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Abstra&

Shannon’s theory of information laid the groundwork for the rapid developments in information
and communications technologies over the last century. Yet, it assumed that information carriers
were described by the laws of classical physics, whilst at the most fundamental level, nature obeys
the laws of quantum physics. Quantum Shannon theory, which describes information carriers as
quantum states, has led to a new era of possibilities, such as perfectly secure cryptography with-
out pre-established keys. Yet, there is a sense in which this transition from classical to quantum
is incomplete. Traditionally, quantum Shannon theory has focused on scenarios where the inter-
nal states of information carriers are quantum, whilst their trajectories in spacetime have still been
assumed to be classical.

This work presents a second level of quantisation where both the information itself and its prop-
agation in spacetime are treated in a quantum fashion. The second-quantised Shannon theory de-
scribes the possibility of a single particle being simultaneously transmitted through multiple com-
munication channels in a quantum superposition. The framework is developed using the tools of
higher-order transformations and quantum resource theories, formally quantifying the resources re-
quired for communication between a sender and receiver in this setting.

The advantages of the second-quantised theory are illustrated in a series of examples, showcas-
ing various counterintuitive phenomena that occur when information is simultaneously transmit-
ted through multiple communication channels. In particular, when a single particle travels in a
quantum superposition through two alternative transmission lines, the noisy processes in the two
lines can destructively interfere, leading to a cleaner communication channel overall. Various dif-
ferent scenarios are encompassed in the framework, including transmission through a superposi-
tion of both independent and correlated channels, as well as through large-scale communication
networks. This work concludes with a study of the robustness of these protocols to errors and a
discussion of recent experimental demonstrations of their associated communication advantages.
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Preface

This thesis is based on the following works completed during my DPhil in Computer Science at the
University of Oxford, under the supervision of Prof Giulio Chiribella and Prof Jonathan Barrett.

Four theoretical works, together with a smaller number of previously unpublished results, con-
stitute the main part of this thesis:

1. Giulio Chiribella and Hlér Kristjansson, ‘Quantum Shannon theory with superpositions of
trajectories), Proceedings of the Royal Society A, vol. 475, no. 2225, p. 20180903, 2019. (Ref.

[s0])

2. HIér Kristjansson, Giulio Chiribella, Sina Salek, Daniel Ebler and Matthew Wilson, ‘Re-
source theories of communication, New Journal of Physics, vol. 22, p. 073014, 2020. (Ref.

[119])

3. Hlér Kristjansson, Wenxu Mao and Giulio Chiribella, “Witnessing latent time correlations
with a single quantum particle), Physical Review Research, vol. 3, no. 4, p. 043147, 2021. (Ref.

[121])

4. Hlér Kristjansson, Yan Zhong, Anthony Munson and Giulio Chiribella, ‘Quantum networks
with coherent routing of information through multiple nodes), in preparation. (Ref. [118])

Additionally, elements of two experimental collaborations, which also include some new theo-
retical results, are briefly reviewed:

5. Giulia Rubino, Lee Rozema, Daniel Ebler, Hlér Kristjansson, Sina Salek, Philippe Allard
Guérin, Alastair A Abbott, Cyril Branciard, Caslav Brukner, Giulio Chiribella and Philip
Walther, ‘Experimental quantum communication enhancement by superposing trajecto-
ries, Physical Review Research, vol. 3, no. 1, p. 013093, 2021. (Ref. [166])

6. Santiago Sempere Llagostera, Robert Gardner, Kwok Ho Wan, Raj B. Patel, Hlér Kristjans-

son, Giulio Chiribella and Ian A. Walmsley, ‘Experimental perfect correction of noisy chan-
nels via quantum superposition of paths), in preparation. (Ref. [173])
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Specifically, Chapter 3 is based on the framework sections of 1. and 3., Chapter 4 is mostly based
on the main part of 2. with some additional previously unpublished results, Chapter s is based on a
part of the results of 1., Chapter 6 is based on the results section of 3. and the new theoretical results
in 6., Chapter 7 is based on short discussions in 2. and 3., Chapter 8 is based on the main part of
the results in 4., and Chapter g is based on the last part of the results in 3. and 4., some previously
unpublished results, and the conceptual discussions in s. and 6.

The following four works were also completed during my DPhil but are not included as part of
the results of this thesis. However, some parts of Chapter 2 (Background) and Chapter 10 (Dis-
cussions and conclusions) are based on the results of these works:

7. Hlér Kristjansson, Robert Gardner and Giulio Chiribella, ‘Quantum Communications Re-
port for Ofcom, Ofcom, 2021. (Ref. [120])

8. Augustin Vanrietvelde, Hlér Kristjansson and Jonathan Barrett, ‘Routed quantum circuits),
Quantum, vol. 5, p. 503, 2021. (Ref. [191])

9. Augustin Vanrietvelde, Hlér Kristjansson, Nick Ormrod and Jonathan Barrett, ‘Consistent
circuits for indefinite causal order), arXiv preprint arXiv:2206.10042, 2022. (Ref. [192])

10. Richard Howl, Ali Akil, Hlér Kristjansson, Xiaobin Zhao and Giulio Chiribella. ‘Quantum
gravity as a communication resource), arXiv preprint arXiv:2203.05861, 2022. (Ref. [110])

The results in this thesis based on the works 1.-4. were primarily completed by me under the
supervision of Prof Giulio Chiribella, with smaller contributions from the other authors. Major
results in the works 1.—4. that were completed entirely or initially by other authors are generally
omitted from this thesis. The exception is when those results are integral to the flow of the thesis.
Alist of such results is given in the following paragraph:

Proposition 15 and Theorem 18 in Chapter 6 were both proven by my supervisor Prof Giulio
Chiribella in 3. (indeed, the main part of the proof of the latter is through Lemma 24, the proof of
which is omitted from this thesis). In Chapter 8, the derivations of Eq. (8.7) in §8.3 and (8.11) in
§8.5 were initially found by Anthony Munson, and also appear in his Master’s Thesis [ 143 ].

Additionally, credit should go to Wenxu Mao for performing numerical simulations, presented
in his Bachelor’s thesis [ 137], which were a first step towards the results presented in Figure 6.4a.
The same goes for Yan Zhong, who came up with the initial idea of point (3) in Theorem 21.

The works 5.-6. are primarily experimental works, where my contribution lay in formulating the
precise tasks to be experimentally implemented, translating some of the mathematical subtleties
into physical terms, and interpreting the data obtained. In 6., I was moreover responsible for the
new theoretical results.
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Introduction

Since the foundations of information theory were laid by Claude Shannon in the early 20th century
[174], the age of information has revolutionised modern science and technology. The discipline
which studies information transfer over noisy communication channels became known as Shan-
non theory, which underlies all practical communication technologies. Around the same time, the
development of quantum theory has led to the discovery of new forms of counterintuitive phe-
nomena, such as superposition, entanglement [ 109] and single-particle interference [197]. In the
second half of the century, researchers began investigating the potential of quantum systems for
information processing: first for classical information [92, 100, 101, 128] and later for quantum
information [83]. These investigations culminated in the seminal works on perfectly secure cryp-
tography without pre-established keys [28, 81]. In 1994, Shor presented a quantum algorithm to
factorise numbers in polynomial time [ 176], enabling the possibility of breaking RSA encryption.
Shor’s result initiated the field of quantum computation and the quest to build practical quantum
computers.

Despite these promising theoretical works, realising quantum computation or quantum com-
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munication in practice is a highly non-trivial task, which needs to overcome the inherent obsta-
cles of decoherence and noise present in any quantum system [ 124, 189]. This led to Shor’s pro-
posal of error correcting codes [177] and fault-tolerant quantum computation [178], which laid
the groundwork for both theoretical and experimental research in quantum information theory to
the present day. In particular, the idea of a quantum capacity of a noisy quantum channel was pro-
posed [177], defining the problem of achieving optimal communication rates in the new field of
quantum Shannon theory. An important result by Smith and Yard [182], building on the work of
Ref. [ 183], highlighted a striking non-classical effect: when two noisy channels which individually
cannot transmit any information are combined in parallel, it is possible that they can be activated
to transmit information. These works on Shannon theory have applications not only in genuine
communication scenarios, but also in any implementation of quantum computation in the pres-
ence of noise [122], where information needs to be transferred from one part of the computer to
another [38], or between multiple different computers.

At a fundamental level, we can understand this transition from classical to quantum Shannon
theory in terms of a transition in the physical description of information carriers. In Shannon’s
original formulation of information theory, the information carriers were assumed to obey the laws
of classical physics. That is, they were assumed to have perfectly distinguishable internal states,
and, to travel along definite trajectories in spacetime. However, the ultimate description of nature
is given by the laws of quantum physics, where many of the fundamental assumptions in classical
physics no longer hold. Quantum Shannon theory can be viewed as the generalisation of Shannon’s
original theory where the internal states of information carriers can be quantum states. That is, an
information carrier no longer needs to be in a perfectly distinguishable internal state, and can be in
a superposition of different classical states.

Although significant advances in technological capabilities have been made possible by the tran-
sition from classical to quantum Shannon theory, there is still a sense in which the transition to a
fully quantum description of information is incomplete. Despite the possibility of encoding mes-
sages in quantum states, the trajectories of the information carriers in spacetime have, until now,
still been assumed to be classical. Yet, as the double-slit experiment illustrates, quantum particles
can travel simultaneously in a quantum superposition of multiple trajectories.

This ability to simultaneously propagate along multiple trajectories in a superposition allows a
single quantum particle to undergo superpositions of multiple different evolutions [9, 146]. This

leads to an interference between the different evolutions on alternative trajectories. In particular,
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the 2005 work of Gisin et al. [91] showed that when the processes occurring on different trajec-
tories are noisy, they can interfere destructively and lead to a less noisy process overall. This was
demonstrated in experiment in Ref. [ 123 ].

More exotically, research in quantum foundations over the last two decades has shown that a
single particle can experience two alternative processes in a superposition of their two possible
orderings [53, 57]. When the processes correspond to noisy communication channels, the in-
terference between the two orders can lead to an increase in the capacity to communicate both
classical and quantum bits [58, 80, 168]. These effects have also been demonstrated in a series of
experiments [93, 94, 97, 160, 165 ]. Whether these experiments genuinely demonstrated an indefi-
nite causal order of events, as per the original formulations in Refs. [53, 57, 149], or rather, simply
more elaborate versions of a superposition of trajectories, as per Gisin et al., has been a subject of
considerable debate [147, 152]. In any case, they highlight the practical potential of a communi-
cation model which includes the possibility of information carriers experiencing (some form of)
superposition of evolutions.

The above examples of communication advantages arising from superpositions of multiple dif-
ferent evolutions showcase the need for a broader framework of information theory, where both
the messages themselves and their propagation in spacetime are treated as quantum states. Such
an extension can be regarded as a second level of quantisation of Shannon theory. Whilst the first
level of quantisation promoted information carriers’ internal degrees of freedom to quantum states,
the second level of quantisation should additionally allow their external degrees of freedom to be
quantum, thus enabling the possibility of transmitting messages in a coherent superposition of tra-
jectories through alternative communication channels. The formalisation of such a quantisation,
however, poses several challenges.

The first challenge is to formalise a communication paradigm in which a superposition of trans-
mission lines can be built solely from the devices available to the communicating parties. A sender
and receiver with access to two communication channels should be able to build a new device,
corresponding to a superposition of the original channels. Mathematically, a transmission line is
described by a quantum channel, however, the existing constructions of a superposition of two
quantum channels depends not only on the channels themselves, but also on their physical real-
isation through an interaction with the environment [2, 9, 146]. This means that when a sender
and receiver only know the input-output description of their transmission lines, it is not clear how

they should construct a superposition of those devices. In particular, within a Shannon-theoretic
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description, an important task is to specify precisely what the communication resources available
to the communicating parties are, and to develop such a specification in a way that enables com-
munication channels to be naturally combined in a superposition.

The second challenge is to specify a clear-cut separation between the internal degrees of free-
dom (used to encode the message) and external degrees of freedom (along which the message
propagates). Such a separation is not guaranteed by simply specifying which are the external and
internal degrees of freedom: the possibility of phase kickback enables information to flow from an
information-carrying system to an ancillary system if the two systems interact [62]. If the sender
uses phase kickback to encode information in the path of the particle, then the path simply becomes
part of the message, in which case the entire communication scenario can be described by standard
quantum Shannon theory with a larger information-carrying system. In contrast, a bona fide sec-
ond level of quantisation should pertain only to the study of communication scenarios where the
message and path are assigned fundamentally different information-theoretic roles.

In this work, we construct a framework for the development of a second-quantised Shannon
theory, which satisfies the above desiderata. The framework uses the tools of higher-order transfor-
mations (also known as supermaps) [51, 52, 54] to define an operation that combines two com-
munication devices in a superposition. To ensure this is well defined, the framework relies on the
abstract notion of vacuum, which describes the absence of an input to a communication device.
Accordingly, communication devices are modelled as quantum channels that can act on the inter-
nal degree of freedom used as the message, on the vacuum, and on a coherent superposition of the
message and vacuum. A superposition of two communication channels is then described by coher-
ently controlling which communication channel receives the message as input and which receives
the vacuum as input. Such a construction based on the coherent routing of the message and vac-
uum provides a well-defined way to construct a superposition of channels from purely the devices
already available to the sender and receiver.

The corresponding shift in our description from the states of individual particles to the occupa-
tion of a set of modes (that is, whether or not a particle is present or the vacuum), resembles the
shift from quantum mechanics to its second-quantisation [75, 84]. This gives further meaning to
the title of this work.

To formally specify the information-theoretic distinction between the internal and external de-
grees of freedom, we use the tools of resource theories [60, 67]. We construct a general family of

resource theories of communication, specifying a minimal requirement that all meaningful com-
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munication models must satisfy. We cast standard quantum Shannon theory as a resource theory
in this way. We define an extension of quantum Shannon theory that includes superpositions of al-
ternative trajectories by appending the original resource theory with the operation that places two
communication channels in a superposition, as described in the previous paragraph. Our mini-
mum requirement specifies natural constraints on communication models involving (any form of)
superpositions of alternative evolutions. We show that our framework of quantum Shannon theory
with superpositions of trajectories satisfies this requirement, whilst another recently proposed frame-
work [96] does not.

For completeness, we also construct a separate resource theory that describes the potential use
of communication channels in a superposition of causal orders, based on Refs. [58, 80, 168]. We
show that this framework of quantum Shannon theory with superpositions of causal orders also satis-
fies our minimal requirement. Our resource-theoretic description highlights several fundamental
differences between the superposition of trajectories and the superposition of causal orders, which
we discuss, following several recent comments on the similarities and differences between these
two paradigms [2, 58, 133].

With our framework in hand, we proceed to explore its applications to a variety of communica-
tion scenarios, showcasing some of the communication advantages that can be attained by allowing
information carriers to travel in a superposition of trajectories. We begin by considering the trans-
mission of information on a superposition of alternative paths, in the spirit of Refs. [2, 3, 91, 146].
We find that certain channels, which are so noisy that no classical information can be transmit-
ted through them when used on their own, can be activated to transmit classical information at a
non-zero rate when used in a superposition of paths. The same is true for quantum information:
channels which completely decohere the message when used on their own can, in specific cases, be
transformed into a channel that transmits qubits at a non-zero rate. Yet, the superposition of two
independent noisy transmission lines can never lead to a perfectly noiseless channel.

Building on the results for independent channels, we move to examine the, as of yet unexplored,
possibility of placing communication channels with correlated noise between successive uses [ 117,
135] in a superposition. The presence of correlations in the noise experienced by particles sent
through the same transmission line at different times arises naturally in many physical scenar-
ios. For example, an optical fibre induces random changes in the polarisation of photons pass-
ing through it, and since these changes happen on a finite timescale, photons sent at close times

will experience approximately the same noisy processes. In standard quantum Shannon theory,
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the presence of correlations is both a threat and an opportunity for communication. On the one
hand, it can undermine the effectiveness of standard error correcting schemes, which assume in-
dependent errors on the transmitted particles. On the other hand, tailored codes that exploit the
correlations among different particles can enhance the transmission of information [17, 18, 24, 39,
43,45,55,70,89,90,113, 135, 136, 141, 156, 167, 198].

In the context of a second level of quantisation of Shannon theory, just as a single quantum
particle can travel in a superposition of two paths, a single quantum particle can also be transmitted
atasuperposition of alternative moments in time. This leads to a striking foundational result, which
is interesting in its own right independently of information-theoretic considerations. Classically,
if a communication channel exhibits correlations in noise between its use at two consecutive time
steps, then in order to probe these correlations, a particle must be sent through each of these two
time steps. A single classical particle, however, can only travel through the channel at one of these
time steps or the other, and is therefore unable to probe the correlations between successive uses.
In stark contrast, we find that a single quantum particle sent at a superposition of going through
the channel at one time step or another can probe these correlations, even though the particle only
traverses the channel once.

Taking advantage of the time-correlations in the noise, we show that it is possible to enhance
the amount of information that a single particle can carry from a sender to a receiver, beating the
ultimate limit achievable in the lack of correlations. We demonstrate this effect with two extreme
examples. In the former, a single quantum particle can transmit one bit of classical information
through a transmission line that completely erases information at every definite time step, while
in the latter, a single quantum particle can transmit one qubit of quantum information through a
transmission line that completely decoheres any quantum state at every definite time step. These
phenomena witness the presence of correlations between different uses of the transmission line: in
the lack of correlations, we show that the maximum number of bits or qubits that can be transmitted
through the respective channels is bounded by a value strictly less than one.

Having investigated the enhancements in the transmission of both classical and quantum infor-
mation through noisy channels, we move to study the potential of the second-quantised Shannon
theory for long-distance communication networks, where a single particle can travel in a super-
position of multiple different paths through the network. In real-life communication networks,
noise in transmission degrades the information transmitted in the message in a way that scales ex-

ponentially with the length of the communication channels. Similarly, in optical communication
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networks, the probability of particle loss scales exponentially with distance [42 ]. These two sources
of errors limit the distance over which information can be transmitted via quantum particles. An
important step in bringing quantum Shannon theory with superpositions of trajectories to prac-
tical use is to understand how robust its protocols are to communication over a long sequence of
channels, and whether it can, to some extent, suppress the exponential degradation of information.
An additional source of errors arises in the context of the superposition of paths itself: crucially, the
superposition of paths relies on coherence between the two trajectories to be maintained through-
out the protocol, however, this is also expected to degrade over long distances.

We show, using a combination of analytical and numerical methods, that the superposition of
channels is robust against both particle loss and decoherence on the external degree of freedom.
Thatis, in the case of decoherence on the path affecting the communication protocols where the su-
perposition of channels provided a communication advantage, we find that for every finite amount
of decoherence, the superposition of channels still provides a finite communication advantage over
the analogous communication scenario where the channels are combined in a purely classical man-
ner. In the case of particle loss with a fixed probability on each path, we find that the probability of
loss experienced by the superposition of paths is just the same as that for each path individually.

More striking, however, is our finding that the superposition of channels can suppress the expo-
nential degradation of the message itself, when used in combination with repeaters acting locally
on the intermediate nodes of the network. In an extreme example of a sequence of noisy channels,
where every channel returns a fixed state and therefore cannot transmit any information on its own,
we find that for certain parameters of the channel, a superposition of sequences of such channels
can correct the overall error at a finite rate, even in the asymptotic limit of an infinite sequence of
channels. Building upon this result, we provide a general theorem specifying the conditions on any
noisy channel, such that the possibility of information transmission at a non-zero rate is maintained
in the asymptotic limit of an infinite sequence of such channels. Of course, in realistic scenarios,
these conditions are unlikely to be satisfied exactly. Accordingly, numerical studies of the commu-
nication capacity under deviations of these conditions are provided, showing that our scheme can
still provide an enhancement in the communication capacity under small deviations from the ideal
case.

To emphasise the practical applicability of our framework, we discuss two recent experimental
implementations of the superposition of channels, which have demonstrated the communication

advantages in experiment. We focus on the conceptual issues of the implementation and sum-
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marise the experimental setup and results.

Finally, we conclude with a discussion and outlook. We discuss the significance of our results
and its potential in future communication technologies. We discuss a number of other research
directions related to our current framework, including the formal study of quantum circuits, indef-
inite causal order, and information-theoretic perspectives on quantum gravity, highlighting how
our techniques and methods have impacted these areas. We propose that our framework can be
further extended to other areas of quantum information and foundations, such as the study of
quantum algorithms and quantum causality. In preparation for these extensions, we present our
initial theoretical framework on the superposition of channels in full generality, where the quan-
tum channels can in principle represent any type of information-processing device, to be used in
communication, computation or other scenarios.

The rest of this thesis is structured as follows. Chapter 2 presents the standard theory and nota-
tion used in the remainder of the work and summarises the relevant literature. Chapter 3 presents
the framework of superposition of quantum channels. Chapter 4 presents the framework of re-
source theories of communication, casting standard quantum Shannon theory as well as its exten-
sions to superpositions of trajectories and superpositions of causal orders in this form. Chapter §
presents communication advantages of our framework for a superposition of independent chan-
nels, while Chapter 6 presents analogous communication advantages for a superposition of time-
correlated channels. In Chapter 7, observations made in the previous chapters are used to discuss
the distinction between the superposition of trajectories and the superposition of causal orders.
Chapter 8 extends the framework to communication networks, highlighting the new possibilities
arising when a single particle can travel in a superposition of multiple paths through different nodes
in the network. Chapter 9 discusses practical considerations, such as the tolerance of the superpo-
sition of channels to particle loss and dephasing on the path, as well as recent experimental im-
plementations of our protocols. Chapter 10 provides a discussion of related works, as well as a

summary and outlook.
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Background on selected topics in quantum

information and foundations

In this chapter, we review the essential concepts and relevant literature from a variety of fields
within quantum information and foundations, which form the basis on which the work of this
thesis builds. First, the basic features of quantum theory are reviewed, together with the nota-
tion we shall use. Second, we provide an introduction the study of communication capacities in
quantum Shannon theory. Third, the concepts of quantum circuits and their transformations are
discussed, which are essential for understanding the ways in which communication channels can
be composed. Fourth, we discuss the recent literature on an indefinite causal ordering of processes,
which cannot be written in the form of a circuit. Fifth, we consider the superposition, interference,
or coherent control of quantum channels, which forms the basis of the work of this thesis, with
such constructions formally defined in Chapter 3. Sixth, we provide a brief overview of quantum
resource theories, which are used in Chapter 4. Finally, we discuss time-correlated quantum chan-

nels and their applications to communication, which we use in Chapter 6.
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2.1 BASIC CONCEPTS AND NOTATION

This work uses the standard notation and language of quantum information theory, as presented in
e.g. Ref. [196]. Additionally, some notation inspired by the process-theoretical approach to quan-
tum theory, following Ref. [56], is introduced. The formal circuit diagrams used to illustrate the
key ideas are inspired by the diagrammatic-categorical approach to quantum theory [s, 65] and
closely follow the constructions in Refs. [ 54, 69].

QUANTUM SYSTEMS In quantum Shannon theory, the degrees of freedom used to carry infor-
mation are represented by quantum systems. A quantum system A is associated to a Hilbert space

‘H 4. For simplicity, this work only considers finite-dimensional systems.

QUANTUM STATES ~ Aninformation carrier is represented by a quantum state p, i.e. a positive semi-
definite linear operator with unit trace on the Hilbert space H 4 (also called a density matrix). The
set of all quantum states on a physical system A is denoted St(A) C L(H,), where L(H,) is the
space of all linear operators on H,4.

Pure states are quantum states that can be written in the form

p =1y {yl €Sta), (2.1)

for some |y) € H (where (/| is the Hermitian conjugate of |{)). The qubit computational basis

states are denoted |o) , |1), and the Fourier basis states are denoted

o £)
)= P

Quantum states which cannot be written in the form (2.1) are known as mixed states, which can

(2.2)

always be written in the form
p= ZPlW’)(‘/’l‘ ) (2.3)
where {|y,) }/=, is a set of pure states and {p; }/=} are (non-negative) probabilities.

QUANTUM CHANNELS A (single use of a) quantum device, e.g. a computational gate or a trans-

mission line, is described by a quantum channel C, i.e.a completely positive trace-preserving (CPTP)
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map, from L(H,4) to L(Hp), where A and B are the input and output quantum systems, respec-
tively. Quantum channels transform quantum states into quantum states. The set of all linear maps
from L(H,4) to L(H3) is denoted Map(A — B). The set of all quantum channels is denoted
Chan (A — B) C Map(A — B), and when A = B, the shorthand Chan(A) := Chan(A — A)
is used. When the input and output states are arbitrary, we simply write Chan.

The action of a quantum channel on a quantum state can be written in the Kraus representation

as

Clp) = Z CipCl (2.4)

where {C;} is a (non-unique) set of Kraus operators, satisfying the normalisation condition
Y cla=r1, (2:3)

where I is the identity linear map.

Quantum channels are written in calligraphic fonts (e.g. C) and the corresponding Kraus op-
erators are written in standard italics (such as C;). In particular, a unitary channel formed from a
unitary gate U (i.e. a linear map satisfying U'U = UU' = I) is denoted U (-) = U(-)U", and the
identity channel is written as Z(-) = I(-)I'.

The composite system consisting of subsystems A and B is denoted by A ® B. The use of two
separate devices C, D in parallel is described by their tensor product C ® D. Multiple (indepen-
dent) uses of the same physical device C is also described by a tensor product of multiple copies of
the channel C. For example, if a transmission line C is used k times between a sender and receiver,
then the overall process is described by the quantum channel C®*.

A single quantum device can have multiple subsystems as inputs and outputs, which are known
as ports of the device. A quantum device with k input/output ports is described by a k-partite quan-
tum channel C € Chan (A(‘) R QAW AV ...® A’(k)) where (A?, A’0)) denotes the
j-th input-output pair. It can be shown that every map M € Map(A, ® A, — B, ® B,) can be

decomposed into a sum of product maps, that is,

L
M - Z Mw‘ ® M,ﬂj 3 (2'6)

j=t

with M, ; € Map(A, — B,) and M, ; € Map(A, — B,) forallj € {1,...,L}.
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Any quantum channel C can be recovered from a unitary channel on a larger Hilbert space via
the Stinespring dilation. That, is for any channel C € Chan(A — B), there exists a (not generally
unique) unitary channel/ € Chan(A ® E — B ® F) and a pure state |) € Hg, where E, F are

‘environment’ quantum systems, such that

VpEStA): Teld(p® ninl) = Clp). (27)

Here, the partial trace over system F corresponds to discarding the system F. Each Stinespring

dilation gives rise to a choice of Kraus operators {K; = (i|, U|n)}, for some basis {|i).}.

QUANTUM SUPERMAPS  An operation that transformations a set of quantum devices into another
set of quantum devices is described by a quantum supermap [ 52]. A quantum supermap is a linear
transformation from Map(A — B) to Map(A” — B’),where A, A’, B, B’ are generic systems, such
that it always maps quantum channels into quantum channels, i.e. it is required to be (i) linear, to
preserve probabilities, and (ii) completely positive, to ensure that it is well-defined when acting
locally on a bipartite quantum channel [52] *.

The tensor product of two quantum supermaps S : Map(4, — B,) — Map(A! — B/) and
T : Map(A, — B,) — Map(A., — B.) is the supermap S ® 7 : Map(4, ® A, — B, ® B,) —
Map(A! ® AL — B/ ® B’) defined by the condition

(SOT) M, @M,) :=8SM,) T (M,), (2.8)

forall M, € Map(A, — B,)and M, € Map(A, — B,). Since all of the mapsin Map (A, ®A, —
B, ® B,) are linear combinations of product maps, this condition uniquely defines the supermap

S®T.

GRAPHICAL REPRESENTATION  The graphical representations of a quantum state and a quantum
channel are shown in Figure 2.1. The action of a channel C € Chan(A — B) onastate p € St(A)
is represented by connecting the two lines labelled by A.

"Note, that here we use the term quantum supermap to refer to what in Ref. [52] is called a deterministic supermap,
as we do not consider non-deterministic supermaps in this work.
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Figure 2.1: Left: A quantum state p € St(A). Right: A quantum channel C € Chan(A — B).
In this thesis (with the exception of Chapters 4 and 7, where a more elaborate convention is
used), quantum channels representing communication channels are drawn in colour to em-
phasise that they are the resource of interest, whilst quantum states and quantum channels
representing other types of operations are kept in white.

2.2 KEY CONCEPTS FROM QUANTUM SHANNON THEORY

In this section, we review some of the key definitions and results from classical and quantum Shan-
non theory. The purpose of the section is to explain the meaning of the classical channel capacity
and its quantum analogues: the classical capacity of a quantum channel, and the quantum capac-
ity of a quantum channel. These capacities quantify the amount of information that can be reliably
transmitted through a (possibly noisy) communication channel. This brief review follows elements
of Ref. [120].

First, we describe the physical setup. The simplest communication scenario between a sender
and a receiver is where the two communicating parties are directly connected by a single transmis-
sion line. Each use of the transmission line is modelled as a quantum channel N” € Chan(A — B),
where A denotes the input system accessible to the sender (Alice) and B denotes the output sys-
tem accessible to the receiver (Bob). In this case, the question of how much information can be
transmitted from the sender to the receiver is determined by the possible encoding and decoding
operations performed locally by the sender and receiver, respectively, over some given number
of channel uses k [196]. The capacities described below quantify the ability of a communication
channel to transmit information between the communicating parties, where both Alice and Bob are
assumed to be able to perform any local encoding or decoding operations. Other types of commu-
nication capacities corresponding to more complex communication scenarios, for example with
multiple senders or receivers, or where the communicating parties have access to entangled states,
can be defined in a similar way. For a more detailed discussion, the reader is referred to the standard
textbook by Wilde [196].

In the following, we use ‘communication’ in the broadest meaning of the term, where Alice and
Bob could either be distant communicating parties, or, more generally any two spatially separated

points in an information-processing quantum device, such as a quantum computer.
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2.2.1 COMMUNICATION RATE OF CLASSICAL INFORMATION

We begin by reviewing the definition of the channel capacity for classical communications. Build-

ing up to this definition, we first define the concepts of entropy and mutual information.

EnTrROPY Consider an experiment with a list of possible classical outcomes x of a random vari-
able X, which each occur with probability p (x). Classical Shannon theory tell us that the expected

amount of information gained from the result of the experiment is given by the entropy
Z p(x)log p (x (2.9)

which is given in units of bits (here we take the logarithm to be base 2). For example, a fair coin has

the probability of each of heads or tails equal to 1/2, giving an entropy of H=-0.510g0.5-0.51l0go.5=1
bit.

MUTUAL INFORMATION ~ When information is transmitted through a noisy communication chan-
nel, then in addition to the randomness inherent in the choice of message (as quantified by the
probability distribution {p (x) }), the errors occurring in the channel induce a second level of ran-
domness. Alice encodes her message in a set of symbols {x}, which are instances of the random
variable X, each sent with probability p (x). Now, the possible outcomes Bob can receive are given
by a set of symbols {y}, which are instances of the random variable Y, and correspond directly to
the {x}. However, due to errors in transmission, Bob cannot decode the message directly with
knowledge only of the sending probabilities p (x). Instead, he needs to consider the conditional
probabilities p (x|y), which correspond to the probability that Alice actually sent x given that Bob
received y. The probabilities p (x|y) fully characterise the noisy channel [ 196]; we assume that it is
possible for the communicating parties to obtain knowledge of this distribution. Mathematically,

the amount of transmitted information that is error free is quantified by the mutual information:

=33 p(xy)log? C0) ) — 1Y) (2.10)

p(x)

CHANNEL CAPACITY  The fundamentallimit on how much information can be transmitted through

anoisy channel V is given by the channel capacity C (N'), defined as the maximum number of bits
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that can be transmitted through the channel per use of the channel. The channel capacity is equal
to the maximum of the mutual information of the channel N over all possible choices of sending
probabilities [ 174]:

C(N):{I;l(i)X}I(X;Y). (2.11)

2.2.2 COMMUNICATION RATE OF CLASSICAL INFORMATION THROUGH QUANTUM CHANNELS

In this subsection, we quantify the classical capacity of a quantum channel. In order to understand
the definition of classical capacity, we start by defining the quantum entropy, which enables the
definition of the conditional quantum entropy, followed by the quantum mutual information and

Holevo capacity.

QuaNTUM ENTROPY  The entropy of a classical system corresponded to how much uncertainty
there was in obtaining one of the possible outcomes. If we are sure what outcome is to come, then
the entropy is zero; if all outcomes are equiprobable then the entropy is maximal. In the quan-
tum case, a definition of entropy will have to capture both the classical uncertainty associated with
Alice’s choice of message, as well as the quantum uncertainty arising from the possible choices of
measurement basis.

This is done by replacing the probability distribution of Alice’s preparation in the classical case
by the quantum state of Alice’s preparation. The quantum entropy, also known as the von Neumann

entropy, of a state p , is given by:

H(A), :== —Tr(p,logp,) (2.12)

Operationally, suppose Alice produces states | ) in her lab with some probability distribution
px- Then from Bob’s point of view, before Alice sends him the state, his expected state is p, =
> b« [V,) (V.| Now, if the states { | ) } form an orthonormal basis, then we recover the classical
entropy of the probability distribution {p, }.

CONDITIONAL QUANTUM ENTROPY  In order to define the quantum analogue to the mutual in-
formation, we first need a definition of conditional quantum entropy. This turns out to be a non-
trivial task, as there is no direct analogue of conditional probabilities in the quantum case. The

following definition is chosen [ 196]: The conditional quantum entropy of the joint state p , , of Alice
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and Bob’s composite system AB is
H(A|B), := H(AB), — H(B), (2.13)

where p, := Trsp,, is the marginal state as seen by Bob. (Here, Try is the partial trace over
subsystem A only.)

Counterintuitively, the conditional quantum entropy can be negative, illustrating one of the
most important differences between the classical and quantum worlds. For example, consider the
maximally entangled Bell state between Alice and Bob |®F) := (o) ® |o) + |1} ® [1))/ /2.
H(AB), = o, but the marginal state as seen by Bob is p, = Trs |®7)(®™| = I/2, i.e. the maxi-
mally mixed state, which has a quantum entropy H(B), = 1, leading to H(A|B), = —1. Concep-
tually, the negative conditional quantum entropy can be understood as quantifying the fact that we

can know more about an entangled state as a whole than about any of its individual components.

QUANTUM MUTUAL INFORMATION  The quantum mutual information can now be defined in com-

plete analogy with the classical case:
I(A;B), := H(A), — H(A|B),, (2.14)

or equivalently, I(A; B), = H(A),+H(B),—H(AB),. Asin the classical case, the quantum mutual
information describes the amount of classical correlations between two systems.

The most relevant communication scenario where this is useful is in the case of classical com-
munication between two parties. Consider the scenario where Alice sends classical information
through a noisy channel V' to Bob. Alice prepares the states p% which can be input into the chan-
nel, each with probability p(x), and keeps a copy of the index of her chosen state in a classical
register X with states { |x) }. The expected density matrix of her prepared state is then

Pxa = Zp(x) ) (x| ® P (2.15)

Now if she sends the state of the A system over to Bob via a quantum channel N3 ,3 € Chan(A —
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B), then the joint state of Bob’s received system B with Alice’s remaining classical register X is
prn = D p(x) ) el © Mo (). (2.16)

The quantum mutual information I(X; B),, of this state gives a measure of the classical information

that Alice was able to transmit to Bob.

HOLEVO CAPACITY OF A QUANTUM CHANNEL  The fundamental question here, just as in the case
of classical channels, is: what is the maximum amount of information that can be sent through a
given quantum channel V. If the input states to each use of the channel are not allowed to be
entangled (as in the classical case), then the maximum number of bits that can be sent through
a channel \V per use of the channel is given by the Holevo capacity® (defined analogously to the

channel capacity of a classical channel):

x(N) == maxI(X;B),, (2.17)

Pxa

where the maximisation is over all possible states of the form (2.15).

CLASSICAL CAPACITY OF A QUANTUM CHANNEL In contrast to the classical case, the Holevo
capacity is not the ultimate limit of classical information transfer through quantum channels. Cru-
cially, the Holevo capacity is superadditive, meaning that ky(N) < y(N®¥). That is, the Holevo
capacity of k parallel uses of \ can be larger than k times the Holevo capacity of N itself. In particu-
lar, the RHS can be made larger than the LHS for certain quantum channels, when successive input
states are entangled. This leads to the following expression for the classical capacity of a quantum

channel (Holevo—Schumacher-Westmoreland Theorem):

k—o0

Ce(N) = lim ix(f\f@’k% (2.18)

where y(N®F) is the Holevo capacity of k parallel copies of N [ 102, 172]. The classical capacity
of a quantum channel is the maximum number of bits that can be transmitted through the channel

per channel use, in the asymptotic limit of infinitely many channel uses.

*In some texts, this quantity is also know as the Holevo information of a quantum channel, however, here we shall
use the term Holevo capacity to unambiguously distinguish it from the Holevo information of a quantum state [196].
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In general, the classical capacity of a quantum channel is intractable to calculate, as it involves
the regularisation over infinitely many copies of the channel. In practice, the Holevo capacity is

often a useful lower bound.

EXAMPLE: DEPOLARISING CHANNEL  The depolarising channel NV, is an example of a process
that describes common sources of noise that hinder the transfer of classical information. Given
an input state p of a d-dimensional system, the depolarising channel returns the original state with
probability (1 — p), and replaces it with the maximally mixed state I/d (i.e. white noise) with prob-
ability p:

Naa(p) = (= P)p + 7. (2.19)

The depolarising channel can arise via a randomisation over an orthogonal set of unitary matri-
ces. For example, for qubits (d = 2),
3
Naep(p) = <1 - —p> p+ L (XpX +vpY + 292), (2.20)
4 4
where X, Y, Z are the Pauli matrices.

