SMatr — FMatr has no right adjoint.

Proof. Suppose G were a right adjoint. Let M be the free matroid on 2 elements, and
let D be the matroid with flats {0, {a}, {0}, {c},{a,b,c}}. There are 2° = 8 strong
maps F'(D) — M.

If G(M) contains D as a submatroid, then there are at least 9 maps D — G(M),

because there are 9 maps D — D; since adjunction requires the homsets Hom(F(D), M)

02



and Hom (D, G(M)) to be isomorphic, this case is rejected. Assume then that G(M)
does not contain D as a submatroid, so that we cannot map each of the elements of
D to a separate flat of G(M). Since pairs are not flats in D, for the map f to be
strong, all elements of D must map to the same flat of G(M); since there are no loops
or parallel elements, it follows that every element of D must map to the same element
of G(M). Therefore there are #G(M) maps D — G(M), hence for the two homsets to
be isomorphic we must then have #G(M) = 8.

Now take D to be the simple matroid with |D| = {e}. There are 2 maps F/(D) — M,
but 8 maps D — G(M), which again contradicts the hypothesis that these two homsets

are isomorphic. Thus G could not have been right adjoint to F'. O

Proposition 51. The functor F': LMatr — FMatr has a right adjoint U given by:

UM =M, Foan = {0, |M]}, U(f) = [,

The functor U has no right adjoint.

Proof. For the former statement, take the universal morphism to be the morphism
acting as the identity on elements and f = f to establish F' 4 U; this is similar to the
adjunction | — | 4 C established in Theorem [[9, with parallel elements here replacing
loops as “interchangeable target elements”.

For the latter statement, suppose U 4 G. Take D to be the free matroid on 2
elements, so U(D) is the matroid with 2 parallel elements. If we take M = D we have
exactly 2 morphisms U(D) — M, whereas there are #|G(M)|> morphisms D — G(M).
Therefore the homsets Hom(U (D), M) and Hom(D,G(M)) are not isomorphic, hence

G could not have been right adjoint to U. O

None of the inclusions FMatr — SMatr, FMatr — LMatr, and FMatr —

Matr have a left adjoint; the proof is identical to Theorem [I9. Furthermore, the
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inclusions SMatr < Matr and LMatr — Matr have no left adjoint K: if M has at
least one loop then there are no morphisms M — K (M) at all. The category SMatr is
a reflective subcategory of LMatr, as the inclusion has a left adjoint si, and furthermore
the functor si has no left adjoint; existence of si and nonexistence of a further left adjoint
can be proven as in Proposition [44] noting that si can be defined on loopless matroids
identically to si,. The inclusions SMatr — Matr and SMatr — LMatr have no

right adjoint; the proof is identical to Proposition 45l
Theorem 52. The inclusion LMatr — Matr has no right adjoint.

Proof. The proof is similar to Theorem [47], except for the fact that we have to consider
more cases for N(M). Concretely:

If N were a right adjoint, there would be a natural isomorphism F' = FoN: Matr —
FMatr, whence N must preserve cardinality; call this property (1) as in Theorem [A7]
Let D be the matroid with flats {0, {c}, {a,b},{a,b,c}}, and M the matroid with flats
{{a,b},{a,b,c}}. Now #|N(D)| = #|N(M)| = 3 by property (1); without loss of
generality we may set |N(M)| = |M|, leaving four possible choices for Fy(as):

Fnou) #Hom(D, N(M))
Fi = {@, {a, b, c}} 27
Fy = {@,{c},{a, b}, {a,b, c}} 15
Fy = {0.{a}, {0}, {c} {a,b,c}} 9
Foi= {0,{a},{b},{c},{a,b},{b,c}, {a,c}. {a,b,c}} 9

By hypothesis the homsets Hom(D, N(M)) and Hom(D, M) are isomorphic; since

there are 15 strong maps D — M, it follows that Fyn) = Fo.
Now pick instead D with flats {@, {a}, {b},{c}, {a,b,c}}. Then there are 9 strong
maps D — N(M) but 15 strong maps D — M, making the homsets nonisomorphic.

Therefore, N could not have been a right adjoint. O

The following theorem summarises all adjunctions in the unpointed case.
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Theorem 53. The inclusions have the following adjunctions:

Matr >  LMatr

SMatr FMatr

The functors in the above diagram have no adjoints other than those indicated.

Proof. Collate the previous results in this subsection. O

2.5 Deletion and contraction

Let us recall some standard terminology from matroid theory.

Definition 54. Let M be a matroid. The deletion of Y C |M| from M is the matroid
M\Y with ground set |M|\Y and rank function X + rky;(X). The resulting matroid
is said to be embedded in M, and the strong map M \ Y — M is called an embedding.
The contraction of M by Z C |M| is the matroid M/Z with ground set |M|\ Z and
rank function X — rky (X U Z) —rky(Z). A minor of M is a the matroid resulting

from a sequence of deletions and contractions of M.
Recall the definitions of categorical subobject and categorical quotient:

Definition 55. Consider a category A and an object A € A. Two monomorphisms

f:R— Aand g:S — A are equivalent when there exists an isomorphism 7 : R — S
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such that go7 = f. An equivalence class of monomorphisms with codomain A is called
a subobject of A.

Dually, two epimorphisms f : A — Rand g : A — S are equivalent when there exists
an isomorphism 7 : R — S such that 70 g = f. An equivalence class of epimorphisms

with domain A is called a quotient of A.

In terms of their domains, subobjects of N correspond to the matroids from which
there exists an injective strong map into NI The case of quotients can be confusing,

as the term “quotient” is already used in matroid theory.

Definition 56. A matroid @ is a (matroid) quotient of M if there exist a matroid N

and some X C |N| so that M = N\ X and Q = N/X.

Hence by definition, (matroid) quotients are strong maps that are composed of a
contraction after an embedding. The rest of this section proves that quotients are
precisely the bijective strong maps, from which it follows by Lemma [B7] that matroid
quotients are not the categorical quotients in the category of matroids. This also leads us
to a characterisation of subobjects; these are embeddings followed by matroid quotient
maps.

Theorem [76] in a later section shows that matroid quotients do correspond to cate-
gorical quotients in a related category.

We can derive that contractions, like embeddings, are strong maps.

Corollary 57. If M is a pointed matroid and Z C |M]|, there is a strong map M —
M/Z.

1Some publications [39] 46, [79] state that subobjects in this category coincide with matroid minors.
This is incorrect; for example, the canonical map F(M) — M is injective, but F(M) is not generally
a minor of M.
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Proof. For A= X U Z, it follows from Definition [ that
so tky (V) —rky (ANY) > rky (AUY) —rky(A), whence

tkp (YY) — rkp (X)) >tk (Y U Z) —rky (X U Z)

= I'kM/Z(Y) — I"kM/Z(X)

Lemma [T7 now establishes the result. O

By the standard definition of the contraction operation, the strong map correspond-
ing to contraction acts as the identity on noncontracted elements and maps the rest
to the distinguished loop. Alternatively, one may redefine the contracted matroid on
the original ground set, keeping the original elements as loops. In the latter case, the
contraction map acts as the identity on all elements.

Finally we establish that matroid quotients are precisely bijective strong maps.

Lemma 58. A function f: M — N is a bijective strong map if and only if it factors

as an embedding M — M\X = Q followed by a contraction Q = N/X — N.

Q

dy thction
N
f

embed
M

Proof. Sufficiency follows from Corollary [57] necessity is proven by Higgs [34]. O

The minimal matroid @) through which a quotient factors like this has been worked

out by Kennedy [40]. Every surjective strong map factors as a bijective strong map
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followed by a strong map 7 with L(7) = id [79, page 228], hence a surjection f: M — N
is a strong map if and only if it factors as a matroid quotient followed by a map 7 with

L(r) =id.
Lemma 59. Every contraction is a coequaliser in Matr,, but not conversely.

Proof. Suppose ¢: N — N/Z is a contraction with ¢(z) = e for z € Z C |N|. Let M

be the free matroid on |M| = |N|. Define f,g: M — N by f(z) = x, and

x, ifxé¢Z,
g9(x) =
o, ifxeZ

Then c is a coequaliser of f and g.
Conversely, keeping f the same but letting g send all nonloop elements to the same

nonloop element results in a coequaliser that is not a contraction. O

2.6 Factorisation

In this section we study how morphisms between matroids can be factored into easier

classes of strong maps. Let us first recall the basic definition [3].

Definition 60. A weak factorisation system in a category consists of two classes of

morphisms £ and R such that:
e every morphism f factors as f =rol for some [ € £ and r € R;
e both £ and R contain all isomorphisms;

e if [,I' € L, r,7" € R, and arbitrary morphisms f, g make the following diagram
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commute, then there is a fill-in h making both squares commute:

M_to7_ " N
|
fl 'h lg (2.7)
Y
l/ !

T

In an orthogonal factorisation system the fill-in h is additionally unique.

The standard example of an orthogonal factorisation system is that every function
between sets factors as an epimorphism followed by a monomorphism, where the fill-in
is the restriction of the function to its image. The category of matroids has an analogous

orthogonal factorisation system.

Lemma 61. The category Matr, has an orthogonal factorisation system where L con-

sists of epimorphisms and R consists of embeddings.
Proof. The fill-in is the restriction of g to the image of [, which is a strong map. O

Call a morphism lattice-preserving if the lattice of flats of the domain is isomorphic
to the lattice of flats of the image. Epimorphisms in Matr, can be further decomposed
into a quotient followed by a lattice-preserving map [79, page 228|. This does not yield
a factorisation system, but lattice-preserving maps are a left class of one particular

factorisation.

Theorem 62. The category Matr, has an orthogonal factorisation system where L

consists of lattice-preserving maps and R consists of maps that are injective on elements

of each rank-1 flat.

Proof. For this proof we shall ignore lattice labellings; that is, we shall consider two
lattices equal if and only if they are isomorphic. We note that we do not lose generality

in doing this.
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Observe that a matroid is uniquely determined by its lattice of flats and its rank-1
flats; equivalently, by its lattice of flats, its loops and its sets of parallel elements. Given

a morphism f: M — N, define the matroid I as follows:
o L(I)= L(M).
e The loops of I are the loops of N.

e The nonloop elements of each rank-1 flat F; of I are copies of the elements of

f(F};), indexed by 4 (this includes extra copies of the loops).

Now f decomposes as M LILN , where [ is the lattice-preserving map that acts as f
on elements when ignoring indices 4, and r is the map with L(r) = L(f) that sends each
element of I to the unindexed version of the element in N. Then [ is strong because
L(l) = idry), and r is strong because L(r) = L(f). By construction [ is lattice-
preserving, and 7 injective on elements of each rank-1 flat. Both £ and R contain all
isomorphisms by Lemma [38]

For the fill-in A in (7)), take the morphism with L(h) = L(f) that acts as g on
elements when ignoring indices. This is by construction the unique strong map that

makes both squares commute, as we conclude by separately considering the effect of

morphisms on lattices and on elements. O

Moreover, the category Matr, has a double factorisation system. Recall [64], Defi-

nition 2.1]:

Definition 63. A double factorisation system in a category C is given by a triple

(€,T, M) of classes of morphisms satisfying:
1. Iso-£ECE,Is0-J -Iso € J and M -Iso C M,
2. Mor(C)=M-TJ €,
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3. for any commutative diagram

in C withe €&, 5,7/ € J, m € M there are uniquely determined “diagonals” s
and ¢t with soe = u, j’os =tojand mot = v. (Here, A-B denotes the set of all

morphisms a o b with a € A and b € B; Iso denotes the set of all isomorphisms.)

Remark 64. The category Matr, has a double factorisation system [64]: every mor-
phism decomposes as a lattice-preserving map followed by an epimorphism injective on

elements of each rank-1 flat followed by an embedding.

Proof. As embeddings are by construction injective, the orthogonal factorisation sys-
tems of Lemma [61] and Theorem [62] are “comparable” [64, Proposition 2.6], hence form
a double factorisation system [64, Theorem 2.7]. The middle class of morphisms are
those that are both epic and injective on rank-1 flats, that is, strong maps that are

bijective when restricted to rank-1 flats. O

The aforementioned paper goes on to define the orthogonal Quillen factorisation

system [64), Definition 3.9]:

Definition 65. An orthogonal Quillen factorisation system of a category C is given by

morphism classes D (cofibrations), W (weak equivalences), N (fibrations) such that:

1. WND,N), (D,WNN) are factorisation systems,

2. W has the 2-out-of-3 property (i.e. if any two of f,g,go f is in VW then so is the
third).

Unfortunately, the double factorisation system of Remark [64] is not an orthogonal

Quillen factorisation system, as the second property is not satisfied. Specifically, the
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fibrations N' = M - 7 have to be the maps that are injective on elements of each
rank-1 flat, the cofibrations D = J - £ have to be the epimorphisms, and the weak
equivalences W = M - £ have to be the monomorphisms f such that L(f) preserves
rank (equivalently, the strong maps that factor as a lattice-preserving map followed
by an embedding). Now take Fy;, = {{e}}, Far, = {{e}, {e, x}}, Far, = {{e,*}} and
f: M, — My, g: My — Ms mapping each element to itself; f and g o f are clearly
embeddings whereas g cannot be expressed as a lattice-preserving map followed by an
embedding.

Lastly, as we shall show later (Corollary @), Matr, inherits orthogonal factorisation
systems from a category of geometric lattices (see subsection 2.7.] for the complete

discussion).

2.7 Functors

This section considers functors between the category of matroids on the one hand and
the categories of geometric lattices, vector spaces, and graphs on the other. We shall

need the following auxiliary notions.

Definition 66. A functor F': C — D is nearly full when any morphism g in D between

objects in the image of F' is of the form g = F(f) for some morphism f in C.

Recall that a functor F': C — D is full if the functions C(A, B) — D(F A, F'B) are
surjective for all objects A and B in C. Hence every full functor is nearly full, but the

converse is not true in general. Here is a counterexample:

Example 67. Define the categories C and D as follows:

Ob(C) - {Cl, Ci, CQ, Cé}
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Mor(C) = {f, : C1 — Cs, f, : C7 — C5} U {idx|X € Ob(C)}
Ob(D) = {Dy, D5}

Mor(D) = {f., fv : D1 — Dy} U{idx|X € Ob(D)}
and define the functor F': C — D as follows:

C;, C! — Dy, i=1,2

f’i}_)f% i:&,b

In other words, “nearly full” is a strictly weaker notion than “full”.

For the next notion, first recall [78, Chapter IV, Definition 4.7]:

Definition 68. A monoidal category (S,-) is said to act upon a category X by a
functo -1 S x X — X if there are natural isomorphisms s - (¢ - x) = (s -t) - x and
e-x = xfor s,t € S and x € X, satisfying coherence conditions for the products s-t-u-x

and s - e - x analogous to the coherence conditions defining S.

When a category C is such that a monoidal category M acts on C, we shall call C

enriched in left M-actions.

Definition 69. Let M be a monoid M seen as a one-object category, and C a category
enriched in left M-actions. A functor F': C — D is nearly faithful when F(f) = F(g)

implies my - f = my - g for some my, my € M.

Any faithful functor is nearly faithful, but the converse it not true in general. Intu-

itively, a nearly faithful functor is ‘faithful up to a scalar in M’.

12This notation is consistent, as S acts on itself by -.
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2.7.1 Geometric lattices

We start with a functor from the category of matroids to the following category of

geometric lattices, extending Example

Definition 70. Write GLat for the category whose objects are geometric lattices
(where isomorphic lattices are identified) and whose morphisms are functions that pre-

serve joins and map every atom to either an atom or the least element.

Remark 71. Here we have made the choice to identify isomorphic lattices in order
to simplify the notation, as this rids us of composition with isomorphisms in many
expressions and diagrams. There is no difference in any of our results if we do not
make this identification; as we shall see, our principal results involving GLat concern
factorisation (where the identification leaves the classes unchanged, as each contains all
isomorphisms), (near-)fullness and (near-)faithfulness of functors between GLat and
Matr,) (that is, properties that remain unchanged) and a composite functor involving

vector spaces, whose properties likewise remain unchanged.

As all elements of a geometric lattice are joins of atoms, morphisms in GLat are

completely determined by their action on atoms.

Proposition 72. There is a functor L: Matr — GLat (and a functor L,: Matr, —
GLat ) that sends a matroid M to its lattice L(M) of flats, and sends a strong map

f: M — N to the function L(f): L(M) — L(N) given by X — cl(f(X)).

Proof. Lemma [I7] guarantees that L(f) is a well-defined morphism in GLat. If X €
L(M) then X = cl(X), so L preserves identities. It remains to show that L preserves
composition.

Let f: M — N and g: N — P be strong maps. If X € L(M) then cl(f(M)) €
L(N), so because g is strong we get cl(g(f(X))) = cl(g(cl(f(X)))). So in the end
L(go f) = L(g) o L(f)- [
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The functor L (functor L,) is surjective on objects, and injective on the objects of

SMatr (of SMatr,), but not injective on objects in general.
Lemma 73. The functor L (functor Le) is not faithful.

Proof. Write M for the matroid on the ground set {0, 1,2} with flats {{0},{0,1,2}}.
The function f: M — M given by f(0) =0, f(1) =2, and f(2) = 1 is a strong map.

Now L(f) = L(idps) both equal the identity function on Fy,. O

The functor L is not full. For a counterexample, consider the unique matroid on
ground set (). Any matroid M allows a unique morphism L(M) — L((), but clearly
there is no strong map M — () for nonempty M. The absence of loops in some matroids

is in fact the only reason that L is not full, as the following proposition shows.
Proposition 74. The functor L is nearly full; the functor Lo is full.

Proof. Let M and N be pointed matroids, and let g: Lo(M) — Lo(N) be a morphism
in GLat. Construct a function f: M — N as follows. For every rank-1 flat X in M for
which ¢g(X) is the least element of Ls(N), define f(x) = o for all x € X. For every rank-
1 flat X in M for which the flat g(X) in NV has rank 1, let f map all x € X that have
not yet been accounted for to an element of g(.X') which is not a loop. Lemma [I7] shows
that f is a strong map, and by construction Le(f) = g. Hence L,: Matr, — GLat is
full.

Finally, observe that in general L(M) = L¢(M,). It follows from the argument

above that L: Matr — GLat is nearly full. O

A morphism f is lattice-preserving precisely when L(f) = id. As promised in
Section 2.2] we can now prove that matroid quotients are precisely categorical quotients
in GLat via the functor L.

Lemma 75. Epimorphisms in GLat are precisely the surjective morphisms.
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Proof. The proof is similar to the first proof of Lemma [37. The proof that surjective
maps are epimorphisms is identical; for the converse, the proof by contradiction is
amended as follows. Assume e : M — N is an epimorphism. If all atoms of N are
in the image of e then by join preservation so is every other element of N, so either e
is surjective or there exists an atom y € N outside the image of e. Assume the latter
case. Write P for the unique geometric lattice with two elements. Define f : N — P by
sending y and the bottom to the bottom, and the rest to the top. Define g : N — P by
sending the bottom to the bottom and everything else to the top. Both are well-defined
morphisms in GLat, and satisfy f oe = goe. But then e being epic implies f = g,

which is not true. So y must have been in the image of e, making e surjective. O

Theorem 76. The functor L,: Matr, — GLat maps matroid quotients to categorical
quotients. The restricted functor from the subcategory of pointed matroid quotients to

the subcategory of categorical quotients is not full but nearly full.

Proof. For the first statement: By Lemma [B8 matroid quotients f are surjective func-
tions. Hence Lo(f) must also be surjective, which makes it a categorical quotient by
Lemma

For nonfullness: Not every surjective morphism ¢: Lo(M) — Lo(/N) in GLat has
a matroid quotient f : M — N with Ls(f) = g¢; as a counterexample, if N is the
matroid with 1+ #|M]| loops and no other elements, then all morphisms into Le(N)
are surjective, but there are no matroid quotients M — N. Hence the restriction of L,
is not full.

For near-fullness: Let g: Lo(M) — Lo(IN) be a surjective map in GLat. Take M’
to have Ly(M') = Lo(M) and ground set comprising e and the atoms of Ls(M). Take
N’ to have Lo(N') = Lo(N) and |N'| = |M'|; for any rank-0 or rank-1 flat F', populate
F with the elements of M’ that map via g to I’ or to the bottom. Then there is clearly

a matroid quotient f: M’ — N’ with Le(f) = g, making the restriction of L, nearly
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full. O
There is also a functor in the opposite direction.
Proposition 77. There is an embedding S: GLat — Matr, defined as follows:

e Action on an object G: |S(G)| is the set of atoms of G together with a loop e;
Fs(a) is such that Ly(S(G)) = G.

o Action on a morphism f: G — H: if f sends an atom of G to the bottom of H,
then S(f) sends the corresponding element of S(G) to e; if f sends an atom A of
G to an atom B of H, then S(f) also sends A to B.

Proof. Proposition [74] guarantees that S(f) is a legitimate morphism in Matr,, and
clearly S preserves identities. To show that S preserves composition, note that for
(pointed) simple matroids, a strong map is completely defined by its action on the
lattice of flats of its domain.

Faithfulness is a direct consequence of the fact that there is a one-to-one correspon-
dence between atoms of the lattice and nonloop elements of the matroid’s ground set;
different mappings between atoms therefore give rise to differents functions between
ground sets. Fullness follows from Lemma[I7 Finally, S is injective on objects because

each matroid has a unique lattice of flats. O
Theorem 78. There is a reflection Le -.S.

Proof. When the codomain of a strong map f is a simple pointed matroid and the
action of f on rank-1 flats is known, then f is known; there is only one element in each
rank-1 flat and the rank-0 flat that each element of the domain can map to. Hence
Matr,(M,N) ~ GLat(L.(M), L,(N)) for pointed matroids M and N if N is simple.
Moreover, if N is simple then it is in the image of S (up to isomorphism), and by the

definition of the action of S on objects we have G = Lo(S(G)) for all geometric lattices
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G. Therefore Matr,(M, S(G)) ~ GLat(Ls(M),G), and this bijection is natural. Fi-
nally, note that the counit Le(S(G)) — G is an identity, making the adjunction into a

reflection. O

Any adjunction gives rise to a monad, and in this case we recover the following

standard matroid operation [62], Section 1.7].

Definition 79. A simplification si(M) of a matroid M is a matroid isomorphic to the

one obtained by deleting all the loops and all but one element in each rank-1 flat.

For the pointed case, we add a loop e to the simplification; then the following result

applies.

Theorem 80. Simplification is a monad si, = S o L,: Matr, — Matr,. Its category

of Eilenberg-Moore algebras is (isomorphic to) SMatr,.

Proof. By definition S(Le(M)) is a simplification of M. Because the monad unit M —
S(Le(M)) sends each nonloop element to its closure, the unit law for Eilenberg-Moore
algebras sie(M) — M implies that cl(x) = {z, e} for every nonloop element in M; that
is, M is simple pointed, and the structure map has to be the map sending {x, e} — x
for each nonloop element {z,e}. The morphisms of Eilenberg-Moore algebras are the

strong maps between pointed simple matroids. O

Remark 81. The image of si, is equivalent but not isomorphic to SMatr,. This can be
fixed. Let (sis, 7, pt) be the triple of si,. Then 7 acts on each matroid M by sending each
element to its closure; u acts on each matroid M by sending {{x,e}, e} — {x, e} for
each nonloop element {{z, e}, ®}; both n and u do the obvious thing on morphisms. We
can define a functor ' : si, Matr, — Matr, that acts on each matroid M by sending
{x, e} — x for each nonloop element {z, e} (its action on morphisms is obvious). Then
the functor u' o si, : Matr, — Matr, is also a simplification monad, and moreover it

is idempotent.
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We now briefly turn our attention to factorisation systems, which we discussed in
the previous section. Clearly factorisation systems in Matr, are strongly linked to
decomposing morphisms in GLat. Call a morphism f: A — B in GLat a contraction
when its restriction to the interval [\/ f~1(0p), 14] is an identity; call g: A — B an
embedding when its corestriction to the interval [0p, g(14)] is an identity. This is in
line with the definitions of contraction and embedding for matroids: Le(f) is a con-
traction/embedding if f is a contraction/embedding, and the converse holds for simple
matroids; Le(M) is a subobject of Le(V) if the matroid M is a minor of a matroid NV,
and the converse holds for simple matroids.

Before moving on to the results, we recall two basic matroid notions. Firstly, define

nullity with regards to matroids [79, Equation (5.1)] and strong maps [79, Section 8.2.8]:

Definition 82. The nullity nully;(A) of a subset A of a matroid M (with regards to
M) is defined by
nully (A) = #A — rky (A).

The nullity nullf(A) of A C X with regards to a bijective strong map f : M — N
where |M| = |N| = X is defined by

nullf(A) = rky (A) — tky(f(A)).

The nullity null(f) of the map f itself is defined by

null(f) = null;(|M]).

Secondly, define Higgs lifts [79, Exercise 7.20]:

Definition 83. For N a nullity-k quotient of M on the same ground set, define the ith
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Higgs lift M* (0 < i < k) of the map f: M — N as follows:

M| = [M]|

Ty =A{1 : I € Ty, nully(f(1)) < i}

We now give the results.

Lemma 84. The category GLat has a weak factorisation system where L consists of

embeddings and R consists of contractions; it is not an orthogonal factorisation system.

Proof. Every surjective map f: M — N in Matr, factorises as f = 7 or o, where [
is an embedding, r is a contraction and 7 is a lattice-preserving map. Then Lo(f) =
Le(Torol) = Le(7) 0 Le(r) 0 Le(l) = Le(r) 0 Le(l) with Le(l) € L and Le(r) € R. The
middle object I is the lattice of the nth Higgs lift of N towards M + F;, along f,, where
n = null(f), where F), is the free matroid on n elements, and where Lo(f}) coincides
with Le(f) on the atoms of Le(M) and sends atoms of Le(F},) to the bottom of Le(N).
Explicitly, Le(I) is the sublattice {X | X = \/ f~(f(X))} U{X | tk(f(X)) = rk(X)}
of Le(M), the canonical embedding Le(r): Le(M) — Lo(I) corestricts to the identity,
and the canonical contraction Le(l): Le(I) — Le(N) acts as Le(f1). All of this extends
to maps that are not surjective on flats [34]. For the fill-in (2.7), define h: I — I’ as
the morphism that sends every atom a of I that is also in Le(M) to Le(f(a)), and all
other atoms to the bottom of I’. Since we have some freedom in defining the action
of h on atoms of I without affecting commutativity of the diagram, this fill-in is not

unique, hence the factorisation system is not orthogonal. O

The rest of this subsection shows that if GLat has an orthogonal factorisation

system, then it must induce an orthogonal factorisation system in Matr,.
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Proposition 85. For every N € Matr,, the functor LY : Matr,/N — GLat/L,(N)

between slice categories has a right adjoint RY that is full.

Proof. We shall employ the same construction as in Theorem

For an object [: G — Lo(N) in GLat/L.(N), where G has atoms a;, define R (G)
to be the matroid with the following properties: Lo(R)'(G)) = G; the rank-0 flat of
RN(G) is the rank-0 flat of N; the nonloop elements of each rank-1 flat F; of RN (G)
with L4(F;) = a; are copies, indexed by i, of the elements of L;1(i(a;)), including extra
copies of the loops. Then RM(I): RY(G) — N is the map with L.(R™(l)) = [ that
sends each element in RY(G) to the unindexed version of the element in N.

For a morphism f: l; — I, in GLat/L,(N), define RV(f): R)(G) — R} (G) as
the map with Ly(RYN(f)) = f that acts as the identity on elements. Since RY(l;) o
RN(f) = RN(ly), this is a morphism in Matr,/N, and it clearly respects identities and
composition, so RY is a well-defined functor.

We now show the existence of a universal arrow for the adjunction. Concretely, we
show that the there exist unique morphisms 7n; and h making the following diagrams
commute for every f: M — N in Matr,, every g: K — L(N) in GLat, and every

strong map h: M — source(R™(g)) with RV (g) o h = f:

"y

M VG Lo(M)
RN - L))
\h N / . L.(N)
TRN(QY “RN(h) | /
yid Y
M K

Take 7y to be the lattice-preserving map that acts as f on elements when ignoring in-
dices. In the left diagram, the upper and right triangles then commute by construction.
By the left triangle, the map h acts as f on elements when ignoring indices. Because

both paths along the outer triangle act as f on elements, and both act as h on the
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lattice, the outer triangle commutes. Since 7y is lattice-preserving, there can exist at
most one h that makes the large triangle commute, and it is given by Le(h). This
completes the proof that RY is right adjoint to L.

Finally, we show that RY is full: within each rank-1 flat, the strong maps forming
the objects of Matr,/N are one-to-one. Therefore, fixing the lattice maps that form
the objects of GLat/Le4(N) constrains the morphisms of Matr,/N to identities on

elements. 0

A result by Zangurashvili [81] states that when a functor between slice categories
has a right adjoint that is full for every slice then factorisation systems are reflected

through the preimage of L. Specifically, Proposition [85l yields the following corollary:

Corollary 86. Any orthogonal factorisation system (L, R) in GLat induces an or-

thogonal factorisation system (LJ'(L),R’) in Matr,.

2.7.2 Vector spaces

Next we extend Example [I2 to a functor.

Definition 87. Let FVect, denote the category of finite vector spaces over k and

linear maps.

Proposition 88. There is a functor My: FVect, — Matr, that sends a vector space
V' to the matroid with ground set V whose independent sets are the linearly independent

subsets, acting on morphisms as My(f) = f.

