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C
oalitionalG

am
es

•
C

oalitionalgam
es

m
odelscenarios

w
here

agents
can

benefitby
cooperating.

•
Issues

in
coalitionalgam

es
(S

andholm
etal,1999):

–
C

oalition
structure

generation.
–

Team
w

ork.
–

D
ividing

the
benefits

ofcooperation.

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
u
b
s
/
i
m
a
s
/
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C
oalition

S
tructure

G
eneration

•
D

eciding
in

principle
w

ho
w

illw
ork

together.

•
T

he
basic

question:

W
hich

coalition
should

Ijoin?

•
T

he
result:

partitions
agents

into
disjointcoalitions.

T
he

overallpartition
is

a
coalition

structure.

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
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v
.
a
c
.
u
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/
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/
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S
olving

the
optim

ization
problem

ofeach
coalition

•
D

eciding
how

to
w

ork
together.

•
S

olving
the

“jointproblem
”

ofa
coalition

•
F

inding
how

to
m

axim
ise

the
utility

ofthe
coalition

itself.

•
Typically

involves
jointplanning

etc.

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
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v
.
a
c
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D
ividing

the
B

enefits

•
D

eciding
“w

ho
gets

w
hat”

in
the

payoff.

•
C

oalition
m

em
bers

cannotignore
each

other’s
preferences,because

m
em

bers
can

defect:
ifyou

try
to

give
m

e
a

bad
payoff,Ican

alw
ays

w
alk

aw
ay.

•
W

e
m

ightw
antto

consider
issues

such
as

fairness
of

the
distribution.

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
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w
/
p
u
b
s
/
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/
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F
orm

alising
C

ooperative
S

cenarios

A
coalitionalgam

e:

〈A
g
,ν
〉

w
here:

•
A

g
=
{1,...,n}

is
a

setofagents;

•
ν

:
2

A
g
→

R
is

the
characteristic

function
ofthe

gam
e.

U
sualinterpretation:

if
ν
(C

)
=

k,then
coalition

C
can

cooperate
in

such
a

w
ay

they
w

illobtain
utility

k,w
hich

m
ay

then
be

distributed
am

ongstteam
m

em
bers.

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
u
b
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/
i
m
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s
/
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W
hich

C
oalition

S
hould

IJoin?
•

M
ostim

portantquestion
in

coalitionalgam
es:

is
a

coalition
stable?

thatis,

is
itrationalfor

allm
em

bers
ofcoalition

to
stay

w
ith

the
coalition,or

could
they

benefitby
defecting

from
it?

•
(T

here
is

no
pointin

m
e

trying
to

join
a

coalition
w

ith
you

unless
you

w
antto

form
one

w
ith

m
e,and

vice
versa.)

•
S

tability
is

a
necessary

butnotsufficientcondition
for

coalitions
to

form
.

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
u
b
s
/
i
m
a
s
/
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T
he

C
ore

•
T

he
core

ofa
coalitionalgam

e
is

the
setoffeasible

distributions
ofpayoffto

m
em

bers
ofa

coalition
that

no
sub-coalition

can
reasonably

objectto.

•
A

n
outcom

e
for

a
coalition

C
in

gam
e
〈A

g
,ν
〉

is
a

vector
ofpayoffs

to
m

em
bers

of
C

,
〈x

1 ,...,xk 〉
w

hich
represents

a
feasible

distribution
ofpayoffto

m
em

bers
of

A
g.

“F
easible”

m
eans:

ν
(C

)
≥

∑i∈
C

xi

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
u
b
s
/
i
m
a
s
/
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•
E

xam
ple:

if
ν
({1,2})

=
20,then

possible
outcom

es
are

〈20,0〉,
〈19,1〉,

〈18,2〉,
...,

〈0,20〉.
(A

ctually
there

w
illbe

infinitely
m

any!)

h
t
t
p
:
/
/
w
w
w
.
c
s
c
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v
.
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c
.
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O
bjections

•
Intuitively,a

coalition
C

objects
to

an
outcom

e
ifthere

is
som

e
outcom

e
for

them
thatm

akes
allofthem

strictly
better

off.

•
F

orm
ally,

C
⊆

A
g

objects
to

an
outcom

e
〈x

1 ,...,xn 〉
for

the
grand

coalition
ifthere

is
som

e
outcom

e
〈x
′1 ,...,x

′k 〉
for

C
such

that

x
′i
>

xi
for

alli
∈

C

•
T

he
idea

is
thatan

outcom
e

is
notgoing

to
happen

if
som

ebody
objects

to
it!

