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ABSTRACT

In the past few years different techniques have been de-
veloped for constructively deriving symbolic abstractions of
(stochastic) control systems. The obtained symbolic mod-
els allow us to leverage the apparatus of finite-state re-
active synthesis towards the problem of designing hybrid
controllers enforcing rich logic specifications over the con-
crete models. Unfortunately, most of the existing techniques
severely suffer from the curse of dimensionality due to the
need to discretize state and input sets. In this paper we
provide a symbolic abstraction technique for incrementally
stable stochastic control systems, which only requires dis-
cretizing input sets. We show that for every incrementally
stable stochastic control system, and for every given positive
precision ¢, the discretization of exclusively the input set al-
lows constructing a symbolic model which is e-approximate
bisimilar (in moments) to the original stochastic control
system. The details of the proposed technique are eluci-
dated by synthesizing a control policy for a 6-dimensional
linear stochastic control system satisfying some logic spec-
ifications, which would not be tractable using existing ap-
proaches based on state-space discretization.

1. INTRODUCTION

In the last decade several abstraction techniques have been
developed, providing symbolic models for (stochastic) con-
trol systems obtained by replacing aggregates or collections
of states of such systems by symbols. When a system with
a finite number of states is obtained, one can use mature
methodologies available in the literature [9] to leverage fixed-
point computations in order to synthesize hybrid controllers
enforcing rich complex specifications over the original sys-
tem. Examples of such specifications include properties ex-
pressed as formulas in linear temporal logic (LTL) or as au-
tomata on infinite strings.

*This work is supported by the European Commission
STREP project MoVeS 257005 and IAPP project AMBI
324432.

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full cita-
tion on the first page. Copyrights for components of this work owned by others than
ACM must be honored. Abstracting with credit is permitted. To copy otherwise, or re-
publish, to post on servers or to redistribute to lists, requires prior specific permission
and/or a fee. Request permissions from Permissions @acm.org.

HSCC’14, April 15-17, 2014, Berlin, Germany.

Copyright 2014 ACM 978-1-4503-2732-9/14/04 ...$15.00.
http://dx.doi.org/10.1145/2562059.2562115.

llya Tkachev
Delft University of Technology

i.tkachev@tudelft.nl

Alessandro Abate
University of Oxford

alessandro.abate@cs.ox.ac.uk

The construction of symbolic models has been studied
extensively for continuous-time non-probabilistic systems.
This includes results on the construction of approximately
bisimilar symbolic abstractions for incrementally stable con-
trol systems [8, 12], switched systems [4], and control sys-
tems with disturbances [13], as well as the construction of
sound abstractions based on the convexity of reachable sets
[14] and for unstable control systems [20]. Recently, there
have been some results on the construction of symbolic mod-
els for continuous-time stochastic systems, including the
construction of approximately bisimilar (in moments) sym-
bolic models for incrementally stable stochastic control sys-
tems [18, 19] and for stochastic switched systems [16], as
well as sound abstractions for unstable stochastic control
systems [17]. The results in [6] propose abstraction notions
for continuous-time stochastic hybrid systems, but with a
different purpose: while we are interested in the construc-
tion of bisimilar abstractions that are finite, the work in [6]
uses the notion of bisimulation to relate continuous (and
thus infinite) stochastic hybrid systems. Note that all the
abstraction techniques provided in [4, 8, 12, 13, 14, 16, 17,
18, 19, 20] are based on the discretization of state and input
sets. Therefore, they suffer severely from the curse of dimen-
sionality due to the need to grid both sets, which is especially
tolling for models with high-dimensional state spaces.

In this paper, we construct approximately bisimilar
symbolic models for incrementally stable continuous-time
stochastic control systems, where only the input set requires
to be discretized. This work is inspired by the recently
proposed result in [2] for discrete-time non-probabilistic
switched systems, in which mode sequences of a given length
are considered as symbolic states. Since in the new approach
we do not discretize the state space, this is potentially more
efficient than the one proposed in [18, 19] when dealing with
higher dimensional continuous-time stochastic systems. We
provide a simple criterion that helps choosing the the most
suitable among two approaches (in terms of the sizes of the
symbolic models) for a given stochastic control system. An-
other advantage of the technique proposed here is that it
allows us to construct symbolic models with probabilistic
output values, resulting in less conservative symbolic ab-
stractions than those proposed in [16, 17, 18, 19] that allow
for non-probabilistic output values exclusively. We then ex-
plain how the proposed symbolic models with probabilistic
output values can be used for synthesizing hybrid controllers
enforcing logic specifications. The effectiveness of the pro-
posed results is illustrated by synthesizing a control policy
for a simple 6-dimensional linear stochastic control system
against an LTL specification, which is not amenable to be



dealt with the approaches proposed in [18, 19]. Due to space
constraints, most of the proofs of the main results are omit-
ted from this manuscript.

2. STOCHASTIC CONTROL SYSTEMS

2.1 Notation

The identity map on a set A is denoted by 14. The sym-
bols N, No, Z, R, R", and Rar denote the set of natural,
nonnegative integer, integer, real, positive, and nonnegative
real numbers, respectively. The symbols I,,, 0y, and Onxm
denote the identity matrix, zero vector, and zero matrix in
R™*™ R"™, and R™*™, respectively. Given a vector x € R™,
we denote by x; the i—th element of z, and by ||z| the
infinity norm of z, namely, ||z| = max{|z1i], |z2], ..., |Zn|},
where |z;| denotes the absolute value of z;. Given a ma-
trix P = {pi;} € R™™", we denote by Tr(P) = 3 7 | pi
the trace of P. We denote by Amin(A) and Amax(A) the
minimum and maximum eigenvalues of symmetric matrix
A, respectively. The diagonal set A C R™ x R" is defined
as: A ={(z,z) |z € R"}.

The closed ball centered at x € R™ with radius A is de-
fined by Ba(z) ={y e R™||lz —y|| < A}. A set B C R™
is called a boz if B = T[]~ [ci,di], where ¢;,d; € R with
¢; < d; for each i € {1,...,m}. The span of a box
B is defined as span(B) = min{|d; —¢;| |i=1,...,m}.
For a box B C R™ and u < span(B), define the
p-approximation [B], = [R™], N B, where [R™], =
{a e R™ | a; = kiu, ks € Z,i =1,...,m}. Note that [B], #
@ for any pu < span(B). Geometrically, for any u € RT with
p < span(B) and A > p, the collection of sets {Bx(p)}pe(s],
is a finite covering of B, i.e. B C Upe[B]“ Ba(p). We ex-
tend the notions of span and approximation to finite unions
of boxes as follows. Let A = U;Vil Aj, where each A; is a
box. Define span(A) = min{span(4;)|j=1,...,M}, and
for any u < span(A), define [A], = Ujj\/il[Aj]H.