To illustrate the measures of information described above, consider the completely depolarising

channel, i.e. p = 1, which is described by

Nag(p) = Tr(p)I/d. (2.21)

This means that every possible output state N3 ,5( pj‘{) in the expression for the Holevo capacity
(2.16) is independent of the classical register , so that the quantum mutual information must al-
ways be zero. Therefore, both the Holevo capacity and the classical capacity of the completely
depolarising channel are zero. A general depolarising channel with an error probability o < p <1
will have a non-zero Holevo capacity. It has been shown that the Holevo capacity of the depolar-
ising channel is additive (i.e. does not exhibit superadditivity), and therefore the classical capacity

is equal to the Holevo capacity [ 114]. The full expression is given by

C(Ngep) = logd — Hupin(Naep) (2.22)
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bits per channel use, where

Huin(Nap) = —(1 = p + p/d) log(r — p + p/d) — (d — 1)(p/d) log(p/d) (2.23)

is a quantity known as the minimum output entropy of the channel [114].

2.2.3 COMMUNICATION RATE OF QUANTUM INFORMATION THROUGH QUANTUM CHANNELS

In this subsection, we quantify the quantum capacity of a quantum channel. We begin with the
definition of the coherent information of a quantum state, followed by the coherent information of

a quantum channel.

COHERENT INFORMATION A standard measure of the amount of quantum correlations between

two systems is given by the coherent information:

P (2.24)

which, interestingly, is equal to the negative of the conditional quantum entropy. This equivalence
can be understood from the example above of the maximally entangled state which has maximal
negative conditional quantum entropy. The essence of establishing quantum correlations is estab-
lishing entanglement, so it is reasonable that a measure of information which is maximised for a

maximally entangled state corresponds to a quantification of quantum correlations.

COHERENT INFORMATION OF A QUANTUM CHANNEL The extent to which a quantum channel
can preserve quantum correlations in the presence of noise is quantified by the coherent informa-
tion of a quantum channel, defined similarly to the Holevo capacity in the case of classical infor-
mation. Consider a pure bipartite state ¢, ,, in Alice’s possession, where she sends the A’ system
to Bob through a channel Ny _,5 € Chan(A’ — B). If the initial state ¢, ,, is entangled, then the
communication protocol would want the final state p,, = Ny _5(@,,/ ) to preserve this entangle-

ment as much as possible. The coherent information of a quantum channel is defined as

Q(N) := maxI(A)B),, (2.25)

Paa’
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where the maximisation is with respect to all pure states ¢, ,,. Just like the Holevo capacity of a

quantum channel, the coherent information of a quantum channel is not in general additive, mean-

ing that kQ(N) < Q(N®*).

QUANTUM CAPACITY OF A QUANTUM CHANNEL The quantum capacity of a quantum channel
is the maximum number of qubits that can be transmitted through the channel per channel use,
in the asymptotic limit of infinitely many channel uses. This is the fully quantum analogue of the
channel capacity in classical Shannon theory. The quantum capacity of a quantum channel is given

by the quantum capacity theorem:
Co(N) = lim ~Q(N®), (2.26)

where Q(/V) is the coherent information of channel NV'. (This a result of the work of many different
authors; a standard reference is the textbook by Wilde [196].)

The quantum capacity possesses a striking property: it is possible that two quantum channels,
each with zero quantum capacity when used individually, have a non-zero quantum capacity when

combined in parallel - a phenomenon known as superactivation [182].

EXAMPLE: DEPHASING CHANNEL The paradigmatic error which affects the communication of
quantum information, but not classical information, is the dephasing error. The dephasing error
collapses a quantum state into a given classical basis, thus losing its essential quantum properties.
Dephasing occurs naturally in most quantum systems due to their interaction with the environ-

ment. Mathematically, a dephasing channel ./\/:kph has the following form:

Nian() = = plp+p 3 il p 1] (27

where |i) are the basis vectors of a given basis (of dimension d).

Now consider the qubit completely dephasing channel (p = 1). To see what it does to the
coherent information and quantum capacity, we find that if one half of an entangled state is sent
through a completely dephasing channel, then the entanglement is completely destroyed. This
means that the coherent information is zero, and therefore also the quantum capacity. On the other

hand, the computational basis states |o) and |1) can be transmitted error-free through the channel,
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7.77

Figure 2.2: The parallel composition of quantum channels £ € Chan(A — B) and F €
Chan(C — D). In this thesis (except in Chapters 4 and 7), we shall use different colours to
represent each independent communication device.

meaning that the classical capacity of a completely dephasing channel is 1 bit per channel use.

2.3 QUANTUM CIRCUITS AND HIGHER-ORDER TRANSFORMATIONS

In real-life communication scenarios, there are typically multiple transmission lines connecting the
sender and receiver, connected together in a communication network. The transmission lines are
modelled as quantum channels with input and output systems which are accessible to the sender,
intermediate parties, or the receiver. Similarly, in computation, an algorithm is usually performed
by connecting multiple quantum gates together in a network. Both of these scenarios are formally
described by a quantum circuit [s, 6, 65, 73, 145]. A quantum circuit is the most general object

formed by combining quantum channels (and possibly quantum states) in parallel and sequence.

2.3.1 CONNECTING QUANTUM CIRCUITS

Mathematically, the construction of a quantum circuit from elementary quantum channels can be
described as follows, in the language of Refs. [51, 54].

To combine two quantum channels £ € Chan(A — B) and F € Chan(C — D) in parallel,
we simply construct their tensor product £ ® F € Chan(A ® C — B ® D). In diagrams, this
corresponds to just drawing the two channels side-by-side, with the inputs and outputs aligned, as
shown in Figure 2.2.

Combining two quantum channels £ € Chan(A — B) and 7 € Chan(C — D) in sequence
is done by simple concatenation of the channels: 7 o & € Chan(A — D). In diagrams, this
means that the output of the first channel is connected to the input of the second channel. When

the channels have multiple input/output systems, only inputs and output of the same type (i.e.,
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D

Figure 2.3: The sequential composition of quantum channels C € Chan(F® G — H®J) and
D € Chan(J® K — L ® M) formed by contraction over system ].

corresponding to the same Hilbert space) can be connected together. All inputs/outputs that are
not involved in the concatenation are formally concatenated with an identity channel. That is, for
two bipartite channels C € Chan(F® G — H® J)and D € Chan(J ® K — L ® M), the

sequential composition over the system ] is given by
(IH ® D) O (C ® IK) . (2.28)

This is illustrated in Figure 2.3.

Formally, the sequential composition is constructed in the following way. A quantum channel
C € Chan(A — B) can be written in the Choi-Jamiotkowski representation [61, 112] as a quan-
tum state ¢ € St(A ® B), with the isomorphism

¢ = Choi(C) := T ® C(|QY{Q)),

(2.29)
C(p) = Choi '(c)(p) :==Tra [(p" ® I5) ] , ’

where ¢ is the Choi operator. Here, Z € Chan(A — A) is an identity channel, |Q) := )" |n) ®
|n) € Ha ® Hg is the un-normalised maximally entangled state, and T is the transpose operation
with respect to the orthonormal basis { |n) }.

Two quantum channels taking multiple systems as input and output can be sequentially com-
posed by connecting any number of outputs from one channel to inputs of the other channel. In this
case, we write the systems to be connected using the same letter. For example, two channels with
bipartite input and output systems and one connection are denoted C € Chan(F® G - H® J)
and D € Chan(J] ® K — L ® M). Mathematically, the composition is done by taking the link

product * of the Choi operators corresponding to the two channels. [51]. That is, the new channel
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£ is defined by its Choi operator e:

e = cxd = Trj(ceory @ Iem) " (Irou @ dyamr)] (2.30)

where T7 is the partial transposition over the connected system J [51].

The above scheme captures the most general construction of quantum circuits formed from par-
allel and sequential compositions of quantum channels. Note, that quantum states can be con-
nected in the same way, by treating states as channels with a trivial input system.

An equivalent purely graphical formulation of quantum circuits is given in Refs. [64, 65]. This
diagrammatic calculus for representing quantum theory was introduced by Abramsky and Coecke
in Ref. [5] and is grounded in category theory [27, 63, 66]. Specifically, Hilbert spaces and quan-
tum states and channels are described by a dagger-symmetric monoidal category, which can be

faithfully represented by two-dimensional diagrams obeying a set of rules.

2.3.2 HIGHER-ORDER COMPUTATION: TRANSFORMING QUANTUM CIRCUITS

In the above, we treated quantum channels as the highest level objects in our framework. That
is, we connected quantum channels together to form a quantum circuit (mathematically, just a big
quantum channel), after which the circuit was considered a fixed object. This fixed quantum circuit
was then able to transform any choice of input quantum states into corresponding output states.
Physically, this could correspond to connecting together either logical gates in computation, or
transmission lines in communication.

However, we could take the idea of transforming quantum channels further than just simple
combinations in parallel and sequence. Specifically, we could consider the possible transforma-
tions of quantum channels and quantum circuits as higher-order transformations [ 51, 52 ], which we
study in their own right. We call these higher-order transformations of quantum channels quantum
supermaps (see §2.1).

To illustrate the idea of supermaps, consider first a single quantum channel. One could ask,
what is the most general form of a physically admissible transformation that maps a single quantum
channel into a single quantum channel? To be physically admissible, we require the supermap to
be linear and completely positive, which guarantees that the supermap transforms any input quan-

tum channel (including when acting locally on part of a bipartite quantum channel) into another

34



Sin =l

Q

Figure 2.4: The most general quantum supermap transforming a quantum channel C €
Chan(A — B) into a new quantum channel S(C) € Chan(F — G). The supermap is imple-
mented through pre and post-processing the channel C with quantum channels £ € Chan(F —
A® Q) and D € Chan(B® Q — G), respectively, via an interaction with an auxiliary sys-
tem Q. Note that only the channel C is drawn in colour as it represents a communication (or
computation) device, whilst £ and D are considered part of the supermap.

quantum channel [52]. Ref. [52] showed that the most general supermap acting on a quantum

channel C can be written as

5(0)=Do(C®IgoE, (231)

where £ and D are quantum channels and Z, is the identity channel on an auxiliary system Q. This
is illustrated in Figure 2.4.

Physically, this question could arise in a communication scenario, where the quantum channel
in question represents a transmission line between the sender and receiver. In this case, channels
& and D above can be thought of as local encoding and decoding operations performed by the
sender and receiver, respectively. Of course, when performing communication with a given trans-
mission line, typically one cannot assume that another transmission line is available. Therefore, in
the communication scenario, the identity channel Z, on the auxiliary system Q would be taken as
trivial (i.e. one-dimensional, which is equivalent to not having Q at all). The question of how one
can transform the original transmission line then reduces to the question of optimising the local
encoding and decoding operations performed by the communicating parties, as described in §2.2.

Building on the idea of a supermap transforming a single quantum channel, one can ask: what
is the most general form of a physically admissible transformation that maps quantum circuits into
quantum circuits? In Ref. [51] it was shown that, in fact, any supermap which transforms a quan-
tum circuit into a quantum circuit is itself another quantum circuit, known as a quantum comb. The
name ‘comb’ is derived from the fact that by rearranging the configuration of inputs and outputs of
a quantum circuit, it can be deformed into the shape of a comb, as illustrated in Figure 2.5, with k

slots in sequence. Instead of all input systems taking states as inputs and all output systems return-
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Figure 2.5: A quantum comb S, which takes a set of quantum channels in Chan(B — C),
Chan(D — E) and Chan(F — G) as input (in between its ‘teeth’) and returns a new quantum
channel in Chan(A — H). This can be decomposed into a sequence of quantum channels

K, L, M,N with ancillary systems Q,R,S.

ing states as outputs, a quantum comb can naturally take quantum channels as inputs, slotted in
between the ‘teeth’ of the comb. Similarly to the most general form of a supermap transforming a
single quantum channel, a quantum comb can always be decomposed into a sequence of quantum
channels, one for each ‘tooth) connected together via ancillary systems, as shown in Figure 2.s.

In the following, we shall restrict ourselves to quantum combs that take k quantum channels as
input and return a single quantum channel as output, known as quantum k-combs. Mathematically,
a quantum k-comb transforming system S; into system S/ at the i-th step is a k-partite quantum

channelC € Chan(§,® --- ® § — S ® - - - ® §}) satisfying the conditions

Trg [C(p)] = Trg {C (Trsk ol %)]

Iskfl

— ISk
Trsi_lsi[C(P)] = Tfs;{_{si [C (Trsklsk [P]® e, ®d_k>:| (2.32)

where the last condition is the condition of trace-preservation satisfied by all quantum channels.
The set of all quantum k-combs with the input/output systems above is denoted by

Comb|(S, = §/),..., (S — S;)]- (Note, that the choice of maximally mixed state in the condi-
tions is arbitrary; any state could have been used.)

We have seen that the most general transformations of quantum channels connected in a quan-
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tum circuit have been characterised, namely, such transformations can always be realised as a quan-
tum comb. However, given only a set of quantum channels without a predefined configuration, we
may ask whether there exist transformations which are compatible with quantum theory but can-
not be expressed as a quantum comb. Ref. [57] showed that the answer is positive: two quantum
channels can be combined in an indefinite causal order, a composition of channels which goes be-

yond the framework of quantum circuits and combs. This brings us to the next section.

2.4 INDEFINITE CAUSAL ORDER

The idea of performing computations without a definite causal order was first suggested by Hardy
in 2009 [98], as potentially providing advantages over the conventional definite ordering of com-
putations. This idea was further developed with the introduction of the quantum SWITCH 53, 57],
a quantum supermap that combines two quantum channels in a superposition of their two possible
causal orderings. In the years since, the study of indefinite causal order has firmly established itself
as an active research area. The topic has been studied from a variety of perspectives, which can be
broadly classified into two main strands.

The first strand of research is the direct study of its essential features, such as foundational re-
search on causal structures [ 19, 116, 149, 155 ] and characterisations of the possible processes with
indefinite causal order [13-15, 20~22, 36, 40, 44, 147, 148, 195 ]. An important concept in the first
strand of research described above is causal inequalities [149]. These are inequalities designed to
characterise processes which locally obey quantum theory but do not exhibit a global causal struc-
ture. Causal inequalities for causal order can be seen as analogous to the Bell inequalities for local
realism.

The second strand of research on indefinite causal order relates to its potential information-
processing advantages. This typically involves the quantum SWITCH as a method of combining
quantum channels in a way that performs better than combining the channels in parallel or se-
quence. Such advantages have been found in areas such as quantum query complexity [ 11, 47, 68,
82], quantum communication complexity [95 ], and quantum metrology [201], as well as in quan-
tum communication [ 58, 59, 80, 94, 133, 161, 162, 168]. (Note, that these lists of references are
non-exhaustive.)

In the following, causal inequalities, together with the framework of process matrices typically

used for their description, and the quantum SWITCH are discussed in turn.
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2.4.1 CAUSAL INEQUALITIES AND PROCESS MATRICES

Causal inequalities were first proposed by Oreshkov, Costa and Brukner in 2011, in their seminal
paper on quantum correlations without a predefined causal order [149]. Given that many of the
fundamental notions of classical physics are subject to uncertainty and superposition in quantum
mechanics, the authors suggested the possibility that even causality itself is subject to quantum in-
determinism. The authors considered the situation where two experimenters operating in separate
local laboratories, individually described by quantum mechanics, exchange messages without as-
suming the existence of a spacetime or definite causal order in which the individual laboratories
are embedded. Strikingly, it was found that one could consistently define correlations between the
two parties which are incompatible with a global causal structure, which can be characterised by
the violation of causal inequalities. Causal inequalities test whether correlations are compatible
with a global causal order, similar to the way in which Bell inequalities test whether correlations
are compatible with local realism [25].

To illustrate the idea of a causal inequality, consider the following communication task between
two communication parties, Alice and Bob. Each party receives a system into his/her respective
laboratory exactly once, but no assumption is made on who receives the system first. When a party
receives the system, he/she tosses a coin to obtain a random bit: a for Alice and b for Bob. Bob
additionally generates a second random bit b’ which determines their task: b = o means Bob
needs to communicate bit b to Alice, while b’ = 1 means Bob has to guess bit a. Overall, their goal

is to maximise the success probability
Prce ::i[P(x:b\b’:o)—i—P(y:a\b/:l)]. (2.33)

Clearly, if the order in which Alice and Bob receive the system is fixed, then only one of the two
alternative tasks can be successfully completed with certainty. Specifically, it can be shown that no

strategy assuming a fixed causal structure can exceed the bound

Psuce < 3/4, (2.34)

which is known as a causal inequality. However, by relaxing this assumption, the bound can be
violated.

The description of processes consistent locally with quantum mechanics but inconsistent with

38



a global order of events is typically described by the formalism of process matrices, which are a
generalisation of quantum combs. Consider two parties Alice and Bob, with corresponding input
and output systems A;, Ao and By, By, respectively. Each party is free to perform any quantum
operation from their input to output system. A quantum operation is described by a set of com-
pletely positive trace-non-increasing (CPTNI) maps {M;"*°} labelled by possible outcomes i,
with X € {A, B}, where the sum of the possible maps Y. M**® is a CPTP map. The joint prob-
ability of Alice obtaining result i and Bob obtaining result j is given by

P (./\/lf‘, ./\/l]B) =Tr [WAIAOBIBO (MfIAOMfIB‘))] , (2.35)

where M, is the Choi operator of M;"*® and Wi 40BiBo js an operator on the tensor product
system A; @ Ap ® B; ® By, called the process matrix. In order to obtain non-negative probabilities

which sum up to 1, Wis subject to the following constraints:

whihoBiBo > o (2.36)
Tr [WAIAOBIBO ( MAIAO MBIBO)] =1

VM0 MPEO > o Try, MM = TN Try, Mo = I (37)

Any linear operator W on the appropriate spaces satisfying the constraints (2.36)—(2.36) is a valid
process matrix.

Equations (2. 3 6)—(2. 37) are equivalent to the constraints ona quantum comb presented in [ 51 ] ,
albeit without the condition of a definite causal order. In Ref. [181], it was shown that the process
matrix formalism is moreover equivalent to the formalism of two-time quantum states [7, 8, 180].
This means that process matrices describe processes with independent initial and final boundary
conditions, both of which occur deterministically.

The process matrix can be seen as a generalisation of a density matrix (i.e. quantum state), with
Eq. (2.35) a generalisation of the Born rule. Indeed, the simplest example of a process matrix is a
density matrix on the input systems, i.e. WhihoBiBo — WAIBI &) JAoBo corresponding to a quantum
state shared by Alice and Bob.

Another example of a process matrix is when a state p?' initially possessed by Alice is sent to Bob
via a quantum channel C. This is described by the process matrix W4i4oBiBo — [Bo ) (ABNT

p™1, where % is the Choi operator of C. More generally, any quantum memory channel (§2.7)
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from Alice to Bob is described by a process matrix with the form W45 @ 150 In this case, Alice
can communicate to Bob but Bob cannot communicate to Alice. Process matrices of this form
are denoted W74 Alternatively, the situation where Bob can communicate to Alice but not vice
versa is described by a process matrix of the form W5Eo4 @ [4, denoted W72, In a definite
causal structure, the most general quantum process occurring between two parties is described by

a convex combination of process matrices of the two above forms:
WAAOBIBo — qBRA 4 (1 _ ) WAEB (2.38)

for some probability g, 0 < g < 1.

Quantum processes satisfying Eq. (2.38) are causally separable and represent the most general
bipartite quantum processes where the two parties are localised in closed laboratories within a def-
inite causal structure.

Counterintuitively, Ref. [ 149] showed that there exist processes which are locally compatible
with quantum mechanics, but are inconsistent with the existence of a global causal structure. These
causally non-separable processes are described by process matrices not of the form of Eq. (2.38),

which cannot be decomposed into a quantum circuit. An example is the process matrix

WAABiBo _ 1 [ArdoBiBo R (ZAOZBI + ZAIXBIZBO) ’ (2.39)
4 V2
where the input and output systems are all two-dimensional and X, Z are the Pauli X and Z op-
erators. Ref. [149] showed that the above process matrix defines a valid strategy (i.e. satisfies the
constraints (2.36)—(2.36)) for the random bit game described above, leading to a success probabil-
ity pouce = (2 + v/2) /4, which violates the causal inequality bound of 3/ 4 for the case of a definite
causal structure.

The possibility of accomplishing tasks that were impossible under the assumption of a fixed
global causal order has given rise to a large body of works which have further elaborated on the
characterisation of causally non-separable processes via causal inequalities [ 1, 20-22, 33, 40, 142].
Others works have employed the formalism of process matrices to investigate different aspects of
indefinite causal order, for example, Ref. [44] examines the dynamics of causal structures, while

Ref. [ 147] analyses the quantum SWITCH, which is described next.
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Figure 2.6: The quantum SWITCH supermap transforming two quantum channels A €
Chan(A) and B € Chan(B) into a new quantum channel W(A,B) € Chan(M ® O), where
O is an order qubit determining the causal order of the operations A and 1B, and M ~ A ~ B.
In computational or communication protocols, O is initially fixed in a state w and is inaccessi-
ble to the sender. The dashed and dotted lines depict the alternative orders corresponding to
w = |o)(o] and w = |1)(1], respectively.

2.4.2 THE QUANTUM SWITCH

Perhaps the most prominent example of indefinite causal order is the supermap known as the quan-
tum SWITCH, introduced by Chiribella, D’Ariano and Perinotti in 2009 [53, 57]. The quantum
SWITCH takes two quantum channels A and 3 as input, and returns a new quantum channel which
is a coherent superposition of both possible concatenations 3 o .4 and A o B of the channels.

Mathematically, the quantum SWITCH acting on two channels.A € Chan(A)and B € Chan(B)
is defined by the supermap

W : Chan(A) x Chan(B) — Chan(M ® O)

W(A,B)(p @ w) = Z Wi(p ® “’)WE ’ (2.40)

W; = BjA; @ |o) (o] + AB; @ [1) (1] ,

where, {A;} and {B;} are any Kraus representations of the channels .A and B, respectively, M ~
A ~ Bis the message system, and w is the control qubit O determining the causal order of the
operations A and B, which we call the order qubit. The quantum SWITCH is illustrated in Figure
2.6.

Ref. [57] showed that the quantum SWITCH cannot be realised as a quantum circuit. This proof
relies on the fact that the quantum SWITCH is a supermap which takes as input only one use of

each channel. Nevertheless, a more general model of computation than the circuit model, where
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the internal wires are movable, is suggested as potentially being able to implement the quantum
SWITCH [57]. This has in fact now been achieved in the routed quantum circuits formalism, in
parallel to the work of this thesis [ 19, 134, 191, 192]. Inrelation to the framework of process matri-
ces discussed above, it is interesting to note that the quantum SWITCH does not violate any causal
inequalities [ 13, 148], however it has been shown to exhibit genuine indefinite causal order in a
device-independent way [13, 23, 40].

The quantum SWITCH has been proven to provide advantages for a wide range of information-
processing tasks, when compared to analogous situations that assume a definite causal order, as
described at the start of this section. In the context of quantum Shannon theory, the combination
of two communication channels via the quantum SWITCH was first shown to offer communica-
tion advantages over standard quantum Shannon theory, where channels can only be combined in
parallel and sequence, in Ref. [80]. This work showed that two completely depolarising channels,
which ordinarily transform any input state into the maximally mixed state I/d and therefore have
zero capacity, can be activated by the quantum SWITCH to transmit classical information. That
is, the quantum SWITCH transformation of two completely depolarising channels results in a new
quantum channel with non-zero classical capacity. The lower bound was found from the Holevo
capacity to be 0.049 bits per channel use, which was later shown to be equal to the classical capacity
[59]. Soon afterwards, similar advantages were found in the communication of quantum informa-
tion: two dephasing channels, which each have zero quantum capacity individually, were shown to
be transformed by the quantum SWITCH into a quantum channel with non-zero quantum capacity
[168], and later for a different choice of dephasing channels, into a quantum channel with perfect
quantum capacity of 1 qubit per channel use [57].

Various proposals for experimentally implementing the quantum SWITCH have been made, us-
ing photonics [ 160], trappedions [85] or superconducting qubits [86]. This has resulted in a series
of papers claiming to have realised the quantum SWITCH experimentally using photonic systems
[93, 160, 165], most recently also demonstrating the aforementioned communication advantages
through noisy channels [94, 97]. However, whether these optical demonstrations are genuine im-
plementations of an indefinite causal order or rather simulations of such processes has been a mat-
ter of continued debate [ 147, 152]. Implementations of the quantum SWITCH in a quantum gravity
scenario involving the superposition of spacetimes have been proposed in Refs. [ 152, 203 ]. These
gravitational implementations have been claimed to avoid the criticisms directed at the photonic

experiments, however, it is not yet clear whether such experiments are possible to implement in
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practice.

In the rest of this work, we shall not be concerned further with the experimental implementabil-
ity of indefinite causal order. We shall consider indefinite causal order as motivated from a purely
foundational perspective. This is in contrast to the superposition of channels, described below,
which has a natural physical implementation, and is motivated from both a foundational and prac-
tical perspective.

Soon after the publication of the first results on communication advantages associated with the
quantum SWITCH, the origin of these advantages became the subject of critical analysis. In Ref.
[2] it was noted that the possibility of classical communication through the quantum SWITCH of
two completely depolarising channels could be reproduced by the coherent control of two such
channels within a definite causal order. This has led to a resurgence of interest in the superposition,
or coherent control, of quantum channels, within the research community that had been studying
indefinite causal order [2, 76, 96, 133, 190]. In these works, several similarities and differences
between the coherent control of independent channels and the coherent control of causal orders
have been argued for.

In Chapter 4, we attempt to set the scene for a formal answer to this question, which is finally
dealt with in Chapter 7. This leads us to the next section, where the literature on coherent con-
trol, or superpositions, of quantum channels and unknown quantum operations is systematically
explored, followed by a discussion on the comparisons between the superposition of causal orders

and superposition of channels.

2.5 SUPERPOSITION, INTERFERENCE OR COHERENT CONTROL OF

QUANTUM CHANNELS

The idea of extending superpositions of quantum states to superpositions of quantum evolutions
was first proposed by Aharonov, Anadan, Popescu and Vaidman in 1990 [9]. In the literature that
followed over the last 30 years, this phenomenon has been called various names, including gluing
of completely positive maps [ 4], interference of quantum channels [ 146], channel multiplexing [91]
and coherent control of quantum channels [2]. In this thesis, we shall use these terms interchange-
ably, but mostly stick with the original notion of superposition of quantum channels.
Superpositions of quantum channels involve several subtleties in definition, namely their appar-

ent dependence on the choice of Kraus representations of the channels, and the impossibility of
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controlling an unknown unitary. Each of these provides a problem for constructing superpositions
of channels in communication and/or computation. In the following, we discuss these two issues
in turn, followed by applications to communication and finally comparisons with the quantum
SWITCH.

2.5.1 SUPERPOSITION OF CHANNELS DEPENDS ON THE IMPLEMENTATION OF THE CHANNELS

A concrete physical example of the superposition of channels was studied by Aberg [3, 4] and Oi
[146] in 2003, where two independent quantum channels were placed on separate arms of an in-
terferometer. By routing a single particle through a superposition of the two paths of the inter-
ferometer, a superposition of the two channels is induced. It was shown that the overall channel
arising from such a superposition depends not only on the two original channels themselves, but
also on their specific implementation through an interaction with the surrounding environment.
That s, the particular way in which a noisy channel is realised via its extension to a unitary acting on
the system and an environment (Stinespring dilation - see §2.1) affects the way in which it can be
combined in a superposition. This has the consequence that given access only to a standard input-
output description of a set of quantum channels, there is no unique way in which these channels
can be combined in a superposition.

Mathematically, the interferometric scenario can be described in the following way. We start
with a Mach-Zehnder interferometer, with 50:50 beamsplitters on both ends. Let the quantum
channels on the upper and lower arms of the interferometer be denoted A, B € Chan(M), re-
spectively, where M is an internal degree of freedom of the photon. Let U, V be unitaries which
implement respective Stinespring dilations of the two channels, with respective environment sys-

tems E, F, initialised in the states |1), , |@), such that

Alp) = T U (p © ) (n]) U

(241)
Blp) = Trr |Vaur (p @ o) {e]) Viie] -

We take the spatial path degree of freedom of the photon to be P, where |o) corresponds to the
photon being localised on the upper arm and |1) corresponds to the photon being localised on the

lower arm. Since U only acts on the upper arm, and V acts only on the lower arm, we have that the
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overall action of U and V'is given by the unitary
W= (UME®IF® |O><O|p) + <VMF®IE® ‘1)(1’1)) . (2.42)

We start the protocol by initialising a single photon with an internal degree of freedom M (e.g.
polarisation) in the pure state |{) € H,. Upon application of the first beamsplitter, the state of

the system is
V@ )5 - (2.43)

After passing through the two channels, the state of the whole system is

Uus(19),, © 1)) © lp)e @ o)y, Vie( Wy @l @ s Ol
¥ ¥ | |

From the above, a superposition of the channels A and B, specified by the Stinespring dilations
(U, |n)) and (V, |@)), can be defined as the channel

S(py @ wp) 1= Trge [W(p,, @ [n)(nlz @ |o) (@] @ wp) W', (2.45)

taking asinputa state p, on the internal degree of freedom and a state wp on the path (wp # |+) (+]
is achieved by having a non 50:50 initial beamsplitter). Indeed, this construction of a superposition
of two channels depends not only on the channels themselves, but also on the choice of unitary
extension.

In the context of communication, it is important to be able to build any communication proto-
col from a set of given resources. In quantum Shannon theory, the available resources are commu-
nication devices described by quantum channels, specified by their input-output descriptions, but
with the particular realisation through the environment unknown. This means that without further
specification, a superposition of quantum channels is problematic in a theory of communication.

Even if perfect access to the environment is assumed, a further issue remains. Not only should
the communication protocols be constructible from a given set of devices, but also from a given
set of operations on those devices. The same issue holds for computation, where algorithms are
constructed by combining a given set of gates into a circuit. Mathematically, this means that the
operations that can be performed on quantum channels should be valid quantum supermaps [52],

i.e. (in the case of definite causal order) described by a quantum comb with open slots that can take
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any quantum channels as input.

Assuming perfect access to the environment is equivalent to having access to unitary channels.
Indeed, this particular issue was first presented in the context of computation with control over
unknown unitary gates [ 12, 49, 85, 184, 188, 202 ]. The problem is that it is impossible to construct
a supermap that is able to perform a universal controlled operation on any unknown unitary. Yet,
given some additional information about the device, this has been shown to be possible. Universal

control over unknown unitaries is presented next.

2.5.2 CONTROLLING AN UNKNOWN UNITARY

Controlled-unitary gates are a fundamental element of practically every protocol in quantum com-
putation. They act on a target quantum system and a control quantum system, where the value of
the control system determines whether or not a given unitary V'is applied on the target system. A

simple example is the CNOT gate
UCNO'I‘ = |O><0| QI+ |1><1| ®X, (2.46)

which acts as the identity on the target if the control is in state |o0), and acts as the NOT gate X
on the target if the control is in state |1). Here the unitary that is being controlled is the X gate.
In the absence of such control, the X gate is defined only up to a global phase [145]. However,
any controlled operation on the X gate enforces a particular phase to be chosen, in the case of the
CNOT, simply the number 1. This means that the definition of any controlled-unitary gate depends
not only on the unitary that is to be controlled, but also on a choice of phase. In the case of the X

gate, any controlled-gate of the form
Uxe = [o){o| @ I+ " [)(| ® X, 0 € [o,2a], (2.47)

is a valid gate that coherently controls X.

Consider now that we would like to have a procedure that universally constructs a controlled-
unitary gate from any unknown unitary V thatis given as a black box. Since the unitary is unknown,
what we really have access to is the unitary Ve'? for some unknown phase ¢ € [o, 27| . Given that
the unitary itself has an unknown phase, it is impossible to universally choose a particular phase

with which to control any such unitary. This simple analysis reveals that the coherent control of
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an unknown unitary is impossible in the standard circuit model. This is formally proven in Refs.
[12,184].

Nevertheless, if certain additional information about the devices modelled as unitary gates is
known, then the no-go theorem for controlling an unknown unitary can be circumvented [8s, 86,
188, 202]. This can be done, for example, by extending the Hilbert space of possible states to in-
clude a vacuum sector |vac), which is orthogonal to all other information-carrying states [3, 202],
and is guaranteed to be preserved under the unknown unitaries.

For example, given a unitary gate V. € Chan(A) on some system A, one could define a new

unitary gate
U := ¢V, & Iy,. € Chan(A & Vac), (2.48)

where Vac is a one-dimensional vacuum system. Since the phase € is now a relative phase with
respect to the additional vacuum system, this phase becomes part of the specification of the ex-
tended unitary U. If every (unknown) unitary is guaranteed to decompose in this block-diagonal
form, then a supermap can be defined to universally control an unknown unitary V with phase ¢

with the vacuum:

Scontrol(va 90) = S()ST

. (2.49)
S :=|o){(o] @I+ |1)(1] ® Ve .

The abstract notion of vacuum is directly inspired by the vacuum state in quantum optics, where

such protocols have indeed been performed in experiment [ 125, 202 ].

2.5.3 COMMUNICATION THROUGH A SUPERPOSITION OF PATHS

The first concrete proposal for communication through two quantum channels combined in a
superposition of paths was presented by Gisan, Linden, Massar and Popescu in 2005 [91]. In
this work, it was shown that when a single particle is sent through a superposition of paths go-
ing through two different noisy channels, the overall amount of noise experienced by the particle
is reduced, compared to going through only one of the two channels. This idea of error filtration has
far-reaching implications for the possibility of communication through quantum noise. However,
in the cases considered, particular forms of noise were always assumed, and the results depend on
the particular physical implementation of the superposition. Thus, the aforementioned desiderata

that any communication protocols should be constructible from only a given set of communication
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channels and fixed operations on those channels are not (yet) satisfied.

This leaves an important problem to be solved, namely, to construct a Shannon-theoretic frame-
work for communication through a superposition of paths, where existing communication devices
can be coherently controlled in a well-defined manner. A solution to this problem is the starting
point of the results presented in Chapters 3, 6 and 8 of this thesis. In Chapter 5, we then present
various Shannon-theoretic communication advantages that can be quantified from our definition
of the superposition of channels.

We note that related communication schemes have been proposed using devices that act coher-
ently with the vacuum, such as two-way classical communication using a single particle [72] and
communication through multiple-access channels with a single particle [200]. However, a funda-
mental difference between these two frameworks and the superposition of channels is that there
is no internal degree of freedom of the particle in those frameworks. These frameworks and their

relationship to the work presented in this thesis are further discussed in Chapter 10.

2.5.4 SUPERPOSITION OF PATHS VS. SUPERPOSITION OF CAUSAL ORDERS

The framework of error filtration is similar in spirit to the results on communication enhancements
from combining two quantum channels in a superposition of causal orders. In the former, the
communication channels are combined through a superposition of paths, while in the latter, the
communication channels are combined through a superposition of orders.

The formal similarities between the two paradigms led to the 2018 work of Abbott et al. [2],
where the superposition of orders and superposition of paths is compared. In this work, the authors
showed that the specific communication advantages arising from combining two noisy channels via
the quantum SWITCH, presented in Ref. [ 80], could be reproduced or even surpassed by combining
the noisy channels in a superposition of paths, as per the construction (2.45) of Oi [ 146]. Specifi-
cally, combining two completely depolarising channels on the two arms of an interferometer, with
specific choices of Stinespring dilations, was shown to result in an overall channel with a Holevo
capacity up o0.16 bits per channel use, which is greater than the value 0.049 bits per channel use from
the quantum SWITCH. The authors argued that this suggests it is the common element of coherent
control, rather than indefinite causal order, which gives rise to the communication advantages asso-
ciated with the quantum SWITCH. A key difference, however, was noted, in that a superposition of
causal orders depends only on the input-output description of the communication channels them-

selves, whilst a superposition of channels on alternative paths requires the additional specification
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ofa choice of unitary dilation. This comparison was further elaborated in the 2018 work of Guérin,
Rubino and Brukner [96], where a set of operations which can be considered superpositions of
processes were compared with the quantum SWITCH.

Chapter 4 of this thesis is devoted to constructing a framework to enable the communication
advantages associated with the two types of superpositions to be formally quantified. We do this
by constructing a resource theory of communication. With this in hand, we argue in Chapter 7,
contrary to Refs. [2, 96], that the communication advantages arising from the quantum SWITCH
and superposition of paths are distinct to a certain extent, and, due to their dependence on different
initial resources, cannot be readily compared on an equal footing. Resource theories are introduced

in the next section.

2.6 QUANTUM RESOURCE THEORIES

In this section, we introduce the notion of resource theories, and their application to quantum in-
formation. In this work, we use the framework of resource theories to describe communication.
To motivate this framework, we begin by illustrating simple examples of resource theories in other
fields, and then qualitatively describe the general framework in the context of quantum informa-
tion, and specifically quantum communication. A quantitative description is left for Chapter 4.

In many areas of science, the concept of resources plays a fundamental role. For example, in in-
dustrial chemistry, an important problem is how to convert abundant raw materials into useful
products. The resources come in two levels: first, there are the ‘objects’ that are available (e.g. the
chemicals abundant in nature), and secondly there are ‘transformations’ which can be performed
on the objects (e.g. chemical reactions). Objects which are abundant are considered ‘free, while
those which require effort to produce are considered ‘costly’ Similarly, transformations which are
in some sense easy to perform are considered free. The relation between the objects and transfor-
mations is that costly objects are those which cannot be generated from free objects and free oper-
ations alone [60, 67]. For example, a pharmaceutical drug is costly as it requires a huge amount of
processing to make from abundant raw materials.

In quantum information, the most prominent example of a resource theory is the resource the-
ory of bipartite entanglement. In this theory, the ‘objects’ are quantum states and the ‘transforma-
tions’ are quantum channels. Entangled states between two parties Alice and Bob are considered as

a costly resource, which are used to enable quantum communication between the two parties. In-
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deed, entangled states are generally difficult to produce in the laboratory. Separable states between
the two parties are considered free. The free operations are local operations and classical commu-
nication (LOCC). Given a set of separable states between two parties, LOCC cannot generate an
entangled state between the two parties [67, 196].

Formally, a resource theory can be defined in the language of category theory [27, 63, 66], fol-
lowing the work of Coecke, Fritz and Spekkens [67]. A resource theory is defined as a symmetric
monoidal category, where the ‘objects’ are objects in the category and the ‘transformations’ are mor-
phisms between the objects. The categorical structure is natively equipped with a parallel composi-
tion of objects and transformations, as well as a sequential composition of transformations. Other
formal characterisations of resource theories have also been made [60]. A notable distinction be-
tween different approaches is that in the categorical formulation, a set of free transformations is
defined first, and the set of free objects is defined with respect to the set of free transformations.
Conversely, other works have first defined a set of free objects, and then defined free transforma-
tions as those which preserve the set of free objects [131, 132].