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
u
b
s
/
i
m
a
s
/

9

C
hapter

13
A

n
Introduction

to
M

ultiagent
S

ystem
s

2e

T
he

C
ore

•
T

he
core

is
the

setofoutcom
es

for
the

grand
coalition

to
w

hich
no

coalition
objects.

•
Ifthe

core
is

non-em
pty

then
the

grand
coalition

is
stable,since

nobody
can

benefitfrom
defection.

•
T

hus,askingis
the

grand
coalition

stable?

is
the

sam
e

as
asking:

is
the

core
non-em

pty?

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
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/
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/
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P
roblem

s
w

ith
the

C
ore

•
S

om
etim

es,the
core

is
em

pty;w
hathappens

then?
•

S
om

etim
es

itis
non-em

pty
butisn’t“fair”.

S
uppose

A
g

=
{1,2},

ν
({1})

=
5,

ν
({2})

=
5,

ν
({1,2})

=
20.

T
hen

outcom
e
〈20,0〉

(i.e.,agent1
gets

everything)
is

notin
the

core,since
the

coalition
{2}

can
object.

(H
e

can
w

ork
on

his
ow

n
and

do
better.)

H
ow

ever,outcom
e
〈15,5〉

is
in

the
core:

even
though

this
seem

s
unfair

to
agent2,this

agenthas
no

objection.
•

W
hy

unfair?
B

ecause
the

agents
are

identical!

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
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m
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/
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H
ow

To
S

hare
B

enefits
ofC

ooperation?

•
T

he
S

hapley
value

is
bestknow

n
attem

ptto
define

how
to

divide
benefits

ofcooperation
fairly.

Itdoes
this

by
taking

into
account how

m
uch

an
agent

contributes.

•
T

he
S

hapley
value

ofagent
iis

the
average

am
ount

that
iis

expected
to

contribute
to

a
coalition.

•
A

xiom
atically:

a
value

w
hich

satisfies
axiom

s:
sym

m
etry,dum

m
y

player,and
additivity.

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
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b
s
/
i
m
a
s
/
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S
hapley

D
efined

•
Let

δi (S
)

be
the

am
ountthat

iadds
by

joining
S
⊆

A
g:

δi (S
)

=
ν
(S
∪
{i})

−
ν
(S

)

...
the

m
arginalcontribution

of
ito

S.

•
T

hen
the

S
hapley

value
for

i,denoted
ϕ

i ,is:

ϕ
i
=

∑

r∈
R

δi (S
i (r))

|A
g|!

w
here

R
is

the
setofallorderings

ofA
g

and
S

i (r)
is

the
setofagents

preceding
iin

ordering
r.

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
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b
s
/
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m
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/
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R
epresenting

C
oalitionalG

am
es

•
Itis

im
portantfor

an
agentto

know
(eg)

w
hether

the
core

ofa
coalition

is
non-em

pty
...

so,how
hard

is
itto

decide
this?

•
P

roblem
:

naive,obvious
representation

ofcoalitional
gam

e
is

exponentialin
the

size
of

A
g!

•
N

ow
such

a
representation

is:

–
utterly

infeasible
in

practice;and
h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
u
b
s
/
i
m
a
s
/
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–
so

large
thatitrenders

com
parisons

to
this

input
size

m
eaningless:

stating
thatw

e
have

an
algorithm

thatruns
in

(say)
tim

e
linear

in
the

size
ofsuch

a
representation

m
eans

itruns
in

tim
e

exponentialin
the

size
of

A
g!

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
u
b
s
/
i
m
a
s
/
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H
ow

to
R

epresentC
haracteristic

F
unctions?

Tw
o

approaches
to

this
problem

:

•
try

to
find

a
com

plete
representation

thatis
succinctin

“m
ost”

cases

•
try

to
find

a
representation

thatis
notcom

plete
butis

alw
ays

succinct

•
A

com
m

on
approach:

interpretcharacteristic
function

over
com

binatorial
structure.

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
u
b
s
/
i
m
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/
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R
epresentation

1:
Induced

S
ubgraph

•
R

epresent
ν

as
an

undirected
graph

on
A

g,w
ith

integer
w

eights
w

i,j betw
een

nodes
i,j

∈
A

g.