Given a  measurable  function  f:RJ — R",
the (essential) supremum of f is denoted by
|| flloo := (ess)sup{||f(¢)]|,¢ > 0}. A continuous func-
tion 7v:RI — R, is said to belong to class K if it is
strictly increasing and (0) = 0; ~ is said to belong to class
Ko if v € K and y(r) — oo as r — oco. A continuous
function f: R x RY — R{ is said to belong to class KL
if, for each fixed s, the map SB(r,s) belongs to class K
with respect to r and, for each fixed nonzero r, the map
B(r,s) is decreasing with respect to s and B(r,s) — 0
as s —» oo. We identify a relation R C A x B with the
map R: A — 25 defined by b € R(a) iff (a,b) € R. Given
a relation R C Ax B, R™! denotes the inverse relation
defined by R™* = {(b,a) € B x A: (a,b) € R}.

2.2 Stochastic control systems

Let (22, F,P) be a probability space endowed with a fil-
tration IF = (Fs)s>0 satisfying the usual conditions of com-
pleteness and right continuity [7, p. 48]. Let (Ws)s>0 be a
p-dimensional F-adapted Brownian motion.

DEFINITION 2.1. A stochastic control system is a tuple
¥ =[R",U,U, f,0), where

e R" is the state space;

e U CR™ is a compact input set;

e U is a subset of the set of all measurable functions of
time from Ry to U;

e f:R" x U — R" satisfies the following Lipschitz as-
sumption: there exist constants Ly, L, € R such that:
£ () — F@',w)l| < Lollz— /| + Lullu—u'| for ail
z, 2" € R™ and all u,u’ € U;

e 0 : R" — R"™ P gsatisfies the following Lipschitz as-
sumption: there exists a constant Z € RT such that:
lo(x) —o(x)|| < Z||z — 2'|| for all z,z" € R™.

A continuous-time stochastic process £ : 2 x Ra‘ — R™ is
said to be a solution process of 3 if there exists v € U sat-
isfying the following stochastic differential equation (SDE):

d& = f(&v)dt+o(&) d Wy, (2.1)

P-almost surely (PP-a.s.), where f is known as the drift and
o as the diffusion. We also write 4., (t) to denote the value
of the solution process at time ¢ € R} under the input curve
v from initial condition &,.,(0) = a P-a.s., in which a is a
random variable that is measurable in Fyo. Let us empha-
size that the solution process is unambiguously determined,
since the assumptions on f and o ensure its existence and
uniqueness [10, Theorem 5.2.1, p. 68].

3. INCREMENTAL STABILITY

We recall a stability notion for stochastic control systems,
introduced in [19], on which the main results presented in
this work rely.

DEFINITION 3.1. A stochastic control system X is incre-
mentally input-to-state stable in the qth moment (§-ISS-
M), where q > 1, if there exist a KL function B and a
Koo function v such that for any t € RY, any R™-valued
random variables a and a’ that are measurable in Fo, and
any v, v’ €U, the following condition is satisfied:

E (|00 (t) = &aror O] < B(E [|la —a'|| ], 8) + v (v —'[| ) -
(3.1)

As showed in [19], one can describe 0-ISS-M, in terms of
the existence of so-called incremental Lyapunov functions,
as defined next.

DEFINITION 3.2. Consider a stochastic control system 3
and a continuous function V : R™ x R™ — R that is twice
continuously differentiable on {R™ x R"}\A. The function
V' is called an incremental input-to-state stability in the qth
moment (6-ISS-My) Lyapunov function for X, where ¢ > 1,
if there exist Koo functions o, @, p, and a constant k € RT,
such that

(i) a (resp. @) is a convez (resp. concave) function;

(ii) for any x,x’ € R™,
a(lz—2'") <V(z,2") <a(llz—2||);

(iii) for any x,x’ € R™, x # ', and for any u,u’ € U,

f@', )
30 ([5@) @ am@n] 527y mb])

< =rV(@,2") + p(llu — '),

£V (2,2!) = 02V 0,/ V] [f(””’“) }



where £ is the infinitesimal generator associated to the
process V (€,&") where € and &' are solution processes of the
SDE (2.1) [10, Section 7.3]. The symbols 0, and 0y .+ de-
note first- and second-order partial derivatives with respect
to x and (x, '), respectively.

Although condition (i¢) in the above definition implies
that the growth rate of functions @ and « is linear, this
condition does not restrict the behavior of @ and « to only
linear functions on a compact subset of R™. The following
theorem, borrowed from [19], describes 0-ISS-M, in terms of
the existence of §-ISS-M, Lyapunov functions.

THEOREM 3.3. A stochastic control system % is 0-1SS-M,
if it admits a 6-1SS-My Lyapunov function.

One can resort to available software tools, such as SOS-
TOOLS [11], to search for appropriate 6-ISS-M, Lyapunov
functions for polynomial type ¥. We refer the interested
readers to the results in [19], providing special instances
where these functions can be easily computed. For example,
for linear stochastic control systems ¥ (that is, for systems
with linear drift and diffusion terms), one can search for ap-
propriate 6-ISS-M, Lyapunov functions by solving a linear
matrix inequality (LMI).

3.1 Noisy and noise-free trajectories

In order to introduce the symbolic models in Subsection
5.2 (Theorems 5.6 and 5.7) for a stochastic control system,
we need the following technical result, borrowed from [19],
which provides an upper bound on the distance (in the gth
moment) between the solution process of ¥ and the solu-
tion of the corresponding non-probabilistic control system
obtained by disregarding the diffusion term o. From now
on, we use the notation &, to denote the solution of the or-
dinary differential equation (ODE) &,,, = f (£,,,v) starting
from the non-probabilistic initial condition x and under the
input curve v.