In this thesis, we broadly follow the categorical constructions, but do not directly employ any
category theory, which will not be required for understanding any of the work presented in the
thesis. For our purposes, it is sufficient to define a resource theory as follows: the set of all possible
resources is a set of objects. These objects are equipped with a set of operations M that can act on
them, which are closed under sequential and parallel composition. A subset of operations Mg.. C
M, which are regarded as free, is chosen.

In typical applications of resource theories to quantum theory, the objects have been quantum
states and the transformations have been quantum channels. However, in a theory of communica-
tion, the given resources are communication devices described by quantum channels, which then
admit transformations such as encoding, decoding and other operations, described by quantum
supermaps. The first application of a resource-theoretic framework to quantum Shannon theory
was by Devetak, Harrow, and Winter in 2008 [74], which aimed to unify the underlying structures
between the various coding theorems in quantum Shannon theory. In Chapter 4, we present a
resource theory of communication which captures different choices of possible combinations of
communication channels, including the superposition of causal orders and the superposition of

quantum channels.
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Figure 2.7: A two-step quantum channel. The left-hand side depicts a 2-step quantum
channel B taking two input states on systems S® and S®), in succession. The right-hand side
shows the physical implementation of the 2-step channel via two unitary channels W, and

W, [51, 54] where the memory between the two uses of the channel is realised by an envi-
ronment E, which is inaccessible to the communicating parties. The ground symbol on a wire
denotes the partial trace over the corresponding system. Note that the two unitary channels
and the state 7 are all drawn in the same colour because they represent the same communica-
tion channel.

2.7 QUANTUM CHANNELS WITH CORRELATED NOISE

2.7.1 TIME-CORRELATED PROCESSES: k-STEP QUANTUM CHANNELS

Until now, we have always described the single use of a given quantum device, such as a compu-
tational gate or transmission line, by a single quantum channel. This could be a quantum channel
with a single input/output port, or a k-partite quantum channel with k input/output ports, in-
terpreted as acting simultaneously on k spatially separate subsystems. Now, we introduce a new
possibility: we consider a quantum device that can act multiple times in succession, with possible
correlations between successive uses. In this case, the quantum device is described by a k-partite
quantum channel with k input/output ports, where each different port corresponds to a use of the
device at a different time.

To illustrate this idea, consider a quantum device described by a random unitary gate chosen
from a given set {V,, }, e.g. the set of Pauli gates, with some probability distribution {p(m)}. That

is, each time this device is used, it is described by the quantum channel
R.(p) = Zpl(m)VmpVZ1 € Chan(sW). (2.50)
However, the specific choice of gate in any two consecutive applications is correlated. Specifically,

two uses of the device at two time steps in succession, t, and t,, is described by the bipartite quantum
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channel

R(Plz) = Zp(m7 n) (Vm ® Vn) pu (Vm ® V?l)T E Chan<s(l) ® S(Z)) Y (2‘51)

where V,, and V,, are unitary gates in the given set and p(m, n) is a joint probability distribution,
with its marginal given by p(m). Here, the system S () sent at time t, experiences the unitary gate
V,,, while the system S®) sent at time ¢, experiences the gate V,. The quantum state p,, represents
the joint state of the two systems sent at the two times ¢, and t,, that is, p _ is a quantum state on the
Hilbert space of the composite system S © S©). (Note, that in a quantum circuit, the description
of the joint system sent at the two times using the tensor product $*) ® S®) is justified by the wiring
depicted in Figure 2.7. That is, we can start by considering two systems S and $®) in parallel, with
S®) sent through the input of the first port of the 2-step channel, whilst the system S undergoes
an identity channel. Then, the output of the first port of the 2-step channel is swapped with the
output of the identity channel, with the latter then entering the input of the second port of the 2-
step channel, and the former now undergoing an identity channel.) The probability distribution
p(m, n) specifies the correlations between the random unitary evolutions experienced by system
S®) and system S®).

Generalising from the example of a bipartite random unitary channel, we can construct a general
definition of time-correlated channels. A quantum device that can be used k times in succession
is described by a k-step (correlated) quantum channel [ 135] (also known as a quantum k-comb [51,
54], quantum memory channel [39, 43, 117], or non-Markovian quantum process [41, 157]).

Formally, a k-step quantum channel is a special type of k-partite quantum channel C with the
additional property that no signal propagates from an input S to any group of outputs ') with
j < i[s1]. In this case, S¥) denotes the system sent at the j-th time. A k-step quantum channel
is mathematically equivalent to a quantum k-comb (§2.3.2), although here it describes a device
rather than a higher-order transformation as in §2.3.2. We shall denote the set of k-step quantum
channels as Chan(§®) — §'® ... §® — §(®)) or simply Chan(SW, ..., S®)) when the input
and output of each pair coincide. When k is unspecified, we shall refer to these channels as multi-
step quantum channels. For k = 2, an example of a 2-step quantum channel is illustrated in Figure
2.7.

Physically, a time-correlated random unitary channel of the form (2.51) can arise in a photonic

setup where the systems S and S®) are modes of the electromagnetic field associated with two
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different time bins [77, 78, 111, 129]. The noisy channel can correspond, for example, to the action
of an optical fibre, where the random unitary changes of the photon polarisation arise from random
fluctuations in the birefringence. Correlations between the unitaries at different times can arise
when the time difference t, —t, between successive uses of the channels is smaller than the timescale

on which the birefringence fluctuates.

2.7.2 SPATIALLY CORRELATED PROCESSES: NO-SIGNALLING QUANTUM CHANNELS

The k-step quantum channels described in the previous subsection are a special case of k-partite
quantum channels that represent processes where successive output systems are unable to causally
influence previous input systems. Physically, such a restriction naturally occurs when successive
pairs of input/output systems correspond to actions performed by the same party at successive
moments in time.

Another special case of k-partite quantum channels are k-partite no-signalling quantum chan-
nels, which represent processes where each output system depends only on its corresponding input
system and no others.

Formally, a k-partite no-signalling quantum channel is a special type of k-partite quantum channel
C with the additional property that no signal propagates from an input S to any group of outputs
S'0) with j # i [57]. In the following, we denote the set of all k-partite no-signalling quantum
channels by NSChan(s®) — §'@ ... §®) — §'(K)), When the inputs and outputs are arbitrary,
we use the notation NSChan.

Physically, no-signalling channels naturally occur in the context of multi-partite channels, where
each pair of input/output systems corresponds to causally disconnected parties.

Note, that no-signalling quantum channels are a special case of multi-step channels. In fact, the
correlations in the example of Eq. (2.51) describe a no-signalling channel, and are not specific to
time. The same expression can be used also to describe correlated channels acting on two spatially

separated systems, or on any other type of independently addressable systems.

2.7.3 COMMUNICATION ADVANTAGES ARISING FROM TIME-CORRELATIONS

Let us briefly examine an example of a communication protocol which makes use of correlated
quantum channels. Consider a noisy transmission line which exhibits time-correlations in noise.

With knowledge of the structure of the correlations, it can be possible for the sender to encode the
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message over a sequence of particles such that the correlations cancel out the noise overall [135].

The completely depolarising channel NV, = Tr(p)I/d sends any input state to the maximally
mixed state I/d, where d is the dimension of the output system, and hence cannot be used to
transmit information. Now consider a transmission line, where each use in isolation is described
by the completely depolarising channel, but where the noisy processes occurring on successive
uses are correlated. Physically, the completely depolarising channel in dimension d = 2 can be
realised as a uniform randomisation over the identity and Pauli channels, as in Eq. (2.50) with
U, = LU = X,U, = Y,U, = Zand p(m) = 1/4. If the time interval between successive
applications of the device is small, then the application of the device on two consecutive particles,
described by a (possibly entangled) quantum state p _, could result in the choice of unitary being
perfectly correlated. This results in the 2-step quantum channel (2.51), with

p(m,n) = @ (2.52)

InRef. [135], Macchiavello and Palma showed that by encoding p | as one of the four Bell states, it is
possible to achieve perfect classical communication of 2 bits per use of the correlated channel. This
example highlights the potential of more general communication scenarios than the traditional
direct communication from a sender to a receiver using a single uncorrelated transmission line.

In Chapter 6, we extend the use of correlated quantum channels in communication to scenarios
where a single particle is sent at a superposition of different times, in the spirit of the superpositions

of channels discussed in §2.5.1.
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Superposition of channels

In this chapter, we formally define a general notion of a superposition of two quantum channels,
which is consistent with previous examples [2-4, 146]. We provide a characterisation of all possi-
ble superpositions of two channels in terms of both their Kraus representations and Hamiltonian
realisations. We discuss how this characterisation clearly shows the non-uniqueness of a super-
position of two channels, which is problematic in the context of communication, as discussed in
§2.5.1. We circumvent these problems by defining the notion of a vacuum extension of a quantum
channel, which enables the construction of supermap that generates a superposition of two inde-
pendent channels. Finally, we extend our construction to a superposition of multiple independent
channels, as well as to a superposition of multipartite channels. First, however, we introduce some

important concepts relating to the action of channels on systems and sectors.
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3.1  SYSTEMS AND SECTORS

In quantum information theory, the degrees of freedom used to carry information are represented
by abstract quantum systems. However, in practice, an abstract quantum system A is only an effec-
tive description of some subset of degrees of freedom, which is accessible to an experimenter in a
given spacetime region [48, 193, 199]. In this case, the Hilbert space H 4 of the abstract quantum
system A is a subspace of a larger Hilbert space H, which describes all the degrees of freedom that
could be accessed in principle. In this case, A is called a sector of S, and the states of system A satisfy

the constraint
Tr[pPs] =1 Vp € St(A), (3.1)

where P, is the projector onto H4.

For example, in quantum optics, a polarisation qubit is defined by the two orthogonal states
|D)1n ® |o)kvand [o)ry ® 1)k, corresponding to a single photon with wavevector k in either
the horizontal (H) or vertical (V) polarisation modes (here, |n), is a particle number state with
n particles in mode X). Yet, this description only holds if the state of the electromagnetic field is
constrained to lie within the subspace spanned by these two state vectors.

In general, the evolution of the larger system Sis described by a quantum channel C € Chan (S).
The channel C defines an effective evolution on sector A only if it maps all states in A onto states in

A, that is, if it satisfies the No Leakage Condition
Tr [PA 5(,0)} =1 Vp € St(A). (3.2)

When equation (3.2) is satisfied, one can always define an effective channel C € Chan(A),
simply given by
Clp):==Clp)  VpeSt(4). (3:3)

In this case, we call C the restriction of C to sector A and say that C is an extension of C. Clearly,
given a channel C,C is uniquely defined. However, a given channel C does not have a uniquely
determined extension C.

The relationship between a given channel C and its restriction can be written in terms of the

Kraus operators:

56



Lemma 1. Let C(p) = S7_ CipCl be a Kraus representation of channel C € Chan(S). Then,
channel C satisfies the No Leakage Condition with respect to sector A if and only if

PA’éiPAZEiPA ViG{l,...,r}. (34)

The proofis given in Appendix A.1.

Proposition 2. Let 5(p) =>_ apar be a Kraus representation of a channel C € Chan (S), which
satisfies the No Leakage Condition with respect to sector A. Let C be the restriction of C to sector A. Then

a Kraus representation of C is

{Ci = EiPA}:ZI- (3-5)

Proof. Follows directly from the definition of a restriction and Lemma 1. [l

3.2 (GENERAL SUPERPOSITION OF QUANTUM CHANNELS

Consider two abstract quantum systems A and B. If the Hilbert spaces corresponding to the sys-
tems A and B are orthogonal subspaces of a larger Hilbert space H, we can construct a new system
S := A @ B, corresponding to the direct sum Hilbert space Hs = H, & Hjp. Physically, the
system A @ B represents a quantum system that can be in sector A, in sector B, or in a coherent
superposition of the two sectors.

The possible evolutions of system S given the evolutions of its sectors A and B, motivates a gen-

eral definition of a superposition of channels:

Definition 3. A superposition of two channels A € Chan(A) and B € Chan(B) is any channel
S € Chan(A @ B) such that

S(p) =Alp)  VpeSt(4),

(3.6)
S(p) =B(p)  VpeSt(B).

Physically, S represents an evolution that can take an input state in sector A, in sector B, orin a
coherent superposition of the two sectors, and returns an output state in the corresponding sector.
Clearly, two channels A € Chan(A) and B € Chan(B) do not define a unique superposi-

tion channel. To make this point, consider the example of a superposition of two unitary channels
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U(-) = U(-)U" and V() = V(-)V'. One possible superposition is given by the unitary channel
S(-) = S(-)ST, with S = U @ V. Another possible superposition is given by the non-unitary
channel §’(+) = Si(-)S’j + S;(-)S’I, where §! = U @ ogand S, = o4 @ V, where ox denotes the
null operator on system X. The latter example could be implemented in practice by first perform-
ing a non-demolition measurement that distinguishes the two sectors A and B whilst preserving
coherence within each individual sector, followed by performing either the unitary channel I/ or
)V depending on the outcome.

Given two quantum channels .4 € Chan(A) and B € Chan(B), with some Kraus representa-
tions {A;}/_, and {B,}/_, with the same number of Kraus operators, we can construct a superposi-

tion channel S € Chan(A @ B) specified by the Kraus operators
Si::Ai@B,’ iE{l,...,r}. (3.7)

Note that two Kraus representations { 4; } /2, and { B; } 2, with different numbers of Kraus operators
can always be extended to Kraus representations with the same number of operators, for example,
by appending null operators.

In fact, any superposition of channels can be formed with the above construction, as specified
by the following theorem, which also provides a possible physical realisation of any superposition

of channels:
Theorem 4. The following are equivalent:
1. Channel S € Chan(A & B) is a superposition of channels A € Chan(A) and B € Chan(B).

2. The Kraus operators of S are of the form S; = A; @ B; for some Kraus representations {A;} and
{B:} of channels A and B, respectively.

3. There exists an environment E, a pure state |n) € Hpg, two Hamiltonians Hyg and Hyg, with
supports in the orthogonal subspaces Ha @ Hg and Hg @ Hg, respectively, and an interaction
time T, such that A(p) = Trg [UAE(p®11)UJ;E} with Uy = exp [—iHAET/h], and B(p) =
Tre [Ue(p @ q)UIT;E} with Uy = exp | — iHpe T/, and S(p) = Trg [U(p @ )U'| with
U = exp | — i(Hap ® Hyz)T/h], wheren := |n) (.

The proofis given in Appendix A.1.
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Figure 3.1: Hamiltonian realisation of an arbitrary superposition of channels. The system

S and the environment E are jointly routed to one of two regions, R4 and Rg, depending on
whether the system is in sector A or sector B. In region R4 (Rp) the system and the environ-
ment interact through a Hamiltonian Hup (Hpg). After the interaction, the two paths of both
the system and the environment are recombined, and finally the environment is discarded. In
general, this realisation requires the ability to control the environment.

Condition 3 shows how any superposition of two channels can be implemented in practice: The
system and the environment are jointly routed to two separate regions, R4 and Rg, depending on
whether the system is in sector A or sector B. Local Hamiltonians Hur and Hpg act jointly on the
system and environment in each region. Finally, the two alternative trajectories are recombined
and the environment is discarded. This is illustrated in Figure 3.1.

Theorem 4 highlights a fundamental problem with the superposition of channels from an opera-
tional point of view. In information processing or communication, one would like any combination
of devices to depend on only the original devices themselves. That is, given two devices described
by quantum channels A and B, one would like to be able to construct the superposition of those
channels given only the knowledge of the channels themselves. Mathematically, this amounts to
saying that the superposition of two channels should be a quantum supermap (cf. §2.3.2). How-
ever, it is clear that the characterisation of the superpositions of channels in Theorem 4 does not
uniquely specify the action of a superposition channel S given two constituent channels .A and
B. Physically, this non-uniqueness can be attributed to two separate phenomena, as previously
discussed in §2.5.1-2.5.2.

First, the dependence of the superposition of two noisy channels on their Kraus representations
{A;}_, and {B;}/_, signifies a dependence on the way in which the channels are realised via an
interaction with their environment (cf. §2.5.1) [2, 146]. This is a problem in the context of infor-

mation processing and communication because an agent with access to a noisy quantum channel
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typically does not have access to its environment (otherwise, the description of the device would
simply reduce to a larger unitary channel). Second, even in the case of unitary channels, the univer-
sal control of unitary channels is impossible, since their relative phase is not uniquely determined
(cf. §2.5.2) [12, 184, 188]. This further prevents the possibility of a scenario where agents have
access to a given set of communication devices and can freely combine them in superpositions.

In the next sections, we propose a framework for constructing a superposition of quantum chan-
nels that depends only on an input-output description of the available information-processing de-
vices. We circumvent the above problems by using extensions of the original channels as the initial

descriptions of the devices.

3.3 THE VACUUM EXTENSION OF A QUANTUM CHANNEL

In information processing, each use of a given device is counted as a resource. For example, a trans-
mission line that can be used only once is modelled as a single quantum channel, whilst a transmis-
sion line that can be used twice independently is modelled as two quantum channels in parallel (cf.
§2.1) [2, 146]. However, the physical apparatus performing the channel exists also in the absence
of processing or transmitting information. For example, consider an optical fibre. When the op-
tical fibre transmits a single photon with variable polarisation, we model it as a quantum channel
A € Chan(A), where A is a two-dimensional system consisting of the horizontal and vertical po-
larisation degrees of freedom of a single photon. When the fibre is not used, we can model it as a
quantum channel acting on a system containing the vacuum of the electromagnetic field [202]. In
general, we assume that the system used for information processing or communicating is a sector
A of alarger system S, which also contains a vacuum sector Vac, which is orthogonal to A.

Thus, we model a communication device as a quantum channel on the direct sum system A :=
A @ Vac. For simplicity, we shall assume that the vacuum sector is one-dimensional with a unique

vacuum state |vac). We call this extended description a vacuum extension of the original channel:

Definition 5. Channel A € Chan(A) is a vacuum extension of channel A € Chan(A) if

jN(p) = Alp) Vp € St(4), (5:5)

(p) = Zvac(p) Vp € St(Vac),

where Ly, is the identity channel on Vac.
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Theorem 4 implies that the Kraus operators of the vacuum extension A have the form
A=A Da; \Vac> <Vac| , (3.9)

where {A;}/_, is a Kraus representation of A and {a;}/_, are complex numbers, which we call vac-

uum amplitudes, satisfying the normalisation condition

Z |ai* = 1. (3.10)

The vacuum extension is an example of a superposition of channels as per Definition 3, and is
therefore non-unique in general. However, the choice of vacuum extension is uniquely determined
by the physics (i.e. Hamiltonian) of the device. The vacuum extension is the complete description
of the computation or communication resource available to an agent. Crucially, it can be deter-
mined experimentally by input-output tomography of the device, without access to the environ-
ment.

Considering the case of quantum optics, a unitary V can be realised by a Hamiltonian acting on
the two polarisation modes associated to systems A and B. For example, the unitary Z@e'? |vac) (vac|
can be generated by the Hamiltonian H = A[( + Q/Z)GLGIH + (&£ — G/Z)ai,av] for0 = m, ¢ =
£ + 0/2 and time t = 1 in suitable units, where ay (ay) are the annihilation operators for the
appropriate modes with horizontal (vertical) polarisation.

The action of channel A on a generic quantum state p € St(z) is

A(p) = A(PapP4) + (vac|p|vac) [vac)(vac| + F p |vac) (vac| + |vac)(vac| pF',  (3.11)

where the operator

F:= Z a; A, (3.12)

i

is called the vacuum interference operator. Note that the operator F depends only on the channel A,
and not on the choice of Kraus operators, as can be seen by comparing the two sides of Eq. (3.11).
If the vacuum interference operator is zero, then the output state (3.11) is anincoherent mixture

of a state of system A and the vacuum.
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Definition 6. For F = o, we say that the vacuum extension A has no coherence with the vacuum,
and we call it the incoherent vacuum extension of channel A. For F # o, we say that the vacuum

extension A has coherence with the vacuum.

3.4 THE SUPERPOSITION OF TWO INDEPENDENT CHANNELS

Having defined the notion of a vacuum extension of a quantum channel, we can finally proceed to
build a superposition of two channels that depends only on a description of the devices themselves.
We start with two systems A and B, with H, =~ Hj, and construct the corresponding vacuum-
extended systems A := A® Vacand B := B @ Vac. Consider now the composite system formed

by taking the tensor product of the two vacuum-extended systems:

A ® B = Vac ® Vac
@ (A ® Vac) & (Vac ® B) (3.13)
GARXB.

This contains (1) a no-particle sector Vac® Vac, (2) a one-particle sector (A @ Vac) @ (Vac ® B),
and (3) a two-particle sector A ® B. The one-particle sector is isomorphic to the direct sum A @ B,
since Vac is one-dimensional. When A =~ B, the direct sum A @ B can be physically realised by a
particle with an internal message degree of freedom M ~ A ~ B, and an external path degree of
freedom P. If P is a qubit of alternative paths |o)p and |1)p, then M @ P ~ A & B.

Consider two channels .4 and BB, with vacuum extensions .A and /3. We construct the product
channel A ® B, which represents the independent action of A and B. We can now define a su-
perposition of channels .4 and B, specified by the vacuum extensions A and B, as the restriction
of the product channel A @ B to the one-particle sector (A ® Vac) @ (Vac @ B). We restrict our

attention to the case where A ~ B. Formally:

Definition 7. The superposition of channels A € Chan(A) and B € Chan(B) specified by the vacuum
extensions A € Chan (A) and Be Chan(B) is the channel

S : Chan(A) x Chan(B) — Chan(M ® P)

~ = ~ (3.14)
S(AB)(p@w) =U o (ARB)oU (pRw),

62



u| — |u
= B [—
P B B p

Figure 3.2: The superposition of two independent channels A and B specified by the vac-
uum extensions A and B. In communication scenarios, a single particle with internal message
degree of freedom M is transmitted through the resulting superposition channel S(A, ), with
the path degree of freedom fixed in the state w.

where the isomorphism

ui) =u()u'

(3.15)
U: HM X HP — (HA X HVac) ¥ (HVac X HB)

is defined by

U([¥)m @ [0)p) := |¥)5 @ |vac)y

(3.16)
U(l¥)m @ [1)p) := [vac); @ [)5.-

The superposition channel & (JZ, B ) is constructed from only the vacuum extensions Aand B,
which provide the full relevant descriptions of the two available devices. The map S is a quan-
tum supermap (cf. 2.3.2) from a pair of vacuum-extended channels to a single bipartite quantum
channel. The superposition of two channels specified by vacuum extensions is illustrated in Figure
3.2.

Physically, a superposition of two channels describes a single particle travelling in a superposi-
tion of two alternative trajectories, in each of which it undergoes one of the two alternative pro-
cesses whilst the other process acts on the vacuum.

The following properties of the superpositions of two channels will be useful later. Explicitly, the

action of the superposition of two channels specified by the vacuum extensions A and B3 is given
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S(A, B)(p @ w) =(o|w|o) A(p) ® |o){o| + {1]w|r) B(p) © [1){1] (3.17)
+(olwl1) FapFh @ |o) (1] + (1|w|o) FzpF) ® [1) (o] ,
where F, (Fp) is the vacuum interference operator associated with the vacuum extension A (g)

The Kraus operators of the superposition channel S (/T, g) are
Si :AiMBj® ’O><O|P+aiBjM® 1) (1]p (3.18)

where A; 1, Bjy are Kraus operators corresponding to channels A and B, respectively, and a; and
ﬁj are the associated vacuum amplitudes. When A = 15, and the path is initialised in the |+) state,

the above equation simplifies to

Alp) + FpF' A(p) — FpF'

S(A,A)(p @ [+)(+]) = ® |+)(+] + @) (=], (319)

where F := Zi a; A,

3.4.1 PREVIEW: PHYSICAL IMPLEMENTATION

A simple physical implementation of a superposition of two channels can be performed in the fol-
lowing way using single-photon quantum optics. The message is realised by the polarisation degree
of freedom of a single photon, and the path is realised by the spatial degree of freedom of the same
photon, in a Mach-Zehnder interferometer (see Figure 9.4 in §9.3). The horizontal and vertical
polarisation modes are represented by the logical states |o),, and |1),, of the message, while local-
isation in the upper or lower arms of the interferometer are represented by the logical states |o),
and [1),, of the path.

The two devices corresponding to the two vacuum-extended channels are placed one on each
arm of the Mach-Zehnder interferometer. A single photon is sent into one input port of the beam-
splitter (with the vacuum in the other port). The state of the message p € St(M) is controlled by
half/ quarter wave plates between the single-photon source and the first beamsplitter (i.e. prior to
entering the interferometer). The state of the path w € St(P) is determined by the parameters of
the first beamsplitter.
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After the two paths are recombined in the second beamsplitter (which is a s0:50 beamsplitter),
finding a particle in one of the two outgoing modes corresponds to a measurement on the path in
the |£) basis. A polarising beamsplitter (that splits a beam into its horizontal and vertical com-
ponents) is placed at each of the two output ports of the interferometer. Then, a photon detec-
tor is placed at each of the two output ports of each of the two polarising beamsplitters, resulting
in four photon detectors in total. A particle number measurement (of at most one particle) over
these four photon detectors corresponds to a joint measurement of the message and path in the
basis {|0),, ® |£),, [1),, ® |£),}. If additional half/ quarter wave plates are placed between the
polarising beamsplitters and photon detectors, then the output polarisation state can be rotated,
corresponding to a measurement of the message in any chosen basis.

Further detail on the experimental implementations performed as part of this work is provided

in Chapter 9.

3.4.2 PREVIEW: COMMUNICATION USING SUPERPOSITION OF CHANNELS

Before continuing to formulate our framework for superpositions of channels, let us take a brief
preview of its applications to communication, which are elaborated in Chapters 5,6 and 8. Ina com-
munication setting, the vacuum-extended channels describe transmission lines, with the input and
outputs corresponding to the (spatially separate) locations of the sender and receiver, respectively.

From Eq. (3.19), we can already start to see how the superposition of independent channels is
useful for reducing errors in communication. Consider the extreme case where 4 is channel with
(classical or quantum) capacity equal to zero, such that no communication is possible through the
channel on its own. Then, as long as F # o (i.e. A has coherence with the vacuum), the output of
the overall superposition channel (3.19) will have a non-trivial dependence on the input state p,
enabling the possibility of (at least classical) communication at a non-zero rate.

Eq. (3.19) also suggests a natural decoding strategy for the receiver. By measuring in the Fourier
basis {|+), | =)}, the receiver can separate the two quantum operations Q4+ := (A £ F - F') /a.
The + outcome heralds constructive interference among the noisy processes along the two paths,
while the — outcome heralds destructive interference. This observation is the working principle of
the error filtration technique of Gisin et al. [91], where selecting one of the two operations Q ; that
are less noisy than the original channel enables a probabilistic reduction in noise. This advantage

is quantified in a Shannon-theoretic manner in Chapter s.

65



4 \
4 Y
4 .
4 Y
, -=-- --a
. s Seo AN
— e:z---" Ry N—
~\ "
~ ’
N .
N ,
N ’
. ’
. ’

Figure 3.3: Superposition of N independent channels specified by their vacuum extensions.
An input system A = A, © A, @ - - - & Ay branches out according to its sectors, with the j-th
branch sent through the vacuum extension A;. The outputs are finally recombined to form the
overall output of the superposition channel.

3.5 SUPERPOSITION OF MULTIPLE INDEPENDENT CHANNELS

The superposition of multiple independent channel is defined by a direct generalisation of Defini-

tion 7, and is illustrated in Figure 3.3. Specifically, the superposition of N channels A(l), cee AN
specified by the vacuum extensions A0 , AW is the channel with Kraus operators
N
1 j—1 j j+1 N
Siiy = @ a,»(l) < “i(,]_l )A,»E_])ai(i’: ). ~a,.(N) , (3.20)
j=1

where {A,(] ) } is a Kraus representation of channel A, and { ai(_j )} is the corresponding set of vac-
7 7

uum amplitudes.

3.6 SUPERPOSITION OF MULTI-PARTITE CHANNELS

The idea of combining multiple independent quantum channels in a superposition can be extended
to correlated quantum channels. In general, correlations can occur between spatially separated
regions acting at the same moment in time, or between different moments of time in same the
region. In the following, we illustrate the main ideas of correlated channels using correlations in
time, but the same ideas can be applied to any types of correlations.

Consider a 2-step correlated channel, for example the random unitary channel (2.51), described
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_____________

Figure 3.4: The superposition of times of a time-correlated random unitary channel. A sin-
gle particle is sent at a superposition of two times (red and blue dashed lines), through the
same transmission line (green ovals). The green dotted line represents the correlations be-
tween random unitary processes V,, and V, taking place with probability p(m,n) at the two
subsequent uses of the transmission line, respectively.

in §2.7.1, and given again here for convenience:
R(Pu) = Zp(m7 n) (Vm ® Vn) p12 (Vm ® Vn)T .

Consider the situation where the input to the channel is a single particle, carrying information in
its internal degrees of freedom. Classically, the particle must be sent either at time ¢,, or at time £,
or at some random mixture of t, and t,. When the particle is sent at time t,, its evolution is given by
the reduced channel R,(p) := > p,(m) V,,pVi, where p,(m) := > p(m,n) is the marginal
probability distribution of the unitaries at time ¢,. Similarly, if the particle is sent at time t,, its evo-
lution is given by the channel R, (p) := Y p.(n) V,pV!,withp,(n) := > p(m,n). Arandom
choice of transmission times then results into a random mixture of the evolutions corresponding
to channels R, and R,. Crucially, the evolution of the particle is independent of any correlation
that may be present in the probability distributions p(m, n), that is, of any correlation between the
first and the second use of the device.

More generally, we can consider a device described by an arbitrary 2-step correlated channel

Calp,) = Y _ Cup,,Cl, € Chan(s®, %)), (3.21)

not necessarily of the random unitary form, where p_ € St(S®) ® §®)). The use of this device at
a single time step ¢, is given by

Clp,) =T, [Clp,)] (3.22)

where p = Tr, p_ is the reduced state on system SO (this follows the definition of a quantum
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comb, cf. §2.3.2).

In contrast, quantum physics allows for the possibility of transmitting a single particle in a way
that is sensitive to the correlations between noisy processes at different times. The key idea is that
the time when the particle is transmitted can be indefinite, as the particle could be sent through the
transmission line at a coherent superposition of times ¢, and t, (see illustration in Figure 3.4). The
superposition of transmission times could be achieved by adding an interferometric setup before
the transmission line, letting the particle travel on a coherent superposition of two paths, one of
which includes a delay [88]. This results in a time-bin qubit, described by a superposition of am-
plitudes corresponding to localisation at two different points in time, separated by a time difference
much greater than a photon’s coherence time [138].

Before developing the full formalism for describing single particle transmission through time-
correlated channels, let us illustrate the key ideas with an example from quantum optics. Consider
a single photon with degrees of freedom corresponding to the horizontal and vertical polarisation
modes H,, V, in the first time bin, and H,, V, in the second time bin. First, the single photon is ini-
tialised in a polarisation state, which carries the message to be transmitted. Itis then sent through an
interferometer, with a time delay on one arm but which does not alter the polarisation state, so that
the only role of the interferometric setup is to coherently control the moment of transmission. The
result is a linear combination of (particle number) states of the form (a|1) g, [0) v, + B|o) 1)) ®
|0) .| 0) v, and states of the form [0) i,|0) 1y ® (a(1)m|0)v. + Blo)ma|1)v2 ), where |a]* + |B]* = 1.

The composite system of the two modes in the first (second) time bin can be regarded as an ex-
tension of the system S (S*)) in the time-correlated channel (3.21), constructed by appending
a one-dimensional vacuum sector, i.e. SO := S® @ Vac® (g(l) = S®) @ Vac®). The states
produced by the interferometric setup can then be written as a linear combination of states of the
form |y), ® |vac), and states of the form |vac), ® |V),, where |vac); := |0)y;|0)v; is the vacuum
state of the modes in system S0, and [V)i == a; [1)milo)vi + B, |0)m|1)vi is a single-photon polar-
isation state, fori € {1,2} (where |a;|* + |B,|* = 1). For example, if the interferometer consists
of 50:50 beamsplitters with a phase of zero between the two arms, then the state of the particle
upon preparation of the time-bin qubit is (|¢), ® |vac), + |vac), ® |¥),)/+/2. The action of the
time-correlated channel on the particle is then given by applying the channel to this state.

Generalising the above example, we model the transmission of a single particle through a bipar-
tite channel by considering abstract modes described by the extended systems S0 = 80 @ Vac

and S®) := S®) @& Vac, each of which can contain a single particle equipped with an internal de-
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gree of freedom, such as a photon’s polarisation, or no particle. This allows us to use the formalism
of vacuum extensions to describe using the ports S*) and S® in a superposition.

Mathematically, we proceed as follows. Consider a mulitport device described by a bipartite
channel B € Chan(S®" ® §)). A vacuum extension of the channel 3 is another bipartite channel
B € Chan (E(l) ® g(z)). In general, the systems S, $) can represent the systems accessible at dif-
ferent locations at the same time, or the systems accessible at the same location at two consecutive
moments of time (in which case we have a 2-step correlated quantum channel), or more generally,
they can represent any pair of independently addressable systems, representing the input/output
ports of a multiport device.

In order to be able to send the same quantum particle to either of the ports of the device, we
require the isomorphism §®) ~ S(*) ~ M, where M is the message-carrying degree of freedom of
the particle. The choice of port is determined by a control qubit C. In this case, we can define the

situation in which a single particle is sent at a superposition of two different ports:

Definition 8. The superposition of ports of a bipartite channel B € Chan(S®) @ S®)) specified by the
vacuum extension B € Chan (SO @ §©)) is the channel

S : Chan(§Y) x Chan(§®)) — Chan(M ® C)

N - (3.23)
SB)p@w)=U'oBol (p®w),

where the isomorphism

ui) =u()ut

(3.24)
U : HM X Hc — (Hs(l) ® HVac) S¥ (HVac X ,HS(Z))

is defined by

U(l¥)m @ lo)c) = V)50 @ |vac)se

(3.25)
U([¥)m @ [1)c) := vac)zo @ V)30 -

Note that Definition 8 can be applied in particular to k-step quantum channels, which are a spe-
cial case of k-partite channels. In this case we shall sometimes refer to the superposition of ports
as a superposition of times. The illustration of the supermap & in the general case and in the special

case of a 2-step channels is provided in Figure 3.5.
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Note also, that the original Definition 7 is in fact a special case of Definition 8. In the case where
the two ports represent spatially separated regions, either correlated or independent (as in Defini-
tion 7), we shall sometimes refer to the superposition of ports as a superposition of paths.

Let us briefly return to the example of the bipartite random unitary channel (2.51) in order to
illustrate an application of the above definitions. In §6.1, by applying Definition 8 to this channel,

we find that the use of the bipartite random unitary channel at a superposition of times is described

by

S(R)(p@w) =Y plm.n) Wy (p ® @) W, (3.26)
where
Wy =V, €% @ |0} (o] + % V, @ [1) (1] , (3.27)

and ¢~ is the vacuum amplitude associated with the unitary V,, (assuming that the vacuum exten-
sion each unitary V,, is another unitary). From these equations, it is clear that, in contrast to the
possibilities allowed by classical physics, the overall evolution in general depends on the correla-
tions p(m, n) between the two uses of the device, even though only a single particle is sent through
the channel.

Finally, Definition 8 can be extended to the transmission of a single particle through an N-partite
multiport device. In this case, the device is represented by an N-partite quantum channel B €
Chan(SsW ® --- ® SM) with SO ~ §&) ~ ... ~ N and with vacuum extension B e
Chan(g(‘) Q- ® g(N)). The superposition channel is then defined as the restriction of B to the

one-particle sector
N
@Vac(‘)@)‘ ~-@Vaci™ @ §¥ @Vaci@---@vac™ ¥ M® C, (3.28)
j=1

where C is now an N-dimensional control system.
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Figure 3.5: (a) Transmission of a single particle through a bipartite quantum channel B
(red). (b) Transmission of a single particle through a 2-step quantum channel B (green). In
both cases, the particle is represented by a composite system M ® C, where M represents the
degrees of freedom used as the message, and C represents the degrees of freedom used as the
control. The isomorphism U converts the composite system M ® C into the one-particle sector
(W ® Vac) @ (Vac ® S®)) of S® @ S&). The inverse map U converts the output state back
into M ® C. For applications to communication, we take the input of the control system C to
be fixed in the state w whilst the message system M is accessible to the sender.
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Resource theories of communication

In this chapter, we formulate communication with superpositions of trajectories and communica-
tion with superpositions of causal orders as resource theories. To do this, we construct a general
framework for resource theories of communication. Our general framework includes a minimal re-
quirement that all communication paradigms must satisfy in order to form a meaningful resource
theory. We show that standard quantum Shannon theory, quantum Shannon theory with superpo-
sitions of trajectories, and quantum Shannon theory with superpositions of causal orders all satisfy
this requirement. Additionally, we consider the communication paradigm proposed in Ref. [96],
which we call quantum Shannon theory with superpositions of encoding and decoding operations.
In contrast, we show that this paradigm does not satisfy our minimal requirement, and therefore,

we argue, does not constitute a meaningful paradigm of communication.
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4.1 STANDARD QUANTUM SHANNON THEORY AS A RESOURCE THEORY OF COMMU-

NICATION

We begin by formulating standard quantum Shannon theory as a resource theory, setting the scene

for its extension to more general resource theories of communication.

4.1.1 Q_UANTUM SHANNON THEORY AS A THEORY OF RESOURCES

A central task in information theory is to quantify the amount of information that a given commu-
nication device can transmit. In general, the amount of information can be classical or quantum,
or of other types. In this work, we shall focus on classical and quantum information. To make the
quantification unambiguous, it is essential to specify how the given device can be used. The device
represents a resource, and the rules on the possible uses of this resource can be formulated as a
resource theory 60, 67].

