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S
ocialC

hoice

•
S

ocialchoice
theory

is
concerned

w
ith

group
decision

m
aking.

•
C

lassic
exam

ple
ofsocialchoice

theory:
voting.

•
F

orm
ally,the

issue
is

com
bining

preferences
to

derive
a

socialoutcom
e.
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C
om

ponents
ofa

S
ocialC

hoice
M

odel

•
A

ssum
e

a
set

A
g

=
{1

,
.
.
.
,n}

ofvoters.
T

hese
are

the
entities

w
ho

w
illbe

expressing
preferences.

•
V

oters
m

ake
group

decisions
w

rta
set

Ω
=
{
ω

1
,
ω

2
,
.
.
.}

ofoutcom
es

.
T

hink
ofthese

as
the

candidates.

•
If
|Ω
|
=

2,w
e

have
a

pairw
ise

election.
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P
references

•
E

ach
voter

has
preferences

over
Ω

:
an

ordering
over

the
setofpossible

outcom
es

Ω
.

•
E

xam
ple.

S
uppose

Ω
=
{gin

,rum
,brandy

,w
hisky}

then
w

e
m

ighthave
agent

m
jw

w
ith

preference
order:

$
m

jw
=

(brandy
,rum

,gin
,w

hisky)

m
eaningbrandy

�
m

jw
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�
m

jw
gin

�
m

jw
w

hisky
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P
reference

A
ggregation

T
he

fundam
entalproblem

ofsocialchoice
theory:

given
a

collection
ofpreference

orders,one
for

each
voter,how

do
w

e
com

bine
these

to
derive

a
group

decision,thatreflects
as

closely
as

possible
the

preferences
ofvoters?

Tw
o

variants
ofpreference

aggregation:

•
socialw

elfare
functions;

•
socialchoice

functions.
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S
ocialW

elfare
F

unctions

•
Let

Π
(Ω

)
be

the
setofpreference

orderings
over

Ω
.

•
A

socialw
elfare

function
takes

the
voter

preferences
and

produces
a

socialpreference
order:

f
:
Π

(Ω
)
×
···

×
Π

(Ω
)

︸
︷
︷

︸

n
tim

es

→
Π

(Ω
)
.

•
W

e
let

�
∗

denote
to

the
outcom

e
ofa

socialw
elfare

function

•
E

xam
ple:

beauty
contest.
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S
ocialC

hoice
F

unctions

•
S

om
etim

es,w
e

justone
to

selectone
ofthe

possible
candidates,rather

than
a

socialorder.

•
T

his
gives

socialchoice
functions:

f
:
Π

(Ω
)
×
···

×
Π

(Ω
)

︸
︷
︷

︸

n
tim

es

→
Ω

.

•
E

xam
ple:

presidentialelection.

h
t
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w
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V
oting

P
rocedures:

P
lurality

•
S

ocialchoice
function:

selects
a

single
outcom

e.

•
E

ach
voter

subm
its

preferences.

•
E

ach
candidate

gets
one

pointfor
every

preference
order

thatranks
them

first.

•
W

inner
is

the
one

w
ith

largestnum
ber

ofpoints.

•
E

xam
ple:

P
oliticalelections

in
U

K
.

•
Ifw

e
have

only
tw

o
candidates,then

plurality
is

a
sim

ple
m

ajority
election.
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t
t
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w
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.
c
s
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i
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A
nom

alies
w

ith
P

lurality

•
S

uppose
|A

g|
=

100
and

Ω
=
{
ω

1
,
ω

2
,
ω

2 }
w

ith:

40%
voters

voting
for

ω
1

30%
ofvoters

voting
for

ω
2

30%
ofvoters

voting
for

ω
3

•
W

ith
plurality,

ω
1

gets
elected

even
though

a
clear

m
ajority

(60%
)

prefer
another

candidate!
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S
trategic

M
anipulation

by
TacticalV

oting
•

S
uppose

your
preferences

are

ω
1
�

i
ω

2
�

i
ω

3

w
hile

you
believe

49%
ofvoters

have
preferences

ω
2
�

i
ω

1
�

i
ω

3

and
you

believe
49%

have
preferences

ω
3
�

i
ω

2
�

i
ω

1

•
You

m
ay

do
better

voting
for

ω
2 ,even

though
this

is
notyour

true
preference

profile.