LEMMA 3.4. Consider a stochastic control system X such
that f(0n,0m) = 0, and o(0,) = Onxp. Suppose that g > 2
and there exists a §-1SS-My Lyapunov function V' for ¥ such
that its Hessian is a positive semidefinite matriz in RZX2"
and 0y .V (z,2') < P, for any x, 2’ € R"™, and some positive
semidefinite matriz P € R™™ ™. Then for any x € R™ and
any v € U, we have

E [[[€eu(®) = &, (0)]"] < halot), (32)

where

[ (5o 4 (smp 0y ) ds),

It can be readily seen that the nonnegative valued function
h, tends to zero as t — 0, t — 400, or as Z — 0, where
Z is the Lipschitz constant for the diffusion, introduced in
Definition 2.1. The interested readers are referred to [19],
which provides results in line with that of Lemma 3.4 for
(linear) stochastic control systems ¥ admitting a specific
type of §-ISS-M, Lyapunov functions.

4. SYSTEMS AND APPROXIMATE
EQUIVALENCE RELATIONS

4.1 Systems

We employ the notion of system, introduced in [15], to de-
scribe both stochastic control systems as well as their sym-
bolic models.

DEFINITION 4.1. A system S is a tuple S =
(X, Xo,U, ,Y,H), where X is a set of states
(possibly infinite), Xo C X is a set of initial states
(possibly infinite), U is a set of inputs (possibly infinite),
—— C X xU x X is a transition relation, Y is a set of
outputs, and H : X — 'Y 1is an output map.

A transition (z,u,z’) € —— is also denoted by

u 7 oL u ’ /A
r — x'. For a transition x —— ', state a’ is called

a u-successor, or simply a successor, of state x. We denote
by Post,(z) the set of all u-successors of a state z. For
technical reasons, we assume that for any x € X, there ex-
ists some u-successor of x, for some u € U — let us remark
that this is always the case for the considered systems later
in this paper.

System S is said to be

e metric, if the output set Y is equipped with a metric
d:Y xY = RJ;

e finite (or symbolic), if X and U are finite sets;

e deterministic, if for any state x € X and any input
u € U, |Post,(z)] < 1.

For a system S = (X, Xo,U, —— ,Y, H) and given any
initial state zo € Xo, a finite state run generated from xg is
a finite sequence of transitions:

ug Ul Un—2
ZTo T s

Tn1 % T, (4.1)

such that z; —» zi+1 for all 0 < ¢ < n. A finite state
run can be directly extended to an infinite state run as well.
A finite output run is a sequence {yo, y1,...,yn} such that
there exists a finite state run of the form (4.1) with y; =
H(z;), for i = 0,...,n. A finite output run can also be
directly extended to an infinite output run as well.

4.2 Relations among systems

We recall the notion of approximate (bi)simulation rela-
tion, introduced in [3], which is useful when analyzing or
synthesizing controllers for deterministic systems.

DEFINITION 4.2. Let Sq = (Xa, Xao0, Ua, — ,Ya, Hy)
and Sy = (Xp, Xvo, Uy, — , Yy, Hy) be metric systems

with the same output sets Yo = Y, and metric d. For € €
Rg, a relation R C X, X X} is said to be an e-approximate
stmulation relation from Sq to Sy if, for all (xa,zs) € R, the
following two conditions are satisfied:

(i) d(Ha(za), Hy(xs)) < &;

. u . . . . up,
(i1) ©q —> xi, in S, implies the existence of - x,
a

in Sy satisfying (4, ) € R.
A relation R C Xo X Xy is said to be an e-approximate
bisimulation relation between S, and Sy, if R is an e-

approximate simulation relation from S, to Sy and R7Y s
an e-approzimate simulation relation from Sy to S,.



System S, is e-approzimately simulated by Sy, or Sp e-
approzimately simulates S,, denoted by S, =<5 Sb, if there
exists an e-approximate simulation relation R from S, to Sy
such that:

o for every wo0 € Xao, there exists xpo € Xpo with
(za0, zb0) € R.

System S, is e-approrimately bisimilar to Sy, denoted by
Sa 25 Sy, if there exists an e-approximate bisimulation re-
lation R between S, and Sy such that:

e for every wo0 € Xao, there exists xpo € Xpo with
(za0,o0) € R;

e for every wpo € Xpo, there exists xqo € Xaqo with
(zq0,xb0) € R.

S. SYMBOLIC MODELS FOR STOCHAS-
TIC CONTROL SYSTEMS

5.1 Describing stochastic control systems as
metric systems

In order to show the main results of the paper, we use the
notion of system to abstractly represent a stochastic control
system: given a stochastic control system X, we define an
associated metric system S(X) = (X, Xo,U, —— ,Y, H),
where:

e X is the set of all R"-valued random variables defined
on the probability space (2, F, P);

e X is a subset of the set of R™-valued random variables
that are measurable over Fo;

o U =U,

e & —» # if z and &’ are measurable in F; and Fiyr,
respectively, for some t € ]Ra' and 7 € R", and there
exists a solution process £ : Q x R — R™ of 3 satis-
fying £(t) = z and &, (7) = 2’ P-a.s,;

o Y =X;
o H:lx.

We assume that the output set Y is equipped with the metric

d@w,y) = (E[ly—y'|])7, for any y,y/ € Y and some
q > 1. Let us remark that the set of states and inputs
of S(X) are uncountable and that S(X) is a deterministic
system in the sense of Definition 4.1, since (cf. Subsection
2.2) the solution process of ¥ is uniquely determined.

As usual, since the concrete system S(X) is infinite and
does not allow for the direct control synthesis over itself,
we are interested in finding a finite abstract system that
is (bi)similar to the original concrete one. In order to
talk about approximate (bi)simulation relations between two
metric systems, such systems have to share the same output
set (cf. Definition 4.2). The latter clearly determines the
output behavior of the model that needs to be used to com-
pare the concrete and the abstract models. Obviously, the
system S(X) inherits a classical trace-based semantics [15],
and the only subtle point in our case is that the outputs of
S(X) (and those of any approximately (bi)similar one) are
random variables. This fact is especially important due to
the metric d with which the output set is endowed: for any
non-probabilistic point one can always find a non-degenerate

random variable which is as close as desired to the original
point in the metric d.