A resource-theoretic approach to standard quantum Shannon theory was initiated by Devetak,
Harrow, and Winter [ 74]. Further resource-theoretic formalisations have been put forward in Refs.
[80,131, 132, 186] in a variety of communication scenarios. Related resource theories of quantum
devices have been recently formulated in Refs. [26, 169, 187] for purposes other than the theory
of communication.

In this work we shall adopt the general framework for resource theories proposed by Coecke,
Fritz, and Spekkens [67]. In this framework, the set of all possible resources is described by a
set of objects, equipped with a set of operations acting on them. The set of operations is closed
under sequential and parallel composition. For example, the set of operations, hereafter denoted
by M, could be the set of all quantum channels acting on finite-dimensional quantum systems (the
objects). The central idea of the resource-theoretic framework is to define a subset of operations
Mgee € M, which are regarded as free. The notion of resource is then defined relative to the set
of free operations: a state or an operation is a non-trivial resource if and only if it is not free, and a
resource is more valuable than another if the former can be converted into the latter by means of
free operations.

Different choices of free operations generally define different resources. Intuitively, the set of free
operations is meant to capture some operational restriction, which makes some operations ‘easy to
implement’ In principle, however, Mg, could be any subset of operations, as long as it is closed

under sequential and parallel composition. In this respect, the resource-theoretic approach is a
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conceptual tool to understand the power of the set Mg, irrespectively of whether implementing
the operations in it is easy or not.

In quantum Shannon theory, the input resources are communication channels, or, more pre-
cisely, uses of communication channels. For example, the ability to transfer a single qubit from a
sender to a receiver is modelled as a single use of a single-qubit identity channel.

To cast quantum Shannon theory in the resource-theoretic framework of Ref. [67], one has to
regard the various types of quantum channels as objects, and to define the allowed operations that
transform input channels into output channels, that is quantum supermaps (cf. §2.3.2) 52, 54, 57].
In the following, we shall define the sets of free supermaps Mg, for some of the basic scenarios
in quantum Shannon theory, setting the scene for the generalisations studied in the rest of this

chapter.

4.1.2 DIRECT COMMUNICATION FROM A SENDER TO A RECEIVER THROUGH A SINGLE CHANNEL

Consider the basic communication scenario where a sender (Alice) communicates directly to a
receiver (Bob). At the fundamental level, the possibility of communication consists of two in-
gredients: the availability of a piece of hardware that serves as a communication device, and the
placement of that piece of hardware between the sender and the receiver. For example, the piece
of hardware could be an optical fibre, and the placement could be provided by a communication
company that laid the fibre between the sender’s and the receiver’s locations. In some situations,
the placement is implicit: for example, the sender and receiver could be communicating through a
medium, such as the air between them, which has been placed there, as it were, by Nature itself.

Mathematically, the communication device is described by a quantum channel A € Chan(X —
Y), which transforms systems of type X into systems of type Y. For example, the systems could be
single qubits, encoded in the polarisation of single photons. At this level, the systems are not as-
signed a specific location in spacetime. Accordingly, we shall call the systems X and Y unplaced
systems, and the channel N € Chan(X — Y) an unplaced channel.

The placement of the device can be described by introducing a placement operation, which corre-
sponds to putting the input (output) system at the sender’s (receiver’s) location. Mathematically,
a placement operation is a supermap that transforms channels in Chan(X — Y) into channels in
Chan(A — B), where system A (B) is of the same type (i.e. corresponds to a Hilbert space with
the same dimension) as system X (Y), denoted as A ~ X (B ~ Y), and is placed at the sender’s
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Figure 4.1: Basic placement supermap Sﬁ’B (N) := WB o N o VA, In this chapter, the

lace
unplaced communication channels N are drawn in red, while the placement supermaps (i.e.

supermaps from unplaced channels to placed channels) are drawn in blue.

(receiver’s) end, as illustrated in Figure 4.1. Explicitly, we define the basic placement supermap as:

e (V) := WP o N o VA, (4.1)

place

where V4 € Chan(A — X) and W® € Chan(Y — B) are unitary channels implementing the
isomorphisms A >~ X and Y =~ B, respectively.

We shall call the systems A and B placed systems, and the channel C := S;;lze (N') aplaced channel.
In the following, we shall use the letters A/ and C for unplaced and placed channels, respectively.
Similarly, we shall use letters at the end of the alphabet (e.g. X, Y) to represent unplaced systems,
and letters from the beginning or middle of the alphabet (e.g. A, B, R, S) to represent placed sys-
tems. In the figures in this Chapter (as well as in Chapter 7, where the distinction between placed
and unplaced channels is important), we shall represent unplaced channels as red boxes, and placed
channels as green boxes. This choice of colours reflects the fact that the placed channels are ready to
be used by the communicating parties, while the unplaced channels have yet to be made available
to them.

Once a device is in place, the sender and receiver can use it to communicate to one another.
Typically, communication is achieved by connecting the communication device with other de-
vices present at the sender’s and receiver’s locations. For example, one end of an optical fibre could
be connected to a computer, used by the sender to type an email, and the other end of the fibre
could be connected to another computer, used by the receiver to read the email. The operations
performed by the sender and receiver can be described by a supermap transforming placed chan-
nels in Chan(A — B) into placed channels in Chan(A” — B’), where A’ and B’ are two new input
and output systems, also placed in the sender’s and receiver’s locations, respectively.

Asreviewedin §2.3.2, Ref. [ 52] showed that the most general supermap S transforming a generic
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Figure 4.2: Encoding-decoding supermap Sgp(C) := D o C o £. In this chapter, the placed
quantum channels are drawn in green, while the encoding-decoding supermaps are drawn in
violet.

input channel C € Chan(A — B) into an output channel S(C) € Chan(A” — B’) has the form
S(C)=Do(C®Zry) o &, (42)

where Aux is an auxiliary quantum system, and £ € Chan(A’ — A ® Aux) and D € Chan(B ®
Aux — B') are quantum channels. These supermaps define the set of all possible operations on
input channels, and play the role of the set M in the general resource-theoretic framework described
in §4.1.1.

To specify the set of free operations, one has to specify a subset of the set of all supermaps. The
standard choice (in the absence of additional resources such as shared entanglement or shared ran-

domness) is to require the free operations to have the form
Sep(C) i=DoCot (43)

(see Figure 4.2 for an illustration). Operationally, this choice of Mg, is justified by the fact that the
supermaps (4.3) can be achieved by performing a local encoding operation £ at the sender’s side
and a local decoding operation D at the receiver’s side, without requiring the transmission of any
system other than the system sent through the channel C.

Note that while the supermaps (4.3) are the standard choice, other choices could be made. For
example, one could consider quantum communication with the assistance of classical communi-
cation [30], or classical communication with the assistance of shared entanglement [32]. In these
scenarios, the set of free supermaps is larger than the set of supermaps of the form (4.3), and con-
tains supermaps that can be achieved with the additional resources under consideration. For com-
pleteness, the characterisation of such supermaps is provided in §4.1.6. In the following, however,
we shall predominantly stick to the simplest choice of free supermaps, namely the choice in (4.3).

In general, we shall refer to supermaps from unplaced channels to placed channels as placement
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supermaps, and we shall interpret them as being performed either by a communication provider,
or by Nature itself. We shall refer to supermaps from placed channels to placed channels as party

supermaps, and shall interpret them as being performed by the communicating parties.

4.1.3 DIRECT COMMUNICATION FROM A SENDER TO A RECEIVER THROUGH MULTIPLE CHAN-

NELS

So far, we have considered operations on a single quantum channel. We now extend the resource-
theoretic formulation to scenarios where multiple communication channels (or multiple uses of
the same communication channel) are available.

Consider a communication protocol that uses k communication devices, described by k un-
placed channels V,, ..., NV}, with N, € Chan(X; — Y;) fori € {1,...,k}. We denote by
(N, ..., Vi) the resource corresponding to a single use of each device. Again, thelist (N, . .., N})
is interpreted as a description of the hardware before it is placed between the sender and receiver.
For example, the hardware could be a list of optical fibres with some given specifications, such as
attenuation coefficient, bandwidth, birefringence and length.

In Appendix B.1 we show that the list (N, . . . , ;) can be interpreted as an equivalent notation
for the product channel N, ® - - - ® \;, viewed as an element of a suitable set of channels (namely,
k-partite no-signalling channels). In the following, we shall use the list notation (N, ..., ) asa
visual reminder that the channels \V}, . . . , \V; are unplaced.

In the direct communication scenario, it is understood that all the input systems are placed in
Alice’slaboratory, and all the output systems are placed in Bob’s laboratory. Equivalently, this means
that the communication devices are placed in parallel between the sender and the receiver. The

operation of placing the devices in parallel is described by the parallel placement supermap S;:;P
defined by
SA’B(-/V’U st ’MC) = SAHBI (M) - ® SAkVBk(-/V;c) : (4-4)

par place place

where A := (A,,...,A;) [B := (B,, ..., B;)]isalist of quantum systems placed in Alice’s (Bob’s)
laboratory, with A; ~ X; and B; ~ Y foreveryi € {1,...,k}. The result of the supermap is a
placed quantum channel in Chan(A, ® -+ ® Ay — B, ® - -+ ® By).

A large body of results in standard quantum Shannon theory refers to channels combined in
parallel as in Equation (4.4). For example, as discussed in §2.2.3, Smith and Yard [182] showed

that, surprisingly, the parallel composition of two channels with zero quantum capacity can give
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rise to a channel with non-zero quantum capacity. This phenomenon became known as activation

of the quantum capacity.

4.1.4 NETWORK COMMUNICATION FROM A SENDER TO A RECEIVER

Let us now consider a communication scenario where the sender (Alice) and receiver (Bob) com-
municate through a network of communication devices. To begin with, we focus on the simple case
where Alice and Bob communicate through two devices, which are connected by an intermediate
party (Ray), who serves as a ‘repeater’ passing to Bob the information received from Alice.

The initial resource is described by a pair of unplaced channels (N, NV,) € Chan(X, — Y;) x
Chan(X, — Y,). The operation of placing channel N, between Alice and Ray, and channel N,

between Ray and Bob is described by the sequential placement supermap Ss’z’qR’R/’B defined by

SARRBNLNG) == SR (V) @ SEE(NL) (4.5)

seq place place

where system A ~ X, is placed in Alice’s laboratory, systems R ~ Y, and R’ ~ X, are placed in
Ray’s laboratory, and system B >~ Y, is placed in Bob’s laboratory.

Note that the sequential placement (4.5) is formally identical to the parallel placement (4.4): in
both cases, the placement of multiple channels is the tensor product of the placement of individual
channels. The difference between parallel and sequential placement arises from the different space-
time locations in which the inputs and outputs of the channels are placed. In the parallel placement,
all the input systems A are at the sender’s location, and all the output systems B are at the receiver’s
location. In the sequential placement, the systems A, R, R’, B appear in a strict sequential order: A
before R, R before R/, R’ before B. This difference is crucial when it comes to specifying how the
output of the placement supermap is to be used: in the case of parallel placement, the output of the
supermap can be connected with local operations at the sender’s and receiver’s ends. In the case of
sequential placement, intermediate operations are possible.

The difference between sequential and parallel placements is reflected by the different type of
channels they generate. The output of the sequential placement supermap (4.5) is a 2-step quan-
tum channel (see §2.7.1), where the first step represents the transfer of information from A to R,
and the second step corresponds to the transfer of information from R’ to B. Recall, that the differ-
ence between a two-step channel and a generic bipartite channel is that the two-step channel has

to satisfy the additional condition (2.32) of quantum combs, which ensures compatibility with the
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Figure 4.3: Encoding-repeater-decoding supermap Sg x p(C, ® C,) :== DoC,oRo(, 0&.
In this chapter, party supermaps (i.e. supermaps from placed channels to placed channels) are
drawn in violet.

causal ordering of the systems S,, S/, S,, and S..
The sequential placement supermap (4.5 ) transforms a pair of unplaced channels (N, ) into
a placed 2-step quantum channel C, ® C,, with C, := S35 (N;) and C, := S8 (N,). Note that,

place place

in general, the set of 2-step quantum channels also contains maps that are not of the product form

C, ® C,. These maps correspond to two-step processes where a memory is passed from the first
step to the second.

Once the devices have been placed, the sender, repeater, and receiver can connect them with

their local devices, thus establishing a single channel that transfers information directly from the

sender to the receiver. The most general supermaps from multi-step quantum channels to quan-

tum channels have been characterised in Ref. [54]. Their action on product multi-step quantum

channels C, ® C, is given by
S(C,®C,)=Do(C, ®Tpu,) o R0 (C, @ Lpuy,) 0 &, (4.6)

where Aux, and Aux, are auxiliary systems, and £, R, and D are arbitrary channels in Chan(A’ —
A ® Aux, ), Chan(R ® Aux, — R’ ® Aux, ), and Chan(B ® Aux, — B'), respectively.
The standard choice of free supermaps is the supermaps that are achievable without the auxiliary

systems Aux, and Aux,, that is, the supermaps of the form
Serp(C®C,):=DoC,oRo(, o0&, (4.7)

illustrated in Figure 4.3.

Communication through a network of k > 2 devices is described by a direct generalisation of
the above example. Consider the situation where a sender communicates to a receiver with the
assistance of k — 1 intermediate repeaters. The communication devices are described by a list of
unplaced channels (N, ..., ;) € Chan(X, — Y;) x Chan(X, — Y,) X --- x Chan(X; —
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Figure 4.4: A composite supermap. The figure shows the placement of k = 3 channels be-
tween a sender, a single repeater (r = 1), and a receiver. The placement is then followed by an
encoding-repeater-decoding supermap (in violet), representing the local operations performed
by the sender, repeater, and receiver.

Y:). The placement of the devices between the sender, repeaters, and receiver is described by the

supermap
= SERN) @ SERN) ® - @ Sl (M), (4.8)

where system A ~ X, is placed in the sender’s laboratory, system B ~ Y} is placed in the receiver’s

laboratory, and systems R; ~ Y; and R} ~ X, are placed in the laboratory of the i-th repeater, for

AR, 7R:7“"Rk717RL_1 ,B

i € {1,...,k —1}. The output of the supermap Sieq is a k-step quantum channel.
Once the available devices have been placed, the communicating parties can connect their local

devices to the placed communication channels. The corresponding supermap has the form

SerRe (G ® - @ Cr)

(4.9)
=DoCoRy_,0C_,0---0R,0C,0E&,

where £ € Chan(A” — A) is the encoding operation performed by the sender, R; € Chan(R; —
R!) is the repeater operation performed by the i-th intermediate party,and D € Chan(B — B') is
the decoding operation performed by the receiver.

More generally, one can consider any placement of k > 2 devices with r < k — 1 intermedi-
ate repeaters. This includes placing some channels in parallel between two subsequent parties, in
which case the placed channel is a (r + 1)-step quantum channel. An example of this situation is
illustrated in Figure 4.4. The most general placement supermaps corresponding to a definite causal

structure of communicating parties are described in the following section.
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(b)

. . . \R.R'B,A,S,S' T, T'B .
Figure 4.5: (a) An illustration of the placement supermap Sf cwork 17, described by

Eq. (4.10), acting on a list of five unplaced channels (N, ..., N;). (b) An illustration of the
encoding-repeater-decoding supermap Sg r s p, described by Eq. (4.12), acting on the re-
sulting placed channel of (a).

4.1.5 PLACEMENT OF CHANNELS IN AN ARBITRARY (DEFINITE) CAUSAL STRUCTURE

Communication through a network of k > 2 devices, connected viar < k—1intermediate parties,
is described by specifying the causal structure of the communicating parties, and by considering
supermaps that are compatible with that causal structure. In the case of a sender A, receiver B and
a single repeater R (where a boldface letter R is identified with the list of input/output systems
(R, ..., R, R, ... R])accessible to a given communicating party), the causal structure is implic-
itly given by the totally ordered set {A < R, R < B}, where A < B denotes that B is in the future
light cone of A. In this case, it is clear that only placements between A and R, A and B, or Rand B
are allowed.

In the case of r > 2 repeaters, a general causal structure is described by a partially ordered set
(poset), with a choice of possible relations between the intermediate parties {R,S, ..., T}. Formally,
aposetisasetendowed with a binary relation, which is reflexive, antisymmetric and transitive. The

latter two properties ensure that loops in the causal structure are not allowed, i.e. if A precedes R
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and R precedes S, then A precedes S, and therefore § cannot also precede A (unless A=R =8).
Physically, the description of causal structure as a poset is motivated by the structure of spacetime
as described by special relativity [79].

Overall, the placement of communication devices between the communicating parties is de-
scribed by a tensor product of basic placement supermaps, with the constraint that a placement
from Chan(X; — Y;) to Chan(S, — T;) is only possible if § < T in the causal structure.

We illustrate the scheme for a network of multiple repeaters with an example. Consider the
communication scenario with a sender, areceiver,and r = 3 intermediate parties {R,S,T}, arranged
in a causal structure described by the poset {A < R, R < B,A < §,;S < T, T < B}. Suppose
that the communicating parties have access to k = 5 devices, described by the list of unplaced
channels (N, ..., N,) € Chan(X;, — Y,) x --- x Chan(X; — Y;). The use of the devices is
specified by placing them in a particular configuration between the sender, receiver, and repeaters.

One possible placement is given by

AR,R'B,A,S.S'"T, T'B
S R; 334455(./\/;,“.7'/\[5)

network
'B, 3S; S‘/‘T4 T;B5
= S;;}c{é (M) ® S;){I;]je (N’Z) ® Sﬁléie ('/\/;) ® Splace (N:t) ® Splace ('A/;)

= WRoN,oV* @ WEoN, o VR @ WHoN, oV @ WTo N, 0V @ WEoN o VT |
(4.10)

essentially consisting of two sequences through repeaters, R and (S,T), placed in parallel between
the sender and receiver, as illustrated in Figure 4.5a.

Note, that here the different intermediate parties are labelled R, S, ..., T. The subscript i (j)
of the placed system R; (R// ) at the communicating party R labels which input system X; (output
system Y;) it corresponds to. In contrast, in the previous sections where each party only had access
to a single system, R; (R)) denoted the single input (output) system of the i-th repeater party.

With the devices placed within the network of communicating parties, we once again consider
the free operations on the placed channels. Consider a subset of | < k placed channelsC, ® - - - ®
C € Chan(- = R,) x --- x Chan(- = R,) x Chan(R),,, — ) x - -- x Chan(R] — -), where
the first m < [ channels have output systems at R (and any arbitrary placed input systems), and
the remaining | — m channels have input systems at R (and any arbitrary placed output systems).

The final k — [ channels have neither input nor output systems at R. The free operations that can

82



be performed at R are taken to be those of the form

SR<C1®®CIC) = [(Cm+1®®CI)ORO(61®®Cm)]®(cl+l®®ck)7
(4.11)

where R € Chan(R, ® --- ® R,, = R, ® --- ® Ry). This includes as a special case the free
operations Sg and Sp that can be performed by the sender and receiver, respectively, in which
case m = o or m = [. Overall, the choice of free operations on placed channels is taken to be any
sequential or parallel composition of (local) party supermaps of the form of Eq. (4.11). When two
supermaps Sk and &7 commute, we use the shorthand Sg 7 := S0 Sg = Sg o S7.

As an example, consider the placed channels given in Eq. (4.10) andlet C; = Wo N, o V. Then

the action of the most general free supermap on the placed channels C, ® - - - ® C; is given by

SersTp(C @ ®C)=Do[(C,oRoCl)®(C,oT0oC,080(C,)]0&, (412)
and is illustrated in Figurde 4.5b.

4.1.6 FREE SUPERMAPS IN ASSISTED COMMUNICATION SCENARIOS

For completeness, in this section we provide examples of supermaps that arise in communication
scenarios involving the assistance of classical communication or entanglement.
Let us consider first the assistance of free classical communication [30], as illustrated in Figure

4.6. In this case, the free supermaps on placed channels have the form

SE,'D,CIas(C) =Do (C ® I;Izi) of 5 (4..13)
A A B B
I C I 7
E D
T Iclas ]
Aux’ Aux’

Figure 4.6: Supermap describing encoding and decoding operations assisted by free classical
communication.
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Figure 4.7: Supermap describing encoding and decoding operations assisted by shared en-
tanglement. The blue dashed line denotes the partition between Alice (top) and Bob (bot-
tom).

where Z$% is the classical identity channel, defined as Zj(p) = > )4l Glplj) for some or-
thonormal basis {|j)}, and £ € Chan(A’ — A ® Aux) and D € Chan(B ® Aux — B’) are
quantum channels.

Let us consider now classical communication with the assistance of shared entanglement [32].
In this case, the free operations on placed channels are those that can be achieved by performing
encoding and decoding operations that act on a shared entangled state, as shown in Figure 4.7.

Mathematically, these operations correspond to free supermaps of the form

857D7ent(c> = DBBaux © (CA © gA/Aaux ® IBaux) o (IA/ ® (PAauxBaux) ) (4"14)

where ¢,  isan entangled state on system A, ® By, € € Chan(A’ ® A,,, — A) and
D € Chan(B ® B,,x — B’) are encoding and decoding channels, respectively, and the subscripts

indicate the input systems of all channels.

4.1.7 COMMUNICATION WITH CORRELATED CHANNELS

So far, we have described each use of each communication device as a single unplaced quantum
channel. However, as discussed in §2.7, we know that in general, multiple uses of the same com-
munication device can be correlated. Similarly, simultaneous uses of two separate devices could
exhibit correlations through space. Therefore, our resource-theoretic framework should include a
description of the use of correlated quantum channels.

In fact, we already mentioned that a list of k unplaced channels can be viewed as a single k-partite
no-signalling channel (cf. §4.1.3 and Appendix B.1). This means that the parallel and sequential
placements described above can be directly applied to any no-signalling channel.

Specifically, the parallel placement places the device Mk € NSChan(A, — B,,..., Ay —
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By ) as:
SABN, )= (S3P @ - @SBV NLL), (4.15)

par place place

where A := (A,,...,A;) [B := (B,, ..., B)]isalist of quantum systems placed in Alice’s (Bob’s)
laboratory, with A; ~ X; and B; ~ Y, foreveryi € {1,...,k},and NSChan is defined in §2.7.2.
As before, the result of the supermap is a placed quantum channel in Chan(4, ® --- ® A, —
B, ® - - - @ By), representing the use of the correlated device with all ports used simultaneously.
Similarly, the sequential placement places the device Mk € NSChan(A, — B,,..., Ay —
By) as:
SaPN i) = (Spe @ - @ S Y (N i) 5 (4.16)

seq yeees place place

where A := (A,,...,A;) [B := (B,,...,B)]isalist of quantum systems placed in Alice’s (Bob’s)
laboratory, with A; ~ X; and B; ~ Y, foreveryi € {1,...,k}, where in particular, the system A,
is sent before system A,, which is sent before system A,, etc. As before, the result of the supermap
is a placed k-step quantum channel in Chan(A, — B,, - - - , Ay — By), representing the use of the

correlated device with the ports used in a sequential order.

4.1.8 TERMINOLOGY

In the rest of this work, the study of communication protocols involving only parallel placement
between a sender and a receiver shall be called standard quantum Shannon theory for direct commu-
nication. The study of communication protocols involving both parallel and sequential placements
between a sender, a receiver, and intermediate parties will be called standard quantum Shannon the-
ory for network communication, or simply, standard quantum Shannon theory. We shall not consider

assisted scenarios, such as entanglement-assisted communication, further in this work.

4.2 (GENERAL RESOURCE THEORIES OF COMMUNICATION

Here we extend the framework of standard quantum Shannon theory to general resource theories
of communication, arguing that any such theory must not include operations that enable com-
munication independently of the communication devices initially available to the communicating

parties.
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4.2.1 BASIC STRUCTURE

The resource-theoretic formulation of standard quantum Shannon theory, discussed in the previ-
ous section, suggests a general scheme for constructing new resource theories of communication.

The basic scheme is as follows:

1. One use of each communication device is described by an unplaced quantum channel, spec-
ifying how a given system type is transformed into another system type, but without as-
signing these system types to specific locations in spacetime. These system types are called

unplaced systems.

2. The (uses of the) available communication devices are described by a list of unplaced quantum

channels.

3. The sender, receiver, and possibly a set of intermediate parties are assigned spacetime re-
gions, whose causal structure specifies who can send messages to whom. The physical sys-
tems accessed by the communicating parties are placed systems, that is, systems assigned spe-

cific locations in spacetime.

4. The placement of the communication devices in between the communicating parties is de-
scribed by a placement supermap, that is, a supermap transforming lists of unplaced quantum
channels into placed quantum channels. A placed quantum channel has placed systems as
inputs and outputs, and can in general be a multistep process, represented by a multi-step

quantum channel.

5. The operations performed by the sender, receiver, and intermediate parties are described by

a party supermap, that is, a supermap on the set of placed quantum channels.

In the above scheme, a resource theory of communication is formulated by specifying which oper-
ations are considered as ‘free’ in points 4 and 5 above.

Free operations on placed channels (party supermaps) are interpreted as being implemented by
the sender, the receiver, or intermediate parties. Free operations from unplaced to placed channels
(placement supermaps) are interpreted as being performed by an external agent, e.g. a communi-
cation provider, or Nature itself. This is consistent with the intuitive idea that a communication

infrastructure has to be set up before communication takes place. Overall, a resource theory of
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communication describes the actions performed by the communicating parties and by an external
agent that places the communication devices between them.

In principle, one could also consider a third type of operations, from unplaced channels to un-
placed channels. These operations would be performed by the third party before the channels are
placed between the sender and receiver. For completeness, we shall include the possibility of these
‘pre-placement operations’ in our general scheme.

For example, the third party could decide to discard one of the devices in the list (N, . .., N}),

and use only the remaining devices. This operation is given by the discarding supermap
gilscard(-/\[n cee 7Mc) = (-/\[17 s 7Nm717Nm+17 s 7Mc) ) (417)

which discards the m-th channel from a list of k channels. Intuitively, the discarding supermap
should always be included in the set of free supermaps, as the communication provider can always
decide to discard a communication device in the construction of a communication network. We
say that the set of free supermaps from unplaced channels to unplaced channels s trivial if it consists

only of discarding supermaps and identity supermaps.

4.2.2 RESOURCE THEORIES OF COMMUNICATION

For a resource theory of communication, the broader set of operations M from which the free op-
erations Mg, are chosen consists of (1) supermaps from unplaced channels to unplaced channels,
(2) supermaps from unplaced channels to placed channels, and (3) supermaps from placed chan-
nels to placed channels. A detailed mathematical characterisation of all valid quantum supermaps
of these three types is given in Appendix B of Ref. [119].

A resource theory of communication is then specified by fixing the set of free operations:

Definition 9. (Resource theory of communication.) A resource theory of communication is specified
by a set of free supermaps M. C M, closed under sequential and parallel composition, containing
(1) free supermaps from unplaced channels to unplaced channels, called pre-placement supermaps, (2)
free supermaps from unplaced channels to placed channels, called placement supermaps, and (3) free

supermaps from placed channels to placed channels, called party supermaps.

In diagrams, we represent the placement supermaps by blue boxes, and the party supermaps by

violet boxes.
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Mathematically, the different channel types are objects in a symmetric monoidal category, and
the free operations Mg, correspond to the morphisms between them. This scheme matches the
general framework of Coecke, Fritz and Spekkens [67].

The set Mg, can be specified by a generating set of operations [ 67]. For example, standard quan-
tum Shannon theory is the resource theory of communication where the free operations Mndard

are generated from the following types of free operations:

(i) Basic placement: For a single channel N” € Chan(X — Y), the map

SE(N) :=WEBo N o VA

place

where ) € Chan(A — X) [W € Chan(Y — B)] is the unitary channel implementing the
isomorphism between the unplaced system X (Y) and the placed system A (B).

(ii) Insertion of local devices: For I placed channelsC, ® --- ® C; € Chan[(A — R,), (Rl —
R,), ..., (Rj_, — B)], the encoding map

SS(CI®®Cl):<clog)®cz®®clu (4-18)
the repeater map

S, (C®®C)=CR + RCpy @ (Cpy1 ©Rm0Cp) @Cpy, @+ RCy,
(4-19)

and the decoding map
Sp(C®---®C)=C®R - ®C_,®(Do()), (4.20)

where £ € Chan(A’ — A),R,, € Chan(R,, — R/ ),and D € Chan(B — B') are
quantum channels representing local devices at the sender’s, m-th repeater’s, and receiver’s

end, respectively.

Note that we omitted pre-placement supermaps, because the set of such supermaps is trivial in
standard quantum Shannon theory.

The other supermaps shown earlier in Section 4.1 can be decomposed into the basic supermaps
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(i)-(ii). For example, the parallel placement (4.4.) and sequential placement (4.8) are just the prod-
uct of basic placement supermaps (i), which place individual channels in the appropriate config-
uration. Similarly, the encoding-decoding supermap (4.3) and the encoding-repeater-decoding-

supermap (4.7) are just the result of multiple insertions of local devices (ii).

4.2.3 GENERALISED CHANNEL CAPACITIES

In standard quantum Shannon theory, the classical (quantum) capacity of a quantum channel A/
is defined as the maximum number of bits (qubits) that can be transmitted over k parallel uses of
N, per channel use and with vanishing error in the asymptotic limit k — oco. This is equivalent to
the maximum number of classical (quantum) identity channels Z,; (Z) that the k parallel uses of
N can simulate, per channel use and with vanishing error in the asymptotic limit k — 00, using
arbitrary encoding/decoding channels [ 196]. (The classical identity channel Z,, is defined as the
perfectly dephasing channel (cf. §2.2.3) with respect to a given orthonormal basis).

The standard definition of classical (quantum) capacity is appropriate for placed channels, which
have already been arranged in between the sender and receiver, and therefore can only be used in
parallel. However, unplaced channels could be arranged in more general configurations, generating
a broader class of communication protocols.

In a general resource theory of communication, we define the generalised classical (quantum)
capacity of a quantum channel V' as the maximum number of classical (quantum) identity chan-
nels Zy,s (Z) that can be generated by performing free operations of Mg, per channel use and
with vanishing error in the asymptotic limit of k — o0 channel uses. Other types of generalised
capacities can be defined similarly, with respect to some given ideal reference channel.

The generalised capacity is (trivially) a resource monotone [60, 67], meaning that it cannot be
increased by applying free operations. Moreover, the generalised capacity increases (or stays the
same) whenever the set of free operations is enlarged. Examples of this situation are the capacity
enhancements observed in the presence of quantum control over the causal orders [58, 80, 94,
161, 162, 168]: in these protocols, the set of placements of standard quantum Shannon theory is
enlarged to include placements in a superposition of alternative orders, and consequently various

channel capacities have been shown to increase.
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4.2.4 A MINIMAL REQUIREMENT FOR ANY RESOURCE THEORY OF COMMUNICATION

Formally, every set of free supermaps defines a resource theory of communication. However, such
a resource theory may not be a meaningful one. We argue that every meaningful resource theory
of communication should at least satisfy a minimal requirement: the free operations should not
allow the sender and receiver to communicate independently of the communication devices from
which their communication protocol is built.

To illustrate this idea, consider the situation where two parties, Alice and Bob, communicate
through a noisy telephone line. In the standard theory of communication, the key question is how
to use this communication resource to transmit information reliably. Now, if Alice were to walk
into Bob’s lab, he would clearly be able to hear her through the air, but this would not be a new way
to use the telephone line. Rather, it would be a way to bypass it. The air would act as a side-channel,
allowing Alice and Bob to communicate to each other independently of how good or how bad their
telephone line is.

The telephone line example has the following structure. Initially, Alice and Bob have access to a
noisy communication channel A" € Chan(A — B). The operation of Alice moving into Bob’s lab

can be modelled as a side-channel supermap

S . Chan(A — B) — Chan(A® E — BR E)

SN):N = N ®Tw, (421)

which juxtaposes the noisy channel N with a side-channel Iy € Chan(E — E') acting on
some additional systems E and E’ (the air in the proximity of Alice and Bob, respectively). If the
S(E’E/)

channel 7g p is ideal, then the supermap S;;,"’ would let Alice communicate perfectly to Bob.
This communication ‘enhancement, however, is independent of the original channel \/. Every
operation of the form (4.21) trivialises the notion of communication enhancement, and therefore
should not be allowed in a resource theory of communication.

Building on the above example, we now propose a general notion of a side-channel generating

operation:

Definition 10. (Side-channel generating operations.) A supermap S € M generates a classical
(quantum) side-channel if there exist two free supermaps S, € Mg, and S, € Mg, and a placed

quantum channel C with non-zero classical (quantum) capacity, such that, for all choices of input channels
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(N, ..., Ny) for supermap S,, we have that
(S,0808)N, ..., Ni) =C. (4.22)

The above definition captures the idea that the supermap S can be used to construct a commu-
nication protocol that works independently of the communication devices originally available to
the communicating parties. In the telephone line example, the channel C is the ideal channel 7 p/
describing the transmission of a message through the air between Alice and Bob.

We demand that any sensible resource theory of communication should forbid side-channel

generating operations:

Condition 11. (No Side-Channel Generation.) In a resource theory of classical (quantum) commu-

nication, no free operation S € Mg, should generate a classical (quantum) side-channel.

We stress that Condition 11 is a minimal requirement, and that, in particular cases, one may
want to impose even stronger conditions on the allowed operations. In other words, we are not
claiming that every resource theory of communication satisfying Condition 11 is an interesting
one. Rather, Condition 11 is a bottom line that has to be satisfied when defining new resource
theories of communication.

It is immediate to verify that standard quantum Shannon theory satisfies Condition 11. In the

following, we shall show that

1. quantum Shannon theory with superpositions of causal orders satisfies Condition 11
2. quantum Shannon theory with superpositions of trajectories satisfies Condition 11

3. quantum Shannon theory with superpositions of encoding and decoding operations violates

Condition 11.

In §4.5, we comment on the difference between our framework and the frameworks of Refs.
[131, 132, 186], discussing an alternative to Condition 11, where the free supermaps are required

to transform constant channels into constant channels.

4.3 SUPERPOSITION OF CAUSAL ORDERS AND SUPERPOSITION OF TRAJECTORIES

Here we formulate the resource theories of quantum Shannon theory with superpositions of causal

orders and quantum Shannon theory with superpositions of trajectories, and we show that both
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theories satisfy the requirement of No Side-Channel Generation.

4.3.1 Q_UANTUM SHANNON THEORY WITH SUPERPOSITIONS OF CAUSAL ORDERS

As discussed in §2.4.1, indefinite causal order has been shown to provide various advantages in
quantum information processing, such as in quantum query complexity [11, 47], quantum com-
munication complexity [95], quantum metrology [201] and non-local games [149]. In all the
above works, the combination of quantum devices in an indefinite causal order was shown to offer
performances that cannot be matched by any quantum protocol that uses the input devices in a
definite order.

A different category of advantages arises in the context of quantum communication [58, 59, 80,
94,133, 161, 162, 168]. Here, protocols that combine communication channels through the quan-
tum SWITCH have been shown to offer advantages with respect to the protocols allowed in standard
quantum Shannon theory, as defined earlier in this chapter. These advantages are not advantages
with respect to all possible protocols with definite causal order. They cannot be so, because the
set of all protocols with definite causal order includes also trivial protocols where the original com-
munication channels are juxtaposed with noiseless channels, as in the telephone line example of
Equation (4.21).

The proper way to interpret the communication advantages shown in Refs. [ 58, 59, 80, 94, 133,
161, 162, 168] is to regard them as a comparison between two different resource theories of com-
munication: standard quantum Shannon theory, and an extended resource theory that includes
the quantum SWITCH among its placements.

Here we explicitly define such a resource theory, which we call quantum Shannon theory with
superpositions of causal orders (SCO). The corresponding set of free operations shall be denoted
by Msco. The generating free operations are operations (i)-(ii) of standard quantum Shannon

theory, plus an additional placement supermap, based on the quantum SWITCH:

(iii) The quantum SWITCH placement Sy, maps a pair of unplaced quantum channels

(M, N,) € Chan(X) x Chan(X) into a placed quantum channel
Soiea(N,, N;) € Chan(A — B® 0), where A ~ X (B ~ X) is a quantum system placed
at the sender’s (receiver’s) end, and O is a qubit system, called the order qubit, placed at the
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0] X X )

Figure 4.8: Communication through the quantum SWITCH. The quantum SWITCH placement
S&bw . (in blue) places two quantum channels (A}, A,) in a superposition of causal orders,
determined by the fixed state w € St(O), between a sender and receiver, and is followed by the
encoding-decoding supermap Sg p (in violet). The dashed and dotted lines illustrate the two
alternative orders of applying N, and \N,, respectively.

receiver’s end. Explicitly, the quantum channel Sole (N, N,) is defined as

Sainten(N, N (p) = Y Si(p @ w)Sh, (4.23)
i

where w € St(O) is a state of the order qubit, and
Sy = NN ®lo) (ol + NPNP 1) 4 (4:24)

{]o), |1) } being an orthonormal basis for the order qubit.

The quantum channel Sobe (M, NV,) is independent of the Kraus decomposition of the chan-
nels N, and \V,.

A communication protocol using the quantum SWITCH placement is given in Figure 4.8. Note
that the initial state of the order qubit is fixed as part of the placement, and is thus inaccessible to
the sender [80, 168].

We stress that the quantum SWITCH placement should be understood here as an abstract su-
permap from two quantum channels to a new quantum channel. Whether this supermap can be
physically realised, and how it can be realised, is another matter, which we do not consider in this
work. Various ways to reproduce the action of the quantum SWITCH have been proposed, using
conventional physics [93, 94, 97, 160, 165, 185], closed timelike curves [57], or quantum gravity

scenarios [ 152, 203 ]. However, the resource theory Msco should be considered as the abstract re-
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source theory associated with the quantum SWITCH transformation, without reference to a specific
physical implementation.

The motivation for including the quantum SWITCH among the free operations is to understand
how the world could be, if quantum devices could be combined in a superposition of alternative or-
ders. The study of quantum Shannon theory with the addition of the quantum SWITCH is similar in
spirit the study of information tasks assisted by the Popescu-Rohrlich box [158], a fictional device
that generates stronger than quantum correlations. Like the Popescu-Rohrlich box, the quantum
SWITCH serves as a conceptual device, used to better understand standard quantum theory by com-

paring it to possible alternatives.