Proof. Since flats correspond to vector subspaces, My (f) is indeed a strong map as the

inverse image of a vector subspace is a vector subspace. ]

From this point on, we shall normally omit the subscript k from M, except when

the discussion involves more than one underlying field.
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The functor M, is faithful, but not full. As a counterexample to fullness, take
V' = k = Zy; the function f: V — V given by f(0) =0, f(1) =2, f(2) =1, f(3) =3
is a strong map M (V') — M (V') but not linear. The counterexample is essentially the
same for k > 4; as for k = 2 and k = 3, a counterexample can be found for each by

considering mappings Z3 — Z3 and Z2 — Z2 respectively.
Lemma 89. The functor M does not preserve coproducts, so has no right adjoint.

Proof. As we saw in Section 2.3 above, coproducts of (pointed) matroids have to satisfy
|M + N| = |M| + |N|, where the latter coproduct is in the category of (pointed) sets.
But  M(VeW)|=VaeW#VUW=|MV)+ MW)|. O

A matroid M is representable over k if there is a strong map f: M — M(V) for
some vector space V over k such that a subset X C |M| is independent if and only if
f(X) is independent. In particular, given a matrix with entries in k, we can construct a
matroid whose ground set consists of the columns of the matrix, and where a subset is
independent precisely when the corresponding columns are linearly independent. The
rank function of the matroid counts the rank of the matrix of selected columns. Every
representable matroid over k arises in this way. Not all matroids are representable
over some field, so the functor M is not surjective on objects. Nor is it injective on
objects: swapping the role of two collinear elements in a vector space results in the
same matroid.

We now examine a variation of the functor M. Intuitively, we consider the above
way to turn a matrix into a matroid, and remove some structure from the matrix. From
this point on, when the matroid N is represented by a matrix A, and B C |M]|, we

write Ap) for the ordered set of columns of A labelled by elements of 5.

Lemma 90. If matrices A, B, C satisfy A= CB, and I C J are sequences of columns
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of B, and I' C J' are the corresponding sequences of columns of A, then
I'k(A[J/]) — I'k(A[]/]) S I'k(B[J}) — rk(B[[})
Proof. Take any column j € J\ I and the corresponding j' € J'\ I'. Let r = rk(Bjp) —
rk(Apr) and v’ = rk(Bpugy) — tk(Aprugry)- There are three possible cases:
) I"k(B[]U{]}]) = I'k(B[]]) and rk(A[I’U{j/}}) = I"k(A[]/}), SO T/ =T.
) I"k(B[]U{]}]) = I'k(B[]]) —f- ]_ and l"k(A[[/U{j/}]) = I'k(A[]/]), SO T’/ =T —f- ]_
o tk(Byugy) = rk(Byy) + 1 and rk(Ajugry) = rk(Apq) + 1, so 7' = 7.

In all cases r < 7/, and so rk(Aprugy) — rk(Apg) < tk(Bpugy) — rk(By). The proof

is completed by repeating for the other elements of J \ I. O
We will consider matrices as multisets of vectors. Recall [74]:

Definition 91. A multisubset of a set S is a multiplicity function j: S — N, with

support supp(j) = j 1N\ {0}). A map between multisubsets j — 5’ is a function

supp(j) — supp(j’).
A multisubset is finite when its support is finite.

Definition 92. Write MVect, for the category whose objects are finite multisubsets
j: V — N of some vector space V over k, and whose morphisms (V,j) — (V',5') are

linear maps V' — V" that restrict to supp(j) — supp(j’).

There is a canonical inclusion ¢ : Vect, — MVect, mapping each element V' to the

constant multiplicity function j : V' — {1} and each linear map to itself.

Theorem 93. There is a functor M : MVect), — Matr sending (V, j) to the matroid

with ground set having j(x) elements for each x € V where a subset is independent
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if and only if the corresponding multisubset of vectors in V is (a subset and) linearly

independent. It makes the following diagram commute:

FVect, M
Vi Matr
MVect, 3

It is the left Kan extension of M : FVect, — Matr along i : FVect, — MVect,,.

Proof. Tt is immediate that M : MVect;, — Matr is well-defined on objects and func-
torial, and the diagram commutes by construction. It remains to show that it is well-
defined on morphisms.

Consider a morphism (V,j) — (V',j') of MVect,. Write S = supp(j), S’ =
supp(j'), and denote the restriction by f: S — S’. The matroid M (f(S)) has the same
rank function as M (S’), because each counts the rank of submatrices of f(S) and S’
respectively, and these are identical apart from possibly repeated columns. Lemma [I7
implies that this map M(f(S)) — M(S’) is strong. Therefore it suffices to prove that
M(S) — M(f(9)) is strong.

Choose bases for V, V' so we may regard all of f,V,V’ S S as matrices. Let
I CJC|M(S)|. By Lemma [0 then

rkargsny (M(f)(])) = tkarcsn (M(f)(1))
= tkar(res)) (M(F)()) = tknr(pesyy (M()(1))

=1tk (f(S) i) =tk ((F(S) )

< 1k(Spy) — rk(Sip)

= rka(s) () = rkas(s) (1):
Hence rkas(sn (M (f)(J)) = rkargsn (M(F)(I)) < rkargsy(J) — rkaresy(Z), which in con-
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junction with Lemma [I7 implies that M (f) is strong.

Finally, we show that the functor M: MVect, — Matr is a left Kan exten-
sion of M: FVect, — Matr along 7: FVect, — MVect,: Observe that for every
M': MVect, — Matr and natural transformation a: M = M’ o ¢ there is a unique
natural transformation 5: M = M’ such that 5 o4 = a. Uniqueness follows from the
fact that if 3 satisfies Bp o M(g) = M'(g) o B4 for all g: A — B in MVect;, then j3
must act as the identity on elements (regarding repetitions as the same element). To

show existence, note that [ is a strong map. O

The rest of this subsection considers the functor L o M that turns a vector space

into its lattice of vector subspaces, which is of interest to e.g. quantum logic.
Proposition 94. The functor L o M : FVect, — GLat is nearly faithful.

Proof. Suppose that two linear maps f,g: V — W give rise to the same lattice mor-
phism L(M(f)) = L(M(g)); we show that f and g are multiples of each other. For
all flats X of M(V) we have cl (M(f)(X)) = cl (M(g)(X)). It follows from faithful-
ness of M that f(X) = g(X) for every subspace X of V. Therefore f(v) = w implies
g(v) = pyw for some B, € k. For any v,v" € V, f(v —1") = g(fv — V') for some
B, €k So f(v—2)=pglv—1")+(8—pF)g(v). Taking v,v" noncollinear, v — v’

cannot be a multiple of v, so we must have § = ', hence f = [3g. O

The functor L o My, is not full. For a counterexample, consider the Z,-vector space
V' = Z3, which has three 1-dimensional subspaces. Let A = {(0,0),(1,0)}, B =
{(0,0),(0,1)} and C' = {(0,0),(1,1)}, and consider the lattice map g: L(M(V)) —
L(M(V)) that sends all atoms to B. There is only one f: V — V with L(f) = ¢
(namely f(0,0) = (0,0), f(1,0) = (0,1), f(0,1) = (0,1) and f(1,1) = (0,1)), but this
function is not linear. This counterexample applies essentially the same to all finite

fields. Even if we allow infinite base fields, L o M} is not full. For example, take
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V = RR?, map all the lines through the origin to one of the axes, and the origin to itself.
This preserves the loop, atoms, and joins, because everything is mapped to the same

subspace. But there is no linear map implementing this assignment.

2.7.3 Graphs

This work would not be complete without examining the relationship between matroids
and graphs, which are their main application. We regard the construction of Example[13]
(that is, turning an undirected graph into a matroid) as a functor and briefly discuss
some basic properties that such a functor would have. We simplify the definition of

undirected graph [19], as we do not distinguish between bands and loops.

Definition 95. Write Graph for the following category. Objects are undirected multi-
graphs: a set V' of vertices, a set E of edges and a boundary map 6 from E to the class
of singleton and two-element subsets of V. A morphism (V, E,0) — (V', E',#') is a pair

of maps f: V — V' and g: E — E’ satisfying fof =0"og.

To extend Example[13]to a functor Graph — Matr, we could restrict the category
of graphs to only permit ‘strong” morphisms of graphs, whose preimage preserves closed
sets (here a set of edges is closed if the addition of an edge does not change the size
of a spanning tree in the corresponding subgraph). There is some evidence that this
choice of morphisms is useful for some applications of graph theory [66]. Alternatively,
we could allow more functions than strong maps as morphisms between matroids. We
must at least keep the restriction that loops map to loops: note that in Definition[95] the
condition imposed on morphisms implies #(6'(g(e))) < #0(e)). Another alternative
would be to restrict both the domain and codomain, in which case we write Graph®
and Matr™ for the chosen domain and codomain.

For a functor M : Graph™ — Matr™ to be of any practical use, it should act as the
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identity on morphisms. It must then have the following properties:

e [t cannot be surjective on objects. A matroid is of the form M(G) precisely when

it is graphic, and there exist non-graphic matroids.

e [t cannot be injective on object, even by identifying isomorphic graphs. Here
are graphs G; % G with M(G;) = M(G,):

G1 G2

.\.7. |

e [t cannot be full. There are no maps G; — G5 that are surjective on edges,

whereas M (G1) must have at least one morphism to itself (namely the identity).

e It cannot be faithful. Functions Gy — G; corresponding to the identity matroid

map may act differently on vertices.

One could define functors from the category of graphs and strong maps to the
category of matroids that assign more obscure matroids to graphs, but none of them is
surjective or injective on objects, nor full or faithful. We briefly list a few such matroids
in use.

Bicircular matmid, as well as Zaslavsky’s [82] frame matroids and lift matmid
reduce to the cycle matroid for the graphs G; and G, given above, and bond ma-

troids [62, Section 2.3] in the case of planar graphs reduce to the cycle matroid of the

13We may actually make the functor injective by altering the graph G: Form the graph G’ by adding
to G an extra vertex v as well as one edge vw for every pre-existing vertex w; take M(G) to be the
cycle matroid of G’.

14The flats of the bicircular matroid [62, Section 12.1] of a graph G are the forests F of G such that
in the induced subgraph of V(G) — V(F'), every connected component has a cycle.

5 Frame matroids and lift matroids are defined on bias graphs; we shall not go into bias graphs here.

78



dual grap; hence for all these classes of matroids the associated functor would inherit
the properties listed for the cycle matroid. A transversal matroid [62), Section 1.6] is
defined on the vertices of one side of a bipartite graph; concretely, the elements are ver-
tices on one side of the bipartition, and the independent subsets are sets of endpoints of
matchings of the graph. This type of matroid has similar properties, as demonstrated
by the graphs G’ below (where we define the transversal matroid on the left-hand ver-
tices): for a counterexample to fullness, consider Hom(M (GY), M (GY)), and specifically
the map sending exactly half of the elements of M (G}) to each element of M (Gj); for a
counterexample to injectivity on objects, consider G, versus Gf; for a counterexample

to faithfulness, consider the maps in Hom(G,, G%).

G G G,

— L. - 2
. .

o/

Finally, a note on (co)limits. The coproduct in Graph™ is the disjoint union; this
seems to be a well-known fact for Graph, but a reference could not be found, so we

provide a proof for the sake of completeness.

Lemma 96. Let G be the category of (un)directed (multi)graphs with (strong) graph
homomorphisms (that is, G is one of eight possible categories corresponding to these

different combinations). Then the coproduct in G is the disjoint union.

16Bond matroids are defined as the dual matroids (see Definition @7) of graphic matroids.
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Proof. As before, we treat the objects as triples G = (V, E, 6), where the elements of
the codomain of the boundary map ¢ may or may not be ordered, depending on whether
G is directed or undirected.

Consider the graphs G; = (Vi, E1,6,) and Gy = (Va, Es,05). Observe that the
disjoint union G; UGy = (ViU Va, By U Esy, 01 165) is simple if and only if G and G, are.
The coproduct injections p; = (f1,91) : G1 — Gy U Gy, p2 = (f2,92) : Go — G1 U Go
are the pairs whose underlying functions are coproduct injections f; : V; — V3 UV, and

gi + By — E1 U Es in Set. Check that p; is a graph homomorphism: Take e € Fy, then

(01U 605)0g1(e) =01 0g1(e) =01(e) =id(01(e)) = f1 0 01(e).

Similarly for ps. Note that these graph homomorphisms are trivially strong, as preim-
ages are identities.

Now take graph G' = (V', E',0’) and graph homomorphisms h; = (f],9]) : G' —
G1, ha = (f5,95) : G' — Go and set [hy, ha] = ([f1, f3lsets [9], 9hlset). Coproduct
factorisation in G follows from coproduct factorisation in Set, whence [hy, ho] is a

graph homomorphism: For e € Fy,

0" o (g U go)(e) = 00 gi(e) = fiobi(e) = [f, falset o (61 L 6:)(e).

Similarly for E,. Note that [hy, hs] is strong if hy and hy are, as preimages are disjoint
unions of preimages. Finally, to see uniqueness, consider the factorisation of the identity,

which is trivially a strong graph homomorphism. O

Therefore the functor M : Graph™ — Matr must preserve coproducts.
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2.8 Constructions

This section examines the functoriality of various operations of matroid theory.

2.8.1 Single-matroid operations
We start with one of the most fundamental operations: the dual of a matroid.

Definition 97. The dual M* of a matroid M has ground set |M| and the bases of M*

are complements of bases of M.

This operation is not a functor from/to Matr or any immediately obvious variations

of this category.

Remark 98. There are matroids M, N with strong maps M — N but no strong maps
M* — N* or N* — M*, so taking duals is not functorial on Matr. (For an example,
take Fyy = {0, {a,b,c}} and Fy = {{x}}; then there is only one map M — N and no
maps N — M, but there are maps both M* — N* and N* — M*.)

Taking duals is functorial on the subcategory of Matr of surjective strong maps
between matroids of equal cardinality, since a matroid quotient ¢: M — N does induce

a strong map ¢*: N* — M*.

We now look at addition of elements. There are many ways in which one can add
an element to a matroid without changing the inclusion relations of the existing flats:
one can make the new element into a loop, an isthmus, or choose to add it into an
existing rank-1 flat. Adding a loop or an isthmus are the only ways one can freely add
an element. We already saw in Remark B3] that adding loops is a functorial process; we

now prove that the same holds for adding isthmuses.

Proposition 99. There is an endofunctor A: Matr — Matr that acts on objects as

Baory = {BU{*} | B € By}, and on morphisms as A(f)(x) = x and A(f)(x) = f(x).
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Proof. By construction  is an isthmus in A(M). Since A = (—) + D, where D is the

free matroid on {x}, the assignment A is clearly functorial. O

Next we consider the operations of deletion and contraction. These operations are
not functorial on Matr. Specifically, suppose f: M — N maps m+— n and g: L — M
maps [ — m, where [, m,n are all nonloops; if m is among the elements by which we
contract or delete but the elements [ and n are not, then the composite morphism fog
cannot canonically be mapped to any strong map, either covariant or contravariant.
However, these operations become functorial when we change the category to ensure
the deleted /contracted elements in M are exactly those that map to deleted/contracted

elements of N.

Proposition 100. Write Matr, for the category whose objects are pairs (M,Z) of
M € Matr and Z C |M|, and whose morphisms (M,Z) — (M',Z") are strong maps

M — M’ where Z is the preimage of Z'. There are functors:

C': Matr, — Matr D: Matr, — Matr
(M, Z) - M/Z (M, Z) — M\Z
=7 =

Proof. The operations on objects are clearly well-defined, and identity and composition

are clearly respected. We need only show that the operations on morphisms are well-

defined. For X CY C |M|\ Z:

ko (F(Y) = ko (f (X)) =tk (f(Y) U Z') — tkar (F(X) U Z')
= tkp (F(Y U 2)) — thar (F(X U 2))

< 1tk (Y U Z) — tky (X U 2)
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= I‘kc(M) (Y) — I‘kc(M) (X),

and
l“kD(M')(f(Y)) - l"kD(M')(f(X)) =tk (f(Y)) — rkar (f (X))
= 1tkpu)(Y) — tkpan (X).
The result now follows from Lemma [I71 O

We may implement a series of n deletions and contractions by employing the cate-
gory Matr.,,, whose objects are (M, Zy,...,Z,) where the sets Z; C | M| are disjoint,
and whose morphisms (M, Z, ..., Z,) — (M', Z1,..., Z!) are strong maps f: M — M’
such that Z; is the preimage of Z! for all i. Then we can define contraction and deletion
functors C', D: Matr,,,; — Matr,,. The composition of all these functors produces a

minor, so taking minors in Matr is functorial.

Theorem 101. Deletion D: Matr,, ., — Matr,, is right adjoint to the inclusion
i : Matr,, — Matr,,.1 given by (M, Zy,...,Z,) — (M, Zy,...,Z,,0) and f — f.

Proof. Take the universal morphism 7 to act as the identity on the matroid; then the
transpose f: (M, Zy, ..., Zn,0) — (M, Z, ..., Z, 1) is the morphism with the same

underlying function as f: (M, Zy,...,Z,) — (M', Z,..., Z]). O
The following matroid operation turns out not to be functorial.

Definition 102 ([79], Proposition 7.3.3). The free extension of a matroid M by p is

defined as the matroid X (M) with | X (M)| = |M| U {p} and flats

{K e Fu \{IM}} U{K U{p}| K € Far \ H(M)}.

83



Remark 103. Let M be the free matroid on {a, b} and N the free matroid on {a, b, ¢, d}.

Let f: M — N be the strong map f = {a — a,b— b}. Then

Fxon = {0,{a},{b}, {p},{a,b,p}}

and

Fxvy = {0, {a}. {6}, {c}. {d}. {p},
{a, b}, {a, c},{a,d} {b,c}, {b,d}, {c.d}, {a, p}. {b,p}, {c, p}, {d, P},
{a,b,c},{a,b,d}, {a,b,p},{a,c,d},{a,c, p},
{a,d.p},{b,c,d}, {b,c,p}, {b.d, p},{c.d, p},

{a’ b) C) d’p}}'

There are no strong maps X(M) — X (N) that agree with f. Hence X (f) cannot be
canonically defined in a way that respects identities, and the free extension cannot be

functorial.

It follows that the matroid operation of truncation (contraction by p after free
extension by p) cannot be functorial, because free extension is equivalent to truncation
by p after the addition of an isthmus p, and addition of isthmuses is functorial by
Proposition Two other basic matroid operations are the free coextension, defined
dually to the free extension as (X (M*))*, and the Higgs Zz'f, defined by deletion of p
after free coextension by p; a similar counterexample shows that the Higgs lift is not
functorial either, whence the free coextension is likewise not functorial (because, as we

have shown, deletion can be cast as a functor).

1"We have seen the (ith) Higgs lift of a map (Definition [B3)); this is a related notion, where we set
Ty = {A: A€ En,ru(A) > [Al =13
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Remark 104. Set

Fu = {0,
{03, {1}, {2}, {3}, {4}, {5},
{0,1,3},{0,2,5},{0,4},{1,2,4},{1,5},{2,3},{3,4},{3,5}, {4, 5},
{0,1,2,3,4,5}}

{0}, {1}, {2}, {3},
{0,1,2,3}}

and let f : M — N be the strong map that maps 0 — 0,1 — 1,2 — 2,3 — 3,4 —
0,5 — 1. Then

Fuinon = {0,
{03, {1}, {2}, {3}, {4}, {5},
{0,1},{0,2},{0,3},{0,4},{0,5}, {1,2},{1, 3}, {1,4},{1, 5}, {2, 3}, {2, 4},
{2,5},{3,4},{3,5},{4,5},
{0,1,2},{0,1,3},{0,1,4},{0,1,5},{0,2,3},{0,2,4},{0,2,5}, {0, 3,4},
{0,3,5},{0,4,5},{1,2,3},{1,2,4},{1,2,5},{1,3,4},{1,3,5},
{1,4,5},{2,3,4},{2,3,5},{2,4,5}, {3,4,5},
{0,1,2,3,4,5}}

Frinvy = {0,
{03, {1}, {2}, {3},
{0,1},{0,2},{0,3},{1,2},{1,3},{2,3},
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{0,1,2,3}}

There are no strong maps Lift(M) — Lift(N) that agree with f. Hence Lift(f) cannot
be canonically defined in a way that respects identities, and the Higgs lift cannot be

functorial.

Extensions generalise free extensions, coextensions generalise free coextensions, quo-
tients generalise truncations and lifts generalise Higgs lifts. Based on our discussion so
far, none of these operations is functorial.

Finally we consider erection, the inverse matroid operation of truncation. This can
obviously be done in many ways. The erections of a matroid M form a lattice based
on the following ordering [79, Chapter 7.5]: My < M if and only if every hyperplane
of My is contained in some hyperplane of M;. The top element E(M) of this lattice
is the so-called free erection of M and the bottom element is M itself. By convention,
E(M) = M if M has no erections; otherwise M is called erectible. Erection is not

functorial:

Remark 105. Let M, N be the erectible matroids with the following sets of flats:

Fu = {0,
{0}, {1}, {2}, {3}, {4},
{0,1},{0,2},{0,3},{0,4},{1,2},{1,3},{1,4}, {2, 3,4},
{0,1,2,3,4}}

{0}, {1}, {2}, {3}, {4},
{0,1,2,3,4} }.
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Then one can comput their respective free erections:

Fron = {0,
{03, {1}, {2}, {3}, {4},
{0,1},{0,2},{0,3},{0,4},{1,2},{1,3},{1,4},{2, 3,4},
{0,1,2},{0,1,3},{0,1,4},{0,2,3,4},{1,2,3,4},
{0,1,2,3,4}}

Fre = {0,
{03, {1}, {2}, {3}, {4},
{0,1},{0,2},{0,3},{0,4},{1,2},{1,3},{1,4},{2, 3}, {2,4}, {3, 4},
{0,1,2,3,4} }.

Then the identity function is a strong map f: M — N, but there are no strong maps

E(M) — E(N) that agree with f. This operation is therefore not functorial.

2.8.2 Two-matroid operations

By Proposition 22 the coproduct is a monoidal structure on Matr. We now exam-
ine which other matroid operations constitute a monoidal structure on Matr. These
operations mostly come from graph theory, where Matr, would not be useful, so we
shall not examine monoidal structures in Matr,. However, towards the end of this
subsection we include an observation on a similar category, which is more appropriate
in relation to graphs.

The following operations from matroid theory do not have monoidal structure: the

sum or union M U N is the matroid whose independent sets are the unions of the

18Tn this case, this was done using the matroid package of the Python computer language; algorithms
that compute the free erection of a matroid have been invented by Las Vergnas [48] and Knuth [42].
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independent sets of its constituents; the product or intersection of M NN is the matroid

(M* U N*)*; the half-dual sum is the matroid M* U N*.

Remark 106. To see that the union is not a monoidal product, consider the following

matroids:

Fa=Fp={{e},{0,0,1,2}},

Fo={{hAfsab, Af,05,{f, e {f, d} { S e}y
{f,a,0} {f.a.ch {f.a,d}, {f,a,e}, {f.e,b}, {f.e,c} . {f e d},
{f,a,e,0},{f,a,e,c},{f,a,e,d},{f,a,e,b,¢,d}},

Fp = {{e} . {e.a}, {e, b}, {e,c}. {e.d}, {e, [},
{e;a,b}.{e a, ¢}, {e,a,d},{e,a, [}, {e b c},
{e;b.d}.{e,b, f}.{e,c.d} {e.c, [} {e.d [},
{e, fa,0},{e, f,a, ¢} {e, fra,d} {e, f,b, ¢}, {e, £,b,d}, {e, fre,d}, {e,a,b,¢,d},
{e,a,b,c,d, f}}

Then Faup = {{e},{,0},{e,1},{e,2},{e,0,1,2}} and C U D is the free matroid on
{a,b,c,d,e, f}. Observe that AU B has a loop but C'U D does not, so there can be no
maps AU B — C' U D, whereas there are maps A — C' and B — D. Therefore, union

is not a monoidal product in Matr.

Remark 107. To see that the intersection is not a monoidal product, consider the

following matroids:

FA:FB:{wa{LQ}}a *FC:fD:{@?{x}}‘

Then Fuinp = {{1,2}} and Fonp = {@, {x}} There is a map 1,2 — x in each homset
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Matr(A, C') and Matr(B, D), but there can be no map AN B — C'N D because there
are loops in A N B but no loop in C'N D. Therefore, intersection is not a monoidal

product in Matr.

Remark 108. To see that the half-dual union is not a monoidal product, consider the

following matroids:

Fa={{0}}, Fp={0,{0}}, Fo=Fp={{x}}.

Then Faups = {{0}} and Feups = {0, {x}}. Observe that the homsets Matr(A,C)
and Matr(B, D) each contain the map sending everything to the loop, whereas there
are no maps in Matr(A U B*,C U D*), because A U B* has a loop and C'U D* does

not. Therefore, half-dual union is not a monoidal product in Matr.

The intertwining of two matroids, defined as a minor-minimal matroid that contains
them both as minors, is not a monoidal product either, as it is not always unique up
to isomorphism.

Altering the category slightly allows for two monoidal structures instead of one.
Write Matr, for the category of matroids with a distinguished element and strong
maps preserving the distinguished element. The parallel connection M||N is the co-
product in this category [79]. Explicitly, the ground set of M||N is the disjoint union
of |[M| and |N]|, the distinguished elements are identified, and the flats of M||N are
the unions of flats in M and in N. This is similar to the coproduct in Matr,, except
that the distinguished element need not be a loop. Now we get one more monoidal
product: the series connection M N is defined dually to the parallel connection by
MN = (M*||N*)*, and is another monoidal structure on Matr,. This monoidal struc-
ture is not a categorical product, but remarkably enough it is naturally affine, in the

sense that there are always natural transformations MN — M and M N — N. The
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parallel connection and the series connection do not distribute over each other.

2.9 The greedy algorithm

There exists a well-known characterisation of matroids which, intriguingly, is algo-
rithmic in nature and exemplifies the connection between matroids and problems in

combinatorics [62, [60].

Definition 109. Let 7 be a collection of subsets of a finite set £ that satisfies the
nontrivial and downward closed conditions from Definition Bl Given a function w: E —

R define the associated weight function w: 2 — R by

zeX

The optimisation problem for the pair (Z,w) is to find a maximal member B of Z of

maximum weight.
Definition 110. The greedy algorithm for a pair (Z,w) as in Definition is:
(i) Set Xo =0 and j = 0.

(i) If E — X; contains an element e such that X; U {e} € Z, choose such an element
ej+1 of maximum weight, let X; 1 = X; U {e;;1}, and go to [(iii)} otherwise, let

Bg = X; and go to (iv)]
(iii) Add 1 to j and go to [(i1)]
(iv) Stop.

Theorem 111. Let Z be a nontrivial and downward closed collection of subsets of a

finite set E. Then I s the collection of independent sets of a matroid on E if and
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only if the greedy algorithm for (Z,w) solves the optimisation problem for (Z,w) for all

possible weight functions w: E — R (generalised to w: 2 — R as in Definition [109).
Proof. This is a well-known result in matroid theory [62], Theorem 1.8.5]. O

Crucially, this theorem is equivalent to the following statement: “The greedy algo-
rithm solves the optimisation problem if and only if all maximal independent sets have
the same cardinality”. It is easy to show that the latter condition, given nontrivial-
ity and downwards closure, is equivalent to the independence augmentation axiom of
Definition Bl

This leads us to a categorical characterisation of matroids. Write Vectp for the
category of vector spaces over k with a chosen basis b and linear transformations between

them.

Lemma 112. Every run of the greedy algorithm produces a mazximal chain of epimor-

phisms in a subcategory of Vect®.

Proof. Let the list B = (b1, by, ..., b,) denote the final output of the algorithm. Observe
that the vector (w(by),w(bs),...,w(b,)) is an element of R". At the nth step of the
algorithm, the candidate output corresponds to a vector in R™. Then the nth step of the
algorithm corresponds to an epimorphism e,, : R® — R"~! which projects out the largest
element of the vector. The algorithm continues as long as there are candidate elements,

hence forms a maximal chain in the subcategory formed by all such epimorphisms. [J

This is the categorical equivalent of the fact that the greedy algorithm produces a
maximal independent set; the length of the chain equals the cardinality of that set. The

following definition makes precise when a partially ordered set is ‘as wide as it is tall’.

Definition 113. Define a square poset to be a finite partially ordered set P with a

least element, such that any element A € P covers exactly n4 + 1 elements, where n 4 is
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the maximum length of a maximal chain from the least element to A. A square functor
is a functor 7: P — Sub from a square poset P, seen as a category, to the category

Sub of sets and inclusions that is injective on objects and preserves chain lengths.

Every square functor /: P — Sub induces a pair (Z, E) where Z is a nontrivial
downwards closed collection of subsets of a set E. Namely, define F to be the union
of all the sets S; in the image of I, and set Z = {S; \ I(0)}, where 0 is the least
element of P. This is evidently a collection of subsets of E, and it contains the empty
set. Because I is injective on objects, the number of inclusions into each object S; is

maximal, guaranteeing that all subsets of each member of Z are in the image of I.

Lemma 114. Given a square functor I: P — Sub, the induced pair (Z,E) is the
collection of independent sets and ground set of a matroid if and only if every mazimal
chain in the image of I has the same length; equivalently, if and only if the following
holds: for any maximal chain C C P, the colimit of the diagram I: C — Sub is

independent of C' (up to isomorphism).