To elucidate the discussion in the previous paragraph, let
us consider the following example. Let A C R™ be the set (of
non-probabilistic points) whose safety we are interested in,
so we formulate the problem as satisfying the LTL formula®
OA. Suppose that over the abstract system we are able to
synthesize a control strategy that makes an output run of
the abstraction satisfy [JA. Although the run would in gen-
eral be consisting of random variables y, the fact that y € A
means that y has a Dirac probability distribution centered at
y, that is y € Y is a degenerate random variable that can be
identified with a point in A C R™ C Y: note that since any
non-probabilistic point can be regarded as a random variable
with a Dirac probability distribution centered at that point,
R™ can be embedded in Y, which we denote as R” C Y with
a slight abuse of notation. As a result, satisfying [JA pre-
cisely means that the output run of the abstraction indeed
stays in the set A C R™ forever. On the other hand, suppose
that the original system is e-approximate bisimilar to the
abstraction. If we want to interpret the result [JA obtained
over the abstraction, we can guarantee that the correspond-
ing output run of the original system satisfies [JA., that is
any output y of the run of the original system is within € d-
distance from the set A: d(y, A) = infsca d(y,a) < e. Note
that although the original set A C Y is a subset of R" C Y,
its e-inflation A. = {y € Y : d(y, A) < €} is not a subset
of R™ anymore and hence contains non-degenerate random
variables. In particular, A # {y € R" : infaca |ly —al| < e}
and is in fact bigger than the latter set of non-probabilistic
points. As a result, although satisfying [(]A. does not neces-
sarily mean that a trajectory of ¥ always stays within some
non-probabilistic set, it means that the associated random
variables always belong to A. and hence are close to the non-
probabilistic set A with respect to the gth moment metric.

We are now able to provide two versions of finite abstrac-
tions: one whose outputs are always non-probabilistic points
— that is degenerate random variables, elements of R™ C Y,
and one whose outputs can be non-degenerate random vari-
ables. Recall, however, that in both cases the output set is
still the whole Y and the semantics is the same as for the
original system S(X).

5.2 Main results

This subsection contains the main contributions of the
paper. We show that for any §-ISS-M, stochastic control
system X, and for any precision level £ € R, we can con-
struct a finite system that is e-approximate bisimilar to X.
The results in this subsection rely on additional assumptions
on the model ¥ that are described next. We restrict our at-
tention to stochastic control systems ¥ with input sets U
that are assumed to be finite unions of boxes (cf. Subsec-
tion 2.1). We further restrict our attention to sampled-data
stochastic control systems, where input curves belong to set
U, which contains only curves that are constant over inter-
vals of length 7 € RT, i.e.

U, = {v cU | v(t) = v((k—1)7),t € [(k — V)7, k7 k € N}.

Let us denote by S-(X) a sub-system of S(X) obtained by
selecting those transitions of S(X) corresponding to solution
processes of duration 7 and to control inputs in U,. This
can be seen as the time discretization of X. More precisely,

!We refer the interested readers to [1] for the detailed defi-
nition of the safety property.



given a stochastic control system Y, we define the associ-
ated metric system S, (X) = (XT,XTO, Uy, —» ,YT,HT)’
where X = X, X0 =Xo,Ur=U-, Y- =Y, H- = H, and

v . .
e x, —» z' if . and 2, are measurable, respectively,
T

in Frr and F(j41)- for some k € No, and there exists

a solution process £ : Q x Rf — R™ of % satisfying
E(kr) =2, and &ppo, (T) = . P-a.s..

Notice that a finite state run
o %» T1 %» ULT_1> xn of S;(X), where v;—1 € U,
and x; = &z, v, , (1) P-as. for i =1,..., N, captures the
solution process of X at times t = 0,7,..., N7, started from
the initial condition z¢ and resulting from a control input v
obtained by the concatenation of the input curves v;_1 (i.e.
v(t) =wvi—1(t) for any t € [(i — 1)7,i7[), fori=1,...,N.

Let us proceed introducing two fully symbolic systems for
the concrete model ¥. Consider a stochastic control system
3 and a tuple q = (7, u, N, x5) of parameters, where 7 is the
sampling time, p is the input set quantization, N € N is a
temporal horizon, and s € R™ is a source state. Given X
and q, consider the following systems:

Sq(E) = (Xq,qu,Uq, —q» 7}/quq),
Sq(E) = (Xq,Xq(),Uq, —q» ,Y;,ﬁq)’

consisting of:

N times
————
. Xq:{(ul,...,uN)G[U]HX"'X [U]u};
o Xq0 = Xg;
° Uq = [U]u;

Uq

* g — > xq, where zq = (u1,u2,...,un), if and only if

Tq = (u2,...,UN,Uq);

e Y, is the set of all R"-valued random variables defined
on the probability space (2, F, P);

o Ho(wq) = €o.ay(N7) (Halwa) = &, (N7)).

Note that the transition relation in Sq(X) admits a very
compact representation in the form of a shift operator. We
have abused notation by identifying uq € [U], with the con-
stant input curve with domain [0, 7] and value uq and identi-
fying zq € [U] f:’ with the concatenation of N control inputs
u; € [U]y (ie. wq(t) = w; for any t € [(i — 1)7,47[) for
¢ =1,...,N. Notice that the proposed abstraction Sq(X)
(resp. Sq (Z)) is a deterministic system in the sense of Defi-

nition 4.1. Note that H, and H, are mappings from a non-
probabilistic point 4 to the random variable £z, (NT) and
to the one with a Dirac probability distribution centered at

€o.0q (NT), respectively.

The control synthesis for Sq(X) is simple as the outputs
are non-probabilistic points. For Sq(X) it is perhaps less
intuitive. Hence, we discuss it in more details later in Sub-
section 5.3.

An example of abstraction Sq(X) with N = 2 and Uy =
{0,1} is depicted in Figure 1, where the initial states are
shown as targets of sourceless arrows. Note that Sq(X) only
has four possible states: Xq = {(0,0),(0,1),(1,0),(1,1)}.

| !
€2,(0,0)(27) €u(0,1)(27)

(1,0) (1,1)

W 0 &oo1,1)(27)

1 T

Figure 1: Example of abstraction S;(X) with N = 2
and Uy = {0,1}. The lower part of the states are
labeled with their output values.

If one chooses N = 3, then S4(X) will have eight possible
states.

In order to obtain some of the main results of this work,
we raise an assumption on the §-ISS-M, Lyapunov function
V' as follows:

[V, y) = Vi, 2)] <7(|ly = =), (5.1)

for any z,y,z € R", and some Ko and concave function 7.
As long as one is interested to work in a compact subset of
R™, the function 7 in (5.1) can be readily computed. Indeed,
for all z,y, z € D, where D C R" is compact, one can readily
apply the mean value theorem to the function y — V(z,y)
to get

V(z,y) = V(z,2)| <7 (ly —=l),

).