4.3.2 QUANTUM SHANNON THEORY WITH SUPERPOSITIONS OF TRAJECTORIES

The superposition of alternative evolutions was defined in Refs. [ 3, 4, 9, 146], and applied to quan-
tum communication in Refs. [91, 123 ], where the ability to send quantum particles along a super-
position of different trajectories provided the working principle for a new technique called error
filtration. Shannon-theoretic advantages of the superposition of trajectories are demonstrated in
Chapters s, 6 and 8, as well as independently in Refs. [2, 133 ].

Here, we formulate the resource theory of quantum Shannon theory with superpositions of tra-
jectories (ST), grounding the advantages presented in Chapters s, 6 and 8 on a formal footing. The
set of free operations in this resource theory, denoted by Mgr, is generated by the standard free op-
erations (i)—(ii), with the addition of a superposition placement (iii*), based on the superposition of
channels specified by vacuum extensions (cf. Definition 77), which creates a superposition of two
alternative communication channels.

In order to define the superposition placement, we model the communication hardware by
vacuum-extended quantum channels (cf. §3.3). Vacuum-extended channels represent communi-
cation devices that can act on the information carrier, or on the vacuum, or on any coherent su-
perposition of the two. Using this feature, it is possible to coherently control the choice of channel
through which the information carrier is sent. The result can be interpreted as a placement of the

given different channels in a superposition of being on the path of the information carrier:

(iii*) The superposition placement S;’}lf *“ maps a pair of unplaced vacuum-extended channels

(.N/;, M) € Chan (5() x Chan (5() into a placed quantum channel
SBe(NN,) € Chan(A — B ® P), where A ~ X (B ~ X) is a quantum system placed

sup
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at the sender’s (receiver’s) end, and P is a qubit system, called the path qubit, placed at the
receiver’s end. Explicitly, the quantum channel 5;/}1’;3’“)(/\7;, ./\72) is defined as

SEBNLN) (p) =UT o (N, @ N,) o U(p ® W), (425)

sup
where U is the isomorphism defined in Eq. (3.16) and w € St(P) is a state of the path qubit.

Note, that the definition of the supermap describing the superposition placement (4.25) differs
from the definition of the supermap describing the superposition of channels specified by vacuum
extensions (3.14), in that the output of the former is a channel in Chan(A — B ® P), whilst the
output of the latter is a channel in Chan(A ® P — B ® P). In other words, the initial state of
the path qubit is considered part of the superposition placement. This is because in a physically
motivated resource theory, the choice of path qubit should be considered part of the placement
of the communication devices. If, instead, the path qubit were under the control of the sender,
then the distinction between the path and the message disappears, and quantum Shannon theory
with superpositions of trajectories would reduce simply to standard quantum Shannon theory with
a larger message Hilbert space. Thus, the paradigm of quantum Shannon theory with superposi-
tions of trajectories should be seen as exploring the Shannon-theoretic benefits of using a control
system purely to combine alternative channels in a superposition, but where this control system is
inaccessible to the sender.

Asimple experimental setup implementing the superposition placement is that of a single-photon
generator and a Mach-Zehnder interferometer, as described in §3.4.1. The two vacuum-extended
channels are placed one on each arm of the interferometer. The sender controls a polarisation-
shifter, which is placed between the single-photon generator and the input to the interferometer,
determining the initial state of the message p. The parameters of the first beamsplitter in the inter-
ferometer determine the value of the path qubit w. This results in a clear distinction between the
placement of the path qubit, and the encoding of the message by the sender. The output state of
the interferometer is then given by the composite message-path output state of the superposition
channel (4.25).

An example of a communication protocol using the superposition placement is shown in Fig-
ure 4.9. Since the superposition placement is physically implementable, for example, in photonic
systems, the resource theory Mgr is interesting both from a purely information-theoretic point of

view as well as from a practical point of view.

95



Figure 4.9: Communication through a superposition of quantum channels. The supermap

Sﬁlf’“’ (in blue) places two vacuum-extended channels (N;, N,) on two alternative paths, and

lets the transmitted system travel along both paths (dashed line and dotted line, respectively)
in a quantum superposition, determined by the state w € St(P). The resulting channel then
undergoes the encoding-decoding supermap Sg p (in violet), describing the local operations
performed at the sender’'s and receiver's ends.

The superposition placement can, just as the parallel and sequential placements, also be applied
to correlated devices, described by no-signalling quantum channels. In particular, we can describe
the transmission of a single particle at a superposition of different times, travelling through a time-
correlated channel (cf. §3.6). Explicitly, the action of the superposition placement on a vacuum-

extended unplaced no-signalling channel./c/;,2 € NSChan (3/(1 — Aﬁ, X, — i) is given by

SEPN)(p) =UT o N, oU(p @ w), (4.26)

sup

where U is the isomorphism defined in Eq. (3.16), resulting in a placed quantum channel in
Chan(A — B® C), where A ~ X (B ~ X) is a quantum system placed at the sender’s (receiver’s)
end, and C s a control qubit, initialised in state w € St(C), placed at the receiver’s end.

Formally, Eq. (4.26) is based on the superposition of ports of a bipartite channel (cf. Definition
8), and could thus in principle be extended to take as input any 2-step channel, or even any bipartite
channel. However, for the purposes of this work, we shall stick with considering unplaced chan-
nels as no-signalling channels only; in the applications presented in later chapters, our examples of
correlated channels are all no-signalling channels.

For simplicity of presentation, here we considered only superpositions of two channels, both
for the superposition of trajectories and for the superposition of orders. Both the superposition
placement (jii*) and the quantum SWITCH placement (jii) can be straightforwardly generalised to
N channels. The corresponding definitions can be found in Chapter 3 and Ref. [68], respectively.
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4.3.3 SUPERPOSITIONS OF CAUSAL ORDERS AND SUPERPOSITIONS OF TRAJECTORIES DO NOT

GENERATE SIDE-CHANNELS

We now show that the supermaps (iii) or (iii*), combined with (i)-(ii), do not generate side-

channels.

Proposition 12. No supermap composed from the quantum SWITCH placement (iii), basic placement

(i), and insertion of local devices (ii) generates side-channels.

Proof. The supermaps (i)—(ii) of standard quantum Shannon theory do not generate side chan-
nels. Hence, it is sufficient to prove that the quantum SWITCH does not generate side-channels.

This is done by finding a choice of adversarial channels N, and \V, such that Sg‘,}?lf‘éH (M, N,) is
a channel with zero classical capacity. One such choice is to pick /V; to be the identity channel Z
(with a single Kraus operator Ni(l) = I,i = 1) and V, to be the constant channel NV, (p) = |¥_) (V|
(with Kraus operators Nj(z) = |v,)(jl|, for some orthonormal basis {|j)}). With this choice, the
Kraus operators (4.24) in the definition of the channel Sgjey (AN, ;) are

Si = V,) Gl ®I, (4.27)

and therefore one has
SaitzeaNL ND(p) ==Y Silp @ w)Sh = |y ) (¥, | ® @ Vp € St(A). (4.28)
ij

Since the output of the channel Sgorey (NV;, NV,) is independent of its input, the channel has zero

capacity (both classical and quantum), and no combination of it with the other supermaps (i) (ii)

can generate a channel with non-zero capacity. [

Proposition 13. No supermap composed from the superposition placement (iii*), basic placement (i),

and insertion of local devices (ii) generates side-channels.

Proof. As in the proof of Proposition 12, it is sufficient to prove that the superposition place-
ment (iii*) does not generate side-channels. This is done by finding a choice of adversarial vacuum-
extended channels AV, and AV, such that Sﬁf’“’(/\N/’l, /\N/;) is a channel with zero classical capacity.
One such choice is to pick the vacuum-extended channels N, and N, defined by

Ni(p) = Ni(p) = p, Trlp (I — |vac) {vac|)] + |vac) {vac|p|vac)(vac| Vp € St(X). (4.29)

97



In other words, NV, = M, is the incoherent vacuum-extension (cf. Definition 6) of the constant
channel that maps every state into the fixed state p_ . For the vacuum-extended channels N, and
N,, the vacuum interference operators are F, = F, = o, and the superposition placement then

yields the channel
San (N, N (p) = p, © diag(w) (4.30)

with diag(w) := (o|w|o) |0)(o| + (1]w|1) |1) (1], as one can verify from Equation (3.17). Since the

channel Sﬁf’“’ (N, N,) is constant, it has zero (classical and quantum) capacity. ]

Propositions 12 and 13 show that both quantum Shannon theory with superpositions of causal
orders and quantum Shannon theory with superpositions of trajectories satisfy the requirement of

No Side-Channel Generation, as stated in Condition 11.

4.4 SUPERPOSITIONS OF ENCODING AND DECODING OPERATIONS

A recent paper by Guérin, Rubino, and Brukner [96] argues that in order to claim meaningful com-
munication advantages, the quantum SWITCH should be compared to a general class of operations
termed ‘superpositions of direct pure processes. In this section, we analyse their arguments and
examples, concluding that they rest on a communication model that violates the basic resource-

theoretic framework.

4.4.1 THE FRAMEWORK OF SDPPs

The authors of Ref. [96] argue that quantum Shannon theory with superpositions of causal or-
ders should be considered within a general framework of ‘superpositions of direct pure processes’
(SDPPs), which includes the quantum SWITCH: ‘It seems that any reasonable resource theory that
contains the quantum switch—a superposition of direct pure processes with different causal orders—
should also allow superpositions of direct pure processes with the same causal order’ [96]. It is claimed,
therefore, that the advantages of the quantum SWITCH should be compared to SDPPs with a def-
inite causal order. In the following, we analyse the above claim, showing that, while the quan-
tum SWITCH and the SDPPs considered in Ref. [96] share a similar mathematical structure, they
have different operational features: in particular, the specific SDPPs compared with the quan-
tum SWITCH in Ref. [96] generate side-channels, making the proposed advantages trivial from the

resource-theoretic point of view.
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In the language of this work, the SDPPs of Ref. [96] are supermaps that take two channels
(M, NV,), and return a superposition of k channels (cf. §3.2) which are individually of the form
D;oN,oRjoN, o0& or D}( oN,o R]{ oN,o Sj’ ,j € {1,2,...,k}, for some encoding, repeater and
decoding operations &, £, R;, 'RI’., D; and D;. SDPPs with a definite causal order are defined as
SDPPs which are superpositions of terms where the input channels A, and NV, occur in the same,
fixed order.

In the resource-theoretic scheme of this chapter, the SDPPs should be regarded as a set of free
operations. One could, for example, consider them as a broader set of party supermaps, or alterna-
tively, as a set of placement supermaps with internal encoding, decoding, and repeater operations,
which are in a quantum superposition controlled by some quantum degree of freedom that is part
of the placement.

The resource theory based on SDPPs is different from the resource theory of quantum Shannon
theory with superpositions of trajectories. An important difference is that SDPPs are supermaps
acting directly on the original channels, rather than their vacuum extensions. In this respect, SDPPs
and the quantum SWITCH operate on the same type of input resource, and a comparison between
them would indeed be even. However, in the following we shall show that building a resource
theory of communication where all SDPPs are taken as free operations is problematic, because it
violates the requirement of No Side-Channel Generation. This fact will be illustrated by analysing

the specific examples of SDPPs proposed in Ref. [96].

4.4.2 SOME SDPPS GENERATE CLASSICAL SIDE-CHANNELS

One of the SDPPs proposed in Ref. [96] is the supermap depicted in Figure 4.10. This supermap
corresponds to a protocol where two qubit channels N, and NV, are applied after a CNOT gate, acting

on the message qubit and on an additional control qubit C. The supermap, here denoted as F :

(N, N,) = F(N, N,), produces the output channel defined by
FN N (p) = (N o V) @ ] o U (p @ | 4) (+]), (431)
where J/CN0T ;= yNoT ()U®NT is the unitary channel corresponding to the CNOT gate

yeNoT . — Iy ® ‘o><o]c + Xy ® ‘1><1IC , (4.32)
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Figure 4.10: An SDPP that transfers classical information through a side-channel, bypass-
ing the original communication devices. A control qubit C is prepared in the state |+) and is
sent together with the message M through a CNOT gate. If the message is initialised in either
of the states |£), then its interaction with the control through the CNOT will output the state
|£) in C. The receiver is thus able to decode the original message by measuring the control
qubit, irrespectively of the channels N and N,. Overall, this SDPP fails to satisfy the require-
ment of No Side-Channel Generation, which we regard as a minimal requirement for a sensible
resource theory of communication.

X being the NOT gate. To avoid overloading the notation, here we have omitted the isomorphisms
between unplaced and placed systems, and simply denoted the (placed and unplaced) message
system by M.

Now, the map F enables perfect classical communication of one bit independently of the com-
munication channels NV, and V, [96]. Using the phase kickback mechanism of the CNOT gate [62],
information encoded in the states |[£) := (|o) +1))/1/2 is transferred from the message M to the
control C before the noisy channels NV, and V are applied. Then, the information is safely carried
by the control system to the receiver, completely bypassing the communication channels N, and
N,, and avoiding the resulting noise. In other words, this example of an SDPP is analogous to the
example of the noisy telephone line discussed in §4.2.4: it achieves communication by completely
bypassing the original channels.

More formally, one can see that the operation F generates a classical side-channel in the sense
of Definition 10. Indeed, one can consider the party supermap corresponding to the encoding
channel £ = 7, and the decoding channel D = Try;, which discards the message qubit. The

result is the channel

C() = Do FNL L) 0 £()

(4-33)
= ) [ = =T

which is independent of AV, and NV, and provides a perfect transmission line for classical communi-

cation. In conclusion, the ‘communication enhancement’ of the SDPP (4.3 1) arises from a classical
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Figure 4.11: An SDPP that transfers quantum information through a side-channel, for any
noisy channels acting on the message. Two control qubits C and D are both prepared in the
state |[4). A message M in state p is to be communicated. The composite system M & C is
sent through a CNOT gate, followed by the composite system M ® D going through a CPHASE
gate. As shown in Equation (4.36), the receiver is able to recover the original input by mea-
suring the control qubit D and performing a conditional correction on C, independently of the
choice of noisy channels N, and N, that act on the message itself.

side-channel, which completely bypasses the original communication devices.

The authors of Ref. [ 96] also consider a specific interferometric implementation of the operation
F,which they claim avoids the criticism above. In Appendix G of Ref. [ 119] (the contents of which
are omitted in this thesis for brevity), the arguments of Ref. [96] are analysed, concluding that, in

fact, the above criticism still applies.

4.4.3 SOME SDPPSs GENERATE QUANTUM SIDE-CHANNELS

In Appendix B of Ref. [96], the authors present an SDPP, stating that it ‘allows us to perfectly trans-
mit one qubit of quantum information, for all channels [ ... |’. This statement is an explicit acknowl-
edgement that the SDPP model permits the strongest possible kind of side-channels: perfect side-
channels for quantum communication.

The example in Appendix B of Ref. [96] is presented as one that ‘generalises, and improves upon,
the observations made in the main text,” the improvement being that only four control qubits are
used instead of eight, which is the number of qubits used by the protocol in the main text. Here we
review the example, showing that, in fact, one can improve it even further: the same perfect qubit
side-channel can be generated by an SDPP that uses only two control qubits, instead of four.

Our improved version of the SDPP in Ref. [96] is depicted in Figure 4.11. It uses two control
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qubits C and D, in addition to the message qubit M. The corresponding supermap is given by

Gt (NLNL) = GOSN L)
G NL N (py) = [(N: o V) ® Te @ Tp) o (USHASE @ 1) (4.34)
o (Unic" @Ip)(py ® we @ &p),

where w and £ are the initial quantum states of the control qubits C and D, respectively, and &/ “"°T
and U{®HA5E are the CNOT and CPHASE gates, respectively, defined by

Usic' = In @ [o)(o]c + Xy ® |1)(1l¢

(4.35)
Usip o i= Iy @ o) {olp, + Zu @ [1) (1,

X and Z being Pauli gates.

Explicit calculation reveals that for both control qubits initialised in the |4 state, one obtains

Try [GF PN, N (py)]

(4.36)
= pe ® [+){+]p + XpXe ® [=) {1, -

Therefore, the initial state p can be perfectly recovered independently of the noisy channels N/
and NV, by measuring D in the Fourier basis and then applying a NOT gate on C if the outcome is
|—). The supermap defined by Equation (4.34) is an example of an SDPP that generates a perfect
quantum side-channel, as it can perfectly transmit one qubit of quantum information for any choice
of noisy channels.

The authors of Ref. [96] conclude with regard to their protocol: “This example shows that SDPPs
[...] can beused to perfectly send one qubit of information, essentially trivialising the problem of enhancing
quantum and classical channel capacity if one were to take the set of all SDPPs as a resource’. We agree,
and argue that this is the reason why the set of all SDPPs does not define a sensible resource theory
of communication.

A possible direction of future research would be to compare the quantum SWITCH with the sub-
set of SDPPs that have definite causal order and do not generate side-channels. This may shed light
on the mechanism that leads to enhancements in the quantum SWITCH, and on whether or not the
characteristics of this mechanism can be reproduced by SDPPs with definite causal order.

More interestingly, it would be important to compare the side-channel non-generating SDPPs
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with definite causal order with all the side-channel non-generating SDPPs with indefinite causal
order, rather than just restricting the comparison to the quantum SWITCH. For a given pair of
channels, the maximum communication capacity achievable with indefinite causal order is—by
definition—always larger than or equal to the maximum communication capacity achievable with
definite causal order. The interesting question is whether there is a gap between the two, meaning

that there exist communication advantages that can be achieved only with indefinite causal order.

4.5 COMPARISON WITH OTHER FRAMEWORKS

Our framework is based on the approach of Coecke, Fritz, and Spekkens [67], where the set of
free operations is taken as the starting point from which the notion of resource is defined. An
alternative approach is to start from a set of zero resources’ and to define the free operations as
those that preserve this set. For resource theories of quantum channels, this approach was adopted
in Refs. [131, 132, 186], where free channels were specified first, and free operations were defined
as those supermaps that transform free channels into free channels.

In standard quantum Shannon theory, a natural choice for the set of free channels is the set of
constant channels: no communication protocol in standard quantum Shannon theory can achieve
communication using only constant channels. The set of supermaps that transform constant chan-
nels into constant channels was characterised in Ref. [ 186], where the authors showed that a su-
permap preserves the set of constant channels if and only if it is of the form S(N) = Y. ¢, D; o
N o0&, where & and D; are suitable channels, and (¢;) are real (possibly negative) coefficients, such
that the map ) _, ¢; & ® D; is a quantum channel. Physically, these supermaps correspond to the
transformations that can be achieved with the assistance of free no-signalling channels between the
sender’s and receiver’s locations.

Going from standard quantum Shannon theory to its extensions, it is not clear whether constant
channels should still be regarded as free. Clearly, a placed constant channel is useless for commu-
nication, because it does not transfer any information from the sender’s laboratory to the receiver’s
laboratory. Hence, placed constant channels should still be considered as free. On the other hand,
an unplaced constant channel may still be useful, depending on how it interacts with the place-
ments allowed by the theory. This is indeed what happens when the allowed placements include
the quantum SWITCH [8o].

One might insist that operations that transform constant channels (placed or unplaced) into
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non-constant channels should not be allowed in a resource theory of communication. This re-

quirement would amount to the following:

Condition 11°. (No Activation of Constant Channels.) In a resource theory of communication, no

free operation S € Mg, should be able to transform a constant channel into a non-constant channel.

Note that Condition 11" (No Activation of Constant Channels) is stronger than Condition 11
(No Side-Channel Generation). If a supermap violated Condition 11, by allowing the sender and
receiver to communicate independently of the input channels, then in particular it would allow the
sender and receiver to communicate with constant channels, thus violating Condition 11’. In fact,
Condition 11’ is strictly stronger than Condition 11. The quantum SWITCH placement transforms
two completely depolarising channels into a non-constant channel [80], thereby violating Con-
dition 11”. On the other hand, the quantum SWITCH placement does not permit the sender and
receiver to communicate independently of the input channels: for example, if the input channels
are the completely depolarising channel and the identity, the quantum SWITCH placement outputs

the channel
QV}?"I‘%H(Ndepv:z-) = Ndep ® w, (437)

which is constant and does not permit any communication. Hence, the quantum SWITCH place-
ment satisfies Condition 11, while it violates Condition 11’.

One motivation for assuming Condition 11’ would be the idea that the communication provider
could ‘break’ some of the available devices, by turning them into constant channels, before placing
them between the sender and receiver. This pre-placement operation would be described by a constant

supermap, of the form
SV N =N, VYN eChan(X—Y), (438)

where NV, is a constant channel. If such constant supermaps were allowed, then Conditions 11 and
11" would become equivalent: a placement supermap that transforms some constant channel into
a non-constant channel could be preceded by a constant supermap, thus enabling communication
independently of the input channels. However, it is not obvious why constant supermaps should
be regarded as free. Ultimately, assuming constant supermaps to be free is equivalent to assuming

by fiat that constant channels are zero-resource channels, and therefore can be generated for free.
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In summary, it is important to distinguish between two requirements: (a) constant channels
should not be transformed into non-constant channels, and (b) it should not be possible to com-
municate independently of the input devices. While requirement (b) may still be too weak to guar-
antee that a resource theory of communication is interesting, it appears that there are interesting
resource theories of communication that violate the requirement (a) and still lead to non-trivial

Shannon-theoretic structures.

4.6 SUMMARY

We established a general framework of resource theories of communication. In our framework,
the input resources are communication devices, which can be placed between the communicating
parties, and combined with local operations performed by the communicating parties. A resource
theory is specified by a choice of placement operations, describing how the communication de-
vices are arranged, and by a choice of party operations, describing the action of the communicating
parties.

We formulated a minimal requirement that every resource theory of communication should sat-
isfy: no combination of the allowed operations should be able to bypass the communication de-
vices initially available to the communicating parties. We showed that quantum Shannon theory
with superpositions of causal order of communication channels [80] and quantum Shannon the-
ory with superpositions of trajectories of information carriers satisfy this requirement, while quan-
tum Shannon theory with superpositions of encoding and decoding operations [96] does not.

Overall, the resource-theoretic framework proposed in this chapter allows for rigorous compar-
isons between different resource theories of communication, and can be used for the exploration

of new models of quantum communication, with both foundational and practical implications.
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Communication through independent channels in

a superposition of trajeétories

In the previous two chapters, we defined the superposition of two quantum channels, and con-
structed a resource theory to use the placement of two channels in superposition for communica-
tion. Here we finally present concrete examples of the communication advantages over standard
quantum Shannon theory from using independent channels in a superposition. We present exam-
ples of classical communication through a superposition of two pure erasure channels, quantum
communication through a superposition of two pure dephasing channels, as well as perfect clas-
sical and quantum communication through a superposition of an asymptotically large number of

such channels. First, we discuss the definitions of communication capacities in this setting.
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5.1 COMMUNICATION CAPACITIES ASSISTED BY SUPERPOSITIONS OF TRAJECTO-

RIES

In §4.2.3, we defined the generalised classical or quantum capacity of an unplaced quantum channel
as the maximum number of classical or quantum identity channels that can be generated by per-
forming any combination of the chosen set of free operations, per channel use in the asymptotic
limit of k — 00 channel uses. In practice, however, we typically deal with placed channels, which
have already been constructed using the free operations. Therefore, let us make a few comments
on the relationship between these two types of capacities.

In the resource theory that includes the superposition placement of two channels with a fixed
path state w, the generalised classical (quantum) capacity of a vacuum-extended channel N cor-
responds to the scenario where the k uses of N are first combined in pairs and placed in a super-
position, and the resulting k/2 placed channels are used in parallel. The resulting capacity is by
definition equal to half of the standard classical (quantum) capacity of the corresponding placed
channel S, (/\7 N ). (In this and following chapters, we shall suppress the superscripts of the
placed input and output systems A, B for brevity.)

More broadly, the generalised classical (quantum) capacity of a vacuum-extended channel \ in
the resource theory that contains the superposition placement of N channels with a fixed path state
wis by definition equal to 1/ N times the standard classical (quantum) capacity of the corresponding
placed channel S¢ (/\N/ BN,

When the sender has access to multiple non-identical transmission lines, which can be com-
bined together in a superposition, the relationship between the capacity of the resulting placed
channel and the generalised capacities of the individual constituent unplaced channels becomes
highly non-trivial. To enable these cases to be treated on an equal footing, in the remainder of this
work, we shall mostly discuss only the capacities of placed channels.

A circuit diagram corresponding to the communication scenario with two unplaced channels
/T/;, N, placed in a superposition is shown in Figure 5.1. The placed channel S5, (./\7;, /(/;) isused k
times, with a global encoding operation & and decoding operation D. Its capacity is determined

by case when k — oo.
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Figure 5.1: Communication of a message encoded in k particles, with each particle travelling
in a superposition of two paths. The sender encodes the state of a quantum system A; onto
the internal state of k particles, using a global encoding operation &. Each particle is sent
through one of the channels A, and NV, with the choice of the channel controlled by the state
w of the particle's external degree of freedom. Finally, the receiver applies a global decoding
operation Dy on the output particles, returning a quantum state in system B’k.

108



5.2 CLASSICAL COMMUNICATION THROUGH A SUPERPOSITION OF PURE ERASURE

CHANNELS

Consider a direct communication scenario between a sender and a receiver that wish to commu-
nicate classical information. Suppose that they have access to two communication channels, each

of which are described by the pure erasure channel

E(p) = Wo) (¥l (5.1)

where both p, |¥_)(V,| € St(A), which has zero classical capacity. Clearly, standard quantum
Shannon theory does not permit any information to be sent to the receiver using these two channels
in any combination. Note that a convex combination (i.e. an incoherent mixture) of these two
channels is still a zero-capacity channel. In the following, we show that, in contrast, a coherent
superposition of the two channels can lead to an effective channel with non-zero classical capacity.

Consider now, that the communication devices used in the protocol can take the vacuum as in-
put, and are described by a vacuum extension & with Kraus operators {E, = |v_)(i|®a; |vac) (vac| },
and vacuum amplitudes {a;}, fori € {1, ..., d}. In this case, the sender can transmit the message
in a superposition of travelling through each of the two channels by initialising the path in the |+)
state. The output state of the overall superposition channel can be computed using Eq. (4.25),

which gives

SHE D = Wtwl @ (A + (=) ) (52)
p= (alple). o) = Yl

i

Since the output state depends on the input state p, the receiver will be able to decode some of
the information in the original message. More specifically, the overall channel is a measure and re-
prepare channel, equivalent to the measurement with orthogonal projectors {|a){a|,I — |a){a|}
followed by a re-preparation of the states |+) (4| or I/2, depending on the outcome. This is in
turn equivalent to a classical binary asymmetric channel, with o mapped deterministically to o,
and 1 mapped to a uniform mixture of 0 and 1. The classical capacity of this channel islog (5/4) ~

0.32 bits [ 163 ] and can be achieved using polar codes [105]. In a quantum setting, the sender can
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encode o in the state |a) and 1 in an orthogonal state |a | ), and then use the optimal classical code.

The essential feature that enabled communication through vacuum-extended pure erasure chan-
nels is the fact that the channels preserved coherence between the message and the vacuum. If, on
the other hand, we had chosen an incoherent vacuum extension, e.g. the vacuum extension with
Kraus operators {E! := [¥)(i| ® oys},i € {1,...,d} and EQ_H := 04 @ |vac)(vac|, the overall
channel would be equivalent to a measurement on the path followed by an erasure channel on the

message. The output state (calculated from Eq. (4.25)) would have been

SEHE.ENp) = )y © (s3)

which is independent of the input state p, and therefore has zero classical capacity.
Ref. [2] presents similar communication advantages for a superposition of two independent

completely depolarising channels, and was completed independently from this work.

53 QUANTUM COMMUNICATION THROUGH A SUPERPOSITION OF ENTANGLEMENT-

BREAKING CHANNELS

Recall the output of a superposition of two identical channels, given in Eq. (3.19). This equation
shows that it can be possible to obtain probabilistic noiseless transmission of a quantum state, if
the destructive interference term A — F - F' is proportional to a unitary gate.

For example, consider the completely dephasing channel

D(p) = [o){olplo) (o] + 1) (1lp|) (s, (5-4)

which has zero quantum capacity. For a vacuum extension described by Kraus operators { i) (i| &
7; |vac) (vac| }\_,, the vacuum interference operator is F = I/+/2. For a superposition of two such
completely dephasing channels, this means that the destructive interference term is proportional
to the unitary gate Z = |o)(o| — |1)(1|, which can be undone by the receiver. The probability
of obtaining this term is 1/4, which means that the superposition of channels enables the perfect

transmission of single qubit with 25% probability. In the remaining cases, we obtain constructive



interference, with the conditional evolution of the message described by the channel
2 B2 2 1
S (Alp) + EpE') = ~(lo){olplo}{ol + ) Glpln Gl + p/2) = Zp + 2 2pZ, (s5)

whose quantum capacityis1 — h(1/3) & 0.08 qubits, where h(x) = —xlog, x — (1 —x) log(1 — )
is the binary entropy [196]. Since the same encoding works in both cases, the overall quantum

capacity of the superposition channel is at least 0.08 qubits.

54 PERFECT COMMUNICATION THROUGH ASYMPTOTICALLY MANY PATHS

Having seen that the superposition of paths can enable the transfer of both classical and quantum
information at a non-zero rate through zero-capacity channels, one might wonder whether the su-
perposition of independent channels can enable perfect noiseless communication through noisy
channels. To answer this question, we look again at Equation (3.19). In order for the superposition
channel to be completely noiseless (i.e. a unitary), both maps A 4= FpF' must be proportional to
unitary channels. However, the map A + F - F' is proportional to a unitary channel if and only
if the original channel A is a unitary channel itself. From Eq. (3.17), we see that the same result
holds for the superposition of two different channels A and B, and, from Eq. (3.20), more gener-
ally for a superposition of N independent channels. That is, a superposition of a finite number of
independent noisy channels can never lead to a perfectly noiseless channel [58].

Yet, such extreme destructive interference of the noise can in fact occur in the asymptotic limit
of a superposition of N independent channels.

Consider the transmission of a single particle through a superposition of N independent and
identical transmission lines, each described by the vacuum extension A of some channel A. With
the path initialised in the maximally coherent state |e,) = Z;\’:_Ol /) /v/N, the output of the super-

position channel is

A(p) + (N — 1) FpF!
N

A(p) — FpF'
N

8\eo><fo| (j@N) (P) —

sup ® eo) (eo| + ® (I_ ‘60><60|) , (5.6)

withF := Zi a; A;. As before, the output state of the path is diagonal in the Fourier basis, heralding
the possibility of constructive or destructive interference. In the large N limit, the superposition

channel tends to a mixture of the two quantum operations F - Fland A — F - F'. This limiting



behaviour leads to extreme possibilities for the correction of noise:

5.4.1 ASYMPTOTICALLY LARGE NUMBER OF PURE ERASURE CHANNELS

Consider a communication scenario where the communicating parties have accessto N — 00
independent copies of the pure erasure channel £(p) = |v,)(o|p|o) (V| + ¥, ) (x]p[1) (¥, ]|, with
vacuum extension described by Kraus operators INEO = ]1//0) (o| ® a, |vac)(vac| and El = ]1//0) (1l

a, |vac) (vac|. In this case, the vacuum interference operator F = Wfo) (a| and Equation (5.6) gives

Skl (EWN)(p) — (alpla) [¥,) (¥, © leo) (eol + (arlplar) Y ) (¥ | ®wr,  (57)

with (a, [a) = oandw, = (I — |e,)(e,|)/(N — 1). This channel is equivalent to a measurement
in the basis {|a), |aL ) }, followed by a preparation of one of the orthogonal states |e, ) (e,| and w |,
conditional on the outcome. Since these two states are orthogonal, the superposition channel acts

as a perfect noiseless channel for the communication of classical bits.

5.4.2 ASYMPTOTICALLY LARGE NUMBER OF COMPLETELY DEPOLARISING CHANNELS

Suppose, that the communicating parties have access to N — 0o independent copies of the com-
pletely depolarising channel D(p) = (p+XpX+ YpY+ZpZ) /4 with vacuum extension described
by Kraus operators D, = (I®1)/2,D, = (X®i)/2,D, = (Y®i)/2,and D, = (Z®i) /2. Then, the
vacuum interference term is proportional to a unitary channel, since F = (cos 61 — isin 6S) /2,
withcos @ = 1/2and S = (X+Y+2Z)/,/3. Asaresult, when the measurement on the path heralds
the quantum operation F - FT, which occurs with 259% probability, a qubit is noiselessly transmitted
from the sender to the receiver. That is, noiseless quantum communication with 25% probability

is possible in the N — 00 limit.

5.4.3 ASYMPTOTICALLY LARGE NUMBER OF COMPLETELY DEPHASING CHANNELS

Finally, suppose that the communicating parties have access to N — 0o independent copies of the
completely dephasing channel A(p) = |o)(o|p|o)(o| + |1)(1|p|1) (1], with the vacuum extension
described by Kraus operators |o) (o| @ |vac)(vac|/y/2 and |1) (1| @ |vac) (vac|/+/2. This gives F =
1/+/2and A(p) — FpF' = ZpZ/2, such that both quantum operations F - F' and A — F - F' are
proportional to unitary channels. By measuring the path, the receiver can find out which unitary

channel acted and correct it, enabling perfect noiseless quantum communication.



5.5 OPTIMAL CONTROL STATE FOR MAXIMIZING THE COMMUNICATION RATE

In the previous subsections, we presented all of the communication advantages from a superposi-
tion of channels with the path initialised in the maximally coherent Fourier state, which for qubits
is the state |+). This leads to the question whether such a state is always optimal. Here, we show
that for a superposition of two identical channels (cf. Eq. (4.25)) the Holevo capacity (a useful
lower bound to the classical capacity — cf. §2.2) is indeed maximised for the path initialised as
w = )+l

We prove this in the following lemma:

Lemma 14. Let C, be an arbitrary channel of the form
Calp) = Lt(p) @@ + L(p) @ Z0Z, (58)

where L are arbitrary linear maps. Then, for every quantum state w, the Holevo capacity satisfies the

bound y (C.) < % (Clay+1)-

Proof. The Holevo capacity is known to be monotonically decreasing under the addition of
quantum channels, namely y(€) > y(F o &) for every pair of channels £ and F. For every

channel C,, of the form (5.8), we have the relation

Co = (Zn ® P.) © Cliyi4 5 (5.9)

where P, is the quantum channel defined by
Po(r) = (HlrlH) o + (=lr]=) ZwZ (s.10)

for an arbitrary state y. Hence, we have y(C,) = x [(Zu ® P.) © Ciayit1] < x(Clayiz)- O]
Since Eq. (4.25) is of the form (5.8), the Holevo information of a superposition of two identical
and independent channels is, in particular, maximised when the path is initialised in the |+) state.
In the next section, we consider the superposition of correlated quantum channels. We compare
the performance of a superposition of correlated channels with that of a superposition of indepen-

dent channels, where we shall make use of Lemma 14.
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Communication through correlated channels at a

superposition of times

In this chapter, we explore the communication enhancements possible when a time-correlated
quantum device is used at a superposition of different times. First, we discuss enhancements in
classical communication, and show that a transmission line which is completely depolarising on the
message at any definite moment in time can be transformed into a perfect communication channel
for classical information, for specific choices of the physical parameters.

Then, we extend this result to networks of multiple time-correlated transmission lines. The ac-
tion of the quantum SWITCH can be reproduced in this setting. We show that (1) time-correlations
are essential in order to reproduce the communication advantages of the quantum SWITCH, and (2)
more sophisticated patterns of time correlations in the same setting can surpass the communica-
tion capacity associated with the quantum SWITCH.

Finally, we discussed enhancements in quantum communication, and find that a transmission

line which is completely dephasing on the message at any definite moment in time can, for partic-
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ular parameters, be transformed into a perfect communication channel for qubits.

6.1 SENDING A SINGLE PARTICLE THROUGH A TIME-CORRELATED CHANNEL

In this section, we consider a single particle sent at a superposition of two moments of time through
a time-correlated channel. For the transmission of the particle, we consider channels that conserve
the number of particles, i.e. that map states of a given sector into states of the same sector. This is
the case, for example, for linear optical elements, which preserve the photon number.

In the following, we specialise to the case of correlated channels of the random unitary form

R=> p(mn)V, ®V, € Chan(s"),s%), (6.1)

where V,,(+) := V,,(-)V! is a unitary channel, {V,, } is a set of unitary gates, and p(m, n) is a joint
probability distribution. (Recall, that Chan(S®, §®)) is shorthand for a 2-step channel

Chan(S(‘) — s 86 S(Z)) — see notation introduced in §2.7.1.) The vacuum extension of

each unitary V,, is taken to be another unitary
V, i= V,, ® € |vac) (vac| | (6.2)

where the vacuum amplitude is given by a complex phase, representing the coherent action of each

possible noisy process on the one-particle and vacuum sectors. This leads to the vacuum extension

R =Y p(mn) V@V, € Chan(s¥ %)), (6.3)
with V,,(-) 1= V,,(-)VI..
The use of the channel R, specified by the vacuum extension ﬁ, at a superposition of times (cf.

the superposition placement (4.25)) is given by:

Sy (R) =3 plm,mtlo (V, @V, )oul. (6.4)

m,n=o
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Explicitly, this is equivalent to the effective channel
Culp) = 84 (R)(p) = D p(m, 1) Wy, (p ® @) Wi, (65)

where p (respectively, w) is an arbitrary state of the message (respectively, control), and
Wy =V, €% @ |0} (o] + % V,, @ [1) (1] , (6.6)

where €?» is the vacuum amplitude in Eq. (6.2).
It is useful to consider the case where the probability distribution p(m, n) is symmetric, that
is, p(m,n) = p(n,m) for every m and n. In this case, the superposition channel has the simple
expression
o (B Ri(p) +G(p)
Colp) = Sop(R)(p) = ————— @w+

2 2

® ZwZ , (6.7)

where R, is the reduced channel defined by
Rilp) ==Y p(m) VupVi,  pi(m) =) p(m,n), (6.8)

and § is the linear map defined by

Gp) =Y plm,n) @) v, pV1. (69)

myn

Here, the channel R, is the quantum channel representing the evolution of the message when it
is sent at a definite time (either t, or t,). It depends only on the marginal probability distribution
p.(m) ==Y p(m,n)andisindependent of the correlations. In contrast, the map G generally de-
pends on the correlations between the evolution of the particle at two mutually exclusive moments

of time. We call G the interference term.
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6.2 CLASSICAL COMMUNICATION THROUGH CORRELATED WHITE NOISE

6.2.1 CORRELATED WHITE NOISE

Consider the case where the evolution at any definite time step is completely depolarising on the

message-carrying sector M, that is,

Ciilp) =Te(p)3 ® )Gl Vp € StM) V) € o1} (6.10)

where Cjj)(; is the quantum channel obtained by plugging w = |j)(j| into Eq. (6.7). Eq. (6.10)
implies that whenever the particle is sent at a definite moment of time, the message is replaced
by white noise. Accordingly, the channel R, in Eq. (6.8) is a completely depolarising channel (cf.
2.2.2).