•
V

alue
ofcoalition

C
then:

ν
(C

)
=

∑

{i,j}⊆
A

g

w
i,j

i.e.,the
value

ofa
coalition

C
⊆

A
g

is
the

w
eightofthe

subgraph
induced

by
C

.
h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
u
b
s
/
i
m
a
s
/
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giving v({A
,B

,C
}) =

 3 +
 2 =

 5

A
B

C

D

3

2
4

1
A

B

C

3

2

the original graph defining v
subgraph induced by {A

,B
,C

}

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
u
b
s
/
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s
/
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R
epresentation

1:
Induced

S
ubgraph

(D
eng

&
P

apadim
itriou,94)

•
C

om
puting

S
hapley:

in
polynom

ialtim
e.

•
D

eterm
ining

em
ptiness

ofthe
core:

N
P-com

plete

•
C

hecking
w

hether
a

specific
distribution

is
in

the
core

co- N
P-com

plete

B
utthis

representation
is

notcom
plete.

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
u
b
s
/
i
m
a
s
/

19



C
hapter

13
A

n
Introduction

to
M

ultiagent
S

ystem
s

2e

R
epresentation

2:
W

eighted
V

oting
G

am
es

•
F

or
each

agent
i
∈

A
g,assign

a
w

eight
w

i ,and
define

an
overall quota,

q.

ν
(C

)
=

{

1
if

∑

i∈
C

w
i
≥

q
0

otherw
ise.

•
S

hapley
value:

#P
-com

plete,and
“hard

to
approxim

ate”
(D

eng
&

P
apadim

itriou,94).

•
C

ore
non-em

ptiness:
in

polynom
ialtim

e.

N
ota

com
plete

representation.
h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
u
b
s
/
i
m
a
s
/
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R
epresentation

3:
M

arginalC
ontribution

N
ets

(Ieong
&

S
hoham

,2005)

•
C

haracteristic
function

represented
as

rules:

pattern
−
→

value
.

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
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/
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b
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•
P

attern
is

conjunction
ofagents,a

rule
applies

to
a

group
ofagents

C
if

C
is

a
supersetofthe

agents
in

the
pattern.

V
alue

ofa
coalition

is
then

sum
over

the
values

ofall
the

rules
thatapply

to
the

coalition.
E

xam
ple:

a
∧

b
−
→

5
b
−
→

2

W
e

have:
ν
({a})

=
0,

ν
({b})

=
2,and

ν
({a

,b})
=

7.

•
W

e
can

also
allow

negations
in

rules
(agentnot

present).

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
u
b
s
/
i
m
a
s
/
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R
epresentation

3:
M

arginalC
ontribution

N
ets

•
S

hapley
value:

in
polynom

ialtim
e

•
C

hecking
w

hether
distribution

is
in

the
core:

co-N
P-com

plete

•
C

hecking
w

hether
the

core
is

non-em
pty:

co- N
P-hard.

A
com

plete
representation,butnotnecessarily

succinct.

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
u
b
s
/
i
m
a
s
/
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Q
ualitative

C
oalitionalG

am
es

•
O

ften
notinterested

in
utilities,butin

goals
–

either
the

goalis
satisfied

or
not

•
Q

C
G

s
are

a
type

ofcoalitionalgam
e

in
w

hich
each

agenthas
a

setofgoals,and
w

ants
one

ofthem
to

be
achieved

(doesn’tcare
w

hich)
A

gents
cooperate

in
Q

C
G

s
to

achieve
m

utually
satisfying

sets
ofgoals.

C
oalitions

have
sets

ofchoices
representing

the
differentw

ays
they

could
cooperate

E
ach

choice
is

a
setofgoals.

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
u
b
s
/
i
m
a
s
/
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Q
C

G
s

A
Q

ualitative
C

oalitionalG
am

e
(Q

C
G

)
is

a
structure:

Γ
=
〈G

,A
g
,G

1 ,...,G
n ,V

〉

w
here

•
G

=
{g

1 ,...,g
m
}

is
a

setofpossible
goals;

•
A

g
=
{1,...,n}

is
a

setofagents;

•
G

i
⊆

G
is

a
setofgoals

for
each

agent
i
∈

A
g,the

intended
interpretation

being
thatany

of
G

i w
ould

satisfy
i;

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
u
b
s
/
i
m
a
s
/
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•
V

:
2

A
g
→

2
2

G
is

a
characteristic

function,w
hich

for
every

coalition
C
⊆

A
g

determ
ines

a
set

V
(C

)
of

choices,the
intended

interpretation
being

thatif
G
′
∈

V
(C

),then
one

ofthe
choices

available
to

coalition
C

is
to

bring
aboutallthe

goals
in

G
′

sim
ultaneously.