•
T

his
is

tacticalvoting:
an

exam
ple

ofstrategic
m

anipulation
ofthe

vote.
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C
ondorcet’s

P
aradox

•
S

uppose
A

g
=
{1

,2
,3}

and
Ω

=
{
ω

1
,
ω

2
,
ω

3 }
w

ith:

ω
1
�

1
ω

2
�

1
ω

3
ω

3
�

2
ω

1
�

2
ω

2
ω

2
�

3
ω

3
�

3
ω

1

•
F

or
every

possible
candidate,there

is
another

candidate
thatis

preferred
by

a
m

ajority
ofvoters!

•
T

his
is

C
ondorcet’s

paradox:
there

are
situations

in
w

hich,no
m

atter
w

hich
outcom

e
w

e
choose,a

m
ajority

ofvoters
w

illbe
unhappy

w
ith

the
outcom

e
chosen .

h
t
t
p
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/
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w
w
.
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l
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S
equentialM

ajority
E

lections
A

variantofplurality,in
w

hich
players

play
in

a
series

of
rounds:

either
a

linear
sequence

or
a

tree
(knockout

tournam
ent).

h
t
t
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/
/
w
w
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.
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Linear
S

equentialP
airw

ise
E

lections

•
H

ere,w
e

pick
an

ordering
ofthe

outcom
es

–
the

agenda
–

w
hich

determ
ines

w
ho

plays
againstw

ho.

•
F

or
exam

ple,ifthe
agenda

is:

ω
2
,

ω
3
,

ω
4
,

ω
1
.

then
the

firstelection
is

betw
een

ω
2

and
ω

3 ,and
the

w
inner

goes
on

to
an

election
w

ith
ω

4 ,and
the

w
inner

ofthis
election

goes
in

an
election

w
ith

ω
1 .

h
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/
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w
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A
nom

alies
w

ith
S

equentialP
airw

ise
E

lections
S

uppose:

•
33

voters
have

preferences

ω
1
�

i
ω

2
�

i
ω

3

•
33

voters
have

preferences

ω
3
�

i
ω

1
�

i
ω

2

•
33

voters
have

preferences

ω
2
�

i
ω

3
�

i
ω

1

T
hen

for
every

candidate,w
e

can
fix

an
agenda

for
that

candidate
to

w
in

in
a

sequentialpairw
ise

election!
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2e

M
ajority

G
raphs

•
T

his
idea

is
easiestto

illustrate
by

using
a

m
ajority

graph.

•
A

directed
graph

w
ith:

vertices
=

candidates
an

edge
(i,j)

if
iw

ould
beat

jis
a

sim
ple

m
ajority

election.

•
A

com
pactrepresentation

ofvoter
preferences.

h
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M
ajority

G
raph

for
the

P
revious

E
xam

ple

w
ith

agenda
(
ω

3
,
ω

2
,
ω

1 ),
ω

1
w

ins
w

ith
agenda

(
ω

1
,
ω

3
,
ω

2 ),
ω

2
w

ins
w

ith
agenda

(
ω

1
,
ω

2
,
ω

3 ),
ω

3
w

ins
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A
nother

M
ajority

G
raph

G
ive

agendas
for

each
candidate

to
w

in
w

ith
the

follow
ing

m
ajority

graph.
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2e

C
ondorcetW

inners

A
C

ondorcetw
inner

is
a

candidate
thatw

ould
beat

every
other

candidate
in

a
pairw

ise
election.