When the probability distribution p(m, n) is symmetric, Eq. (6.7) becomes

Cpy At 14— Glp)

2 2

& ZwZ . (6.11)

In the realisation of the random unitary channel, we shall take the unitaries {V,, } to be an orthog-
onal basis for the space of d X d matrices. Accordingly, the set {V,,} will contain d” unitaries,
labelled by integers from o to d* — 1. For qubits, we shall take {V,, } to be the four Pauli matrices
{I,X,Y,Z},1abelledas V, =LV, =X,V, = Y,and V, = Z.

In terms of the probability distribution p(m, n), the condition (6.10) amounts to requiring that

the marginal probability distributions p,(m) and p, (n) be uniform, that is
p.(m) = p,(n) :é Ym,n € {o,...,d* —1}. (6.12)

The probability distributions p(m, n) satisfying Eq. (6.12) form a convex polytope whose extreme
points are probability distributions of the form p(m, n) = §,, +(»)/d*, where ¢ is a permutation of
theset {o,...,d> — 1} [35].

For the identity permutation, satisfying o(m) = m for all values of m, the probability distribu-
tion p(m, n) is symmetric, and the interference term (6.9) is the completely depolarising channel
G(p) = Tr(p)I/d Vp. Hence, the channel C, in Eq. (6.11) is completely depolarising, and no

information can be transmitted through it, no matter what state w is used. In the following, we
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shall show that, instead, other types of permutations enable the perfect transmission of classical

information.

6.2.2 PERFECT COMMUNICATION THROUGH CORRELATED COMPLETELY DEPOLARISING CHAN-

NELS

Here we focus on the case where the message is a qubit (d = 2). Let o be a permutation that swaps
two pairs of indices, for example mapping (o, 1, 2, 3) into (1, 0, 3, 2). In this case, the probability

distribution p(m, n) = §,, +(x)/4 is symmetric, and the interference term is

Xei(%—%) +Y, Ze"(%—%) + h.c.
G(p) =" i ’ (613)

where h.c. denotes the Hermitian conjugate of the preceding matrices.

Note that G(p) depends only on the differences ¢, — ¢ and ¢, — ¢,. We now show that, by
suitably choosing the differences ¢, — ¢_and ¢, — ¢, and the state , it is possible to achieve a
perfect transmission of classical information. When ¢ —¢_ = oand =9, = /2, the interference

term becomes

_ {P>X} — {ZPZ’X} ’

G(p) ’

(6.14)

where {A, B} = AB + BA denotes the anticommutator of two generic operators A and B. In
particular, choosing p = |£) (%[, with |+) := (o) & |1))/1/2, we obtain

G(|) (£]) = . (613)

Combining this relation with the depolarising condition C(|4)(£|) = I/2, and inserting these

two relations into into Eq. (6.7), we obtain
I
CllE) () = @ s, (610

withw, = wand w_ := ZwZ. In other words, the net effect of the superposition of correlated
depolarising channels is to transfer information from the message to the output state of the control.

Putting the control in the state w = |+)(+|, one obtains the orthogonal output states w, =
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|£) (. Hence, a sender can encode a bit into the states |1}, and a receiver will be able to decode
the bit in principle without error, by measuring the control system in the basis {|+), |—) }.

In summary, there exist time-correlated channels that look completely depolarising when the
message is sent at any definite moment of time, and yet allow for a perfect transmission of classical

information by sending messages at a coherent superposition of different times.

6.2.3 MAXIMUM CAPACITY IN THE LACK OF CORRELATIONS

We now show that correlations in the probability distribution p(m, n) are essential in order to
achieve the perfect communication task discussed in the previous subsection. Specifically, we
prove that no perfect communication is possible in the lack of correlations, that is, when the proba-
bility distribution factorises as p(m, n) = p,(m) p,(n) = 1/d* (cf. Eq. (6.12)). For qubit messages

(d = 2), we show that, in the lack of correlations,

1. the classical capacity of the channel C, is upper bounded by o.5 bits, meaning that it is im-

possible to transmit more than o.5 bits per use of the channel,

2. the maximum classical capacity of the channel C, over arbitrary states w of the control system
and over arbitrary (not necessarily random-unitary) realisations of the completely depolar-

ising channel is equal to 0.16 bits.

The first result follows from an analytical upper bound on the classical capacity, while the second
result follows from numerical optimisation.

We begin by deriving the form of the superposition of two uncorrelated depolarising channels.
Note, the superposition of times of the correlated depolarising channel (6.11) is mathematically
equivalent to the superposition of paths of two independent completely depolarising channels. Let
D : p — Tr(p)I/dbe the completely depolarising channel, with vacuum extension D. Using the
superposition placement (4.25), we obtain, for a fixed state w of the control system,

~ I/d + FpF' I/d — FpFt
_ YA+ FpE o 1/d—FpF!

Corlp) == S::lp(ﬁa D)(p) & ZwZ , (6.17)

2 2

where F is the vacuum interference operator associated with D.
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ANALYTICAL BOUND ON THE CLASSICAL CAPACITY

The derivation of the bound consists of three steps:

1. The first step is to prove that, in the lack of correlations and for message dimension d = 2,
the channel C,, r is entanglement-breaking [107], i.e. it transforms all entangled states into
separable states. This is formally stated in Proposition 15 below and proven in Appendix
A.2. For entanglement-breaking channels, it is known that the classical capacity coincides

with the Holevo capacity [179].

2. The second step is to observe that state of the control that maximises the Holevo capacity
of the channel C, ris w = |+)(+|. This follows from Lemma 14 and the result holds for
arbitrary message dimension d > 2. In fact, it holds even in the presence of correlations, as

long as the probability distribution p(m, n) is symmetric.

3. Finally, the third step is to show that, in the lack of correlations and for arbitrary message
dimension d > 2, the Holevo capacity of the channel C|; | r is upper bounded by 1/d.

This follows from the more general result of Proposition 16 below.
Proposition 15. The channel C,, r defined in Eq. (6.17) is entanglement-breaking for d = 2.
The proofis given in Appendix A.2.

Proposition 16. The Holevo capacity of the channel C,, r. defined in Eq. (6.17) is upper bounded as

log(d) +|Fl2 24+ Fx  1—Flx. *—|F2
x(Cw,F)SogE;)+d | IIOOIOgd | ||oo+d I IIOOIOgd | IIOO’ (6.18)

2 2 2 2

where F is the vacuum interference operator defined in Eq. (3.12).

The proofis provided in Appendix A.3.
Putting the three steps together, we obtain that, in the lack of correlations and for qubit messages,

the classical capacity of the channel C, r is upper bounded by 1/2 for every possible state w:

Corollary 17. The classical capacity of the channel C, r defined in Eq. (6.17) is upper bounded as
C(C,r) < 1/d. In particular, for d = 2, one has the bound C(C, z) < o.s.
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Proof. Immediate from the fact that the right-hand-side of Eq. (6.18) is monotonically decreas-
ing with || F|| o, and that || F||  is upper bounded by 1/v/d (Lemma 22), together with Lemma 14
and the fact that C, r is entanglement-breaking. O

Hence, the perfect transmission of 1 bit achieved in §6.2.2 is impossible in the lack of correla-

tions.

NUMERICAL EVALUATION OF THE CAPACITY

The evaluation of the Holevo capacity involves an optimisation over all possible input ensembles.
For quantum channels with d-dimensional input, the optimisation can be restricted to ensembles
with up to d* linearly independent pure states [71]. In practice, however, the optimisation is often
hard to carry out even in dimension d = 2. To make the optimisation feasible, we found that in
our case the optimisation can be reduced to an optimisation over ensembles that depend only on

three real parameters q, p,, p, € [0, 1].

Theorem 18. The classical capacity of the superposition of two independent qubit completely depolar-
ising channels, C, r [Eq. (6.17)] is given by

ClCur) € _max_ H|Cur(p,)] = aH [Cor (1¥,) (.)] = G=0)H [Cu (1) 0,])]

(1) = vpslo) + Vi),
W) = R+ VimE ),
b —lape+ (1= g)pllo) ol
gl —po) + (1 — @)= p)]
(6.19)

where ' = a o) (o| + b |1) (1|, with a, b being the singular values of F.

Proof. Follows directly from Lemma 23, which is proven in Appendix A.4, and Lemma 24,

which is given in Appendix A.4 and proven in Ref. [121]. O

Corollary 19. For every vacuum extension of the completely depolarising channel and for every state of

the control qubit, the classical capacity of any channel of the form Eq. (6.17) resulting from the superpo-
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sition of two independent qubit completely depolarising channels is upper bounded as

CCor) < max  max_H|Cur(p,)| = aH [Corl¥) (¥, )] = (=) [Corlly,) (1]

a>0,b>0 0<q,po,p;<1
a*+b*<1/2

Vo) =+Polo) +vVi=pol),

V) =vel+Vimply,

Py = lapo + (1= @)p o) o] + [a(t = po) + (1 = q)(x = p)] 1) (u] ,
F =alo){o| +b[)

\

(6.20)

Proof. Follows from Theorem 18, which shows that only channels with a vacuum interference
operator that is diagonal in the computational basis are relevant for maximising the capacity, and
the fact that any vacuum interference operator F must satisfy the condition Tr FIF < 1/d [2],
which implies the inequality |a|> + |b|* < 1/d for an operator of the form F = a |o){o| + b |1) (1].

]

Using Theorem 18, we numerically evaluate the largest value of the Holevo capacity, and there-
fore the classical capacity, for all possible qubit channels (i.e. d = 2) of the form (6.11) with
p(m,n) = 1/16. We set the state of the control to w = |+)(+|, which we know to guarantee
the maximum Holevo capacity (cf. Lemma 14).

The resulting value of the Holevo capacity is a function of the phases {¢, }.uc (o3} in Eq. (6.9).
One phase, say ¢_, can be set to o without loss of generality, as it represents a global phase. In
Figure 6.1a, we provide a 3-dimensional plot showing the exact values of the Holevo capacity, and
therefore by the arguments above, the classical capacity, for all possible values of the phases ¢ , ¢_,
and ¢_. The maximum over all possible choices of phases is 0.16 bits.

More generally, using the results of Corollary 19, we also find that 0.16 bits is the maximum
capacity achievable with arbitrary (not necessarily random unitary) channels that reduce to the
depolarising channel in the one-particle sector. The value 0.16 was previously found to be a lower
bound to the classical capacity [2], and our result shows that the lower bound is actually tight: 0.16
is the best classical capacity one can obtain by sending a single particle through a superposition of
paths traversing two identical, independent channels that are completely depolarising in the one-

particle sector.
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Figure 6.1: Performance in the transmission of a single particle through a correlated depo-
larising channel. (a) Classical capacity in the lack of correlations. Without loss of general-

ity, ¢, = o. The maximum capacity is 0.016 bits. (b) Lower bound to the classical capacity
achieved with the correlated probability distribution p(m,n) = &, ;(s)/4, where ¢ is the permu-
tation that exchanges o with 1, and 2 with 3. Without loss of generality, we set ¢, = ¢, = o.
The maximum lower bound is 1 bit.

6.2.4 LOWER BOUND TO THE CLASSICAL CAPACITY IN THE PRESENCE OF CORRELATIONS

In the correlated case, we do not have a proof that the classical capacity coincides with the Holevo
capacity. On top of that, the evaluation of the Holevo capacity generally requires an optimisation
over all possible ensembles of d* linearly independent pure states, which is computationally chal-
lenging. Here, we circumvent this problem by computing a lower bound to the Holevo capacity,
obtained by restricting the optimisation to the set of all orthogonal ensembles, that is, input en-
sembles consisting of two orthogonal qubit states. In general, this lower bound may not be tight
(87,99, 115], but it is nevertheless interesting as it quantifies the maximum performance of a nat-
ural set of encoding strategies. Since the Holevo capacity is always a lower bound to the classical
capacity, the above lower bound is also a lower bound to the classical capacity.

Here, we evaluate the lower bound for the correlated channel with p(m, n) = n,o(m) /4, where
o is the permutation that exchanges o with 1, and 2 with 3. This particular choice is interesting
because as we have seen in §6.2.2, it can reach the maximum capacity of 1 bit. We now inspect how

the lower bound depends on the phases.
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Figure 6.2: The channel Z (.Z, g) obtained by connecting two vacuum-extended 2-step
channels A (green) and B (red) such that output of the first port of each channel is con-
nected to the input of the second port of the other channel.

Since the interference term (6.13) depends only on the differences ¢, — ¢_and ¢, — ¢,, we set
¢, = @, = oand scan the possible values of ¢, and ¢_. For the state of the control system, we again
choose w = |4) (|, as it maximises the Holevo capacity (cf. Lemma 14). The lower bound to the

Holevo capacity is shown in Figure 6.1b for all values of ¢, and ¢..

6.3 COMMUNICATION THROUGH MULTIPLE TIME-CORRELATED CHANNELS

Time-correlated channels can be used to mimic the use of ordinary quantum channels in a super-
position of different causal orders [50, 147]. In this section we show that time correlations are a
necessary resource for reproducing the benefits of the superposition of orders in quantum com-
munication, and that, in fact, time correlations are an even more powerful resource than the ability

to combine channels in a superposition of orders.

6.3.1 A NETWORK OF TIME-CORRELATED CHANNELS

Suppose that two time-correlated channels are arranged as in Figure 6.2, and that a single particle
is sent through a superposition of two alternative paths visiting each of the two channels exactly
once. We describe this mathematically as follows: Let A and B be two-step channels, with vacuum
extensions A € Chan(A®, A®) and B e Chan(B®, B®)). For simplicity, here we take all the
systems AW , ;{(2), B® , B® tobe isomorphic.

We now connect the 2-step channels Aand Bin such a way that the output of the first port of
each channel is fed into the input of the second port of the other channel, as in Figure 6.2. This
particular composition of two 2-step channels is described by a supermap Z that maps pairs of
channels in Chan(A®), A®)) x Chan(B™, B®)) into bipartite channels in Chan(A®) @ B®) —
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Figure 6.3: The superposition channel S[Z(JZN, B)] of two 2-step channels A and B, spec-
ified by the vacuum extensions A (green) and B (red), where the alternative paths traverse
the two correlated channels in the opposite order.

B @ A0)).

We can now consider the scenario in which a single particle is sent in a superposition of going
through the A-port and the B-port of the channel Z (.Z, g) Following the superposition place-

ment (4.25), the evolution of the particle is described by the superposition channel
55, [2(AB)] () =t 0 2(A By ott( @), (621)

with ¢/ defined asin Eq. (3.16). The superposition channel Seup [Z (.,Z(, g)] is illustrated in Figure
6.3.
Let us apply the above construction to the special case where the channels A and B are of the

random unitary form

A=TRy:= ZpA(m, n) VA @ YW

B=Rs:=Y pak, ) VY @ V", (6.22)
k,l

where V4 and V,C(B) are the unitary channels corresponding to the unitary operators

VA = v g £ |vac) (vac|
~ . (B)
VB = v & ¢ vac) (vac| | (6.23)
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respectively. With this choice, we have

Z(Ra,Rs) = Z pa(m,n)pg(k,1) (V o VW) @ (VW o ]7,53)). (6.24)

myn,k,l

When the control system is initialised in the state w, the overall evolution of the message and the

control is then described by the effective channel £, defined as

Eulp) = St [Z(RasRs) | (0) = 3 palom.m) puk. ) Wsa (p © @) Why, (625)
m,n,k,l
with
Wonia 1= ViV 07491 @ o) o] + VAV @ +1™) @ 1) (] (6.26)

Expanding out, we obtain

Ss“flp[ (Rm )] = > palm,n) pa(k,]) Woai(p © 0) W, (6.27)

m,n,k,l

= 3 L palmm) ol ) VOV VOV @ s o) o

m,n,k,l

+ pa(m, n) ps(k, 1) VIOV oV TV T @ w, [1) (3]
+ pa(m,n) pa(k, ) V(B V(B)TV(AT ,[ @) 1 o® _p(a) _o(® )] w0} 1] + h.c.}

= RaRa(p) oo [0) (0] + RaRa(p) @wu [1) 1] + K(p) @wa, |0} (1] + [KC(p)] @as0 [1) o]
where ,,, := (m| w |n) and K is the linear map defined by

Z palm, 1) pa(k, 1) VOV oy i i[o® o —oW—" | (6.28)

m,n,k,l
We now restrict our attention to the case where

1. the two channelsﬁA and 723 are identical (this implies that one can choose without loss of
generality pa(m,n) = pg(m,n) := p(m,n) for every m and n, V& = V¥ .= v, and
oW = o =: o foreverym),
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2. the probability distribution p(m, ) is symmetric, namely p(m, n) = p(n, m) for every m, n.

Under these conditions, the operator K(p) is self-adjoint for every density matrix p, and the effec-

tive channel can be rewritten as

(R.)*(p) + K(p) o

2 2

Ss“l’lp [Z(ﬁA, 72\5,3)} (p)= ® ZwZ , (6.29)

with

R.(p) := Z p(m,n) V,pV . (6.30)

m,n

Thus, we have found the output of the superposition of two identical 2-step random unitary chan-
nels with symmetric probability distributions, connected as in Figure 6.3. Notably, Equation (6.29)

has the same form as Equation (6.7) describing a superposition of a single 2-step random unitary

channel, with R, replaced by (R,)> and G(p) replaced by L = G*.

6.3.2 REPRODUCING THE QUANTUM SWITCH

An interesting special case occurs when the probability distributions p,(m, n) and pp(k, I) are per-
fectly correlated, that is

pa(m,n) = pa(m)8,, Vm,n

(6.31)
ps(k,l) = ps(k) 8y Vk,1,

where p,4(m) and p,(k) are the marginal probability distributions of p4 (m, n) and p(k, 1), respec-
tively. Under this condition, the network in Figure 6.3 reproduces the action of two random unitary
channels in a superposition of two alternative orders [50].

In particular, here we are interested in the case where the channels .4 and B are random unitary,
with Kraus operators A,, := \/m V) and By, := N VfCB). With this choice, the output of
the quantum SWITCH placement (Eq. (4.23), which we shall call W, ), coincides with the channel
&, in Eq. (6.25) under the condition that the probability distributions p,(m, n) and pg(k, ) are
perfectly correlated (cf. Eq. (6.31)).

When the channels A and BB are completely depolarising, Ref. [ 80] showed that the channel W,

resulting from the quantum SWITCH can transmit 0.049 bits of classical information, provided that
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the control is initialised in the state w = |+) (4|. Later, the value 0.049 was proven to be exactly
equal to the classical capacity [59]. Since the channels £, and W, coincide, we conclude that the
time-correlated network in Figure 6.3 can achieve a capacity of 0.049 bits.

In the following, we provide two new results:

1. We show that time correlations are strictly necessary in order to achieve the quantum SWITCH
capacity of 0.049 bits. Specifically, we show numerically that the maximum classical capac-
ity in the uncorrelated case is 0.018 bits for random-unitary realisations of the completely
depolarising channel, and 0.024 bits for arbitrary realisations. This result shows that, when
the quantum SWITCH is reproduced by the network in Figure 6.3, the origin of the commu-
nication enhancement is not just the interference of paths, but rather the combined effect
of the interference of paths and of the time correlations. We discuss this point further in

Chapter 7.

2. We show that there exist time correlations that achieve a classical capacity of at least 0.31
bits. This result shows that the access to time correlations is generally a stronger resource

than the ability to combine ordinary channels in a superposition of orders.

6.3.3 MAXIMUM CAPACITY IN THE LACK OF CORRELATIONS

Here we evaluate the maximum amount of classical information that can be transmitted through
the network in Figure 6.3 when the channels are completely depolarising and no correlation is
present. That is, in the case of random unitary channels, the probabilities distribution factorises
as pa(m,n) = pa(m)pas(n) = ps(k,l) = pp,(K)ps.(l) = 1/4-1/4 = 1/16Vm,n, k1 €
{o,1,2,3}.

Consider the scenario of Figure 6.3, in the special case where the 2-step channels Aand B are

of the product form A= fi ® .Zl; and B = g] X gz, respectively. In this case, the combination

of the channels in the network of Figure 6.2 gives the bipartite channel
Z(A,B) =B,A ® A,B,. (6.32)

When a single particle is sent into one of the two ports of this channel, the resulting evolution is

128



0.018

0%0 w 0.016
p W o w Roou
27T | ¢ :ﬁfv o..%g 0.012
&3 e B 0.010
1m | % ,f"o"’% 0.008
% Z 0.006

0 0
0 i 0.004
AT o 2 g Lr0.002

(a)

Pl

2 . |
8
ol i
0 11)711 27

(b)

0.30
0.25
0.20
0.15%
0.10
0.05

Figure 6.4: Performance in the transmission of a single particle through a network of cor-
related depolarising channels, arranged as in Figure 6.3. (a) Classical capacity in the lack of
correlations. Without loss of generality, 9. = o. The maximum capacity is 0.018 bits. (b)
Lower bound to the classical capacity achieved with maximal correlations corresponding to the
probability distributions ps(m,n) = p(m,n) = 8, ;(m)/4, Where o is the permutation that ex-
changes 0 with 1, and 2 with 3. Without loss of generality, ¢, = ¢, = o. The maximum lower

bound is o.31 bits.
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described by the superposition channel

Sa, [2(AB)] = S8,(B.A @ AB). (633)
We now restrict our attention to the case where the channels .ZI, ./ZL, E)’; ,and gz are all equal to
each other, and are all equal to D, a vacuum extension of the completely depolarising channel. In

this case, the action of the superposition channel is

~ o~ I/d + FPpFt I/d — FpP
£, =8 (D2®Dz)(P):/+—P®w+/—P

sup ® ZwZ, (6.34)
2 2

where F is the vacuum interference operator associated to channel D. The above equation follows
from Eq. (6.17) and from the observation that the vacuum interference operator of D* is F*.
Note that one has the equality

84 (D* @ D*)(p) = Cu(p) (6.35)

sup

using the notation of Eq. (6.17). That is, in the lack of correlations, the configuration of channels
depicted in Figure 6.3 gives rise to the effective channel in Equation (6.17), with F replaced by F*.
The evaluation of the maximum capacity follows the same steps as in §6.2.3. The main observa-

tions are:

1. inthelack of correlations, the channel £, in Eq. (6.25) is entanglement-breaking, and there-

fore its classical capacity coincides with the Holevo capacity
2. the control state w that maximises the Holevo capacity of the channel £, is w = |+) (+|

3. without loss of generality, the maximisation of the Holevo capacity can be reduced to en-

sembles that depend only on three real parameters g, p.,, and p, in [0, 1].

Observations 1.—2. follow from the same results used to prove the analogous claims in §6.2.3.
Observations 3 follows from the following. The equality (6.35) means that Theorem 18 and Corol-
lary 19 apply to this scenario as well, with F replaced by F*. In particular, the classical capacity can
be determined numerically using Corollary 19, with the maximisation constraint now being for the
vacuum interference operator F> = g|o)(o| +h [1)(1|, g+h < 1/d,whereg, h > o. This proves

Observations 3.
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Having established observations 1.—3. above, we use Theorem 18 to evaluate the capacity of the
channel £, in Eq. (6.25) by scanning all possible values of the phases {¢_}3 _ . The result is the
plot shown in Figure 6.4a. The largest classical capacity over all random unitary realisations is 0.018
bits, which is strictly smaller than the value 0.049 bits achieved by the superposition of orders.

Finally, we extend the optimisation from random unitary realisations to arbitrary realisations of
the completely depolarising channel, using Corollary 19. For this broader class of realisations, we
numerically obtain that the maximum capacity is 0.024 bits.

In summary, the best classical capacity that can be obtained by sending a single particle through
the network described by Eq. (6.34), in the lack of correlations between the two paths, is 0.024
bits, and when restricted to random unitary realisations of the completely depolarising channel is

0.018 bits.

6.3.4 TIME CORRELATIONS SURPASSING THE QUANTUM SWITCH caPACITY

We now show that the classical capacity of 0.049 bits, achieved by the quantum SWITCH, can be
surpassed using more general time correlations. We prove this result explicitly, by exhibiting a pair
of time-correlated channels that achieve a capacity at least 0.31 bits.

In particular, suppose that the unitaries {Vm}ﬁj:_; form an orthogonal basis, and that the proba-
bility p(m, n) has the form p(m, n) = 8, ;(m)/d*, for a permutation ¢ that makes p(m, n) symmet-
ric. In this case, the marginal probabilities p(m) = p(n) = 1/d?, i.e. we recover the completely

depolarising channel at each individual time step, and Eq. (6.29) becomes

.(p) = Sag[2 (R o) | (p1= LT 0 L HEE RO 607 (630
with
®_

L [ W_,®
/C(P):EZV%V?PVI(CB)TV%W[‘P“W‘P" o) (6.37)
m,k

We now specialise further to the case where d = 2 and ¢ is the permutation that exchanges o
with 1, and 2 with 3. This choice is motivated by the fact that the permutation o guarantees the

maximum communication capacity in the case where a single time-correlated channel is used (cf.
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§6.2.2). With this choice, we obtain

K(p) := %{[cos 2(p, — ¢,) + cos2(p, — 9,)] p +2XpX} . (6.38)

Note that the channel £, depends only on the phase differences ¢, —¢_and ¢, —¢,, via Eq. (6.38).

We now provide a lower bound to the classical capacity of the channel £,. As we did in §6.2.4,
we lower bound the classical capacity by the Holevo capacity, and, in turn, we lower bound the
Holevo capacity by restricting the maximisation to orthogonal input ensembles. For the state of
the control qubit, we pick @ = |+) (4|, which is the choice that maximises the Holevo capacity
(cf. Lemma 14).

The lower bound to the classical capacity is shown in Figure 6.4b for all possible values of the
phases ¢ and ¢_. The highestlower bound overall combinations of phases {9, }3—,isgivenbyo.31
bits. This value is larger than the classical capacity of 0.049 bits achieved by the quantum SWITCH,
corresponding to perfect correlations pa(m, n) = pg(m,n) = §,,,/4. This result implies that not
only can time correlations reproduce the superposition of causal orders, but they can also surpass

its advantages.

6.4 Q_UANTUM COMMUNICATION THROUGH CORRELATED DEPHASING NOISE

In this section, we consider enhancements in the communication of quantum information through
correlated superpositions of channels. As in the previous sections, we consider 2-step random uni-
tary channels of the form (6.1) with vacuum extensions of the form (6.3). We begin by presenting
aresult very similar to the dephasing example of § 5.3, this time formulated as a realisation in terms
of random unitary channels. This shows that the superposition placement can transform two in-
dependent zero-quantum-capacity dephasing channels into a channel with non-zero quantum ca-
pacity. We then present an extension of this result to the case of correlated channels, showing that
correlations can enable dephasing channels with zero quantum capacity when used at a definite
time step to be transformed into a perfect quantum communication channel when used at an indef-

inite time.
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6.4.1 PROBABILISTIC CORRECTION OF DEPHASING NOISE ON INDEPENDENT PATHS

Consider the dephasing channel (cf. §2.2.3)

1 1
D.(p) = N + ;ZpZ7 (6.39)

which implements completely dephasing noise on the message degree of freedom. This has zero
quantum capacity, i.e. cannot transmit any quantum information.
The full physical description of this process including its action on the vacuum is given by the

vacuum-extended channel

~ 1 , , 1 , ,
Dl(P) = _(I S e“POIVaC)P(I D e_“POIVaC) + _(Z D el%IVac)P(Z D e_l‘P}IVac)7 (6-40)
2 2
forsome phases ¢ _, ¢, where the second term of each direct sum corresponds to the one-dimensional
vacuum sector with Iy, = |vac)(vac|.

Consider now two such channels, where the noise probabilities on each channel are independent
(ie. p(m,n) = p(m)p(n) = 1/2 - 1/2 = 1/4). When used in a superposition of paths with the

path initialised in the |+) state, this results in the effective channel

=~ S D, (p) + EpF' D, (p) — FpF'
Craxi(p) = S (D D) (p) = === —— @ [ {H] + = —— @ [)(-],
(6.41)
where R
1 : e %o + Ze s
F=-) ¢"Vy=—"—"—r, 6.
- D . (6.42)

m=0,3
withV, =1, V, = Z.

We quantify the transmission of quantum information through this channel by its quantum ca-
pacity. However, the quantum capacity is hard to evaluate and has only been computed in very
few cases [126, 127]. A useful lower bound can be found by considering the coherent informa-
tion of the channel (§2.2), which in turn has a useful lower bound given by the coherent informa-
tion of the bipartite state resulting from sending half of the maximally entangled state |[®1) :=
(loo) + |11))/+/2 through the channel. We shall call this quantity the coherent information with
respect to the maximally entangled state.

The coherent information with respect to the maximally entangled state is plotted against the
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Figure 6.5: Coherent information (with respect to the maximally entangled state) Q against
the phase ¢, for independent dephasing noise. W.l.0.g., we set ¢ = o.

phase ¢_ in Figure 6.5. Since FpF' depends only on the phase difference ¢, — ¢ wecansetp =
o without loss of generality. This shows that the effective channel C| ;| has non-zero quantum
capacity for all but a vanishingly small region of the phase differences.

In particularif o, — ¢ = 37/2, then

T il
Cloyei(p) = (Df”) . Q*ff*) ol + EE S (o)

where
I+iZ
7 .

Q. is proportional to a unitary, so upon measurement of the control in the |—) state, which occurs

Q= (6.44)

with 25% probability, the effective channel enables perfect correction of the noise.

A similar result holds for P, — P, =T /2, withQ, <> Q_.

However, note that this superposition of independent channels can never lead to an effective
channel with perfect quantum capacity, as per the observation in §5.4. We now show that, in con-

trast, this is possible for a superposition of correlated channels.
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6.4.2 PERFECT CORRECTION OF DEPHASING NOISE ON CORRELATED PATHS

Consider now the 2-step random unitary channel
Da(p) = iI@ZpI@Z—l—%Z@IpZ@I, (6.43)

which reduces to the dephasing channel (6.39) above when used at a definite time step. This is
equivalent to a random unitary channel of the form (6.1), with maximal correlations described by
the probability distribution p(m, n) = 8,, +(») /2, withm, n € {0, 3}, where ¢ is a permutation that
maps o <> 3. Again, if a single photon is sent at a definite time through the channel, no quantum
information can be transmitted. We again take the vacuum extension of each unitary to be another

unitary, so that the full physical process is described by the vacuum extension

Du (P) (I @ e“POIVac) ® (Z EB ei%IVac)P(I @ eii%IVac) ® (Z EB eii(PSIVac)
(6.46)

+=(Z P % Iyy.) @ (1D %Iy, )p(Z D e Plyye) @ (I D e PLy,.) .

~|-|»~

When used at a superposition of times, this results in the effective channel

Clei(p) = (D) ) = PO ID 04y PO =G 1) (647)
where
G(p) == i Zei[%('ﬂfcpm}VmpVZ(m). (6.48)

For this particular pattern of maximal correlations, when a single particle is sent through a su-
perposition of times through the 2-step channel, the effective channel has up to perfect quantum
capacity of 1 qubit per channel use, depending on the phase difference ¢, — ¢_. The coherent
information plotted against the phase ¢_ is shown in Figure 6.6.

In particular if ¢, — 9, = 37m/2, then

Q+PQ+ Q- PQ

Cly+i(p) = [N+ + ——@ =)=, (6.49)
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Figure 6.6: Coherent information (with respect to the maximally entangled state) Q against
the phase ¢, for correlated dephasing noise with maximal correlations described by the proba-
bility distribution p(m,n) = 8, 4(s)/2, for m,n € {o,3}, where o is the permutation that maps
0<>3 Wlo.g., wesetp =o.

where
I£iZ

V2

A similar result holdsforp, — ¢ == /2, with Q; <> Q_. Both Q. and Q_ are proportional to a

Qs : (6.50)

unitary, so the effective channel (6.49) has perfect quantum capacity of 1 qubit per channel use.
Thus we have shown that a time-correlated transmission line, which has zero quantum capac-
ity when used at any definite time, can be transformed into a perfect communication channel for

qubits, by coherently controlling the time of transmission of a single particle.

136



Superpositions of causal orders vs. superpositions

of trajectories

In this chapter, we return to the question of comparing the superpositions of causal orders and the
superposition trajectories, first mentioned in §2.5.4. This comparison was first raised in Ref. [2],
where Abbott et al. gave an example of a communication protocol where two completely depolar-
ising channels are coherently superposed.

The authors quantified the transmission of information in terms of the Holevo capacity, and
showed that the Holevo capacity achievable by combining the two channels in a superposition is
greater than the Holevo capacity achievable by combining them using the quantum SWITCH. The
value of the former Holevo capacity is 0.16 bit [ 2] (which we in fact showed is equal to the classical
capacity in Chapter 6), whilst the value of the latter Holevo capacity is 0.049 bits [80] (which was
later shown to be equal to the classical capacity in Ref. [59]). As a result, the authors argued that
the communication advantages of the quantum SWITCH ‘should therefore rather be understood as

resulting from coherent control of quantum communication channels, as opposed to being specifically
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due to indefinite causal order.

In the following, we shall analyse this claim in detail, and argue that from a resource-theoretic
point of view, the underlying assumptions of this claim do not hold water. Finally, we make a com-
parison between the superposition of independent channels and the corresponding superposition
of correlated channels that can reproduce the action of the quantum SWITCH (as shown in Chap-
ter 6). We argue that this comparison suggests that the communication advantages associated with
the quantum SWITCH in fact arise from an interplay between coherent control and the correlations

created by an indefinite causal order.

7.1  RESOURCE-THEORETIC COMPARISON

The above observation of Abbott et al. is presented as a comparison between two alternative ways
to transform two completely depolarising channels into a new quantum channel with non-zero
capacity. However, we shall argue that their conclusions do not follow from their observation.

First, it is not clear how a comparison between the values of the Holevo capacity (or classical
capacity) for the quantum SWITCH and for the superposition of channels could be used to make a
definite statement about the ‘origin’ of their respective advantages. At most, the comparison could
show that the ability to control trajectories is more powerful than the ability to control causal or-
ders.

Second, the comparison made in Ref. [2] is uneven, because
1. it does not compare supermaps acting on the same input channels, and

2. it does not compare superpositions of channels where the depolarising channels act the

same number of times.

A detailed analysis of these two points is provided in the following.

1. Different input channels. In quantum Shannon theory with superpositions of trajectories, the
input resources are vacuum-extended channels, while in quantum Shannon theory with superpo-
sitions of causal orders the input resources are ordinary (non-vacuum-extended) channels.

A vacuum-extended channel is a stronger resource than the corresponding channel, because it
can have coherence with the vacuum, in the sense of Definition 6. We now argue that coherence

with the vacuum is indeed the underlying resource implicit in the communication advantages of
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Ref. [2]. Suppose that a particle is sent in a superposition of two paths, going through two commu-
nication devices, each of which acts as a completely depolarising channels on the internal degree
of freedom of the particle. The two devices are described by vacuum extensions of the completely

depolarising channel, and act as

Nie(p) =1 = (vaclplvac)) 5 + (vaclplvac) [vac)(vac]

+ Fp |vac) (vac| + |vac) (vac| p FT, (7.1)

where Fis the vacaum interference operator defined in Equation (3.12). Now, if the channels have
no coherence with the vacuum (that is, if F = o), then their superposition yields the constant

channel

o I
Sslp(Ndevaep)(P) = a ® diag(w) , (7.2)

following from Equation (4.30) with p_ = I/d. Since the output is independent of the input, the
channel Ss‘flp (/\7dep, N, dep) cannot be used to communicate.

The above analysis shows that the presence of coherence with the vacuum is necessary for the
advantages observed by Abbott et al. [2]. In contrast, the presence of coherence with the vacuum
is, in principle, unnecessary for the advantages of the quantum SWITCH. For example, the imple-
mentation of the quantum SWITCH via closed timelike curves 53, 57], illustrated in Figure 7.1,
does not require any coherence with the vacuum.

In summary, the advantages of the superposition of causal orders and the superposition of trajec-
tories arise from different input resources, with the resources used in the latter (vacuum-extended

channels exhibiting coherence with the vacaum) being strictly stronger than the resources used in

the former (ordinary, non-vacuum-extended channels).

2. Different numbers of uses of the depolarising channel. Superpositions of trajectories and super-

positions of causal orders refer to two different communication scenarios:

(a) in superpositions of trajectories, the particle travels through only one depolarising channel

(either N, or N,),

(b) in superpositions of causal orders the particle travels through two depolarising channels

(both N, and \,).
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Figure 7.1: An implementation of the quantum SWITCH placement (in blue) using closed
timelike curves. A quantum state p € St(A) is routed through one of the two channels A, or
N, by a SWAP gate controlled by the state of the order qubit @ € St(O). A second SWAP gate
(controlled in the opposite way) routes the state to a closed timelike curve, which transfers
the incoming system back through the first SWAP gate, and through one of the two channels
N, or N,.

From this point of view, there is little surprise that Scenario (a) allows more communication than
Scenario (b), given that in Scenario (b) the particle is exposed twice to depolarising noise, as ac-
knowledged also in Ref. [2].

One may argue that the difference between Scenarios (a) and (b) is irrelevant, because the com-

pletely depolarising channel NV, (+) := Tr(-)I/d satisfies the equality
-/\/::lep ONdep = Ndep ) (7-3)

meaning that applying the channel twice in a row is the same as applying it once.