In particular, for the §-ISS-M; Lyapunov function
V(x,z') ==
nite matrix P € R™*™ and for all z,2’ € R™, one obtains

F(r) = A‘;ﬁﬁz)r [15, Proposition 10.5], which satisfies (5.1)

globally on R".
Before providing the main results of the paper, we need
the following technical claims.

where 7(r) = <$ max

\/(x — 2\ P (z —a'), for some positive defi-

LEMMA 5.1. Consider a stochastic control system X, ad-
mitting a 0-1SS-My Lyapunov function V', and consider its

corresponding symbolic model Sq(X). We have:

< (a,1 (e—nNT max V <E (1), x )))1/‘1 (5.2)
nx>\a ug€lq TsUq S ) .

where

n:i= max
uq€Uq,2q€Xq
:cél €Posty, (zq)

€M~ Ha ()| 53)

The proof of Lemma 5.1 is provided in the Appendix. The
next lemma provides similar result as the one in Lemma 5.1,
but without explicitly using any Lyapunov function.



LEMMA 5.2. Consider a 6-1SS5-Mg stochastic control sys-
tem ¥ and its corresponding symbolic model Sq(X). We

have:
q 1/q
, NT)) . (5.4)

gzsuq (T) — s

<
0= (4 (i
where n is given in (5.3).

The proof of Lemma 5.2 is provided in the Appendix.
The next two lemmas provide similar results as the ones of
Lemmas 5.1 and 5.2, but by using the symbolic model S4(X)
rather than Sq(X).

LEMMA 5.3. Consider a stochastic control system %, ad-
mitting a 0-1SS-My Lyapunov function V, and consider its
corresponding symbolic model Sq(X). One has:

7< (0 (e may BV (Gn2)])) L 69

uq€Uq
where

= max B [|[€uqu (1) — Hq (z5)[[] . (5.6)

uq€Uq,zq€Xq
:cél €Posty, (zq)

PrOOF. The proof is similar to the one of Lemma 5.1 and
can be shown by using convexity of a and Jensen inequality
[10]. O

LEMMA 5.4. Consider a 6-1SS-M, stochastic control sys-

tem ¥ and its corresponding symbolic model Sq(X). We
have:

72 (5 (gmag B o)~ Tv7)) )

where 7 is given in (5.6).

PrOOF. The proof is similar to the one of Lemma 5.2 and
can be shown by using Jensen inequality [10]. [

REMARK 5.5. It can be readily verified that by choosing
N sufficiently large, n and 7 can be made arbitrarily small.
One can even try to reduce the upper bound of n in (5.2) by
choosing the source point xs as the following:

Ts = arg min max V (7 ,w) . 5.8
g in max V(€. (7) (5-8)
We can now present the first main result of the paper,

which relates the existence of a §-ISS-M, Lyapunov function
to the construction of a symbolic model.

THEOREM 5.6. Consider a stochastic control system 3
with f(On,0m) = 0n and 0(0n) = Onxp, admitting a §-ISS-
My Lyapunov function V', of the form of the one explained in
Lemma 3.4, such that (5.1) holds for some concave ¥ € Koo .
Let n be given by (5.3). For any ¢ € R" and any tuple
q=(7,u, N,xs) of parameters satisfying p < span(U) and

e (e + —p() +7 ((he. (o, (N + DT)T +7) S a(e),
(5.9)

the relation

R={(zr,2q) € Xr x Xq | E[V (2, Hq(zq))] < a ()}

is an e-approzimate bisimulation relation between Sq(X) and

S-(3).

By choosing N sufficiently large, one can enforce
he,(0,(N + 1)7) and 1 to be sufficiently small. Hence, it
can be readily seen that for a given precision ¢, there always
exists a sufficiently small value of 1 and a large value of N,
such that the condition in (5.9) is satisfied.

In order to mitigate the conservativeness caused by using
Lyapunov functions, the next theorem provides a result that
is similar to the one of Theorem 5.6, which is however not
obtained by explicit use of §-ISS-M, Lyapunov functions,
but by using functions 8 and v as in (3.1).

THEOREM 5.7. Consider a 0-1SS-M, stochastic control
system X, satisfying the result of Lemma 3.4. Let n be given

by (5.3). For any e € RY, and any tuple q = (1,1, N, xs) of
parameters satisfying p < span(U) and

(B(e1,7) +7(1)7 + (hao (0, (N +1)P)T 47 <e,  (5.10)

the relation
_ 1
R~ {(wro) € X, x X, | @ [l - Hutoa)] ) <]

is an e-approzimate bisimulation relation between Sq(X) and
S-(%).

By choosing N sufficiently large, one can force hs_ (o, (N+
1)7) and 7 to be sufficiently small. Hence, it can be readily
seen that for a given precision e, there always exist a suf-
ficiently large value of 7 and N and small value of y such
that the condition in (5.10) is satisfied. However, unlike
the result in Theorem 5.6, notice that here for a given fixed
sampling time 7, one may not find any values of N and u
satisfying (5.10) because the quantity (8 (Eq,’T))% may be
larger than e. The symbolic model S4(X), computed by
using the parameter q provided in Theorem 5.7 whenever
existing, is likely to have fewer states than the model com-
puted by using the parameter q provided in Theorem 5.6.
Similar observation has been verified in the first example in
[19].

The next theorems provide results that are similar to those
of Theorems 5.6 and 5.7, but by using the symbolic model
Sq(X).

THEOREM 5.8. Consider a stochastic control system X,
admitting a 6-1SS-M, Lyapunov function V' such that (5.1)
holds for some concave 5y € Koo. Let 7 be given by (5.6). For
any ¢ € R™ and any tuple q = (7,1, N, zs) of parameters
satisfying pu < span(U) and

1 s
e "Ta(e?) + ;P(N) +3 (M) < alel), (5.11)
the relation

R={(zr,2q) € X7 x Xq | E[V (27, Hq(zq))] < a(e")}

1s an e-approzimate bisimulation relation between Sq(X) and
S-(X%).