Proof. Each nonidentity inclusion in C' adds one element to the domain, therefore the
length of the chain equals the cardinality of the final codomain. This statement is
therefore equivalent to “all maximal elements of Z have the same cardinality”, which
together with the first two axioms defines a matroid. The colimit formulation now

follows from the fact that sets with the same cardinality are isomorphic. O

Lemma 115. Given a square functor I: P — Sub, the induced pair (Z,FE) is the
collection of independent sets and ground set of a matroid if and only if for every
contravariant functor W: P — Vect® such that I factors through W, and for every

mazimal chain C C P, the limit of the diagram W : C — Vect® is independent of C.

Proof. This is equivalent to the above lemma, by the definition of a limit and the fact

that vector spaces of the same dimension are isomorphic. O
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The following theorem summarises the main result of this section.

Theorem 116. The greedy algorithm solves the optimisation problem if and only if the

chains in Vect® induced by all runs have the same limit.

Proof. Combine Theorem [I11] and Lemma [TT5] O

2.10 Matroids and Entropy

Before moving on to the next chapter, which concerns itself with Entropy in Classical
Thermodynamics, we discuss some links between matroids and other notions of Entropy.
Here we focus on Statistical Mechanics.

The properties of matroids are the properties of dependence, a notion that appears
in virtually any physical process. Consider the following physical scenario. Suppose
that we have two substances A and B, separated from each other and not interacting,
respectively comprising N4 and Np identical particles. Each substance may be in a
specific microstate, that is, a combination of the states of all its particles. Suppose
that each particle of A (respectively B) can be in one of s4 (respectively sg) different
states; then we have S]XA sgB possible microstates for the whole system. Writing out the
elements of each component as a S]XA x 1 (respectively sgB x 1) matrix, the whole is the
Kronecker product of these two matrices. Performing a process on the system means
applying a stochastic matrix to this product, during which the two components may
interact; performing a process each of the two components separately then corresponds
to a Kronecker-separable stochastic matrix. Recovering the effect of the process on one
of the components is tantamount to a projection on a subspace. Taking the matroid of
the matrix one may apply our results above in order to isolate the dependence properties

of the system and reason about them categorically.
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Another angle (further discussed in Chapter M) comes from the fact that Shannon
Entropy (and by extension Entropy in Statistical Mechanics) induces a structure which
generalises matroids and to which many results from matroid theory can be extended. In
that sense, some properties of matroids are properties of Entropy. A possible application

of our results on matroids to Entropy is reserved for future work.
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Chapter 3

Categorical perspectives on Entropy

3.1 Introduction

3.1.1 Overview

The aim of this work is to explore concepts that may serve as a mathematical foundation
for various notions of Entropy. We use Category Theory to capture the mathematical
essence of Entropy.

As discussed in Section [L.3] our starting point is an embellished version of Lieb and
Yngvason’s framework [51]. A large proportion of this project is devoted to showing
connections of this expanded model with two other categorical notions, each unique
and significant in its own way. These are topological weak semimodules and traced

monoidal categories.
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adiabatic categories

traced monoidal categories

We briefly introduce the notions in the above diagram, without yet giving their
proper definitions. Adiabatic categories (introduced in Subsection B.3.1] here depicted
in blue) have a “weakly linear” structure that cooperates with a “convergence” functor;
similarly, topological weak semimodules (introduced in Subsection B.3.2] here depicted
in green) have a “weakly linear” structure that cooperates with a topological functor.
Finally, recall [38] 31] that a traced monoidal category (here depicted in red) is a braided
monoidal category with a natural operation called a trace, generalising a matrix trace,
which takes a morphism in Hom(A ® X, B ® X) to a morphism in Hom(A, B) and
satisfies certain properties that arise from the case of a linear trace.

We expect physical systems that display Entropy to lie within the intersection of
all three circles. We shall now describe our results on the pairwise intersections of the

above diagram.
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Both adiabatic categories and topological weak semimodules are defined over a topo-
logical semiring. Out of all possible underlying semirings, we distinguish adiabatic cat-
egories over what we shall call “rational-like” semirings (we call these rational-like adi-
abatic categories) and topological weak semimodules over what we shall call “stable”
semifields. A rational-like topological semiring is a topological semiring that behaves
like Q or Q= in some ways; without giving a technical definition here, we note that a
rational-like semiring need not be a semifield. We call a topological semifield “stable”
if the topology cooperates with the linear structure in a certain intuitive manner (we
shall not go into more detail in the context of this introduction).

Refining the above diagram, we shall depict these distinguished adiabatic categories

and topological weak semimodules with a semicircle of darker hue.

adiabatic categories

stable adiabatic categories
(intersection of 2 circles)

rational-like adiabatic categories >
(semicircle)

traced monoidal categories

Observe in the above diagram that the stable topological weak semimodules contain
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the intersection between weak semimodules and adiabatic categories. We show that the
intersection of adiabatic categories and topological weak semimodules contains precisely
the adiabatic categories over “stable” topological semifields; we furthermore show that,
fixing a specific “stable” topological semifield A, adiabatic categories over A are a subset
of topological weak semimodules over A and every topological weak semimodule over
A can be canonically mapped to an adiabatic category over A (Theorem 204]). We
shall later see an example of a stable topological weak semimodule that is not an adi-
abatic category, along with its mapping.

We now point out an intentional omission in the diagram. The intersection of traced
monoidal categories with the other two sets is restricted to those categories whose trace
is definable in terms of their topological structure; for adiabatic categories in particular,
this is done by means of a Cancellation Law, which restricts them to what we shall call
rational-like adiabatic categories. That is, we have not depicted adiabatic categories
or topological weak semimodules that may admit an arbitrary trace (for the sake of
completeness we mention here that we have shown all adiabatic categories over a topo-
logical ring to be traced monoidal in the more general sense — see Remark 23¥). In
this context, it almost goes without saying that there exist traced monoidal categories
that are neither adiabatic categories nor topological weak semimodules; the reader can
just pick their favourite example from the literature on traced monoidal categories, and
chances are that it will have no such structure.

Bearing in mind this discussion, note in the above diagram that the rational-like
adiabatic categories contain the intersection between adiabatic categories and traced
monoidal categories. We show (Theorem 247) that adiabatic categories over certain
“rational-like” topological semirings are traced monoidal if they satisfy a set of physi-

cally plausible constraints (in which case we call them nearly-traceabld!]) and their sym-

IThere is a reason that we distinguish strict symmetry among the properties we require. Specifically,
only one of the properties of trace directly involves the braiding (here a symmetry) and this is the one
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metry is strict. Any topological weak semimodule that maps to such an adiabatic cate-
gory is also traced monoidal, whether or not it is itself an adiabatic category; this is be-
cause the possible extra topological structure of the topological weak semimodule does

not interfere with the axioms of a traced monoidal category.

In short, these main results may be depicted as follows.
adiabatic categories

stable adiabatic categories
(intersection of 2 circles)

mappings: semicircle
maps to intersection
(traced to traced)

rational-like adiabatic categories
(semicircle)

nearly-traceable Strict-symmetric
rational-like adiabatic categories

traced monoidal categories

We note that any physically relevant model is both stable and traced:

e In a thermodynamical setting, the topological semiring corresponds to a set of
scaling factors, and specifically to masg. Therefore, we are only interested in

R=Y with the standard topology, which is stable and rational-like.

that is often not satisfied in nature. We use the term near-trace for a natural operation in a braided
monoidal category with the same type as the trace that satisfies all properties of trace except for the
one involving the braiding, and the term nearly-traced monoidal category accordingly. We show that
nearly-traceable categories are nearly-traced.

2As we shall see, the idea is that as these scaling factors tend to 0, the system “disappears”; hence,
mass is the quantity affected. This is the crucial property that enables us to recover an additive
extensive function later.
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e The constraints that an adiabatic category has to satisfy in order to be traced
monoidal are physically plausible. For instance, the monoidal structure of the
adiabatic category must have a strict symmetry; since the symmetry is physically
interpreted as a way of putting two systems together (eg mixing, or reaching
thermal equilibrium), we can make that assumption without losing generality from
a thermodynamical point of view. The other relevant constraints are similarly

benign.

What do these notions have to do with Entropy? As mentioned in Chapter [l when
choosing the topological semiring to be R=? with the standard topology we recover
Entropy as a unique (up to some factor) subadditive nondecreasing function. In this
abstract setting, we provide some categorical examples of a macroscopic treatment.
Moreover, as noted in Chapter [Il the function we recover satisfies the properties of
Faddeev’s theorem on an abstract level, which provides a basis for future work (see
Chapters [l and H]).

Without yet giving proper definitions, we give a brief description of rational-like

adiabatic categories in terms of physical intuition:

Remark 117. As per Lieb and Yngvason’s work [51], a rational-like adiabatic cate-
gory (more specifically, an adiabatic category over RZ? with the standard topology)
models thermodynamical systems at various states (objects) and adiabatic processes
between these states (morphisms). Composition then means performing one process

after another, and identity means doing nothing to a system.

e The category is symmetric monoidal. The monoidal product of two systems X;
and X, is the compound system consisting of X; and X,. Symmetry means
switching the two systems, which is an adiabatic process. The unit is the empty

system. This monoidal product is strict.
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e The category is equipped with a family of endofunctors, which can be thought of
as mass. They correspond to scaling of a system by a factor A € R=Y, without
changing its thermodynamical state; for instance, if X is 100gr of hydrogen at
temperature T and pressure P, then 2X is 200gr of hydrogen at temperature T
and pressure P. These scaling operations have to be functorial, as any notion
of “scaling” a multistep process must apply to scaling each step of this process
individually (and, of course, doing nothing to a system of mass Am should, in
any sensible scaling model, be a scaled version of doing nothing to a system
of mass m). They are strict monoidal, as scaling a compound system is the
same as scaling each of its component subsystems They are symmetric, because
switching components around has the same effect no matter what the mass of the

system is. Lastly, anything with 0 mass is the empty system.

e The category has a “splitting and recombination” property, which means that
every system can be split into two parts with the same thermodynamical state
(inserting a partition) and then recombined into a single system (removing the
partition), or vice versa, with no net effect (invertibility); this is an adiabatic
process. Moreover, it makes no difference whether an adiabatic process takes
place before or after the splitting/recombination process (naturality). In the end,

we see that this is a natural isomorphism.

e Stability for Lieb and Yngvason means that if there exist adiabatic processes
XHeZ; — YHeZy (where € — 0 in this homset sequence), essentially making the
components Z; and Z, infinitely small, then there must exist an adiabatic process
f X — Y. In our framework, we have a notion of “basic stability” which is

stronger than the stability required by Lieb and Yngvason. The difference is that

3For an example of an adiabatic category where the scaling functors are not strict, see section on
topological weak semimodules.

101



we further require f to arise as a function on an infinite sequence of “converging”
processes. In other words we posit that, given such an f and a homset sequence
of a specific type, there must exist specific processes f, : X HeZ; — Y HeZ; that

“approximate” f, essentially “tracing out” the “vanishing” component

e Since we have required the existence of such a function, we must ensure that it
acts as a limit of a sequence in an appropriate space and that it has sensible
physical properties. These are “convergence” properties, which are sufficient and
necessary for the stability function to correspond exactly to topological conver-
gence [76], and “linearity” properties, which ensure that the topological space in
question cooperates with composition, identity, the monoidal structure and the
scaling endofunctors in a physically plausible way; in essence, this captures the
expectation that certain physical processes must be continuous in certain vari-

ables.

It is important to understand the usefulness of having the three different perspec-
tives. The Lieb-Yngvason perspective (adiabatic categories) is straightforward and
intuitive (after all, it arose from physical modelling) but offers little insight into the
properties of the category. The construction of topological weak semimodules, on the
other hand, while on the surface not bearing much resemblance to the underlying phys-
ical reality, is much more powerful and elegant, and opens the door to discovery of
possible hidden mathematical properties of the physical setup. There are two reasons

for this:

1. Even though our treatment restricts topological weak semimodules to the same
possible topologies as adiabatic categories, topological weak semimodules cap-

ture more topological properties of the physical system than adiabatic categories.

4In subsection [3.4.2] we shall see a concrete example of a physically relevant rational-like adia-
batic category as a traced monoidal category, where the stability property gives rise to a trace.
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This is because adiabatic categories arose from a generalisation of thin categories,
which limits the forms of convergent sequences (of morphisms) considered. This
fact is reflected in the fact that the relationship between the categories of adia-
batic categories and topological weak semimodules is not an equivalence, but an

adjunction.

It is important to note here that rational-like adiabatic categories model continu-
ity in terms of one quantity: mass. That is to say, supposing we repeat a process
on a composite system, each time removing some mass from one of the compo-
nents but keeping all intensive parameters equal, if each time the process remains
adiabatic no matter how much mass we remove, then we can eventually remove
the whole component and the process will remain adiabatic. This is precisely the
convergence property that yields Entropy, as it implies the existence of a subad-
ditive function (see Theorem 225]). By contrast, topological weak semimodules
make no distinction between the topological properties of mass and those of any
other quantity; this makes the connection to Entropy far less clear, but also allows

us to model changes in any variable of the system state.
2. Topological weak semimodules combine two fundamental categorical notions:

e Topological categories are a sort of internal categories that not only has ex-
isted for a long time, but has also been extensively studied. As a result,
topological weak semimodules are more elegant from the topological stand-
point and we can use known properties of topological categories to study

them.

e On the other hand, weak semimodules are an intuitive categorification of
semimodules (equivalently, a weakening of 2-semimodules), another sort of

internal category. While weak semimodules are not themselves internal cate-
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gories, weak semimodules are similar enough to 2-semimodules that they are
easy to work with and in some ways can be thought of as semimodule-like
structures. We have a lot of theoretical tools at our disposal to deal with

such structures.

Moreover, the category WSM of weak semimodules has the property that
it has free constructions over the category SMC of symmetric monoidal
categories; more research into the properties of WSM is needed in order to
explore possible ways to exploit thisg This partly motivates our decision

to frame our constructions and theorems in terms of more general semirings

rather than just R=°.

Lastly, we establish a connection with traced monoidal categories. These categories
have an intuitive interpretation from the physical viewpoint (“erasing” part of a system
by means of an operation called the trace) but they offer nothing new in this respect,
as rational-like adiabatic categories (which, we remind, include adiabatic categories
over R=%) have their own version of this operation (what Lieb and Yngvason call the
Cancellation Law); in fact, the Cancellation Law is more general than the trace. The
real usefulness here lies in the fact that the properties of traced monoidal categories have
been studied extensively, which again gives us yet another toolset to treat a physically

relevant subset of adiabatic categories.

3.1.2 Outline

This chapter comprises a lot of definitions and constructions, along with proofs of asso-

ciated properties. This outline aims to offer some insight into the underlying structure:

5For instance, it would be fruitful to find out if WSM has internal tensor products and is injectively
complete like the category of semimodules, in which case the injective envelope in WSM of a free
construction over SMC may tell us something about the symmetric monoidal category underlying the
free construction. This is one possible direction for a future project.
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save for a few tangential remarks and minor lemmas, this chapter actually follows a
focussed and directed path that the reader should be aware of.

Situated after some essential definitions in Section and before presenting some
physically-motivated applications in Section B.4] Section is the crux of this chapter,
containing all the relevant constructions and theorems. Therein we show the relation-
ship between three different notions.

Subsection B.3.] introduces adiabatic categories, which are a direct generalisation
of a mathematical construction (introduced by Lieb and Yngvason [51]) that arose
naturally from Thermodynamics. These “adiabatic categories” (see Definitions and
48, which are equivalent by Theorem [I5]]) are categories combining something akin
to a linear structure (which we call weak linearity; see Definition [[36]) and something
resembling a topological structure, defined in terms of a “convergence function” (in
fact a functor, as we shall see; see Definition [[47]) mapping infinite sequences to their
limit; these two structures are required to cooperate with each other. We show that the
convergence functor indeed gives rise to a topology on the set of objects and a topology
on the set of morphisms (see Lemma [I57]). We also show that some adiabatic categories
retain a property that Lieb and Yngvason call a Cancellation Law (see Theorem [I61]).

At this point, the reader may be reminded of topological vector spaces (where a
linear structure and a topological structure coexist cooperatively), of enriched cate-
gories, and of internal categories (specifically, topological categories). These intuitions
are validated in the following Subsections.

Subsection introduces topological weak semimodules (see Definitions and
[I76). These are much more general, fundamental and powerful constructions; specifi-
cally, weak semimodules are a categorification of semimodules (in fact, they generalise 2-
semimodules; see Remark[[69]) and their topological counterparts are weak semimodules

that are also topological categories. We mention some interesting properties of the cat-
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egories of weak semimodules and of topological weak semimodules, as well as some nice
examples that hint at their versatility and usefulness (see, for instance, Remark [I87).

These two constructions (adiabatic categories and topological weak semimodules)
have very different origins (with the former coming from modelling physical systems
and the latter from a categorification of a familiar concept) and look nothing like each
other. However, Subsection shows a definitive connection between the two (see
Theorem 204)); in fact, an adjunction (see Theorem 217).

Subsection B.3.4] restates some of Lieb and Yngvason’s results in this more general
setting.

Finally, Subsection reveals certain links between adiabatic categories and
traced monoidal categories, as there are two classes of adiabatic categories that are
traced monoidal (see Remark and Theorem 247)). In one of these classes, Lieb and
Yngvason’s Cancellation Law is the trace operation.

In summary, the reader is advised to refer to the following diagram for Section

B.3.7) B.3.2)
. B33
Entropy =—— adiabatic categories T topological weak semimodules

Cancellation Lawi lRing structure

traced monoidal categories

B.3.3)

3.2 Preliminary definitions

3.2.1 Algebraic structures

Recall the standard definitions of semiring and commutative semiring;:
Definition 118. A semiring R(0, 1) is a set R equipped with two binary operations +
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and -, called addition and multiplication, such that the following hold.

(R,+) is a commutative monoid with identity element 0 (additive unit).

e (R,-)is a monoid with identity element 1 (multiplication unit).

Multiplication (left and right) distributes over addition.
e Ox =0 for all x € R.
A ring is a semiring that is an abelian group under addition.
Definition 119. The trivial semiring is the semiring with one element, 0=1.

Every semiring in this work will be assumed nontrivial; note that in any nontrivial

semiring we always have 0 # 1.

Definition 120. A commutative semiring is a semiring where multiplication is com-

mutative.

From here on, we always denote semiring addition with + and multiplication with
concatenation. Furthermore, unless otherwise noted, the additive unit of the semiring
will always be denoted 0 or zero and the multiplicative unit will be denoted 1 or one;
this is to keep consistency with the usual notation on the semirings Q, R, Q=°, R=°, 7Z,

N, etc. with the usual multiplication and addition operations.

Definition 121. A semiring R is cancellative if for any z,y,2z € R we have x +y =

rt+z=y==z

Any ring is cancellative; also, the semirings N, Q=% and R=° are cancellative.
In any cancellative semiring we define a partial subtraction function (written as —)
as the inverse of addition. Similarly, when multiplicative inverses are unique, we define

a partial division function (written as a fraction %) as the inverse of multiplication; if the
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:—;. Positive and

semiring is also commutative, fractions are written in the usual form
negative integer exponents will be used to denote repeated multiplication and (when
the operation is defined) repeated division.

In this work we are interested exclusively in commutative cancellative semirings, so

we shall use a shorthand.
Definition 122. Call a commutative cancellative semiring a CC-semiring.
(Semi)fields also play a crucial role in this work.

Definition 123. A semifield is a commutative semiring in which all nonzero elements

have a multiplicative inverse. A field is a ring that is also a semifield.
Lastly, we define algebraic substructures.

Definition 124. Given a semiring R, a subsemiring (subring, subfield, subsemifield) R’
of R is a semiring (ring, field, semifield) on a subset of R with the same addition and

multiplication operations. We equivalently say that R extends/is an extension of R'.

3.2.2 Topology

Firstly, a general note on terminology: In this work, whenever we use the adjective
“continuous” to describe a functor, we shall always mean a topological functor, i.e. a
functor whose underlying functions on objects and on morphisms are continuous in the
topological sense (precise definitions to follow in Subsection B32). We do not use
this term to refer to a functor that preserves small limits. This use of terminology
is consistent with the relevant paper by Baez, Fritz and Leinster [13] discussed in
Subsection [L.3

Here we define a shorthand for a specific type of topological space that we shall use

throughout this work.
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Definition 125. A nice topological space (equivalently, a space equipped with a nice
topology) in this work will be understood as a topological space with the following

properties:
e Every convergent sequence has a unique limit (i.e. the space is a US-space).

e Every set X that contains the limits of all the convergent sequences contained in

X is closed (i.e. the topology of the space is sequential).

Recall [59, 2.17] that a topology satisfies the T1 separation axiom precisely when

singletons are closed. Note that a nice topology in the above sense is always T1.

Definition 126. We define Top as the category of topological spaces and continuous

maps.

Definition 127. We define NiceTop as the category of nice topological spaces and

continuous maps.

The category SeqTop of sequential spaces is a coreflective subcategory of Top [3,
Example 4.26A(2)]. Seeing as Top is complete and cocomplete [3, Examples 12.6],
and because a coreflective subcategory of a small complete and cocomplete accessible
category is itself complete and cocomplete [4 Corollaries 2.47, 6.18, 6.29], SeqTop is

also complete and cocomplete. We now offer a similar result for NiceTop.

Lemma 128. NiceTop is a reflective subcategory of the category SeqTop of sequential

spaces.

Proof. Let F' : SeqTop — NiceTop be the functor that acts on a space X in the

following way:

e For every sequence S in X with a nonempty set of limits Lg, F'(Lg) = ls, where

ls is a single point; in other words, we quotient by the equivalence relation where
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points x and y are equivalent if there exists a sequence that converges to both
x and y. Note that this accounts for all points in X, as each is the limit of a

constant sequence.
o Aset Q C F(X) is closed if and only if F~1(Q) is closed.

We readily see that F'(X) is indeed a topological space: the sets () and F(X) are closed;
intersections of closed sets are closed; finite unions of closed sets are closed.

For a morphism f, set F(f)(z) = F(f(F~'(x))); this is a well-defined function
because continuous maps map limits to limits and therefore F(f(F~1(z))) is a single
point. Furthermore, F(f) is continuous by construction.

Note that F' maps nice spaces to themselves and that a morphism whose target
is nice sends all limits of a given sequence to the same point. The latter means that
for every sequential space X and every nice space X’ there is a 1-1 correspondence
between continuous maps X — X' and continuous maps F(X) — X'; furthermore,
the mapping X — X'’ factors through the universal morphism X — F(X) sending
x+— F(x) for x € X, which is continuous. Therefore, F' is left adjoint to the inclusion

NiceTop — SeqTop. O

Seeing as SeqTop is complete and cocomplete as noted above, and because a re-
flective subcategory of a small complete and cocomplete accessible category is itself
complete and cocomplete [4, Corollaries 2.47, 6.18, 6.24], the above lemma yields the

following corollary.
Corollary 129. NiceTop s complete and cocomplete.
We shall also make use of the following fact:

Remark 130. The discrete topology on a set X is an initial object in the full subcat-

egory of NiceTop of topologies on X.
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We shall also be using the following shorthand:

Definition 131. A topology 7 on a semiring R will be called structure-respecting if

semiring addition and multiplication are continuous operations (R, 7) x (R, 7) — (R, 7).

Note that our structure-respecting condition is stronger than the one used in a lot
of the literature, which often only requires pointwise continuity.

Next we define topological semirings. We draw attention to the fact that we use
the term “topological semiring” only in conjunction with topologies we have termed
“nice”. Unlike most literature on topological ring-like structures, we do not require
the topology to be Hausdorff (recall [59, 2.17] that a topology satisfies the Hausdorff

separation axiom precisely when distinct points have disjoint neighbourhoods).

Definition 132. A topological semiring (R, Tg) is defined to be a semiring R equipped

with a nice structure-respecting topology 7.

Sometimes we need to restrict to more convenient topological semirings, so we intro-
duce rational-like semirings (we shall explain the terminology shortly). In the following,
we slightly abuse our fraction notation, since we do not generally require inverses to be

unique; however, the fraction % can be thought of as the “canonical” inverse of x.

Definition 133. A topological semiring (A, 7) will be called rational-like when the

following hold:

1. There exists an element % € A such thatH % + % =1.
2. In 7, the sequence {3, (%)2 , (%)3 , ...} converges to 0.

The notation % is used because an element satijjring % + % = 1 is precisely a

multiplicative inverse to 2 := 1 4+ 1. Moreover, setting’ln := 1+ ...+ 1, the following
—_———

n

In the context of commutative (cancellative) semirings, this makes A a (cancellative) midpoint
algebra [27] with respect to the operation m(a,b) := %(a + b).
"Note that the notation 2" is unambiguous in this sense.
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lemma shows that all simple fractions whose denominators are powers of 2 (exist and)Q

are distinct elements of A.

Lemma 134. For any rational-like topological semiring (A, T), the semiring A extends

N.

Proof. Together with nontriviality, condition [Il implies that 2 # 0 and condition
implies that 2 # 1. Note that each element in the sequence of condition 2] must be
different, making the semiring necessarily infinite. Each element (%)n is an inverse of
2" [Proof: Base case for 3; suppose z - 2" =1, then 2" . (z- 1) = (2" +2") - (z- 1) =
2" x5 +2" x- 1 =141 =1;same for multiplication on the other side]. It follows
that 2,22,23 ... are all different [Proof: Suppose 2" = 2" for some n > 0, then
2mtn . = = 1; but 2" = 2™ . 2" s0 we get 2" = 1, whence 57 = 1, which we have

rejected|, whence each n € N* corresponds to a distinct element of A. Thus N C A and

furthermore N is a subsemiring of A. O
Finally, we define topological subsemirings.

Definition 135. A topological semiring (R, 7) is a topological subsemiring of a topo-
logical semiring (R, 7’) if R is a subsemiring of R’ and 7 is a subspace of 7. We then

say that (R, 7') extends (R, T).
Note that any topological semiring extending (Q=°, 7) (where T denotes the inherited
standard topology from R) is a rational-like semiring, hence the term. The converse

does not hold; a rational-like semiring need not contain, for instance, %

8Multiplication with natural numbers in this sense is always commutative: z - (1 + ...+ 1) =
z+...+r=(01+...+1) x.
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3.3 Adiabatic categories, topological weak semimod-
ules and traced categories

Note on notation

Throughout this chapter, the term source will be used interchangeably with domain and
the term target will be used interchangeably with codomain. We caution the reader that

this differs from the use of the term source elsewhere in the literature [3].

3.3.1 Adiabatic categories: Definition and properties

In this section, we shall mainly work with what we shall call rational-like adiabatic cat-
egories. However, a few of the theorems that follow hold for a more general class of
categories, so we first define a generalisation called adiabatic categories. This generali-
sation will become more important in Subsection [3.3.2] where we introduce topological
weak semimodules.

For the definitions in the beginning of this section, we shall use the symbol x = y to
denote that either x and y are both undefined or they are both defined and equal. We
shall also use the same notation for either a list or a set of indexed elements, i.e. {s};
can denote either a set or a list of elements s;, depending on context that will be made
clear. For the sake of brevity, a list is always assumed to be countably infinite unless
it is nonterminal in a concatenation operation (or unless otherwise noted), indices are
assumed to be the positive integers, and a list is assumed to be sorted by ascending
order of indices. We sometimes use {s;} instead of {s};; this is not meant to denote a
one-element list. Lastly, 155 will denote concatenation of lists S; and Sy and S" C S
will denote that S’ is an infinite subsequence of S.

Firstly we define a generalisation of adiabatic categories which embodies their linear
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structure.

Definition 136. Given a topological CC-semiring (A, 7), a weakly linear category over

A is a small category C equipped with the following:

e A monoidal product H with unit object ©, associator a, left unit map [ and right

unit map r. It is also equipped with a symmetry s

e A family of covariant symmetric monoidal endofunctors A (with associated natural
transformations Jy) indexed by elements of A such that A; - Ay = A; 0 Ay (where
for clarity we have used - to denote semiring multiplication). Every object in the

image of 0 is isomorphic.

e The splitting and recombination property (SR): The A functors are such that
for every X € Ob(C) and every A\j, Ay € A, there exists a natural isomorphism

CX A1\ - ()\1 + /\Q)X — /\1X H )\QX

We shall denote such a weakly linear category as (C,H,©,a,l,r,\, A, 7,{J},, s,¢).

Note that the above definition differs from the use of the term “weakly linear cate-
gory” elsewhere in the literature [72].
The reason we require a topology on the semiring is in order to define primary

sequences as below.

Definition 137. Let L be a list of n objects in a weakly linear category C and let I be
a subset of {1,2,...,n}. Let M(L,I,)\) be the monoidal product ((Fi(L1) B Fy(Ls)) B

9Symmetry is necessary for the Cancellation Law below, as well as Theorem that depends on
it; however, dropping symmetry retains most of the properties of these categories as well as a weaker
order-preserving version of the Cancellation Law. A version of weakly linear categories without the
symmetry may thus be useful and appropriate for some physical models.
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..)B F,(L,), composed with any combination of associators, where

N, del
FZ-:

1, otherwise

Given an infinite sequence \; — 0, define the primary sequence PS(L,I,{)\;}) in C as

the infinite sequence of objects {M (L, I, \;)};.

Given a list of morphisms f; between lists of objects x; and y; of the same length,
we define M(f,1,)\) in the same way as for objects. We can then construct a primary
sequence of morphisms in the same way.