However, the input resource for the superposition of two channels is not two depolarising chan-
nels themselves, but rather their vacuum extensions. Crucially, algebraic identities like the one in
Equation (7.3) do not carry over to the vacuum extensions: in general, the relation N.oN, =N,
does not imply the relation N.oN, = ./\~/'3 In the particular case of depolarising channels, we have

the following result:

Proposition 20. The condition N, dep © ./\/dep = Ndep is satisfied if and only if the vacuum extension

-/V::lep has no coherence with the vacuum.

The proofis given in Appendix A.s.

In summary, the only case in which the equation JV, dep o/\/deP =N, dep would justify a comparison
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between the Holevo (or classical) capacity with a single depolarising channel and the Holevo (or
classical) capacity with two depolarising channels is exactly the case in which the vacuum extension
N, dep has no coherence with the vacuum, and therefore the superposition of channels provides no
advantage.

In order to make a more even comparison with the quantum SWITCH, one should analyse the
scenario where information is sent along a superposition of two paths, each visiting two depolaris-

ing channels. Mathematically, this superposition is described by the channel
SS“I’IP (./\N/:iep o f\fdeP, N, dep © ./\7dep) , instead of the channel S (/\~fdep, ./C/'dep) considered in Ref. [2].

sup

The Holevo capacity of the channel Ss“l’lp (/\7dep o /\Nfdep, N, dep © N, dep) was studied in Chapter 6,
where we found that the maximum value of the Holevo capacity over all possible vacuum exten-
sions is 0.024 bits, which we also proved was equal to the classical capacity. This is in fact less than
the classical capacity of 0.049 bits associated with the quantum SWITCH.

To illustrate the difference between the channel SS“;P (./iv/:iep o N. dep> ./\~/‘C1ep o N, dep) and the chan-
nel S5 (/\N/:iep, N, dep), we calculate the Holevo capacity (which is equal to the classical capacity in
this specific case) for both cases when the depolarising channel is implemented by a uniform ran-
domisation of Pauli channels (cf. Egs. (6.5) and (6.25), respectively), where the vacaum amplitude
corresponding to each unitary V,, is simply a complex phase ¢'?». Figure 7.2 show a scatter plot with
the capacities of both channels in the same graph against the norm of the corresponding vacuum
interference operator, F or F?, for the same combination of phases ¢ , ¢, ¢, as shown in Figures 6.1
and 6.4. This shows that the capacity generally increases with the norm of the vacuum interference
operator, which is consistent with the idea that coherence with the vacuum is responsible for the
capacity enhancement. Since ||F*||o, < ||F|| forall F constructed from random unitary channels
with unitary vacaum extensions of the form (6.3), this provides an explanation of why the capacity
of S, (,/\N/(iep o ,/\N/dep, N, dep © ,/\N/:iep) is always less than the capacity of S, (./\N/ dep> ./\Nfdep).

For the above reasons, we argue that the comparison between the quantum SWITCH and super-

position of independent communication channels presented in Ref. [2] is uneven.

7.2 FURTHER DISCUSSION

The initial question posed in Ref. [2], namely to what extent indefinite causal order per se, as op-

posed to coherent control onits own, is responsible for the communication advantages of the quan-
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Figure 7.2: Green: A plot of the classical capacity against the norm of the vacuum in-
terference operator ||F||oc for the channel Sg,(Naep; Naep). Red: A plot of the classical
capacity against the norm of the vacuum interference operator ||F*||« for the channel
Ss‘flp(/\/dep 0 Nieps Naep © Naep). In both cases F = 73 ie_i‘Pme and is sampled over the
phase parameters {9, ¢,, 9.} with a numerical precision of z/8 for each parameter. We set

¢, = o without loss of generality, as FpFT is invariant under the phase group U(1). The classi-
cal capacity is here equal to the Holevo capacity and the Holevo capacity was calculated using

Theorem 18.
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tum SWITCH is an important one. We address this question in the following way. As argued above,
a direct resource-theoretic comparison between the superposition of causal orders and superposi-
tion of trajectories is difficult to make. However, as shown in §6.3, the quantum SWITCH of two
channels can always be reproduced by a superposition of paths through two 2-step correlated chan-
nels, connected as in Figure 6.3. This means that we can instead make a direct comparison using
the superposition of paths through two 2-step correlated channels, as in Figure 6.3, between (a)
the case with correlations that reproduce the quantum SWITCH and (b) the case with trivial corre-
lations, where the two uses of each channel factories into independent uses.

First, consider the case of classical communication through completely depolarising noise. Re-
call from §6.3, that Ss“l’lp (/\Nfdep o J\Nfdep, Ndep ) /\~/dep) = Ss‘;’lp [Z (ﬁA, 73,3> ] ,as defined in Eq. (6.29)
with the probability distributions in bothR A, R given by p(m,n) = p(m)p(n) = 1/4 x 1/4 =
1/16,form,n € {o,1,2,3}. We showed that the maximum classical capacity achievable by a chan-
nel of this form is 0.024 bits.

However, for the same channel with the probability distributions in bothR A 7%3 given by
p(m,n) = 8,,/4 form,n € {o,1,2,3}, we recover the ability to reach the quantum SWITCH
capacity of 0.049 bits.

Second, consider the case of quantum communication through completely dephasing noise.
Refs. [58, 168] showed that the quantum SWITCH enables noiseless quantum communication
through two dephasing channels of the form (XpX + YpY) /2. This can be reproduced by a pair of
2-step channels of the form (6.46), with] — X, Z — Yand any choice of {¢, }, placed in a super-
position as in Eq. (6.29), corresponding to a correlated probability distribution p(m, n) = §,,/2
form,n € {1,2}.

However, as shown in §5.4, the superposition of two independent channels can never lead to a
noiseless channel, unless the original channels are themselves unitary channels. This means that
the corresponding superposition of independent channels, thatis, withp(m, n) = 1/2X1/2 = 1/4
form,n € {1,2}, will never reach the advantages associated with the correlated case.

This shows that when correlations are present in the probability distribution, the superposition
of channels can achieve noiseless transmission of both classical and quantum information, which
is impossible in the analogous scenarios without correlations. Therefore, we conclude that the
communication advantages in the correlated case are not merely due to the coherent control of
the channels, but rather due to the non-trivial interplay between coherent control and the time-

correlations in the noise.
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The superposition of causal orders introduces correlations between the two branches of the su-
perposition that are equivalent to the correlations induced by using two time-correlated channels
in a superposition of paths. Therefore, although we may not be able to make a formal resource-
theoretic comparison between the superposition of causal orders and the superposition of trajec-
tories, we argue that it is reasonable to understand the communication advantages achievable by
the quantum SWITCH as arising from a combination of the correlations due to indefinite causal

order and coherent control.
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Communication networks with superpositions of

paths

Communicating classical or quantum information over large distances via single photons is a cru-
cial feature of many quantum protocols, such as quantum key distribution [28, 81] or superdense
coding [29]. Yet, the distance at which information can be transmitted via quantum states is lim-
ited by both photon loss and noise, with the probability of each of these errors scaling exponentially
with distance [42]. This means that in a quantum communication network, information can travel
over only a finite number of nodes before the detection probability of the photon becomes effec-
tively zero.

In this chapter, we present a scheme involving quantum repeaters on intermediate nodes that
can mitigate noisy processes on the internal degree of freedom of a quantum particle. The central
feature of our scheme is the transmission of a single quantum particle in a superposition of alterna-
tive paths through the communication network. In the idealised case, the protocol enables classical

communication at a finite rate through asymptotically long sequences of noisy quantum channels.

145



Figure 8.1: Quantum network with coherent control of the communication paths. The ver-
tices represent the communicating parties, while the arrows represent the available communi-
cation channels. When multiple communication paths are available, the information carriers
can propagate in a superposition of alternative paths.

In more realistic scenarios, our scheme provides a finite classical capacity advantage for various

sequences of noisy channels.

8.1 ERASURE ERROR MODEL

We begin with a simple, physical model of noise on a d-dimensional internal degree of freedom of
a quantum particle, e.g., for d = 2, the polarisation of a single photon. Consider the case where
the particle propagates from an input node via several intermediate nodes to an output node in a
communication network (Figure 8.1). We specialise to the case where transmission from one node

to another is given by a quantum erasure channel

E(p) =plnnl+ (1 —p)p, (8.1)

which acts on the internal degree of freedom carrying the message. Here, p € St(M) is the input

quantum state on the d-dimensional system M of the message, |17) € H,, is some fixed error state,

"Here we take the erasure state to lie in the same Hilbert space as the message, which differs from some sources in
the literature that define the erasure state in the quantum erasure channel to lie outside of the message Hilbert space

[31].
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and p is the erasure probability. After the particle propagates through n nodes, its state is

E"p) == G—=p)'TIn)nl + (=p)p, (8.2)

where the probability of detecting the original input state p exponentially decays to zero as the

number of nodes n increases.

8.2 SUPERPOSITION OF SEQUENCES OF IDENTICAL CHANNELS

We now generalise the above scenario to the possibility of sending the particle through a superpo-
sition of alternative paths through the network. As such, we now model the transmission between
any two nodes by a vacuum extension £ of the quantum erasure channel.

Consider the transmission of a single particle in a superposition of two paths, each through n
copies of independent identical channels £, as depicted in Figure 8.2. If the control is initialised in

the |+) state, then the output state is

E"(p) + F'pF"” &"(p) — F'pF"
2

SLEn €M) =

sup

® |+ (+ + ®=)~]. (83)

(This can be found by applying Eq. (4.25) n times.) Consider this output state in the asymptotic
limit n — oo. It is apparent from Eq. (8.2) that £ — |5) (] in this limit (assuming p > o).
If the largest eigenvalue of F has modulus strictly less than 1, then F”pPTn — 0; in this case, the
output state is |1) (7| ® I, which has only a trivial dependence on the input state p. If, however,
F has an eigenvector |@) with eigenvalue 1, then ' — ) (¢|, F'pF" — (0| p|¢) |¢){¢]|, and
the output state has a non-trivial dependence on the input state p. As such, one expects that the
superposition channel can transmit information at a non-zero rate, even in the asymptotic limit of

an infinite sequence of noisy channels.

8.3 COMMUNICATION THROUGH A SUPERPOSITION OF ASYMPTOTICALLY LONG

SEQUENCES OF IDENTICAL ERASURE CHANNELS

Let us consider what a physically motivated vacuum extension of the erasure channel could look

like. An erasure process whereby any input state is replaced, with probability p, by some fixed error
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Figure 8.2: A circuit diagram of a superposition of two sequences of n channels &, specified
by the vacuum extensions £. The message is encoded in system M ~ A ~ B. Note that each
channel is drawn in a different colour because they each represent an independent transmis-
sion line.

state |n) occurs, for example, upon a swap interaction between the message M and an environment
E initially in state |7) (where M ~ E). That is, the message-environment system is subject to the
unitary interaction Wy = SWAP,; with probability p. Since no interaction occurs if the vacuum

state is input in place of the message, the overall vacuum-extended interaction is
W]T/IE = SWAPME D IVacE ; (84)

where M = M @ Vac. The vacuum extension & of the erasure channel is then

E(p)=Tre (p Wyep © Il Why+ G=p)p @ I, ) (8.5)
with Kraus operators

E = VeIl @ /P (iln) Ivae fori=o,...,r—1,

Er: \/1— ply,

where we canidentify E; =  /p|n) (il and a; = \/p (i|) fori = o, ..., r —1,and E, = \/1 — ply,
a, = +/1—p.

From this physical realisation of an erasure channel and its vacuum extension, we obtain a vac-

(8.6)

uum interference operator F = |n7) (| + (1—p) (In— 1) (n|), whose eigenvector |17) has eigenvalue
1. Assuming p > o, F* — |n)(n| asn — oo. If the path is initialised in the |+) state, then, accord-

ing to Eq. (8.3), the superposition of two asymptotically long sequences of identical channels £ s
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given by

< 3 I
lim SIEEE E)(p) = In)(nl @ | ol +)(+] + (1 = gpn)=| (8.7)

o0 2
where g, , = (n|p|n). This channel is equivalent to a classical binary asymmetric channel?, which
has classical capacity log, (s/4) =~ 0.32[163].

Thus, by sending a single particle through a superposition of alternative paths through a commu-
nication network subject to erasure errors, one can achieve classical communication with a non-
zero capacity of 0.32 bits, even in the extreme limit of an asymptotically long sequence of channels.
This possibility relies upon the fact that the vacuum interference operator F has an eigenvalue of 1,

so that the terms +-F"pF'" do not exponentially decay to zero with the sequence length 1.

8.4 COMMUNICATION THROUGH A SUPERPOSITION OF ASYMPTOTICALLY LONG

SEQUENCES OF NON-IDENTICAL ERASURE CHANNELS WITH REPEATERS

So far, we have considered only networks whose errors arise from identical erasure channels, each
with the same erasure probability p and error state |1). However, in practice, it is reasonable to
expect variations within the error parameters between different parts of the network. For any cho-
sen path through the network, the sequence of errors acting on the particle could be modelled as a

sequence of (possibly) non-identical erasure channels £, 0 £, _, 0 - - - 0 &,, with

Elp) = pelnd el + (1= p)p, (8.8)

where k € {1,...,n}, pyisaprobability and |5,) an error state.

Let & be a vacuum extension of the channel &. A superposition of two identical sequences
E,, o En,l 0---0 gl yields a concatenated vacuum interference operator F = F,F,_, . .. F,, where
eachF, = |n)(n.| + (1 — pr)(In — |n,)(n,|) is the vacuum interference operator for & As-
suming that for all k, pp > oand | (5, |7,)| < 1, F approaches zero as n — 00. This de-
cay of the vacuum interference operator can be circumvented by inserting, at each node in the

network, an intermediate repeater R, engineered to have its own vacuum interference operator

*Interestingly, this expression is equal to that of a superposition of two single erasure channels (i.e., n = 1) with
erasure probability p = 1 (cf. §5.2)
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Figure 8.3: A circuit diagram of a superposition of two sequences of n channels &y &),

specified by the vacuum extensions (&,,...,E,), with intermediate repeaters (R,, ..., Ru—,).
The message is encoded in system M ~ A ~ B.

Gr = [p,) (] + G, where G is any operator such that Gy is a valid vacuum interference op-
erator satisfying Gy |17,) = |7,.,). It is always possible to construct such a repeater Ry by defining
the unitary channel Ry = ﬁk()ﬁl, with R, = (|17k ol + G,rfSt) @ |vac) (vac|. This construc-
tion yields an effective vacuum interference operator for the whole sequence of erasure channels
and repeaters: Fog = F,G,_,F,_, ... G,F,.

The superposition of two identical sequences of non-identical erasure channels concatenated
with repeaters is depicted in Figure 8.3. If the path is initialised in the |4-) state, then the output
state of the superposition channel is

S+ [(g R,_E ... fgg) , (g R_E ... ﬁg)] (p)

sup

_ gn ORn—1 o S}’l—l O--- ORI ng(P) +FeffPF1ff

: ® 1)+ (59)
E,oR,_,0&,_,0---0oR,0&(p) —F. FI
+ - (P) P ff®|_><_|'

If pr > oforall kand if the sequence {|,) } 22, has a well-defined limit |, ) := limi_,o, |1,), then,
in the asymptotic limit n — o0, the output state in Eq. (8.9) becomes

I

) (.| ® qp,'i1|+><+| +(1— qu)_ ) (8.10)
2

where g,, = (1,[p[n,). This expression has the same form as Eq. (8.7), enabling classical commu-
nication at a non-zero rate through asymptotically long sequences of non-identical erasure chan-

nels.
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8.5 (GENERAL CASE

In the previous two sections, we showed that for erasure channels, superposing asymptotically long
sequences of quantum channels enables the transmission of classical information at a non-zero rate.
In this section, we present necessary and sufficient conditions for this phenomenon to be realised
with a generic sequence of identical quantum channels.

Recall, that without repeater channels, we expect to be able to communicate non-zero classical
information through a superposition of sequences of identical channels if and only if the vacuum
interference operator Fhas eigenvalue 1. If this expectation is correct, then an even stronger state-
ment should also hold: with repeater channels, one can communicate non-zero classical informa-
tion through a superposition of sequences of identical channels if and only if F has singular value 1.
Specifically, if the vacuum interference operator G of a repeater channel renders an effective vac-
uum interference operator Fo := GF with eigenvalue 1, then the stronger statement reduces to
the weaker one. An example of such a pair F and G is given in the following.

Consider a qubit amplitude damping channel A whose vacuum extension Ahas Kraus operators
{(|o) (o] ++/1—7|1) (1] ) Ba, |vac) (vac| \/77|o> (1|®a, |vac) (vac|}. For complete damping y = 1,
we recover a qubit erasure channel with vacuum interference operator F = |o) (a|, where |a) :=
a,|0) + a,1). F does not have eigenvalue 1 (unless a, = 1) but does have singular value 1, since
||F'F||oc = 1. Now consider a repeater channel R whose vacuum extension R has Kraus operators
{|a){o] @ |vac)(vac|, |at)(1] ® o}, where |[at) := &Jo) — @,|1) is a state orthogonal to |a).
Observe that R(|o) (o|) = |a)(a| and that the vacuum interference operator G of R satisfies G =
|a)(o| = F'. Importantly, GF = |a){(a| has eigenvalue 1. Furthermore, for all 1,

~~n o~~~ I
S TIREY, (RE)N(p) = o) {o] @ |gpal )+ + (1 = gp)= | » (8.11)
where g, , = (a|p|a). Since this output state has the same form as Eq. (8.7), we conclude that the
channel (ﬁg )n has non-zero classical capacity for all .

Motivated by the above discussion, we establish the following theorem for asymptotically long

sequences of identical quantum channels &£.

Theorem 21. Let £ : Chan(X — Y) be a quantum channel. Let & be a vacuum extension of &, with
vacuum interference operator F and Kraus representation {El := E;®a, |vac) (vac|}/_s, where {E;}/_}

is a Kraus representation of £, and { a; }'_, are vacuum amplitudes. Assume that for every repeater chan-
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nel Q : Chan(Y — X), the classical capacity of the concatenated channel € o (Q o £)"™* tends to zero

asn — o0. Then, the following are equivalent:

1. There exists a repeater channel R : Chan(Y — X) with vacuum extension R and vacuum inter-
ference operator G, such that the superposition of two independent identical sequences of channels
SS‘:;XH [go (ﬁ 0 &), €0 (Ro g)"_l] : Chan(X — Y ® C) has classical capacity strictly

greater than zero asn — 00.
2. The vacuum interference operator F has singular value 1.
Moreover, the above conditions hold only if

3. There exist two pure states |@) € Hx and |{) € Hy such that E(|¢)(p|) = |{)({|, and there
exists 0 € R such that a; = ¢/ <<p|E:rEi|<p>for alli=o,1,...,r—1

The proofis given in Appendix A.6.

8.6 RELAXATION OF ASSUMPTIONS AND PRACTICAL COMMUNICATION

ADVANTAGES

In the above, we have provided a general characterisation of the quantum channels which allow
communication at a finite rate when used in asymptotically long paths traversed in a coherent su-
perposition. However, the above results relied on three crucial assumptions: (a) the path degree
of freedom remains completely noiseless throughout the whole sequence, (b) there is no loss of
particles, and (c) we are only interested in asymptotically long sequences of channels. However, in
practice, these assumptions are only justified as idealisations of more complex scenarios; realistic
transmission lines are not lossless and do not in general retain perfect coherence on the path degree
of freedom, nor will they always have a vacuum interference operator with singular value of exactly
1.

In the following, we examine what happens when the idealisation (c) relaxed, whilst the relax-
ation of idealisations (a)-(b) are examined in Chapter 9. We perform numerical simulations of
various superpositions of channels to calculate lower bounds to their classical capacity. We do this
by computing the maximum Holevo capacity of the superposition of channels over all input en-

sembles consisting of two orthogonal states (cf. §6.2.4). This gives a lower bound to the Holevo
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capacity, which in turn gives a lower bound to the classical capacity [104]. We compare this with
upper and lower bounds of the classical capacity of the same sequence of channels without super-
position. The lower bounds are found in the same way as for the superposition case. The upper
bounds are found from the analytically known capacity of the quantum erasure channel with era-
sure state orthogonal to the input Hilbert space [31], given by (1—p)”", which always gives an upper
bound to the capacity of the corresponding erasure channel of the form of Eq. (8.1).

NON-UNIT SINGULAR VALUE F

Here we relax the initial requirement of obtaining finite-capacity communication in the asymptotic
limit of infinitely many channels. We instead turn our attention to using a superposition of paths to
transmit information through a finite number of channels.

For illustration, we again consider an erasure channel £ of the form (8.1), but this time con-
sider a general form of possible vacuum extensions (without assuming a specific implementation

as above). Such a general vacuum extension & has Kraus operators

E = VeI (il @ v/p (ila) Ivae fori=o,...,r—1,

Erz \/1—pIM,

where |a) := ) ' a;|i) (note that the global phase of |a) is a physical parameter here), and has

(8.12)

vacuum interference operator F = p |17) (a| + (1 — p)I. Therefore, we have that

F'=f(n, &) In){al + (1=p)"T, (8.13)

n

k

the amount of vacuum interference left after n channels.

where f(n, &) ==, _} P F(1—p)* <0¢\17>Hﬁ is the vacuum decay function that determines

We investigate the use of qubit erasure channels with non-unit singular values of F numeri-
cally by varying the parameters p, a,, a,. These are re-parametrised as a, = €% cos(0/2),a, =
e?sin(0/2),0 < 0 < 7,0 < ¢, < 21,0 < ¢ < 2w When |a) = |7) (including the global
phase), then F has a singular value of 1. Without loss of generality, we set |) = |o).

Figure 8.4 shows the (lower bound to) the classical capacity as a function of sequence length

n for the parameters chosen asp = 0.5,9, = o, for various values of . A stark contrast is seen

153



between (a) ¢, = o (in which case F has a singular value of 1 when 8 = o) and (b) ¢, = = (in
which case Fnever has a singular value of 1). In the latter case, no significant advantage is observed,

which is due to the terms in the sum in f(n, £) cancelling each other out as the sign of <a\q>"_k_l

alternates. In the former case, (a|y)" " is always positive, and the superposition of paths provides a
non-trivial increase in the coherence terms 4y (F*pF!" ). With no superposition of paths, the upper
bound of the classical capacity goes below 0.01 for n > 7, whilst the lower bound of the classical

capacity stays above 0.01 until n = 21 with a superposition of paths, for 6 < /4.
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Figure 8.4: Lower bounds to the classical capacity against sequence length n for a superposi-
tion of two identical sequences of qubit erasure channels, with erasure probability p = o.s, for
(a) ¢, = 0,9, =0 and (b) ¢, = =, ¢, = o, with various values of 6. Both figures also show a
comparison with using the same sequence of n qubit erasure channels without a superposition
of paths. It can be seen that the parameters in (a) enable a significant enhancement of the
classical capacity for 8 < /4, whilst in (b) no value of 6 provides a significant advantage over
no superposition.
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Practical considerations and experimental

implementation

In this chapter, we discuss some of the additional considerations that need to be taken into account
when a superposition of channels is implemented in practice. First, we discuss the possibility of
dephasing noise on the path degree of freedom, both for independent and correlated channels.
Then, we discuss the possibility of particle loss on each path. Finally, we present some key features

of the experimental design in the proof-of-principle experimental collaborations of Refs. [ 166 ] and

[173].

9.1 DEPHASING ON THE PATH

9.1.1 INDEPENDENT CHANNELS

Here, we relax the assumption that the path is completely noiseless in the superposition of channels.

In particular, we consider a dephasing error on the path. That is, between each pair of nodes, the
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path qubit undergoes the dephasing channel
P(w) =sZwZ+ (1 —s)w, (9.1)

where s € ]o,1/2[is a probability and w € St(C) is the initial state of the path. This is equivalent
to applying a dephasing channel between the one-particle sector B and the vacuum sector Vac on

one of the two paths: £ Q.o E=Eo Q,, where

Q, € Chan(B @ Vac)

(9.2)
Q, = s(I® —|vac)(vac|)p(I & —|vac) (vac|) + (1 —s)p,

with no dephasing on the other path.
Accordingly, we define a placement supermap called the dephased superposition placement by

St (A, B; Q) (p) i=U 0 [A® (Q0 B) oU (p® w) (93)

where U is defined by Eq. (3.16). (Note, that O, commutes with any vacuum extended channel g,
because any vacuum extended channel is block diagonal with respect to the one-particle/vacuum
sector partition.) The evolution experienced by a single particle under the dephased superposition

of channels is described by the effective channel
C, = (Zu ® Pc)Cu (9.4)

where C,, is the output of the corresponding standard superposition placement.

Now consider the case where the message travels in a superposition of two independent identical
channels 4, with vacuum extensions A and the control qubit is initialised in the |+) state. A direct
calculation (e.g. by substituting the Kraus operators {A; & a; |vac) (vac|}i—, of Alinto Eq. (9.3)),

reveals that

A(p) + (1 — 25)FpF' & [+)(+]

> (9.5)
A(P) — (1 — ZS)FPFT ® |_><_|’

2

San (A, A Q:)(p) =

deph sup

+

where F .= ZiEAi.
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For a network of channels as considered in Chapter 8, we apply Eq. (9.3) n times, to obtain the

dephased superposition of channels

. " r "(p) — yF ol
S (G T 0r)(p) = ) 1 pE A'(p) — 7F'pF

deph sup

® [=){—I,
(9.6)

® [+)(+ +

where y = (1 — 2s)".

This shows that the magnitude of the coherence terms +y(F*pF!" ) decreases exponentially with
sequence length n. However, for finite n and small enough dephasing probability s, communication
is still possible — in stark contrast to using the channels individually without a superposition of
paths.

To illustrate the effect of dephasing, Figure 9.1 shows a numerical plot of (lower bounds to) the
classical capacity against sequence length # for a dephased superposition of two identical sequences
of qubit erasure channels & with error probability p = o.s, for various dephasing parameters s on
the path. Note that s = o corresponds to no dephasing, while s = 0.5 corresponds to complete
dephasing on the path so that the final state of the path is simply the maximally mixed state; this is
equivalent to using a single sequence of n channels without a superposition of paths. We see that
for every value of 1, the lower bound to the capacity monotonically increases as s decreases from
0.5 to o, and an observable advantage over no superposition of paths is still present for low n when

s <o

9.1.2 CORRELATED CHANNELS

For completeness, we briefly consider the effects of dephasing on the correlated superposition of
channels presented in Chapter 6. For simplicity, here we focus on the communication scenario
involving a single transmission line, specifically, the superposition of times of a correlated random
unitary channel, with vacuum extension R, given by Eq. (6.4). By substituting Eq. (6.4) into Eq.
(9.4), it isimmediate to see that the effect of dephasing is to dampen the interference term G in the

effective channel (6.7): specifically, the interference term changes from G to (1 — 25) G, and the
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Figure 9.1: Lower bounds to the classical capacity against sequence length n for a dephased
superposition of two identical sequences of qubit erasure channels, with erasure probability

p = o.5, for dephasing on the path with parameter s. The numerical values are calculated as
described in §8.6.

effective channel, with the control initialised in the |+) state, becomes

Claei(p) = Syt (R)(p)

- (9.7)
R.(p) (12 2)G(p) o =] .
This is the same as the damping by factor (1 — 25) for the case of independent channels (9.6).

In the case of completely depolarising channels on the message degree of freedom, the presence
of a non-zero interference term means that, as long as the dephasing of the control is not complete
(s # 1/2), the superposition of evolutions can still allow for a non-zero amount of classical infor-
mation to be transmitted, thereby offering an advantage over the transmission at a definite moment
of time.

Figure 9.2 shows the behaviour of the classical capacity as a function of the dephasing parameter
s. The figure shows that correlations between two uses of the channel offer an enhancement of the
classical capacity. To make this point, we first evaluate numerically the maximum capacity achiev-
able in the lack of correlations, with arbitrary vacuum extensions of the completely depolarising

channel (blue curve). Notably, the maximum capacity for every fixed value of s is achieved by the
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Figure 9.2: Blue: Maximum classical capacity in the absence of correlations, as a function
of the dephasing parameter s. The maximum is computed over all possible vacuum extensions
of the completely depolarising channel, and is achieved by the random unitary vacuum exten-
sion with the choice of phases {¢, } that give the maximum capacity of 0.16 bits when s = o.
Orange: Lower bound to the maximal classical capacity in the presence of correlations, as a
function of the dephasing parameter s. The lower bound is computed by considering the cor-
related probability distribution p(m,n) = 8, ;(,)/4, where o is the permutation that exchanges
o with 1, and 2 with 3, and ¢, = ¢, = ¢, = 0,9, = 7/2.
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same vacuum extension of the completely depolarising channel that achieves the maximum capac-
ity in the ideal s = o case. We then show that a higher capacity can be achieved with the dephased
version of the superposition of times of the correlated channel described in Egs. (6.11) and (6.14,).
To this purpose, we numerically evaluate a lower bound to the Holevo capacity (and therefore
to classical capacity), obtained by restricting the maximisation to orthogonal input ensembles (or-
ange curve). Note that both the blue and orange curves are above o for every non-maximal amount
of dephasing (s # 1/2), meaning that the single particle transmission at a coherent superposition

of times always offers an advantage over the transmission at a definite time.

9.2 L 0SS OF PARTICLES

In this section, we briefly discuss the performance of the superposition of channels in the pres-
ence of particle loss. In realistic communication channels, the probability of particle loss increases
exponentially with distance. This means that even if the amount of loss is negligible in individual
channels, such as in the protocols considered in Chapters 5-6, loss will inevitably play a role in real-
istic implementations of protocols involving long sequences of channels, such as those considered
in Chapter 8.

We shall model loss of particles in the following way. Consider a particle propagating through
a channel A € Chan(A), for some internal degree of freedom A, with vacuum extension A e

Chan(A). In the presence of loss with probability p, the evolution of the particle is given by

A=L,0cA=(1— p)ﬂ—l—pﬁl , (9.8)
where L, is the loss channel given by

L, € Chan(A @ Vac)

(99)
£,(p) = (1 — p)p + p Tr(p) vac) {vac] . 7

In order to describe the use of two such channels in a superposition, we need to update the
definition of the isomorphism ¢f in Eq. (3.16) between the composite message-path system M ® P
and the one-particle sector (A ® Vac) @ (Vac ® B). With the added possibility of loss of particles,
we are no longer restricted to the one-particle sector. Instead, the output of the superposition of

channels is constrained to lie in the direct sum of the one-particle sector (A ® Vac) @ (Vac ® B)
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and the no-particle sector (Vac ® Vac). As such, we define a new isomorphism
U : (HM X Hp) @D Hfail — (HA (%9 Hvac) D (%Vac X HB) @D (Hvac X Hvac) (9.10)
defined by

U([¥)m @ [0)p) := [¥)4 @ [vac)s
U'(’\//)M & |1>p) = |Vac>A & |1//>B (9.11)
U'(Jfail)) := |vac), ® |vac)p,

where Hy, is a one-dimensional Hilbert space spanned by the unique failure state |fail), corre-
sponding to the failure of having any particle at all.
With this, we define the placement supermap called the lossy superposition placement by

St aup (A By L2, LB (p) := (U)o (L2 0 A) @ (LLoB) ol (p@ w), (9.12)

where both A and B are vacuum extensions of some channels A € Chan(A) and B € Chan(B),
and E?, ﬁ? are some loss channels of the form (9.9).

For two independent identical vacuum-extended channels .4, with independent and identical
loss processes on both paths, and with the path initialised in the |+) state, the lossy superposition
of channels gives

S A A Ly, £,)(p) = (1 — p) w ® [+)(+] + M ® |=)(~|

loss sup

+ p |fail) (fail| + off-diagonal terms,
(9.13)

where ‘off-diagonal terms’ refer to terms proportional to |fail) (4| or its Hermitian conjugate. The
off-diagonal terms are not important, because the receiver will typically perform a non-demolition
measurement in the particle-number basis, before proceeding to decode the message.

This result can be generalised to superpositions of sequences of multiple independent channels,
and to superpositions of correlated channels, in a natural way.

This shows that for a probability of loss p at each port, the lossy superposition of channels re-

turns the corresponding superposition of channels without loss with probability (1 — p) and no

162



particle with probability p. That is, the superposition of channels is affected by loss exactly as much
as the original channels themselves. This means that although (a) the superposition of channels
itself cannot be used as a protocol to circumvent loss, (b) the superposition of channels still pro-
vides an advantage over using the channels in a classical configuration for every fixed value of loss
probability p. In particular, it provides the same advantage as without loss, but this can now only

be obtained by postselection on the one-particle sector with probability p.

9.3 EXPERIMENTAL DESIGN

In this section, we provide a brief overview of the methods used to experimentally implement the
superposition of channels and its associated communication advantages presented in earlier chap-
ters. The following is based on the experimental collaboration with the University of Vienna [ 166]
and the experimental collaboration with Imperial College London [173].

Since thisis a theoretical work, we shall only discuss the conceptual elements of the experimental
implementation. The details of the experimental components and methods, as well as the detailed
results including discussions of experimental errors, are out of the scope of this work, and can be
found in the above references. We only consider implementations based on the superposition of
paths, as the superposition of times is more challenging to implement in experiment. The super-
position of times is an important task for future experimental work on this topic. All of the results
on time-correlated channels presented in Chapter 6 can also be formulated in terms of spatially
correlated channels (since the correlated channels we considered were all no-signalling channels),
which is indeed how those results have been experimentally implemented in the first instance.

Ref. [166] performed an implementation of the superposition of (various combinations of ) two
independent random unitary channels. Each channel consists of a randomisation over (a subset of )
the four Pauli unitaries, with the identity occurring with probability p. The figure of merit for com-
munication was chosen to be the coherent information of the channel, with respect to inputting
one half of the maximally entangled state. This is a lower bound to the coherent information of the
channel, which in turn is a lower bound to the quantum capacity of the channel (cf. §6.4).

By combining the two channels in a superposition of paths, the theoretical value of the coher-
ent information with respect to the maximally entangled state is larger than that of each of the

constituent channels individually [166]. These communication advantages are similar to that of
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Figure 9.3: Diagram of the experimental setup of the collaboration with the University of
Vienna. Figure modified from Ref. [166]. The noisy channels are labelled C1 and C2 in the
diagram. HWP is a half wave plate, QWP is a quarter wave plate, LCWP is a liquid-crystal
wave plates; all three are optical devices that rotate the polarisation. BS denotes a beamsplit-
ter and PBS denotes a polarising beamsplitter.
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the communication protocols presented in §5.3 and §6.4.1. The experiment verified the theoret-
ical results, up to experimental errors. However, each unitary operator V,,, was simply vacuum-
extended to another unitary with the same phase (of o) between the one-particle and vacuum sec-
tors: V,, = V,, @ |vac) (vac|. This means that the whole space of possible vacuum-extensions was
not explored, and as a result, the optimal communication capacity could not be retrieved.

The experimental setup of Ref. [166] is based on a simple Mach-Zehnder interferometer, as
described earlier in §3.4.1. Single photons were generated using a type-II spontaneous paramet-
ric down-conversion source. The noisy channels were realised by performing the appropriate ran-
domisation over the Pauli unitaries, which were individually implemented using liquid-crystal wave
plates (LCWP). LCWPs can be tuned to the appropriate unitary within 100 ms, meaning that the
randomisation can be done on-the-fly, without averaging during data analysis. A diagram of the full
experimental setup is given in Figure 9.3. The coherent information of the superposition channel,
with respect to the maximally entangled state, was found by performing quantum process tomog-
raphy [159] on the output of the interferometer.

Ref. [173] performed an implementation of the superposition of two random unitary chan-
nels, both independent and correlated, corresponding exactly to the communication protocols pre-
sentedin §6.1 and §6.4. Crucially, all possible unitary vacuum extensions V,, = V,,Pe#n |vac) (vac|
of each unitary V,, were explored. This enabled the communication enhancements for both classi-
cal and quantum communication to be formally quantified as a function of the choice of the vac-
uum amplitudes {¢'% }.

The experimental setup of Ref. [173] is based on a displaced Sagnac interferometer, as shown
in Figure 9.4. This is structurally analogous to a Mach-Zehnder interferometer but was chosen
because it provides better phase stability. Single photons were again generated by a type-II sponta-
neous parametric down-conversion source, and sent to the input of the interferometer. The Holevo
capacity and coherent information, with respect to the maximally entangled state, can be calculated
using quantum process tomography on the output of the interferometer.

The noisy channels were realised by performing the appropriate randomisation over the Pauli
unitaries, this time individually implemented using combinations of quarter and half wave plates.
This results in unitaries with a fixed phase with the vacuum, of the form ?’m = V,, @ e |vac) (vac|.
In order to scan over all possible phases, an adjustable phase-shifter was inserted on one of the arms
of the interferometer. If the phase-shifter is described by a unitary U = I & e” |vac) (vac, then its

concatenation with the vacuum-extended unitary XN/'m on the same arm is described by the overall

165



BP1  ppKTP LP PBS
Y e ) U N / (® “ Y BN \

3 gl

Laser ?BPZ
V) D “
Ses (G oSl 2 Ny
jQwp |8
1 HWP

Figure 9.4: Schematic diagram of the experimental setup of the collaboration with Imperial
College London. Figure taken from Ref. [173]. The acronyms for the various experimental
components are as follows: BP1 and BP2 are band-pass filters, LP is a longpass filter, ppKTP
is a periodically poled potassium titanyl phosphate, TDC is a time-to-digital converter, and
the other acronyms are as in the previous figure. The black pin-shaped object on the orange
arm is a small piece of glass mounted on a motorised rotation stage, which implements an
adjustable phase shifter; this is used to scan over all possible phases between the one-particle
and vacuum sectors of each unitary.

unitary V,, = V,, @ ¢ |vac) (vac|, where ¢, = &, + (. Scanning overall { € [o, 27[is equivalent
to scanning over all possible phases ¢ of the original vacuum amplitude ¢'%».
Moreover, note that the superposition of two unitaries Vi =V, @ 9 |vac) (vac| and v, =

V, @ e

vac) (vac| has, by Eq. (3.17), the form

SV Vi) (p) =(olwlo) Vu(p) @ [0) (o] + (1]w]1) V(p) @ 1)1

o , A (9.14)
+{o|w|1) €IV, pVE @ o) (1] + (1]w|o) €@V, pVE @ [1) (o],

which depends only on the phase differences ¢, — ¢, . Since in this experiment each run consists
of a fixed choice of unitaries (with the randomisation performed in post-processing), the above
equation implies that a phase-shifter only needs to be used on one of the two arms in order to scan
over all possible vacuum extensions of both channels.