THEOREM 5.9. Consider a 0-1SS-M, stochastic control
system . Let 7} be given by (5.6). For any e € RT, and any
tuple q = (7, 1, N, zs) of parameters satisfying p < span(U)
and

Q=

(B T)+v(w)s +7<¢, (5.12)

the relation

R={(zr,2) € X, x Xq | (E[llz; — Hywq) |7 <}



is an e-approzimate bisimulation relation between Sq(X) and
S-(%).

REMARK 5.10. The symbolic model Sq(X), computed us-
ing the parameter q provided in Theorem 5.8 (resp. Theorem
5.9), has fewer (or at most equal number of ) states than the
symbolic model Sq(X), computed by using the parameter q
provided in Theorem 5.6 (resp. Theorem 5.7) while hav-
ing the same precision. However, the symbolic model Sq(X)
has states with probabilistic output values, rather than non-
probabilistic ones, which is likely to require more involved
control synthesis procedures (cf. Subsection 5.3).

REMARK 5.11. Although we assume that the set U is infi-
nite, Theorems 5.6, 5.7, 5.8, and 5.9 still hold when the set U
is finite, with the following modifications. First, the system
Y is required to satisfy the property (8.1) for v = v’. Sec-
ond, take Uy = U in the definition of Sq(X) (resp. Sq(X)).
Finally, in the conditions (5.9), (5.10), (5.11), and (5.12)
set p=0.

Finally, we establish the results on the existence of sym-
bolic model Sq(X) (resp. Sq(X)) such that Sq(X) 25 S-(X)
(resp. Sq(2) 25 5, (D).

THEOREM 5.12. Consider the results in Theorem 5.6. If
we select

— 1
Xr0= {x € R"| ||z — Hq(zq0)|| < (@ ' (a (7)) @ ,Vaqo € qu}

then we have Sq(X) =% S ().

PrOOF. We start by proving that S-(X) <% Sq(%). For
every -0 € Xro there always exists xq0 € Xq0 such that

lero — Ha(zao)l| < (@' ((€)) . Then,

E [V (mfo,ﬁq (mqo))] =V (rfo,ﬁq(mqo))
a(llzro — Hq(zqo)[|?) < a(e?),

IN

since @ is a Ko function. Hence, (x,0,Zq0) € R implying
that S-(¥) <5 54(¥). In a similar way, we can show that

Sq(X) 25 S-(3) which completes the proof. [

The next theorem provides a similar result in line with the
one of previous theorem, but by using a different relation.

THEOREM 5.13. Consider the results in Theorem 5.7. If
we select

Xro={z €R" | [jo — Hq(zq0)|| <&, Vzqo € X0},

then we have Sq(X) =% S ().

ProOOF. We start by proving that S.(X) <% Sq(%). For
every -0 € Xro there always exists xq0 € Xq0 such that

1
lzro — Hq(zqo)|| < € and (E [foo —ﬁq(azqo)Hq])E < e
Hence, (z-0,q) € R implying that S, () <% Sq(X). In a
similar way, we can show that Sq(X) <% S-(%) which com-
pletes the proof. [

The next two theorems provide similar results as the ones
of Theorems 5.12 and 5.13, but by using the symbolic model
Sq(X).

THEOREM b5.14. Consider the results in Theorem 5.8. Let
A denote the set of all R™ -valued random variables, measur-
able over Fy. If we select

XTO =

{a € Al (Ellla— Hy(zqo)|)7 < (@ (Q(Eq)))% , Vg0 € qu}

then we have Sq(X) =5 S-(X).

PrOOF. The proof is similar to the one of Theorem
5.12. [

THEOREM 5.15. Consider the results in Theorem 5.9. Let
A denote the set of all R"-valued random variables, measur-
able over Fo. If we select

1
Xro = {a €A (Bllla— Halaq) )7 <&, Vago € Xeo }

then we have Sq(X) =5 S-(X).

ProOOF. The proof is similar to the one of Theorem
5.13. O

5.3 Control synthesis over s,(%)

Note that both Sq(XZ) and S4(X) are finite systems. The
only difference is that the outputs of the former system are
always non-probabilistic points, whereas those of the latter
can be non-degenerate random variables. Let us describe
the control synthesis for these systems over the safety for-
mula A, for A C R" C Y, which has already been used in
Subsection 5.1. Clearly, since the original system S;(X) is
stochastic in the sense that its outputs are non-degenerate
random variables similarly to Sq(X), it would be too conser-
vative to require that it satisfies the formula exactly. Thus,
we are rather interested in an input policy that makes S, (%)
satisfy [JA. with some € > 0: recall from Subsection 5.1 that
the latter LTL formula can be satisfied by non-degenerate
random variables, in contrast to (JA. Let us recap how to
use abstractions for this task, and let us start with Sq(%)
belonging to a more familiar type of systems whose outputs
are non-probabilistic.

We label a state zq of Sq(3) with A if Hq(xq) € A and, say,
with B otherwise. As a result, we obtain a transition system
with labels over the states and can synthesize a control strat-
egy that makes an output run of Sq(X) satisfy OJA. After
that, we can exploit e-approximate bisimilarity to guaran-
tee that the refined input policy makes the corresponding
output run of the original system satisfy CJA..

The main subtlety in the case of Sq(X) is how to label its
states. We cannot do this as for Sq(X), since Hq(zq) may
never be an element of A for any zq € Xq: indeed, the latter
is a set of non-probabilistic points, whereas all the outputs
of Sq(X) can happen to be non-degenerate random variables.
In order to cope with this issue, we propose to relax the orig-
inal problem and at the same time to strengthen the quality
of the abstraction. Namely, we can consider a relaxed prob-
lem OAs over the abstraction Sq(X), for some § € (0,¢),
where the latter is now required to be (¢ — ¢)-approximate
(rather than just e-approximate) bisimilar to the original
system. Clearly (As)._s C Ac, so that whenever the control
policy for OA; is synthesized over Sq(X), its refined version
is guaranteed to force [JA. over the original system. Thanks
to the fact that As contains non-degenerate random vari-
ables, we eliminate the conservativeness presented before in
the sense that it is likely that there are now points zq € X4



in Sq(X) such that Hq(zq) € As. The only remaining ques-
tion is how to check whether Hq(zq) € As. To answer this
question, we check that the distance

d (Hq(xq), A) = inf (Bllée.c,(NT) = al|)/* (5.13)

is smaller than §, which involves both computing the ex-
pectation over the solution of the SDE, and optimizing the
value of this expectation. Clearly, such a computation in
general cannot be done analytically, and the evaluation of
the expectation itself is a highly non-trivial task unless the
SDE has a very special form.