Primary sequences are a straightforward generalisation of sequences of the form
a B X\b, with \; — 0. We allow more “constant” terms like a, more “vanishing”
terms like b and in any order. This is in line with Lieb and Yngvason’s setup, as
the corresponding category (in our framework) is a strictly symmetric strict monoidal
preorder where the A endofunctors are strict.

Before giving the definition of an adiabatic category, we define an auxiliary con-

struction.

Definition 138. Denote by AllInfiniteSequences[C]| the category whose objects are
the infinite sequences {X}; of objects X; in C, whose morphisms are the infinite se-
quences {f}; : {X}; = {Y}; of morphisms f; : X; — Y¥; in C, and where composition

is defined pointwise by composition in C.

We are now ready to define an adiabatic category. We shall provide two equivalent
definitions. We start with the more explicit one, as it exemplifies the connection with
Lieb and Yngvason’s work and simplifies some of the proofs that follow, for instance by

using a familiar construction of a sequential space.
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Definition 139. Let (A, 7) be a topological CC-semiring. An adiabatic category C is

a weakly linear category C equipped with a partial function

conv : Mor(AllInfiniteSequences|[C]) — Mor(C),

which satisfies the following stability/continuity properties:

e The basic stability/continuity property (Cont): The A functors are such that
the following holds: Let Sy := {A}; be a sequence tending to 0 and let X =
PS(z,1,S)) and Y = PS(y,I,S)) be primary sequences, where z and y have
the same length. If for all ¢ we have Hom(X;,Y;) # () then there exists at least
one sequence of morphisms f; € Hom(X;,Y;) that uniquely define a morphism

conv({f}:): M(x,1,0) — M(y,I,0).
e The following “convergence” properties:

1. The function conv maps any constant sequence to the sole distinct element

of the sequence.

2. If conv(S) is defined and S" C S then conv(S’) is defined and conv(S’) =
conv(S).

3. If conv(S) is either undefined or conv(S) # f then there exists S" C S such
that there does not exist S” C §" with conv(S”) = f.

e The following “linearity” properties:

(i) Given sequences S; = {g; : B; — C;} and Sy = {h; : A; — B;}, suppose that
conv(S;) and conv(S,) are defined and construct the sequence S = {f; =
gi o h;}. Then conv(S) is defined and conv(S) = conv(Sy) o conv(Ss).

(11) COHV({idXi}) = idM(LX,I,O)'
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(iii) (a) Given sequences S; = {g; : A; — B;} and Sy = {h; : C; — D;}, suppose

that conv(S;) and conv(Ss) are defined and construct the sequence S =

{fi = ¢ B h;}. Then conv(S) is defined and conv(S) = conv(S;) B
conv(Ss).

(b) If A is a sequence of associators between primary sequences, conv(A) = a

where a is the appropriate associator.
(iv) conv({Az;}) = Aconv({z};).

(v) conv({f; B ¢;}i) = sapoconv({g; B fi}i) o sp a for the appropriate objects
B and A.

We shall collectively refer to the “convergence” and “linearity” properties of conv as

the extended stability/continuity properties.

Note that the notations A\; A\ and A" for n € Z are unambiguous in the categorical
context. Specifically, multiplication of the elements A € A is composition of the functors
A; for n > 0, raising the element A € A to the nth power is the same as applying the
A functor n times; for n < 0, raising the element A € A to the nth power is the same
as applying the inverse of the A functor n times (the latter may only be used if A is a
semifield).

We shall often refer to the left/right unitor associated to an object 0X as a unit.
This is defined by the composition of [ (respectively ) with the unique isomorphism
uyx : 0X — ©.

The stability function conv is to be linked to convergent sequences in a certain
topological space (see Lemma [I57).

Before giving the alternative definition, we advise the reader to revisit Remark [117]
in light of Definition 139, and keep in mind the physical motivation behind each element

of the definition. The physical intuition applies to the following subcass of adiabatic
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categories.

Definition 140. A rational-like adiabatic category is an adiabatic category over a

rational-like topological semiring.

We now proceed to give an equivalent definition of adiabatic categories that is more

elegant and succinct. We first need some auxiliary constructions.

Definition 141. For any category C, a category S is defined to be a sequence category

of C if it is a subcategory of the category AllInfiniteSequences|C].

Sequence categories can help define convergent sequences. We are interested in
convergence related to the linear structure, so we shall focus on the following class of

sequence categories.

Lemma 142. Given a weakly linear category C, one can construct a weakly linear cat-
egory C as follows:

Let X = (X1, Xs,...) and Y = (Y1,Ys,...) denote primary sequences in C.

o The objects of C are the primary sequences in C as well as all sequences of the
form (X BY 8- -BZ;, XoBY,8---B2Z,,...) where each element of the infinite

sequence has the same number of terms.
o C is a full subcategory of AlllnfiniteSequences|[C].
e For X andY as above, XEY = (X, BY;, X, BYs,...).
o For X as above, \X = (AX1, Xy,...) for A\ € A.

Proof. We check that C is indeed a weakly linear category. This can be done by

inspection; we readily observe the following:

e C is a category where identities are sequences of identities in C.
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e M is indeed a symmetric monoidal product with © = (60,0,...). Concretely,
for X = (X1,Xy,...), Y = (Y,Ys,...) and Z = (Zy,Z,,...) we have [x =
(lX17 lXQ) .. ’)7 FX - (TXUTXg) .. ’)a aAX,Y,Z - (a'Xl,Yl,Zp aXQ,Yg,Zga .. ) a’nd 3)(,Y —

(8X1,Y17 SX27Y2, .. )

e Any \ preserves composition and identity because A does and is therefore also a
covariant functor. Similarly, the functors A are symmetric monoidal, multiplica-
tion coincides with composition and 0 maps any object to some object isomorphic
to the unit; all these properties follow immediately form the fact that the functors

A have the same properties. We also have 7)\7X7y = (Lxivis InXoYay---)-

e We have that Cx 0 = (Cx3.01.005 CXa A 00y - - -); 16 1S natural because ¢ is natural.
O

Definition 143. Call C as constructed in Lemma the primary sequence category
of C.

The idea here is to use sequence categories in order to define a notion of convergence,
and then use the primary sequence category as a “distinguished” sequence category
that links the convergence structure with the weakly linear structure and gives rise to

adiabatic categories.

Definition 144. We shall refer to monoidal products in the primary sequence category

of some weakly linear category C as monoidal products of primary sequences in C.

Note that if S is a primary sequence (of morphisms or of objects), then every
subsequence of S is also primary; if S is a monoidal product of primary sequences,
then every subsequence of S is also a monoidal product of primary sequences. More
generally, taking subsequences is functorial in C; we shall use this fact to recover a

categorical description of convergence.
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Definition 145. Let S be a sequence category of some category C. Let [ be an
infinite list of strictly increasing positive integers; a subsequence endofunctor Fr of S
is a functor acting on morphisms as follows: an infinite sequence S of morphisms of
C, with S € Mor(S), is mapped to the infinite subsequence of S corresponding to the

elements with indices in /.

In the definition above, given a category C, note that for an arbitrary sequence
category S of C and for arbitrary I the functor F; : S — S may be undefined. Of
course, all subsequence endofunctors are defined when S = AllInfiniteSequences[C].

Crucially, we observe the following:

Remark 146. In the primary sequence category of a weakly linear category, the sub-
sequence endofunctors F7 are defined for all infinite lists I of strictly increasing positive

integers.
We now define a class of categories with a convergence structure.

Definition 147. Given a category C, let S be a sequence category of C such that
subsequence endofunctors Fj are defined for all infinite lists I of strictly increasing
positive integers. A convergence category (S, conv) (with respect to S and C) is a
subcategory S’ of S (defined by the injection ¢ : S — S) that is closed under all
subsequence endofunctors F' and is equipped with a functor conv : 8" — C satisfying

the following properties:

e conv maps any constant sequence of morphisms to the sole distinct element of the

sequence.

e The following triangle commutes:



e Let f be a morphism in S. If for every subsequence endofunctor Fj there exists
a subsequence endofunctor F}; such that (Fj o F)(f) is in the image of i, then f

is also in the image of ¢ and moreover conv((i~! o Fj o Fy)(f)) = conv(i~'(f)).

So at this point we have categorical notions of both weak linearity and convergence.

Adiabatic categories integrate these two notions, as shown in their alternative definition:

Definition 148. An adiabatic category C is a weakly linear category C where the
following hold.

There exists a monoidal subcategory C of C, called the stability category of C,
which is surjective on objects and closed under the A endofunctors, such that C has at
least one morphism in each homset that is nonempty in C and such that there exists
a symmetric strict monoidal functor conv : (o C, called the stability functor of C,

making the following square commute for each A:

E’ conv C
L)
E’ conv C

Furthermore, (6/, conv) is a convergence category with respect to C and C.

Before showing the equivalence of the two definitions for adiabatic categories, we
note that we shall be using an extension of conv. This extension is based on a basic

property of convergence, encapsulated in the following two categories:

Definition 149. Define the extended primary sequence category of C as the category
where objects are sequences of the form )5, where S is an object in the primary
sequence category of C, and morphisms are sequences of the form @S, where S is a

morphism in the primary sequence category of C.
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Define the extended stability category CC of C as the category where objects are
sequences of the form (S, where S is an object in the stability category of C, and
morphisms are sequences of the form @S, where S is a morphism in the stability

category of C.
Consider the following “category of convergence categories”.

Definition 150. Let S be a sequence category of a category C. By ConvCat|S, C]
denote the following category: An object of ConvCat[S, C] is a convergence category
(C;, conv;) of C and a morphism F : (Cy,convy) — (Cag, convy) in ConvCat[S, C] is

a functor F': C; — Cs such that the following diagram commutes:

convy

(31 I (j

lfi/////1
convay

C.

For an adiabatic category C we define an extension conv : CC — C of conv :
C — C via the canonical embedding C - T,, which induces a unique embedding
(Cl,conv) — (@/,conv) in ConvCat[S,C|. In practice, we shall not distinguish
between conv : C — C and conv : CC — C.

We now show that the two definitions of adiabatic categories are equivalent.
Lemma 151. Definitions[139 and[1{§ of an adiabatic category are equivalent.

Proof. Functoriality of conv: In Definition [39 conv is a partial function on infinite
sequences of morphisms. These morphisms are in the primary homsets and products
thereof (property , as well as the sequences that are eventually of that form (prop-

erty [3)); these are precisely the homsets of an extended stability category. Furthermore,

conv preserves composition (property and identity (property .
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Stability category surjective on objects of primary sequence category: By Cont prop-
erty.

Symmetric strict monoidality of conv: Symmetry corresponds to property and
strict monoidality corresponds to property

Commutative diagram: The commutative square in Definition corresponds to
property [(iv)]

Convergence category: Property [Iis the same in Definitions and [I47, the com-
mutative triangle corresponds to property B2l and the last property in Definition [I47

corresponds to property U

A sensible choice of functors between adiabatic categories is one that preserves the

monoidal structure and the action of the \ endofunctors.

Definition 152. Let (A;, 71) and (A, 72) be topological CC-semirings with a continuous
semiring homomorphism h : (A1, 77) — (Ay, 7). Define an adiabatic functor f: Cy —
C, between adiabatic categories Cy and Cq over (Ay,71) and (Ag, 73) respectively as a
strict monoidal functor such that the following squares commute in Cat for all A € A,

where C—ll and C—zl are the respective stability categories of C; and Cs:

C: 2> C C/ ™oy
Lf lf foXml lf
C, 2y C, 2 G,

Definition 153. Define ad as the category of adiabatic categories and adiabatic func-
tors. Define ad as its subcategory of adiabatic categories over the topological semiring

A where all the semiring homomorphisms are identities.

To retrieve an exact analogue to Lieb and Yngvason’s framework, we introduce the

special case of LY-adiabatic categories, defined below.
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Definition 154. A category is thin if there is at most one morphism in each homset.
Definition 155. An LY-adiabatic category is a thin rational-like adiabatic category.

We may also define a generalised LY-adiabatic category as a thin adiabatic category,
which would be a different way to generalise Lieb and Yngvason’s work.

A special case that will later be linked to 2-semivector spaces is when the rational-
like adiabatic category has a strict monoidal structure with a strict symmetry, the

structural functors A are strict monoidal and the isomorphism c is an identity.

Definition 156. A tyrannical adiabatic category is a strict symmetric strict monoidal
adiabatic category where the structural endofunctors A are strict and the isomorphism

cis an identity

We now present some results about adiabatic categories, starting with a lemma that

offers some insight into the role of conv.

Lemma 157. Let C be any category admitting a convergence category (G, conv). Then
it is possible to define appropriate T1 topologies on Ob := Ob(C) and Mor := Mor(C)
such that in each the function conv maps each convergent sequence to its limit and is
undefined on divergent sequences.

In particular, given an adiabatic category with monoidal unit 0X (for some X €
Ob(C)), these are the finest topologies such that the topology on Ob agrees with T on

the A functors.

Proof. By Lemma [I51] conv satisfies stability properties [II, 2l and B of Definition
The fact that these specific properties of the conv function give rise to a topology where
conv yields the limit of a sequence, as well as the definition of said topology, can be
found in earlier literature [41]; here we also provide a brief proof of correctness for the

sake of completeness.

0The term “tyrannical” was chosen as a reminder that every aspect of these categories is strict.
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Firstly, we define a closed-set topology on Ob x Ob.

Let S denote the set of all pairs of objects in G; for the specific application to
adiabatic categories, this is the set of all pairs X = {M(Lx,I,\)},Y = {M(Ly,I,\)}
of primary sequences for which () ¢ {Hom(X;,Y;)}. For @ C Ob x Ob, let Sy denote
the set of all sequences in S contained in Q). Define 7 : S — Ob x Obas 7 : (X,Y) —
(conv(X), conV(Y)) and let the closed sets of the topology be those sets @ C Ob x Ob
where 7(Sg) = Q.

We check that this family of sets is indeed a valid closed-set topology:

e The sets Ob x Ob and () are closed:

This is immediate for (J; for Ob x Ob, m(Sopxon) € Ob x Ob is immediate and
Ob x Ob C 7(Sobxopb) is seen to hold by functoriality of conv and stability

property [ (in adiabatic categories, set A; = 0 for all 7).

e Arbitrary intersections of closed sets are closed:
Let P; denote a possibly infinite family of closed sets. Snp, C () Sk,, therefore
m(Snr) € ®(NSk) = N7(Sk) SN B

where the last relation follows form the hypothesis. So (] P; is closed.

e Finite unions of closed sets are closed:

Let P and @ be closed sets; then 7(Sg) Un(Sp) € Q U P, so it suffices to show

that W(SQUp) Q W(SQ) U W(Sp).

For any sequence S € Sgup — Sg — Sp, each element of S is either in @) or
in P. Partition the elements of S into a subsequence Sg containing elements
of @ and a subsequence Sp containing elements of P — Q. If Sy is finite, it

must be that 7(S5) = m(Sg) € 7(Sg) and we are done; similarly if Sq is finite.

HSpecifically for an adiabatic category, we note that 7 : (X,Y) — (M(Lx,I,0), M(Ly,1,0)).
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Otherwise, observe that Sg € Sg and Sg € Sp by functoriality of conv and
stability property 2l (in adiabatic categories, this is owing to the fact that \; form
a convergent sequence, and therefore its subsequences must converge to the same

limit); it follows that 7(S) = 7(Sg) = 7(Sg) € 7(Sg) N 7(Sp).

For adiabatic categories it is obvious that the function 7 coincides with the limit of
sequences in this space; in the general case, the argument is similar to Mor (see below).
Also note that the topology is T1, as singletons are closed.

We can now define the required topology on Ob as the one inherited from the
diagonal of Ob x Ob. This topology will also have the required properties (it is T1, 7
is a limit function and sets containing their limits are closed).

Similarly to the above construction, define a closed-set topology on Mor as follows.
Let S denote the set of all infinite sequences {f;} with f; € Hom(X;,Y;), for which
conv({fi}) is defined. For R C Mor, let Sg denote the set of all sequences in S
contained in R. Let the closed sets of the topology be those sets R C Mor for which
conv(Sg) = R.

We check that this family of sets is indeed a valid closed-set topology:

e The sets Mor and () are closed:
This is immediate for (); for Mor, conv(Sye:) € Mor is immediate and Mor C
conv(Syior) follows from stability property [} for adiabatic categories, we see this
by setting \; = 0 for all 7.

e Arbitrary intersections of closed sets are closed:
Let P; denote a possibly infinite family of closed sets. Snp, C () Sp,, therefore
conv(Sn p,) € conv((Sp,) = (conv(Sp,) C A,

where the last relation follows form the hypothesis. So [ P; is closed.
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e Finite unions of closed sets are closed:

Let P and @ be closed sets; then conv(Sg) U conv(Sp) C Q U P, so it suffices to

show that conv(Sgup) C conv(Sg) U conv(Sp).

For any sequence S € Sg,ur, — Sr, — Sr,, each element of S is either in Ry or
in Ry. Let S7 be the largest subsequence of S contained in R; and Sy the largest
subsequence of S contained in Ry. If S; is infinite, from stability property 2] it

follows that conv(S) = conv(S;) € conv(Sg, ); similarly if S is infinite.

Note that the topology is T1, as singletons are closed.

The function conv maps a convergent sequence to its limit and is undefined for
divergent sequences:

Open sets are defined as the complements of closed sets. Therefore, a set R is open
if and only if the following holds: If conv(S) C R for some sequence S then S N R is
finite (where R® denotes the complement of R). But that is the definition of the limit
of the sequence S.

The function conv is defined on all convergent sequences:

This was proven by Kisynski [41]; notably, the proof uses stability property

Finally, observe that these topologies are indeed the finest topologies given the
convergent sequences in these spaces: In every space, a set contains the limits of the
sequences it contains if it is closed; here, the converse also holds, and therefore one

cannot add any more closed sets to the topology without violating the convergence. [

Since the spaces constructed above are completely determined by their convergent
sequences, each has a sequential topology on the objects and morphisms of C respec-
tively.

A strong convexity property is introduced as an axiom on an associated topology in

Lieb and Yngvasson. However, a weaker property (given in the following lemma) can
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be proven from first principles independently of topology, and is actually sufficient for

the main result.

Lemma 158 (Convexity). For any objects X,Y1,Ys in an adiabatic category
(C,H,0,a,l,r,\, A\, 7, {J}, s, c,conv) the following hold true:

1. If there exist morphisms fi : X — Yy and fo : X — Y5 then there exists a

morphism g : X — \Y1 B (1 — \)Yy whenever 1 — X is defined.

2. If there exist morphisms f| : Y7 — X and f} : Yo — X then there exists a

morphism ¢’ : \Y1 B (1 — \)Yy — X whenever 1 — X is defined.
Proof. Take g = (AfiB(1 —A)fs) ocxr1-x and ¢’ = C;(,lm—,\ o(AffB(1—=Nf). O

The lemma below lists equivalent statements whose physical interpretation is “it is

impossible to create something out of nothing”.

Lemma 159. Let A be a topological semiring extending (Q=°, ) where T denotes the
inherited standard topology from R. For all objects X and Y in an adiabatic category

C over A, the following statements are equivalent:
1. For every Y 2 O and for every X, Hom(X, X BY) = (.
2. For every X 2 0, Hom(0, X) = 0.
3. For every X 20 and A > 1, Hom(X, \X) = 0.
Any of the above statements imply that for X 20 and N # 1, X 2 NX (4).

Proof. 3 = 4 is obvious for X > 1; for X' < 1, take %z (where 4 is the isomorphism

X — N X) for proof by contradiction.
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=1 = —=2: Given f : X — XHY, one can construct the morphisms f,, : 2%XEH@ —
Q%X H Y explicitly, set
1

L : _ :
)05(‘12”%1)(7”/0(fnleﬂldY)ofnflolW%lX)OJQLH{X,@O(ld%nXHHGQ%)

where fy = f, €1 is the isomorphism © — 2%@ and n € N tends to infinity. Then by
Cont there exists a sequence S of morphisms in Hom(Q%X H O, %X BY) such that
conv(S) =¢g: 0XHO - 0XHY. Solpxyogo la);@ gives us a morphism © — Y,

where by lyx we denote the isomorphism associated to 0X as a unit.

-3 = —2: Given f: X — AX, construct

1, 1 1 1
(e EEid%nX)ol)—(loxfoﬁfo...oﬁfor%nx;VXEE@_>

AT

1

BHX
)\”@

where n € N tends to infinity. Then by Cont there exists a sequence S of morphisms
in Hom(;+X B ©,5-60 H X) such that conv(S) = g : 0X BO — 00 B X. Then
looxogo lo_)%,@ gives us a morphism © — X.

-2 = —1: Given f:© — X, construct (f Bidx)oly' : X — (X, X).

=2 = =3: Given f:© — X, construct 2(c; ', , o 5((fHidx)oly")): X = 2X. O

11
1272
Similarly to the above, the corollary below lists equivalent statements whose physical
interpretation is “it is impossible to make something disappear”. It is given without

proof, as it is the dual of Lemma [I50l

Lemma 160. Let A be a topological semiring extending (Q=°, ) where T denotes the
inherited standard topology from R. For all objects X and Y in an adiabatic category

C over A, the following statements are equivalent:
1. For every Y 2 O and for every X, Hom(X BY, X) = 0.
2. For every X 2 0, Hom(X,0) = (.
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3. For every X 2 0 and A < 1, Hom(X,\X) = 0.
Any of the above statements imply that for X 20 and N # 1, X 2 NX (4).

Call a set “continuously infinite” if it has the cardinality of the real numbers. A
morphism X — AX with A # 1 induces a continuously infinite set of countably infinite
chains; call such a chain a stream. A stream goes upwards if A\ > 1 and downwards if
A< L

The theorem that follows is a generalisation of an observation by Lieb and Yngva-

son [51].

Theorem 161 (Cancellation law). In a rational-like adiabatic category, given a mor-
phism
f: XBZ->YHZ

there exists a morphism X — Y.

Proof. Construct the morphism f; by this chain:

cx,1 1Midy “1x1x 1z
XHH%Z 2z 2 (%XHH%X)HH%Z4>2 SNAL %XEE(%XEE%Z)
lid%XEEJIIXZ
1 1 Loy 3xPive 1 dyxBs 1 o
EXHH(EYEE§Z) §XEE§(YHHZ)<—§XEE§(XHHZ)
a%x,%y,ézl .
PR, P L L L 1, dvdxdz Ly @l
(§XE§Y)EH§Z (iYEEQX)EﬂﬁZ §YE(§XE§Z)
lidlyanllxz
) ) . id%yEEJ%,yz . . id%YEE f ) X 3%,
§YEE(§YHH§Z) EYHHi(YEEZ) §YEE§(XEEZ)
a%y%y,%zl
S1 1 id 1 6711 1531(1;
Cymly)miz drgr iy Gymivymiz rrz 27 YBiZ
2 2 2 2 2 2 2

Sof: XHZ — YHZ implies f; : X H %Z — Y H %Z, and by extension the
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existence of a cancellation sequence f, : X H 2%2 — Y H Q%Z for n tending to infinity.
By Cont there must exist a sequence S of morphisms in Hom(X 8 5~ Z,Y 8 5~ Z) such
that conv(S) = g : X B 0Z — Y HO0Z. In the case that conv({f,}) is defined, we
set S = {f,}, otherwise there is in general no canonical choice Define a morphism

CLz(f): X = Y by the following commutative diagram:

CLz(f)

X Y
szT WZYT
Xm0z % _ymoz
where 7y is the isomorphism associated to 0Z as a unit. O

We shall always use the notation CLz(f) for a morphism constructed as above.
Similarly, given a morphism f: ZH X — ZHY, there exists a morphism X — Y/
call the morphism X — Y arising from the application of this law CL’,(f). Lastly,
observe that one may similarly construct a cancellation sequence for a morphism f :
(XB2)BX — (YHZ)BY' to get a morphism X B X' — Y BY’; call this mor-
phism CL%(f). When we refer to cancellation sequences, we collectively refer to these
three cancellation laws; a right-cancellation sequence of f is the cancellation sequence
of CL(f), a left-cancellation sequence of f is the cancellation sequence of CL/(f), and a
middle-cancellation sequence of f is the cancellation sequence of CL"(f) (with appro-
priate indices depending on the type of f). When we refer to “the” cancellation law,
we always mean CL.

We close this section with an observation on weakly linear categories over a ring.
This will play a role later in Section B.3.5

Recall [37] tortile monoidal categories:

12This is not a problem. None of the theorems concerning rational-like adiabatic categories require
CL to be a well-defined deterministic function, except for the section on traced categories. In that
section we shall revisit the cancellation law in this light.
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Definition 162. A braided monoidal category (with braiding o, monoidal structure
(®,a,l,r) and unit object I) is called tortile when it is equipped with the following

structure:

e A twist, that is to say, a natural isomorphism 6, : A — A which makes the

following square commute

AB 2 B A
l/gA@B leB@GA

A ® B m B ® A
and which satisfies 6; = id;.

e Right duals, that is to say, for every object A an object A* (its right dual) and
morphisms € : A* ® A — [ (the co-unit or evaluation) and n: I — A ® A* (the

unit or co-evaluation) making the following diagrams commute:

id g+ ®na

A@AR AN LYY o] (AeA)0 ALY g A

l/T’A* l/lA
apx,A,A* A* ay e A*

Ik A
A* A

(A @A) @AY A4+ A®(A*@A) L U]

If additionally every object A is the right dual of its right dual A* then the

category has duals.

For a morphism f : A — B define its right dual f*: B* — A* to be the following
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chain of morphisms:

B* B B*@[MB*@)(A@A*)

lidB* R(fRid 4% )
ep®id 4+ B*,B,A*

[ A (B* @ B) @ A"22Y B @ (B @ AY)

lA*l/

A*

e The twist satisfies 04« = 07.

Remark 163. Observe that a weakly linear category over a ring is a tortile monoidal
category: any weakly linear category is symmetric, and if it is over a ring then any
object X has the dual —1X, with X = —1(—1X). Finally, the SR maps of the form

cx,—»x are the co-evaluation maps of the tortile structure.

3.3.2 Topological weak semimodules: Definition and proper-
ties

So far we have more or less blindly translated a physical modelling scheme into category-
theoretic language. We now define a new class of categories. This time, our starting
point is abstract mathematical objects, based on the two fundamental notions that
appeared in the previous section: linearity and convergence. We introduce a categori-
fication of a semimodule (definition to follow) in order to reconstruct a weakly linear
category, and we assign topological structures to this category in order to reconstruct
a convergent category. In the next section, we shall connect the new structure with
adiabatic categories.

We begin with the linear-like structure, whose physical meaning is still to be thought
of as “scaling”, “putting systems together” and “splitting/recombining”. We then move

on to the topological structure, whose physical intuition is continuity of various variables
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that determine physical states. Lastly, we combine these two structures so that they
cooperate.

We shall need some preliminary definitions.

Definition 164. Given a semiring A we define the category A to be the discrete cat-
egory whose objects are the semiring elements, equipped with a (primary) monoidal
product & corresponding to the addition in A. We also define a (secondary) monoidal
structure ® corresponding to multiplication. Whenever we refer to the monoidal struc-
ture of A (eg with reference to monoidal functors) we shall always mean the primary

monoidal structure, unless we explicitly indicate otherwise.

Observe that the monoidal unit in this category is the 0 of A and the secondary
monoidal unit is the 1 of A. Both monoidal products are strict and are equipped with
a strict symmetry.

Recall the standard definition of a (semi)module:

Definition 165. Given a semiring R, a semimodule over R consists of a commutative
monoid (M, HB) (semimodule addition BH) and an operation - : Rx M — M (semimodule

multiplication -) such that for all r,s € R and =,y € M we have:
Lr-(zBy)=(r-2)B(-vy)
2. (r+s)-x=(r-z)B(s-x)

3. (rs)-z=1r-(s-x)

If R is a ring, the semimodule is called a module. If R is a semifield, the semimodule is

called a semivector space. If R is a field, the semimodule is called a vector space.
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We now present a weakening of the above notion (which, we note, we shall restrict

to CC-semirings):

Definition 166. Let (C,a,l,r, s) be a symmetric monoidal category and let A be the

category of a CC-semiring A (as per Definition [[64]). A weak semimodule over A is (the

codomain of ) a covariant functor - : AxC — C such that for every f € Mor(C) we have

(1, f) = f, for every A € Ob(A) the functor 1 « 29 A « ¢ . C is symmetric
ida xc

monoidal, for every ¢ € Ob(C) the functor A % 1 2°° A « C —_- C is monoidal and

the following diagram commutes in Cat:

AxAxCZYeA xC

Jianx |

A xC : C

We may refer to the weak semimodule as (C, a,l,7,s,{J ) }r, {¢.(2)}2), where J and
c are the natural isomorphisms associated to the corresponding monoidal functors.
If A is a ring then - is called a weak module. If A is a semifield then - is called a

weak semivector space. If A is a field then - is called a weak vector space.

In different terms [78, Chapter IV, Definition 4.7] we may say that (A, ®) acts on
C. Note that, even though the two functors -(A,.) and -(_, f) induced by the action of
the secondary structure are monoidal with respect to the primary structure, the action
itself is not monoidal in this sense. This sets weak semimodules apart from the so-called

module categories [61].

Definition 167. A linear function f : (-1 : A X C; — C1) = (2 : A X Cy — Cy)

between weak semimodules over A is defined to be a symmetric strict monoidal functor
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f : C1 — Cy that makes the following diagram commute in Cat:

AXCl.l—>Cl

lidAxf lf

AXCQ.Q—>C2

Note that linear functions are defined in the same way as strong module functors [61],
but the underlying structure of the action on C is different (see previous comment).
In our context, linear functions generalise 2-semimodule homomorphisms (where we

restrict to 2-semimodules over CC-semirings).