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
u
b
s
/
i
m
a
s
/
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F
easible/S

atisfying
G

oalS
ets

•
G

oalset
G
′
⊆

G
satisfies

an
agent

iif
G

i ∩
G
′
6=
∅.

G
oalset

G
′
⊆

G
satisfies

a
coalition

C
⊆

A
g

if

∀
i
∈

C
,G

i ∩
G
′
6=
∅

•
A

goalset
G
′is

feasible
for

C
if

G
′
∈

V
(C

).

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
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j
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/
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b
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/
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R
epresenting

Q
C

G
s

•
S

o,how
do

w
e

representthe
function

V
:
2

A
g
→

2
2

G?

•
W

e
use

a
form

ula
Ψ

V
ofpropositionallogic

over
propositionalvariables

A
g
,G

,such
that:

Ψ
[C

,G
′]

=
>

ifand
only

if
G
′
∈

V
(C

)

•
“O

ften”
perm

its
succinctrepresentations

of
V

.

•
N

ote
thatgiven

Ψ
V

,
C

,
G
′,determ

ining
w

hether
G
′
∈

V
(C

)
can

be
done

in
tim

e
polynom

ialin
size

of
C

,G
′,Ψ

V
.

h
t
t
p
:
/
/
w
w
w
.
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s
c
.
l
i
v
.
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c
.
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˜
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/
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F
ourteen

Q
C

G
D

ecision
P

roblem
s

(A
IJ,S

ep
2004)

P
roblem

D
escription

C
om

plexity
q

m
ono

S
C

S
U

C
C

E
S

S
F

U
L

C
O

A
L

IT
IO

N
N

P-com
plete

N
P-com

plete
S

S
C

S
E

L
FIS

H
S

U
C

C
E

S
S

F
U

L
C

O
A

L
IT

IO
N

N
P-com

plete
N

P-com
plete

U
G

S
U

N
A

T
T

A
IN

A
B

L
E

G
O

A
L

S
E

T
N

P-com
plete

N
P-com

plete
M

C
M

IN
IM

A
L

C
O

A
L

IT
IO

N
co-N

P-com
plete

co-N
P-com

plete
C

M
C

O
R

E
M

E
M

B
E

R
S

H
IP

co-N
P-com

plete
co-N

P-com
plete

C
N

E
C

O
R

E
N

O
N

-E
M

P
T

IN
E

S
S

D
p-com

plete
D

p-com
plete

V
P

V
E

T
O

P
L

A
Y

E
R

co-N
P-com

plete
-

M
D

M
U

T
U

A
L

D
E

P
E

N
D

E
N

C
E

co-N
P-com

plete
-

G
R

G
O

A
L

R
E

A
L

IS
A

B
IL

IT
Y

N
P-com

plete
P

N
G

N
E

C
E

S
S

A
R

Y
G

O
A

L
co-N

P-com
plete

-
E

G
E

M
P

T
Y

G
A

M
E

co-N
P-com

plete
co-N

P-com
plete

T
G

T
R

IV
IA

L
G

A
M

E
Π

p2 -com
plete

Π
p2 -com

plete
G

U
G

L
O

B
A

L
U

N
A

T
T

A
IN

A
B

IL
IT

Y
Σ

p2 -com
plete

N
P

IG
IN

C
O

M
P

L
E

T
E

G
A

M
E

D
p2 -com

plete
-

h
t
t
p
:
/
/
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w
w
.
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c
.
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v
.
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C
oalitionalR

esource
G

am
es

(C
R

G
s)

•
P

roblem
:

w
here

does
characteristic

function
com

e
from

?

•
O

ne
answ

er
provided

by
C

oalitionalR
esource

G
am

es
(C

R
G

s) .

•
K

ey
ideas:

–
achieving

a
goalrequires

expenditure
ofresources;

–
each

agentendow
ed

w
ith

a
profile

ofresources;
–

coalitions
form

to
poolresource

so
as

to
achieve

m
utually

satisfactory
setofgoals.

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
u
b
s
/
i
m
a
s
/
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C
R

G
s

A
coalitionalresource

gam
e

Γ
is

an
(n

+
5)-tuple:

Γ
=
〈A

g
,G

,R
,G

1 ,...,G
n ,

e
n
,
r
e
q
〉

w
here:

•
A

g
=
{a

1 ,...,a
n }

is
a

setofagents;

•
G

=
{g

1 ,...,g
m
}

is
a

setofpossible
goals;

•
R

=
{r1 ,...,rt }

is
a

setofresources;

•
for

each
i
∈

A
g,

G
i
⊆

G
is

a
setofgoals,as

in
Q

C
G

s;

•
e
n

:A
g
×

R
→

N
is

an
endow

m
entfunction,

•
r
e
q

:G
×

R
→

N
is

a
requirem

entfunction.