We propose a Monte Carlo approach to compute an ap-
proximation of the quantity in (5.13) by means of empiri-
cal expectations. Using such an approach, we can estimate
d (Hq(zq),A) only up to some precision, say e. If the es-
timated distance is less than 6 — €, we are safe to label zq
with A, whereas all other states are labeled by B. Further-
more, since this result is based on a Monte Carlo method, it
holds true only with a certain confidence level 1 — 7 where
m € [0,1]. The benefit of our approach is that it is not
only valid asymptotically (as the number of samples tends
to infinity), but we are also able to provide a number of sim-
ulations that is sufficient to estimate d (Hq(zq), A) with any
given precision € and with any given confidence 1 — 7. This
can be considered as an extension of the well-known Hoeffd-
ing’s inequality [5] to the case when one has to deal with
an optimization problem. Note that regardless of the spec-
ification of interest, the main task over Sq(X) is always to
compute some distance as in (5.13) for any set that appears
in the specification, so the method below applies not only to
the safety formula [(JA, but also to more general formulae,
which are left as object of future research.

Due to space limitations, here we only consider the case
q = 1. For ¢ > 2, similar results can be derived. Suppose
that A as in (5.13) is a compact subset of R", and let A"
be the smallest subset of [R"], such that A C {J,c 4~ Bz (p).
Let M be the number of samples and let

M

dy = mln —Z‘

where the superscript ¢ denotes the number of samples. Now
we have the following result.

ﬁzbzq (NT)—a

THEOREM 5.16. Consider a stochastic control system 3
and suppose that we are interested in its dynamics over a
compact set D. It holds that |d (Hq(zq), A) — diy| < € with
confidence of at least 1 — w given that r/2 < € and that

D? 2|A"]

-lo ,
2(c—r/2)2 ° w

where D = sup {||z —yl| | z,y € D}.

Let us make some remarks regarding Theorem 5.16. First
of all, no matter how many distances one has to evaluate,
one can always use the same samples £¢ and there is no need
to generate new samples. Second, the number of samples is
quadratic in the precision € and is only logarithmic in the
lack of confidence 7, thus it is fairly fast and easy to satisfy
the desired degree of accuracy with very high confidence.

5.4 Comparison with existing results in the
literature

Note that given any precision € and sampling time 7, one
can always use the results in Theorem 5.12 to construct
a symbolic model S,(X) that is e-approximate bisimilar to
S-(X). However, the results in Theorem 5.1 in [19] cannot
be applied for any sampling time 7 if the precision ¢ is lower
than the thresholds introduced in inequality (5.5) in [19].
Furthermore, while the results in [19] only provide symbolic
models with non-probabilistic output values, the ones in this
work provide symbolic models with probabilistic output val-
ues as well, which can result in less conservative symbolic
models (cf. Remark 5.10 and the example section).

One can compare the results provided in Theorems 5.6
(corr. 5.12) and 5.7 (corr. 5.13) with the results provided
in Theorems 5.1 and 5.3 in [19] in terms of the size of the
generated symbolic models. One can readily verify that the
precisions of the symbolic models proposed here and the ones
proposed in [19] are approximately the same as long as both
use the same input set quantization parameter p and the
state space quantization parameter, called v, in [19] is equal

to the parameter 7 in (5.3), i.e. v < (gfl (e*”NTnO))l/q,

where 170 = maxu,ev, V (Ezsuq (T),IS) The reason their

precisions are approximately (rather than exactly) the same
is because we use hg, (o, (N + 1)7) in conditions (5.9) and
(5.10) in this paper rather than h(c,7) = sup,cp ha(0o,7)
that is being used in conditions 5.4 and 5.14 in [19] for a

1
compact set D C R™. By assuming that he, (o, (N + 1)7)9

and h(o, 7')% are much smaller than n and v, respectively, or
has, (0, (N + 1)7) = h(o,T), one should expect to obtain the
same precisions for the symbolic models provided here and
those provided in [19] under the aforementioned conditions.

The number of states of the proposed symbolic model in

N
this paper is [U]H’ . Assume that we are interested in the

dynamics of ¥ on a compact set D C R". Since the set of
states of the proposed symbolic model in [19] is [D] , its size
is HD]V| = %, where K is a positive constant proportional
to the volume of D. Hence, it is more convenient to use the
proposed symbolic model here rather than the one proposed
in [19] as long as:
K

(a1 (eanTno))n/q'

Without loss of generality, one can assume that a(r) = r for
any r € Ra‘. Hence, for sufficiently large value of N, it is

more convenient to use the proposed symbolic model here
in comparison with the one proposed in [19] as long as:

v,

‘[U ‘ "< (5.14)

Note that the methodology proposed in this paper allows
us to construct less conservative symbolic models with prob-
abilistic output values (see the example section) while the
proposed one in [19] only provides conservative symbolic
models with non-probabilistic output values.

6. EXAMPLE

We show the effectiveness of the results of the paper
by constructing a bisimilar symbolic model for a simple
6-dimensional linear stochastic control system 3, aiming
mostly at elucidating the details. The model of ¥ is de-
scribed by:

S {d€ = (A6 + Bu)dt + 0.5¢ AWy, (6.1)



where

—20.73 0.45 —-0.77 0.92 0.68 1.28
0.95 —2241 -1.73 —-0.14 0.47 0.77

A= 0.57 —0.74 —23.57 0.37 0.58 0.57
- —-0.71 0.07 1.04 —21.41 -1 0.14
—0.95 0.47 0.96 —1.34 —23.96 0.11
1.72 0.37 —0.21 —0.43 0.89 —22.91
BT=[0 0 0 0 0 100]".
We assume that U = [—1,1] and that U, contains curves

taking values in [U];,. Hence, as explained in Remark
511, p = 0 is to be used in (5.9), (5.10), (5.11), and
(5.12). One can readily verify that the function V(z,2’) =
V(x —2")TI(x — '), for any z, 2’ € R, satisfies conditions
(i)-(iii) in Definition 3.2 with ¢ = 1, a(r) = r, a@(r) = V6r,
p(r) = V6| B|r, ¥r € RT, and x = 19.5. Hence, ¥ is -
ISS-M1, equipped with the 6-ISS-M; Lyapunov function V.
Using the results of Theorem 3.3, provided in [19], one gets
that functions B(r, s) = v6e "*r and ~(r) = @ satisfy
property (3.1) for ¥. Given the Lyapunov function V, we
solve the optimization problem in (5.8) using the function
fminimax in Matlab and obtain xs ~ 0.