Definition 168 ([I1]). Let K be a category with pullbacks. We define a category C

internal to K as follows:
e Ob(C) € Ob(K) and Mor(C) € Ob(K).

e The following morphisms of K

source: Mor — Ob (f:A—=B)— A
target: Mor — Ob (f:A—B)— B
identity : Ob — Mor X —idy
composition: Piurce target — Mor (f,g)— fog

(where Prource target denotes the pullback of source and target in K) satisfy all the

necessary commutative diagram such that C is a category.

An internal functor F' : C — D between internal categories is a pair of morphisms

Mor(C) — Mor(D) and Ob(C') — Ob(D) that satisfies all the necessary commutative

13For a full list, see original paper [T}, Definition 2.1].
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diam that guarantee functoriality. Similarly for an internal natural transforma-
tionl:

Remark 169. A weak semimodule - : AxC — C where C is strict monoidal with strict

symmetry and the functors 1 « XA v s cand A x 1 92%%A v C . C

are strict monoidal is precisely a category C internal to the category of (semi)modules
or (semi)vector spaces over A; the linear functions coincide with the usual definition of
a linear function. Call such a weak semimodule a 2-semimodule in accordance with the
notion of a 2-vector space; the latter has been explored by Baez and Crans [11]. Define

2-modules and 2-semivector spaces in the obvious way.

Definition 170. Define a topological category C(Top, Tmor) s a category internal to
NiceTop. The set Ob of objects of C is endowed with a nice topology 7o}, and the set

Mor of morphisms of C is endowed with a nice topology Tyor-

Remark 171. By Corollary [[29] seeing as the category Cat[C] of internal cate-
gories to a complete category C is finitely complete [I7, Exercise 8.4.1], the category

Cat[NiceTop] of topological categories is finitely complete.

Note that in a topological category C(7op, Tmor), the set I = {idx }xeon endowed

with the topology Ty, is isomorphic to (Ob, 7op) with
source|; = target|; = identity ™' : I — Ob.

Therefore, in all that follows, we may assume that we are always working within mye;;
just substitute I for Ob and pre- or post-compose with identity accordingly.
With regards to a topological semiring (A, 7)), we may speak of the associated

topological semiring category, which is the semiring category A that is topological with

MFor a full list, see original paper [T}, Definition 2.2].
I5For a full list, see original paper [I1}, Definition 2.3].
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the topology 74. We may often omit 7, for brevity, especially when it is understood

from context.
Lemma 172. In a topological category C(Ton, Tmor), the homsets are closed sets in Tyjor-

Proof. Observe that any singleton set {(X,Y)} in Ob x Ob is closed in 7op X Top
because the topology is T1. Moreover, (source,target) : f +— (source(f),target(f))
is continuous because the functions source and target are continuous. Therefore, the

preimage of {(X,Y)} under (source, target) must be closed in my,. But that is exactly

Hom(X,Y). O

Lemma 173. In a topological category C(Top, Tvor), let H be a nonempty set of mor-
phisms together with the inherited topology Tvor. Then H is a homset in C if and only if
there exists a unique vy : 1 — ObxOb that makes the following a pullback in NiceTop,

where the inclusion is canonical and 1 is the unique topology on the one-element set:

H 1
| K
Mor (source,target) Ob x Ob

Proof. Let rg = (s,t) for some objects s and ¢ of C. Substituting Hom(s, t) for H we
can see that the square commutes for unique s and ¢. Moreover, in order for any such

square to commute, it has to be that H C Hom(s, t), making Hom(s, t) a pullback. O

Remark 174. This is reminiscent of the subobject classifier ¢ : 1 — € in a topos (1
being the terminal object), defined by the property that there exists a unique morphism

Xs making the following a pullback for any monomorphism s : .S — A:




Definition 175. Given topological categories C(Ton(c), Tvor(c)) and D (TobD); Tvor(D)):
a functor F': C — D is defined to be a topological functor if it is an internal functor in

NiceTop.

Definition 176. Let A be a topological CC-semiring category. A topological weak
semivector space over A is a weak semivector space on a topological category, where
the monoidal product, the symmetry and the functors 1 x ¢ 2*9¢ A « ¢ . C and
A x 19axz 4 . C are continuous with respect to the topologies involved (pre-
suming the product to be endowed with the topology constituting the categorical prod-
uct in NiceTop). We may in general speak of a topological weak semimodule when the
semiring A is not a semifield; similarly for topological weak modules and topological

weak vector spaces.

Whenever we refer to a topological semiring category A where A is a subsemiring
of R, we shall always imply the topology to be inherited from the standard topology
on R. Unless A is dense in some interval, the associated continuity requirement holds
trivially.

Note that A is a topological 2-semimodule over itself, since its monoidal product is

a topological functor.

Remark 177. It is easy to check that (topological) linear functions are the morphisms
of a category where the objects are (topological) weak semimodules or weak semivec-
tor spaces over A, or their restriction to (topological) 2-semimodules or 2-semivector

spaces over A. In any such category, monomorphisms are preserved and reflected from

Cat.

This remark hints to a possible generalisation of linear functions between weak

semimodules:
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Definition 178. A generalised linear function (I, f) : (1 : A x Cy — Cq1) — (2 :
A’ x Cy — Cs) between weak semimodules over semirings A and A’ respectively is
defined to be a pair (I, f) comprising a semiring homomorphism [ : A — A’ and a
symmetric strict monoidal functor f : C; — Cs, such that makes the following diagram

commute in Cat:
AxC,+—=Cy
b T
A x Cy 22— Cy
When [ is known from context and no confusion arises, we may abbreviate the

terminology from ([, f) to f as with linear functions.

Remark 179. We note that it is possible to define a category with all (topological)
weak semimodules as objects and pick (topological) generalised linear functions as the
morphisms of that category. Monomorphisms of that category are still preserved and
reflected from Cat. The monomorphisms here correspond to a notion of a (continuous)

linear extension of the action of a semiring.

Lemma 180. Let (C, Ton, Tvor, B, A) be a category defined as follows:

It 1s a topological category with object topology Ton, and morphism topology Tyior-

The set of objects Ob forms a semimodule (semimodule addition Boy and semi-
module multiplication -oy, zero element ©) over a semiring A, and so does the

set of morphisms Mor (semimodule addition By, and semimodule multiplication

'Mor)-

0-f =ide.

The semimodule operations are topological functors (viewing the semiring as a

topological category).
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In this category, the functions source, target, composition and identity are linear with

respect to the semimodule operations.

Proof. Functoriality of H and A\- means precisely that composition and identity are

preserved. That is, if f oh and g o j are defined, we have:

(fBg)o(hBj)=(foh)B(goJ])
idy Bidy = idxmy
A-(foh)=(A-f)o(A-h)

A-idx = idyx

which are precisely the relations for linearity of composition and identity. Moreover,
composability dictates that if composition is linear then the source and target functions

must also be linear. O

Corollary 181. A category defined as above is precisely a topological 2-semimodule

over A.
It is easy to check that the following structure is always a weak semimodule over N.

Definition 182. Given a symmetric monoidal category (C,®,1,a,l,r,s), define the
free weak semimodule of C as the semimodule (C,®,N,I,a,l 7, J,,s,¢) (using the

notation of Definition [[66) where the action of n € N* on f € Mor(C)is f® f® -+ - ® f

and 0 maps every morphism to id;.

We need not specify the natural transforms cx and J,, in the above definition,
because they are uniquely defined by the action of N; the former as a composition of
associators and the latter as an appropriate sequence of tensor products of n symmetries

and identities.
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Let WSM denote the category of weak semimodules and linear extensions and
let SMC denote the category of symmetric monoidal categories and symmetric strict

monoidal functors.

Remark 183. Note that the free weak semimodule of a symmetric monoidal category
C is an initial object in the full subcategory of WSM consisting of weak semimodules
with the symmetric monoidal structure of C. This is in view of the fact that N is an
initial object in the category of semirings. [69]

There is of course a reason we named this weak semimodule “free”. Observe that
taking the free weak semimodule of a symmetric monoidal category extends to a functor
F : SMC — WSM (by sending each symmetric strict monoidal functor between SMCs
to itself). Further observe that F is left adjoint to the forgetful functor U : WSM —
SMC, and the monad of the adjunction is the identity functor (hence the comonad of
the adjunction is idempotent).

Moreover, the free weak semimodule of a symmetric strict monoidal category has
¢ = id and the free weak semimodule of a strict symmetric monoidal category has

J =id.

Proof. Firstly, we establish that F' is indeed a well-defined functor. Observe that if
f : C — D is a symmetric strict monoidal functor then F'f is linear, as by strict
monoidality F(m Bg ... Bem) = (Fm)HBp ... Hp (Fm), for m € Mor(C), which
is precisely the semiring action, thereby satisfying the defining property; composition
is preserved because commutative squares compose; identity is preserved because the
identity functor is trivially linear.

Secondly, we establish the adjunction. Take any weak semimodule W over an arbi-
trary semiring A and any symmetric monoidal category C. For a natural isomorphism
between Hom(C, UW) and Hom(FC, W), we need only check that the homsets are

isomorphic, as naturality would then hold by construction of the functors F' and U.
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It is immediate that any generalised linear functor f: FC — W induces a symmetric
strict monoidal functor f : C — UW. Because N is initial in the category of semirings,
there exists exactly one homomorphism [ : N — A, therefore f is the unique generalised
linear function that gives f. Conversely, assuming an arbitrary symmetric monoidal
functor f : C — UW, pick n € N and m € Mor(C). Then, using -; for FC and -5 for

W as in the diagram of Definition [I78], we get:

(n,m)%mﬁﬂ...ﬁﬂm@,f(mﬁﬂ...ﬁﬂm) :gfm)EE...Hﬂ(fm)J

n

(n,m) —L (1y 4 .+ 1a, fr) —2 (1p + ...+ 1a) 2 (fm) =

n n

(1n -2 (fm)) B... B (1x = (fm)) = (fm)B...B (fm)

N S N J
-~
n

n

So in the end the diagram commutes, giving a generalised linear function.

The observation that U o F' = idgnmc is immediate. [

We now give an example of a free weak semimodule.
Definition 184. Let (M}, ®) denote the following category:

e The objects are positive integers k.
e The morphisms are b* x b* matrices.
e Composition is matrix multiplication.

e The monoidal product ® is the Kronecker product.

Remark 185. One can easily check that there is a weak semimodule

(My, ®,N, 1,id, id, id, J,,, s, id),
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with the structure of (M, ®), where

e The matrix s is defined by the relation s o (M; ® My) = My ® Mjy; this is easily

seen to be a permutation [32] defined by the dimensions of M; and M.

e There is a family of monoidal endofunctors n with natural transforms .J,,, indexed
by the natural numbers, acting as Kronecker powers. Denote the action of such
a functor n on a morphism M by M®". 0 sends every morphism to the 1-by-1
matrix (1). The natural transforms J,, are appropriate permutations, where the

required relation s*" o J,, = J,, o s obviously holds.
This is the free weak semimodule of (My,, ®).

Let (N, 7) be a topological semiring with the discrete topology. It is straightforward
to make a free weak semimodule into a topological weak semimodule over (N, 7) by
endowing both the objects and the morphisms with the discrete topology. We can also

pick a more interesting topology for the morphisms; we give such an example using Mj,.

Definition 186. Let (M}, ®,| - |) denote the category defined as (Mp, ®) but where

cach matrix M is assigned a norm |M|.

Remark 187. The category M;, uniquely defines a topological weak semimodule
(M4, Tons Taior @, N, 7, 1,id, id, id, J,,, s,1d), where 7 is the discrete topology, in the fol-

lowing manner:
e 7, = T is the discrete topology (and therefore in 73, the homsets are clopen).

e Within each homset the norm defines a distance d(M;y, My) = |M; — Ms| that in
turn yields a metric space on the homset; this, together with the fact that the
homsets are clopen, completes the definition of 7.

At this point, we pause to introduce some necessary notation.
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Definition 188. From this point on, we adopt the following convention:

e Denote by Py ;, the category of topological weak semimodules over a topological

semiring (A, 75) and continuous linear functions.

e Denote by P the category of topological weak semimodules and continuous linear
extensions and by ® its full subcategory of weak modules. Denote by P and ® the
full subcategories of weak semivector spaces and weak vector spaces respectively.
When we want to restrict one of these categories to its full subcategory over a
single semiring, we use the modifier [-] (as in P4 ;1) to avoid confusion with the

non-full subcategory Pa ,.

e In accordance with existing literature, denote by the modifier 2 the correspond-
ing subcategories of topological 2-(semi)modules and 2-(semi)vector spaces (eg

2PA -, ). These are restricted to CC-semirings.

Continuing our discussion on free constructions, we note that our observation on

weak semimodules extends to their topological counterparts.

Definition 189. Given a symmetric monoidal category (C,®,1,a,l,r,s), define the
free topological weak semimodule of C as the topological weak semimodule with the
structure of the free weak semimodule of C where 7w = 7o, = Tumor 1S the discrete

topology.

Remark 190. Note that the free topological weak semimodule of a symmetric monoidal
category C is an initial object in the full subcategory of P consisting of topological
weak semimodules with the symmetric monoidal structure of C. This is in view of
Remarks and [I83]

As before, we note that taking the free topological weak semimodule of a symmetric
monoidal category extends (in the obvious way) to a functor F’ : SMC — P, and

moreover that F” is left adjoint to the forgetful functor U’ : P — SMC.
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The monad of the adjunction is idempotent.
We end this section with some examples of topological 2-semimodules:

Definition 191. For K € {Q,Q=°}, let the category U be the discrete category

defined as follows.
e Objects of Uy are nonnegative real numbers.
e The monoidal product H is multiplication.

e There is a family of symmetric monoidal commutative endofunctors A\ € K
equipped with the topology 7, which is defined to be 7 restricted to K; these

endofunctors act as exponentiation, where % takes the principal nth root.
o We set Top, = Tyor @S Tg restricted to RZ0.

Definition 192. For K € {Z,N}, let the category L be the discrete category defined

as follows.
e Objects of Li are real numbers.
e The monoidal product H is multiplication.

e There is a family of symmetric monoidal commutative endofunctors A € K

(equipped with the trivial topology) corresponding to exponentiation.
e We set Top = Tvor = Tr.
Definition 193. Let the category Z’ be the discrete category defined as follows.

e An object (z,n) of Z’ is the n-element set of the nth roots of the complex number

zZ.
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e The monoidal product (z1,n;) B (22,n2) is the ning-element set of products of

elements of (z1,n1) and (22, n2).

e There is a family of symmetric monoidal commutative endofunctors A\ € Q
equipped with the topology 7 restricted to QQ such that é{xl,xg, Ce T}

Uiw, (z%, p), where [ and p are coprime.

e Let 7¢ be the standard topology on the complex numbers; this defines a metric
space with distance function d. The topology Top, = Twor is defined by the metric
space where the distance between two sets S and () of points on the complex

plane is defined to be max,es mingeq d(s, q).

3.3.3 Adiabatic categories versus topological weak semimod-

ules

At this point we are going to relate topological weak semivector spaces and adia-
batic categories. This connection is important from both a conceptual and a prag-
matical standpoint. Conceptually, topological weak semivector spaces are more elegant
and intuitive, which serves to make Lieb and Yngvason’s work more accessible. Prag-
matically, topological weak semivector spaces are more general and allow for more
structure, which has potential use in applications.

The connection we are about to show only exists for certain semifields, defined thus:

Definition 194. Let A be a topological semifield. Call A stable if the following is true
for all topological weak semivector spaces x and @ over A: if f : x — % is a linear
continuous function surjective on a sequence S = {y; = y B \jy'} with A\; — 0 then
there exists a sequence {z;} in x, with f(z;) & y;, converging to some point z € f~1(y).

We shall later use the fact that, for discrete categories, the isomorphism in the above

definition becomes an equality. Before our main result we offer two preliminary results,
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the first about topological weak modules and the second about a more general class
of topological weak semimodules, which show a range of topological semifields to be
stable.

In the following theorem, given a linear function, we construct a convergent sequence
in the preimage of a convergent sequence by taking advantage of the map’s linearity.
The geometrical intuition is that we construct a line of points by fixing two of those

points, essentially treating the mapping as a usual linear function.
Theorem 195. Topological fields are stable.

Proof. Let f 1 x(ay, Ly, Ty, Sx» Iys &) = ¥(ay, Ly, Ty, Sy, Jy, ¢p) be a linear continuous
function between topological weak vector spaces over a topological field A. We show
that if f is surjective on a sequence S = {y; = y B \;y'} with A\; — 0 then there exists
a sequence {z;} in x, with f(x;) & y;, converging to some point = € f~!(y).

Note that, by our definition of linearity, f is such that for ¢ € {a,l,r,s,J,c} and

for every x € x we have ¢y (f(x)) = f(py(x)).

Pick some x; € f~!(y;) and some z, € f~!(y2) and set

oA M- A
D VD Vit VIS Wt

X

We show that this sequence has the desired property:

- /\j _ Afﬂxl) = /\11 — /\Qf(%) (linearity of f)
/\2 - /\z /\1 /\z




)\2 )\z )\2 )\z / )\1 )\z )\1 )\z /
o 25, A 25, H A H

(Az—Al A ) (M—Ag R (J&J)

VR VR VS VA WD v M-

o H A H H A

((Az—Aly N 1y) Al_AQy) N, Y (a)
o A2 =N A=Ay oA —A A=A, lem s
_(Az—MyHﬂ()\Q—)\l)\lyHﬂ)q—)\zy))E)q—)\z)\zy (=" Hid)
~ Ao — N\ AL — N Ao — N\ , Al — N , . .
= (myHﬂ ()\1 _)\QyEEI )\2_)\1)\1y)) B N _)\2)\2y (id B s)Bid)
~ Ay — N\ AL — N Ay — N , AL — N , .
_(()\2_)\13/53/\1_/\2 )Hﬂ)\2_)\1)\1y)83)\1_)\2)\2y (aBid)

Ao — A A — N Ao — A A — A B
= Ly B ‘y ) B “\y' B "oy’ !

()\2—)\1y )\1—)\2y> ()\2—)\1 ' AL — Ao 2y> @)

A=A A=\ Ao — A A=A p 1 -1
o 25 A A H

()\2—)\1+/\1—/\2)y </\2_/\1 1—f_)\l_)\2 2)9 (C ‘ )
=1lyBH Ny =yBNY =y

]

The linear combination above is not convex, so it cannot be used for general weak

semivector spaces. To deal with the latter, we first define an auxiliary notion.

Definition 196. Let S = {z}; be an infinite sequence in a cancellative semiring. Call

S a downwards sequence if for every ¢ there exists  such that x; = ;1 + ).

The following proposition uses the construction of the previous theorem to show
that there must exist a convex combination, for which we also give the formula. The
intuition behind the formula is exactly the same as in the previous case, except that
instead of two sequence points we define the line by the first sequence point and the

limit point.

Proposition 197. Let f : x(ay, Ly, 7y, Sxs Jys €)= V(ayp, Ly, Ty, Sy, Jy, ¢p) be a linear
continuous function between topological weak semivector spaces over a topological can-

cellative semifield A. If f is surjective on a sequence S = {y; = yBA\y'} with \; — 0 a
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downwards sequence then there ezists a sequence {x;} in x, with f(x;) = y;, converging

to some point x € f~1(y).

Proof. Note that, by our definition of linearity, f is such that for ¢ € {a,l,r, s, J, c}
and for every x € x we have that ¢, (f(z)) = f(¢y(2)).

We treat a simple case first. If we are guaranteed from the beginning that f~!(y) # 0
then there is a constructive proof as above: We can construct such a sequence by picking

some z € f!(y) and some x; € f~!(y;) and setting

A= A
— 3 Hﬂ 3 ) *
SV Ve ()

X

We show that this sequence has the desired property:

f(xz> =f (/\1)\_1 /\i9€ & :\\—1951)

= M~ )\Zf(x) (B ﬁf(xl) (linearity of f)
Al A

= )\1)\_1 )\iy H i_jyl

= Al;l o i—j(y B \y)

o Al; )\iy T (:\\—13/ &2 /)\\—i)\ly’> (id 8 J)

- (M;l A j_y> B 2 (a)

g(AlA—lAi+i_i)yEi_iAly/ ("t Eid)

=lyBAy =y By =i

In the general case where the fact that f~1(y) # 0 is not given, we proceed as

follows.
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The set SU{y} is closed, as every convergent subsequence of S necessarily converges
to y. Therefore, the preimage of S U {y} under f must also be closed; so the set
X = f"Hy)UU, f(y) is closed. Let z; € f~(y;) be such that the sequence {z}}
does not diverge; by construction it cannot converge on a point in any of the f~!(y;),
and because X is closed it must converge on a point of X, so it has to converge on
a point of f~!(y). We conclude that any convergent sequence of z; € f~!(y;) must
converge on a point in f~1(y). So we only have to show that there exists a sequence of
zi € f~1(y;) that does not diverge.

Denote by & the chain of isomorphisms described in Theorem [[95 Choose integers

k> j > 1and let X; be the subset of f~!(£(y;)) for which there exists z, € f~(yx)

such that z; = ii:ii 1 H i‘:;}i xg. Set X; := (), X Let S; denote the set of sequences
of x; € X for j < k such that z; = ;i::\\z x, B ;i:;z 2. Note that there is a canonical

injection ¢y, 1, * Sk, — Sk, for ko > ki, as every element of Si, can have at most one

possible extension S € Sg,. Set

S = m Lk72(8k).

k>2

This set is nonempty as an intersection of nonempty sets and as we have shown in
Theorem [193 each of its elements defines a convergent sequence.

The elements of any such sequence can be obtained by (¥). O
Finally, we generalise to the case where \; — 0 is not downwards.

Definition 198. Let (R,7g) be a topological cancellative semiring; (R, 7g) is well-
behaved if every infinite sequence tending to 0 in 7z can be partitioned into downwards

sequences (apart from a finite number of points).

Remark 199. Many topological semirings of interest are well-behaved in the above
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sense. Notably, each of N, Q=Y R=% with the topology inherited from 7 is well-
behaved.

Proof. For N the fact is rather obvious: Every sequence S that converges to 0 is even-
tually 0 and is therefore downwards apart from a finite number of points.

For either Q=% or R=%: For any sequence S that converges to 0 it suffices to show
that every element of S belongs to a downwards subsequence of S; then forming a
partition is just a matter of partitioning the elements of each subsequence. If there is
an infinite number of elements of S equal to 0, form a downwards sequence S° with these
elements, else ignore them. Take the (nonzero) element S,,; by the defining property
of convergence in a metric space, there exists an element Sy, such that S; < S, for
i > f(n); form the downwards sequence { Sy, Sf(n), S¢(f(n)) - - -}; obviously, every nonzero

element of S is contained in such a sequence. O
Corollary 200. Well-behaved topological semifields are stable.

Now that we have established that the stability prerequisite is satisfied by many
physically relevant semifields, we go on to show the connection between topological
weak semimodules and adiabatic categories.

Firstly, we observe that weak semimodules and weakly linear categories are the same

entity.

Remark 201. It is easy to check that a weak semimodule is precisely a weakly lin-
ear category, as their definitions contain exactly the same data: they both have a sym-
metric monoidal structure, the structural endofunctors A of the weakly linear category
coincide with the functors (A, -) of the weak semimodule and the natural isomorphism
c of the weakly linear category coincides with the natural isomorphisms associated to

the monoidal functors (_, z) of the weak semimodule.
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Secondly, we observe that topological categories and convergence categories have

the same data.

Lemma 202. There is a one-to-one correspondence between topological categories and

categories C together with a convergence category (G, conv) on C.

Proof. Given C, Lemma [I57] guarantees the existence of nice topologies on the objects
and morphisms; these are unique because they are sequential. Conversely, it is easy
to see that the partial function induced by the convergence in any nice topology is
a function satisfying the 3 relevant stability properties (again refer to Lemma [I57)).
Continuity of identity, composition, source and target implies functoriality of conv and

vice versa, as in sequential spaces sequential continuity implies continuity. ]

Corollary 203. In an adiabatic category endowed with topologies Tvior and Ton, as in

Lemma [157, homsets are open sets in Tvor if and only if Toy is the discrete topology.

We are now ready to show a correspondence between topological weak semimodules

and adiabatic categories.

Theorem 204. Let A be a stable topological semifield. From a topological weak semivec-
tor space C over A one can construct an adiabatic category D over A such that the
underlying weak semivector space and weakly linear category coincide and such that the
conv function associated to D agrees with the convergence in the topologies oy and Tyor
associated to C. Moreover, an adiabatic category D over A yields a topological weak

semivector space C' over A where the linear structures agree and conv specifies 7(,, and
Thor-

Proof. We already know from Remark and Lemma that an adiabatic category
is both a weak semimodule and a topological category, where conv gives the limit of

a convergent sequence in Mor. It remains to show that the topological and linear

structures cooperate in the same way in C and D.
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Part 1:

We first construct an adiabatic category from a topological weak semivector space.

To get the Cont property: The functions source and target are continuous and
linear, and therefore so is (source, target). Take a convergent sequence S of elements
(z,y)BN;(2',9") in Ob x Ob such that (source, target) is surjective on S. This mapping
is topologically isomorphic to a linear function Dis(Mor) — Dis(Ob x Ob) between
the discrete topological weak semivector space categories whose objects are respectively
the morphisms and the pairs of objects of C with the same topology. We know that
conv gives us exactly the limits of sequences of the form f; € Hom(X;,Y;), with X;,V;
primary sequences. Stability of A hence ensures the basic stability property (taking
into account the fact that the stability isomorphism becomes an identity in the case of
discrete categories).

We now check that the properties of the continuity function hold for this construc-
tion. Property holds by continuity of H. Property holds by continuity of A-.
Property holds by continuity of symmetry. The rest hold by Lemma 2021

Part 2:

We now construct a topological weak semimodule from an adiabatic category. Let
Top and Ty, be the sequential topologies as constructed in Lemma [I57; we check that
the weak semimodule operations are continuous. Using the closed-set criterion and the
stability properties of Definition [39, B is continuous by stability property A are

continuous by stability property and symmetry is continuous by stability property
(v) O
Remark 205. Note that if the semifield is not stable, then the above correspon-

dence necessarily fails. Therefore, stability of the semifield characterises the topological

weak semimodules that give rise to an adiabatic category.

In view of Lemma [I8I] which states that the source and target functions in a
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topological 2-semivector space are continuous and linear, we get the following corollary.

Corollary 206. Let A be a stable topological semifield. From a topological 2-semivector
space C over A one can construct a tyrannical adiabatic category D over A such that
the underlying 2-semivector space and weakly linear category coincide and such that the
conv function associated to D agrees with the convergence in the topologies oy, and Tyor
associated to C. Moreover, a tyrannical adiabatic category D over A yields a topological
2-semivector space C' over A where the linear structures agree and conv specifies Ty,

/
and Ty, -

There is more to be said about this correspondence. First of all, we give these

constructions a name.

Definition 207. Given a stable topological semifield A := (A, 74), the primary topo-
logical weak semivector space of an adiabatic category D over A is defined as the
topological weak semivector space arising from D as in Theorem 204l A topological

weak semivector space arising in this way will be called O-primary.

The prefix “O” refers to objects and will be expanded upon later.

One might wonder which objects of P are O-primary. We have shown in Lemma
[I57 that, given a topology on the A functors, the adiabatic category defines the con-
vergent sequences of a specific form in Ob and Mor. Since the topologies of the weak
semivector space are taken to be sequential, they are completely determined by their
convergent sequences. So a weak semivector space is O-primary if and only if all its
convergent sequences are of this form. This is an important class of sequences, so we

give it a name.

Definition 208. In a topological weak semivector space, define an O-primary sequence

as follows: An O-primary sequence in Ob is a sequence that is eventually a monoidal
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product of (0, 1 or more) primary sequences of objects (where “monoidal product of
primary sequences” is defined in the same way as for adiabatic categories); an O-primary

sequence in Mor is a sequence in Homsets between O-primary sequences of objects.
Remark 209. Subsequences of O-primary sequences are O-primary.

The O-primary convergent sequences are those convergent sequences that arise as
part of the linear structure on the objects of the topological weak semivector space. In
particular, O-primary convergent sequences in Ob are precisely the necessary convergent
sequences imposed by the linear structure and the topology of the semifield; they cap-
ture, in a sense, the “minimal convergence” that the topological weak semivector space
must have, hence the finest possible topology In Mor they describe a topological weak
semivector space’s behaviour in the necessarily convergent homsets; this behaviour is
encapsulated in the conv function of the associated adiabatic category. Every sequence
that is not O-primary corresponds to additional structure.

From the above discussion it is evident that there is an even more basic notion than

O-primary sequences and O-primary spaces.

Definition 210. In a topological weak semivector space, define an M-primary sequence
(in Mor or in Ob) as a sequence that is eventually a monoidal product of (0, 1 or more)
primary sequences of the form {M(Ls,I,\;)}; (where “monoidal product of primary

sequences” is defined in the same way as for adiabatic categories).

Definition 211. Define an M-primary topological weak semivector space as a topo-

logical weak semivector space where all the convergent sequences are M-primary.

Remark 212. Linear functions and linear extensions map M-primary sequences to

M-primary sequences and O-primary sequences to O-primary sequences.