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
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/
i
m
a
s
/

31



C
hapter

13
A

n
Introduction

to
M

ultiagent
S

ystem
s

2e

N
ine

D
ecision

P
roblem

s
for

C
R

G
s

P
roblem

C
om

plexity
S

U
C

C
E

S
S

F
U

L
C

O
A

L
IT

IO
N

N
P-com

plete
M

A
X

IM
A

L
C

O
A

L
IT

IO
N

co-N
P-com

plete
N

E
C

E
S

S
A

R
Y

R
E

S
O

U
R

C
E

co-N
P-com

plete
S

T
R

IC
T

L
Y

N
E

C
E

S
S

A
R

Y
R

E
S

O
U

R
C

E
D

p-com
plete

(C
,G

′,r)-O
P

T
IM

A
L

N
P-com

plete
R

-PA
R

E
T

O
O

P
T

IM
A

L
IT

Y
co-N

P-com
plete

S
U

C
C

E
S

S
F

U
L

C
O

A
L

IT
IO

N
W

IT
H

R
E

S
O

U
R

C
E

B
O

U
N

D
S

N
P-com

plete
C

O
N

FL
IC

T
IN

G
C

O
A

L
IT

IO
N

S
co-N

P-com
plete

A
C

H
IE

V
A

B
L

E
G

O
A

L
S

E
T

in
P

h
t
t
p
:
/
/
w
w
w
.
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c
.
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Q
C

G
and

C
R

G
E

quivalence

•
W

e
can

define
a

notion
of“equivalence”

(≡
)

betw
een

Q
C

G
s

and
C

R
G

s:

Γ
1
≡

Γ
2

m
eans

thatQ
C

G
Γ

1
and

C
R

G
Γ

2
agree

on
the

goalsets
thatare

feasible
for

coalitions

•
G

iven
a

Q
C

G
Γ

1
and

C
R

G
Γ

2 ,the
problem

of
determ

ining
w

hether
Γ

1
≡

Γ
2

is
co-N

P-com
plete.

h
t
t
p
:
/
/
w
w
w
.
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c
.
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v
.
a
c
.
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C
an

w
e

translate
betw

een
Q

C
G

s
and

C
R

G
s?

F
our

questions
suggestthem

selves:

1.
G

iven
a

crg,
Γ,is

there
alw

ays
a

Q
C

G
,

Q
Γ

such
that

Q
Γ
≡

Γ?

2.
G

iven
a

qcg,
Q

,is
there

alw
ays

a
C

R
G

,
Γ

Q
such

that
Γ

Q
≡

Q
?

3.
H

ow
“efficiently”

can
a

given
C

R
G

be
expressed

as
an

equivalent
Q

C
G

in
those

cases
w

here
such

an
equivalentstructure

exists?

4.
H

ow
“efficiently”

can
a

given
Q

C
G

be
expressed

as
an

equivalent
C

R
G

in
those

cases
w

here
such

an
equivalentstructure

exists?

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
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.
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c
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˜
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p
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/
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s
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Translating
C

R
G

s
→

Q
C

G
s

•
W

e
can

alw
ays

translate
a

C
R

G
into

an
equivalent

Q
C

G
.

•
M

ore
interestingly,w

e
can

do
this

efficiently:

for
every

C
R

G
Γ

1
there

exists
an

equivalentQ
C

G
Γ

2
such

that
|Γ

2 |
≤
|Γ

1 | 2.

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
u
b
s
/
i
m
a
s
/
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Translating
Q

C
G

s
to

C
R

G
s

•
W

e
cannotalw

ays
translate

Q
C

G
s

to
equivalent

C
R

G
s.

•
M

oreover,even
w

hen
w

e
can

translate,w
e

can’t
alw

ays
do

itefficiently:

there
existQ

C
G

s
Γ

for
w

hich
equivalentC

R
G

s
existbutfor

w
hich

the
size

ofthe
sm

allest
equivalentC

R
G

is
atleast

2
|Γ
|

h
t
t
p
:
/
/
w
w
w
.
c
s
c
.
l
i
v
.
a
c
.
u
k
/
˜
m
j
w
/
p
u
b
s
/
i
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