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Example: Linear Subspaces
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f:V—-W inVect with f(§)C T
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Example: Linear Subspaces
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Example: Linear Subspaces

LSub

(V,S)—V/S <0<14 L *\D (V,5)S

Vect



Example: Linear Subspaces

LSub

Comprehension
(V.S)=V/s <0<14 L *\D Wos)ss

Vect



Example: Linear Subspaces

LSub
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Example: Closed Linear Subspaces

CLSub

Quotient Comprehension
(V,S)—S+ (V,S)—S

H|Ib

quotient of S+ comprehension of S

vV S

asrtg = projection onto S

%4
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Categories with Quotient—Comprehension chain
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. Vect, Hilb
. (Boolean)

N

w

. (Probabilistic)
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. (Quantum)
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Boolean Example: Subsets

Pred

X—(X,2) <—| l j) X—=(X,X)

Set

f:(X,S)— (Y, T)in Pred
f: X — Y inSetwith f/(S)C T




Boolean Example: Subsets

Pred
0<* i *D (X,S)—S
Set

f:(X,S) = (Y, T)in Pred
f: X — YinSetwith f(S)C T




Boolean Example: Subsets

Pred
XD

4 (414 ) 4

0 1 (X,8)—S
\Set

X +— (X, @) does not preserve limits

( because (1,9) is not final in Pred. )



Boolean Example: Subsets

Pred
0(* J( *>> (X,S)—S
Set+1

Set; = Kleisli category of (=) +1
= Sets with partial maps



Boolean Example: Subsets

Pred

(X,S)—X\S <0<1* L *>> (X,S)~S

Set+1



Boolean Example: Subsets

Pred

Quotient Comprehension
(X,S)=+X\S <o( - L *>> (X.S)+S
Set+1
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Quotient Comprehension
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Set+1

quotient of X\S comprehension of S
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Boolean Example: Subsets

Pred
Quotient Comprehension
(X,8)—X\S (X,5)—~S
Set+1

quotient of X\S comprehension of S

X S

asrts: x+—x for x€S and otherwise undefined

X




Boolean Example: Clopen Subsets

Pred
Quotient << ‘>> Comprehension
(X,S)—X\S (X,5)—~S
Top,,
(X,S) in Pred

clopen S of a topological space X



Boolean Example: Measurable Subsets

Pred

uotien Comprehension
RIGESIE «*ljb (X.5)>5
Meas_;
(X,S) in Pred

measurable subset S of a measurable space X



Boolean Example: Clopen Subsets

Pred
uotien Comprehension
(XSRS <0<:l4>> (X.5)>5
CH_;
(X,S) in Pred

clopen S of a compact Hausdorff space X



Boolean Example: Projections

Pred
Quotient Comprehension
(,p)—p*of (( b (o ,p)—psl
CCMISU °p
(«7,p) in Pred

projection p of a commutative unital C*-algebra .o/



Boolean Example: Idempotents

Pred
Quotient (( \D Comprehension
(R,e)—e*R (R,e)—eR
CR“gOP )+1
(R,e) in Pred

idempotent p of a commutative unital ring .o/



Boolean Example: Extensive Category

Pred

Quotient Comprehension
X=S+51 1 5t <0<4 l 4:>> X=S+5% 155
éd—l—l

(X,S) in Pred
S+st=x

where & is an extensive category with final object, 1



Boolean Example: Boolean Subobjects in a Topos

Pred
Quotient <<\ i>> Comprehension
(X,5)—=X\S (X,5)—S
(X,S) in Pred

Boolean subobject

where & is a topos
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Categories with Quotient—Comprehension chain

1. Vect, Hilb

2. (Boolean) Set, Top, Meas, CH, (CCj;y)°?, CRng®P,
any extensive category (with final object, such as a topos)

3. (Probabilistic)
4. (Quantum)
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|
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Probabilistic Example: KZ(D)
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p: X —[0,1] f: X =Y in Kl(D<1) withp<gof

since @ is final in KX¥(D<1). ..
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Probabilistic Example: KZ(D)

Pred

QR

K(D<1)

(X,p) in Pred f:(X,p) = (Y,q) in Pred
p: X —[0,1] f: X =Y in Kl(D<1) withp<gof

since & is final in K¥(D<1). ..
(@, q) is final in Pred for some g,
but it is not, since gof =0 for all f: X — &.