16 A characterisation of finest topological vector spaces can be found online [35]; in the case where
the field is R or C, a characterisation in terms of F-seminorms is known [68, 26.31].
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Note that every M-primary sequence is O-primary; likewise, every M-primary topo-
logical weak semivector space is O-primary. These spaces correspond to the adia-
batic categories where the conv function is only defined for M-primary sequences of
morphisms; in other words, these are the adiabatic categories where the convergence
for both objects and morphisms is completely defined by the linear structure, so that

conv contains no additional information.

Definition 213. Define an M-adiabatic category as an adiabatic category equipped

with a trivial conv function that is only defined for M-primary sequences of morphisms.

Explicitly, in the case of an M-adiabatic category, the conv functor maps {f B
Xigti — f (with A; — 0) and is undefined everywhere else.

In some physical contexts, M-adiabatic categories may be a more appropriate model
than adiabatic categories. For processes on a compound system A H B, observe that
any process that requires the components A and B to interact nontrivially with each
other (thereby altering each other’s state) is not a monoidal product of a process on
A and a process on B. Depending on which classifier we use for the processes in the
category (i.e. which parameter determines which physical processes are represented
by the same morphism), it may be the case that such “nonseparable” processes on
compound systems never form a convergent sequence in the corresponding primary
homset sequence.

Observe that the construction of an adiabatic category from a topological weak
semivector space and vice versa as in Theorem is functorial. Therefore, we may
proceed with the following definitions, which encapsulate the correspondence between

adiabatic categories and weak semivector spaces.
Definition 214. Define the following categories and functors:

o Let P be the subcategory of P restricted to topological weak semivector spaces
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over stable topological semifields. Let ad denote the subcategory of ad restricted

to adiabatic categories over stable topological semifields.

e Let the functor Seq’ : P — ad send each topological weak semivector space to
the unique adiabatic category where the conv function gives exactly the limits
of primary convergent sequences in Mor. Functors are mapped onto themselves.

Denote by Seq the corestriction of Seq’ to ad.

e Let the functor Prim’ : ad — P send each adiabatic category to its primary
topological weak semivector space. Functors are mapped onto themselves. Denote

by Prim the corestriction of Prim’ to P.

It is easy to see that Prim(’) is an embedding and that Seq o Prim = id. In other
words, ad is precisely the full subcategory of P where the objects are the O-primary
topological weak semivector spaces.

We now offer a simple example of an M-primary and a nonprimary topological weak

semivector space that map to the same adiabatic category via Seq.

Example 215. Let g be the standard topology on R. Let 7g be the restriction of 7 to
Q. Let V be the discrete topological 2-vector space (V, g, T, +, Q, 7g) with Ob = R
where elements of Q act as multiplication. Then W := Prim(Seq(V)) is given by the
discrete topological 2-vector space (W, 1,7, 4+, Q, 79), with Ob = R and where elements
of Q act as multiplication, where the topology 7 on R is defined as follows.

Call a countable set of real numbers {r}; linearly dependent if its elements are
linearly dependent in R as a vector space over QQ; that is, if there exist ¢; € Q such that
> qiri = 0 with g, # 0 for some k. Call an uncountable set of real numbers linearly
dependent if it has a linearly dependent countable subset. Let I C R —Q be a maximal
set of linearly independent numbers. We define the basis topology 7; as follows. Let

R be a collection of sets of real numbers such that each possible finite subset of I is
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contained in a member of R. Every set of the form

Xy = ( U [Q(R) - FR1> A (a,b) (3.1)

RER

is a basis of 77, where Q(R) denotes the field extension of Q by the elements of R and
FR is a finite subset of Q(R) — Q. Notice that for any set I’ with the defining property,
71 = 77 o the topology is actually independent of the choice of I. We set 7 = 7;.

The adiabatic category R := Seq(V) = Seq(W) is the discrete tyrannical adia-
batic category given by (R, +,0, ¢, Q, 7, lim), with Ob(R) = R and with multiplication

as the action of q.

Proof. Firstly, observe that V and W are indeed topological 2-vector spaces, as addition
and multiplication are continuous operations, and their topologies are nice.

Secondly, observe that V is not O-primary: denote by S the set of all primary
sequences on Ob(V); explicitly, all sequences S, {,3,,; of the form {r + >}, ¢; ki }i,
for ri,r, € Rand ¢, € Q, with ¢;x — 0 as i — oo for each k (where we index by j the
different possible sequences of ¢; ;). In V, every sequence S, fr,3,.; € S converges to 71,
but there also exist convergent sequences S ¢ S, for instance any convergent sequence
of algebraically independent real numbers. So this is not an O-primary topological
2-vector space.

Thirdly, observe that for W to be O-primary, 7 must have the property that all
its convergent sequences are in S. Since the category is discrete, this also makes it
M-primary.

We now provide a proof that 7 has the desired property. Denote by Sx the set of
all sequences in S contained in a set X C R and define im({ry + > ;_, ¢ixrx}i) == 11
for g;x, — 0 as ¢ — oo for each k. Call a set X C R S-open if for all S € § with

lim(S) € X, all of the elements of S apart from a finite number belong to X. We claim

159



that the open sets of 7 (i.e. unions of basis sets) are precisely the S-open sets.

Open sets in 7 are S-open: Note that elements of any convergent sequence Sy, (1,1,
are in Q(ry, {rx}x) and therefore all but a finite number of these elements are in any set
of the form (3.1]) containing r, so sets of the form (B.]) are also S-open. It is immediate
that all unions of basis sets are also S-open.

S-open sets are open in 7: We shall show that any set “smaller” than those of the

form (B.I)) is not S-open. Consider a set of the form

X7/2,a,b = ( U [Q(R) - FR] - G{T/I}U{T;C}k> N (a7 b) (3'2>

ReR

for some fixed set {7} }U{r}}x C I with 7| € (a,b); theset Gryugmry, € Q1) {rite)—
Q is this time infinite with 7} ¢ G{Tfl UL b Now consider a convergent sequence
ST’l,{ch}k,j containing G{r’l}u{r;}y Then lim(srll’{,«;c}k’j) = Ti € XL/z,b and G{Ti}U{ch}k is
an infinite set of elements of S,/ 1/}, ; that X7, does not contain, hence X, is not

S-open. O

We now move on to the major result for this section: that the relation between
adiabatic categories and topological weak semimodules is in fact an adjunction. For

this we shall need the following lemma.

Lemma 216. Let X and Y be sequential spaces over the same underlying set. Let lg
be the function mapping every convergent sequence of a sequential space S to its limit.
The map i : X — 'Y sending each element to itself is continuous if and only if lx is a

restriction of ly.

Proof. The “only if” is a basic property of convergence and holds in all spaces. For the
“if”, it suffices to show that the set of closed sets of Y is a subset of the set of closed

sets of X. Let @ be a set that is not closed in X. Then there must exist a convergent
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sequence S in Q C X whose limit is not in ). Then S would also be a convergent

sequence in () C Y with the same limit, making ) not closed in Y. O
We now give the main result.
Theorem 217. There is an adjunction Prim = Seq.

Proof. We shall show the existence of a couniversal morphism ey : Prim(Seq(V)) — V
for every V € Ob(P).

Let ey be the functor mapping every morphism to itself. Note that the linear
structure in V and Prim(Seq(V)) is the same, as both Seq and Prim respect the linear
structure; this makes ey trivially linear. For the topological structure, note that the set
of convergent sequences of Mor(Prim(Seq(V))) (respectively of Ob(Prim(Seq(V)))) is
a subset of the set of convergent sequences of Mor(V) (respectively of Ob(V)) and the
limits agree. Therefore, as the topologies are sequential, by Lemma we get that ey
a topological functor. In conclusion, the functor ey is always a morphism in P.

Now we show the couniversal property. Pick D € Ob(e/u\i) such that there exists
f:Prim(D) — Vin P. Clearly, there is a unique factorisation f = ey o f that respects
the linear structure, namely the factorisation where the underlying linear extension
maps of f and f are the same. It remains to show that f is a topological functor.

Let X be a set that is not closed in Mor(Prim(D)) (respectively in Ob(Prim(D)))
and such that f(X) not closed in Mor(V) (respectively in Ob(V)); we shall show that
f(X) cannot be closed in Mor(Prim(Seq(V))) (respectively in Ob(Prim(Seq(V)))).
There must exist a convergent sequence () in X C Mor(Prim(D)) (respectively in
X C Ob(Prim(D))) with limit ¢ ¢ X; @ must be an O-primary sequence because
Prim(D) is an O-primary topological weak semivector space. Because f is contin-
uous, f(Q) must converge to f(q) ¢ f(X) for f(X) C Mor(V) (respectively for
f(X) C Ob(V)); because f is linear, by Remark f(@Q) must also be an O-primary
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sequence. But all O-primary convergent sequences have limits the same in Mor(V) as

A

in Mor(Prim(Seq(V))) (respectively in Ob(V) as in Ob(Prim(Seq(V)))), so f(X) is
not closed in Mor(Prim(Seq(V))) (respectively in Ob(Prim(Seq(V)))). O

Corollary 218. Let A := (A, 7) be a stable topological semifield. Let Primy : ady —
P be the restriction of Prim and Seq, : Pao — ada be the restriction of Seq. Then

Prima = Seq,.

Example 219. Consider the topological 2-vector spaces V and W from Example
and the functor i : W — V mapping each real number to itself. This functor is trivially
linear; to see that it is a topological functor, set R = {I} and Fg =0 for all R C [ in
equation (B.]) to retrieve the family of bases of V as a subset of the bases of W. This

functor 7 is the couniversal arrow of V with respect to the adjunction.

Remark 220. Since Seq is the right adjoint to an injection, ad is a coreflective sub-

category of P.

Finally, we note that the above discussion on O-primary spaces is also valid for

M-primary spaces.
Definition 221. Define the following categories and functors:

e Let Mad denote the full subcategory of ad where the objects are M-adiabatic cat-

egories. Define Mad and Mad, analogously to ad and adj,.

e Let the functor MSeq' : P — Mad send each topological weak semivector space
to the unique M-adiabatic category with the same linear structure. Functors are

mapped onto themselves. Denote by MSeq the corestriction of MSeq’ to Mad.

o Let the functor MPrim’ : Mad — P send each M-adiabatic category to the

M-primary topological weak semivector space with the same linear structure.
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Functors are mapped onto themselves. Denote by MPrim the corestriction of

MPrim’ to P.

We then obtain the following results for M-primary spaces, identically to the ones

for O-primary spaces.
Corollary 222.
e MPrim -4 MSeq.

o Let A := (A, 7) be a stable topological semifield. Let MPrimy : Mady — Pa be
the restriction of MPrim and MSeq, : Po — Mady be the restriction of MSeq.

Then MPrimy 4 MSeq, .
o Mad is a coreflective subcategory of P.

Observe that the comonads of the adjunctions Prim - Seq and MPrim 4 MSeq are

idempotent.

3.3.4 Further insights on Lieb and Yngvason

Morphisms C — A in P, map all the connected parts of C to the same object of
A. Note that, in a setting where the morphisms represent physical processes, this is
tantamount to a conservation law (such as mass in a closed system). In a streamed
category, every object within (or connected to) a stream would have 0 of the conserved
quantity.

>0
ord

>0

in Pgr>o, where R,

Let us now consider morphisms C — R is a thin category
with the objects and monoidal structures of RZ% with a morphism a — b if and only
if a < b. Then morphisms S : C — Rflf)d correspond to a nondecreasing quantity

(entropy) in the sense that, for connected parts of C, S satisfies the following: For
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> Ai =D A there exists a morphism

Ay Xiy BN, X, BB A, X, — A, X, BALX, BB, X

if and only if >, \iS(Xi) < 325 A S(X)).

>0
ord

It turns out that this can always be done, i.e. Hom(C, Rz ;) # 0, and furthermore
that S is unique up to multiplication by a facto; this was the main achievement of

Lieb and Yngvason’s work, to which we now return.

Definition 223. Call a category strongly connected if Hom(X,Y) # 0 or Hom(Y, X) #

() for every pair of objects X, Y.

Remark 224. Given an entropy function S as described above, call the condition
S(source(f)) < S(target(f)) for f € Mor(C) the “adiabaticity rule”. Let C be a con-
nected rational-like adiabatic category; let us add one morphism that does not follow
the adiabaticity rule, then add in all necessary morphisms to make the new category
a rational-like adiabatic category. The result of Lieb and Yngvason implies that this
process would create morphisms in every homset, making C strongly connected. In the
case of LY-adiabatic categories, this would make the category trivial. In conclusion,
the LY-adiabatic structure ensures compliance with such an adiabaticity rule; hence
the physical connection to the class of adiabatic processes as opposed to all thermody-

namical processes.

All that follows in this subsection is a categorical reformulation of Lieb and Yng-
vason’s results. We name the theorems in the same way as Lieb and Yngvason, except

where indicated otherwise in a footnote.

ITLieb and Yngvason did not have a concept of a unit, or any other special object that must map to
0; therefore, their function is unique only up to affine equivalence, i.e. multiplication by a factor and
addition of a constant.
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Let (C,H,0,a,l,r,\,{J}, s, c,conv) be a rational-like adiabatic category. Let
{X;} C Ob(C). Write T}" x F;‘Q for the full subcategory of C involving objects

M X B A X write T for I x F? and T'; or T for T'}.

Theorem 225 (Equivalence of entropy and strongly connected rational-like adia-
batic categorie). Let X; be objects in a rational-like adiabatic category. Then the

following are equivalent:
e Fach induced subcategory F}_’\ X F? 1s strongly connected for all N < 1,1, j.

e There exists a function S : Ob(I') — R, unique up to affine equivalence, such that

for 32, Ai =3, A; there exists a morphism

iy Xy BALXG, BB N, X, — A X, BAX, BB X

Jm=<>]

if and only if 37, NiS(Xi) < 305 A S(X5).

Proof. That the function S induces the strong-connectedness of the diagrams is obvious.
We need only prove that the connectivity of the diagrams induces the function S.

If all objects X; are connected with a pair of morphisms going both ways then we
may choose a constant function S(X) = w for all X. Suppose they do not all have
morphisms between them both ways; pick objects Xy 2 X;. By hypothesis, there exists
a morphism f : Xqg — X;. Consider a factorisation of f through an object X, that is,
f = fiofo, where fy: Xg — X and f; : X — X;. For at most one of fy and f; can we
get a morphism with the target and source reversed.

Uniqueness up to affine transformation: If S exists, then S(X,) < S(X;) and
S(Xp) < S(X) < S(X;) hence there exists a unique A that satisfies the relation

S(X) = (1 — AN)S(Xo) + AS(X;). This implies that they have morphisms between

8Qriginal reference: “Equivalence of entropy and A1-A5, given CH”.

165



them both ways, so by SR'we get composite morphisms between them both ways.
Clearly, any function S’ that satisfies S(X) = (1 —X)S(Xy) + AS(X;) must be an affine
transformation of S.

Existence: Produce unique A such that they have morphisms between them both

ways.

e Uniqueness of \: It suffices to show that there exists a morphism

g: (1 — )\)XO H )\Xl — (1 — )\/)XO H )\/Xl

if and only if A < X

— For the “if”: Construct g as the morphism that makes the following pentagon

commute:
(1= MN)XoBAX, J (1—M)XoBNX,
lc(l)\)xg, 111);\/ , )\1/:)?\ EAidxl T(I—A/)idxo E(;;/IXI, )\/)\7)\ ,%
(1 =XN)XoB (N — )Xo BAX, 1-M)XoB (N -MNX18B\X,)

A(1-N)Xg,( M =N)X1,AX
1-X\)idx,B(A=X) f)BEXidx
0 1

(1= M)Xo B (N — N)X1) BAX,

— For the “only if” we need the cancellation law. If A > )\ then construct

h 1= A=) EEgEEc

YRS TY

= C /A=) .
(1-M)Xo AX, 5 A5

Then applying the cancellation law twice yields

1

g = WCLl(lf/\)XO(CLXXl(h))

which by hypothesis cannot exist; therefore A < \.
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e Existence of \: This proof only holds if the proof for the uniqueness of A holds.
Set

Amax = sup{A : Jay : (1 = )Xo HBAX; — X}

and

)\min = mf{)\ : Ele X = (]_ — )\)X() tH AXl}

Because of Cont, these are achieved, so we get the morphisms

Q) pay - (]_ — )\max)XO H /\maxXl — X

and

b)\ X — (1 — )\min)XO H /\minXl-

min

The morphism

b)\min O Aoy - (]- - /\maX)XO B /\maxXl — (1 - /\min)XO B )\minXl

implies that A\pax < Amin by the proof for uniqueness of . For every A with
Amax < A < Apin the required relation holds (because by connectedness since
there is no morphism (1 — A\) Xy B AX; — X there must be a morphism X —

(1 — M) XoH AXy, and likewise for the other way).

O

By Theorem [225] one can define a functor S : A — T from a full strongly connected
subcategory A of a rational-like adiabatic category C to a poset category T where the
objects are the nonnegative real numbers and the morphisms are <.

We give an adjusted definition of the following quantities from Lieb and Yngvason’s

paper.
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Definition 226. Given a partition of the objects of a rational-like adiabatic category
C into strongly connected full subcategories I';, associate a function S; to each one.
Fix I and I"; for every A € Ob(I') and B € Ob(I"), for every morphism f : A — B,
consider all chains ¢ of n morphisms f; for which f = f,,0 f,_10...0 f1, where every part
of the chain f;o...0 f; #idy for any object Z (nontrivial), such that the morphisms
within it have no nontrivial decomposition. This chain passes through N of these I';.

Define the following:

N-1
E(N,T) =inf{)" nf {Si1(Y) = Si(X) : X €1, Y € Tiyy, Hom(X, Y) # 0}}
i=1 "

F(D,I") = inf{ E(T x [o, I x Ty)}
0

where we assume inf{S;;1(Y) — S;(X) : X € I',;Y € I';11,Hom(X,Y) # 0} = oo if

there are no morphisms between any of the pairs.

Lemma 227 (Constant entropy differences). Given a partition of the objects of a
rational-like adiabatic category C into strongly connected full subcategories (“parts”)
Ly, if T and IV are two strongly connected parts of C then for every X € Ob(I') and

Y € Ob(I") the following holds:
Hom(X,Y) # 0 & Sp(X) + F(I,T’) < Sp(Y)

Proof. = is obvious. We show <.

e Special case: All three infima in the definition of F' are minima. That is,

F(I,I') =min{S)(Y) = Spxro(X) : X €I x Iy, Y € I'y, Hom(X, Y) # 0}
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3 (S (Vi) — Si(%0)
=51(Y1) — Sp(X) — So(Xo) + Sr(Y) + So(Yo) — Sn(Xn)

—SF’(Y> + Z S@(Y;) - SF(Y) - Z S@(XZ)

for objects X;,Y; € I';, X € ' and Y € I with morphisms
f:YHHXO_)}/hfiZXi_>1/i+1ag:XN_>?HHYb'

So from the assumption we have

Se(X) 4+ Sp (V) + ) Si(V:) < Sp(X) + S (V) + Y Sil(X))

or equivalently

SFXF’XFOXF1><...><FN(X s ? H YE) H...H YN) <

ST xloxDy x..xTy (X BY B Xo B ... B Xy)

so there exists a morphism

h: XBYBY,B.. BYy > XBYBX,H... BXxN
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But there must also exist a morphism
P XBXHB..BXy—>YBY,B..BYy

which arises from fH fiH foH.. . H fy_1Hg composed with a chain of morphisms
of the form id Hid B ... HsH ... Hid Hid. We then have

sv’yo(idyHﬂh’)oszy:YHHYHHXOBH...BHXN—>YBH?BHYOEE...BHYN
hence the composition
s?’yo(idyﬁﬂh’)oszyoh:XEE?EHYOEE...EEYN%YBH?BHYOBH...BHYN
Apply the cancellation law to get

CL?EEVYOEE...EEYN (8?75/ o (ldy H h/) o) SY,Y @) h) X =Y

e General case: We can choose X;, Y;, X and Y arbitrarily close to achieving the

infima, so that to arbitrary precision ¢ we have

SrxrxToxTyx..xTy (X BY BY B .. . BYy) —e<

SFXF’XFQXle...XFN (Y HY B XO H.. H XN)
therefore by Cont we have

SFXF’XFOXF1><...><FN(X BY @ YoH...H YN) <

ST xloxDy x..xTy (X BY B Xo B ... B Xy)
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so then we can proceed according to the previous case.

O
Lieb and Yngvason note that F' satisfies the following properties:
F{I,I')=0 (3.4)
F(r,tr") =tF(, 1) for t >0 (3.5)
F(Ty x Ty, T xT%) < F(T'y,T)) + F(Ty, T) (3.6)
F(I' x Ty, T" x Ty) = F(T',T") for all Ty (3.7)

We conclude the section with a theorem which asserts the possibility of defining an
entropy functor on the entirety of a rational-like adiabatic category C. There are three
steps to the process of constructing said functor. If every connected full subcategory
of C is strongly connected, the theorem can be applied as-is. If this is not the case,

however, the second step of the theorem requires C to satisfy an additional axiom.

Definition 228. Partition a rational-like adiabatic category C into strongly connected
full subcategories (“parts”) I';. The partition is smk—fre if it satisfies the following
requirement: If there exists a morphism f : XHX, — X’ and a morphism ¢ : Y’ — Y H
Yy where X’ and Y’ are weakly connected and Xy, Yy € I'g then there exist morphisms

ff X" XHBX,and ¢ : YHBY; - Y” where X” and Y are weakly connected and
X,,Y; €Ty

Definition 229. A rational-like adiabatic category is sink-free if it admits a sink-free

partition.

19We caution the reader that this differs from the use of the term sink elsewhere in the literature [3].
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The requirement that a rational-like adiabatic category be sink-free ensures that
F(I, 1) # —cc.

We now give the theorem.

Theorem 230 (Consistent entropy scales - Universal entropy). Let C be a rational-

like adiabatic category that satisfies either of the following properties:
o C is sink-free.
e Fvery connected full subcategory of C is strongly connected.
Then there is a functor S : C — T (with T defined as above).

Proof. Since T is a poset, it suffices to define S on the objects of C.
Partition the objects of C into as few strongly connected full subcategories (“parts”)

I'; as possible, as long as the partition is sink-free.
e One can define functions Sr for every strongly connected part I'; of the category.

e For (weakly) connected parts, we can find an appropriate S as follows. Let S be
the set of pairs (I',I). On S define the equivalence relation (I', I'V) = (I' x I'g, [ x
[y) for all T'y and denote by [I',I"] the associated equivalence class. On the set
L of these equivalence classes we define multiplication by ¢[I',I] = [|¢|T, |¢|I”]
with ¢t € R and addition by [['1,T)] + [Ty, 'y = [['y x Ty, '} x T}, making it into
a vector space. Define the function H([[',I']) = F(I',T"); this is homogeneous
and subadditive by the properties of F'. Then by the Hahn-Banach theorem there
exists a real-valued linear function L on £ with —F (T, I") < L([I',T"]) < F(T', T).
Pick one strongly connected part I'y and define B(I') = L([['y x I',Tg]). Set
these B(I') as the additive constants of Sr of each strongly connected part I
Since the B(T) satisfy BT x T} = A\ B(I'y) + A\B(I,) and —F(T,T) <
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B(I") — B(I'") < F(I',I"), it follows that this assignment defines a function S for

the entire connected part.

e Now consider a different partitioning of C by joining the strongly connected parts
into the largest possible connected full subcategories (“connected parts”). Once
functions have been defined on the connected parts of C, pick one connected part
[}, containing objects Zy and Z; and an associated function Sy with So(Zy) = 0
and Sy(Z1) = 1. Pick objects Xt from every connected part I'. Extend Sy to the
rest of C as

S(X) = inf{\ : Hom(X B\Zy, Xr B\Z;) # 0}

for every object X of I'.

3.3.5 Adiabatic categories versus traced monoidal categories

In this section we examine connections with an interesting class of categories. Re-

call [31]:

Definition 231 (Strict traced symmetric monoidal categories). A strict monoidal cat-
egory (C,®, 1) with a symmetry s is traced if it is equipped with a trace; that is, a
natural family of functions Tr’} 5 : Hom(A ® X, B® X) — Hom(A, B) satisfying three

axioms:

1. Vanishing: Tr)y 5(f) = f and Trf%y(g) = TriiB(TrXQ@X?B@X (9)), with f: A— B
and g: AR X®Y - BXQY.

2. Superposing: Tré(®A7C®B(idc ® f)=1ide ® TrfiB(f), with

fiA®X - B® X.
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3. Yanking: TI‘§7X(SX7)() =idy.

Traditionally, literature on traced monoidal categories (including in the paper where
they were first introduced [38]) uses the strict definition to simplify notation. Since we

would like to characterise the nonstrict case, we reintroduce associators and unit maps

Definition 232 (Traced symmetric monoidal categories). A monoidal category
(C,®,1I,a,l,r) with a symmetry s is traced if it is equipped with a trace; that is, a

natural family of functions
Tr)} 5 : Hom(A ® X, B® X) — Hom(A4, B)

satisfying three axioms:

1. Vanishing: Tr)y z(f) =rpo for," and

Trﬁ,%y(aﬁ,lx,y ogoaaxy)=TrX p(Trlox sax(9)),

with f: A - B®landg: (A®X)®Y - (BRIX)®Y.

2. Superposing: Tré'(®A,C®B(aC,B,X o (ide ® f) o GE}A,X) = ide ® Tri(,B(f), with

AR X - B®X.
3. Yanking: TI‘§7X(8X7)() =idy.

We shall have to introduce some additional axioms that will ensure the compatibility
of rational-like adiabatic categories with traced categories. We first formulate these

axioms in the context of topological weak semimodules, as the intuition behind them

20For our proof of the main theorem of this section (Theorem B47T), these structural morphisms are
essential up to the point where appropriate sequences are constructed as input to the conv function;
then they can be safely ignored in light of stability properties and hence we switch to string
diagrams (more on string diagrams to follow).
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becomes more clear: as we shall discuss after the definition that follows, these axioms
correspond to the commutativity of two “distributivity” structures.
We now define a concept that links topological weak semimodules to traced cate-

gories.
Definition 233. A T-weak semimodule is a weak semimodule where:

e The following diagram commutes:

£(CX,A1,A0)

li()\1+)\2)X—>l€()\1XEE/\2X)

CX,H)\l,H)\Q
Jie A1 X Mg X

kA - X B RN - X

e If 1 — X is defined, the following diagram commutes:

A-XBOA-XA-X)BXN-YB(1-AY)

Xt ABey A1 AN XB(1=2)-X,AY,(1=X)-Y
XHAY (M- XBA-MN-X)BX-Y)H(1-X)Y
CXEY,A,1-A a;lx’(lA)X’waaid(l_x).yl
A (XBY)B(1-)) (XBY) M- XB(L-N -XBEXNY)B(1-)\ Y
Iax,yBJ1oa xy (id)\.xHHS(I_)\).X’)\.y)EHid(l_)\).yl/
A XBEXNYV)B(1-)-XB(1-)\)Y) A XBONYBE(L-N-X)B(1-)\ Y
Q;IXEEIA<Y,(17>\)<X,(17>\)<Y my

(V- XBEXNYHOA-N) -X)B(1-)\)-Y

We now offer some more insight into the two above diagrams. The first of the above
diagrams essentially says that the two distributivity properties (of A and C) commute.
This becomes apparent when the diagram is rewritten as follows:

K(CX A1 Ag

li()\1+)\2)X—>I{)(/\1XHH)\2X)

l= l Jie A1 X Mg X

CX,K,)\I,KAQ

(li)\1+l€)\2)'X—>/€)\1'XHHI{/\2'X
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The second of the above diagrams expresses a notion of these structures being

“jointly symmetric” in the following sense. We have already required that

idA Xx

AxXx1—AxC——C
be symmetric monoidal; explicitly, we have required that

A (XBY) 220 (Y B X)
lJA,X,Y lJA,Y,X
AXBA YN yENX
commute. By this additional diagram, ignoring for a moment the associators and

assuming that A is a semifield, we also have

()\1 +)\2) . (XBE]Y)

A - (XEBY)BA - (XEY) A1+ X)) - XB (M +A)- Y

lel,X,YEEJAz,Xy lcx,xl,xaaﬂc‘/m,xz

id)\l,XaHS)\l.yYA2.XEHid)\2.y

A XHBM-YHMN - XBM-Y M- XHB M- XBHMNM -YHBHMN-Y

commute.

Remark 234. Any (topological) 2-semimodule over a CC-semiring is a (topological)

T-weak semimodule.

Note that the converse does not hold. For example, My, is a T-weak semimodule that
is not a 2-semimodule.

As another general remark, we note that (topological) T-weak semimodules are
closed under (continuous) linear functions and extensions.

We now give the axioms in terms of rational-like adiabatic categories; the corre-

spondence is straightforward:
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Definition 235. A T-adiabatic category is an adiabatic category where:
e The diagram

A1(ery,x)

X Aoz B (1 — Ap)X)

Cag A1 X
A A X, (1-A) X

MM X B (1= )X
commutes whenever 1 — A5 is defined.

e The diagram

AXB(1-NX)BOY B(1-\Y)

ey B XAV Y
XBY (AXE(1-NX)BAY)B(1-\Y

e XBY a;}(,(l_x)x,wﬁﬂid(lwl
AMXBY)B(1 -\ (XBY) AXEB(1-NXBEANY))BE(1-\Y

I xyBI_ A xy (id,\XEES(I_)\)X,,\Y)EEid(I_)\)Yl
AXBEAY)B(1-NXB(1-\Y) AXEOY B (1-N)X)B(1-\Y

(AXBAY)B(1-N)X)B(1-A\Y

commutes whenever 1 — X is defined.
Remark 236. Any tyrannical adiabatic category is a T-adiabatic category.