The data analysis for this experiment is currently in progress.
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10

Discussions and conclusions

In this section, we summarise the main results of the thesis and discuss the connections with related
works, in particular, highlighting the use of the methods we have developed in other fields. We
comment on possible research directions for future work in the second-quantised Shannon theory

itself, as well as in other areas including quantum computation, foundations, gravity and causality.

10.1 SUMMARY

In this thesis, we formalised a second level of quantisation of Shannon’s theory of information,
where both the information carriers and their trajectories in spacetime are treated in a quantum
manner. Using the tools of higher-order transformations, we defined the notion of a superposition
of two quantum channels, constructed by coherently routing a single particle in a superposition of
travelling through one channel or the other. We constructed a resource theory of communication,
which formalises the resources available to the different parties in a communication scenario, and

specified a minimal requirement that all meaningful communication models should satisfy. We
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cast both standard quantum Shannon theory and its second level of quantisation in this form, as
well as a related paradigm where communication channels can be combined in an indefinite causal
order.

We provided several examples of the novel possibilities for communication achievable in this
extended setting, including enhancements in both the classical and quantum capacity of commu-
nication channels, with both independent and correlated noise. We extended the framework to
examples of communication networks, where further advantages can be found in the asymptotic
limit of an infinite sequence of channels. Finally, we studied the robustness of communication in
a superposition of trajectories to various sources of errors, and outlined the design of two recent

experiments which demonstrated our results in practice.

10.2 OUTLOOK FOR THE SECOND-QUANTISED SHANNON THEORY

We envisage that our framework for a second-quantised Shannon theory opens up a new paradigm
for the study of communication in a quantum setting. Various directions for further research are
apparent.

First, it would be interesting to explore the possibilities arising when multiple particles are si-
multaneously transmitted on a superposition of (the same set of) paths. This would lead to multi-
particle interference between the different paths, as described by the Hong-Ou-Mandel effect [ 106],
in addition to the interference caused by a single particle on multiple paths. The study of such
a physical scenario would be important in applying the noise-reduction techniques of the second-
quantised Shannon theory to practical applications in photonic quantum computation, where mul-
tiple interacting single photons are typically used [37].

Second, the extent to which the results of Chapter 8 could be applied to quantum communi-
cation across long sequences of channels would be an interesting avenue of study. In the case of
quantum communication, unlike for classical communication, it is not sufficient for the vacuum
interference operator to have a singular value of 1. However, it may be that a weaker result holds,
which could potentially still, to some extent, suppress the exponential degradation of quantum in-
formation over large distances.

Third, itis important to extend the tabletop proof-of-principle experiments of the novel commu-
nication advantages to practical demonstrations of communication through actual long-distance

optical fibres. Additionally, the use of correlated channels at a superposition of times would be in-
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teresting task to explore in practice. In conjunction with such demonstrations, an important task
would be to pinpoint the precise scenarios where communication with a superposition of trajecto-

ries can provide real-life practical advantages for communication through noisy transmission lines.

10.3 RELATED WORKS AND POSSIBLE FUTURE DIRECTIONS

We begin by reviewing two related communication protocols, where the amount of information a
single particle can convey is enhanced by considering the quantum properties of an external degree
of freedom. This is followed by a discussion on work completed in parallel to this thesis, in part
guided by the results presented in the previous chapters, on topics in quantum gravity and quantum

foundations. Finally, we discuss potential applications in quantum computation.

10.3.1 SINGLE-PARTICLE COMMUNICATION

In Ref. [200], Zhang, Chen and Chitambar constructed a multiple-access channel using a single
quantum particle, with a Shannon-theoretic study provided in Ref. [46]. In this scheme, multiple
senders transmit information to a single receiver, using only a single quantum particle between
them. This is done by first transmitting a single particle through a superposition of N paths, and
letting N senders act locally, one on each path. The authors showed that the multiple senders can
simultaneously transmit classical information to the receiver in this setting, which is impossible
with a single classical particle [46].

The formalism of these works has several similarities to that of this thesis, in particular the de-
scription of a single particle coherently routed to the inputs of multiple channels, with the absence
of an input described by the vacuum. However, a fundamental difference is that the internal de-
grees of freedom of the particle are not considered at all. Instead, the senders encode information
in the phase between the different paths, and are also allowed to destroy the particle.

The protocol of two-way communication with a single quantum particle, due to del Santo and
Daki¢ [72, 140], shares similar features to Refs. [46, 200]. In this scheme, two parties simultane-
ously send information to one another, with only the transmission of a single particle overall. The
authors showed that such two-way communication is possible, in stark contrast to the possibilities
offered by a single classical particle. Again, the protocol relies on the particle being initialised in a
superposition oflocations between the two parties, with the absence of the particle being described

by the vacuum.
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As in Refs. [46, 200], the protocol of Refs. [72, 140] does not consider an internal degree of
freedom of the particle, and in fact does not consider noise in transmission at all.

An interesting avenue for future research would be to apply the methods developed in this the-
sis to study the scenarios of the above works, including their formalisation in a resource-theoretic
setting. In particular, it would be interesting to extend the above scenarios to cases where informa-
tion is encoded in an internal degree of freedom of the particle, and where this degree of freedom

undergoes a noisy evolution.

10.3.2 QUANTUM COMMUNICATION WITH A SUPERPOSITION OF SPACETIMES

The superposition of quantum channels has so far mostly been applied to physical scenarios involv-
ing single-photon evolutions. However, the formalism can, in principle, be applied to any physical
processes described by quantum channels. In Ref. [ 110], we considered the performance of quan-
tum communication protocols near a black hole. Traditionally, a black hole described by classical
physics had been shown to cause decoherence on quantum states in its vicinity, thus degrading
the performance of any quantum communication protocol [ 10, 139]. Yet, a black hole is expected
to be a fundamentally quantum object. In this work, we showed that by considering a black hole
in a superposition of alternative states (for example, mass states), the resulting superposition of
evolutions, or equivalently the superposition of spacetimes induced by the black hole, can allay the
decoherence, and therefore the degradation of quantum information protocols in its vicinity. Thus,
using the methods of superpositions of channels, we showed that quantum gravity can be used as

a resource for communication.

10.3.3 QUANTUM CIRCUITS WITH SUPERPOSITIONS OF WIRES

The standard formalism of quantum circuits [ s, 6, 65, 73, 145 ], which lies at the heart of quantum
computation in both theory and practice, enables quantum channels to be combined in parallel
and in sequence. Until recently, this structure of parallel and sequential composition appeared to
be sufficient for describing quantum processes for all practical purposes. However, as the work of
this thesis shows, the placement of devices can itself be described in a quantum manner, which goes
beyond standard placements in parallel and sequence. Ultimately, a second level of quantisation of
Shannon theory calls for a second level of quantisation of the circuit model: not only should the

gates of the circuit describe quantum operations, but the wires between the gates should be able to
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describe the coherent routing of information through alternative paths.

In Ref. [191] we provide such an extended circuit model called routed quantum circuits. In this
framework, the composition of quantum systems in any combination of direct sums and tensor
products can be depicted in a graphical manner, with the addition of Boolean matrices specifying
appropriate constraints.

The constructions of routed quantum circuits are motivated in part by Definition 7 of a super-
position of channels. In Definition 7, the isomorphism U between the message-path system M ® P
and the one particle sector (A ® Vac) @ (Vac ® B), with M ~ A ~ B, is in fact an isometry onto
the full Hilbert space A®B describing the independent action of the two vacuum-extended chan-
nels. Thus, even though only the one-particle sector can be populated, this cannot be seen from its
representation in standard quantum circuits: the circuit in Figure 3.2 makes it look as though the
two vacuum-extended channels are used in parallel.

In routed quantum circuits, the same physical scenario is depicted in Figure 10.1 (we shall stick
to the case of unitary channels for simplicity; non-unitary channels can be described in an analo-
gous way with a slightly more elaborate version of the formalism). In this framework, a system is
explicitly decomposed into its sectors, depending on a physically meaningful partition. For exam-
ple, the vacuum-extended system A is written as AF = A° @ A', where A° := Vacand A' := A;
similarly B is written as B' = B° @ B'. Each channel is appended with a Boolean matrix called
the route, which describes which sectors of the incoming Hilbert spaces can be connected to which
sectors of the outgoing Hilbert spaces. For example, the isomorphism U is appended with the
Kroenecker delta route §*, (with I meaning ‘not ') which specifies that only the composite sectors
A° ® B' or A' @ B° can be populated at once, i.e. the one-particle sector. Similarly, the fact that
each unitary V preserves the number of particles is depicted by appending it with the Kroenecker
delta route §}' between its input system A* and output system A™. More generally, a route will be
given by a Boolean matrix that can relate any combination of input sectors to any combination of
output sectors.

The advantage of routed quantum circuits is that they make clear which combination of sec-
tors in a large composite Hilbert space can be simultaneously populated, thus giving a better un-
derstanding of the compositional structure of various physical scenarios. In turn, a more detailed
compositional structure could potentially result in a more efficient design of future quantum al-

gorithms or communication protocols, for example, in the spirit the second-quantised Shannon
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Figure 10.1: The superposition of two independent unitary channels V and W specified by
the vacuum extensions ¥V and W, depicted in the formalism of routed quantum circuits. Each
gate is appended with a Boolean matrix that determines which sectors of its input systems
(lower indices) are consistent with which sectors of its output systems (upper indices).

theory.

QUANTUM CAUSALITY

On the foundational side, routed quantum circuits were also inspired by the earlier work of Lorenz
and Barrett [ 134], and Barrett, Lorenz and Oreshkov [ 19] on causal decompositions of unitaries.
These works studied the causal structure of unitary transformations and attempted to decompose
unitaries into a unitary quantum circuit that explicitly depicts their causal structure. It was found
that the causal structure of some unitaries cannot be depicted as a standard circuit diagram where
the compositional structure is equivalent to the causal structure. That s, it is not always possible to
draw a standard circuit diagram where the connectivity of wires between two unitaries determines
whether or not signalling can happen between them. Yet, it turns out that such causally faithful cir-
cuit diagrams are possible, at least for a large class of unitaries, using an extended circuit formalism
[ 134], which is encompassed by routed quantum circuits. (In essence, the formalism of Ref. [ 134]
can be viewed as routed quantum circuits where only Kroenecker delta routes are allowed.)

With the development of the full formalism of routed quantum circuits, which was guided by
the mathematical structures encountered in the superposition of quantum channels, an interesting
avenue for future research would be to see if there exist unitary transformations for which the full
machinery of routed quantum circuits is necessary to depict the causal structure, i.e. where the
formalism of Ref. [ 134] is not sufficient. An answer to this question would constitute a significant
gain in our understanding of the causal structures of quantum theory.

In turn, an understanding of the causal structures of quantum theory can be expected to play

an important role in understanding the ultimate potential of quantum physics for information-
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processing applications such as quantum machine learning [34, 194], just as current research in
classical causality [153] has been instrumental in the understanding of classical machine learning

algorithms [16, 164,170,171, 175].

INDEFINITE CAUSAL ORDER

In Refs. [ 53, 57], Chiribella, D’Ariano, Perinotti and Valiron first defined the quantum SWITCH.
They noted that the quantum SWITCH supermap cannot be represented in the standard quantum
circuit formalism, yet could potentially be depicted in a more general circuit formalism where the
wires are themselves movable. Of course, any process with indefinite causal order (cf. §2.4.1) can
be drawn as a standard quantum circuit with the addition of a feedback loop; however, only a small
subclass of processes that can be drawn with feedback loops are logically consistent. Moreover, the
ability to draw processes as circuits is an important step in understanding why they are consistent.
Therefore, an ideal tool for the study of indefinite causal order is a circuit formalism that enables the
construction of such processes in a way that ensures, and explains why, they are logically consistent.

Routed quantum circuits provides precisely such a formalism. In Ref. [192], we applied the
framework of routed quantum circuits to processes with indefinite causal order. We provided a
general method to construct (unitarily extendable [14]) processes with indefinite causal order,
starting from elementary graphs depicting a given causal structure. Our method defines a set of
basic rules to check that any elementary graph is logically consistent, and therefore any (routed)
quantum circuit formed from it. The method yields an intuitive understanding of the causal rela-
tions within a process, and why they do not lead to logical inconsistencies.

Again, a principal construction in this formalism is directly based on the work of this thesis. That
is, the way in which wires can be split into combinations of direct sums and tensor products (typi-
cally, representing alternative possible causal structures) is by using the unitary I/ of Eq. (3.16) and
its generalisations. A related work by Ormrod, Vanrietvelde and Barrett uses similar techniques to
study the causal structure of the quantum SWITCH itself [ 150]. From a historical perspective, this
brings us full circle: the study of communication advantages arising from indefinite causal order
[58, 80, 168] was the initial inspiration to study communication with a superposition of trajecto-
ries, the methods of which have now in turn paved the way for a deeper understanding of indefinite

causal order itself.
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10.3.4 Q_UANTUM COMPUTATION WITH SUPERPOSITIONS OF GATES

In classical computation, a fundamental ingredient is the IF clause, which performs an operation
conditional on the state of a control register. In quantum computation, however, the direct general-
isation to a quantum IF clause, which coherently performs arbitrary unitary operations depending
on a quantum control state, is not possible, as described earlier in §2.5.2. Yet, within the framework
of superposition of channels specified by vacuum extensions, the coherent control of arbitrary op-
erations is possible, given the additional parameters defined by the vacuum extension. This enables
us to build a form of a quantum IF clause [85, 144 ] with the appropriate resources. Experimental
realisations of the coherent control of unknown unitaries have been demonstrated in both photonic
[202] and superconducting [86] systems.

Arecent work by Dong, Nakayama, Soeda and Murao has extended earlier studies on the control
of unknown unitaries to the coherent control of both quantum channels and quantum supermaps
[76]. Another recent work by Vanrietvelde and Chiribella [ 190] has further developed some of
the formal superposition of channels constructions in this thesis, from a more computational per-
spective. In particular, they formalised the coherent control of arbitrary quantum channels as a
quantum supermap on routed quantum channels, in the spirit of Refs. [ 134, 191].

At the same time, several recent works have proposed algorithms, for example in quantum ma-
chine learning, whose advantages are purported to arise from sending information on a superposi-
tion of alternative trajectories [ 130, 151]. An interesting avenue of research would be to formalise
these works using the methods of higher-order transformations and resource theories applied to
superpositions of channels, in an analogous way for computation as was done for communication
in this thesis.

We envisage that the formal methods developed in this thesis and subsequent works, enhanced
by further research in this area, could lead to a new ‘second-quantised’ paradigm of computation,
where resource theoretically well-defined advantages are proven in tasks ranging from simple algo-

rithms to quantum machine learning.
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Proofs of Theorems

A.1 PROOF OF THEOREM 4 AND LEMMA 1

Proof of Lemma 4. The No Leakage Condition can be rewritten as

Tr [(Z PAEJPA@PA) p] = Tr[Pap]  Vp € St(A),

which is equivalent to
> PiClP,CPy =Py (A.1)

The normalisation of Kraus operators implies the inequality

= PCl(Pa+Py)CPy Py i=1—P,

< Z P,C/P,CP,, (A.2)
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where the equality sign holds if and only if
> _PaClPiCPy =0, (A.3)

or equivalently

> (PjEiPA>T (PjEiPA> =o, (A.4)

i

The fact that every term in the sum is a positive semidefinite operator implies that the equality holds
if and only if each term is zero, that is, if and only if Py C;P4 = o for alli.
Putting these results together, we obtain

Vi : EiPA = (Py+ Pi)aiPA = PAaPm (A.s)

as stated in Equation (3.4). 0

Proof of Theorem 4. 1 => 2. Let S € Chan(A & B) be a superposition of channels A €
Chan(A) and B € Chan(B), andlet S(p) = >, S;pS! be a Kraus decomposition of S. Since S
satisfies the No Leakage Condition for A, we have by Lemma 1 that

S,‘PA = PAS,'PA VI € {1, e 7'} . (A6)
Similarly, since S satisfies the No Leakage Condition for B, we have that
S,‘PB = PBSiPB VI € {1, e 7'} . (A7)

Combining Equations (A.6) and (A.7) we obtain S; = S;(P4 + Pg) = A; ® B, with A; := P,S;P4
and B; := PgS;Pg. By the definition of a superposition of channels, the restriction of S to sector
Ais the channel .4, and thus S(P4pP,s) = A(P4pP,). Hence, we conclude that {A;}]_ is a Kraus
representation of \A. Similarly, since the restriction of S to sector B is the channel 3, and therefore
{B;}\_, is a Kraus representation of B.

2 = 1is immediate.

2 = 3. Consider the Stinespring representation of the channel S, obtained by introducing an
environment E of dimension r, equal to the number of Kraus operators of S. Explicitly, the Stine-
spring representation is given by the isometry V.= > 7 §; ® i), where {|i) }_, is the canonical
basis for E. Since each §; is of the form S; = A; @ B;, the isometry Vis of the form V = V, @ V,
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where V : Hy — Ha @ Hpand Vg : Hp — Hp @ Hj are the isometries
Vai=> A®Il) (A.8)
Vsi=> B®li. (A.9)

Each isometry V, and Vj can be extended to a unitary U, and Ug, so that V, = Ua(I4 ®|7,)) and
Vg = Ug(Iz ® |n,)), where |5,) and |7,) are unit vectors in H.

Without loss of generality, we can choose |5,) = |1,) = |#). Each unitary U, and U can be
realised as a time evolution for a time T with Hamiltonian H,r and Hgg, respectively. Therefore,
we can define the unitary evolutions Uy, := exp|—iHug T/, Up := exp[—iHpg T/hJ, and

U := exp[—i(Hag ® Hpg)T/h] = Uy @ Us. (A.10)
With these definitions, we obtain

Trg [UAE(P® ) {nl) UL } ZKPL : (A.11)

where

K= (L ® (il) Us (L ® |1))
— A, (A.12)

using Eq. (A.8) in the last equality. Similarly, we obtain
Trg [UBE( ® |n)(n]) ULE} ZLPL (A.13)

with

L = (IB ® <|) Use (IB ® |’7>)
(IB ® (il) Vi
(A.14)
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using Eq. (A.9) in the last equality, and finally
Trg [Ulp @ In) (n)U'] = ) MipM], (Aas)

with

M= (Lo () U )
— (L@ (i) U (@ 1) & (Is ® (i) Use (Is @ |))
=LK
=A®B;, (A.16)

where S := A @ B.
3 = 1. Let E be an environment, let |7) € Hp be a pure state, and let H or, Hpr be Hamilto-
nians with supports in H4 ® Hg and Hp @ Hp, respectively, such that

Alp) = Tre[Use(p © n) U] Uap = exp|—iHyp T/R]
B(p) = Tre[Us(p © ) Up] Upe = exp[—iHp T/h]
S(p) = Trz[U(p ® n)U'] U = exp|—i(Har @ Hgg) T/Hi] = Ups ® Ugs.  (Au17)

By construction, if p has support in H,, then

S(p) = Trg[UPas (p ® 1) PopU'] Piup =Py ® I

= Trg[Usz (p @ 1) Uhg]
= A(p). (A.18)

Similarly, if p has support in Hp, then

S(p) = Trg[UPs (p @ 1) PyU'] Ppg := P ® I
= Trg[Ugz (p ® 1) Ul
= Blp) - (A.19)

Therefore, S is a superposition of A and B. [

A.2  PROOF OF PROPOSITION 15

The proof uses the following lemma:
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Lemma 22. Let D be a completely depolarising channel with vacuum extension D and vacuum inter-

ference operator F. Then, the operator norm of F satisfies the inequality ||F|| o, < T

Proof. Let the Kraus operators and vacuum amplitudes of D be given by {A;}, {a;}, respec-
tively. By definition,
Fllo = max max v|Flw (A.20)
Il {): o) l[=1} {IW>2|HW>||:1}< Flw)

and

| (v[Flw)| = ‘Z_E—@Milm

IN

(A.21)
(ZMP) > (vlaylw) (wlal|v)

i .

J

=V (D (jw) (wl) [v)

If D is the completely depolarising channel, then D(|w)(w|) = I/d and therefore the bound be-
comes |(v|F|lw)| < \/1/d which implies ||F|| < \/1/d. [

We are now ready to provide the proof of Proposition 15.

Proof of Proposition 15. To prove that a channel is entanglement-breaking, it is sufficient to
show that it transforms a maximally entangled state into a separable state [ 107]. We use the maxi-
mally entangled state | @ ") := >~/ |k)®]k)/ \/d. When the channel C.,ris applied to this state,
the output state is

coonioren - (ia) ot (Boa)o 22 (aw)
a 2 a> 2
where Gy := (F® I)(|0T) (0T |)(F® I)T.

We now show that the operators I ® I/d* £ Gg are proportional to states with a positive partial

transpose. To show this, we find that the partial transpose of G on the second space is

SWAP
Gl = (P®1)T(P®I)T. (A.23)
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Therefore, for every unit vector |¥), we obtain the following bound:

(Y|(F e F)|¥)
d

_ (YI(FF @ )]

- d

_ EF

- d

_IF

d

1

SE)

(¥|Gy

¥) =

(A.24)

where the first inequality follows from the Cauchy-Schwarz inequality and the last inequality fol-
lows from Lemma 22.
Eq. (A.24) implies that

121 o
S e N

¥) >o. (A.25)

T, fpe .
Since |¥) is an arbitrary vector, we conclude that the operator (Ig + GF) has positive partial
transpose. For d = 2, the Peres-Horodecki criterion [ 108, 154], guarantees that % =+ Gp is pro-

portional to a separable state. Therefore, the output state (A.22) is separable. 0]

A.3 PROOFS OF PROPOSITION 16

Proof of Proposition 16. For a fixed vacuum extension, and therefore for a fixed vacuum interfer-
ence operator F, the Holevo capacity of the channel C, r is upper bounded by the Holevo capac-
ity of the channel Cj (4| r (Lemma 14). Hence, it is enough to prove the bound for the channel
Clor) 41,

Note that the output of channel C|, | r has dimension 2d. For a generic channel £ with (2d)-
dimensional output, the Holevo capacity is upper bounded as [ 103 ]

((€) < log(ad) — min H[E(p)] . (A-26)

P

where H(p) := — Tr[plog p] is the von Neumann entropy, and the minimisation can be restricted
without loss of generality to pure states.
We now upper bound the right-hand-side of Eq. (A.26) for £ = Cj1(4|,r. The action of the
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channel C| (| r on a generic input state p is

T

® ) + T

-—I-Fp

Clyy+1(p) = ®H-. (A27)
In the case of a pure state p = |{) (¥, we write F|y)) = k |¢), where |¢) is a unit vector and k is
a normalisation constant. With this notation, we obtain

Gl +5pe

) 2 . (A.28)
LR

2

Croyrre(v)vl) =

with P :=1— |¢)(¢|. The von Neumann entropy of this state is

Ll 4k d-

H [C\+><+\,F(W> <‘!’|)] =4 3 log 5 o log »
=k -k d—1 1
— 4 Jogt— — log — A.
2 °8 2 2d 08 2d ( 2’9)
d—1 L4k L4tk -k L—k
d og(zd) ) og N 5 og .
Now, note that

1
IF[9) | < [[F]] 7

where the last inequality follows from Lemma 22. The expression (A.29) is monotonically decreas-

(A.30)

ing for k in the interval [0, 1/ \/d]. Hence, we obtain the lower bound

—1
H [Cpyy4,6([¥) (¥])] > log(2d)
1 + Fl|* 1 + Fl|?
2 2
1 _ F||* L __||F|?
CalElS G IIFIl
2 2
Inserting this expression into Eq. (A.26) with & = C|4(+|,»» We obtain Eq. (6.18). =
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A.4 LEMMAS FOR PROOF OF THEOREM 18

Lemma 23. Let F be a vacuum interference operator. Let C,, g be a superposition of two independent
qubit completely depolarising channels with vacuum interference operator F, as given by Eq. (6.17). Let
a, b be the singular values of F. Then F' = a |o) (o| +b |1) (1] is also a vacuum interference operator asso-
ciated with the qubit completely depolarising channel, with C,, i the corresponding superposition channel,
and furthermore the classical capacity of the channel C,, g is equal to that of the channel C,, p.

Proof. Using the singular value decomposition, F can be written as F = UF'V, where U and
V are suitable unitary matrices, and F' is diagonal in the basis {|o), |1) }. From Ref. [2], we know
that any linear operator on a d-dimensional Hilbert space is a valid vacuum interference opera-
tor of the completely depolarising channel if it satisfies Tr FFF < 1/d. Therefore, if F is a vac-
uum interference operator of the completely depolarising channel, then so is F/, since Tr F' TP =
Tr [(U'FVI)TUTFVT] = Tr FIF < 1/d.

Now, we have that the channel C, i can be obtained from C, ¢ via the unitary transformation
Cor = U TIc)to Coro Vi, where U and V1 are the inverses of the unitary channels associated
to the unitary matrices U and V, respectively, and Z is the identity channel on the control system.
The classical capacity of a channel is preserved under unitary transformations; therefore C, r and
C,.r have equal classical capacity. ]

Lemma 24. When the operator F is diagonal in the computational basis, the Holevo capacity of the
channel C,, r is given by

¥(Cop) = max { [wF<pr (mly,)[* [m) MI)] pr wFW/><‘//x|>}}7

{pe ¥}
(A32)

where the maximum is over the ensembles of d pure states with positive coefficients in the computational
basis.

The proof of this result, which relies on group-theoretic methods, is beyond the scope of this
thesis, and is provided in Appendix C of Ref. [121].

A.5 PROOF OF PROPOSITION 20

Here we provide a proof of Proposition 20. The proof follows from the following Lemmas, proven
at the end of this Appendix.

Lemma2s. Let N, € Chan(X) and N, € Chan(X) be two quantum channels, and let N, and N, be
their vacuum extensions. Then, N N is a vacuum extension of N, o N, and its vacuum interference
operator is F,F,, where F, (F,) is the vacuum interference operator of N, (N,).
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Proof. Using Equation (3.11) for the vacuum-extended channels ./\N/’l and /\N/;, we obtain the
relation

(NioA%)(p) =(N;0NL) (PxpPy) + (vacplvac) [vac) (vac|

(A33)
+ F,F,plvac) (vac| + |vac) <vac|pFIF1T ,

which is valid for every p € St(yf). From Equation (A.33) we see that /Vl o ./\72 is a vacuum
extension of V, o V,. Moreover, comparison of Equation (A.33) with Equation (3.11) shows that
the vacuum interference operator of ; o N, is F,F,. ]

Lemma 26. Let F € L(HX) be the vacuum interference operator associated to a generic vacuum-
extended channel C € Chan(X). Then, ||F||s < 1.

Proof. By the definition (3.12), the vacuum interference operator of the vacuum-extended
channel C can be expressed asF = ) . 7,C, where {C = C; ® 7,|vac)(vac|} is an arbitrary

Kraus representation of C.
By definition,

F A.34
[Fli=, _max [Flg)]. (a4

Let |@) € Hx be a unit vector such that ||F|| = ||F|@)||. Then, we obtain the following series of
(in)equalities:

IF% = [IFle) I

= (| F'F|p)

= 77,(elClCilg)
ij

< Zh’il
ij

< Zh’il
ij

= (ZI%I (ol Cic, !sv))

< (Z (ol ClC; |<P>>

i

v;

(9lclc; o)

Vel CiCile) (ol C/G o)

Y;

=1, (A35)
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where the first inequality is the triangle inequality for the modulus, and the second and third in-
equalities are Cauchy-Schwarz inequalities. [

Lemma 27. Let C € Chan(X) be a quantum channel on a quantum system of dimension d > 2, and
let C € Chan(X) be an arbitrary vacuum extension of C. If the Choi operator

cr:Z i)l @ C(li) ) , (A.36)

has full rank, then the vacuum interference operator F associated to C satisfies the strict inequality || F|| o <
1.

Proof. Lemma 26 shows that the norm of F is smaller than or equal to 1. The equality ||F||o =
1 holds if and only if all the inequalities in Equation (A.35) hold with the equality sign. In the
following we show that saturating the second inequality is impossible when ¢ has full rank.

The second inequality in Equation (A.35) is saturated if and only if

Cile) xCle)  Vij, (A.37)

that is, if and only if
Ci |(P> = Ai|(Po> \V/l, (A38)

where | ) € Hy is a fixed unit vector, and {2, } are complex numbers.
Let A = ) a; C; be an arbitrary linear combination of the operators { C;}, with complex coef-
ficients {a;}. Then, one has

Alg) = Z a; Cilo)

1

(A.39)
= <Z a,-k,—) |‘Po> .

i

In other words, every linear combination of the operators { C;} must map |¢) into a vector propor-
tional to |, ).

Now, the Choi operator ¢ has full rank if and only if the operators C; are a spanning set for the
vector space L(#). This means, in particular, that there exist coefficients {a;} such that A =
>, a; Ci = |9F) (@], where |¢2) is a unit vector orthogonal to |p_) (such a vector exists because the
Hilbert space Hy is at least two-dimensional). In this case, A|¢) = |p), meaning that Equation
(A.39) cannot be satisfied. This implies that Equation (A.37) cannot be satisfied, and that the
bound ||F||oc < 1 cannot hold with the equality sign. O
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Proof of Proposition 20. Let N. dep be an arbitrary vacuum extension of the completely depo-
larising channel Mep. By Lemma 25, the relation

-/,\V[dep © deep = -/,\V[dep (A'40)

implies the relation F* = F, where F is the vacuum interference operator of Ndep. In turn, the
relation F* = F implies the relation F = F" for every integer n € N. In terms of the norm, this
condition gives the bound

IFlloo = IF"]l
<|Fll",  VneN. (A.q1)

Now, the Choi operator of the completely depolarising channel N, is ¢ = I ® I/d and has full
rank. Hence, Lemma 27 implies ||F||o < 1. This means that Eq. (A.41) implies that ||F||o = o,
and therefore F = o. In summary, the only vacuum extension satisfying the condition (A.40) is
the incoherent one. ]

A.6 PROOF OF THEOREM 21

Proof. Recall that the largest singular value of an operator H is equal to its operator norm ||H|| .

Recall also that the superposition of two independent identical sequences of channels SJ:;XH [g o

(Ro&), Eo0(Ro&)™: L(Hyx) = L(Hy @ Hp) is given by

SHHIE o (Ro 8y, & o (R0 £)](p)
_ £0(Ro&)(p) + F(GF)""pF(GF)"™
N £ o (Ro&)"(p) — F(GF)"'pF(GF)"*

2

® [+){+] (A.42)

®[=){-I.

1 = 2: We prove the contrapositive. First, note that for any vacuum interference operator H,
||H||o < 1 (see Lemma 26, or Eq. (A.44) below). Let G be a vacuum interference operator of
a quantum channel R : L(Hy) — L(Hx). Suppose ||F||sc # 1. Then ||F||«w < 1. Since
the operator norm is sub-multiplicative, ||GF||oc < ||G||oo||Flloc < 1. It follows that asn —
o, (GF)" — o and hence F(GF)"™ — o. Therefore, the off-diagonal path terms vanish, and
SEIHE 0 (Ro &), E0 (Ro&E)(p) — £ 0 (R o &)™ (p) ®1/2, which has capacity zero
asn — o0.

2 = 3: By definition,

F A.43
IFli=, max  Flo)] (A3
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where, as usual, ||-|| denotes the Euclidean norm. Now, letting |@) € Hx be a unit vector such that
|E|lo = ||F|@)||, we obtain the following (in)equalities:

|Flloc = [lacEole) + @E\[@) + - - + arEro)|
< [[acEs|@)[| + [[aEil@)[| + - + [|a.Erilo)]

ior/ <¢;E;Eo|¢>' T <¢>|Er_ﬁEr_1|¢>'

< V(o + o + -+ o ]?)

A\ GIEE|) + (GIEE.Ip) + - + (9lE,—. Elg)

=1-| (¢l > _ElEl)

=1 (A.44)

The first inequality follows from the triangle inequality and is saturated if and only if there exists a

pure state [{) € L(Hy) such that

wBle) _ aBle) __ Gbele) "
|aEs[@)]|  llaEilo)] ||a—.E.—.[ )]
If this equation is satisfied, then foralli € {o,1,...,r — 1},
aE, a(plEl  Elo)(plEl
0] = o) ailolE; _ Eife){e| (Ag6)

@Bl |la(elEll]  (olEEle)
This implies that

r—1

E(lo)el) = ZEW \E,T:(Z(?!Efﬂ\so)) 0@ =10 (A47)

i—o

That is, ||F||so = 1 only if there exists a pure state in Hx which is mapped to a pure state in Hy by
E.

The second inequality follows from the Cauchy-Schwarz inequality. It is saturated if and only if
there exists § € R such that a; = ¢?1/(|E/E;|¢) foralli € {o,1,...,r —1}.

2 = 1: If ||F||s = 1, then there exist two states |¢) € Hxand |{) € HysuchthatF|p) = |{).
Thus, (|) ({| F)" |¢) = |@) foralln € N.

Let R : Chan(Y — X) be a quantum channel with vacuum extension R. Let the Kraus opera-
tors of R be {R, = |o)(¢| @ |vac)(vac|} U {R; = |@)(i| ® o}'=!, where {|i) }/_ is a basis of Hy

202



with the definition |o) := [{).

Let G be the vacuum interference operator of R. Then G = |) ({| and thus GF |¢) = |g). It
follows that the effective vacuum interference operator F.4 = F(GF)" " satisfies Fo |@) = |{) and
hence ||Feff|| 00 = 1.

Furthermore, there exists a state |§) € Hy orthogonal to |@) such that F¢ |£) # |{); otherwise,
Feff% = /2 |{) , which implies || Feg| | oo # 1, a contradiction.

Since Eo(Ro&)" " has classical capacity that approacheszeroasn — oo, thenforall p € St(X),
(Eo(Ro&))(p) = oforsome o € St(Y ® C). Therefore

SEIH[E (Ro), Eo(RoE)(I9)gl) # SLIHEo(RoE), Eo (Ro&P ()¢,
(A.48)

i.e., the superposition channel yields distinct output states for two distinct input states. This result

proves that the superposition channel has a classical capacity strictly greater than zero as

n — 00. O
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Mathematical subtleties

B.1 PLACED AND UNPLACED CHANNELS

Here we specify the mathematical structure of placed and unplaced channels. In the following, the
subset of completely positive (CP) maps will be denoted by CP(A — B) C Map(A — B), and
the subset of trace-preserving (TP) maps will be denoted by TP(A — B) C Map(A — B).

For a single use of a single device, the distinction between placed and unplaced channels con-
cerns only the type of inputs and outputs. Mathematically, placed and unplaced channels are both
described by completely positive trace-preserving maps.

When multiple devices are involved, the distinction is more substantial. As describedin §4.1.3-
4.1.4, k devices can be placed in parallel, giving rise to a multipartite quantum channel, or in se-
quence, giving rise to a k-step quantum channel, or, more generally, in any combination of parallel
and sequence, giving rise to an l-step quantum channel, with any [ from 1 to k.

In contrast, unplaced channels belong to a different set of completely positive maps. We will now
specify this set explicitly. So far, we represented unplaced channels by lists, such as (N, ..., NV}).
However, the set of lists is not closed under probabilistic mixtures, which arise quite naturally when
some of the parameters of the communication devices are subject to random fluctuations.

Probabilistic mixtures can be described by convex combinations of the form
S pi (M, .-, Ni,), where (p)L, is a probability distribution, and, for every i € {1,...,L},
(NMiiy s Nii) € Chan(X, — Y,) x -+ x Chan(X; — Y;) is a list of channels. The convex
combination Zf:l pi (M., ..., Ni;) must satisfy a basic consistency requirement: if a channel
in the list (A}, ..., N}) is a convex combination of channels, say NV, = Zi pi /\/'17,-, then the list
(M., ..., N;) should be equal to the corresponding convex combination  _, pi(N, ;, N, . . ., Nj).
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Requiring this consistency property to hold for every entry of the list implies that the convex com-
binations ZiLZI pi (M., ..., Ni;) can be represented as elements of the tensor product space
TP(X, = V) ®TP(X, = Y,) ® - ® TP(X; — Y}), which consists of all linear combinations
of the form

L
M:ZCiM,i@)M,i@”'@M,H (B.1)

L

where (¢;)}, are real coefficients, and each ,; is a trace-preserving map in TP(X; — Y)).

In summary, the unplaced channels can be regarded as elements of the tensor product space
TP(X, = V)@ TP(X, = Y,) ® - - ® TP(Xx — Y;). Precisely, the list (NV,, ..., ;) can be
regarded as the product channel V, ® - - - @ NV;.. In this work, we use the list notation (N, . .., V)
and the tensor product notation N, ® - - - ® M, interchangeably, depending on which represen-
tation is more convenient.

As can be seen from Equation (B.1), the tensor product space TP(X, — Y,) ® TP(X, —
Y,) ® -+ ® TP(Xp — Y;) also contains channels that are not of the product form. In fact, the set
ofall channels in this tensor product space is in one-to-one correspondence with the set of k-partite
no-signalling channels NSChan(X, — Y,, ..., Xi — Y;) (cf. §2.7.2).

This means that unplaced channels can, most generally, represent correlated devices. Such a
multi-partite unplaced channel shall be represented in the usual way as a channel
N € NSChan(X, — Y,,..., Xy — Y;). If some parts of the overall channel factorise, we can
write it as a product of no-signalling channels, e.g. ./\/1’2 ® N, € NSChan(X, — Y,,X, = Y,) X
Chan(X, — Y;), oras the list (N, ,, V;).

This suggests, that multi-partite unplaced channels should be able to be placed either between
multiple parties at separate locations, or between a single party at different moments in time, as
long as these correlations do not lead to signalling between the different systems. Such scenarios

are considered in §4.1.7.
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