Probabilistic Example: KZ(D)

Pred

K(D<1)

(X,p) in Pred f:(X,p) = (Y,q) in Pred
p: X —[0,1] f: X =Y inK(D<y) withp<gof + (1of)"




Probabilistic Example: KZ(D)

Pred

Quotient Comprehension
(X,p)—={x€X: p(x)+ >0} (( V>> (X,p)—={xeX: p(x)=1}
K¢(D<1)



Probabilistic Example: KZ(D)

Pred

Quotient Comprehension
(X,p)+{xeX: [p(x)*=1=1} (( D (X,p){xeX: p(x)=1}

KZ('D<1



Probabilistic Example: KZ(D)

Pred

Quotient Comprehension
(X.p)={x€X: [p(x)*+1=1} (( D (X.p)—{X|p}

I@(’D<1



Probabilistic Example: KZ(D)

Pred

Quotient Comprehension
(X.p)={X|[p*1} (( D (X.p)—{X|p}

K(D<1)



Probabilistic Example: KZ(D)

Pred

Comprehensmn
(X.p) H{lepﬂ} <( D (X.p)—{X|p}
K{(D<y)

quotient of pt comprehension of [p]

X {XIIpl} X




Probabilistic Example: KZ(D)

Pred
Quotient Comprehension
(X.p)—={X[[p*1} (( D (X.p)—={X|p}
KI(D<1)

comprehension of [p]

quotient of pt
{X[lpl} X

\//

asrtp

X




Probabilistic Example: KZ(D)

Pred
Quotient Comprehension
(X.p)—={X[[p*1} (( D (X.p)—={X|p}
KI(D<1)

comprehension of [p]

quotient of pt
{X[lpl} X

\//

asrtp : x—p(x) |x)

X




Probabilistic Example: K¥(G)

uotien Comprehension
X p4 T} <o(* L j>1> (X p)s (X o)

KE(G<1)
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2. (Boolean) Set, Top, Meas, CH, (CCj;y)°?, CRng®P,
any extensive category (with final object, such as a topos)

3. (Probabilistic)
4. (Quantum)
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1. Vect, Hilb

2. (Boolean) Set, Top, Meas, CH, (CCj;y)°?, CRng®P,
any extensive category (with final object, such as a topos)

3. (Probabilistic) K/(D), K¥(G), ...
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Quantum Example: Operator Algebras

Pred

(Csu)®®



Quantum Example: Operator Algebras
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Quantum Example: Operator Algebras
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(o ,pé»—xd

(Chu)

(«7,p) in Pred f:(,p) = (A,q) in Pred
pell]y  F B inChy  p<Fla)+f(1)"




Quantum Example: Operator Algebras

Pred
DS

(Chu)

(«7,p) in Pred f:(,p) = (A,q) in Pred
pell]y  F B inChy  p<Fla)+f(1)"
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Quantum Example: Operator Algebras

Pred

Quotient
(o ,p)—=[p1/ [pt] ((

PsU

[q] = (least projection above q)



Quantum Example: Operator Algebras
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NCPSU
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Quantum Example: Operator Algebras

Pred

Quotlent Comprehension

(o ,p)—=[p 1/ [p*] (( VD («.p)— Pl |p]
WNCPsU

Cauchy—Schwarz inquality for a 2-positive map f: & — £:

IF@B)I* < [If(@a)| - I (b"b)]
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Quotlent Comprehension
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Quotient of p* Comprehension of [p]
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Quotient Comprehen5|on
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asrtp
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VPay/p “ [plalp] +
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Quotlent Comprehension
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NCPSU °p

o [Pl [p]

Quotient of pt u*au<a
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Pred
Quotlent Comprehension
(«,p)—[pt]/[pt] (( b («.,p)—|pl |p]
NCPSU °p
= Quotient of p+ [p-ld(p—‘ u*au<a [phzfm Compreh. of [p]

Vputauy/p < a



Quantum Example: Operator Algebras

Pred

Quotient Comprehension
(o p)=[p1e/[p*] (( b («/.p)~|p)<p)

(Fd- Ci‘E,SU )°P
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any extensive category (with final object, such as a topos)

3. (Probabilistic) K/(D), K¥(G), ...
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Categories with Quotient—Comprehension chain

1. Vect, Hilb

2. (Boolean) Set, Top, Meas, CH, (CCj;y)°?, CRng®P,
any extensive category (with final object, such as a topos)

3. (Probabilistic) K/(D), K¥(G), ...
4. (Quantum) (WX cpsu)®, (Fd-Ch)P, ...

5. For horrendous counterexamples: OUS°®P



Questions?