Based on the above definitions, Theorem yields the following corollary.

Corollary 237. Given a stable semifield A, a topological T-weak semivector space over

A is a T-adiabatic category. Conversely, a T-adiabatic category over A gives rise to a

topological T-weak semivector space.

We shall link T-rational-like adiabatic categories (in the case that the semiring is also

a stable semifield, the result can be generalised to topological T-weak semivector spaces)
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to traced categories. We can readily observe one link between adiabatic categories and

traced conoidal categories.

Remark 238. By Remark[163] every adiabatic category over a ring is tortile monoidal,

hence traced monoidal [37].

However, these are not the only adiabatic categories that are traced monoidal. We
shall present another class of traced adiabatic categories, where the trace is given by
the cancellation law. Before proceeding, we pause to introduce the graphical calculus
we shall use later.

The reader is assumed to be familiar with standard graphical calculus for monoidal
categories, braided monoidal categories and symmetric monoidal categories [71]. Mec-
Curdy has extended the graphical calculus to cover monoidal functors and monads [57].
Here we use McCurdy’s graphical calculus (where each functor corresponds to a colour)
with the further convention that composition of commutative endofunctors is depicted
by composition of colours.

Let (C,8,1I,a,l,r,s) and (C' 8,1’ da’,l',r",s") be symmetric monoidal categories
and let F' : C — C’ be a monoidal functor with associated natural transform .J.

Representing F' by green, we may depict F'(sxy) as

Yy X

S
b.<

/
and sy gy as
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X Y

where the direction of the braiding of the coloured areas is meaningless. Then F' is

a symmetric monoidal functor if and only if it satisfies the equation

Yy X

><

X Y X Y

~
<

namely s’FxFy =JyxoF(sxy)o J)Zly.
In this work, we often encounter strictly commutative endofunctors. A weak notion

of commutativity between G (red) and F' (blue) is a natural isomorphism
GFX FGX

GFX FGX

but when the commutativity is strict, L = id, so we can simply write:
GFX

GFX
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We now move on to notation specific to adiabatic categories. We denote the natural

transform c as follows:

X

depicted: cx x1-x depicted: C)_(,lx,l—/\

where A\ is depicted by green and 1 — A\ by blue.

Naturality of ¢ means precisely the following equation.

X X

Note that in the left-hand side of the equation we do not use the notation Af and
(1 —X)f, as the functor is implied by the colour of the area underneath the morphism.
This is in line with McCurdy’s convention.

The T-adiabatic category axioms (depicting A with green and 1 — A with blue as

above) are as follows:

where red is used for k.
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We note at this point that, while in the graphical calculus for symmetric monoidal
categories two morphisms are equal if and only if their string diagrams are equal up
to four-dimensional isotopy [71], the new notation introduced by McCurdy and by us
has no such interpretation. Therefore in our manipulations of the coloured areas we
shall proceed step by stem, explicitly following the axioms. When our manipulations
concern only the symmetric monoidal structure, we shall instead use isotopy as usual.

Having defined our graphical calculus, we discuss a few more properties before giving
our main theorem.

It is a common experience that the third axiom of trace is the one that usually fails.
This time, unfortunately, is no exception; no matter how one constructs a cancellation
sequence, the permutations of objects involved will not approach the trivial permutation
in the limit. This is not a big problem in our case, because in the physical applications
we consider we expect the symmetry to be strict. We therefore only show a weaker

property, defined as follows.

Definition 239. Call a symmetric monoidal category nearly-traced if it is equipped
with a near-trace, that is, a natural family of functions of the same type as a trace,

satisfying the first two axioms of Definition 232

Up to this point, the cancellation law has only been used to show existence of a

morphism in a homset and did not need to be a well-defined deterministic function. We
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now require it to be a function, and furthermore, we examine categories where every

cancellation sequence is convergent.

Definition 240. Call a rational-like adiabatic category cancellative if every cancellation

sequence therein is convergent.
We shall also require the conv function to behave “sensibly” in a sense.

Definition 241. Call an adiabatic category sensible if the following holds: For object
sequences x and y of the same length, let f; be a list of morphisms z; — y;; then

conv({M(f, I, \;)}:) = M(f,I,0) for any sequence \; — 0.

This is an intuitive principle that we expect to hold true in physical applications.
Mathematically, it can follow from simpler axioms, as we shall show. One is what we

shall call “near-faithfulness of 0”:

Definition 242. In an adiabatic category over a semiring A, we say that “0 is nearly
faithful” if
0f =0g < A f =Xy

for some nonzero Ai, Ay € A.

At first glance, this axiom may seem strange. The intuition behind it is that the
morphisms of a category have a property that is shared by “multiples” and retained
when they are acted upon by 0. We shall try to motivate it with the following example,
which is based on the traditional formulation of 2-dimensional real vectors as a pair
of a norm and an angle, with the caveat that the 0 vector can be ascribed any angle.
Note that the following example is not an adiabatic category, as the requirement that
(AMA2)x = A (A2z) has been dropped; this problem could perhaps be fixed by taking

only the upper half of the plane and fixing the morphisms accordingly, but such an
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alteration would likely make the category too complicated to serve its purpose as an

intuitive example.

Example 243. Consider the following category. Objects C' are pairs (ve, ac) where

vo is a 2-dimensional real vector and ac is defined as follows:

U,
° Forvc#(),ac:‘v—g'.

e For v = 0, ac can have any value on the unit circle.
The idea is that the objects are vectors, but the zero vector is not unique, as it has

a “direction”. In a similar vein, morphisms encapsulate the direction of a vector;

concretely, they are 2-dimensional real vectors of norm 1 or 0 such that, for f: A — B:

o Ifvg#uvp, f= ﬁ (i.e. there is only one morphism allowed in the homset).

o Ifvy=vp, f=0if and only if A= B and f =id4. All points of the unit circle

are in Hom(A, B).

Note that, if a morphism starts and ends at the same point on the plane (which, in the
case of the 0 point, may or may not be the same object), it can have any direction, but

0 (to be understood as lack of direction) is reserved for the identity. Composition go f

of f: A— Band g: B — C is defined as follows:
o If vy # ve, there is a unique way to define the composition.
o If vy = ve, define g o f as follows:

— If A=C and g = idy, then go f = f.

— Otherwise, g o f has the same value as g.

It is easy to see that this is indeed a category, as identity and associativity are satisfied.

We now equip it with a monoidal structure that amounts to taking an average; where
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this average is 0, we pick the direction in a manner that consistently prefers the direction
closest to (0,1), so that functoriality and associativity are satisfied. Explicitly, the

monoidal structure is defined as follows:

® Vymp = %, whence A H B is fully defined for vq +vg # 0. If vg +vg =0
but v4 and vg are nonzero, for asmp we pick whichever of a, and ap lies in the
upper half of the plane, including (1,0) and excluding (-1,0). If v4 = vg =0
and only one of ay and ag lies in the upper half of the plane, pick that value for
aamp, otherwise pick whichever is closest to (0,1), preferring the first and fourth

quadrants in case the distances are equal.

e From the definition of the monoidal product on objects it follows that, when

f+g9g#0, fHg = ﬁ' When f and g are both identities, let f H g be an
identity. Otherwise, let f H g take the value of whichever of f and ¢ lies in the

upper half of the plane, including (1,0) and excluding (-1,0).

It is easy to check that this is indeed a monoidal structure, and furthermore that it is
strict with strict symmetry. The monoidal unit is (0,(0,-1)).

Now let the real numbers act on an object C' as scalar multiplication on v¢; it is
immediate then that then that a number z acts on a¢ as multiplication by ﬁ, and acts

similarly on a morphism f. Then 0 is a nearly faithful functor.
The following lemma then holds.
Lemma 244. An adiabatic category is sensible if one of the following holds true.
1. 0 is nearly faithful.
2. any morphism g between objects in the image of 0 is of the form g = 0f for some

morphism f (“0 is nearly full”).
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Proof. Assume that either of the enumerated properties holds. For object sequences
x and y of the same length, let f; be a list of morphisms z; — y;; we show that
conv({M(f,1,X;)};) = M(f,I,0) for any sequence \; — 0.

In view of stability properties [Il and it suffices to show that conv({\;f};) = 0f.
Since (by properties [ and Oconv({A;f}i) = conv({0f}) = 0f, the result follows if
0 is nearly faithful; otherwise, note that it suffices that conv({A;f};) be in the image of

0, which is true if 0 is nearly full. O

As we have mentioned, the third axiom of trace does not hold for adiabatic cat-
egories unless they are strict-symmetric. We shall show that for a certain class of
adiabatic categories the cancellation law satisfies the three naturality conditions, the
second axiom of trace and the first part of the first axiom of trace. Whether it satisfies
the second part of the first axiom remains an open problem for the time being, so for

the purposes of this treatment we shall add it as an “extra” requirement.

Definition 245. We shall say that a rational-like adiabatic category satisfies the extra
property if the following holds: Given a morphism ¢ : (XBU)BW — (YBU)BW,

the cancellation law satisfies CLU®W(a;’1U?W ogoaxuyw) = CLy(CLw(g)).
Definition 246. A sensible cancellative T-rational-like adiabatic category that satisfies
the extra property will be called a nearly-traceable category.

We now give our main theorem for this section.

Theorem 247. In a nearly-traceable category D (with monoidal unit 0A), the cancel-

lation law is a near-trace; furthermore, if the symmetry is strict, D s traced monoidal

with trace operation Tr% y(f) = CLz(f) for f: XBZ - Y B Z.

Proof. Check the three axioms of trace:
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1. (a) Recall [58, Proposition 4.1.1] that in any monoidal category with unit ©
for every morphism f : X O — Y HO we have f = f'Hide for some
morphism f': X — Y as the endofunctor _H1idg is full and faithful. So we

have CLoa(f) = CLoa(f'Bidga) hence its cancellation law is defined by the

commutative diagram

conv({f/EﬂéidoA})

X H Y H0A
8 -
X CLoa(f) v
which simplifies to
X @04 WED) v g
5 -
X CLoa(f) %
which by stability property [l becomes
XBoA—L29 | ymoa
| |~
X CLoa(/f) %
which by definition is
X B0A ! Y B0A
| |~
X CLoa(/f) %

In the end we have Trgéy(f) = CLoa(f) =7y o fory.

(b) This is true because of the extra property.

2. Let f: XHW — YHW, let F denote the right-cancellation sequence of f and

186



let S denote the right-cancellation sequence of azyw o (idz 8 f) o a%,lx,w- Then

CLw(azyw o (idz B f) o aZX,W) is defined by the commutative diagram

zEx)Bow — _(z@y)mow
lTOW,ZEHX lTOW,ZEEY
CLW(az,y,wo(idzaﬂf)oag,lx,w)

ZHBHX ZHBY

The first term of the right-cancellation sequence equals the chain

. -1
. CZEEX,%,%EEM%W . L la%(ZEEX),%(ZEEX),%‘l/V . .
(zBXx)Biw Gezex)yBlzeXx)BIW —— S lzBx)Bl@zex)Biw)
id | Bs!
. 3(z8x) "1 z@xw
id%(zEEX)BHJ%zEEYYW idl(ZEHX)EE%(aZYYYWo(idZEEf)an’Xvw)

$ZBX)B(3ZBY)BIW)=——  lzBX)BL(ZBY)BW) =~ L(ZzBX)BLi(ZzBX)BW)

”;(zﬁx),é(zmy),éwl
. —1
S%(ZEEX),%(ZEEY)EE‘dlw a%(ZEEY),%(ZEEX),%W
Gezax)sizsy))Biw —— > ?%(ZEEY)EE Tzex)Biw — ST lzay)B@ax)Biw)

id Bs7t
L . l‘ L (z8Y) 1.z8x.w
idl(ZEEY)EEJ%,ZEEY,W idl(ZEﬂy)Eﬂi(azy}/’Wo(idZEEf)anYX’W)

%(ZEEIY)EH(%(ZEHY)EH%W)2<— %(ZEEIY)EH%((ZEEI)Z/)EHW)<— fzBy)Bi(zBX)BW)

a] 1 1
E(ZEEY),z(ZEEY),zwl .

S%(ZEEY),%(ZEEY)EEMLW CZEEY,%,%EEM%W
(%(zaay)aa%(zaay))aaéw—>%%(Zaay)aaé(zaay))aaéw (zBY)BiW
or
Bid a7t

‘zmx, 3, 15w 3 (28x), 5 (2BX), 5w
(zBX)Biw GzBex)BizBx)Biw —— ST 1zBX)B(3(zB8X)BLw)
. -1

. N l]d%(ZEE‘X)EEJé,ZEEX,W
id%(zEEX)EEE(idZEEf) id%(zEEx)Eﬂiazx,W

tlzex)yBlzaysw) =—— lzax)Blizeaxew) =~ lzax)Bl(zex)daw)

: 1
1d%(zEEX)EE2aZ1Y1Wl
id%(zEEx)EEJ%,zEEY,W “L(zix),1(z8y),iw

1zBxX)BLi((zBY)BW) — > l(zEEX)EE(%(ZEEY)EE%Wf—>(%(ZEHX)EE%(ZEHY))EH

3 w

1
2

. 2] —1 1
ld%(ZEEY) J%,ZEEX,W (ZEEY),%(ZEEX),%W
fzey)Bi(zBX)BW)=——— 1lzBy)B(l(zBX)D %W§<— GzeyvyBizex)diw

s1 1 Hid 1
l $(ZBX), 3 (zBy) " iw

41

. —1
41 zmy) P2ozxw
idl(zEey)EE%(idZEEf)
%(ZEEY)EE%(ZEE(XEEW))%%(ZEEY)EE%(ZEE(YEEW)).% lzey)Bi(zay)Bw)
1d%(zEey)EE§azwy7W

]d%(ZEEY)EEJ%,ZEEY,W

S%(ZEEY),%(ZEEY)EEMLW “1(ziEy), 1 (zBy), I w

GFzBY)BLZBY)BiW <—" (J(ZBY)BIZBY)BIiN <—— " L(ZBY)B (G (ZBY)BLIW)

-1 .
c Hid
11 1y
ZEEY,§,§ 3 l

(zBY)Biw

We can convert the above to the language of string diagrams, using our extended
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graphical calculus. In this calculation, the functor % is depicted by green.

Z Y sW Z Y w

(3 symmetric)

zZ X sW zZ X w

which by naturality of J in 4 operations becomes
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Z X W

which in turn becomes
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N[

w Z

Z X

N[

which by naturality of J can be rewritten as

190

N|—=

N[ =




RN E 32 3|V B2 4
\_/ Q )\ [\ )\
1z 17 iy iy 1z 1z ly ly

f f
37 37 3V 3X 32 37 Y 3X
) Q N CNLONL YO
32 32 3X 3 1 37 % X 3]

= symmetric

f (2 Yy ) f

37 3 37 3 37 3 Z 3
N
\_/ \_/ B \_/ \_/
Z X W Z X w

which by the second axiom of T-rational-like adiabatic categories becomes
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Z

which of course equals

Z

A

Y

X

1
2

C

w

1
2

w

(J natural)

(J natural)

which because % is symmetric equals

192

()

)
= =L

N [—=




Z X w

N[ =

So in the end we have that S; = idz H F; hence by construction of the right-
cancellation sequence S; = idz H F;. Then by stability properties and |(i1)| we

get conv(S) = idz B conv(F).

In the end, Tr?/EE!X,ZEHY(aZ,Y,W o(idzH f)o aZX’W) =id, H Tr)V{Y(f).
3. If the symmetry is strict, this condition is immediate from stability property

Naturality in source of trace (Left Tightening):

We need to show that Tr)Z(yy(fo(gHﬂidZ)) = Tr)Z(,yy(f)og, where f: X'HZ — YHBZ
and g : X — X'; equivalently, that CLz(f o (¢Hidz)) = CLz(f)og. Let S denote the
right-cancellation sequence of f o (gHidy) and F' the right-cancellation sequence of f.

The left-hand side of the equation is defined by the commutative diagram

conv(S)

XHZ YHOZ
lroz,x lToz,Y
X CLz(fo(g9®idz)) %
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whereas the right-hand side by the commutative diagram

conv(F)

X' B0Z YHOZ
lroz,xf lToz,Y
X g X/ CLZ(f) Y
/
CLz(f)og

Identifying the bottom edges and simplifying, in the end we want

xm0z%y moz

X' BH0Z

Similarly to the superposing principle, we can rewrite this diagram as

XDy moz

conv({gaaidl,z}nl /
2¢ conv(F)

X'BH0Z
which by stability property |(i)| becomes

XB0z%yv moz

conv({Fio(gBﬂidé 21i)

We need only show that S; = Fj o (g B id%Z) and then by construction of the right-
cancellation sequence the rest of the terms are also equal, making the diagram commute.

In string diagram language,
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"<
o=
N

L<
N[ =
N

(s natural) (c natural)

S1

S
[
N
~
N[
N

= Fio(g@idy )

Naturality in target of trace (Right Tightening):

This proof is completely analogous to the left tightening.

Naturality in traced object (Sliding):

We need to show that Tr% ,((idy Bg)o f) = Tr% . (fo (idx Bg)), where f : XBZ —
YHBZ and g : Z' — Z; equivalently, that CLy((idy B g) o f) = CLz(f o (idx B g));
equivalently, that rozy o conv(S) o rgzlyX = 1oz y o conv(Q) o TO_ZI/J(, where S and () are
the right-cancellation sequences for (idy B g) o f and f o (idx H g) respectively.

We rewrite S; = (idy H %g) o H; and Q; = H; o (idx H %g), where H; is defined to

be the following chain (with fy = f):
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1 CX’%’%EEM;Z 1 1 1 M 3X5i7 1 1 1
XH5Z GXHB;X)B 572 ;X HGXH5Z)
lldlxanllxz
X X X 1d%XﬁﬂJl v, ik 17 . ) 1d%X532f1—1 ) ) 1 -
s XHB(GYB5Z) s XHBS(YB5=72) X B3(XB5=2)
alx 1Y1.Z/l
22791 _
1 2 1 1o “x gy e 1 1 1 a%;’%x’éz 1 1 1
GXB3Y)B 52 ———— Y B3X)B 57 Y H (53X H52)
l1d1YEEJIIX L,
: . 2 5i—1
1 1 1 /ld%YEJ%’Y’%’%lzll 1 11 ld%yE%fFl 1 1 1 ’
“%Y,%Y,#Z/l
S1y.3yBidL 4 el (Hidy
Greivisiz -y Biy)B L7 —=Z Y8 L7

Sequence H is similar to the right-cancellation sequence of f, with the crucial dif-
ference that 2L g acts on the traced object (third row, first morphism). Note that, since
the right-cancellation sequence of f converges by hypothesis, so must H; indeed, we can
check that in this case each of the component morphisms in H; converges (by stability
properties and combined with the sensibility property) and therefore the
composition converges by stability property .

So by stability property [(i)| we have
1
conv(S) = conv({idy H 59}0 oconv(H) = (idy BH0g) o conv(H)

and

conv(Q) = conv(H) o conv({idy H %g}l) = conv(H) o (idx B 0g),

where the last equalities for each sequence arise from stability property and the

sensibility property. In the end we require that the following diagram commute.
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X B 07Dy @z 2By @z

l?“oz,x lroz,y

X Y

1 1
Toz!, x lrozf,y
conv(H)

XB0z' 2 x @0z Yy B0z
Once again using the fact that the functor - Hidg4 is full and faithful, and taking
into account that there exists a unique morphism between the canonical unit 0A and
any other unit such as 07 and 0Z’, we deduce that each of the horizontal compositions

of the diagram can be rewritten as follows, for some m,n : X — Y

conv(H) o (idy BB 0g) = m Bidgy

(idy B 0g) o conv(H) = nHBidyy

and the lateral compositions of the diagram can be rewritten as idxy Buyz 2 (left) and
idy BBug z (right), where u is the unique isomorphism between units.
In the end, nBuz 7 = mBuy z, so we arrive at m = n, which makes the diagram

commute. O

Corollary 248. In a strict nearly-traceable category D, the cancellation law is a near-

trace; furthermore, if the symmetry is strict, D s strict traced monoidal with trace

operation Tr% y(f) = CLz(f) for f: XBZ - Y B Z.

Remark 249. For a nearly-traceable category D, if the underlying semiring is a stable
semifield, the properties of Theorem 247 and Corollary 248 hold for any topological T-
weak semivector space C in Seq_l(D) by replacing the conv function in the cancellation
law with the function mapping sequences to their limit in Mor(C). This is immediate
from the fact that conv is a restriction of the function mapping sequences to their limit

in Mor(C), namely restricted to the homsets on which trace is defined, which makes
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the theorem stated in the adiabatic category context equivalent to its statement in the

topological weak semimodule context.

Remark 250. In this section we have discussed trace as an operation that “erases” an
object on the right-hand side, and for this we have used right-cancellation. Obviously,
we can similarly define an alternative “trace” that “erases” something on the left-hand
side using left-cancellation, or even a “trace” that “erases” something in the middle

using middle-cancellation. We effectively have three different “trace-like” operations.

3.4 Use of adiabatic categories in Physics

We now apply LY-adiabatic categories in the way Lieb and Yngvason intended, and
then do the same with more general rational-like adiabatic categories. The aim of this
section is to showcase how both these models are used to describe physical processes. In
each application, we first describe a physical setup, then define a category that describes
it, and finally show how it fits the framework.

Of course, this framework is contingent on certain assumptions on the system. The
main caveat here is continuous scalability. For a setup of a few molecules, this would not
be a good approximation, and would be beyond the limit of the model’s applicability.
Similarly for the continuous behaviour of processes, in the case of thick models; we
assume that if a system of mass m undergoes a process f, then a system of mass
m — e (where € is arbitrarily small) at the same state can undergo a process f’ such
that the results only differ in mass, and such that f’ continues a cancellation sequence
starting from f. Intuitively, this means that all “similar” processes must be included
in the model: for example, assuming that the state is defined by temperature and
pressure, if we are allowed to, say, compress a system of mass m at temperature T

and pressure P, we must be allowed to compress systems of any mass at temperature

198



T and pressure P. Other assumptions can be safely assumed to hold (at least within
reasonable approximation), such as symmetry or splitting and recombination; it would
indeed be very surprising to discover that something fundamentally changes in a box
filled with gas just by inserting a partition and then removing it, or that the order of
components in a compound thermodynamical system is somehow meaningful.

The reader is cautioned that, in what follows, we take the meaning of “adiabatic”
to be the same as Lieb and Yngvason [5I]. That is, by “adiabatic process” we do
not mean a process done on a system isolated by means of an adiabatic barrier, but
rather we use Definition [I] as discussed in Subsection B.I1.1l The systems in question

are assumed to be finite (i.e. the auxiliary system cannot be a heat bath).

3.4.1 Unlabelled adiabatic processes (LY-adiabatic categories)

This subsection describes thin models. That is to say, we follow precisely the setup
of Lieb and Yngvason, which is only concerned with whether an adiabatic process
with given initial and final state exists. The nuance here is how one should define the
way in which systems are allowed to interact to form a combined system, so that the
following basic axiom (as posited by Lieb and Yngvason) holds: If there is an adiabatic
process X — Y and an adiabatic process X' — Y', then there is an adiabatic process
XHBHX — YHY’' This is the key consideration so that this operation is indeed a
monoidal product as required.

In Lieb and Yngvason’s setup, the interacting systems remained physically indepen-
dent. This is conceptually simpler than our examples, but would make for a category
whose objects are complicated. This is because each object would have to keep track
of its component systems, and thus contain a lot of data. For this reason, in the ap-

plications below, we have opted for appropriate mixing regimes such that adiabaticity
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shoul be preserved if it is also preserved in Lieb and Yngvason’s setup. One may of
course define the combining operation in such a category as they see fit, as long as they
ensure that adiabaticity is preserved in this way.

A thermodynamical system with only one degree of freedom (mass) would yield a
discrete category and would be of no interest. In order to provide examples of simple

but nontrivial LY-adiabatic categories, we examine two and three degrees of freedom.

A system with two degrees of freedom

We shall first describe a simple physical setup and then define an associated category
that, as we shall show, is an LY-adiabatic category.

We deal with a homogeneous thermal system of mass M at temperature 7" and en-
ergy F, composed of distinguishable particles of the pure substance Hypotheticum that
obey statistics specified by a function €(T") (for example, Maxwell-Boltzmann statistics).
The system can be thought of as, for example, a gas in an incompressible insulated vial
with a stirrer attached; the role of the stirrer is to do dissipative work on the system.
We consider triplets (M, T, E') of positive real numbers, varying two of these variables
(the third one being dependent); we also consider empty systems (0,7, 0), where T can
be assigned an arbitrary positive real Value Two states are the same either if all three
of their properties are equal or if both states refer to an empty system.

We consider adiabatic processes (M, T, E) — (M,T’, E') where the equalities F =
Me(T) and E' = Me(T') are satisfied. By definition of internal energy and the adi-
abaticity condition we have that £/ — F = W, where W denotes work done on the

system. In this system there are no work variables, so the total work equals the dis-

21The choice of words here is not accidental: this is not something that we have rigorously proven,
and we do not assume it. As we shall see below, we have only been able to prove monoidality for a
system with two degrees of freedom.

22Note that mass, energy and temperature are all finite. As we shall see at the end of this subsection,
the fact that we do not allow infinite energy is crucial to H being an LY-adiabatic category.
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sipative work W;. Note that, since W; > 0, we require that £’ > FE or equivalently
that €(T") > ¢(T'). We shall require € to be a strictly monotone function, so that T
is defined by M and E; in other words, M and E give a complete description of the
system. Then the adiabaticity condition is equivalent to the condition 77 > T.

We now define the category.
Definition 251. The category H, is defined as follows:

e Objects are triplets (M,T, E), with M > 0, T > 0 and E > 0, obeying the
statistics rule for this category: E = Me(T), where € is a strictly monotone
function. These objects represent physical systems of mass M, temperature T

and energy E.

e [t is thin; morphisms f : (M, T, E) — (M',T’, E’) exist if and only if M = M’ and
E < E’ (which for nonempty systems is equivalent to M = M’ and, depending
on whether € increases or decreases, either 7' < T" or T" > T"). Call this condition
the adiabaticity rule for this category. Morphisms physically correspond to the

existence of adiabatic processes.
e [t is equipped with a strict monoidal product H, defined thus:

— For nonempty objects A = (My,Ta,Es) and B = (Mp,Tg, Ep), define
ABB = (Ms+Mp, Tamp, Ea+ Ep), where Tagp is defined to be the solution
to the equation Mae(Ty) + Mpe(Tg) = (M4 + Mp)e(Tamp); it follows that
H is equipped with a strict symmetry. This monoidal product physically

corresponds to a merge of systems A and B.

— As for morphisms, since the category is thin, for f : A -+ A’and g : B — B/,

f B g can only be the unique morphism AHB B — A’ # B’ 3

23The existence of this morphism is immediate from the definition of the monoidal product on objects
and from the adiabaticity rule.
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— Empty systems (0,7, 0) with arbitrary 7" are all units; furthermore, we iden-

tify them all to be the same object O.

e It is equipped with a family of strict monoidal covariant endofunctors Fy, A € R=°,
which take (M, T, E) to (AM,T, )\E) It is evident that F), F), = F),,, that
Fy,10,X = F\,X B F\,,X and that FpX = O for any X. We also write X\ for F)
as there is no ambiguity in the notation. Physically, these functors correspond to

scaling a system by some factor.
Now we show that H, is an LY-adiabatic category.
Theorem 252. The category H, is an LY-adiabatic category.

Proof. It is immediate that H, is thin and weakly linear over R=. We need only
establish the basic stability condition; the extended stability conditions then follow
from thinness.

Concretely, what we need to show is that, given a sequence of morphisms XH\; X' —
Y B \Y’ with \; — 0, there exists a morphism X — Y. Equivalently, setting X =
(Mx,Tx,Ex), X' = (Mx/,Tx:, Ex/), Y = (My,Ty, Ey) and Y' = (My+, Ty:, Ey), we
must show that if Mx + \Mx = My + \;My and Ex + i Ex < Ey + \;Eyr for a
sequence \; — 0 then My = My and Ex < FEy.

If the sequence is eventually 0, the result is immediate. Suppose that the sequence
is not eventually 0.

The first part of the adiabaticity rule is straightforward. Pick A\; > A3 > 0 in the

sequence:

MX—f-)\lMX/:My+/\1My/ MX:MY
=

My + XMy = My + Ao My My = My~

241t is immediately apparent that existence of f : (M,Tx,Ex) — (M,Ty,Ey) implies existence
of )\f : ()\]\47 Tx, )\Ex) — ()\M, Ty, )\Ey) and that ()\Mx,Tx,)\Ex) H ()\My,Ty, )\Ey) = ()\(MX +
My), Txmy, N(Ex + Ey)). Therefore, the F are well-defined strict monoidal functors.
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For the second part, suppose that Ex > Ey. Then Ex = Ey + E with £ > 0.
Ex+MNEx <Ey+MNEy  E+MNEx < \NEy & FE< )\i(Ey/ — EX/) for every A
But this is impossible because Fy: — Ex is finite and \; — 0. So Ex < FEy.

This completes the proof. O

Example 253. For a concrete example, let us consider the category Hy that corre-
sponds to Maxwell-Boltzmann statistics. Let us assume infinite energy levels ¢;, which

we fix at ¢; = ¢ (as we have not allowed any degrees of freedom that can affect them).