For a given precision ¢ = 1 and fixed sampling time
7 = 0.01, the parameter N for Sq(X), based on inequal-
ity (5.9) in Theorem 5.6, is obtained as 10. Therefore,
the resulting cardinality of the set of states for S4(X) is
}[U]l‘w = 3'% = 59049. Using the aforementioned param-
eters, one gets n < 0.127, where 7 is given in (5.3). Note
that the results in Theorems 5.7 and 5.9 cannot be applied

1
here because (3(e?,7))9 > . Using criterion (5.14), one has
[U]H ‘ e 7»:1771
in this paper is more appropriate in terms of the size of the
abstraction than the one proposed in [19]. We elaborate
more on this at the end of the section.

= 0.93, implying that the approach proposed

REMARK 6.1. By considering the dynamics of ¥ over the
subset D = [—4,4]% of R®, at least 1 — 10™° confidence level,
and precision € = 0.01 and using Hoeffding’s inequality [5],
one can verify that the number of samples should be at least
3.9059 x 10° to empirically compute the upper bound of 7j in
(5.5). We compute < 0.1287 when N =10, 7 = 0.01, and
zs =~ 0s. Using the results in Theorem 5.8 and the same
parameters q as the ones in Sq(X), one obtains e = 0.73 in
(5.11). Therefore, Sq(X), with confidence at least 1 — 107>,
provides less conservative precision than Sq(X) while having
the same size as Sq(X).

Now, consider that the objective is to design a con-
trol policy forcing the trajectories of %, starting from the
initial condition z¢o = 0s, to first sequentially visit (in
the 1st moment metric) two regions of interest W7 =
{r €R® |z =0.3} and W2 = {z € R® | ¢ = —0.3}; then
once the system has visited these regions, to reach the re-
gion W3 = {:U e RS | z6 = 0.2} in finite time and remain
there forever (in the 1lst moment metric). The LTL for-
mula® representing this goal is OOW3 A <O (W1 A OW2). Fig-
ure 2 displays a few realizations of the closed-loop solution
process &y, along the 6th dimension, as well as the cor-
responding evolution of the input signal v. In Figure 3,
we show the average value (over 1000 experiments) of the

2Note that the semantics of LTL are defined over the output
behaviors of Sq(X).

distance in time of the solution process £;,., to the sets
Wi, Wa, and Ws, namely [[&aouv(t)llyy,, [§xov(t)]lyy,, and
|€20v ()], Where the point-to-set distance is defined as
[zllw = infuew ||z —w.

A A ‘WVWM/V”MAAANM“WW’\%AWV
/A / 3
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Figure 2: A few realizations of the closed-loop solu-
tion process ;.. along the 6th dimension (top panel)
and the corresponding evolution of the obtained in-
put signal v (bottom panel).
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Figure 3: The average values (over 1000 experi-
ments) of the distance of the solution process ...
to the sets Wi (top panel), W, (middle panel), and
W3 (bottom panel).

To compute exactly the size of the symbolic model, pro-
posed in Theorem 5.1 in [19], we consider the dynamics of ¥
over the subset D = [—4,4]° of R®. Note that Theorem 5.3

in [19] cannot be applied here because (B(e?, 7'))% >e. Us-
ing the same precision € = 1 and sampling time 7 = 0.01 as
the ones here, and the inequalities (5.3) and (5.4) in [19], we
obtain the state space quantization parameter as v < 0.01.
Therefore, if one uses v = 0.01, the cardinality of the state
set of the symbolic model, provided by the results in The-
orem 5.1 in [19], is equal to (557)° = 2.62 x 1017 which is
much higher than the one proposed here, which amounts to
59049 points.

7. DISCUSSION

In this paper we have proposed a symbolic abstraction
technique for incrementally stable stochastic control systems
with only discretization of the input sets. The proposed
approach is potentially more scalable than that proposed in
[18, 19] for higher dimensional stochastic control systems.

Future work will concentrate on efficient implementations
of the symbolic models proposed here, using Binary Decision
Diagrams (BDD’s) or Algebraic Decision Diagrams (ADD’s)
as well as efficient controller synthesis techniques.
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Appendix

ProOOF. of Lemma 5.1: Let zq € X4, where zq =
(u1,usz,...,un), and uq € Uy. Using the definition of Sq(3%),
one obtains xg = (uz, ..., un,uq) € Posty,(zq). Since V is
a 0-ISS-M, Lyapunov function for 3, we have:

& (HEﬁq(Iq)"q(T) ~ Ha (q) )q) sV (gﬁq(zq)uq(ﬂvﬁq (ré))

V(. v (7 Ery (V7))

=V (EEISM (m)(uz2,..., UN ,Uq) (NT)’EJUS (u27~~7uNa“q)(NT))
< TNV (&, (7)) - (8.1)

We refer the interested readers to the proof of Theorem 3.3
in [19] to see how we derived the inequality (8.1). Hence,

one gets
_ wNris (= 1/q
< (ot (e ()
(8.2)
because of @ € Koo. Since the inequality (8.2) holds for
all zg € Xq and uq € Uy, and a € K, inequality (5.2)
holds. (I
Proor. of Lemma 5.2: Let zq € Xg, where zq =
(u1,uz,...,un), and uq € Uq. Using the definition of Sq(X),
one obtains zy = (uz,...,un,uq) € Posty,(zq). Since ¥ is
0-1SS-M, and using inequality (3.1), we have:

Hgﬁq(lq)“q (r) — Hq (zé)

q

[y = Fa ) = [[E.... vy = g )

q

H Epguy (M (U2, uN,uq)(NT) *Exs(uQ,.“,uN,uq)(NT)
SB( gzsul(T) —Ts quT) .
Hence, one gets
_ _ _ q 1/q
Hgﬁq@q)uq(ﬂ — Hq (33:1) ’ < (ﬂ( fzsul (1) — s vNT)) .
(8.3)

Since the inequality (8.3) holds for all zq € X4 and all uq €
Ug, and S is a Ko function with respect to its first argument
when the second one is fixed, inequality (5.4) holds. [