H
ere,

ω
1

is
a

C
ondorcetw

inner.
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V
oting

P
rocedures:

B
orda

C
ount

•
O

ne
reason

plurality
has

so
m

any
anom

alies
is

thatit
ignores

m
ostofa

voter’s
preference

orders:
itonly

looks
atthe

top
ranked

candidate.

•
T

he
B

orda
counttakes

w
hole

preference
order

into
account.
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w
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•
F

or
each

candidate,w
e

have
a

variable,counting
the

strength
ofopinion

in
favour

ofthis
candidate.

•
If

ω
i appears

firstin
a

preference
order,then

w
e

increm
entthe

countfor
ω

i by
k
−

1;w
e

then
increm

ent
the

countfor
the

nextoutcom
e

in
the

preference
order

by
k
−

2,...,untilthe
finalcandidate

in
the

preference
order

has
its

totalincrem
ented

by
0.

•
A

fter
w

e
have

done
this

for
allvoters,then

the
totals

give
the

ranking.

h
t
t
p
:
/
/
w
w
w
.
c
s
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.
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D
esirable

P
roperties

ofV
oting

P
rocedures

C
an

w
e

classify
the

properties
w

e
w

antofa
“good”

voting
procedure?

Tw
o

key
properties:

•
T

he
P

areto
property;

•
Independence

ofIrrelevantA
lternatives

(IIA
).
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2e

T
he

P
areto

P
roperty

Ifeverybody
prefers

ω
i over

ω
j ,then

ω
i should

be
ranked

over
ω

j in
the

socialoutcom
e.
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2e

Independence
ofIrrelevantA

lternatives
(IIA

)

W
hether

ω
i is

ranked
above

ω
j in

the
socialoutcom

e
should

depend
only

on
the

relative
orderings

of
ω

i and
ω

j in
voters

profiles.
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t
t
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w
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2e

A
rrow

’s
T

heorem

F
or

elections
w

ith
m

ore
than

2
candidates,the

only
voting

procedure
satisfying

the
P

areto
condition

and
IIA

is
a

dictatorship,in
w

hich
the

socialoutcom
e

is
in

fact
sim

ply
selected

by
one

ofthe
voters.

T
his

is
a

negative
result:

there
are

fundam
entallim

its
to

dem
ocratic

decision
m

aking!

h
t
t
p
:
/
/
w
w
w
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c
s
c
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i
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.
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/
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S
trategic

M
anipulation

•
W

e
already

saw
thatsom

etim
es,voters

can
benefitby

strategically
m

isrepresenting
their

preferences,i.e.,
lying

–
tacticalvoting.

•
A

re
there

any
voting

m
ethods

w
hich

are
non-m

anipulable,in
the

sense
thatvoters

can
never

benefitfrom
m

isrepresenting
preferences?
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2e

T
he

G
ibbard-S

atterthw
aite

T
heorem

T
he

answ
er

is
given

by
the

G
ibbard-S

atterthw
aite

theorem
:

T
he

only
non-m

anipulable
voting

m
ethod

satisfying
the

P
areto

property
for

elections
w

ith
m

ore
than

2
candidates

is
a

dictatorship.

In
other

w
ords,every

“realistic”
voting

m
ethod

is
prey

to
strategic

m
anipulation

...

h
t
t
p
:
/
/
w
w
w
.
c
s
c
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i
v
.
a
c
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C
om

putationally
C

om
plexity

to
the

R
escue!

•
G

ibbard-S
atterthw

aite
only

tells
us

thatm
anipulation

is
possible

in
principle.

Itdoes
notgive

any
indication

ofhow
to

m
isrepresent

preferences.

•
B

artholdi,Tovey,and
Trick

show
ed

thatthere
are

elections
thatare

prone
to

m
anipulation

in
principle,

butw
here

m
anipulation

w
as

com
putationally

com
plex.

•
“S

ingle
Transferable

V
ote”

is
N

P
-hard

to
m

anipulate!
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