As per Maxwell-Boltzmann statistics, b(T) = >, ei%, where m is the atomic
j gjei kT

mass, k is Boltzmann’s constant and the degeneracies g; are known constants; for the
LY-adiabatic category approximation, we must assume that m is an infinitely small
quantity and treat the total mass as a continuous variable.

= W, where T, is

Furthermore, we shall define the degeneracies as g; = T;41
the nth triangular number. This stems from the physical assumption that the energy
levels are due to momentum, hence depend on movement in three spatial dimensions,

so the states of a given energy level i correspond to the distinct ways to express ¢

as the sum of three nonnegative integers. Using these degeneracies we get b(T) =

3
3ekT

m(eFT —1)(1—3¢ T +3¢ET)
3
Ignoring k and m, set b(T) = — 3eX . The resulting expressions for
(eT —1)(1—3eT +3eT)

T(M, E) and for Tygmp are very complicated, and are only included here for the sake of
completeness. What follows was calculated by Mathematica; the reader is not expected
to go through these formulas in detail.

1

M, E) = ——
( ) log(a + b+ c)

4Y2EM

a =

(E - M) %/27153 + 162E2M + \/(2733 + 162E2M + 243EM?2)? — 186624E3 M3 + 243E M2

'“\)'/27E3 + 162E2M + \/(27E3 + 162E2M + 243EM2)2 — 186624 E3 M3 4 243EM?2
b=

9Y2(E — M)
2F
3(E — M)
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1
log (1 + % + %)

Tamp =

dy1di 2
oy T
3eTaA M 3¢ TB M
ny =4Y2(M4 + Mp) . A — + . B .
(—1+eTA)<1—SeTA +36TA) (—1+eTB)(1—SeTB +36TB)
3 3
3eTA My 3¢ TB Mp
di1 = 1 1 = ~Madt 1 1 =~ Mz
<71+8TA><1736TA +38TA> <71+6TB><1738TB +35TB>
di2= Vki +ka + k3 + ka
3
3 3
3eTA My 3eTB Mp
ki =27 1 1 =~ ' 1 1 2
<71+5TA><1735TA +3eTA> <71+6TB><1738TB +35TB>
2
3 3
3eTA My 3¢TB Mg
ky = 162(M4 + Mp) - 1 2" . a2
(—1+eTA)<1—SeTA +36TA) (—1+eTB)(1—SeTB +36TB)
3 3
5 3e TA My 3¢ TB Mp
ks = 243(Ma + Mp) 1 1 3N T 1 1 2
<71+6TA><1738TA +3eTA> <71+6TB><1738TB +35TB>
3
3 3
R 3e TA My 3¢ TB Mp
kg = | (k1 + ko + k3)2 — 186624(M 4 + Mpg)3 T T T~ + T T 5
<—1+eTA><1—SeTA +3€TA> <—1+6T5><1—36TB +3eTB>
3 3
3eTA My 3¢ TB Mp
n2 =2 T T =N T T T =
(71+6TA)<1738TA +35TA) <71+6TB)<1736TB +35TB)
3 3
3eTA My 3eTB Mp
dy =3 — Ma + — Mp

1 1 2
(—1+eTA) (1—36TA +36TA)

ng = Vk1 + k2 + k3 + ka4

1 1 2
(—1+eTB) (I—SeTB +3€TB)

3 3
3eTA My 3¢TB Mp

a3
g =9V2 T T Z N Ma+t T e =
(—1+eTA)(1—SeTA +3€TA) (—1+eTB)<1—SeTB +36TB)

— Mg

A note on systems with three or more degrees of freedom

For our framework to make sense as a physical model, we would naturally like to
show that it applies to arbitrarily complicated adiabatic processes. Unfortunately, the
calculations quickly become extremely complicated, even for the case of three degrees
of freedom. This section presents the settings for which we would like to prove relevant

conjectures; it has been included for context and as an indication of intended future
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work.

Here we present the case of three degrees of freedom. We begin by describing the
physical setup, continue to define an associated category, then conjecture that it is an
LY-adiabatic category.

We deal with a homogeneous thermal system of mass M at temperature T, volume
V', pressure P and energy E, composed of distinguishable particles of the substance
Fantasticum (which is characterised by its specific heat ¢, (7, P) at constant volume v
as a function of temperature 7" and pressure P or equivalentl its specific heat ¢, (T, V)
at constant pressure 7 as a function of temperature 7" and volume V') that obey statistics
specified by a function €(V,T') (for example, Maxwell-Boltzmann statistics). Pressure
in nonempty systems is defined by mass, volume and temperature by some equation of
state P = Mp(V,T); we require p to be strictly monotone in V' and 7. We consider
quintuples (M, T, V, P, E') of positive real numbers, varying three of these variables (the
other two being dependent); we also consider empty systems (0,7, 0, P, 0), where 7" and
P can be assigned an arbitrary positive real value. Two states are the same either if
all three of their properties are equal or if they both refer to an empty system.

Since p is monotone in V and 7', we may express V (or T') as a function of £ and
T (or V). We write V = v(£,T) and T = 7(V,£). In the end, given p, all partial
derivatives of the form <g—§;> (where z; is P, V or T') are known.

x3

We consider adiabatic (in the same sense as above) processes (M,T,V, P E) —
(M, T, V', P'| '), where the equalities ¥ = Me(V,T) and E' = Me(V',T") are satis-
fied. We require € to be strictly monotone in V' and T'. Since €(V,T') is monotone in T,

E

we can express 7' = 6(L, V) and volume V = a(£,T).

25These two functions contain the same information in view of the fact that we are also given the

equation of state (see below), using which we can connect these two quantities [70, Equation (4-6)];
note that the partial derivative (%) o appearing in the referenced equation can also be expressed in

terms of the equation of state [18, Table II].
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Example 254. For a concrete example, let us consider an ideal gas obeying Maxwell-

Boltzmann statistics. We set p(V,T) = Z£L

—57> where R is the universal gas constant

and m is the atomic mass. There are infinite energy levels ¢;(V); for a fairly typical

system, let us assume the relation ¢;(V) = (Z:’Lié)f, where h is Planck’s constant. As per
mV 3

_ &)

Maxwell-Boltzmann statistics, e(V,T) = 3", (V) —%——+~, where k is Boltzmann’s
MY, gje” KT
constant and the degeneracies g; are known constanté; for this system to yield an LY-

adiabatic category, we must assume that m is an infinitely small quantity and treat the
total mass as a continuous variable. Similarly to the previous case, we shall define the

)(i+2)

degeneracies as g; = T;11 = (iHQ , where T}, is the nth triangular number.

By definition of internal energy and the adiabaticity condition we have that ' —F =
W, where W denotes work done on the system. We further distinguish dissipative work

W4 and configurative work W,, so that £/ — E = W, + W,.. Since Wy > 0 we have
W,<FE —E. (3.8)

For the purpose of determining if a process f : (M,T,V,P,E) — (M, T, V', P'| E’) is
adiabatic, the path makes no difference; only the initial and final state matter. We
may therefore replace f with a sequence of two processes, a reversible adiabatic process
faa: (M, T,V,P,E) = (M, T", V", P" E") (i.e. with dissipation W, ,q = 0) followed by
an irreversible isothermal process fy, : (M, T, V" P" E") — (M,T",V', P', E') with
dissipation Wy, = W, We can then compute the middle state and reformulate the
adiabaticity condition in terms of state variables and the specific heat function c,.
More specifically (momentarily switching to v for volume and ¢ for temperature so as
not to confuse the variable with its value in the first state), using W, = M f‘zl p(v,t)dv
we can in principle compute W, aa, Wen and Wy, [18, Table II]. This can be compli-

cated in the general case, but is straightforward for an ideal gas.
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Example 255. For a concrete example, consider an ideal gas, where ¢, is just a con-

stant:
E"=FE+ Mc,(T'—T)
T\ 7
V” - (F) V
T\ F
P” == (F) P
The configurative work of the isothermal process is W, = %RT’ In (“//—/,/) So by

We = Weaa + Wen Equation (B.8) becomes

which is the explicit form of the adiabaticity condition.
In line with the previous example, we have to assume that m << M in the sense

that we treat M as a continuous variable.

Remark 256. We can reformulate the adiabaticity condition in terms of the initial

entropy S and final entropy S’. Specifically, we want S < S’. The reversible adiabatic

process does not change the entropy, and the isothermal process satisfies AS = W;ﬂ’,th =
E/_E;TWC’“‘ _ E-E _W;i;ad_w““‘. This yields the same inequality.

Before defining the category, we need to make the following conjecture, which cor-

responds to the axiom discussed in the introduction of this subsection.

Conjecture 257. Suppose that we have two systems of Fantasticum, sitting side by
side in a box, separated by a rigid partition such that the two systems do not ex-

change energy in any form, at respective states A = (Ma,Ta,Va, Pa,E4) and B =

207



(Mp,Tp, Vg, P, Eg). Further suppose that each of these systems can undergo re-
spectively adiabatic process fn : A — A’ and adiabatic process fg : B — B’, where
A" = (Mu, Ty, V), Py, E"Y) and B = (Mg, T, Vi, Py, E). Let AB B denote the sys-
tem resulting from removing the partition from the box (i.e. mizing A and B at constant
total volume) and similarly define the system A'H B’. Then there exists an adiabatic

process AHB — ABB'.

This is where the calculations become extremely complicated, even for an ideal gas.
We intend to return to this calculation in a future project.
We now define the category. Parts of the following definition are contingent on

Conjecture 2571
Definition 258. The category F., where v > 1, is defined as follows:

e Objects are quintuples (M,T,V, P, E), with M > 0,7 >0,V >0, P > 0

and E > 0, obeying the state rule for this category P = Mp(V,T) = g and

the Mazwell-Boltzmann rule for this category E = Me(V,T), where ¢(V,T) =

(V)

> ei(V)%, where ¢; = W and ¢;(V) is a function that grows
ngjei T

with i and is proportional to V=3 (for example, ¢;(V) = 182‘/—22) These objects
3

represent physical systems of mass M, temperature T', volume V', pressure P and

energy E.

e It is thin; morphisms f: (M,T,V, P, E) — (M',T', V', P', E') exist if and only if
M = M’ and

M )Ty
M T -T)+ MT'In %

<E —E.
v—1 -

26We ignore R, k and m for this treatment.
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Call this condition the adiabaticity rule for this category. Morphisms physically

correspond to the existence of adiabatic processes.
e [t is equipped with a strict monoidal product H, defined thus:

— For objects A = (My,Ta,Va, Pa,Es) and B = (Mp,Tg, Vg, Pg, Ep), where
A, B are nonempty, define ABB = (Ma+Mp, Tawp, Va+Vs, Pagp, Ea+FEp),
where Tymp and Psmp are derived from the state rule and the Maxwell-
Boltzmann rule; it follows that H is equipped with a strict symmetry. This
monoidal product physically corresponds to a merge of systems A and B

with constant total volume.

— As for morphisms, since the category is thin, for f : A -+ A" and g : B — B/,
f B g can only be the unique morphism AH B — A’ B B’, which exist if

Conjecture holds.

— Empty systems (0,70, P,0) with arbitrary 7" and P are all units; further-

more, we identify them all to be the same object O.

e It is equipped with a family of strict monoidal covariant endofunctors Fy, A € R=°,
which take (M,T,V, P, E) to (AM,T,\V, P, )\E) It is evident that we have
F\,Fy\, = Fx,, that F)\, 1), X = F\, X B F\,X and that F{X = O for any X.
We also write A for F) as there is no ambiguity in the notation. Physically, these

functors correspond to scaling a system by some factor.

Contingent on Conjecture 257] this is an LY-adiabatic category.

2Tt is immediately apparent that existence of f : (M, Tx,Vx,Px,Ex) — (M,Ty,Vy, Py, Ey)
implies existence of \f : (AM,Tx,A\Vx, Px,AEx) — (AM, Ty, A\Vy, Py, AEy) and that

(MM x,Tx, \Vx, Px,\Ex) B (AMy,Ty,\Vy, Py, AEy) =
(AMMx + My ), Txmy, \(Vx + Vy), Px@y ., A(Ex + Ey)).

Therefore, the F) are well-defined strict monoidal functors.
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Theorem 259. If Conjecture [257 holds, the category F is an LY-adiabatic category.

Proof. Provided Conjecture 257, most of the axioms of LY-adiabatic categories are im-
mediate for F, or easy to show. It is immediate that F is thin and weakly linear over
R=Y We need only establish the basic stability condition; the extended stability con-
ditions then follow from thinness.

Concretely, what we need to show is that, given a sequence of morphisms X H
AMX' = YHENY with A; — 0, there exists a morphism X — Y. Equivalently, setting
X = (Mx,Tx,Vx,Px,Ex), X' = (Mx/,Tx/,Vxi, Px/, Ex:), Y = (My, Ty, Vy, Py, Ey)
and Y' = (My+, Ty+, Vy+, Py:, Ey/), we must show that if

Myx + NMx, = My + \; My (3.9)
My + N\ My
u(Tyaﬂiy/ — Txma,x)+
v—1
T o)
<TXEH¢) T (Vx + AVy)
(MX + )\iMX/)TYBHXY/ 11’1 YENY
' Vv + A Vy
< Ey + \jEy, — Ex — \;Ex/ (3.10)
for a sequence \; — 0, then
My = My (3.11)
1
TX v-1
M ()"
X Ty — Tx) + My Ty In | 22 < By — Ex. (3.12)
v—1 Vy

This is true because all the functions involved are continuous and all the quantities

involved are finite.
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3.4.2 Labelled adiabatic processes (rational-like adiabatic cat-
egories)

We now look at a category where the morphisms do not correspond to mere existence
of an adiabatic process, but rather to classes of adiabatic processes labelled by a set
of parameters. As discussed in Subsection B.I1.1] in our choice of classifier we are con-
strained to properties that cannot be used to extract work. We repeat our observation
that possible contradictions between the model and physical reality would hint at an
undiscovered process or hidden variable of the system such that a seemingly unrelated
property is somehow used to extract work.

Here we have chosen time (as in, duration of the process) as a classifier. We only
examine the case of two degrees of freedom. We see that our generalised model can be

used to describe this simple system, and furthermore check that it is a traced category.

A system with two degrees of freedom

We define a category H., fashioned after H,, with the same objects but where each
morphism f; is a class of “strictly nontrivial” processes labelled by their duration t.
This category is no longer thin.

We briefly remind the reader of the setup for two degrees of freedom, as described
in the previous subsection: We deal with a pure substance at state (M, T, E') obeying
statistics as described by the strictly monotone €(7'), undergoing adiabatic processes
wherein we do dissipative work on the system. Again, one may think of a gas in an
incompressible insulated vial with a stirrer attached, where the stirrer serves as a way
to do dissipative work on the system.

Now we embellish the setup with distinct classes of processes. Each morphism f; will

now have the physical interpretation of a set of processes with duration ¢. This gives
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each homset a topology inherited from this time variable, namely that of the positive
real numbers. Physically, the different morphisms in a homset equivalently correspond
to stirrers with different average power, powered by a rising and falling weight subject
to a greater or smaller force.

The new category is defined as follows.
Definition 260. The category H. is defined as follows:

e Objects are triplets (M,T, E), with M > 0, T > 0 and E > 0, obeying the
statistics rule for this category: E = Me(T), where € is strictly monotone. These

objects represent physical systems of mass M, temperature 7" and energy F.

e Hom((M,T,E),(M',T',E")) # 0 if and only if M = M' and E < E’ (which
for nonempty systems is equivalent to M = M’ and either T < 7" or T' > T").
Call this condition the adiabaticity rule for this category. Each morphism f; is
characterised by an index ¢ € R=% (i.e. no two morphisms in a given homset share
this index) and the index 0 is reserved for identities. Each morphism physically
corresponds to a class of processes labelled by their duration ¢; we only consider
strictly nontrivial processes, in the sense that at every stage of the process some
variable of the system changes. Identity morphisms correspond to doing nothing,

which by strict nontriviality forces their duration to 0.

e Composition works as follows. Let Hom(A, B) = {f}+, Hom(B,C) = {g}: and
Hom(A,C) = {h};. Then g, o f;, = hy,41,- Composition physically corresponds

to performing one process after the other.
e [t is equipped with a strict monoidal product H, defined thus:

— For nonempty objects A = (My,Ta,E4) and B = (Mp,Tg, Ep), define
ABB = (Ms+Mpg, Tamp, Ea+ Ep), where Tamp is defined to be the solution
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to the equation Mae(Ty) + Mpe(Tp) = (Ma + Mp)e(Tamp); it follows that
H is equipped with a strict symmetry. This monoidal product physically

corresponds to a merge of systems A and B.

— For objects A = (Ma,Ta,Es), B = (Mp,T5,Ep), A’ = (M}, T}, E')) and
B' = (Mg, Ty, Ey), where A, B, A’ B’ nonempty, and morphisms f;, : A —
A’ and g, : B— B, set fi, Bgi, = hi 41, : AHB — A’H B’. This process

has no special physical meaning

— Empty systems (0,7, 0) with arbitrary 7" are all units; furthermore, we iden-

tify them all to be the same object O.

e It is equipped with a family of strict monoidal covariant endofunctors Fy, \ €
R=0 which take (M,T,E) to (AM,T,\E) and take each morphism f; to the
morphism gy; in the appropriate homset It is immediate that Fy, F)\, = F)\\,,
that F)\,4x, ft = Fy, Jit B F)\, f: for any morphism f;, that identities are preserved
and that [y X = O for any object X. We also write A for F) as there is no
ambiguity in the notation. Physically, these functors correspond to scaling the
systems by some factor without changing the average power of the heating process

between them.

o Let {f, : XBANX' — Y HNY'}; be a sequence of morphisms where \; — 0. If

the corresponding sequence ¢; converges to ¢, then let conv({f;,}) = fi : X — Y
Now we show that H. is a tyrannical rational-like adiabatic category.

Theorem 261. The category H. is a tyrannical rational-like adiabatic category with

monotdal product B, monoidal unit O and convergence function conv.

28The existence of this morphism is immediate.

29These are well-defined strict monoidal functors as in the thin case.

30This must exist by the same rationale that the category H of the previous section is an LY-
adiabatic category and because our stirrer can be as powerful as we want.
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Proof. Tt is immediate that H. is weakly linear over R=?, that the monoidal product is
strict with strict symmetry, that the monoidal functors are strict and that the SR iso-
morphism is strict. The basic stability condition is also satisfied. It remains to show
the extended stability conditions.

Properties [T, 2 and [3 must hold because conv reduces to convergence of t;. Property
holds because addition is a continuous operation in 7g. Property holds because
identities are precisely the processes with zero duration. The first part of property
holds because, like composition, we have defined the monoidal product in terms of added
durations; the second part holds because of strictness. Property holds because
the scaling functors act as multiplication on the time indices, which is a continuous

operation in 7g. Finally, property holds because the symmetry is strict. O

Note that cancellation sequences are convergent in this category: the duration of
each term of the cancellation sequence is equal to the duration ¢ of the whole process,
therefore there is a limit; namely, the morphism with duration ¢ in the appropriate

homset.
Theorem 262. The cancellation operation in H. is a (strict) trace.
Proof. We check the axioms of trace (Definition 231]):

1. (a) The cancellation of f; : ABH O — B H O produces the constant sequence
{fi : ABO — BHO}, which converges to f; itself.

(b) The cancellation of f, : AHX HBY — BH X HBY with respect to Y yields
fi+ ABX — BHX, whose cancellation with respect to X yields f/' : A — B;

as does the cancellation of f; with respect to X HY'.

2. Given f; : AHX — BHX and fy = id¢, the cancellation of foH f; : CHABX —
C'H BH X with respect to X yields f' : CHA — C'H B; but f/' = fo B f/ with

fi+ A — B, where the latter is the cancellation of f; with respect to X.
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3. The symmetry axiom holds because the category has strict symmetry.

3.4.3 Discussion on examples given

From these initial applications of our model we have seen that an adiabatic category
corresponds to a physical model of adiabatic processes with two degrees of freedom, and
is furthermore traced. We have also seen the difficulty of extending this correspondence
to larger degrees of freedom. Unsurprisingly, Entropy does appear as a nondecreasing
quantity: in the case of two degrees of freedom, Energy is also nondecreasing, so Entropy
was not explicitly mentioned; in the case of three degrees of freedom, Entropy is clearly
linked to the adiabaticity criterion (Remark 256]).

In the examples we have seen, we are mainly working within Classical Thermo-
dynamics, but we have borrowed notions from Statistical Mechanics to simplify the
picture; namely, we have assumed that there exists a statistical distribution underpin-
ning the system’s behaviour, which gives us a convenient function we can work with in
the abstract.

We would like to have a more complete result on applicability of adiabatic cate-
gories for arbitrary degrees of freedom. Unfortunately, however, as discussed in the
introduction to this section, the choice of an appropriate monoidal product straddles a
precarious line between making the objects too complicated to handle and making the

proofs too difficult.
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Chapter 4

Conclusion

We begin this chapter by making explicit the connection between the two strands of
this work.

On the one hand, Chapter 2lis very general in scope. Matroids are about as abstract
as any mathematical entity, on par with topological spaces in terms of generality, thus
extremely versatile. As we have noted, however, the fact that they capture the essence of
dependence connects them to probabilistic conditional dependence. More specifically,
it has been pointed out [30] that Shannon Entropy induces a “generalised matroid”
structur by virtue of being a nondecreasing submodular function, and that many
results from Matroid Theory transfer to that setting. Hence our work on Matroids
ultimately provides a foundation for the study of Shannon Entropy, and consequently
Entropy in its Statistical Mechanics formulation.

On the other hand, Chapter [3]explores the categorical implications of Entropy being
a nondecreasing submodular continuous function, and provides a basis for recovering
the Statistical Mechanics formulation of Entropy as a limiting case.

In the end, these two projects are set to converge on uniting the various facets

IThese generalisations are called polymatroids.
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of Entropy under their shared abstract properties (monotonicity, submodularity and
continuity). This could not have happened in the context of this thesis, but rather is

reserved for future work.

4.1 Matroids

4.1.1 Our contribution

We have worked out many interesting properties of a useful category of matroids; in
the process, we have also corrected some mistakes in the literature (see Propositions
and [42] as well as the first footnote of Section 2.5]).

Most of our results on matroids are negative; that is, neither the category of all
matroids nor any notable subcategories is very well behaved, as it does not have many
limits and colimits (Section [23]), and moreover most of the commonly used matroid
constructions are not functorial. This is of course helpful information, but also a rather
unfortunate fact, since it constrains the properties of functors one might exploit. On a
more positive note, taking minors did turn out to be functorial (Section 2.8]). We have
also found many adjunctions between matroids and notable subcategories (Section [2.4)),
and simplification turned out to be monadic (Section 2.7]).

We have also examined properties of functors between matroids and other categories,
most notably vector spaces and geometric lattices, and discovered that the associated
functors L o M and L, exhibit properties “close” to fullness and faithfulness; these
properties may perhaps be of use. Shifting momentarily our focus from Physics, we
note that these functors also carry implications for matroid representability; a major
topic in matroid theory, with longstanding open problems. It would be interesting if
Category Theory turned out to be the key to progress towards their solutions.

We have shown that this category features two orthogonal factorisation systems and
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Construction functorial
Duality X
(Co)limit present Free addition v
Products X Deletion v
Equalisers v Contraction v
Pullbacks X Minor v
Coproducts v (Free) Extension X
Coequalisers X (Free) Coextension X
Pushouts X (Higgs) Lift X
Exponentials X Truncation X
Quotient X
Erection X
Construction monoidal
Union X
Intersection X
Half-dual union X
Intertwining X
Parallel connection v
Series connection v

Figure 4.1: Overview of the categorical nature of matroids

a double factorisation system (Section [2.0); a further notable result of this project is
that this category inherits orthogonal factorisation systems from a category of geometric
lattices, which is simpler in some sense (Corollary [8a]).

Finally, we have offered a categorical characterisation of the ubiquitous greedy al-
gorithm (Section 2.9).

Our results are summarised in Figures [4.1] and [d.2]

4.1.2 Future work

Duality is a fundamental aspect of matroid theory that we have not covered. We
conjecture that if taking duals can be somehow cast as a functor, it must be in the
context of a category of “strong relations”; that is, a category that arises from the

category of matroids and strong maps as the category of sets and relations arises from
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Matroids L 5 Loopless matroids

Simple matroids L ’ Free matroids

Figure 4.2: Overview of adjunctions involving the category of matroids

the category of sets and functions. This seems a worthwhile pursuit, because duality is
so central to matroid theory that, in any model of a physical system involving matroids,
duality would almost certainly have some physical meaning.

Another direction of future work is closer to our work on Entropy. Our results
on adjunctions, limits and colimits could be extended to subcategories of matroids
representable over some field, aiming to provide some categorical insight into matroid
representability. Representability has been linked [30] to so-called probabilistic repre-
sentability, which connects matroids to probabilistic structures, providing insight into
Statistical Mechanics.

Other possible directions of future research might be determining which of our re-
sults extend to infinite matroids, examining generalisations of matroids, or searching
further for possible functors between graphs and matroids.

As a final point of interest, we note that there exist matroids with additional struc-

ture called bimatroids [47] that form a 2-category (albeit a trivial one).
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4.2 Entropy

4.2.1 Our contribution

Chapter [3 offers a categorical framework to model adiabatic processes between ther-
modynamical states, along with examples of application. We have described a class
of categories that arises from physical modelling, based on work by Lieb and Yng-
vason [51], shown that it is a special case of a more elegant and powerful class of
categories (topological weak semimodules), and shown that under certain physically
plausible constraints it also exhibits the well-studied trace property. More precisely,

our main achievements are the following:

e We have generalised Lieb and Yngvason’s result in two ways to conclude the
existence of an Entropy functor for rational-like semirings and for categories that

are not preorders (Theorems and 230).

e Defining a set of “stable” semifields £, with R,R=° € £, we have proven that
for A € L there exists an adjunction between adiabatic categories over A and
topological weak semimodules over A (Theorem 217]). This ties into the existence

of an Entropy functor (which exists when A = R=%) as it is rational-like).

e We have shown (Remark 238 and Theorem 247]) that two classes of adiabatic cat-
egories are traced monoidal; in view of the adjunction mentioned in the previ-
ous point, this implies that certain topological weak semimodules are also traced
monoidal (Remark 249). Of these two classes of adiabatic categories involved,
we are mainly interested in the ones over rational-like semirings, as these are

equipped with an Entropy functor.

e We have shown that our model applies to some physical systems.
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4.2.2 Future work

As we discuss in Chapter [[l and expand on in Chapter [3] there are strong links between
the properties of our category and Entropy in classical Thermodynamics. A way of
recovering the familiar Entropy formula from Statistical Thermodynamics is discussed
in Section [L.3} since there are complications that require a higher categorical approach,
this is one of our future goals.

The long-term goal of this project is to encompass all notions of Entropy through
different “theory” functors. The precise formulation of the Entropy function we re-
cover depends on the choice of objects of the codomain of the “theory” functor: a
macroscopic description of a thermodynamical system yields the macroscopic defini-
tion; discrete probability measures on finite sets of microstates yields the statistical
formulation; continuous probability measures on infinite sets of microstates yields the
Entropy formula for the continuous case. Another way to phrase this, which offers
some insight in light of the above discussion, is that we seek a functor from the general
category we construct to a category System, such that the functor is a “theory” func-
tor for adiabatic processes (in the sense discussed above); here, System is either the
category of macroscopic states and all processes, or the category of all finite probability
measures and stochastic maps, or the category of all continuous probability measures
and continuous stochastic maps. That is to say, there is a general notion of an “Entropy
functor” from our category to R=° that factorises uniquely through System via the
“theory” functor and the relevant Entropy formula.

The potential usefulness of this approach is that, in this abstract setting, we may
consider “theory” functors from our category with a variety of different codomains (in
other words, “plugging in” different objects into our category) and examine similar
factorisations of the “Entropy functor”. This is an objective for future work, with the

long-term goal of integrating all notions of Entropy (classical and quantum) into this
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categorical approach. The basic insight behind this is that subadditivity is a basic
property of any notion of Entropy [50], and is precisely the property that is captured
by our “Entropy functor”.

The first step is to complete our framework for the macroscopic case by working out
a concrete example involving general adiabatic processes (which at this point has only
been worked out for the simple case of two degrees of freedom). The second step is to
set up a framework for the microscopic case, which is significantly more complicated
and necessitates the use of bicategories as successive approximations; here, recovering
an adiabatic category in the limiting case immediately yields the statistical formulation
of Entropy via Faddeev’s theorem (as discussed in Section [L3]), which would already
be a nice result linking the macroscopic and microscopic notions of Entropy. A further
step would then be to examine the quantum regime, which for the time being is at the
speculative stage.

There is also a possibility of refining our results on the relation between our class
of categories and traced categories. We would like to recover a set of minimal sufficient
and necessary conditions that turn a certain trace-like operation of our categories into
a trace.

Meanwhile, there is another possible direction of future work (mentioned in passing
in the Introduction to Chapter [B)), which is not directly relevant to Physics but is of
mathematical interest. One of the constructions introduced in Chapter Bl called a weak
semimodule, is a categorification of a semimodule. Weak semimodules form a category
that turns out to have free objects over the category of symmetric monoidal categories
and symmetric strict monoidal functors, while at the same time they inherit some useful
properties of semimodules. It would be worth exploring whether these properties can be
taken advantage of to construct transforms in the service of solving problems involving

symmetric monoidal categories.
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